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PREFACE 


Elementary and Intermediate Algebra, Fourth Edition, is more than a simple upgrade of the 
third edition. Substantial changes have been made to the example structure, the Study Sets, 
and the pedagogy. Throughout the process, the objective has been to ease teaching challenges 
and meet students’ educational needs. 

Algebra, for many of today’s developmental math students, is like a foreign language. 
They have difficulty translating the words, their meanings, and how they apply to problem 
solving. With these needs in mind (and as educational research suggests), the fundamental 
goal is to have students read, write, think, and speak using the Janguage of algebra. Instruc- 
tional approaches that include vocabulary, practice, and well-defined pedagogy, along with an 
emphasis on reasoning, modeling, communication, and technology skills have been blended 
to address this need. 

The most common student question as they watch their instructors solve problems and as 
they read the textbook is... Why? The new fourth edition addresses this question in a unique 
way. Experience teaches us that it’s not enough to know how a problem is solved. Students 
gain a deeper understanding of algebraic concepts if they know why a particular approach is 
taken. This instructional truth was the motivation for adding a Strategy and Why explanation 
to the solution of each worked example. The fourth edition now provides, on a consistent 
basis, a concise answer to that all-important question: Why? 

This is just one of several changes in this revision, and we trust that all of them will make 
the course a better experience for both instructor and student. 


NEW TO THIS EDITION 


New Example Structure 

New Chapter Opening Applications 

New Study Skills Workshops 

New Chapter Objectives 

New Guided Practice and Try It Yourself sections in the Study Sets 
New End-of-Chapter Organization 
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Chapter Openers Answering The 
Question: When Will | Use This? 


Have you heard this question before? Instructors are 
asked this question time and again by students. In 
response, we have written chapter openers called From 
Campus to Careers. This feature highlights vocations 
that require various algebraic skills. Designed to inspire 
career exploration, each includes job outlook, educa- 
tional requirements, and annual earnings information. 
Careers presented in the openers are tied to an exercise 
found later in the Study Sets. 


Examples That Tell Students 
Not Just How, But WHY 


Why? That question is often asked by students as 
they watch their instructor solve problems in class 
and as they are working on problems at home. 

It’s not enough to know how a problem is solved. 
Students gain a deeper understanding of the alge- 
braic concepts if they know why a particular 
approach was taken. This instructional truth was 
the motivation for adding a Strategy and Why 
explanation to each worked example. 


Examples That Offer Immediate 
Feedback 


Each example includes a Self Check. These can 
be completed by students on their own or as 
classroom lecture examples, which is how Alan 
Tussy uses them. Alan asks selected students to 
read aloud the Se/f Check problems as he writes 
what the student says on the board. The other stu- 
dents, with their books open to that page, can 
quickly copy the Self Check problem to their 
notes. This speeds up the note-taking process and 
encourages student participation in his lectures. It 
also teaches students how to read mathematical 
symbols. Each Self Check answer is printed adja- 
cent to the corresponding problem in the Anno- 
tated Instructor’s Edition for easy reference. Self 
Check solutions can be found at the end of each 
section in the student edition before the Study 
Sets begin. 


Strategy We will use the elimination method to solve this system. 


Why Since none of the variables has coefficient 1 or —1, it would be difficult to solve 


Solution 
Step 1: Both equations are written in standard Ax + By = C form. 


Step 2: In this example, we must write both equations in equivalent forms to obtain like 
terms that are opposites. To eliminate a, we can multiply the first equation by 5 to create the 
term 20a, and we can multiply the second equation by —4 to create the term —20a. 


4a + 7b = —§ ———+_ 5(4a + 7b) = 5(-8) —— - + 35b = —40 
Sa + 6b = 1 ———————> —-4(5a + 6b) = —4(1) 


Step 3: When we add the resulting equations, a is eliminated. 


Step 4: Solve the resulting equation for b. 
11b = —44 
b=-4 Divide both sides by 11. This is the b-value of the solution. 


Step 5: To find a, we can substitute —4 for b in any equation that contains both variables. 
It appears the computations will be simplest if we use Sa + 6b = 1. 


Step 6: Written in (a, b) form, the solution is (5, —4). Check it in the original equations. 


Sa + 3b = —-7 
HFCheck 4] Sotve tne sytem: { 
bl se Chec olve the system: ) 5 4, _ 


Systems of Linear Equations 
and Inequalities 


4.1 Solving Systems of Equations by 
Graphing 

4.2 Solving Systems of Equations by 
Substitution 

4.3 Solving Systems of Equations by 
Elimination (Addition) 

4.4 Problem Solving Using Systems of 
Equations 

4.5 Solving Systems of Linear 
Inequalities 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 

Group Project 
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4a + 7b = -8 


EXAMPLE 4.) Solve the system: { 
- = 5a + 6b=1 


this system using substitution. 


Multiply by 5 Simplify 


—20a — 24b = —4 
Multiply by —4 Simplify 


20a + 35b = —40 
—20a — 24b = —4 
1b = —44 


In the left column: 20a + (—20a) = O. 


5a +6b=1 This is the second equation of the original system. 
5a + 6(—4) = 1 Substitute —4 for b. 
5a -24=1 Multiply. 
Sa =25 Add 24 to both sides. 


a=5 Divide both sides by 5. This is the a-value of the solution. 


Now Try Problem 45 


Examples That Ask Students To Try 


Each example ends with a Now Try problem. These are the 
final step in the learning process. Each one is linked to 
similar problems found within the Guided Practice section 
of the Study Sets. 


Emphasis on Study Skills 


Each chapter begins with a Study Skills Work- 
shop. Instead of simple suggestions printed 
in the margins, each workshop contains a 
Now Try This section offering students 
actionable skills, assignments, and projects 
that will impact their study habits throughout 


the course. 


Useful Objectives Help Keep 
Students Focused 


Objectives are now numbered at the 
start of each section to focus 
students’ attention on the skills that 
they will learn as they work through 
the section. When each objective is 
introduced, the number and heading 
will appear again to remind them of 
the objective at hand. 
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Study Skills Workshop 
Making Homework a Priority 
Acre class and taking notes are important, but they are not enough. The only way that 
you are really going to learn algebra is by doing your homework. 


WHEN TO DO YOUR HOMEWORK: ~Homework should be started on the day it is assigned, when 
the material is fresh in your mind. It's best to break your homework sessions into 30-minute 
periods, allowing for short breaks in between 

HOW TO BEGIN YOUR HOMEWORK: Review your notes and the examples in your text before 
starting your homework assignment. 

GETTING HELP WITH YOUR HOMEWORK: It’s normal to have some questions when doing 
homework. Talk to a tutor, a classmate, or your instructor to get those questions answered. 


Now Try This 


1. Write a one-page paper that describes when, where, and how you go about complet: 
ing your algebra homework assignments, 


aen decide 


@ Determine whether a given ordered pair is a solution of a system. 
@ Solve systems of linear equations by graphing. 


© Use graphing to identify inconsistent systems and dependent 
equations. 

@ Identify the number of solutions of a linear system without 
graphing. 

© Use a graphing calculator to solve a linear system (optional). 


Objectives 


The following illustration shows the average amounts of chicken and beef eaten per person 
each year in the United States from 1985 to 2005. Plotting both graphs on the same coordinate 
system makes it easy to compare recent trends. The point of intersection of the graphs indi- 
cates that Americans ate equal amounts of chicken and beef in 1992—about 66 pounds of 
each, per person. 

In this section, we will use a similar graphical approach to solve systems of equations. 


Heavily Revised Study Sets 


The Study Sets have been thoroughly revised to ensure every concept is covered even if the 
instructor traditionally assigns every other problem. Particular attention was paid to devel- 
oping a gradual level of progression. 


Guided Practice 


GUIDED PRACTICE 4x — Ty + 32=0 54, 6x = —3y 


Use the elimination method to solve each system. See Example 1. Sx = 4y — 2 Sx + 15 = Sy 
All of the problems in the Guided Practice _fetyes fos pone so {RENE 
portion of the Study Sets are linked to an associ- sy ee Use the elimination method to solve each system. See Example 5. 


ated worked example from that section. This 
feature will promote student success by referring 
them to the proper example(s) if they encounter 
difficulties solving homework problems. 


2x + dy = 28 
wt+s=-8 
=2r + 4s = 28 
TRY IT YOURSELF 1680 
Try It You rself Solve the system by either the substitution or the elimination Si US. Dep fC Consus Bi 
method, if possible. 
ead Scetg 5) Se idy oll 90. NEWSPAPERS The graph shows the trends in the newspaper 
To promote problem recognition, some St udy Sets now 7: : =p : ges i -8 publishing industry during the years 1990-2004 in the United 
. i : : States. The equation 37x — 2y = —1,128 models the number y 
include a collection of Try It Yourself problems that do {tors et. of morning newspipers published an Is + 9'= 1059 model 
a — 2b = the number y of evening newspapers published. In each case, x 
not have the example linking. The problem types are a7, {88 = 3y ox + 4y = 31 is the number of years since 1990. Use the elimination method 
: : ae aie By ig ig to determine in what year there was an equal number of 
thoroughly mixed and are not linked, giving students - et ar morning and evening newspapers being published. 
an opportunity to practice decision making and strat- hoe y Number of US. Dally Newspapers 


egy selection as they would when taking a test or quiz. 
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2B 1,200 
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3b + y= 1059 


Number of newspay 
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Comprehensive End-of-Chapter Summary 
with Integrated Chapter Review 


The end-of-chapter material has been redesigned to function as a complete study guide for 
students. New Chapter Summaries that include definitions, concepts, and examples, by 
section, have been written. Review problems for each section have been placed after each 
section summary. 


CHAPTER 4 


DEFINITIONS AND CONCEPTS E 


When two equations are considered at the same time, 
we say that they form a system of equations. 


is an ordered pair that satisfies both equations of the 
system. why =) x 
4+3+47 4- 
V= 7 


True 


Is (4, 3) a solution of the system { 
x 


A solution of a system of equations in two variables_| To answer this question, we substitute 4 for x and 3 for y in each equation. 


Although (4, 3) satisfies the first equation, it does not satisfy the second. Because 
it does not satisfy both equations, it is not a solution of the system. 


XAMPLES 


Ee Y= 7, 
-y=5 


iPS) 
345 
l=s 


Ike 


False 


To solve a system graphically: 


1. Graph each equation on the sq 
system. 


solution. F eer 
. Write each equation in the standard 


. Check the solution in each eq} Ax + By = C form. 
nal system. 


. Multiply one (or both) equations by nonzero 
quantities to make the coefficients of x (or y) 
opposites. 


. Add the equations to eliminate the terms 
involving x (or y). 


4. Solve the equation obtained in step 3. 


5. Find the value of the other variable by substitut- 
ing the value of the variable found in step 4 into 
any equation containing both variables. 


. Check the solution in the equations of the original 
system. 


With the elimination method, the basic objective is 
to obtain two equations whose sum will be one 
equation in one variable. 


If in step 3 both variables drop out and a false state- 
ment results, the system has no solution. If a true 
statement results, the system has infinitely many 
solutions. 


EXAMPLES 


2x — 3y =4 
Use elimination to solve: { a 
3x t+ y= —5 
Step 1: Both equations are written in Ax + By = C form. 


Step 2: Multiply the second equation by 3 so that the coefficients of y are 
opposites. 


Step 3: 


2x — 3y = 4 
ese sy = Sls) 
ible =-—11 Add the like terms, column by column. 


Step 4: Solve for x. 


llx = -11 
x=-l Divide both sides by 11. 


Step 5: Find y. 


3x + y= This is the second equation. 


3(-1) +y = Substitute —1 for x. 
p= 
The solution is (—1, —2). 
Step 6: Check 
2x — 3y =4 3x +y 
2-1) — 3(-2) £4 3(-1) + (-2) 2 
—2+624 3-24 
4=4 True = 
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TRUSTED FEATURES 


@ The Study Sets found in each section offer a multifaceted approach to practicing and rein- 
forcing the concepts taught in each section. They are designed for students to methodically 
build their knowledge of the section concepts, from basic recall to increasingly complex 
problem solving, through reading, writing, and thinking mathematically. 


Vocabulary—Each Study Set begins with the important Vocabulary discussed in that 
section. The fill-in-the-blank vocabulary problems emphasize the main concepts taught 
in the chapter and provide the foundation for learning and communicating the 
language of algebra. 


Concepts—In Concepts, students are asked about the specific subskills and procedures 
necessary to successfully complete the practice problems that follow. 


Notation—In Notation, the students review the new symbols introduced in a section. 
Often, they are asked to fill in steps of a sample solution. This helps to strengthen their 
ability to read and write mathematics and prepares them for the practice problems by 
modeling solution formats. 


Guided Practice—The problems in Guided Practice are linked to an associated 
worked example from that section. This feature will promote student success by 
referring them to the proper examples if they encounter difficulties solving homework 
problems. 


Try It Yourself—To promote problem recognition, the Try It Yourself problems are 
thoroughly mixed and are not linked, giving students an opportunity to practice 
decision-making and strategy selection as they would when taking a test or quiz. 


Applications—The Applications provide students the opportunity to apply their newly 
acquired algebraic skills to relevant and interesting real-life situations. 


Writing—tThe Writing problems help students build mathematical communication 
skills. 


Review—The Review problems consist of randomly selected problems from previous 
chapters. These problems are designed to keep students’ successfully mastered skills 
fresh and at the forefront of their minds before moving on to the next section. 


Challenge Problems—The Challenge Problems provide students with an opportunity 
to stretch themselves and develop their skills beyond the basics. Instructors often find 
these to be useful as extra-credit problems. 


©@ Detailed Author Notes that guide students along in a step-by-step process continue to be 
found in the solutions to every example. 


@ The Language of Algebra boxes draw connections between mathematical terms and 
everyday references to reinforce the language of algebra thread that runs throughout the 
text. 


e@ The Notation, Success Tips, Caution, and Calculators boxes offer helpful tips to rein- 
force correct mathematical notation, improve students’ problem-solving abilities, warn stu- 
dents of potential pitfalls and increase clarity, and offer tips on using scientific calculators. 


e@ Using Your Calculator (formerly called Accent on Technology) sections are designed for 
instructors who wish to use calculators as part of the instruction in this course. These sec- 
tions introduce keystrokes and show how scientific and graphing calculators can be used to 
solve problems. In the Study Sets, icons are used to denote problems that require a graph- 
ing calculator. 
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e@ Strategic use of color has been implemented within the new design to help the visual 
learner. 


© Chapter Tests are available at the end of every chapter as preparation for the class exam. 


@ The Cumulative Review following the end-of-chapter material keeps students’ skills sharp- 
ened before moving on to the next chapter. Each problem is now linked to the associated 
section from which the problem came for ease of reference. The final Cumulative Review, 
found at the end of the last chapter, is often used by instructors as a Final Exam Review. 


CHANGES TO THE TABLE OF CONTENTS 


Based on feedback from colleagues and users of the third edition, the following changes have 
been made to the table of contents in an effort to further streamline the text and make it even 
easier to use. 


e@ Chapter 2 topics have been reorganized and the section Simplifying Algebraic Expressions 
Using Properties of Real Numbers has been moved from Chapter 2 to Section 1.9. 


2.1 Solving Equations Using Properties of Equality 

2.2 More about Solving Equations 

2.3 Applications of Percent (Commission and discount problems were added) 

2.4 Formulas 

2.5 Problem Solving (Consecutive integer, commission, and set-up fee/cost per item prob- 
lems were added) 

2.6 More about Problem Solving 

2.7 Solving Inequalities 


@ Parallel and perpendicular lines are now introduced in Section 3.4 Slope and Rate of 
Change. 


e For those instructors wishing to discuss functions in the first half of the course, Chapter 3 
now includes Section 3.8, Introduction to Functions. This topic is a natural fit after study- 
ing linear equations in two variables. This section can, however, be omitted without conse- 
quence because the topic of function is reintroduced in Section 8.8 of the transition 
chapter. 


@ To give more attention to applications, the material at the end of Chapter 6: Factoring and 
Quadratic Equations has been separated into two sections. Section 6.7 now focuses solely 
on solving quadratic equations by factoring while the newly written Section 6.8 is exclu- 
sively devoted to applications of quadratic equations. 


e@ Chapter 8, Transition to Intermediate Algebra, has been reorganized slightly. Compound 
inequalities, formerly introduced in Section 8.1, are now discussed in Section 8.2. The 
review of rational expressions, Section 8.6, now includes a review of rational equations. 
The introduction to functions, formerly found in Sections 8.7 and 8.8, has been incorpo- 
rated into one section, Section 8.8. 


e@ Section 11.1: Algebra and Composition of Functions now includes examples and problems 
where sum, difference, product, and quotient functions are evaluated graphically. 


e@ There is greater emphasis on f(x) function notation in Chapter 11: Exponential and Loga- 
rithmic Functions. 
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@ To give more attention to applications, Section 12.2 of the third edition has been separated 
into two sections. Section 12.2 now focuses solely on solving systems of equations in three 
variables while the newly written Section 12.3 is exclusively devoted to problem solving 
using systems of three equations. 


@ Section 14.4: Permutations and Combinations and Section 14.5: Probability have been 
deleted and are now available online. 


GENERAL REVISIONS AND OVERALL DESIGN 


@ We have edited the prose so that it is even more clear and concise. 

@ Strategic use of color has been implemented within the new design to help the visual 
learner. 

e Added color in the solutions highlight strategic steps and improve readability. 

@ We have updated all data and graphs and have added scaling to all axes in all graphs. 


@ We have added more real-world applications and deleted some of the more “contrived” 
problems. 


@ We have included more problem-specific photographs. 


INSTRUCTOR RESOURCES 


Print Ancillaries 


INSTRUCTOR’S RESOURCE BINDER (0-495-38982-X) 

Maria H. Andersen, Muskegon Community College 

NEW! Offered exclusively with Tussy/Gustafson. Each section of the main text is discussed in 
uniquely designed Teaching Guides containing instruction tips, examples, activities, work- 
sheets, overheads, assessments, and solutions to all worksheets and activities. 


COMPLETE SOLUTIONS MANUAL (0-495-38977-3) 

Kristy Hill, Hinds Community College 

The Complete Solutions Manual provides worked-out solutions to all of the problems in the 
text. 


TEST BANK (0-495-38978-1) 

Carol M. Walker & David J. Walker, Hinds Community College 

Drawing from hundreds of text-specific questions, an instructor can easily create tests that 
target specific course objectives. The Test Bank includes multiple tests per chapter, as well as 
final exams. The tests are made up of a combination of multiple-choice, free-response, 
true/false, and fill-in-the-blank questions. 


ANNOTATED INSTRUCTOR’S EDITION (0-495-38974-9) 


The Instructor’s Edition provides the complete student text with answers next to each respec- 
tive exercise. 
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Electronic Ancillaries 
PENHANCEDd 7 
WebAssign ENHANCED WEBASSIGN (0-495-38984-6) 


Instant feedback and ease of use are just two reasons why WebAssign is the most widely used 
homework system in higher education. WebAssign’s homework delivery system allows you to 
assign, collect, grade, and record homework assignments via the web. And now, this proven 
system has been enhanced to include links to textbook sections, video examples, and 
problem-specific tutorials. Enhanced WebAssign is more than a homework system—it is a 
complete learning system for math students. 


CENGAGENOW” (0-495-39455-6) 


CengageNOW™ is an online teaching and learning resource that gives you more control in 
less time and delivers the results you want—NOW. 


POWERLECTURE™: A 1-STOP MICROSOFT® POWERPOINT® TOOL (0-495-55701-3) 


NEW! The ultimate multimedia manager for your course needs. The PowerLecture CD-ROM 
includes the Complete Solutions Manual, ExamView™, JoinIn'™, and custom PowerPoint” 
lecture slides. 


TEXT SPECIFIC DVDs (0-495-38979-X) 


These text specific DVDs provide additional guidance and support to students when they are 
preparing for an upcoming quiz or exam. 


STUDENT RESOURCES 


Print Ancillaries 
STUDENT WORKBOOK (0-495-55478-2) 
Maria H. Andersen, Muskegon Community College 


NEW! Get a head start. The Student Workbook contains all of the Assessments, Activities, 
and Worksheets from the Instructor’s Resource Binder for classroom discussions, in-class 
activities, and group work. 


STUDENT SOLUTIONS MANUAL (0-495-38976-5) 
Alexander H. Lee, Hinds Community College 


The Student Solutions Manual provides worked-out solutions to the odd-numbered problems 
in the text. 


Electronic Ancillaries 
PENHANCEDd : 
WebAssign ENHANCED WEBASSIGN (0-495-38984-6) 


Get instant feedback on your homework assignments with Enhanced WebAssign (assigned by 
your instructor). This online homework system is easy to use and includes helpful links to 
textbook sections, video examples, and problem-specific tutorials. 


INSTANT ACCESS CODE, CENGAGENOW™ (0-495-39460-2) 

Instant Access gives students without a new copy of Tussy/Gustafson’s Elementary Algebra, 
Fourth Edition, one access code to all available technology associated with this text- 
book. CengageNOW, a powerful and fully integrated teaching and learning system, 
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provides instructors and students with unsurpassed control, variety, and all-in-one utility. 
CengageNOW ties together the fundamental learning activities: diagnostics, tutorials, home- 
work, personalized study, quizzing, and testing. Personalized Study is a learning companion 
that helps students gauge their unique study needs and makes the most of their study time by 
building focused personalized learning plans that reinforce key concepts. Pre-Tests give stu- 
dents an initial assessment of their knowledge. Personalized study plans, based on the stu- 
dents’ answers to the Pre-Test questions, outline key elements for review. Post-Tests assess 
student mastery of core chapter concepts. Results can even be e-mailed to the instructor! 


PRINTED ACCESS CARD, CENGAGENOW™ (0-495-39459-9) 


This printed access card provides entrance to all the content that accompanies Tussy/ 
Gustafson’s Elementary Algebra, Fourth Edition, within CengageNOW. 


WEBSITE academic.cengage.com/math/tussy 
Visit us on the web for access to a wealth of free learning resources, including tutorials, final 
exams, chapter outlines, chapter reviews, web links, videos, flashcards, and more! 
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Business and Industry 
Advertising, 1101 
Agents, 138 

Antifreeze, 171 
Architecture, 239, 245, 928 
Assembly lines, 928 
Auto mechanics, 426 
Automation, 266 
Automotive service technician, 149 
Beverages, 318 
Blueprints, 630 
Breakfast cereal, 349 
Bridge construction, 206 
Bronze, 172 

Business, 1100 

Candy, 704 

Car radiators, 61 

Car repairs, 539 
Carpentry, 245, 816, 853 
Coffee sales, 355 
Communications, 455 
Commuting time, 817 
Computer companies, 84 
Computer logos, 154 
Computer memory, 136 
Computers, 61 

Concrete, 630 
Cosmetology, 1102 

Cost and revenue, 1100 
Cubicles, 817 

Customer service, 538 
Data analysis, 599 

Data conversion, 159 
Deliveries, 968 

Delivery services, 1101 
Discount buying, 867 
Discounts, 137 
Drafting, 33, 34, 719 
Eggs, 232 

Employment service, 257 
Empty cartridges, 353 
Energy savings, 148 
Energy usage, 73 

Engine output, 268 
Exports, 137 

Filling a tank, 613 

Fuel economy, 571 
Furnace equipment, 365 
Furnace filters, 455 


Gear ratios, 629 
Gourmet foods, 355 
Grand openings, 194 
Hardware, 24 

Herbs, 355 

High-risk companies, 170 
Ice cream, 354, 1101 
Insulation, 537 
Inventories, 172, 278 
Landscaping, 232, 361 
Listing prices, 159 
Logging, 816 

Machining, 658 

Mailing breakables, 516 
Making cheese, 171 
Manufacturing, 562 
Metal fabrication, 918 
Milk, 267 

Mixing candy, 1102 
Mixing fuel, 630 

Mixing nuts, 355, 1121 
Model railroads, 630 
Occupational testing, 185 
Office work, 619 

Oil, 406 

Oil storage, 763 
Operating costs, 944 
Packaging, 388, 415 
Packaging fruit, 617 
Parts lists, 291 

Pickles, 195 

Price guarantees, 136 
Printers, 619 

Printing, 171 

Production planning, 278, 1101 
Quality control, 630 
Reading blueprints, 426 
Redevelopment, 365 
Retail sales, 1096 

Sales, 137 

Salvage values, 734, 1009 
Scheduling equipment, 659 
Snacks, 167, 172, 530 
Software, 172 

Sporting goods, 278 
Steel production, 684 
Storage, 445, 503 

Stress, 61 
Supercomputers, 406 


Supermarket displays, 409 
Supermarkets, 414 

Supply and demand, 853, 1100 
Tea, 195 

Telephones, 185 

Tolerances, 678 

Tool manufacturing, 1115 
Trade, 34 

Truck mechanics, 159 
Tubing, 537 

Unit comparisons, 398 

U.S. employment trends, 919 
US. jobs, 50 

Vehicle weights, 84 
Wal-Mart, 246 
Warehousing, 172 

Water usage, 944 

Work schedules, 658 
Working two jobs, 274 


Education 

Averaging grades, 658 
Bachelor’s degrees, 983 
Classroom space, 571 
College costs, 735 

College fees, 256 
Dictionaries, 160 

DMV written test, 136 
Education, 340 

Educational savings plan, 1004 
Enrollments, 78 
Faculty-student ratios, 629 
Field trips, 159 

Grades, 182, 185 

Grading papers, 619 
Graduation announcements, 903 
Graduations, 185 

High school sports, 329 
History, 33, 51, 344, 538, 918 
Paying tuition, 162 

Police patrol officer, 944 

SAT scores, 982 

School enrollment, 944 
Social workers, 1020 

Spring tours, 658 

Student loans, 354 

Studying learning, 263 

Test scores, 136 

Testing, 173 

Tutoring, 159 
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US. history, 156 
Webmaster, 762 
World history, 150 


Electronics 

Computer viruses, 1009 

Electricity, 640 

Electronics, 43, 398, 599, 609, 689, 763, 879 
Robotics, 861 


Entertainment 
Aquariums, 803, 1055 
Att history, 866 
Celebrity birthdays, 160 
Checkers, 696 
Collectibles, 803 
Commercials, 137 
Compact discs, 364 
Concert tours, 164 
Concerts, 159, 1101 
Concessionaires, 755 
Craigslist, 734 

Crayons, 696 

Crossword puzzles, 943 
Dances, 918 

Darts, 511 

Deceased celebrities, 1120 
Digital imaging, 1133 
Digital photography, 1132 
Downloading music, 415 
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Films, 139 

Fireworks, 422, 944 
Games, 206 

Graphic arts, 943 
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Halloween costumes, 983 
Hollywood, 147 

Hot dogs, 1120 
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Internet, 415, 1100 
Internet access, 1006 
iPods, 136 

Lighting levels, 995 
Magazine sales, 918 
Making statues, 1119 
Malls, 956 

Motion pictures, 342 
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Movie stunts, 705, 906 
NFL tickets, 219 

Organ pipes, 762 

Paper airplanes, 865 
Parades, 539 

Parks, 918 

Party rentals, 287 
Phonograph records, 896 
Photography, 493, 605, 759 
Picture framing, 907 
Pitching, 599 
Production costs, 256 
Puppets, 1119, 1257 
Scrabble, 73 

Sculpting, 1120 

Sharing the winning ticket, 118 


Swimming pools, 907 
Talk radio, 137 
Televisions, 195 

Theater productions, 853 
Theater screens, 353 
Theater seating, 1121 
Thrill rides, 85, 539 
Ticket sales, 918, 1101 
Tickets, 354 

Tour de France, 617 
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TV coverage, 319 
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TV shopping, 137 

TV shows, 203 
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Video game systems, 659 
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World’s largest LED screen, 918 


Farm Management 
Capture-release method, 630 
Cattle auctions, 159 
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Fertilizer, 171 
Irrigation, 245 
Malthusian model, 1019 
Milk production, 246 
Pesticides, 365 
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Finance 

1099 forms, 170 
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Auto insurance, 159 

Banking, 148, 239 
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Commission, 134, 194 

Comparing interest rates, 619, 1010 
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Computing a paycheck, 629 
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Credit cards, 43, 149 

Currency, 406 

Currency exchange, 757 

Depreciation, 207, 267, 1034 
Depreciation rates, 850 
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Doubling money, 1041 

Down payments, 194 


Economics, 318 
Entrepreneurs, 148 

Extra income, 170 

Financial planning, 173, 354, 1254 
Frequency of compounding, 1010 
Fund-raising, 658 

Growth of money, 1034 
Home sales, 195 

Insurance costs, 137 

Insured deposits, 406 
Investing, 173, 1014, 1034, 1144 
Investing bonuses, 354 
Investment clubs, 1101 
Investment plans, 170, 195 
Investment rates, 919 
Investments, 170, 659, 672, 697, 906 
Loans, 148, 170 

Losses, 354 

Lottery winnings, 354 
Maximizing revenue, 944 
Minimizing costs, 939 
Owning a car, 219 

PayPal, 136 

Payroll, 612 

Pension funds, 354 

Personal loans, 170 

Piggy banks, 172, 1121 
Printing paychecks, 1255 
Real estate, 61, 137, 734 
Rentals, 172, 257 

Retirement, 170 

Retirement income, 139, 1101 
Rule of Seventy, 1067 
Savings, 148 

Savings accounts, 159 
Service charges, 185 
Stockbrokers, 137 

Stocks, 43 

Tax tables, 136 

Taxes, 131 

Tripling money, 1042 


Geography 

Alaska, 352 

Amazon River, 719 

Big Easy, 43 

California coastline, 153 
Colorado, 195 

Empire State, 50 
Geography, 50, 150, 816, 906 
Grand Canyon, 803 

Gulf stream, 354 

Highs and lows, 1020 

Jet stream, 355 

Latitude and longitude, 318 
Louisiana Purchase, 1011 
National parks, 159 

New York City, 160, 1101 
North Star State, 1041 
Peach State, 1041 

Silver State, 1041 

US. Temperatures, 48 
Washington, D.C., 864 


Geometry 

Analytic geometry, 841 

Angles, 343 

Billiards, 537 

Complementary angles, 161, 352, 1133 
Curve fitting, 1121, 1122 

Dimensions of a rectangle, 907 
Dimensions of a triangle, 907 

Flags, 142, 149, 537 

Fractals, 879 


Geometry, 185, 195, 207, 353, 379, 480, 571, 


581, 640, 1101, 1255 
Insulation, 537 

Polygons, 918 

Quadrilaterals, 1121 

Right triangles, 534, 918 

Slope, 599 

Supplementary angles, 161, 1133 
Trapezoids, 419 

Triangles, 161, 442, 1120, 1133 
Trigonometry, 841 

X-rays, 537 


Home Management 

Baby furniture, 670 
Babysitters, 278 

Baking, 1017 

Blow dryers, 828 

Buying furniture, 364 
Carpeting, 568 

Changing diapers, 1256 
Child care, 137 

Cleaning floors, 355 
Cleaning windows, 216 
Clotheslines, 160, 865 
Coffee blends, 171 
Comparison shopping, 626 
Cooking, 24, 151, 617, 629 
Counter space, 185 

Deck designs, 734 
Decorating, 24, 159 
Defrosting poultry, 219 
Dining area improvements, 168 
Dining out, 135 

Dog kennels, 619 
Drainage, 244 

Ductwork, 828 
Embroidery, 802 

Frames, 24 

Frying foods, 148 
Furniture, 503 

Gardening, 436 

Gardening tools, 538 
Grocery shopping, 624 
Hello/Good-bye, 171 
Holiday decorating, 618 
Home construction, 755 
Household appliances, 925 
Housekeeping, 219 
Interior decorating, 171, 480 
Ironing boards, 865 

Lawn seed, 171 

Lawn sprinklers, 291 
Making Jell-O, 1042 


Mini-blinds, 455 
Mixing candy, 172 
Outdoor cooking, 828 
Packaged salad, 172 
Paper towels, 445 
Parenting, 171 

Pets, 194 

Playpens, 445 
Potpourri, 1121 
Purchasing pets, 1122 
Raisins, 171 

Roofing houses, 618 
Rugs, 148 

Salad bars, 257 
Sewing, 95, 257 
Sinks, 968 
Thanksgiving dinner, 353 
Tree trimming, 352 
Windows, 185 
Wrapping gifts, 73 


Medicine and Health 
Aging populations, 131 
Antiseptics, 135, 171 
Body temperatures, 194 
Calories, 24, 159 
Childbirth, 388 

CPR, 629 

Death, 352 
Decongestants, 755 
Dental assistants, 206 
Dentistry, 136 
Dermatology, 1102 
Determining child’s dosage, 605 
Dosages, 639 

Exercise, 530 

Eyesight, 50 

First aid, 160 

Food labels, 137 
Forensic medicine, 1042 
Health, 42 

Health club discounts, 133 
Hearing tests, 1100 
Infants, 186 

Medical dosages, 561 
Medical technology, 348 
Medications, 639, 672 
Medicine, 608, 1021 
Mouthwash, 355 
Nutrition, 137, 630, 1119 
Nutritional planning, 1120 
Pharmacists, 967 
Physical fitness, 617 
Physical therapy, 353, 1133 
Pulse rates, 802 

Red Cross, 95 

Stretching exercises, 859 
Transplants, 317 
Treating fevers, 670 

U.S. health care, 671 

US. life expectancy, 137 
Weight loss, 61 
Wheelchairs, 150 
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Miscellaneous 
Accidents, 906 

Ants, 1020 

Avon products, 149 
Awards, 195 

Bears, 571 

Birds in flight, 618 
Camping, 571 
Capture-release method, 1255 
Cats, 219 

Chain letters, 72 
Children’s height, 1034 
College pranks, 535 
Commemorative coins, 355 
Community gardens, 969 
Crowd control, 928 
Diamonds, 853 

Digits problems, 1122 
Dolphins, 415, 539 
Doubling time, 1039 
Driver’s licenses, 630 
Earthquakes, 1031, 1034 
Error analysis, 684, 685 
Filling a pool, 619 
Firefighting, 855, 866 
Firewood, 150 

Flood damage, 171 

Food shortage, 1016 
Forestry, 24, 853 
Geneaology, 136 

Graphs of systems, 1113 
Groundskeeping, 618 
Hamster habitats, 150 
Height of buildings, 631 
Height of trees, 627, 631 
Horses, 150 

Hurricanes, 72 

Identity theft, 132 
Igloos, 151 

Interpersonal relationships, 995 
Jeans, 537 

Locks, 160 

Maps, 206 

Mathematical formulas, 609 
Memorials, 150 

Men’s shoe sizes, 262 
Miniatures, 625 

Mixing perfume, 629 
Moto X, 538 
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Introducing the Language of 

Algebra 

1.2. Fractions 

1.3. The Real Numbers 

1.4 Adding Real Numbers; Properties of 
Addition 

1.5 Subtracting Real Numbers 

1.6 Multiplying and Dividing Real 
Numbers; Multiplication and 
Division Properties 

1.7 Exponents and Order of Operations 

1.8 Algebraic Expressions 

1.9 Simplifying Algebraic Expressions 
Using Properties of Real Numbers 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 

Group Project 


44) 
€a 
from Campus to Careers hig tee 
Lead Transportation Security Officer hy; 1 MON. ° Securiy o 
Sq C 

Since 9/11, Homeland Security is one of the fastest-growing career choices in the Ollege he lip lon i 
United States. A lead transportation security officer works in an airport where he or /0B6 > oe SOP. . 

she searches passengers, screens baggage, reviews tickets, and determines *Celley, eg oy 
staffing requirements. The job description calls for the ability to perform arith- ANNUA, Many fy 

metic computations correctly and solve practical problems by choosing from a $31,199 “ARNINNG “ations 

variety of mathematical techniques such as formulas and percentages. FOR Mo to $46 706 : 

n Problem 93 of Study Set 1.5, we will make some arithmetic computations MW ts. R May 

using data from two of the busiest airports in the United States, Orlando a 'Ony, 

nternational and New York La Guardia. 


Study Skills Workshop 
Committing to the Course 


tarting a new course is exciting, but it might also make you a bit nervous. In order to be 
successful in your algebra class, you need a plan. 


MAKE TIME FORTHE COURSE: As a general guideline, 2 hours of independent study time is 
recommended for every hour in the classroom. 


KNOW WHAT IS EXPECTED: Read your instructor's syllabus thoroughly. It lists class policies 
about attendance, homework, tests, calculators, grading, and so on. 


BUILD A SUPPORT SYSTEM: Know where to go for help. Take advantage of your instructor's 
office hours, your school’s tutorial services, the resources that accompany this textbook, and the 
assistance that you can get from classmates. 


Now Try This 


Each of the forms referred to below can be found online at: 
http://www.thomsonedu.com/math/tussy. 


1. To help organize your schedule, fill out the Weekly Planner Form. 
2. Review the class policies by completing the Course Information Sheet. 
3. Use the Support System Worksheet to build your course support system. 


Objectives 


@ Read tables and graphs. 
@ Use the basic vocabulary and notation of algebra. 


© Identify expressions and equations. 


© Use equations to construct tables of data. 


Algebra is the result of contributions from many cultures over thousands of years. The word 
algebra comes from the title of the book [hm Al-jabr wa’l muqabalah, written by an Arabian 
mathematician around A.D. 800. Using the vocabulary and notation of algebra, we can mathe- 
matically model many situations in the real world. In this section, we begin to explore the lan- 
guage of algebra by introducing some of its basic components. 


Read Tables and Graphs. 


In algebra, we use tables to show relationships between quantities. For example, the following 
table lists the number of bicycle tires a production planner must order when a given number of 
bicycles is to be manufactured. For a production run of, say, 300 bikes, we locate 300 in the 
left column and then scan across the table to see that the company must order 600 tires. 


© Andersen Ross/Getty Images 


The Language of Algebra 
Horizontal is a form of the word 
horizon. Think of the sun setting 
over the horizon. Vertical means in 
an upright position. Pro basketball 
player LeBron James’ vertical leap 
measures more than 40 inches. 
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Bicycles to be 
manufactured | Tires to order 
100 200 
200 400 
300 600 
400 800 


The information in the table can also be presented in a bar graph, as shown below. The 
horizontal axis, labeled “Number of bicycles to be manufactured,” is scaled in units of 100 
bicycles. The vertical axis, labeled “Number of tires to order,” is scaled in units of 100 tires. 
The height of a bar indicates the number of tires to order. For example, if 200 bikes are to be 
manufactured, we see that the bar extends to 400, meaning 400 tires are needed. 

Another way to present this information is with a line graph. Instead of using a bar to 
represent the number of tires to order, we use a dot drawn at the correct height. After drawing 
the data points for 100, 200, 300, and 400 bicycles, we connect them with line segments to 
create the following graph, on the right. 


Vertical 
axis 
A . 
900 Bar graph Pris Line graph 
800 800+ 
3 700 3 700} 
ge 600 ¢ 600¢ 
6 500 6 5007 
= 400 & 400- 
is) is) 
B 300 5 300F 
= 200 E 200+ 
Zz 100 Horizontal Zz 100+ 
axis 
ee 
(0) 100 200 300 400 0 100 200 300 400 
Number of bicycles to be manufactured Number of bicycles to be manufactured 


EXAM PLE 1 j Use the line graph to find the number of tires needed if 250 bicy- 
cles are to be manufactured. 


Strategy Since we know the number of bicycles to be manufactured, we will begin on 
the horizontal axis of the graph and scan up and over to read the answer on the vertical 
axis. 


Why We scan up and over because the number of tires is given by the scale on the verti- 
cal axis. 
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Success Tip 
Answers to the Self Check prob- 
lems are given at the end of each 
section, before each Study Set. 


2 | 


Symbols for 
Multiplication 


Solution We locate 250 between 200 and 
300 on the horizontal axis and draw a 
dashed line upward to intersect the graph. 
From the point of intersection, we draw a 
dashed horizontal line to the left that inter- 
sects the vertical axis at 500. This means 
that 500 tires should be ordered if 250 
bicycles are to be manufactured. 


Number of tires to order 


0 100 200 ; 300 400 


Number of bicycles to be manufactured 


a Self Check 1 i Use the graph to find the number of tires needed if 350 bicy- 
cles are to be manufactured. 


Now Try Problem 31 


Use the Basic Vocabulary and Notation of Algebra. 


From the table and graphs, we see that there is a relationship between the number of tires to 
order and the number of bicycles to be manufactured. Using words, we can express this rela- 
tionship as a verbal model: 


“The number of tires to order is two times the number of bicycles to be manufactured.” 
Since the word product indicates the result of a multiplication, we can write: 


“The number of tires to order is the product of 2 and the number of bicycles to be 
manufactured.” 


To indicate other arithmetic operations, we will use the following words. 


e A sum is the result of an addition: the sum of 5 and 6 is 11. 
e A difference is the result of a subtraction: the difference of 3 and 2 is 1. 
e A quotient is the result of a division: the quotient of 6 and 3 is 2. 


Many symbols used in arithmetic are also used in algebra. For example, a + symbol is 
used to indicate addition, a — symbol is used to indicate subtraction, and an = symbol means 
is equal to. 

Since the letter x is often used in algebra and could be confused with the multiplication 
symbol X, we usually write multiplication using a raised dot or parentheses. 


x Times symbol 6 X 4 = 24 
Raised dot 6°4 = 24 
&) Parentheses (6)4 = 24 or 6(4) = 24 or (6)(4) = 24 


Symbols 
for Division 
The Language of Algebra 


Since the number of bicycles to be 
manufactured can vary, or change, 
it is represented using a variable. 


Algebraic 
Expressions 


The Language of Algebra 
We often refer to algebraic expres- 
sions as simply expressions. 
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In algebra, the symbol most often used to indicate division is the fraction bar. 


= Division symbol 24+4=6 
6 
L divisi 
) ong division aya 
2 24 
= Fraction bar a =6 


EXAMPLE 2 ] Write each statement in words, using one of the words sum, 


22 
product, difference, or quotient: a. li 2  b. 224+ 11 = 33 


Strategy We will examine each statement to determine whether addition, subtraction, 
multiplication, or division is being performed. 


Why The word that we should use (sum, product, difference, or quotient) depends on the 
arithmetic operation that we have to describe. 


Solution 
a. Since the fraction bar indicates division, we have: The quotient of 22 and 11 equals 2. 


b. The symbol indicates addition: The sum of 22 and 11 equals 33. 


) Self Check 2 | Write the following statement in words: 22 — 10 = 12 


Now Try Problems 33 and 35 


Identify Expressions and Equations. 


Another way to describe the tires—to—bicycles relationship uses variables. Variables are 
letters (or symbols) that stand for numbers. If we let the letter b represent the number of bicy- 
cles to be manufactured, then the number of tires to order is two times b, written 2b. In the 
notation, the number 2 is an example of a constant because it does not change value. 

When multiplying a variable by a number, or a variable by another variable, we can omit 
the symbol for multiplication. For example, 


2b means 2 + b xy means x+y 8abc means 8+ a+b+c 


We call 2b, xy, and 8abc algebraic expressions. 


Variables and/or numbers can be combined with the operations of addition, subtraction, mul- 
tiplication, and division to create algebraic expressions. 


Here are some other examples of algebraic expressions. 


4a+7 This expression is a combination of the numbers 4 and 7, the variable a, and the 
operations of multiplication and addition. 
10 — y This expression is a combination of the numbers 10 and 3, the variable y, and the 
3 operations of subtraction and division. 


15mn(2m) This expression is a combination of the numbers 15 and 2, the variables mand n, and 
the operation of multiplication. 
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In the bicycle manufacturing example, if we let the letter ¢ stand for the number of tires 
to order, we can translate the verbal model to mathematical symbols. 


The number of . the number of bicycles 
: is two _ times 
The Language of Algebra tires to order to be manufactured. 
The equal symbol = can be repre- t = 2 : b 


sented by verbs such as: ; : ; 
The statement ¢ = 2 - b, or more simply, ¢t = 25, is called an equation. An equation is a 


mathematical sentence that contains an = symbol. The = symbol indicates that the expres- 
The symbol # is read as “is not sions on either side of it have the same value. Other examples of equations are 


equal to.” 
34+5=8 x+5= 20 17 — 2r = 14 + 3r p=100-d 


is are gives yields 


EXAMPLE 3 j Translate the verbal model into an equation. 


enumber eee divided by 10. 
of decades of years 


Strategy We will represent the unknown quantities using variables and we will use 
symbols to represent the words is and divided by. 


Why To translate a verbal (word) model into an equation means to write it using mathe- 
matical symbols. 


Solution We can represent the two unknown quantities using variables: Let d = the 
number of decades and y = the number of years. Then we have: 


The number the number _ 
is divided by 10. 
of decades of years 
d = y - 10 


If we write the division using a fraction bar, then the verbal model translates to the equa- 


: =» 
tion d = 10° 


a Self Check 3 j Translate into an equation: The number of unsold tickets is the 
difference of 500 and the number of tickets that have been pur- 
chased. 


Now Try Problems 41 and 45 


In the bicycle manufacturing example, using the equation f = 2b to describe the relation- 
ship has one major advantage over the other methods. It can be used to determine the number 
of tires needed for a production run of any size. 


EXAMPLE 4 i Use the equation ¢ = 2b to find the number of tires needed for a 
production run of 178 bicycles. 


Strategy Int = 2b, we will replace b with 178. Then we will multiply 178 by 2 to obtain 
the value of ¢. 


Why The equation t = 26 indicates that the number of tires is found by multiplying the 
number of bicycles by 2. 


The Language of Algebra 
To substitute means to put or use 
in place of another, as with a sub- 
stitute teacher. Here, we substitute 
233 and 852 for b. 
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Solution 
t= 2b This is the describing equation. 


t = 2(178) Replace b, which stands for the number of bicycles, with 178. Use parentheses to 
show the multiplication. We could also write 2 + 178. 


t = 356 Multiply. 


If 178 bicycles are manufactured, 356 tires will be needed. 


a Self Check 4 | Use the equation tf = 2b to find the number of tires needed if 
604 bicycles are to be manufactured. 


Now Try Problem 53 


Use Equations to Construct Tables of Data. 


Equations such as t = 2b, which express a relationship between two or more variables, are 
called formulas. Some applications require the repeated use of a formula. 


EXAMPLE 5 _ Find the number of tires to order for production runs of 233 and 
852 bicycles. Present the results in a table. 


Strategy We will use the equation t = 2b twice. 


Why There are two different-sized production runs: one of 233 bikes and another of 
852 bikes. 


Solution 

Step 1: We construct a two-column table. Since b represents the number of bicycles to be 
manufactured, we use it as the heading of the first column. Since ¢ represents the number of 
tires needed, we use it as the heading of the second column. Then we enter the size of each 
production run in the first column, as shown. 


Bicycles to be | Tires 
manufactured | to order 
b t 


233 466 
852 1,704 


Step 2: We substitute 233 and 852 for b in ¢ = 25 and find each corresponding value of f. 
The results are entered in the second column. 


t= 2b P= 26 
t = 2(233) t = 2(852) 
t = 466 t = 1,704 


a Self Check 5 ,| Find the number of tires needed for production 
runs of 87 and 487 bicycles. Present the results 
in a table. 


Now Try Problem 55 
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Success Tip Bag nsurrs TO SELF CHECKS) 1. 700 2. The difference of 22 and 10 equals 12. 3. w = 500 — p 
Answers to the odd-numbered 4. 1.208 5 
problems in each Study Set can be ay mf t 
found at the back of the book in 97 | 174 
Appendix 3, beginning on page 
AZ. 487 | 974 


VOCABULARY 
os 120 Hours Pay 
Fill in the blanks. 100 worked | (dollars) 
1A is the result of an addition. A __________ is the result ge 80 1 20 
of a subtraction. A is the result of a multiplication. A > 60 2 40 
is the result of a division. 40 : ai 
2: are letters (or symbols) that stand for numbers. 20 
3. A number, such as 8, is calleda____——_ because it does not re * 80 
change. 0123 4 5 6 5 100 


; : : : Hours worked 
4. Variables and numbers can be combined with the operations of 


addition, subtraction, multiplication, and division to create . 
. 16. Use the data in the graph to complete the table. 


algebraic : 
5. An is a mathematical sentence that contains an = 
symbol. Depth 
6. An equation such as tf = 2b, which expresses a relationship _ Minutes | (feet) 
between two or more variables, is called a . 3 
7. The axis of a graph extends left and right and the S 
vertical axis extends up and down. zg 
8. The word comes from the title of a book written by 
an Arabian mathematician around A.D. 800. es Co 
0 5 10 15 20 25 
CONCEPTS Minutes 
Classify each item as an algebraic expression or an equation. aTRIe 
TA 
9. a. m+ 18 = 23 b. m+ 18 N N 
Fill in the blanks. 
10. a. 30x b. 30x = 600 
a @ 17. The symbol # means 
627 c=] 
1. a. 5 b. 5 = 7c 18. The symbols (_) are called : 
2 2 19. Write the multiplication 5 X 6 using a raised dot and then 
12, a. r= 3 b. ru using parentheses. 


; ; : ‘ : 20. Give four verbs that can be represented by an equal symbol =. 
13. What arithmetic operations does the expression ut * contain? ’ i ? : 


What variable does it contain? 


Write each expression without using a multiplication symbol or 


14. What arithmetic operations does the equation 4y — 14 = 5(6) parentheses. 
contain? What variable does it contain? 21. 4x 22. Peret 
23. 2(w) 24. (x)(v) 


15. Construct a line graph using the data in the following table. 
Write each division using a fraction bar. 


25. 32 +x 26. 30)90 
27. 5)55 28. h + 15 


GUIDED PRACTICE 


Use the line graph in Example 1 to find the number of tires needed 


to build the following number of bicycles. See Example 1. 
29. 150 30. 400 
31. Explain what the dashed lines help us find in the graph. 


Value ($ thousands) 


0 10 20 30 40 50° 60 
Age of machinery (years) 


32. Use the line graph to find the income received from 30, 50, and 


70 customers. 


Income (dollars) 


1 
0 20 40 60 80 100 


Number of customers 


Express each statement using one of the words sum, product, 
difference, or quotient. See Example 2. 


33. 8(2) = 16 34. 45-12 = 540 
35. 11 =9 =2 36. 65 + 89 = 154 
37. x +2 = 10 38. 16 -—t=4 
39, 6 40. 12+3=4 


Translate each verbal model into an equation. (Answers may vary, 


depending on the variables chosen.) See Example 3. 


The sal th 
ee is $100 minus, 
price discount. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 
50. 
51. 


52. 
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The the 
cost of cost $7 for 
dining oes of the ai parking. 
out meal 
the age the dog‘s 
7 times ofadog_ gives equivalent 
in years human age. 
The the 
numberof is number dividedby 100. 
centuries of years 


The amount of sand that should be used is the product of 3 and 
the amount of cement used. 


The number of waiters needed is the quotient of the number of 
customers and 10. 


The weight of the truck is the sum of the weight of the engine 
and 1,200. 


The number of classes still open is the difference of 150 and 
the number of classes that are closed. 


The profit is the difference of the revenue and 600. 
The distance is the product of the rate and 3. 


The quotient of the number of laps run and 4 gives the number 
of miles run. 


The sum of the tax and 35 gives the total cost. 


Use the formula to complete each table. See Examples 4 and 5. 


53. 


d=360+L 54. b = 1,024k 
Lunch time | School day Kilobytes | Bytes 
(minutes) | (minutes) k b 
It d 
1 
30 5 
40 10 
45 
55. t = 1,500 —d 56. w = 75 
Take-home Inches of | Inches of 
Deductions pay snow water 
d t s w 
200 12 
300 24 
400 72 
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Use the data in the table to complete the formula. 


e 


57. d = —— 58. p= cc 
Eggs | Dozens Canoes | Paddles 
e c P 
24 2 6 12 
36 3 7 14 
48 4 8 16 
59. T=!"'c 60. 1-2 
Couples | Individuals Players | Teams 
c If 2) t 
20 40 5 1 
100 200 10 2 
200 400 15 3 
APPLICATIONS 


61. TRAFFIC SAFETY As the railroad crossing guard drops, the 
measure of angle 1 (written 71) increases while the measure of 
22 decreases. At any instant the sum of the measures of the 
two angles is 90°. Complete the table. Then use the data to 
construct a line graph. Scale each axis in units of 15°. 


Angle1 | Angle 2 
(degrees) | (degrees) 


0 


15 


30 


45 
60 


75 


90 


62. U.S. CRIME STATISTICS Property crimes include burglary, 
theft, and motor vehicle theft. Graph the following property 
crime rate data using a bar graph. Scale the vertical axis in 
units of 50. 


Crimes per 1,000 Crimes per 1,000 
Year households Year households 
1992 325 2000 178 
1994 310 2002 159 
1996 266 2004 161 
1998 217 Source: Bureau of Justice 


Statistics. 


WRITING 
63. Many students misuse the word equation when discussing 
mathematics. What is an equation? Give an example. 


64. Explain the difference between an algebraic expression and an 
equation. Give an example of each. 

65. In this section, four methods for describing numerical 
relationships were discussed: tables, words, graphs, and 
equations. Which method do you think is the most useful? 
Explain why. 

66. In your own words, define horizontal and vertical. 


CHALLENGE PROBLEMS 
67. Complete the table and the formula. 


34 
47 | 48 


68. Suppose / = 4n and n = 2g. Complete the following formula: 
h=_ g. 


Objectives 


oO 


The Language of Algebra 
When we say “factor 8,” we are 
using the word factor as a verb. 
When we say “2 is a factor of 8,” 
we are using the word factor as a 
noun. 


Prime Numbers 
and Composite 
Numbers 


The Language of Algebra 
Prime factors are often written in 
ascending order. To ascend means 
to move upward. 


1.2 Fractions 11 


Factor and prime factor natural numbers. 
Recognize special fraction forms. 
Multiply and divide fractions. 

Build equivalent fractions. 

Simplify fractions. 

Add and subtract fractions. 

Simplify answers. 


OOO00000 


Compute with mixed numbers. 


In arithmetic, we add, subtract, multiply, and divide natural numbers: 1, 2, 3, 4, 5, and so on. 
Assuming that you have mastered those skills, we will now review the arithmetic of fractions. 


Factor and Prime Factor Natural Numbers. 


To compute with fractions, we need to know how to factor natural numbers. To factor a 
number means to express it as a product of two or more numbers. For example, some ways to 
factor 8 are 


1-8, 4-2, and 2022, 


The numbers 1, 2, 4, and 8 that were used to write the products are called factors of 8. In 
general, a factor is a number being multiplied. 

Sometimes a number has only two factors, itself and 1. We call such numbers prime 
numbers. 


A prime number is a natural number greater than | that has only itself and | as factors. The 
first ten prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, and 29. 


A composite number is a natural number, greater than 1, that is not prime. The first ten 
composite numbers are 4, 6, 8, 9, 10, 12, 14, 15, 16, and 18. 


Every composite number can be factored into the product of two or more prime numbers. 
This product of these prime numbers is called its prime factorization. 


EXAMPLE 1 i Find the prime factorization of 210. 


Strategy We will use a series of steps to express 210 as a product of only prime numbers. 
Why To prime factor a number means to write it as a product of prime numbers. 
Solution — First, write 210 as the product of two natural numbers other than 1. 


210 = 10-21 


The resulting prime factorization will be the same no matter which two 
factors of 210 you begin with. 
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Success Tip 
A whole number is divisible by 
¢ 2 if it ends in 0, 2, 4, 6, or 8 
¢ 3 ifthe sum of the digits is 
divisible by 3 
° Sifit ends in 0 or 5 
10 if it ends in 0 


2 | 


The Language of Algebra 
The word fraction comes from the 
Latin word fractio meaning “break- 
ing in pieces.” 


Neither 10 nor 21 are prime numbers, so we factor each of them. 
210 =2+5+3:+7 Factor 10 as 2-5 and factor 21a5 3-7. 


Writing the factors in ascending order, the prime-factored form of 210 is2+3+5-7. 
Two other methods for prime factoring 210 are shown below. 


Factor tree Division ladder 
Work downward. 210 e t 
Factor each number as (iy 30 5)35 Work upward 
a product of two 6 6) 3)105 Perform repeated division 


numbers: (other than 1 By @ 2)210 until the final quotient is 


and itself) until all a prime number: It is 
Mesicndalathd Jadu helpful to start with the 
Circle prime numbers as emallest prime, 2, as a 
any appeal at ire sae trial divisor. Then, in 
ora brariehs order, try larger primes 
4 as divisors: 3, 5, 7, 11, 
and so on. 


Either way, the factorization is 2-3-5 +7. To check it, multiply the prime factors. The 
product should be 210. 


HT Self Check 1 j Find the prime factorization of 189. 
Now Try Problem 15 


Recognize Special Fraction Forms. 


In a fraction, the number above the fraction bar is called the numerator, and the number 
below is called the denominator. 


; 5 <— numerator 
Fraction bar —> > 
6 <— denominator 


Fractions can describe the number of equal parts of a whole. For example, consider the 
circle with 5 of 6 equal parts colored red. We say that 2 (five-sixths) of the circle is shaded. 

Fractions are also used to indicate division. For example, : indicates that the numerator, 
8, is to be divided by the denominator, 2: 


8 e294 We know that = = 4 because of its related multiplication statement: 
2 , 2:4=8. 


If the numerator and denominator of a fraction are the same nonzero number, the fraction 
indicates division of a number by itself, and the result is 1. Each of the following fractions is, 
therefore, a form of 1. 

1 2 3 4 5 6 7 8 9 
1 2 3 4 5 6 vi 8 9 


If a denominator is 1, the fraction indicates division by 1, and the result is simply the 


numerator. For example, 2 = 5 and “ = 24. 


Special Fraction 
Forms 


Multiplying 
Fractions 


Success Tip 
Every number, except 0, has a 


reciprocal. Zero has no reciprocal, 


because the product of 0 and a 
number cannot be 1. 


Dividing 
Fractions 
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For any nonzero number a, 


f=] and 
a 

Multiply and Divide Fractions. 

The rule for multiplying fractions can be expressed in words and in symbols as follows. 


To multiply two fractions, multiply the numerators and multiply the denominators. 
For any two fractions ¢ and 5, 


EXAMPLE 2 Multiply: 2+ = 


Strategy To find the product, we will multiply the numerators, 7 and 3, and multiply the 
denominators, 8 and 5. 


Why This is the rule for multiplying two fractions. 


Solution 
7 : 2 _ 7°3 — Multiply the numerators. 
8 5  8&+5 Multiply the denominators. 
_ 21 
40 


i Self Check 2 j Multiply: 3.2 


Now Try Problem 27 


One number is called the reciprocal of another if their product is |. To find the reciprocal 
of a fraction, we invert its numerator and denominator. 


3 is the reciprocal of ;, because 3 : 3 = 5 = 1. 


ij is the reciprocal of 10, because 6 -10= ig = 1. 


We use reciprocals to divide fractions. 


To divide two fractions, multiply the first fraction by the reciprocal of the second. 
For any two fractions ¢ and 5, where c # 0, 


ee: 
bei! 


S/S 


14 
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Equivalent 
Fractions 


Multiplication 
Property of 1 


EXAMPLE 3 | Divide: zt : 


Strategy We will multiply the first fraction, io by the reciprocal of the second fraction, q. 


Why This is the rule for dividing two fractions. 
Solution 

sepa HT . 4 : 4,5 
Multiply = by the reciprocal of 5. The reciprocal of 5 is 3. 


Multiply the numerators. 
“4 Multiply the denominators. 


a Self Check 3 i Divide: & +} 


Now Try Problem 31 


Build Equivalent Fractions. 


The two rectangles on the right are the same size. The first rec- 
tangle is divided into 10 equal parts. Since 6 of those parts are e. 
red, 6 of the figure is shaded. 

The second rectangle is divided into 5 equal parts. Since 3 
of those parts are red, 2 of the figure is shaded. We can conclude 2 


that a = 3 because a and 2 represent the same shaded part of 


the rectangle. We say that 4 and 2 are equivalent fractions. 


Two fractions are equivalent if they represent the same number. 


Writing a fraction as an equivalent fraction with a larger denominator is called building 
the fraction. To build a fraction, we multiply it by a form of 1. Since any number multiplied by 
1 remains the same (identical), | is called the multiplicative identity element. 


The product of 1 and any number is that number. 
For any number a, 


l-a=a and a-l=a 


| 3 
EXAMPLE 4 | Write 5 as an equivalent fraction with a denominator of 35. 


Strategy We will compare the given denominator to the required denominator and ask, 
“By what must we multiply 5 to get 35?” 


Success Tip 
Multiplying 2 by 4 changes its 
appearance, but does not change 
its value, because we are multiply- 
ing it by a form of 1. 


Building 
Fractions 
The Language of Algebra 


The word infinitely is a form of the 
word infinite, which means 
endless. 


Simplest Form 
of a Fraction 
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Why The answer to that question helps us determine the form of | to be used to build an 
equivalent fraction. 

Solution We need to multiply the denominator of 2 by 7 to obtain a denominator of 35. 
It follows that i should be the form of | that is used to build 2. Multiplying 2 by u 


changes its appearance but does not change its value, because we are multiplying it by 1. 


a 
= S 2S 1 
> 2°79 
= 32] Multiply the numerators. 
7 5°7 Multiply the denominators. 
a! 
5 


i Self Check 4 gj Write 2 as an equivalent fraction with a denominator of 24. 
Now Try Problem 35 


To build a fraction, multiply it by 1 in the form of 2 where c is any nonzero number. 


Simplify Fractions. 


Every fraction can be written in infinitely many equivalent forms. For example, some equiva- 
10 
lent forms of 75 are: 


2 4 6 8 10 12 14 16 18 20 
3 6 9 12 15 18 21 24 27 30 


Of all of the equivalent forms in which we can write a fraction, we often need to deter- 
mine the one that is in simplest form. 


A fraction is in simplest form, or lowest terms, when the numerator and denominator have 
no common factors other than 1. 


To simplify a fraction, we write it in simplest form by removing a factor equal to 1. For 
example, to simplify ie. we note that the greatest factor common to the numerator and 
denominator is 5 and proceed as follows: 

= -_ = Factor 10 and 15. 

15). 3.85 


Use the rule for multiplying fractions in reverse: write ee as the product of two 
fractions, g and 2 


ni) Nn 


—_ 


A nonzero number divided by itself is equal to 1: 2 =1. 


WIN Wl WI 


Use the multiplication property of 1: any number multiplied by 1 remains the same. 
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The Language of Algebra 
What do Calvin Klein, Queen 
Latifah, and Tom Hanks have in 
common? They all attended a 
community college. The word 
common means shared by two or 
more. In this section, we will work 
with common factors and common 
denominators. 


To simplify iz, we removed a factor equal to | in the form of 2. The result, 5, is equiva- 
lent to i. 

We can easily identify the greatest common factor of the numerator and the denominator 
of a fraction if we write them in prime-factored form. 


63 33 
EXAMPLE 5 | Simplify each fraction, if possible: a. D b. 6 

Strategy We will begin by prime factoring the numerator and denominator of the 
fraction. Then, to simplify it, we will remove a factor equal to 1. 


Why We need to make sure that the numerator and denominator have no common factors 
other than 1. If that is the case, then the fraction is in simplest form. 


Solution 
a. After prime factoring 63 and 42, we see that the greatest common factor of the numera- 
tor and the denominator is 3 + 7 = 21. 


63. 3° 3e7 
7 =D COW rite 63 and 42 in prime-factored form. 
42 237 
3. 3°77 “3: : 
= 5 . 3-7 Write . : : = : as the product of two fractions, : and ao 
254 A ber divided by itself i Ito: 2-2 =14 
= 5 nonzero number divided by itself is equal to 1: 5-7 = 1. 
3 
= oy Any number multiplied by 1 remains the same. 


b. Prime factor 33 and 40. 
333 ll 
40 2:2°2°5 
Since the numerator and the denominator have no common factors other than 1, the frac- 


tion 3s is in simplest form (lowest terms). 


a Self Check 5 j Simplify each fraction, if possible: 
24 16 


a. 56 b. 125 


Now Try Problem 45 


To streamline the simplifying process, we can replace pairs of factors common to the 
numerator and denominator with the equivalent fraction 7 


EXAMPLE 6 Simplify: 


Strategy We will begin by prime factoring the numerator, 90, and denominator, 105. 
Then we will look for any factors common to the numerator and denominator and 
remove them. 


Simplifying 
Fractions 


The Fundamental 
Property 
of Fractions 


1.2 Fractions 17 


Why When the numerator and/or denominator of a fraction are large numbers, such as 
90 and 105, writing their prime factorizations is helpful in identifying any common 


factors. 

Solution 
Sa Write 90 and 105 in prime-factored f 
105 3+5+7 ee in prime-factored form. 


) Z 3 3 Slashes and 1's are used to show that : and 2 are replaced by the 


= 2 i fee ' 3:5 _ 15 
= equivalent fraction ro A factor equal to 1 in the form of 3.65 = 15 Was 


Ce a 

11 removed. 
= 6 Multiply the remaining factors in the numerator: 2-1-3-1= 6. Multiply 
= 7 the remaining factors in the denominator: 1-1-7 = 7. 


T Self Check 6 F | Simplify: we 


Now Try Problem 53 


We can use the following steps to simplify a fraction. 


1. Factor (or prime factor) the numerator and denominator to determine their common 
factors. 


2. Remove factors equal to 1 by replacing each pair of factors common to the numerator 
and denominator with the equivalent fraction 7 


3. Multiply the remaining factors in the numerator and in the denominator. 
The procedure for simplifying fractions is based on the following property. 


(Ghia ts oi 
If p isa fraction and c is a nonzero real number, 


aca 


be b 


Caution When all common factors of the numerator and/or the denominator of a fraction 
are removed, forgetting to write 1’s above the slashes can lead to a common mistake. 


Correct Incorrect 
1 1 
15 BB 1 15 BS 0 0 
45 32B:3°-R 3 45° 3-3-7 3 
1 1 


6) Add and Subtract Fractions. 


In algebra as in everyday life, we can only add or subtract objects that are similar. For 
example, we can add dollars to dollars, but we cannot add dollars to oranges. This concept is 
important when adding fractions. 


Consider the problem g f = When we write it in words, it is apparent we are adding 
similar objects. 


18 CHAPTER 1 


Adding and 
Subtracting 
Fractions that 
Have the Same 
Denominator 


Caution 
We do not add fractions by adding 
the numerators and adding the 
denominators! 
2 oe 
5+5™ 


+ 


The same caution applies when 
subtracting fractions. 


Success Tip 
To determine the LCD of two frac- 
tions, list the multiples of one of 
the denominators. The first 
number in the list that is exactly 
divisible by the other denominator 


is their LCD. For ‘ and & the multi- 


ples of the first denominator, 5, are 
5, 10,113), 20, D5, 6 » « 


Since 15 is the first number in the 
list that is exactly divisible by the 
second denominator, 3, the LCD 
is 15, 


Least Common 
Denominator (LCD) 


An Introduction to Algebra 


two-fifths + one-fifth 
-_ Similar objects at 


Because the denominators of Z and ; are the same, we say that they have a common 
denominator. 


To add (or subtract) fractions that have the same denominator, add (or subtract) their numer- 
ators and write the sum (or difference) over the common denominator. 


: a b 
For any fractions 7 and 3, 


erg ect) er IO NG ea 
@ @ d d d d 
For example, 
2 1 2+1 3 18 «9 18-9 9 
+—= = and -7; = = 
5. 0-5 5 5 23 23 23 23 


Caution Be careful when adding (or subtracting) numerators and writing the result over 


the common denominator. Only factors common to the numerator and the denominator of a 


+ 8 : 
: 5 because 5 is not 


fraction can be removed. For example, it is incorrect to remove the 5’s in 
used as a factor in the expression 5 + 8. This error leads to an incorrect answer of 9. 


Correct Incorrect 
1 
5+ 8 _ ds 5 + Brey + Bae 9 
5 5 5 B 1 


1 


Now we consider the problem 2 + i Since the denominators are not the same, we cannot 


add these fractions in their present form. 


two-fifths + one-third 
— Not similar objects a 


To add (or subtract) fractions with different denominators, we express them as equivalent 
fractions that have a common denominator. The smallest common denominator, called the 
least or lowest common denominator, is usually the easiest common denominator to use. 


The least or lowest common denominator (LCD) for a set of fractions is the smallest 
number each denominator will divide exactly (divide with no remainder). 


The denominators of 2 and ; are 5 and 3. The numbers 5 and 3 divide many numbers 
exactly (30, 45, and 60, to name a few), but the smallest number that they divide exactly is 15. 
Thus, 15 is the LCD for 2 and 3. 

To find A + 5 we find equivalent fractions that have denominators of 15 and we use the 


rule for adding fractions. 


5 
: 5 Multiply z by 1 in the form of :. Multiply . by 1 in the form of 2, 


3 Multiply the numerators and multiply the denominators. 
Note that the denominators are now the same. 


Finding the LCD 
Using Prime 
Factorization 
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_ 6 + 5 Add the numerators. 
15 Write the sum over the common denominator. 
iu 
15 


When adding (or subtracting) fractions with unlike denominators, the least common 
denominator is not always obvious. Prime factorization is helpful in determining the LCD. 


1. Prime factor each denominator. 


2. The LCD is a product of prime factors, where each factor is used the greatest number of 
times it appears in any one factorization found in step 1. 


3 5 
EXAMPLE7 — tract, — — — 
b _ Subtrac 10 28 
Strategy We will begin by expressing each fraction as an equivalent fraction that has the 
LCD for its denominator. Then we will use the rule for subtracting fractions with like 
denominators. 


Why To add or subtract fractions, the fractions must have like denominators. 


Solution To find the LCD, we find the prime factorization of both denominators and use 
each prime factor the greatest number of times it appears in any one factorization: 


10=2-5 2 appears twice in the factorization of 28. 
28 = 2-2 _ }LcD =2-+2-5:7= 140 5 appears once in the factorization of 10. 
~ 7 appears once in the factorization of 28. 


Since 140 is the smallest number that 10 and 28 divide exactly, we write a and # as 
fractions with the LCD 140. 


3 5 3. 14 5 5 We must multiply 10 by 14 to obtain 140. 


10 ~ 28 ~ 10 ; 14 7 28 5 We must multiply 28 by 5 to obtain 140. 


= 42 _ 25 Multiply the numerators and multiply the denominators. 
140 140 Note that the denominators are now the same. 
_ 42 — 25 Subtract the numerators. 
140 Write the difference over the common denominator. 
i 
140 


a Self Check 7 | Subtract: iz - é 


Now Try Problem 65 


We can use the following steps to add or subtract fractions with different denominators. 
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Adding and 
Subtracting 
Fractions that 
Have Different 
Denominators 


Caution 
Remember that an LCD is not 


needed when multiplying or divid- 


ing fractions. 


1. Find the LCD. 


2. Rewrite each fraction as an equivalent fraction with the LCD as the denominator. To do 
so, build each fraction using a form of 1 that involves any factors needed to obtain the 
LCD. 


3. Add or subtract the numerators and write the sum or difference over the LCD. 
4. Simplify the result, if possible. 


Simplify Answers. 


When adding, subtracting, multiplying, or dividing fractions, remember to express the answer 
in simplest form. 


: EXAMPLE 8 j Perform the operations and simplify: 
a 4s(2) b. = + ae 
a) "12 2 «4 


Strategy We will perform the indicated operations and then make sure that the answer is 
in simplest form (lowest terms). 


Why Fractional answers should always be given in simplest form. 


Solution 
45 *) (2) Write 45 as af 45 = % 
a. -~)=— it ion: =>. 
9 1 \o rite 45 as a fraction 1 
= 45-4 Multiply the numerators. 
1-9 Multiply the denominators. 


1 
5°94 1 simplify the result, factor 45 as 5 - 9. Then remove the common factor 
1-9 9 of the numerator and denominator. 


= 20 Multiply the remaining factors in the numerator. Multiply the remaining 
factors in the denominator. 2 = 20. 


b. Since the smallest number that 12, 2, and 4 divide exactly is 12, the LCD is 12. 


5 3 l 5 3 : 6 _ 1 : 3 3 already has a denominator of 12. Build 3 and ; 
12 2 4 12 2 6 4 3. sothat their denominators are 12. 


18 3 Multiply the numerators and multiply the 

—— Sa SS = denominators. The denominators are now the 

1 1 12 same. 

20 Add the numerators, 5 and 18, to get 23. From 
= D that sum, subtract 3. Write that result, 20, over 

the common denominator. 

1 

_ A+5 To simplify 2 factor 20 and 12, using their 


3-4 greatest common factor, 4. Then remove ; =1. 
1 
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a Self Check 8 P| Perform the operations and simplify: a. 24(Z) 


iL. Sl 3 
b. 15 + 30 ~ To 


Now Try Problems 67 and 71 


8) Compute with Mixed Numbers. 


The Language of Algebra 
Fractions such as 2 with a 
numerator greater than or equal to 
the denominator, are called 
improper fractions. In algebra, 
such fractions are often preferable 
to their equivalent mixed number 
form. 


INTERSTATE 
CALIFORNIA 


5, 


> 
Downtown San Diego 1 3/4 
Sea World Dr 6 1/2 


A mixed number represents the sum of a whole number and a fraction. For example, 53 
means 5 + 3. 


EXAMPLE9 Divide: s> +2 


Strategy We begin by writing the mixed number 53 and the whole number 2 as frac- 
tions. Then we use the rule for dividing two fractions. 


Why To multiply (or divide) with mixed numbers, we first write them as fractions, and 
then multiply (or divide) as usual. 


Solution 
Write 5° as an improper fraction by multiplying its whole-number 
4 Peer plying 
5° a> 23 - 2 part by the denominator: 5 - 4 = 20. Then add the numerator to 
: 4 : 1 ‘that product: 3 + 20 = 23. Finally, write the result, 23, over the 
denominator 4. Write 2 as a fraction: 2 = 7. 
23 1 
a 4 ° > Multiply by the reciprocal of 7, which is 5. 
_ 23 Multiply the numerators. 
8 Multiply the denominators. 
7 Write 8 as a mixed number by dividing the numerator, 23, by the 
= 28 denominator, 8. The quotient, 2, is the whole-number part; the 


remainder, 7, over the divisor, 8, is the fractional part. 


a Self Check 9 | Multiply: 13 -9 


Now Try Problem 77 


EXAMPLE 10 j Freeway Signs. How far apart are the Downtown San Diego 
and Sea World Drive exits? 


Strategy We can find the distance between exits by finding the difference in the mileages 
on the freeway sign: 65 = 13. 


Why The word difference indicates subtraction. 


22 CHAPTER 1 An Introduction to Algebra 


Success Tip Solution 
This problem could also be solved 1 2 2 4 6 
by writing the mixed numbers 6+ [= 6 = 2 o> 3 1 
Ge ; eee 2 2 tt 4 2 4 Using vertical form, express 5 as an equivalent 
and 13, as improper fractions 
é : Oe 3 3 3 3 fraction with denominator 4. Then, borrow 1 in the 
and subtracting them. =—[—= -j]—=-] =-] : 
4 4 4 4 — form of | from 6 to subtract the fractional parts of 
4 3. ~the mixed numbers. 
A 


The Downtown San Diego and Sea World Drive exits are 43 miles apart. 


ia 


Now Try 


| 1189 = 35-357 25, 3: 


8.4.28 bz 9. 


13 


form 6. 2 7. 7540 


Problem 107 


12 
25 


IS 


24 


fb 2 


4. 5 


b. In simplest 
sl 


1 
8 105 


VOCABULARY 
Fill in the blanks. 


1. 
2. 


A factor is a number being 


Numbers that have only 1 and themselves as factors, such as 23, 
37, and 41, are called numbers. 


3. When we write 60 as 2 - 2-3 - 5, we say that we have written 
60 in form. 
4. The of the fraction 7 is 3, and the is 4. 


5. Two fractions that represent the same number, such as 5 and ‘, 


are called fractions. 
6. 5 is the of 3, because their product is 1. 
7. The common denominator for a set of fractions 


is the smallest number each denominator will divide exactly. 
. The 


number 7 represents the sum of a whole number 
and a fraction: 7 + x 


CONCEPTS 
Complete each fact about fractions. 
a a 
9. a. oa b. 1 = 
a Cc a Cc 
Cc. 5 : Fr = d. b oa a = 
«aa ¢ 2) _ 
dd dd 


10. What two equivalent fractions are shown? 


|| hPa 
TC 


11. Complete each statement. 


a. To simplify a fraction, we remove factors equal to _in the 


23 


form of 5, 3, or i, and so on. 


23 


b. To build a fraction, we multiply it by in the form of 5, 3, 
or 5, and so on. 


12. What is the LCD for fractions having denominators of 24 and 


36? 
NOTATION 
Fill in the blanks. 


b. Remove common factors to 


simplify 45. 


13. a. Multiply ; by a form of 
1 to build an equivalent 


fraction with denomina- 


tor 30. 122: 73 
42 2:3- 

a 

6 


14. a. Write ae as an improper fraction. 


b. Write # as a mixed number. 


GUIDED PRACTICE 


Find the prime factorization of each number. See Example 1. 


15. 75 16. 20 
17. 28 18. 54 
19. 81 20. 125 
21. 117 22. 147 
23. 220 24. 270 
25. 1,254 26. 1,144 


Perform each operation. See Examples 2 and 3. 


27.2.4 9g, 245 
6 8 3.5 

29, _.3 46.2202 
ll 5 oF 3 

2 

22s oe 
4 5 8 13 

2 22 ues 
a af 3. 2 


Build each fraction or whole number to an equivalent fraction 
with the indicated denominator. See Example 4. 


35. is denominator 9 36. 2, denominator 24 


37. i, denominator 54 38. i denominator 64 
39. 7, denominator 5 40. 12, denominator 3 
41. 5, denominator 7 42. 6, denominator 8 


Simplify each fraction, if possible. See Examples 5 and 6. 


6 
43, © rv is 
18 9 
24 35 
45. — 46. —— 
3 58 Orig 
1 22 
47, 22 48. — 
40 77 
33 26 
49. — — 
56 ery 
26 72 
i 2 
51. 39 ar 
ee bao 
225 490 


Perform the operations and, if possible, simplify. See Objective 6 
and Example 7. 


3 3 41 
55. += a 
ae 5 

6 2 5 | 6 
7.=-= sts 
gS ma CET 

11 17 2 
59. — + — .—-= 

6 24 055 
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74 9 5 
1 -— 2.——= 
ag 14 ae aa 

o 4 7 3 
3. += 4, — + — 
a5 6 P55.” 10 

21.9 1 
Geese ee 

56 40 24 40 


a) 
os. 3(5) 

3 
70. 14| — 
: (5) 


2 1 
is ee ee 
3 6 18 5 10 20 
1 2 
i eo ee ees 
12 3 5 IS 5 9 


Perform the operations and, if possible, simplify. See Examples 9 
and 10. 


75 42 7 76. 7 i= 
3 : 28 
77. 8 + 34 78, 15 + 3 
8735 , - 35 
2 2 4 1 
79. 8— — 7— 80. 3—- — 3— 
85 3 $5 10 
3 5) > 5 
1; 32 2 2.; 45 TIS 
: ie 24 SF 8 
TRY IT YOURSELF 
Perform the operations and, if possible, simplify. 
30 4 7 
3, 42 4. + = 
a... 23 3 2 
10 4 
85. 21| — 86. 28| — 
(3) () 
87. 6 rae 88 3 : 
° 24 - AS 
a eee 
3 4 12 ~ 35 39 
21 2 
Ol... = 2. 92. = oe ai 
35. «14 25 5 
4/6 21/ 2 
93. “(2) 94, —| — 
3X5 8 (15 
ae ee ee 
"63 45 "18 99 
3 7 
97.3 S 98. 4 -— = 
3 4 8 3 
Go, 100. >.> 
29 4 7 
1 5 1 5 
101. 3— + Il— 102. 2— + 1— 
: 3 6 a 2 8 
11 19 12 
ies 104. — = 
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APPLICATIONS 
105. FORESTRY A ranger cut down a pine tree and measured 
the widths of the outer two growth rings. 
a. What was the growth over this 2-year period? 
b. What is the difference in the widths of the rings? 


106. HARDWARE To secure the bracket to the stock, a bolt and 
a nut are used. How long should the threaded part of the bolt 
be? 


Bolt head ay ——— 2 in. thick bracket 


{ 43 in. stock 
4 


a 17 in. mt 
8 


Bolt extends 


5. 
— In. past nut. 
is 


107. COOKING How much butter is left in a 105-pound tub of 
butter if 43 pounds are used to make a wedding cake? 

108. CALORIES A company advertises that its mints contain 
only 3 calories a piece. What is the calorie intake if you eat an 
entire package of 20 mints? 

109. FRAMES How many inches of molding are needed to make 
the square picture frame? 


110. DECORATING The materials used to make a pillow are 
shown in the next column. Examine the inventory list to 
decide how many pillows can be manufactured in one produc- 
tion run with the materials in stock. 


9 : 
— yd lace trim 
7 el 0. ace tr 
8 
corduroy 
fabric GS 


2 in 
3 Ib cotton filling 


Factory Inventory List 


Materials Amount in stock 
Lace trim 135 yd 
Corduroy fabric 154 yd 
Cotton filling 98 Ib 


WRITING 


111. Explain how to add two fractions having unlike denominators. 

112. To multiply two fractions, must they have like denominators? 
Explain. 

113. What are equivalent fractions? 

114. Explain the error in the following addition. 


4344307 


ey A i 


REVIEW 

Use the formula to complete each table. 

115. T= 15g 116. p =r — 200 
Number | Number Revenue | Profit 
of gears | of teeth r Pp 

Z I 
1,000 
a | 5,000 
12 | 
CHALLENGE PROBLEMS 
117. Which is larger: or 89 


118. Ifthe circle represents a whole, find the missing value. 


Objectives 


i Natural Numbers 


i Whole Numbers 


Notation 
The symbol . . . used in the previ- 
ous definitions is called an ellipsis 
and it indicates that the estab- 
lished pattern continues forever. 


i Opposites 
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Define the set of integers. 

Define the set of rational numbers. 

Define the set of irrational numbers. 
Classify real numbers. 

Graph sets of numbers on the number line. 


OoOO008 


Find the absolute value of a real number. 


A set is a collection of objects, such as a set of golf clubs or a set of dishes. In this section, we 
will define some important sets of numbers that are used in algebra. 


Define the Set of Integers. 


Natural numbers are the numbers that we use for counting. To write this set, we list its 
members (or elements) within braces {  }. 


The set of natural numbers is {1, 2,3,4,5, .. .}. Read as “the set containing one, two, 
three, four, five, and so on.” 


The natural numbers, together with 0, form the set of whole numbers. 
The set of whole numbers is {0, 1, 2,3,4,5, . . . }. 


Whole numbers are not adequate for describing many real-life situations. For example, if 
you write a check for more than what’s in your account, the account balance will be less than 
Zero. 

We can use the number line below to visualize numbers less than zero. A number line is 
straight and has uniform markings. The arrowheads indicate that it extends forever in both 
directions. For each natural number on the number line, there is a corresponding number, 
called its opposite, to the left of 0. In the diagram, we see that 3 and —3 (negative three) are 
opposites, as are —5 (negative five) and 5. Note that 0 is its own opposite. 


Opposites 


Two numbers that are the same distance from 0 on the number line, but on opposite sides of 
it, are called opposites. 


The whole numbers, together with their opposites, form the set of integers. 
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[| Integers 


The Language of Algebra 
The positive integers are: 
ROR SRG here 

The negative integers are: 

a hth ae eer 


Rational 
Numbers 


The Language of Algebra 
Rational numbers are so named 
because they can be expressed as 
the ratio (quotient) of two integers. 


Negative 
Fractions 


The set of integers is {. . . , —4, —3, —2, -1,0, 1,2,3,4,. . -}. 


On the number line, numbers greater than 0 are to the right of 0. They are called positive 
numbers. Positive numbers can be written with or without a positive sign +. For example, 
2 = +2 (positive two). They are used to describe such quantities as an elevation above sea 
level (+3000 ft) or a stock market gain (25 points). 

Numbers less than 0 are to the left of 0 on the number line. They are called negative 
numbers. Negative numbers are always written with a negative sign —. They are used to 
describe such quantities as an overdrawn checking account (—$75) or a below-zero tempera- 
ture (— 12°). 

Positive and negative numbers are called signed numbers. 


| | | | | | | | | | eae 
5 4 3 2-1 0 41 2 3 4 =5 
ee a 
Negative Zero Positive 
numbers numbers 


Define the Set of Rational Numbers. 
We use fractions to describe many situations in daily life. For example, a morning commute 
might take i hour or a recipe might call for ; cup of sugar. Fractions such as 5 and 5, that are 


quotients of two integers, are called rational numbers. 


A rational number is any number that can be expressed as a fraction with an integer numer- 
ator and a nonzero integer denominator. 


Some other examples of rational numbers are 


3 4l 25 ¢ 2 
8° 100’ a 12 


To show that negative fractions are rational numbers, we use the following fact. 


For any numbers a and b where b is not 0, 


To illustrate this rule, we consider —i%. It is a rational number because it can be written 


= (1 11 
as “16— or as —746- 


Positive and negative mixed numbers are also rational numbers because they can be 
expressed as fractions. For example, 


5 61 1 13. —13 
7 == d 65 = = 
$8 i” a ee 
Any natural number, whole number, or integer can be expressed as a fraction with a 


denominator of 1. For example, 5 = 2 0= . and —3 = 3 Therefore, every natural 


number, whole number, and integer is also a rational number. 


The Language of Algebra 
To terminate means to bring to an 
end. In the movie The Terminator, 
actor Arnold Schwarzenegger 
plays a heartless machine sent to 
Earth to bring an end to his 
enemies. 


Rational 
Numbers 


The Language of Algebra 
A fraction and its decimal equiva- 
lent are different notations that 
represent the same value. 


The Language of Algebra 
Since every natural number 
belongs to the set of whole 
numbers, we say the set of natural 
numbers is a subset of the set of 
whole numbers. Similarly, the set 
of whole numbers is a subset of 
the set of integers, and the set of 
integers is a subset of the set of 
rational numbers. 
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Many numerical quantities are written in decimal notation. For instance, a candy bar 
might cost $0.89, a dragster might travel at 203.156 mph, or a business loss might be — $4.7 
million. These decimals are called terminating decimals because their representations termi- 
nate (stop). As shown below, terminating decimals can be expressed as fractions. Therefore, 
terminating decimals are rational numbers. 


89 156 — 203,156 7 
89 = —— 203.156 = 2 = ‘ 
id 100 coe 937000 1,000 10 10 


Decimals such as 0.3333 ... and 2.8167167167 ..., which have a digit (or block of 
digits) that repeats, are called repeating decimals. Since any repeating decimal can be 
expressed as a fraction, repeating decimals are rational numbers. 

The set of rational numbers cannot be listed as we listed other sets in this section. Instead, 
we use set-builder notation. 


The set of rational numbers is 
(2 Read as “the set of all numbers of the form co 
b 


aand b are integers, with b # 0} such that a and b are integers, with b # 0.” 


To find the decimal equivalent for a fraction, we divide its numerator by its denominator. 


For example, to write i and 4 as decimals, we proceed as follows: 


0.25 0.22727... 
4)1.00 Write a decimal 22)5.00000 Write a decimal point and 
8 point and 44 additional zeros to the right 
a additional zeros to a of 5. 
= the right of 1. ca 
20 44 
0 The remainder is O. 160 60 and 160 continually appear 
154 as remainders. Therefore, 2 
60 and 7 will continually appear In 
the quotient. 
44 
160 


The decimal equivalent of 7 is 0.25 and the decimal equivalent of 3 is 0.2272727 .... We 
can use an overbar to write repeating decimals in more compact form: 0.2272727 ... = 0.227. 
Here are more fractions and their decimal equivalents. 


Terminating decimals Repeating decimals 


1 1 _ 
i 0.5 a 0.166666... or 0.16 
5 1 - 
> = 0.625 > = 0.333333... or 0.3 
8 3 

3 5 _ 
— = 0.75 — = 0.454545... or 0.45 
4 11 
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1 inch © 


Ms 


The distance around the 
circle is 1 inches. 


Your | 


Irrational 
Numbers 


The Language of Algebra 
Since 77 is irrational, its decimal 
representation has an infinite 
number of decimal places. In 2002, 
a University of Tokyo mathemati- 
cian used a super computer to 
calculate 7 to over one trillion 
decimal places. 


@ 


The Real 
Numbers 


Natural numbers Whole numbers 
(positive integers) 0, 1, 4, 53, 101 


el 8990) 


Define the Set of Irrational Numbers. 


Not all numbers are rational numbers. One example is the square root of 2, written V2. Itis 


the number that, when multiplied by itself, gives 2: V/2+\/2 = 2. It can be shown that V2 
cannot be written as a fraction with an integer numerator and an integer denominator. There- 
fore, it is not rational; it is an irrational number. It is interesting to note that a square with sides 


of length | inch has a diagonal that is V/2 inches long. 

The number represented by the Greek letter 7 (pi) is another example of an irrational 
number. A circle, with a 1-inch diameter, has a circumference of 77 inches. 

Expressed in decimal form, 


V2 = 1.414213562... and am = 3.141592654... 


These decimals neither terminate nor repeat. 


An irrational number is a nonterminating, nonrepeating decimal. An irrational number 
cannot be expressed as a fraction with an integer numerator and an integer denominator. 


Other examples of irrational numbers are: 


V3 = 1.732050808 ... —V/5 = —2.236067977... 
—7 = —3.141592654... 9p = 9.494777061..... Sm iveane a> x 


We can use a calculator to approximate the decimal value of an irrational number. To 
approximate V2 using a scientific calculator, we use the square root key Vi .To approxi- 
mate 77, we use the pi key 7. 


V/2 ~ 1.414213562 and ~—s ~ 3.141592654 
Rounded to the nearest thousandth, V2 ~ 1.414 and 7 ~ 3.142. 


Classify Real Numbers. 


The set of real numbers is formed by combining the set of rational numbers and the set of 
irrational numbers. Every real number has a decimal representation. If it is rational, its corre- 
sponding decimal terminates or repeats. If it is irrational, its decimal representation is nonter- 
minating and nonrepeating. 


A real number is any number that is a rational number or an irrational number. 


The following diagram shows how various sets of numbers are related. Note that a 
number can belong to more than one set. For example, — 6 is an integer, a rational number, and 


a real number. 
Integers 
—45, -6, 0, 21, 315 


Rational numbers 
Be 1250-15-80 
a4 


Irrational numbers 


yp, NB, m, V21, V101 
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EXAMPLE 1 | Which numbers in the following set are natural numbers, whole 
; numbers, integers, rational numbers, irrational numbers, real 


3 
numbers? { 3.4, 0, —6, lp T, 16} 


5 2 
Strategy We begin by scanning the given set, looking for any natural numbers. Then we 


scan it five more times, looking for whole numbers, for integers, for rational numbers, 
for irrational numbers, and finally, for real numbers. 


Why We need to scan the given set of numbers six times, because numbers in that set can 
belong to more than one classification. 


Solution 
Natural numbers: 16 16 is a member of {1, 2,3, 4,5,.. .}. 
Whole numbers: 0,16 Oand16 are members of {0,1,2,3,4,5,.. .}. 
Integers: 0, —6, 16 O, —6, and 16 are members of {. . . , —3, —2, —1,0,1,2,3,. . .}. 


Rational numbers: 
—3.4, 2, 0, —6, 13, 16 A rational number can be expressed as a fraction of two 


integers: —3.4 = ie = a -6= = = a and 16 = ae 


Irrational numbers: 7 = = 3.1415...is a nonterminating, nonrepeating decimal. 


Real numbers: 


2 3 : ‘ 
—3.4, 5> 0, —6, 13, at, 16 Every natural number, whole number, integer, rational number, 
and irrational number is a real number. 


a Self Check 1 j Use the instructions for Example | with: 
{0.1, V2, -3, 45, -2, 3, 64} 


Now Try Problem 27 


5) Graph Sets of Numbers on the Number Line. 


Every real number corresponds to a point on the number line, and every point on the number 
line corresponds to exactly one real number. As we move right on the number line, the values 
of the numbers increase. As we move left, the values decrease. On the number line below, we 
see that 5 is greater than —3, because 5 lies to the right of —3. Similarly, —3 is less than 5, 
because it lies to the left of 5. 


Values increase ——> 


5S 4 3 2-10 1 2 3 4 ~°5 


~<— Values decrease 


The Language of Algebra 

The prefix in means not. For The inequality symbol > means “‘is greater than.” It is used to show that one number is 

example: greater than another. The inequality symbol < means “‘is less than.” It is used to show that one 
inaccurate <> not accurate number is less than another. For example, 


inexpensive <> not expensive 


F : 5 > -—3 Read as “Sis greater than —3.” 
inequality <> not equal 


3.55 Read as “—3 is less than 5.” 
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The Language of Algebra 
To state that a number x is posi- 
tive, we can write x > 0. To state 
that a number x is negative, we 
can write x < 0. 


Success Tip 
It is often helpful to approximate 
the value of a number or to write 
the number in an equivalent form 
to determine its location on a 
number line. 


To distinguish between these inequality symbols, remember that each one points to the 
smaller of the two numbers involved. 


5 =3 —-3<5 
— Points to the smaller number. at 


EXAMPLE2 Use one of the symbols > or < to make each statement true: 


| 
a -4 4 b. -2 i -3 ce. 4.47 12.5 d. : - 


Strategy To pick the correct inequality symbol to place between a given pair of numbers, 
we need to determine the position of each number on a number line. 


Why For any two numbers on a number line, the number to the /eft is the smaller number 
and the number to the right is the larger number. 


Solution 

a. Since —4 is to the left of 4 on the number line, we have —4 < 4. 

b. Since —2 is to the right of —3 on the number line, we have —2 > —3. 

c. Since 4.47 is to the left of 12.5 on the number line, we have 4.47 < 12.5. 


. To compare fractions, express them in terms of the same denominator, preferably the 


a. 


LCD. If we write 3 as an equivalent fraction with denominator 8, we see that 


Hi = ats = &. Therefore, i > 2. 


To compare the fractions, we could also convert each to its decimal equivalent. Since 
+ = 0.75 and 3 = 0.625, we know that 3 > §. 


a Self Check 2 j Use one of the symbols < or > to make each statement true: 


al -1 b-5_ -4 67 4.999 a2 _ 3 


Now Try Problems 37 and 44 


To graph a number means to mark its position on the number line. 


EXAMPLE 3 | Graph each number in the set: {-2.43, 479. 1, —0.3, 22, -3} 


Strategy We locate the position of each number on the number line, draw a bold dot, and 
label it. 


Why To graph a number means to make a drawing that represents the number. 


Solution 
© To locate —2.43, we round it to the nearest tenth: —2.43 ~ —2.4. 
e To locate ‘72, we use a calculator: V2 ~ 1.4. 
© To locate —0.3, we recall that 0.3 = 0.333. ..= ; Therefore, —0.3 = i. 


e In mixed-number form, -} =— 15. This is midway between —1 and —2. 
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2.43 “3 0.3 1 2 a 
=< e 1 e 1 o— + e 1 es 
3 —2 -1 0 1 2 3 


a 
Divide into 10 Divide into 6 
equal parts. equal parts. 
From 1, move From 2, move 


Divide into 10 
equal parts. 
From —2, move 


Divide into 3 
equal parts. 
From 0, move 


4 units left 1 unit left 4 units right 5 units right 
to locate to locate to locate to locate 
-2.4 = -2.43. -3=-0.333.... 1.4= 2. a 


PT Self Check 3 i Graph each number in the set: {le TT, ~13, 0.6, 3, —3} 
Now Try Problem 57 


6) Find the Absolute Value of a Real Number. 


[i Absolute Value 


Success Tip 
Since absolute value expresses 
distance, the absolute value of a 
number is always positive or zero, 
but never negative. 


A number line can be used to measure the distance from one number to another. For example, 
in the following figure we see that the distance from 0 to —4 is 4 units and the distance from 
0 to 3 is 3 units. 


4 units 3 units 
ae 
ape tl | | | | ae? ee —_ 
-5 —-4 3 2-1 0 1 2 3 4 #5 


To express the distance that a number is from 0 on a number line, we can use absolute 
values. 


The absolute value of a number is its distance from 0 on the number line. 


To indicate the absolute value of a number, we write the number between two vertical 
bars. From the figure above, we see that] — 4| = 4. This is read as “the absolute value of neg- 
ative 4 is 4” and it tells us that the distance from 0 to —4 is 4 units. It also follows from the 
figure that|3| = 3. 


7 
EXAMPLE 4 j Find each absolute value: a. |18| b. 2] c. |98.6| d. |0| 


Strategy We need to determine the distance that the number within the vertical absolute 
value bars is from 0. 


Why The absolute value of a number is the distance between 0 and the number on a 
number line. 


Solution 
a. Since 18 is a distance of 18 from 0 on the number line, |18| = 


18. 
b. Since i is a distance of Z from 0 on the number line, -1| i. 
| = 98. 


c. Since 98.6 is a distance of 98.6 from 0 on the number line, | 98.6 6. 


d. Since 0 is a distance of 0 from 0 on the number line, |0| = 0. 
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7) Self Check 4 | 


Find each absolute value: 
a. | 100| 


ce. |V2| 


b. |—4.7| 


Now Try Problems 61 and 67 


Bag nsurrs TO SELF CHECKS — 1. Natural numbers: 45; whole numbers: 45; integers: 45, —2; rational 


numbers: 0.1, -4, 45,—2 


Ch < th 


> a> 


5 
(OX) ila) BD ays 


—62; irrational numbers: V2: real numbers: all 2. a. > b. < c« > 


8? 
4. a. 100 b. 4.7 « V2 


12S 4: 


VOCABULARY 
Fill in the blanks. 


1. The set of 
2. The set of 

3. The set of 184 gceg 25 HHO) 1, Qyic che 
4. Positive and negative numbers are called 
5 


numbers is {0, 1, 2,3,4,5,. . .}. 
numbers is {1, 2, 3,4,5,. . .}. 


numbers. 


(a (me (S| (n(n 


432-1 0 41 2 3 «4 


Zero 


6. The symbols < and > are symbols. 


7A number is any number that can be expressed as a 
fraction with an integer numerator and a nonzero integer 
denominator. 

8. 0.25 is called a 

decimal. 


decimal and 0.333... is called a 


9. An_____— number cannot be expressed as a quotient of two 
integers. 


10. An irrational number is a nonterminating, nonrepeating 


11. Every point on the number line corresponds to exactly one 
number. 


12. The of a number is the distance on the 
number line between the number and 0. 


CONCEPTS 


13. Represent each situation using a signed number. 
a. A loss of $15 million 


b. A building foundation = inch above grade 


14. Show that each of the following numbers is a rational number 
by expressing it as a fraction with an integer numerator and a 


nonzero integer denominator: 6, —9, ih 35, —0.3, 2.83. 


15. Give the opposite of each number. 


2 
. 20 eee 
3 


16. What two numbers are a distance of 8 away from 5 on the 
number line? 

17. What two numbers are a distance of 5 away from —9 on the 
number line? 

18. Refer to the graph below. Use an inequality symbol, < or >, to 
make each statement true. 


aa b b. b a 
cb Oanda 0 d.|a|_|d| 
<ol> 
a 0 +b 
NOTATION 

Fill in the blanks. 

19. V2 is read “the of 2.” 

20. | - 15| is read “the __ioof —15.” 


21. The symbol ~ means 
22. The symbols {  } are called 
23. The symbol 7 is a letter from the 


alphabet. 


24. To find the decimal equivalent for the fraction 4 we 
divide: i 


4 
25. Fill in the blanks: “5 =—_— = — 


26. Write each repeating decimal using an overbar. 
a. 0.666... b. 0.2444... 
c. 0.717171... d. 0.456456456... 


GUIDED PRACTICE 


Place check marks in the table to show the set or sets to which 
each number belongs. For example, the check shows that V2 is 
irrational. See Example 1. 


27. 


5]0|-3| 2 |017|-94| V2 | a 


o|lN 


Real 


Irrational v 


Rational 
Integer 
Whole 
Natural 


28. Which numbers in the following set are natural numbers, whole 
numbers, integers, rational numbers, irrational numbers, real 


numbers? {67, +, —5.9, 112, V2, 0, -3, 7 
13 3 


Determine whether each statement is true or false. See Example 1. 


29. Every whole number is an integer. 
30. Every integer is a natural number. 
31. Every integer is a whole number. 


32. Irrational numbers are nonterminating, nonrepeating 
decimals. 


33. Irrational numbers are real numbers. 
34. Every whole number is a rational number. 


35. Every rational number can be written as a fraction of two 
integers. 


36. Every rational number is a whole number. 


Use one of the symbols < or > to make each statement true. See 
Example 2. 


37. 0) -4 38.27 115 

39. 5 4 40.0 32 
41.917 971 42. 898 889 

43. —2 (i) -3 44,-5 4 
45.25 3 46. —192, —193 
47.7 2 48, —2.27 |) —5.25 


Write each fraction as a decimal. If the result is a repeating 
decimal, use an overbar. See Objective 2. 


5 3 
49, — 50. —— 
8 32 
1 7 
As 25 
2 30 : 9 
1 5 
53. — 54. — 
60 11 
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21 2 
56. —— 
50 125 


Graph each set of numbers on a number line. See Example 3. 


57. {-7, 4.25, -15, -0.333..., V2, —2, 3} 
58. {-25, 7, 2.75, -V2, 7, 0.666... , —3} 


59. The integers between —5 and 2 
60. The whole numbers less than 4 


Find each absolute value. See Example 4. 


61. |83| 62. |29| 

4 9 
63. |3| 64. |= 
65. |—11| 66. |—14| 
67. |—6.1| 68. | —25.3| 


Insert one of the symbols >, <, or = in the blank. See Examples 2 
and 4. 


69. |3.4|  -3 70. 0.08 0.079 
71. (-11f 12 72. -5.5  -55 
73.|-2| 75 74.2 9 
99 
75. 7, (0.99 76. |2|  |-2| 
77, 0.3 0.333... 78.|-23| 5 
79.1 |-#2 80. —0.666... —0.6 
APPLICATIONS 


81. DRAFTING Which dimensions of the aluminum bracket 
shown below are natural numbers, whole numbers, integers, 
rational numbers, irrational numbers, and real numbers? 


t< 9 in. > 


Arc length 
{ 1.765 in. On in. 


Arc length a7 ial 
3m in. yi 
\ 


82. HISTORY Refer to the time line shown on the next page. 
a. What basic unit was used to scale the time line? 
b. What symbolism is used to represent zero? 
c. Which numbers could be thought of as positive and which 
as negative? 
d. Express the dates for the Maya civilization using positive 
and negative numbers. 
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MAYA CIVILIZATION 10 
A.D. 300- Oa SE an Ta 
Plece ayers re) ee Ai 91 '92 '93 '94 '95 '96 '97 '98 '99 '00 '01 '02 '03 '04 '05 

shan Classic period A.D. 1400. AD. I | 

8 of Maya Maya culture Mayapan A.D. 1697 -20 
Y culture declines fallsto Last Maya % Net Trade Balance, U.S. - Japan 
invaders city conquered 5 -30 
Y } by the Spanish | 40 
= 

# —50 


Source: U.S. Bureau of the Census 


86. U.S. BUDGET A budget deficit is a negative number that 
indicates the government spent more money than it took in that 


Based on data from People in Time and Place, Western Hemisphere (Silver Burdett 


& Ginn, 1991), p. 129. year. A budget surplus is a positive number that indicates the 
83. ARCHERY Which arrow landed farther from the target? How government took in more money than it spent that year. Refer 
does the concept of absolute value apply here? to the graph. 


a. In which year was the federal budget deficit the worst? 
Express that deficit using a signed number. 

b. In which year was the federal budget surplus the greatest? 
Estimate that surplus. 


250 
hill ll al hl 200 Federal Budget Deficit/Surplus 
-6 0 5 (Office of Management and Budget) 


Too short Too far 


84. DRAFTING On an architect’s scale, the edge marked 16 
divides each inch into 16 equal parts. Find the decimal form for 
each fractional part of one inch that is highlighted on the scale. 


$ billions 


Source: U.S. Bureau of the Census 


. WRITING 
85. TRADE Each year from 1990 through 2005, the United 

States imported more goods and services from Japan than it 87. Explain the difference between a rational and an irrational 
exported to Japan. This caused trade deficits, which are number. 
represented by negative numbers on the following graph. 88. Can two different numbers have the same absolute value? 
a. In which year was the deficit the worst? Express that deficit Explain. 

using a signed number. 89. Explain how to find the decimal equivalent of a fraction. 
b. In which year was the deficit the smallest? Express that 90. What is a real number? 

deficit using a signed number. 91. Pi Day (or Pi Approximation Day) is an unofficial holiday held 


to celebrate 77. Why do you think Pi Day is observed each year 
on March 14? 

92. Explain why 0.1333 is not the simplest way to represent 
0.1333.... 


REVIEW 
93. Simplify: a 
95. Find: 55 + 23 
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CHALLENGE PROBLEMS 


97. What is the set of nonnegative integers? 


: Gt : 
96. Find: - in 98. Is 0.10100100010000 . . . a repeating decimal? Explain. 


94. Find: 3(8) 


Find a rational number between each pair of numbers. 


100. 1.71 and 1.72 


99. -and + 
gad, 


Objectives 


A Sears, Roebuck 
and Co. 


($ millions) 


-300 


Net income 


—600 


-900 Ege 


Source: 2004 Sears Annual 
Report 


The Language of Algebra 
The names of the parts of an addi- 
tion fact are: 


Addend _Addend Sum 
Sy t a 
Sap 2 = 7/ 
Notation 


To avoid confusion, we write nega- 
tive numbers within parentheses 
to separate the negative sign — 
from the addition symbol +. 


—5 + (-2) 


@ Add two numbers that have the same sign. 
@® Add two numbers that have different signs. 
© Use properties of addition. 

© ldentify opposites (additive inverses). 


In the graph on the left, signed numbers are used to show the financial performance of Sears, 
Roebuck and Company for the year 2004. Positive numbers indicate profits and negative 
numbers indicate /osses. To find Sears’ net income (in millions of dollars), we need to calcu- 
late the following sum: 


Net income = —859 + 53 + (—61) + 360 


In this section, we discuss how to perform this addition and others involving signed numbers. 


Add Two Numbers That Have the Same Sign. 


A number line can be used to explain the addition of signed numbers. For example, to 
compute 5 + 2, we begin at 0 and draw an arrow five units long that points right. It represents 
5. From the tip of that arrow, we draw a second arrow two units long that points right. It rep- 
resents 2. Since we end up at 7, it follows that 5 + 2 = 7. 


Begin End 
| 5 2 
5+2=7 | ie: >| 
et fe 4 Sp: 4. 
§ 76 5 4-32-1012 3 4 5 6 7F 8 


To compute —5 + (—2), we begin at 0 and draw an arrow five units long that points left. 
It represents —5. From the tip of that arrow, we draw a second arrow two units long that points 
left. It represents —2. Since we end up at —7, it follows that —5 + (—2) = —7. 


Begin 


-5 +(-2)=~7 


a a ee a ee ee ee eee 
6 5 4 3 2-1 0 1 2 3 4 5 6 7 8 
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Adding Two 
Numbers That 
Have the Same 
(Like) Signs 


The Language of Algebra 
Two negative numbers, as well as 
two positive numbers, are said to 
have like signs. 


Success Tip 
The sum of two positive numbers 
is always positive. The sum of two 
negative numbers is always 
negative. 


To check this result, think of the problem in terms of money. If you lost $5 (—5) and then lost 
another $2 (—2), you would have lost a total of $7 (—7). 

When we use a number line to add numbers with the same sign, the arrows point in the 
same direction and they build upon each other. Furthermore, the answer has the same sign as 
the numbers that we added. These observations suggest the following rules. 


1. To add two positive numbers, add them as usual. The final answer is positive. 


2. To add two negative numbers, add their absolute values and make the final answer 
negative. 


EXAMPLET = Ada: a. -20 + (-15) __b. —7.89 + (-0.6) 


re 

ae a 
Strategy We will use the rule for adding two numbers that have the same sign. 
Why 


Solution 
a. —20 + (-15) = —35 


In each case, we are asked to add two negative numbers. 


Add their absolute values, 20 and 15, to get 35. 
Then make the final answer negative. 


b. Add their absolute values, 7.89 and 0.6. 


7.89 
+0.6 


8.49 


Remember to align the decimal points when adding decimals. 


Then make the final answer negative: —7.89 + (—0.6) = —8.49. 


c. Add their absolute values, ; and . 


ice The LCD is 6. Build each fraction: 1-2 = 2 andt-2 = 
6 eé 15 ©. Dulla eac traction: 5 2-6 and 5°s= 


Add the numerators and write the sum over the LCD. 


Then make the final answer negative: ; + ( 5) = 2 


a Self Check 1 dj Add: a. —51 + (—9) 
1 2) 
Cig (ea) 


Now Try Problems 15, 21, and 25 


Re 3028) 


Add Two Numbers That Have Different Signs. 


To compute 5 + (—2), we begin at 0 and draw an arrow five units long that points right. From 
the tip of that arrow, we draw a second arrow two units long that points left. Since we end up 
at 3, it follows that 5 + (—2) = 3. In terms of money, if you won $5 and then lost $2, you 
would have $3 left. 


The Language of Algebra 
A positive number and a negative 
number are said to have unlike 
signs. 


Adding Two 

Numbers That 
Have Different 
(Unlike) Signs 


Success Tip 
The sum of two numbers with dif- 
ferent signs may be positive or 
negative. The sign of the sum is 
the sign of the number with the 
greater absolute value. 


Calculators 
Entering negative numbers 
We don’t do anything special to 
enter positive numbers on a calcu- 
lator. To enter a negative number, 
say —7.4, some calculators require 
the — sign to be entered before 
entering 7.4 while others require 
the — sign to be entered after 
entering 7.4. Consult your owner’s 
manual to determine the proper 
keystrokes. 
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Begin 


5+(-2)=3 -2 


es eam (CO Ce (ae fe fg eg 
5 4 3 2 -l O 1 2 3 4 =5 


To compute —5 + 2, we begin at 0 and draw an arrow five units long that points left. 
From the tip of that arrow, we draw a second arrow two units long that points right. Since we 
end up at —3, it follows that —5 + 2 = —3. In terms of money, if you lost $5 and then won 
$2, you have lost $3. 


ie 
5 4 3 2-1 0 1 2 3 4 ~=°5 


When we use a number line to add numbers with different signs, the arrows point in 
opposite directions and the longer arrow determines the sign of the answer. If the longer arrow 
represents a positive number, the sum is positive. If it represents a negative number, the sum 
is negative. These observations suggest the following rules. 


To add a positive number and a negative number, subtract the smaller absolute value from 
the larger. 


1. If the positive number has the larger absolute value, the final answer is positive. 
2. If the negative number has the larger absolute value, make the final answer negative. 


EXAMPLE2 |) add: a. -20+32 0 b574+(-74 E+ 


Strategy We will use the rule for adding two numbers that have different (unlike) signs. 
Why _Ineach case, we are asked to add a positive number and a negative number. 


Solution 
a. —20 + 32 = 12 Subtract the smaller absolute value from the larger: 32 — 20 = 12. The positive 
number, 32, has the larger absolute value, so the final answer is positive. 


b. Subtract the smaller absolute value, 5.7, from the larger, 7.4. 
7.4 Remember to align the decimal points when subtracting decimals. 
= 5.7 
1.7 
Since the negative decimal, —7.4, has the larger absolute value, make the final answer 
negative: 5.7 + (—7.4) = —-1.7. 


c. Since : = ot the fraction -3 has the larger absolute value. We subtract the smaller 


absolute value from the larger: 


19 2 19 10 
2 “25. DS 


Be es ‘ : 10 
Replace 5 with the equivalent fraction 25° 


Stace Subtract the numerators and write the difference over the LCD. 
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The Language of Algebra 
Net refers to what remains after all 
the deductions (losses) have been 
accounted for. Net income is a 
term used in business that often is 
referred to as the bottom line. Net 
income indicates what a company 
has earned (or lost) in a given 
period of time (usually one year). 


The Commutative 
Property of 
Addition 


The Language of Algebra 
Commutative is a form of the 
word commute, meaning to go 
back and forth. Commuter trains 
take people to and from work. 


19 


Since the negative fraction — x has the larger absolute value, make the final answer neg- 
fivere? pe 
ative: —55 + 55 = —95- 


a Self Check 2 | Add: a. 63 + (—87) b. —6.27+ 8 
1 


Cc. —79 ar > 
Now Try Problems 29, 33, and 35 


EXAM PLE 3 j Accounting. Find the net earnings of Sears, Roebuck and 
Company for the year 2004 using the data in the graph on page 35. 


Strategy To find the net income, we will add the quarterly profits and losses (in millions 
of dollars), performing the additions as they occur from left to right. 


Why The phrase net income means that we should combine (add) the quarterly profits 
and losses to determine whether there was an overall profit or loss that year. 


Solution 
—859 + 53 + (—61) + 360 


—806 + (—61) + 360 Add: —859 + 53 = —806. 
= —867 + 360 Add: —806 + (—61) = —867. 
= —507 


In 2004, Sears’ net income was — $507 million. 


a Self Check 3 j Add: 650 + (—13) + 87 + (—155) 
Now Try Problem 43 


Use Properties of Addition. 


The addition of two numbers can be done in any order and the result is the same. For example, 
8 + (-1) = 7and —1 + 8 = 7. This example illustrates that addition is commutative. 


Changing the order when adding does not affect the answer. 
For any real numbers a and b, 


at+t+b=brt+a 


In the following example, we add —3 + 7 + 5 in two ways. We will use grouping 
symbols (_), called parentheses, to show this. Standard practice requires that the operation 
within the parentheses be performed first. 

Method 1: Group —3 and 7 Method 2: Group 7 and 5 

(-3+7+5=4+5 =3-b GS) = —3 + 12 
=9 =9 

It doesn’t matter how we group the numbers in this addition; the result is 9. This example 
illustrates that addition is associative. 


The Associative 
Property of 
Addition 


The Language of Algebra 
Associative is a form of the word 
associate, meaning to join a group. 
The NBA (National Basketball 
Association) is a group of profes- 
sional basketball teams. 


WHO'S \( who's ) } 
"iio | mono) ournsr | own | voor | vowcus) 
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Changing the grouping when adding does not affect the answer. 
For any real numbers a, b, and c, 


(@ =P 1) ae © = a ae (2 =P @) 


Sometimes, an application of the associative property can simplify a computation. 


EXAMPLE 4 | Find the sum: 98 + (2 + 17) 
Strategy We will use the associative property to group 2 with 98. Then, we evaluate the 
expression by following the rules for the order of operations. 
Why It is helpful to regroup because 98 and 2 are a pair of numbers that are easily added. 
Solution 


98 + (2 + 17) = 98 + 2) + 17 Use the associative property of addition to regroup. 
100 + 17 Do the addition within the parentheses first. 
= 117 


a Self Check 4 ] Find the sum: (39 + 25) + 75 
Now Try Problem 53 


EXAMPLE 5 _ Game Shows. A contestant on Jeopardy! correctly answered 
the first question to win $100, missed the second to lose $200, 
correctly answered the third to win $300, and missed the fourth to lose $400. What is 
her score after answering four questions? 


Strategy We can represent money won by a positive number and money lost by a nega- 
tive number. Her score is the sum of 100, —200, 300, and —400. Instead of doing the 
additions from left to right, we will use another approach. Applying the commutative 
and associative properties, we will add the positives, add the negatives, and then add 
those results. 


Why It is easier to add numbers that have the same sign than numbers that have different 
signs. This method minimizes the possibility of an error, because we only have to add 
numbers that have different signs once. 


Solution 


100 + (—200) + 300 + (—400) 


= (100 + 300) + [(—200) + (—400)] Reorder the numbers. Group the positives 
together. Group the negatives together 
using brackets [ ]. 


= 400 + (—600) Add the positives. Add the negatives. 
= —200 Add the results. 


After four questions, her score was — $200, which represents a loss of $200. 
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The Language of Algebra 
Identity is a form of the word iden- 
tical, meaning the same. You have 
probably seen identical twins. 


Addition Property 
of 0 (Identity 
Property of 
Addition) 


@ 


The Language of Algebra 
Don’t confuse the words opposite 
and reciprocal. The opposite of 4 is 


—A4. The reciprocal of 4 is i 


Addition Property 
of Opposites 
(Inverse Property 
of Addition) 


a Self Check 5 j Add: —6 + 1 + (—4) + (-5) + 9 


Now Try Problem 49 


Whenever we add 0 to a number, the result is the number. Therefore, 8 + 0 = 8, 
2.3 + 0 = 2.3, and 0 + (—16) = —16. These examples illustrate the addition property of 
0. Since any number added to 0 remains the same, 0 is called the identity element for 
addition. 


When 0 is added to any real number, the result is the same real number. 
For any real number a, 


a+0O=a and 0O+a=a 


Identify Opposites (Additive Inverses). 


Recall that two numbers that are the same distance from 0 on a number line, but on opposite 
sides of it, are called opposites. To develop a property for adding opposites, we will find 
—4 + 4 using a number line. We begin at 0 and draw an arrow four units long that points left, 
to represent —4. From the tip of that arrow, we draw a second arrow, four units long that points 
right, to represent 4. We end up at 0; therefore, —4 + 4 = 0. 


7 Begin 
4 End 


| | 


-4+4=0 


5 4 3 2-1 0 41 2 3 4 5 


This example illustrates that when we add opposites, the result is 0. Therefore, 
1.6 + (—1.6) 
numbers are opposites. For these reasons, opposites are also called additive inverses. 


0 and - + 3 = 0. Also, whenever the sum of two numbers is 0, those 


The sum of a number and its opposite (additive inverse) is 0. 
For any real number a and its opposite or additive inverse —a, 


a+ (—a)=0_ Read —aas “the opposite of a.” 


EXAMPLE 6 j Add: 12 + (—5) +6 +5 + (-12) 


Strategy Instead of working from left to right, we will use the commutative and associa- 
tive properties of addition to add pairs of opposites. 


Why Since the sum of a number and its opposite is 0, it is helpful to identify such pairs 
in an addition. 


Solution 


opposites 


12 + (-5) + 6+5+(-12)=0+0+6 
ss 


opposites 


oT Self Check 6 ij Add: 8 + (-1) + 6+5+(-8) +1 
Now Try Problem 61 


ee | 1. a. 60 b. —13.18 «. —t 


AS OS a en Orn 
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= 6 


2 


Qe 24 bes) tee S69 


VOCABULARY 
Fill in the blanks. 


1. 


. The 


In the addition statement —2 + 5 = 3, the result, 3, is called 
the 


. Two numbers that are the same distance from 0 on a number 


line, but on opposite sides of it, are called or additive 
property of addition states that changing the 
order when adding does not affect the answer. The 

property of addition states that changing the grouping when 
adding does not affect the answer. 


. Since any number added to 0 remains the same (is identical), the 


number 0 is called the element for addition. 


CONCEPTS 


5. 


For each pair of numbers, which one has the larger absolute 
value? 


a. 6o0r5 b. 8.9 or —9.2 


. Determine whether each statement is true or false. 


a. The sum of a number and its opposite is always 0. 
b. The sum of two negative numbers is always negative. 


c. The sum of two numbers with different signs is always 
negative. 


. For each addition, just determine the sign of the answer. 


a. 39 + (—64) b. —189 + 198 


8. 


10. 


11. 


12. 


Complete each property of addition. Then give its name. 
a. a+(—a)= 

b.at+0= 

catb=bt+ 

d.(at+b)+c=at 


. Use the commutative property of addition to complete each 


statement. 

aos + 1 = 

b. 15 + (—80.5) = 

c. —20 + (4 + 20) 20 + ( ) 
d. (2.1 + 3) +6 =( )+6 


Use the associative property of addition to complete each 
statement. 


a. (-6+2)+8= 
b. -7+(74+3)= 
What properties were used in Step 1 and Step 2 of the solution? 
(999 +4)+1=(4+99)+1 Step 
=4+ (99 +1) Step2 
=4-+ 100 
= 104 
Consider: —3 + 6 + (—9) + 8 + (—4) 


a. Add all the positives in the expression. 
b. Add all of the negatives. 
c. Add the results from parts a and b. 
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NOTATION 


13. a. Express the commutative property of addition using the 


variables x and y. 


b. Express the associative property of addition using the 


variables x, y, and z. 


14. Fill in the blank: We read —a as “the of a.” 


GUIDED PRACTICE 
Add. See Example 1. 
15. —8 + (-1) 
7. =3: + (—12) 
19. —29 + (—45) 
21. —4.2 + (—6.1) 


+5) 
23. ——+( —— 
4 3 
3+ (0) 
“4 10 


Add. See Example 2. 
27. -7+4 

29. 50 + (-11) 

31. 15.84 + (—15.84) 
33. —6.25 + 8.5 


35. -— += 


2*(-s) 
37, —+( —— 
2 8 
Add. See Examples 3 and 5. 


39. 8 + (-5) + 13 
Al. 21 + (-27) + (-9) 


A, 77 2-92) SEB) Se 


44. 53 
45. —20 + (—16) + 10 
46. —13 + (-16) + 4 


47. 19.35 + (—20.21) + 1.53 


48. 33.12 + (—35.7) + 2.98 
49. —60 


(274 (39 +7 


50. —100 


16. —3 + (-2) 
18. —4 + (—14) 
20. —23 + (-31) 
2%, =5.1 + ($5.1) 


(3 
ae) 


28. -9+7 

30. 27 + (—30) 

32. 9.19 + (—9.19) 
34, 21.37 + (-12.1) 


24, — 


36. ——+— 

5 I 
38, —+( — 
iy 


40. 17 + (—12) + (—23) 
42. —32+12+17 


+ 70 + (—10) + (—10) + 205 


+ 200 + (—300) + (—100) + 200 


Apply the associative property of addition to find the sum. See 


Example 4. 
51. —99 + (99 + 215) 
53. (—112 + 56) + (—56) 


5. 2+(2+2) 
“8 8 3 


57. (12.4 + 1.9) + Ll 


52. 67 + (—67 + 127) 
54. (—67 + 5) + (—5) 


1 9 7 
~(=+—)+— 
- € m) 16 


58. 87.6 + (2.4 + 1.7) 


Add. See Example 6. 


59. -1+9+4+1 

60. 5 + 8 + (—5) 

61. -7+5+(-10)+7 

62. -3 + 6 + (-9) + (-6) 

6 81S iy S84 I 

64. 2+ 15 + (—15) +. 8 + (-2) 

65. —2.1 + 6.5 + (-8.2) + 2.1 

66. 0.9 + 0.5 + (—0.2) + (—0.9) 

TRY IT YOURSELF 

Add. 

67, 94 81402) 68. 11 + (—21) + (-13) 

69. 0 + (—6.6) 70. 0 + (—2.14) 
9 1 

De =e = 72. -| ji 

73. —6 + (8) 74. —4 + (-3) 

75. —167 + 167 76. —25 + 25 

77. 19.2 + (—41.3) 78. 57.93 + (—93.27) 

79. 2,345 + (—178) 80. —4,061 + 5,000 

81. 3 + (-6) + (-3) + 74 82. 4+ (-3) + (-4) +5 
1 2 3 1 

83. -1+(-2) ua, -2 (-3) 

85. —0.2 + (—0.3) + (—0.4) 86. —0.9 + (—1.9) + (-2.9) 

APPLICATIONS 


87. MILITARY SCIENCE During a battle, an army retreated 


1,500 meters, regrouped, and advanced 2,400 meters. The next 
day, it advanced another 1,250 meters. Find the army’s net 
gain. 


88. HEALTH Find the point total for the six risk factors (in blue) 


on the medical questionnaire. Then use the table to determine 
the patient’s risk of contracting heart disease in the next 10 
years. 


Points |Total Cholesterol Points 
34 -l 150 reading -3 
HDL Cholesterol |Points |Blood Pressure Points 
62 reading -2 124/100 3 
Yes 2 Yes 2 

10-Year Heart Disease Risk 

Total Points Risk Total Points Risk 
—2 or less 1% 5 4% 

-ltol 2% 6 6% 
2 to 3 3% 7 6% 
4 4% 8 71% 


89. GOLF The leaderboard below shows the top finishers from 
the 1997 Masters Golf Tournament. Scores for each round are 
compared to par, the standard number of strokes necessary to 
complete the course. A score of —2, for example, indicates that 
the golfer used two strokes less than par to complete the course. 
A score of 5 indicates five strokes more than par. Determine the 
tournament total for each golfer. 


SGA aGCrDOGdGIG 


1 Z 3 4 Total 
Tiger Woods |-2 | -6 |-7 | -3 
Tom Kite +5 | -3 |-6 | -2 
Tommy Tolles| 0 0) 0 |-5 
Tom Watson | +3 | -4 | -3 0 


90. SUBMARINES A submarine was cruising at a depth of 
1,250 feet. The captain gave the order to climb 550 feet. 
Compared to sea level, find the new depth of the sub. 

91. CREDIT CARDS Refer to the monthly statement. What is 
the new balance? 


SSS SSS SSS SSS SSS SSS 
Previous New Purchases, | Payments & New Balance 
Balance Fees, Advances Credits 

& Debits 
3,660.66 1,408.78 3,826.58 
04/21/08 05/16/08 9,100 
Billing Date Date Payment Due Credit Line 


92. POLITICS The following proposal to limit campaign 
contributions was on the ballot in a state election, and it passed. 
What will be the net fiscal impact on the state government? 


Proposition 
212 Campaign Spending Limits NO 


Limits contributions to $200 in state campaigns. 
Financial impact: Cost of $4.5 million for 
enforcement. Increases state revenue by $6.7 
million by eliminating tax deductions for lobbying. 


93. MOVIE LOSSES According to the Numbers Box Office Data 
website, the movie Stealth, released in 2005 by Sony Pictures, 
cost about $176,350,000 to produce, promote, and distribute. It 
reportedly earned back just $76,700,000 worldwide. Express 
the dollar loss suffered by Sony as a signed number. 
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94. STOCKS The last entry on the line for June 12 indicates that 
one share of Walt Disney Co. stock lost $0.81 in value that day. 
How much did the value of a share of Disney stock rise or fall 
over the 5-day period? 


June 12 43.88 23.38 Disney 21 0.5 87 -43 40.75 
June 13 43.88 23.38 Disney .21 0.5 86 -15 40.19 —.56 
June 14 43.88 23.38 Disney .21 0.5 87 -50 41.00 +.81 
June 15 43.88 23.38 Disney .21 0.5 89 —28 41.81 +.81 
June 16 43.88 23.38 Disney -15 41.19 -—.63 


Based on data from the Los Angeles Times 


95. CHEMISTRY An atom is composed of protons (with a 
charge of +1), neutrons (with no charge), and electrons (with a 
charge of —1). Two simple models of atoms are shown. What is 
the overall charge of each atom? 


Electron oF 


Proton 


(a) (b) 


96. PHYSICS In the illustration, arrows show the two forces 
acting on a lamp hanging from a ceiling. What is the sum of the 
forces? 


The force applied by the 
chain is upward: 12 units. 


The force of gravity is 
downward: —12 units. 


97. THE BIG EASY The city of New Orleans lies, on average, 
6 feet below sea level. What is the elevation of the top of an 
85-foot tall building in New Orleans? 

98. ELECTRONICS A closed circuit contains two batteries and 
three resistors. The sum of the voltages in the loop must be 0. 
Is it? 


11 volts —10 volts 


—15 volts 


-8 volts 
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99. ACCOUNTING The 2004 quarterly profits and losses of 
Greyhound Bus Lines are shown in the table. Losses are 
denoted using parentheses. Calculate the company’s total net 
income for 2004. 


Net income 
Quarter | ($ million) 
Ist (21.1) 
2nd (4.3) 
3rd 2.6 
4th (0.4) 


Source: www.greyhound.com 


100. POLITICS Six months before an election, the incumbent 
trailed the challenger by 18 points. To overtake her opponent, 
the incumbent decided to use a four-part strategy. Each part of 
the plan is shown below, with the expected point gain. With 
these gains, will the incumbent overtake the challenger on 
election day? 
*TVads +10 
¢ Voter mailing +3 


¢* Union endorsement +2 
¢ Telephone calls +1 


WRITING 


101. Explain why the sum of two positive numbers is always posi- 
tive and the sum of two negative numbers is always negative. 


102. Explain why the sum of a negative number and a positive 
number is sometimes positive, sometimes negative, and some- 
times zero. 


REVIEW 


103. True or false: Every real number can be expressed as a 
decimal. 


14 
104. Multiply: ae 


105. What two numbers are a distance of 6 away from —3 on the 
number line? 


ll 
106. Graph: {-2.5, V2, 4, -0.333..., 0.75} 


CHALLENGE PROBLEMS 


107. A set is said to be closed under addition if the sum of any two 
of its members is also a member of the set. Is the set 
{—-1, 0, 1} a closed set under addition? Explain. 


108. Think of two numbers. First, add the absolute value of the two 
numbers, and write your answer. Second, add the two 
numbers, take the absolute value of that sum, and write that 
answer. Do the two answers agree? Can you find two numbers 
that produce different answers? When do you get answers that 
agree, and when don’t you? 


Objectives 


@ Use the definition of subtraction. 
® Solve application problems using subtraction. 


In this section, we discuss a rule to use when subtracting signed numbers. 


@ Use the Definition of Subtraction. 


A minus symbol — is used to indicate subtraction. However, this symbol is also used in two 
other ways, depending on where it appears in an expression. 


5 — 18 This is read as “five minus eighteen.” 

=5 This is usually read as “negative five.” It could also be read as “the additive inverse of 
five” or “the opposite of five.” 

—(—5) This is usually read as “the opposite of negative five.” It could also be read as “the 


additive inverse of negative five.” 


In —(—5), parentheses are used to write the opposite of a negative number. When such 
expressions are encountered in computations, we simplify them by finding the opposite of the 
number within the parentheses. 


Opposite of an 
Opposite 


The Language of Algebra 
The names of the parts of a sub- 
traction fact are: 


Minuend _Subtrahend 
5S 3} 
Difference 
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—(—5) =5 Read as “the opposite of negative five is five.” 


This observation illustrates the following rule. 


The opposite of the opposite of a number is that number. 
For any real number a, 


—(-—a) =a _ Read as “the opposite of the opposite of ais a.” 


EXAMPLE 1 Simplify each expression: a. —(—45) b. —(—h) ec. —|—10| 


4 
Strategy To simplify each expression, we will use the concept of opposite. 
Why In each case, the outermost — symbol is read as “the opposite.” 


Solution 
a. The number within the parentheses is —45. Its opposite is 45. Therefore, —(—45) = 45. 


b. The opposite of the opposite of / is h. Therefore, —(—/A) = h. 


c. The notation —|—10| means “the opposite of the absolute value of negative ten.” Since 
|—10| = 10, we have: 
[ y 
—|-10| = —10 The absolute value bars is do not affect the — symbol outside them. 


Therefore, the result is negative. 


a Self Check 1 j Simplify each expression: a. —(—1) b. —(—y) 
c. —|—500| 


Now Try Problems 13, 15, and 17 


To develop a rule for subtraction, we consider the following illustration. It represents the 


subtraction 5 — 2 = 3. 
r 2 
End 2 | 
ge | 


5 4 3 2-1 01 2 3 4 ~°5 


The illustration above also represents the addition 5 + (—2) = 3. We see that 


Subtracting 2 from 5 is the same as adding the opposite of 2 to 5. 


5-2=3 5 + (-2) =3 
t t 


The results are the same. 


This observation suggests the following definition. 
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Subtraction of 
Real Numbers 


The Language of Algebra 
When we change a number to its 
opposite, we say we have changed 
(or reversed) its sign. 


The Language of Algebra 
The rule for subtracting real 
numbers is often summarized as: 
Subtracting a number is the same 
as adding its opposite. 


Calculators 
The subtraction key 
When using a calculator to 
subtract signed numbers, be 
careful to distinguish between the 
subtraction key — and the keys 
that are used to enter negative 
values: +/— ona scientific 
calculator and (—) ona graphing 
calculator. 


An Introduction to Algebra 


To subtract two real numbers, add the first number to the opposite (additive inverse) of the 
number to be subtracted. 
For any real numbers a and b, 


a-b=a+t(-b) 


; EXAMPLE 2 j Subtract and check the result. 


1 1 
a. -13 —8 b. —7 — (-45)  £-(-2} 


8 
Strategy To find each difference, we will apply the rule for subtraction: Add the first 
number to the opposite of the number to be subtracted. 


Why It is easy to make an error when subtracting signed numbers. We will probably be 
more accurate if we write each subtraction as addition of the opposite. 


Solution 
a. We read —13 — 8 as “negative thirteen minus eight.” Subtracting 8 is the same as 
adding —8. 


Change the subtraction to addition. 


-13-8 = 


—13 + (-8) — —21 
| } 


Change the number being 
subtracted to its opposite. 


To check, we add the difference, —21, and the subtrahend, 8, to obtain the minuend, — 13. 
Check: —21+8= —-13 


b. We read —7 — (—45) as “negative seven minus negative forty-five.” Subtracting —45 is 
the same as adding 45. 


Add 
’ 
—7 — (—45) = —7 + 45 = 38 
| t 
the opposite 
Check: 38 + (—45) = —7 
1 1\ 2 1 i 12.2 
c. 4 a “3 = 8 = 3 Express z in terms of the LCD 8: Fie ee 
2 1 
= 8 so 3 To subtract, add the opposite. 
2 
8 


Check: A + (-3) =§= 5 


a Self Check 2 j Subtract: a. —32 — 25 
4-8 


Now Try Problems 25, 37, and 53 


boi? =) 
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; EXAMPLE 3 a. Subtract 0.5 from 4.6 b. Subtract 4.6 from 0.5 


Strategy We will translate each phrase to mathematical symbols and then perform the 
subtraction. We must be careful when translating the instruction to subtract one number 
from another number. 


Why The order of the numbers in each word phrase must be reversed when we translate 
it to mathematical symbols. 


Solution 
a. The number to be subtracted is 0.5. 


Subtract 0.5 from 4.6 
4.6 — 0.5 = 4.1 To translate, reverse the order in which 0.5 and 4.6 appear in 
the sentence. 
b. The number to be subtracted is 4.6. 
Subtract 4.6 from 0.5 


0.5 — 4.6 


0.5 + (—4.6) To translate, reverse the order in which 4.6 and 0.5 
appear in the sentence. Add the opposite of 4.6. 


= -41] 


Caution Notice from parts a and b that 4.6 — 0.5 # 0.5 — 4.6. This result illustrates an 
important fact: subtraction is not commutative. When subtracting two numbers, it is 
important that we write them in the correct order, because, in general,a — b # b — a. 


a Self Check 3 i a. Subtract 2.2 from 4.9 b. Subtract 4.9 from 2.2 
Now Try Problem 57 


EXAMPLE 4 Perform the operations: —-9 — 15 + 20 — (—6) 


Strategy This expression contains addition and subtraction. We will write each subtrac- 
tion as addition of the opposite and then evaluate the expression. 


Why It is easy to make an error when subtracting signed numbers. We will probably be 
more accurate if we write each subtraction as addition of the opposite. 


Solution 
—~9 — 15 + 20 — (—6) = —9 + (-15) + 20 + 6 


= —24 + 26 Add the negatives. Add the 
positives. Add the results. 


a Self Check 4 j Perform the operations: —40 — (—10) + 7 — (—15) 
Now Try Problem 63 
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2 | 


134°— 
Difference in 
temperature 
0° extremes 
—80° — 


Caution 
When applying the subtraction 
rule, do not change the first 
number: 


{ I 
-14 — 16 = —14 + (-16) 


Solve Application Problems Using Subtraction. 


Subtraction finds the difference between two numbers. When we find the difference between 
the maximum value and the minimum value of a collection of measurements, we are finding 
the range of the values. 


EXAMPLE 5 U.S. Temperatures. The record high temperature in the United 

States was 134°F in Death Valley, California, on July 10, 1913. 

The record low was —80°F at Prospect Creek, Alaska, on January 23, 1971. Find the 
temperature range for these extremes. 


Strategy We will subtract the lowest temperature from the highest temperature. 


Why The range of a collection of data indicates the spread of the data. It is the difference 
between the largest and smallest values. 


Solution 


134 — (—80) = 134 + 80 134° is the higher temperature and —80° is the lower. 
= 214 


The temperature range for these extremes is 214°F. 


ey Now Try Problem 89 


EXAMPLE 6 | Water Levels. In one week, the water level in a storage tank 
went from 16 feet above normal to 14 feet below normal. Find the 
change in the water level. 


Strategy We can represent a water level above normal using a positive number and a 
water level below normal using a negative number. To find the change in the water level, 
we will subtract. 


Why In general, to find the change in a quantity, we subtract the earlier value from the 
later value. 


Solution 


—14 — 16 = —14 + (—16) The earlier water level, 16, is subtracted from the later water 
level, —14. 


= —30 


The negative result indicates that the water level fell 30 feet that week. 


La Now Try Problem 91 


ee | lal by « —500 2a -57 b29 a 302.7 
b. -2.7 4. -8 
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VOCABULARY 
Fill in the blanks. 


1. finds the difference between two numbers. 
2. In the subtraction —2 — 5 = —7, the result of —7 is called the 


3. The difference between the maximum and the minimum value of 
a collection of measurements is called the of the values. 
4. To find the 
from the later value. 


in a quantity, subtract the earlier value 


CONCEPTS 
5. Find the opposite, or additive inverse, of each number. 
1 
@ 12 b. —= 
’ 5 
c. 2.71 d. 0 


6. Complete each statement. 
aoa-b=art 
To subtract two numbers, add the first number to the 
of the number to be subtracted. 
b. —(—a) = 
The opposite of the opposite of a number is that 
7. In each case, determine what number is being subtracted. 


a. 5-8 b. —5 — (-8) 
8. Apply the rule for subtraction and fill in the blanks. 
1-(-9)=1 = 


9. Use addition to check this subtraction: 15 — (—8) = 7. Is the 
result correct? 


10. Write each subtraction in the following expression as addition 
of the opposite. 


10 — 8 + (-23) + 5 — (-34) 


NOTATION 
11. Write each phrase using symbols. Then find its value. 
a. One minus negative seven 
b. The opposite of negative two 


c. The opposite of the absolute value of negative 
three 


d. Subtract 6 from 2 
12. Write each expression in words. 
a. —(—m) 
b. —2 — (—3) 
c. x — (—y) 


GUIDED PRACTICE 
Simply each expression. See Example 1. 
13. —(—55) 14. —(—27.2) 
15. —(—x) 16. —(—A) 
17. —|—25| 18. —|—100| 
3 4 

9, -|-4 20. -|-4 
Subtract. See Example 2. 
21.4—-—7 22. 1 — 6 
23. 2-15 24.3 — 14 
25. -—6—4 26. —3 — 4 
27. 8 — (-3) 28. 17 — (—21) 
29. 0-6 30. 0-9 
31. 0 — (-1) 32. 0 — (-8) 
33. —1 — (—3) 34. —1 — (-7) 
35. 20 — (—20) 36. 30 — (—30) 
37;.=2°= (7) 38. —9 — (-l) 
39. —14— 55 40. —13 — 47 
41. —44 — 44 42. —33 — 33 
43. 0 — (—12) 44. 0-12 
45. —0.9 — 0.2 46. —0.3 — 0.2 
47. 6.3 — 9.8 48. 2.1-—9.4 
49. —1.5 — 0.81 50. —1.57 — (—0.8) 
51. ee 52. aves 

8 8 4 4 

9 1 1 1 
ss, 2 -(-1) sa. -1-(-1) 

1 3 1 5 

55. 3 4 56. ae 


Perform the indicated operation. See Example 3. 


57. Subtract —5 from 17. 
58. Subtract 45 from —50. 
59. Subtract 12 from —13. 
60. Subtract —11 from —20. 


Perform the operations. See Example 4. 

61. 8-9-— 10 62. 1-2-3 

63. —25 — (—50) — 75 64, 33 = (2) — 4 
&. 648 == 

66. —4+ 5 — (—3) —- 13 

67. 61 — (—62) + (—64) — 60 

68. 93 — (—92) + (—94) — 95 
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TRY IT YOURSELF +3.5° ~2.25° 
Perform the operations. 

69. 244 — (—12) 70. 354 — (—29) 

71. —20 — (—30) — 50 + 40 72. —24 — (—28) — 48 — 44 


73. =1.2—0.9 74, —2.52.— 1.72 


1 5 5 2 
is 62a) 
aa (-3) aa (-3) 


Previous position 
Lean outward 


New position 
Lean inward 


77, =62.= 71 37) + 99 78. —17 — 32 85 51 
C3) 2) 93. from Campus to Careers 
79. Subtract 47.5 from 0. 80. Subtract 30.3 from 0. Lead Transportation Security Officer 
81. Subtract —137 from 12. 82. Subtract 512 from —47. Determine the change in the 
number of passengers using each 
83. —1,903 — (—1,732) 84. —300 — (—11) airport in 2006 compared with 
85. 2.83 — (—1.8) 86. 4.75 — (—1.9) 2005. 
2 
gy 5-3 3-2 : 
6 4 vs E 
APPLICATIONS = 
© 


89. THE EMPIRE STATE New York state’s record high 
temperature of 108°F was set in 1926, and the record low of 
—52°F was set in 1979. What is the range of these temperature 
extremes? 


90. EYESIGHT Nearsightedness, the condition where near 
objects are clear and far objects are blurry, is measured using 
negative numbers. Farsightedness, the condition where far 
objects are clear and near objects are blurry, is measured 
using positive numbers. Find the range in the measurements 
shown. 


Top 2 Destination Airports in the U.S. 
(Number of passengers) 


Orlando Int'l Airport [2006* 1,269,000 


Florida ~ 2005* 1,309,000 


La Guardia Airport 1,149,000 
New York 2005* 1,112,000 


*12 months ending August of each year 
Source: Bureau of Transportation Statistics 


94. U.S. JOBS The table lists the three occupations that are 
predicted to have the largest job declines from 2004—2014. 
Complete the column labeled “Change.” 


=a 


Number of jobs 


Nearsighted Farsighted Occupation 2004 2014 Change 
=p Se Farmers/ranchers 1,065,000 | 910,000 
Stock clerks 1,566,000 | 1,451,000 


91. LAW ENFORCEMENT A burglar scored —18 on a lie 
detector test, a score that indicates deception. However, on a 
second test, he scored +3, a score that is inconclusive. Find the 
change in the scores. 


92. RACING To improve handling, drivers often adjust the angle 


Sewing machine operators} 256,000] 163,000 


Source: Bureau of Labor Statistics 


95. GEOGRAPHY The elevation of Death Valley, California, is 


of the wheels of their car. When the wheel leans out, the degree 
measure is considered positive. When the wheel leans in, the 
degree measure is considered negative. Find the change in the 
position of the wheel shown in the next column. 


282 feet below sea level. The elevation of the Dead Sea in 
Israel is 1,312 feet below sea level. Find the difference in their 
elevations. 


. CARD GAMES Gonzalo won the second round of a card 


game and earned 50 points. Matt and Hydecki had to deduct 
the value of each of the cards left in their hands from their 
score on the first round. Use this information to update the 
score sheet on the next page. (Face cards are counted as 

10 points, aces as 1 point, and all others have the value of the 
number printed on the card.) 


Matt 
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100. GAUGES With the engine off, the ammeter on a car reads 0. 
If the headlights, which draw a current of 7 amps, and the 
radio, which draws a current of 6 amps, are both turned on, 
what will be the new reading? 


Running point total | Round 1} Round 2 
Matt +50 
Gonzalo =15 
Hydecki =2 
_ WRITING 
97. FOREIGN POLICY In 2004, Congress forgave $4.1 billion ‘ . . 
of Iraqi debt owed to the United States. Before that, Iraq’s 101. Explain what it means when we say that subtraction is not 
commutative. 


98. 


99. NASCAR Complete the table below to determine how many 


total debt was estimated to be $120.2 billion. 


a. Which expression below can be used to find Iraq’s total 
debt after getting debt relief from the United States? 


i. 120.2 + 4.1 ii, 120.2 — (—4.1) 
iii, —120.2 — (—4.1) iv. —120.2 — 4.1 
b. Find Iraq’s total debt after getting the debt relief. 


HISTORY Plato, a famous Greek philosopher, died in 
347 B.c. at the age of 81. When was he born? 


102. Why is addition of signed numbers taught before subtraction 
of signed numbers? 


103. Explain why we know that the answer to 4 — 10 is negative 
without having to do any computation. 


104. Is the following statement true or false? Explain. 
Having a debt of $100 forgiven is equivalent to gaining $100. 


REVIEW 


105. 


Find the prime factorization of 30. 


points the third, fourth, and fifth place finishers were behind 106. Write the set of integers. 
the leader. 107. True or false: —4 > —5? 
108. Use the associative property of addition to simplify the 
2006 Final Driver Standings i 
Points | Points behind CHALLENGE PROBLEMS 
Beals Dives isda 109. Suppose x is positive and y is negative. Determine whether 

|| Jimmie Johnson 6,475 each statement is true or false. 

2 | Matt Kenseth 6,419 —56 ax-y>0 b. y-x<0 

3 | Denny Hamlin 6,407 G =¥ <0 d. -y <0 

4 Kevin Harvick 6,397 110. Find: 

5 | Dale Earnhardt, Jr) 6,328 1-2+3-44+5-64 + 99 — 100 


@ Multiply signed numbers. 


® Use properties of multiplication. 
© Divide signed numbers. 
© Use properties of division. 


Objectives 


In this section, we will develop rules for multiplying and dividing positive and negative 
numbers. 
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© 


The Language of Algebra 
The names of the parts of a multi- 
plication fact are: 
Factor ae Product 
43) = 12 


Multiplying Two Numbers 
That Have Different 
(Unlike) Signs 


Success Tip 
The product of two numbers with 
unlike signs is always negative. 


Multiply Signed Numbers. 
Multiplication represents repeated addition. For example, 4(3) is equal to the sum of four 3’s. 


4(3) 


34+3+4+3+4+3 
= 12 
This example illustrates that the product of two positive numbers is positive. 
To develop a rule for multiplying a positive number and a negative number, we will find 
4(—3), which is equal to the sum of four —3’s. 
4(—3) = —3 + (—3) + (-3) + (-3) 
=-—12 


We see that the result is negative. As a check, think in terms of money. If you lose $3 four 
times, you have lost a total of $12, which is written —$12. This example illustrates that the 
product of a positive number and a negative number is negative. 


To multiply a positive number and a negative number, multiply their absolute values. Then 
make the final answer negative. 


EXAMPLE 1 | Multiply: a. 8(-12) _b. —151-5 


3/4 
c. (—0.6)(1.2) d. (-4) 


Strategy We will use the rule for multiplying two numbers that have different signs. 


Why In each case, we are asked to multiply a positive number and a negative number. 


Solution 

a. 8(—12) = —96 Multiply the absolute values, & and 12, to get 96. Since the signs are unlike, 
make the final answer negative. 

b. —151°5 = —755 Multiply the absolute values, 151 and 5, to get 755. Since the signs are 


unlike, make the final answer negative. 
c. To find the product of these two decimals with unlike signs, first multiply their absolute 
values, 0.6 and 1.2. 
1.2 Place the decimal point in the result so that the answer has the same number of 
x0.6 decimal places as the sum of the number of decimal places in the factors. 


0.72 
Then make the final answer negative: (—0.6)(1.2) = —0.72. 


1 1 
( 4 _ Be A Multiply the absolute values 8 and a Since the signs are unlike, make 
“AX 15 


To simplify the fraction, factor 15 as 3 + 5. Remove the common 
factors 3 and 4 in the numerator and denominator. 


A . B +5 _ the final answer negative. 
1. 1 
1 
5 
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a Self Check 1 dj Multiply: a. 20(—3) b. —3°5 
Cc. 4.3(—2.6) d. = ° Og 
Now Try Problems 19, 25, and 27 


To develop a rule for multiplying two negative numbers, consider the following list, 
where we multiply —4 by factors that decrease by 1. We know how to find the first four prod- 
ucts. Graphing those results on a number line is helpful in determining the last three products. 


Factor decreases Look for a 
by 1 each time =| - pattern here 


—4(3) = —12 
ie BANANA 
—4(1) = 24 — | a | J J = | oe | | | | | | | | | | 1 — 
—40)= 0 A graph of the cadack 

-4(-1)= ? 

—-4(-2)= ? 

—4(-3)= ? 


From the pattern, we see that the product increases by 4 each time. Thus, 


—4(-1) = 4, 4(-2)=8, and —4(-3)=12 


These results illustrate that the product of two negative numbers is positive. As a check, 
think of losing four debts of $3. This is equivalent to gaining $12. Therefore, —4(—$3) = $12. 

Since the product of two positive numbers is positive, and the product of two negative 
numbers is also positive, we can summarize the multiplication rule as follows. 


Multiplying Two To multiply two real numbers that have the same sign, multiply their absolute values. 
Numbers That Have The final answer is positive. 
the Same (Like) Signs 
‘ 1 5 
EXAMPLE2 |) Multiply: a. -s(-6 —». (-3)(-3) 


Strategy We will use the rule for multiplying two numbers that have the same sign. 


Why In each case, we are asked to multiply two negative numbers. 


Solution 
5 a. —5(—6) = 30 Multiply the absolute values, 5 and 6, to get 30. Since both factors are 
Success Tip ®) ed nae . 
: negative, the final answer is positive. 
The product of two numbers with 
like signs is always positive. i) _" So = = Multiply the absolute values, : and to get a Since the two factors 
2 8 16 have the same sign, the final answer is positive. 
, 1 1 
a Self Check 2 j Multiply: a. —15(—8) b. -i( -1) 


Now Try Problems 31 and 39 
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The Commutative 
Property of 
Multiplication 


The Associative 
Property of 
Multiplication 


2) Use Properties of Multiplication. 


The multiplication of two numbers can be done in any order; the result is the same. For example, 
—9(4) = —36 and 4(—9) = —36. This illustrates that multiplication is commutative. 


Changing the order when multiplying does not affect the answer. 
For any real numbers a and b, 


ab = ba 


In the following example, we multiply —3 - 7 - 5 in two ways. Recall that the operation 
within the parentheses should be performed first. 


Method 1: Group —3 and 7 Method 2: Group 7 and 5 
(-3 + 7)5 = (—21)5 —3(7 +5) = —3(5) 
= —105 = —105 


It doesn’t matter how we group the numbers in this multiplication; the result is —105. 
This example illustrates that multiplication is associative. 


Changing the grouping when multiplying does not affect the answer. 
For any real numbers a, b, and c, 


(ab)c = a(bc) 


EXAMPLE 3 j Multiply: a. —5(—37)(-2) — b. —4(—3)(—2)(-1) 
Strategy — First, we will use the commutative and associative properties of multiplication 
to reorder and regroup the factors. Then we will perform the multiplications. 


Why Applying of one or both of these properties before multiplying can simplify the 
computations and lessen the chance of a sign error. 


Solution Using the commutative and associative properties of multiplication, we can 
reorder and regroup the factors to simplify computations. 


a. Since it is easy to multiply by 10, we will find —5(—2) first. 
—5(—37)(—2) 


—5(—2)(—37) Use the commutative property of multiplication. 
= 10(-37) 
= —370 


b. —4(—3)(—2)(—1) = 12(2) Multiply the first two factors and multiply the last two factors. 
= 24 


HT Self Check 3 g Multiply: a. —25(—3)(—4) b. —1(—2)(—3)(-3) 
Now Try Problems 43 and 47 


Multiplying Negative 
Numbers 


Multiplication 
Property of 0 


Multiplication Property 
of 1 (Identity Property 
of Multiplication) 


Multiplicative Inverses 
(Inverse Property 
of Multiplication) 


Caution 


Do not change the sign of a 


number when finding its reciprocal. 
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In Example 3a, we multiplied three negative numbers. In Example 3b, we multiplied four 
negative numbers. The results illustrate the following fact. 


The product of an even number of negative numbers is positive. The product of an 
odd number of negative numbers is negative. 


Recall that the product of 0 and any whole number is 0. The same is true for any real 
number. Therefore, —6 - 0 = 0, i -0 = 0, and 0(4.51) = 0. 


The product of 0 and any real number is 0. 
For any real number a, 


0-a=0 and a:0=0 


Whenever we multiply a number by 1, the number remains the same. Therefore, 1 - 6 = 6, 
4.57+ 1 = 4.57, and 1(—9) = —9. Since any number multiplied by | remains the same (is 
identical), the number | is called the identity element for multiplication. 


The product of 1 and any number is that number. 
For any real number a, 


l-a=a and a:l=a 


Two numbers whose product is | are reciprocals or multiplicative inverses of each 
other. For example, 8 is the multiplicative inverse of i, and 5 is the multiplicative inverse of 8, 
because 8 - : = |. Likewise, 3 and + are multiplicative inverses because -3(-3) = 1. 
All real numbers, except 0, have a multiplicative inverse. 


The product of any number and its multiplicative inverse (reciprocal) is 1. 
For any nonzero real number a, 


{)- 


2 2 
EXAMPLE 4 j Find the reciprocal of each number: a. 3 b. 3 ec —11 
Strategy To find the reciprocal of a fraction, we invert the numerator and the 


denominator. 
Why We want the product of the given number and its reciprocal to be 1. 
Solution 


a. The reciprocal of 3 is 5 because 2(3) = 1. To find the reciprocal of a fraction, invert the 
numerator and denominator. 


b. The reciprocal of 3 is 3 because —2(—3) = 1. 


c. The reciprocal of —11 is =) because —11(-;4) = 1. Think of -11as ot to find its 
reciprocal. 
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Division 


The Language of Algebra 
The names of the parts of a 
division fact are: 


Dividend y) Quotient 
Sa 3 


5 


Divisor 7 


Dividing Two 
Real Numbers 


a Self Check 4 F | Find the reciprocal of each number: a. - 


15 
Dae ce. —27 


Now Try Problems 53 and 55 


Divide Signed Numbers. 


Every division fact can be written as an equivalent multiplication fact. 


For any real numbers a, b, and c, where b # 0, 


; =c providedthat c-b=a 


We can use this relationship between multiplication and division to develop rules for 
dividing signed numbers. For example, 
15 


5 3 because 3(5) = 15 


From this example, we see that the quotient of two positive numbers is positive. 


To determine the quotient of two negative numbers, we consider =? 
—15 
_ =3 because 3(-5) = -15 


From this example, we see that the quotient of two negative numbers is positive. 


To determine the quotient of a positive number and a negative number, we consider = 
15 
x5 = -3 because —3(-5) = 15 


From this example, we see that the quotient of a positive number and a negative number is 


negative. 


: ; ‘ .: 4 15 
To determine the quotient of a negative number and a positive number, we consider —>~. 


—15 
—.—=-3 because —3(5) = —15 


From this example, we see that the quotient of a negative number and a positive number is 
negative. 

We summarize the rules from the previous examples and note that they are similar to the 
rules for multiplication. 


To divide two real numbers, divide their absolute values. 


1. The quotient of two numbers that have the same (like) signs is positive. 
2. The quotient of two numbers that have different (unlike) signs is negative. 


Success Tip 


To perform this decimal division, 


move each decimal point one 
place to the right. 


0.7)2.87 
\A A 
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—81 45 
; EXAMPLE 5 Divide and check the result: a. —— b. — 


- -9 -9 
c. —2.87+0.7 d -3.+(-1) 
. —2.87 + 0. Se ak a 


Strategy We will use the rules for dividing signed numbers. In each case, we need to ask, 
“Ts it a quotient of two numbers with the same sign or different signs?” 


Why The signs of the numbers that we are dividing determine the sign of the result. 


Solution 
“ —8l _ Divide the absolute values, 81 by 9, to get 9. 
“ _9 Since the signs are like, the final answer is positive. 
Multiply to check the result: 9(—9) = —81. 
b #5. a Divide the absolute values, 45 by 9, to get 5. Since 


—9 ~ the signs are unlike, make the final answer negative. 
Check: —5(—9) = 45 


c. —2.87 + 0.7 = —4.1 — Since the signs are unlike, make the final answer negative. 


Check: + —4.1(0.7) = —2.87 


S. < 1\ 35 2 Multiply the first fraction by the reciprocal of the second 
d. — 16 eh - 16 4] fraction. The reciprocal of -} eare 
7 5+2 Multiply the absolute values & and 2 Since the signs are 
16-1 like, the final answer is positive. 
1 
= 5° Z To simplify the fraction, factor 16 as 2 - 8, Then remove the 
“8-1 common factor 2. 


a Self Check 5 ] Find each quotient: a. =f ee 
c. 0.32 + (-1.6) a. 3 + (-2) 
Now Try Problems 57, 61, 69, and 77 


EXAMPLE 6 Depreciation. Over an 8-year period, the value of a $150,000 
: house fell at a uniform rate to $110,000. Find the amount of depre- 
ciation per year. 


Strategy The phrase uniform rate means that the value of the house fell the same amount 
each year, for 8 straight years. We can determine the amount it depreciated in one year 
(per year) by dividing the total change in value of the house by 8. 
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The Language of Algebra 
Depreciation is a form of the word 
depreciate, meaning to lose value. 
You've probably heard that the 
minute you drive a new car off the 
lot, it has depreciated. 


Division 
Properties 


The Language of Algebra 


When we say a division by 0, such 
as é, is undefined, we mean that 2 
does not represent a real number. 


The Language of Algebra 
Division of 0 by 0, written z, is 
called indeterminate. This form is 


studied in advanced mathematics 
classes. 


Division 
Involving 0 


Why The process of separating a quantity into equal parts (in this case, the change in the 
value of the house) indicates division. 


Solution — First, we find the change in the value of the house. 
110,000 — 150,000 = —40,000 Subtract the previous value from the current value. 


The result represents a drop in value of $40,000. Since the depreciation occurred over 
8 years, we divide —40,000 by 8. 


—40,000 = —5.000 Divide the absolute values, 40,000 by 8, to get 5,000, and make the 


8 quotient negative. 


The house depreciated $5,000 per year. 


La Now Try Problem 105 


Use Properties of Division. 


Whenever we divide a number by 1, the quotient is that number. Therefore, i = 12, 
= = —80, and 7.75 + 1 = 7.75. Furthermore, whenever we divide a nonzero number by 
itself, the quotient is 1. Therefore, 2 = 1, = = 1, and 0.9 + 0.9 = 1. These observations 
suggest the following properties of division. 


Any number divided by | is the number itself. Any number (except 0) divided by itself is 1. 
For any real number a, 


a a 
aa a and rhs 1 (where a # 0). 
° ae ‘ ‘ 6 3 —12 4 
Caution Division is not commutative. For example, 3 * 6 and —4~ # —). In general, 
aa b 
b a’ 


We will now consider division that involves zero. First, we examine division of zero. 
Let’s look at two examples. We know that 


0 0 
2 =0 because 0:2=0 and x5 =0 because 0(-5) = 0 
These examples illustrate that 0 divided by a nonzero number is 0. 


To examine division by zero, let’s look at 5 and its related multiplication statement. 


—=? because ?-0=2 


There is no number that can make 0 - ? = 2 true because any number multiplied by 0 is 
equal to 0, not 2. Therefore, 7 does not have an answer. We say that such a division is undefined. 


These results suggest the following division facts. 


For any nonzero real number a, 


= 0 and es is undefined. 
a 0 
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0 
EXAMPLE 7 j Find each quotient, if possible: a. . b. —— 


Strategy 


Why Division of 0 by a nonzero number is defined, and the result is 0. However, division 
by 0 is undefined; there is no result. 


Solution 


0 
a. is 0 because 0 + 8 = 0. 


4 
b. is undefined. 


a Self Check 7 ] Find each quotient, if possible: a. i Be 
Now Try Problems 73 and 75 


| kes =a) Ih, 1S @ =1gIe ch. a 


5.a.7 b. —3 c. —0.2 d.—% 7. a. Undefined b. 0 


16 16 
b. 18 4. a, Ts b. is 


In each case, we need to determine if we have division of 0 or division by 0. 


This is division of O by 8. 


This is division of —24 by O. 


il 


Tai 


2.2. 120 b. 75 3. a —300 


VOCABULARY 
Fill in the blanks. 


1. The answer to a multiplication problem is called a 
The answer to a division problem is called a 


2. The property of multiplication states that 
changing the order when multiplying does not affect the answer. 


3. The property of multiplication states that changing 
the grouping when multiplying does not affect the answer. 
4. Division of a nonzero number by 0 is 


CONCEPTS 
Fill in the blanks. 


5. a. The product or quotient of two numbers with like signs is 
b. The product or quotient of two numbers with unlike signs is 
6. a. The product of an even number of negative numbers is 


b. The product of an odd number of negative numbers is 


10. 


. a. = = —3 because _ = 


b. 2 =(Qbecause + = 


. Complete each property of multiplication. 


aa:b=b-: b. (ab)c = 


d.lea= 


Which property justifies each statement? 
a. —5(2: 17) =(—5+2)17 


2): 


. —5+2 = 2(-5) 
. -5(1) = —5 
e. —5°0=0 


an 
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11. Complete each statement using the given property. 
a. Commutative property of multiplication 


5:8 
b. Associative property of multiplication 
—2(6:9) = 


c. Inverse property of multiplication 


( )=1 


d. Multiplication property of 1 
(—20) = —20 


12. Complete the table. 


Opposite Reciprocal 
Number | (additive inverse) | (multiplicative inverse) 
2 
=4 
5 
1.75 


Let POS stand for a positive number and NEG stand fora 


negative number. Determine the sign of each result, if possible. 


13. a. POS + NEG b. POS + NEG 
c. POS — NEG d. oe 

14. a. NEG: NEG b. NEG + NEG 
c. NEG — NEG d. TEs 

NOTATION 


Write each sentence using symbols. 


15. The product of negative four and negative five is twenty. 


16. The quotient of sixteen and negative eight is negative two. 


GUIDED PRACTICE 
Multiply. See Example 1. 


17. 4(-1) 18. 6(—1) 

19. 2-8 20. —3:4 

21. 12(—5) 22. (—9)(11) 
23. 3(—22) 24. -8-9 

25. 1.2(—0.4) 26. (—3.6)(0.9) 


1 
n.1(-2) 
3\ 4 


Multiply. See Example 2. 
29. (—1)(-7) 

31. (69) 

33, =3(=3) 

35. 63(—7) 

37. —0.6(—4) 


(“alla 
39. ( -—}( -— 

8 Zi 
Multiply. See Example 3. 


41. —3(—4)(0) 
43. 3.3(—4)(—5) 


45. —2(—3)(—4)(—5)(—6) 


47. (—41)(3)(-7(-l) 
49. (—6)(—6)(—6) 
51. (—2)(—2)(—2)(—2) 


. 15(0)(—22) 
~ (—2.2)(—4)(—S) 


(—T(—5)(—3)(— D) 


- 56(—3)(—4)(-D) 
» (~5)(—5)(-S) 
52. 


(—3)(—3)(-3)(-3) 


Find the reciprocal of each number. Then find the product of the 
given number and its reciprocal. See Example 4. 


7 
53. — 
9 


39.. =13 


Divide. See Example 5. 
97.. =30 = (=3) 


59. —6 + (-2) 
a. 2 
oo) 
85 
63. —— 
—5 
65 oan 
"=17 
ga" 
* 110 
—10.8 
6. 
1.2 
0.5 
71. —— 
—100 
0 
73. —~ 
150 
-17 
75. — 
0 
1 4 
77. -~+— 
5 


3 
9 

3, -2.+(-3) 
16 20 


54. 


56. 


58. 
60. 


62. 


64. 


66. 


68. 


70. 


72. 


74. 


76. 


78. 


80. 


8 


9 
- 
8 


=93 = (3) 
—36 + (-9) 
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TRY IT YOURSELF 
Perform the operations. 
=—235 337.8 
31. —_—_ 82. 
5 6 
83. —5.2- 100 84. —1.17 + 1,000 
HO OE 
“2\ 3/\ 4 “a\ ey 7 
44 
a7. 2 gg, “0 
—50 —20 
1 4 1 
89. a + (2%) 90. —3-_ + (-25) 
8 + 15 10 
91. 7.2(—2.1)(—2) 92. 4.6(—5.4)(—2) 
eG) GS 
"2\ 4 "3\ 16 
16 64 is. 23 
oe 5 ee 
—24.24 —55.02 
7. 7 
? —0.8 a =0-7 


1/3 1/3 
.-1{ 100. —1={ —= 
99, -12(—3) 00. -12(—2) 


1 
101. —~(2- 
01. —(2 +67) 


103. —0.2( — 10-3) 104. —1.5( — 100-4) 


APPLICATIONS 


105. REAL ESTATE Over a 5-year period, the value of a 
$200,000 lot fell at a uniform rate to $160,000. Find the 
amount of depreciation per year. 


106. 


107. 


108. 


109. 


TOURISM The ocean liner Queen Mary cost $22,500,000 
to build in 1936. The ship was purchased by the city of Long 
Beach, California, in 1967 for $3,450,000. It now serves as a 
convention center. What signed number indicates the annual 
average depreciation of the ship over the 31-year period from 
1936 to 1967? Round to the nearest dollar. 

FLUID FLOW Ina lab, the temperature of a fluid was 
decreased 6° per hour for 12 hours. What signed number 
indicates the drop in temperature? 

STRESS ON THE JOB A health care provider for a 
company estimates that 75 hours per week are lost by 
employees suffering from stress-related illness. In one 

year, how many hours are lost? Use a signed number to 
answer. 

WEIGHT LOSS As a result of a diet, Tom has been steadily 
losing 4} pounds per month. 


a. Which expression below can be used to determine how 
much heavier Tom was 8 months ago? 
‘ 1 ws 1 
i. —45°8 ii. —45(—8) 
i 1 i 1 
ili, 45(—8) iv. —45 — 8 


b. How much heavier was Tom 8 months ago? 


110. 


111. 


112. 


113. 


114. 


N File Edit View 


115. 


PLANETS The temperature on Pluto gets as low as —386°F. 
This is twice as low as the lowest temperature reached on 
Jupiter. What is the lowest temperature on Jupiter? 

CAR RADIATORS | The instructions on a container of 
antifreeze state, “A 50/50 mixture of antifreeze and water 
protects against freeze-ups down to —34°F, while a 60/40 mix 
protects against freeze-ups down to one and one-half times 
that temperature.” To what temperature does the 60/40 mixture 
protect? 

ACCOUNTING | For 2004, the net income for Martha 
Stewart Living Omnimedia, Inc., was about —$60,000,000. 
The company’s losses for 2005 were even worse, by a factor of 
about 1.25. What signed number indicates the company’s net 
income that year? 

AIRLINES In the 2005 income statement for Delta Air 
Lines, numbers within parentheses represent a loss. Complete 
the statement given these facts. The second and fourth quarter 
losses were approximately the same and totaled $2,200 
million. The third quarter loss was about i of the first quarter 
loss. 


DELTA INCOME STATEMENT 2005 


All amounts in 
millions of dollars 


Ist Qtr 2ndQtr 3rdQtr 4th Qtr 
(1,200) @) 9) @) 


Source: Yahoo! Finance 


COMPUTERS The formula = A1l*B1*C1 in cell D1 of the 
spreadsheet instructs the computer to multiply the values in 
cells Al, B1, and Cl and to print the result in place of the 
formula in cell D1. (The symbol * represents multiplication.) 
What value will be printed in the cell D1? What values will be 
printed in cells D2 and D3? 


Microsoft Excel - Book 1 


Insert Format Tools Data Window 


= A1*B1*C1 
22 -30 14 = A2*B2*C2 
—60 -20 —34 | = A3*B3*C3 


PHYSICS An oscilloscope displays electrical signals as 
wavy lines on a screen. See the next page. By switching the 
magnification dial to <2, for example, the height of the 
“peak” and the depth of the “valley” of a graph will be 
doubled. Use signed numbers to indicate the height and depth 
of the display for each setting of the dial. 

b. X0.5 

d. x2 


a. normal 
c. X1.5 
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WRITING 
117. Explain why a is undefined. 


118. The commutative property states that changing the order when 
multiplying does not change the answer. Are the following 
Loetb dd activities commutative? Explain. 


a. Washing a load of clothes; drying a load of clothes 
b. Putting on your left sock; putting on your right sock 
119. What is wrong with the following statement? 


a 


A negative and a positive is a negative. 


120. If we multiply two different numbers and the answer is 0, what 
must be true about one of the numbers? Explain your answer. 


116. LIGHT Water acts as a selective filter of light. In the 


illustration, we see that red light waves penetrate water only to REVIEW 
a depth of about 5 meters. How many times deeper does 121. Add: —3 + (—4) + (-5) +4 +3 
a. yellow light penetrate than red light? 122. Write —3 — (—5) as addition of the opposite. 


b. green light penetrate than orange light? 123. Find f a i + 7 Answer in decimal form. 


: “nt? 
fe Dies Me penetiole Hat yelow ene 124. Which integers have an absolute value equal to 45? 


CHALLENGE PROBLEMS 


125. Ifthe product of five numbers is negative, how many of them 
could be negative? Explain. 


Surface of water 


126. Suppose a is a positive number and b is a negative number. 
Determine whether the given expression is positive or 


30. <i negative. 


a es =a 
3 a. —a(—b b. — 
a hs (—b) i 
3 —a 1 
B50 F- = d. — 
fa) - a b 

60 

~70 

-~80 


@ Evaluate exponential expressions. 


Objectives @® Use the order of operations rules. 


© Evaluate expressions containing grouping symbols. 
@ Find the mean (average). 


In algebra, we often have to find the value of expressions that involve more than one opera- 
tion. In this section, we introduce an order-of-operations rule to follow in such cases. But first, 
we discuss a way to write repeated multiplication using exponents. 
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1) Evaluate Exponential Expressions. 


Exponent 
and Base 


The Language of Algebra 
5? represents the area of a square 
with sides 5 units long. 4° repre- 
sents the volume of a cube with 
sides 4 units long. 


5 4 
4 


5 4 


In the expression 3 - 3 - 3 - 3 + 3, the number 3 repeats as a factor five times. We can use expo- 
nential notation to write this product in a more compact form. 


An exponent is used to indicate repeated multiplication. It is how many times the base is 
used as a factor. 


uv The exponent is 5. 
3+3-3+3-3 = 3 
FH 


t 


Five repeated factors of 3. The base is 3. 


In the exponential expression 3°, 3 is the base, and 5 is the exponent. The expression is 
called a power of 3. Some other examples of exponential expressions are: 

y Read as “5 to the second power” or “5S squared.” 

4? Read as “4 to the third power” or “4 cubed.” 

(—2) Read as “—2 to the fifth power.” 


EXAMPLE 1 j Write each product using exponents: a. 7°7:7 
; ~ b. (—5)(—5)(—5)(—5)(-5) ce. 8+8-15-15+15-15 


d. d:a:a:a:a:a e 4¢a7-¢rer 


Strategy We need to determine the number of repeated factors in the expression. 
Why An exponent can be used to represent repeated multiplication. 


Solution 

a. The factor 7 is repeated 3 times. We can represent this repeated multiplication with an 
exponential expression having a base of 7 and an exponent of 3: 7-7-7 = 7°. 

b. The factor —5 is repeated five times: (—5)(—5)(—5)(—5)(—5) = (—5)°. 


c. 88+ 15+15+15+ 15 = 87+ 154 


6 


d.a:a:da:a:a:‘a=a 


e. 4-a-r-r =4ar° 


a Self Check 1 i Write each product using exponents: 
a. (12)(12)(12)(12)(12)(12) be 2-9-9-9 
c. (—30)(—30)(—30) d. y:y*yry 
e. 12-b-b-b-c 
Now Try Problems 15 and 21 


To evaluate (find the value of) an exponential expression, we write the base as a factor 
the number of times indicated by the exponent. Then we multiply the factors, working left to 
right. 


64 


Caution 


Don’t make the common mistake 
of multiplying the base and the 
exponent: 


Ge ae S08) 


Calculators 
Finding a power 
The squaring key x? can be used 
to find the square of a number. To 
raise a number to a power, we use 
the y* key ona scientific calculator 
and the 4 key ona graphing 
calculator. 


The Language of Algebra 
A number or a variable has an 
understood exponent of 1. For 
example, 


8 = 8! : 


and) a=" 


Even and Odd 
Powers of a 
Negative Number 
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EXAMPLE 2 | Evaluate each expression: a. 5° b. 10! c. ( 


d. (0.6) e. (-3)* — f. (-3)° 


2 


i) 


Strategy We will rewrite each exponential expression as a product of repeated factors, and 
then perform the multiplication. This requires that we identify the base and the exponent. 


Why The exponent tells the number of times the base is to be written as a factor. 


Solution 
a. 5° =5+5+5 Write the base, 5, as a factor 3 times. 
= 125 Multiply, working left to right. We say 125 is the cube of 5. 
b. 10' = 10 The base is 10. Since the exponent is 1, we write the base once. 


oO 


(4) CG) 


factor three times. 


Work from left to right. (-2)( -2) = - 


Qu. 


. (0.6)” = (0.6)(0.6) 


Since 0.6 is the base and 2 is the exponent, 
we write 0.6 as a factor two times. 


= 0.36 We say 0.36 is the square of 0.6. 
e. (—3)* = (—3)(—3)(—3)(—3) Write the base, —3, as a factor 4 times. 
= 9(—3)(—3) Work from left to right. 
= —27(-3) 
= 81 


f. (—3) = (—3)(—3)(—3)(—3)(—3) Write the base, —3, as a factor 5 times. 


= 9(—3)(—3)(-3) 


Work from left to right. 


= —27(-3)(-3) 
= 81(-3) 
= —243 
a Self Check 2 F | Evaluate: a. 2° b. 9! c (-3) 
d. (—0.3) e. (—6)° f. (-5) 


Now Try Problems 23, 29, and 33 


Since -2 is the base and 3 is the exponent, we write -2 asa 


In Example 2e, we raised —3 to an even power; the result was positive. In part f, we raised 
—3 to an odd power; the result was negative. These results illustrate the following rule. 


When a negative number is raised to an even power, the result is positive. 


When a negative number is raised to an odd power, the result is negative. 


The Language of Algebra 


Read (—4)’ as “negative four 
squared” and —4° as “the oppo- 
site of the square of four.” 
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Although the expressions (—4)” and —4? look alike, they are not. When we find the value 
of each expression, it becomes clear that they are not equivalent. 


Poy 
(—4)? = (—4)(—4) The base is —4, the —4° = —(4+4) The base is 4, the 
exponent is 2. exponent is 2. 
= 16 = -16 
t i 


Different results 


EXAMPLE3 Evaluate: —2° 


Strategy We will rewrite the expression as a product of repeated factors and then perform 
the multiplication. We must be careful when identifying the base. It is 2, not —2. 


Why Since there are no parentheses around —2, the base is 2. 
Solution 
[4 


—24 = -—(2-2+2+2) Read as “the opposite of the fourth power of two.” 


= —-16 Do the multiplication within the parentheses to get 16. Then write 
the opposite of that result. 


a Self Check 3 4 Evaluate: —5* 


Now Try Problem 35 


Use the Order of Operations Rules. 


Suppose you have been asked to contact a friend if you see a Rolex watch for sale when you 
are traveling in Europe. While in Switzerland, you find the watch and send the text message 
shown on the left. The next day, you get the response shown on the right. 


© © 


* Message Center * * Message Center * 


Found watch. No price too 

$5,000. Should high! Repeat... 

I buy it for you? No! Price too 
high. 


Something is wrong. The first part of the response (No price too high!) says to buy the 
watch at any price. The second part (No! Price too high.) says not to buy it, because it’s too 
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Order of 
Operations 


The Language of Algebra 
Sometimes, for problems like 
these, the instruction simplify is 
used instead of evaluate. 


expensive. The placement of the exclamation point makes us read the two parts of the 
response differently, resulting in different meanings. When reading a mathematical statement, 
the same kind of confusion is possible. For example, consider the expression 


2+3:-6 


We can evaluate this expression in two ways. We can add first, and then multiply. Or we 
can multiply first, and then add. However, the results are different. 


24+3:°:6=5°6 Add2and 3 first. 2+3:6=2+18 Multiply 3 and G first. 
= 30 Multiply 5 and 6. = 20 Add 2 and 18. 
t 


Different answers 


If we don’t establish a uniform order of operations, the expression has two different values. To 
avoid this possibility, we will always use the following set of priority rules. 


1. Perform all calculations within parentheses and other grouping symbols following the 
order listed in Steps 2—4 below, working from the innermost pair of grouping symbols 
to the outermost pair. 


2. Evaluate all exponential expressions. 

3. Perform all multiplications and divisions as they occur from left to right. 

4. Perform all additions and subtractions as they occur from left to right. 

When grouping symbols have been removed, repeat Steps 2—4 to complete the calculation. 


If a fraction is present, evaluate the expression above and the expression below the bar 
separately. Then simplify the fraction, if possible. 


It isn’t necessary to apply all of these steps in every problem. For example, the expression 
2 + 3+ 6 does not contain any parentheses, and there are no exponential expressions. So we 
look for multiplications and divisions to perform and proceed as follows: 
2+3:°6=2+18 Dothe multiplication first. 
= 20 Do the addition. 


EXAMPLE4 ~~ Evaluate: a. 3-27-4 © b. 30-4549 
: i 24 G2 d. 160 — 4 + 6(—2)(-3) 
Strategy We will scan the expression to determine what operations need to be per- 


formed. Then we will perform those operations, one-at-a-time, following the order of 
operations rules. 


Why If we don’t follow the correct order of operations, the expression can have more 
than one value. 


Solution 
a. Three operations need to be performed to evaluate this expression: multiplication, raising 
to a power, and subtraction. By the order of operations rules, we evaluate 2° first. 
3:23 -4=3-8-—4 Evaluate the exponential expression: 2 Ss; 
= 24-4 Do the multiplication: 3 - 8 = 24, 


= 20 Do the subtraction. 


Caution 
A common mistake is to forget to 
work from left to right and incor- 
rectly perform the multiplication 
before the division. This produces 
the wrong answer, 2. 
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b. This expression involves subtraction, multiplication, and addition. The order of opera- 
tions rules tell us to multiply first. 


—30 -—4°5+9 = —30 — 20+ 9 Do the multiplication: 4 - 5 = 20. 


= -50+9 Working from left to right, do the subtraction: 
-30 — 20 = —30 + (-20) = 50. 
= —41 Do the addition. 


c. Since there are no calculations within parentheses nor are there exponents, we perform 
the multiplications and divisions as they occur from left to right. The division occurs 
before the multiplication, so it must be performed first. 

24+ 6:2 =4-+2 Working left to right, do the division: 24 + 6 = 4. 
= 8 Do the multiplication. 
d. Although this expression contains parentheses, there are no operations to perform within 


them. Since there are no exponents, we will perform the multiplications as they occur 
from left to right. 


160 — 4 + 6(—2)(—3) 


160 — 4 + (—12)(—3) 


Do the multiplication, working left 
to right: 6(—2) = —12. 


= 160 — 4 + 36 Complete the multiplication: 
(—12)(—3) = 36. 

= 156 + 36 Working left to right, the 
subtraction occurs before the 
addition. The subtraction must be 
performed first: 160 — 4 = 156. 

= 192 


a Self Check 4 4 Evaluate: a. 2-3*+ 17 b. —-40-9-4+ 10 
c. 18+2-3 d. 240 — 8 + 3(—2)(-4) 


Now Try Problems 39, 45, 49, and 51 


3) Evaluate Expressions Containing Grouping Symbols. 


Grouping symbols serve as mathematical punctuation marks. They help determine the order 
in which an expression is to be evaluated. Examples of grouping symbols are parentheses (_), 
brackets [ ], braces { }, absolute value symbols |__|, and the fraction bar —. 


EXAMPLE 5 ] Evaluate each expression: a. (6 — 3)? b. 5° + 2(-8 — 3-2) 


Strategy We will perform the operation(s) within the parentheses first. When there is 
more than one operation to perform within the parentheses, we follow the order of oper- 
ations rules. 


Why This is the first step of the order of operations rule. 


Solution 
a. (6 — 3) = 37 


=9 Evaluate the exponential expression. 


Do the subtraction within the parentheses: 6 — 3 = 3. 
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Notation 
Multiplication is indicated when a 
number is next to a parenthesis or 
bracket. 


5° + 2(-8 — 3-2) 


The Language of Algebra 
When one pair of grouping 
symbols is inside another pair, we 
say that those grouping symbols 
are nested, or embedded. 


b. We begin by performing the operations within the parentheses in the proper order: multi- 
plication first, and then subtraction. 


5° + 2(-8 — 3-2) = 5° + 2(-8 — 6) Do the multiplication: 3-2 = 6. 


= 5° + 2(-14) Do the subtraction: —8 — 6 = —14. 
= 125 + 2(-14) Evaluate 5°. 

= 125 + (—28) Do the multiplication: 2(—14) = —28. 
= 97 Do the addition. 


a Self Check 5 j Evaluate: a. (12 — 6)° b. 1° + 6(-6 — 3-0) 
Now Try Problem 73 


Expressions can contain two or more pairs of grouping symbols. To evaluate the follow- 
ing expression, we begin within the innermost pair of grouping symbols, the parentheses. 
Then we work within the outermost pair, the brackets. 


Innermost pair 


{ | 
—4[2 + 3(4 — 8°)] -2 
t t 


Outermost pair 


EXAMPLE 6 } Evaluate: —4[2 + 3(4 — 8°)] — 2 


Strategy We will work within the parentheses first and then within the brackets. At each 
stage, we follow the order of operations rules. 


Why By the order of operations, we must work from the innermost pair of grouping 
symbols to the outermost. 


Solution 
—4[2 + 3(4 — 8?)] — 2 
—4[2 + 3(4 — 64)] — 2 — Evaluate the exponential expression within the 
parentheses: 8° = 64. 


= —4[2 + 3(—60)] — 2 Do the subtraction within the parentheses: 
4-64 =4 + (-G64) = -60. 

= —4[2 + (—180)] — 2 Do the multiplication within the brackets: 
3(—G0) = —180. 

= —4[-178] - 2 Do the addition within the brackets: 
2 + (-180) = -178. 

= 712-2 Do the multiplication: —4[—178] = 712. 

= 710 Do the subtraction. 


PT Self Check 6 4 Evaluate: —5[4 + 2(5? — 15)] — 10 
Now Try Problem 67 


Calculators 

Order of operations 
Calculators have the order of oper- 
ations built in. A left parenthesis 
key ( anda right parenthesis key 

) should be used when group- 
ing symbols, including a fraction 
bar, are needed. 


Notation 
Multiplication is indicated when a 
number is next to an absolute 
value symbol. 


{ 
10/9 — 15| — 2° 
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EXAMPLEGEM Evaluate. G+? +5 
7 17 — 3(-4) 


Strategy We will evaluate the expression above and the expression below the fraction 
bar separately. Then we will simplify the fraction, if possible. 


Why Fraction bars are grouping symbols. They group the numerator and denominator. 
The expression could be written [—3(3 + 2) + 5] + [17 — 3(—4)]. 


Solution 
—33 +2)+5 —3(5) +5 Inthe numerator, do the addition within the parentheses. 
17 — 3(-—4) 17 — (-12) In the denominator, do the multiplication. 
[55 In the numerator, do the multiplication. In the 
= — denominator, write the subtraction as the addition of the 
17 + 12 opposite of —12, which is 12. 
= Do the add 
= lo the additions. 
29 
_ 10 Write the — sign in front of the fraction: = = 12. The 
ees 4 29 29 
29 fraction does not simplify. 


a Self Check 7 i Evaluate: ae ea tee 


Now Try Problem 81 


EXAMPLE8 Evaluate: 10/9 — 15| — 2° 


Strategy The absolute value bars are grouping symbols. We will perform the calculation 
within them first. 


Why By the order of operations, we must perform all calculations within parentheses 
and other grouping symbols (such as absolute value bars) first. 


Solution 
10|9 — 15| — 2° = 10|-6| — 2° Subtract: 9 — 15 = 9 + (15) = -6. 
= 10(6) — 2° Find the absolute value:|—6| = 6. 
= 10(6) — 32 Evaluate the exponential expression: 2° = 32. 
= 60 — 32 Do the multiplication: 10(6) = 60. 
= 28 Do the subtraction. 


a Self Check 8 i Evaluate: 10° + 3|24 — 25| 
Now Try Problem 85 


Find the Mean (Average). 


The arithmetic mean (or average) of a set of numbers is a value around which the values of 
the numbers are grouped. 
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Finding an 
Arithmetic Mean 
Number | Number 
of rings | of calls 
1 11 
2 46 
3 45 
4 28 
=) 20 


To find the mean of a set of values, divide the sum of the values by the number of values. 


EXAMPLE 9 i Hotel Reservations. In an effort to improve customer service, 
~ ahotel electronically recorded the number of times the reservation 
desk telephone rang before it was answered by a receptionist. The results of the week- 
long survey are shown in the table. Find the average number of times the phone rang 
before a receptionist answered. 


Strategy First, we will determine the total number of times the reservation desk tele- 
phone rang during the week. Then we will divide that result by the total number of calls 
received. 


Why To find the average value of a set of values, we divide the sum of the values by the 
number of values. 


Solution To find the total number of rings, we multiply each number of rings (1, 2, 3, 4, 
and 5 rings) by the respective number of occurrences and add those subtotals. 


Total number of rings = 11(1) + 46(2) + 45(3) + 28(4) + 20(5) 
The total number of calls received was 11 + 46 + 45 + 28 + 20. To find the average, we 
divide the total number of rings by the total number of calls. 
11(1) + 46(2) + 45(3) + 28(4) + 20(5) 
11 + 46 + 45 + 28 + 20 


Average = 


11+ 92 + 135 +112 + 100 In the numerator, do the 
= multiplications. In the 


150 denominator, do the additions. 
= iu Do the addition. 
150 
= 3 Simplify the fraction. 


The average number of times the phone rang before it was answered was 3. 


La Now Try Problem 115 


ee | lb & 1 fh Boe? ce (aOY cli a ire 2a se fo 
c. —27 d. 0.09 e. 36 f. -125 3. -625 4.4.35 b. -66 ¢.27 d. 256 5. a. 216 


bp =) =O 74 = se iors 


1.7 Exponents and Order of Operations 71 


VOCABULARY 
Fill in the blanks. 


1. In the exponential expression 7°, 7 is the 
. 7 is the fifth of seven. 
2. 10° can be read as ten 


, and 5 is the 


, and 10° can be read as ten 


3. An_____is used to represent repeated multiplication. 

. To the expression 2(—1 + 47) means to find its value. 
5. The rules for the of operations guarantee that an evalua- 
tion of a numerical expression will result in a single answer. 

6. To find the arithmetic or average of a set of values, 
divide the sum of the values by the number of values. 


CONCEPTS 


7. To evaluate each expression, what operation should be per- 
formed first? 


a. 24-4+2 b. 32+ 8-4 
c. 8 —(3 +5) d. 65-3° 
36 — 4(7) 


8. To evaluate (10 — 8) what operation should be performed first 
in the numerator? In the denominator? 


NOTATION 


9. a. Give the name of each grouping symbol:( ),[ ],{ }, 
| |, and—. 


b. In the expression —8 + 2[15 — (—6 + 1)], which grouping 
symbols are innermost, and which are outermost? 


10. What operation is indicated? 


| 
2+9|5-(2+4)| 


11. a. In the expression ( 5), what is the base? 
b. In the expression —5*, what is the base? 

12. Write each expression using symbols. Then evaluate it. 
a. Negative two squared 
b. The opposite of the square of two 


Complete the evaluation of each expression. 


13. -19 — 2((1 + 2)? +3] = -19 —2[ 7-3] 
=-19-2[ +3] 
=-19-2f ] 
= -19 — 


46 — 2 46 — 
14, 
—3(5) — 4 
= -2 
GUIDED PRACTICE 


Write each product using exponents. See Example 1. 

15. 8-8-8 16. (—4)(—4)(—4)(—4) 
7. 7°7°7+12+12 18. 5°5°5+5+5+5+7°7°7 
19. x°-x°x 20. b-b-b-b 


2lorerereres:s 22. m-m:m-nensn'en 


Evaluate each expression. See Example 2. 


23. 7° 24. 9° 

25. 6 26. 6° 

27. (-5)* 28. (—5)° 
29. (—0.1)° 30. (—0.8) 


1\? 1\* 
31. | == 32. | => 
(4) (5) 
2 3 
x. (2) 
3 
Evaluate each expression. See Example 3. 
35. (—6)° and —6° 36. (—4)° and —4* 
37. (—8)° and —87 38. (—9) and —9* 


Evaluate each expression. See Example 4. 


39.3 —5+4 40. —4-64+5 

41. 32-16 +442 42. 60 — 20 +10 +5 
43.9-5-6+3 44.8:5-4+2 

45. 12 +3-2 46. 18 + 6°3 

47. -22 - 15 +3 48. —33 —8 + 10 

49. —2(9) — 2(5)(10) 50. —6(7) — 3(—4)(—2) 
51. 2-5°+4-37 52. 5-35 -4-23 

53. —2(-1) + 3(-1) - 3 54. —4(-37° + 3(-3) -— 1 


Evaluate each expression. See Examples 5 and 6. 
55. —4(6 + 5) 56. —3(5 — 4) 
57. (9 — 39 — 9) 58. —(—-8 — 6)(6 — 6) 


72 


59 
61 
63 
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. (-1 — 37+ 4)2? 
.14+5(00+2+5)-1 
. -(2+3 — 279 


60. 
62. 
64. 


—1(28 — 5* + 2)3? 
14 + 3(7 — 5-3) 
—(3:5—2:6) 


Evaluate each expression. See Example 6. 


65 


67. 64 — 6[15 + 2(-3 + 8)] 


69 


71 


73 


. (-1)[-7 — (-2)7] 


. —2[2 + 4°(8 — 
.34+2[-1-(4-5) 


. 8 — 35? — (7 - 3)] 


66. 


68. 


70. 


72. 


74. 


[= Ea ep" 
4 — 2[26 + 2(5 — 3)] 
—3[5 + 3°(4 — 5) 

4+ 2[-7 - 3 - 9)] 


3-[32 +6 -1)] 


Evaluate each expression. See Example 7. 


75. 


77. 


79. 


81. 


2-5 
-7 +(-7) 
4-2* — 60 + (-4) 
s=(-4(-5) 
2(-4 — 2+2) 
3(—3)(—2) 
72 — (2-2-4) 
10° — (9-10 + 2”) 


76. 


78. 


80. 


82. 


-—3 —(-1) 
—2 + (-2) 
(6—5)§-1 
(—9)(-3) — 4 
3(-37 + 2-27) 
(5 — 8)(7 — 9) 
137 — 5? 

—3(5 — 37) 


Evaluate each expression. See Example 8. 


83. 
85. 


87. 


89. 


—2|4 — 8| 

—|7 -23(4-7)| 

(3 + 5) + |-2| 
—2(5 — 8) 

|6 —4| + 2|-4| 
26 — 24 


TRY IT YOURSELF 


Evaluate each expression. 


91. 


93 


95. 


97. 


99. 


101. 


103. 


[6(5) — 5(5)P°(-4) 


. 8 — 6[(130 — 4%) — 2] 


—5(-2)? — |-2 + 1 
18 -[2+(1-6)] 
16 — (—4)° 


—|-5-2*| — 30 


—4 
(Jen 


84. 
86. 


88. 


90. 


92. 


94. 


96. 


98. 


100. 


102. 


104. 


—5|1—8| 

=Poa =2)| 

|—25| — 8(—-5) 
2* — 29 

4|9 —7| + |-7| 
32 — 2 


5 —2+34-(-6 +57 


91 — 5[(150 — 3°) — 1] 


=6(=3) =|=645] 
6 — [6(—1) — 88] 
4=27 


2+ |-3+27-27- 17 


—6 
-a(S)en 


15. 65) + (4) vos. -1(1) + (2) 


—57-10 + 10-24 (-—6* — 24-2) +5 
NOT ay 108. a5 
_ 43 _ 954 2 
109. (455) 110. “(assay en) 
3(2 +5) +2 2(3)(4) — 5(3) 
APPLICATIONS 


111. LIGHT As light energy passes through the first unit of area, 
1 yard away from the bulb, it spreads out. How much area 
does that light energy cover 2 yards, 3 yards, and 4 yards from 
the bulb? Express each answer using exponents. 


1 square unit 


~< 4 yd aa 


112. CHAIN LETTERS A woman sent two friends a letter with 
the following request: “Please send a copy of this letter to two 
of your friends.” Assume that all those receiving letters 
responded and that everyone in the chain received just one 
letter. Complete the table and then determine how many letters 
will be circulated in the 10th level? 


Level | Number of letters circulated 
Ist 2=2!' 

2nd =2 

3rd =2 

4th = 


113. HURRICANES | The table lists the number of major hurri- 
canes to strike the mainland United States by decade. Find the 
average number per decade. 


Decade | Number 


Decade | Number 
1901-1910 4 1951-1960 8 


1911-1920 7 1961-1970 6 
1921-1930 5 1971-1980 4 
1931-1940 8 1981-1990 5 
1941-1950 10 1991-2000 5 


Source: National Hurricane Center 


114. ENERGY USAGE Find the average number of therms of 
natural gas used per month. 


Acct 45-009 2008 Energy Audit Tri-City Gas Co. 
Janice C. Milton 23N. State St. Apt. B Salem, OR 
50 
41 41 41 
39 
3" aa 34 J 34 
5 30 
é 22 23 
220 16 16 
al 
10 [ il 
JF MAM J J A S ON D 


115. CASH AWARDS A contest is to be part of a promotional 
kickoff for a new children’s cereal. The prizes to be awarded 
are shown. 


a. How much money will be awarded in the promotion? 


b. What is the average cash prize? 


Coloring Contest 


Grand prize: Disney World vacation plus $2,500 
Four 1st place prizes of $500 

Thirty-five 2nd place prizes of $150 

Eighty-five 3rd place prizes of $25 


116. SURVEYS Some students were asked to rate their college 
cafeteria food on a scale from | to 5. The responses are shown 
on the tally sheet. Find the average rating. 


Poor Fair Excellent 
1 2 3 4 5 
iI Wl TH Ill 


117. WRAPPING GIFTS How much ribbon is needed to wrap 
the package if 15 inches of ribbon are needed to make the 


bow? 
{4 in. 
6 in. 


1 
<> 
9 in 
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118. SCRABBLE Write an expression to determine the number 
of points received for playing the word QUARTZY and then 
evaluate it. (The number on each tile gives the point value of 
the letter.) 


TRIPLE DOUBLE 
WORD LETTER 
SCORE SCORE 


WRITING 
119. Explain the difference between 2° and 3°. 
120. Why are the order of operations rules necessary? 
121. Explain the error. What is the correct answer? 
4044-2 =40+8 
=) 


122. Explain the error. What is the correct answer? 


Sm. 3(2 — 6) = 5 + 364) 
<X(-4) 


= -32 


REVIEW 


123. What numbers are a distance of 6 away from —11 ona 
number line? 
1 


124, Fill in the blank with > or <: 0.3 3 


CHALLENGE PROBLEMS 


125. Using each of the numbers 2, 3, and 4 only once, what is the 
greatest value that the following expression can have? 


(C) 


126. Insert a pair of parentheses into 4 - 3* — 4-2 so that it has a 
value of 40. 


Translate the set of instructions to an expression and then 
evaluate it. 


127. Subtract the sum of —9 and 8 from the product of the cube of 
—3 and the opposite of 4. 


128. Increase the square the reciprocal of —2 by the difference of 
—0.25 and —1. 
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Objectives 


Notation 
By the commutative property of 
multiplication, r6 = 6r and 
—15b*a = —15ab”. However, we 
usually write the numerical factor 
first and the variable factors in 
alphabetical order. 


The Language of Algebra 
Terms such as x and y have 
implied coefficients of 1. Implied 
means suggested without being 
precisely expressed. 


@ ldentify terms and coefficients of terms. 
@® Write word phrases as algebraic expressions. 
© Analyze problems to determine hidden operations. 


@ Evaluate algebraic expressions. 


Since problems in algebra are often presented in words, the ability to interpret what you read 
is important. In this section, we will introduce several strategies that will help you translate 
words into algebraic expressions. 


Identify Terms and Coefficients of Terms. 


Recall that variables and/or numbers can be combined with the operations of arithmetic to 
create algebraic expressions. Addition symbols separate expressions into parts called terms. 
For example, the expression x + 8 has two terms. 


x a 8 


First term Second term 


Since subtraction can be written as addition of the opposite, the expression a” — 3a — 9 
has three terms. 
a —3a-9= a + 
First term 


(-3a) + 


Second term 


(-9) 


Third term 


In general, a term is a product or quotient of numbers and/or variables. A single number 
or variable is also a term. Examples of terms are: 

4, y, 67, —wy, 3.7%, ~_ = 15ab* 

The numerical factor of a term is called the coefficient of the term. For instance, the term 
6r has a coefficient of 6 because 6r = 6-1. The coefficient of —15ab? is —15 because 
—15ab? = —15- ab’. More examples are shown below. 

A term such as 4, that consists of a single number, is called a constant term. 


Term | Coefficient 
8y 8 
—0.9pq —0.9 
+b ; This term could be written a 
— = Because —% = —Z¥ = —1. x 
6 6 6 6 6 
x 1 Because x = 1x 
—t —l Because —t = —It 
27 27 
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EXAMPLE 1 Identify the coefficient of each term in the expression: 7x7—x + 6 


Strategy We will begin by writing the subtraction as addition of the opposite. Then we 
will determine the numerical factor of each term. 


Why Addition symbols separate expressions into terms. 


Solution — If we write 7x°—x + 6 as 7x” + (—x) + 6, we see that it has three terms: 7x”, 
—x, and 6. The numerical factor of each term is its coefficient. 
The coefficient of 7x” is 7 because 7x” means 7 - x”. 
The coefficient of —x is —1 because —x means —1 - x. 
The coefficient of the constant 6 is 6. 


a Self Check 1 i Identify the coefficient of each term in the expression: 
Dep ap 
Now Try Problem 19 


It is important to be able to distinguish between the terms of an expression and the factors 
of a term. 


EXAMPLE 2 _ Is mused as a factor or a term in each expression? 
: amt 6 b. 8m 


Strategy We will begin by determining whether m is involved in an addition or a multi- 
plication. 


Why Addition symbols separate expressions into terms. A factor is a number being 
multiplied. 


Solution 
a. Since m is added to 6, m is aterm of m + 6. 
b. Since m is multiplied by 8, m is a factor of 8m. 


a Self Check 2 | Is b used as a factor or a term in each expression? 
i, 27 b. Sa +b 


Now Try Problems 21 and 23 


Write Word Phrases as Algebraic Expressions. 


The tables on the next page show how key phrases can be translated into algebraic ex- 
pressions. 
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Caution 
Be careful when translating 
subtraction. Order is important. 
For example, when a translation 
involves the phrase less than, note 
how the terms are reversed. 


18 less than w 


eae 


Caution 
Be careful when translating 
division. As with subtraction, 
order is important. For example, s 


divided by d is not written @ 


Caution 
5 < cis the translation of the 
statement 5 is less than the capac- 
ity c not 5 less than the capacity c. 


. Key phrase: /ess than 


. Key phrase: product of 


Subtraction 
the difference of 23 and P | 23 — P 
550 minus h | 550 — A 
18 less than w | w — 18 


Addition 


the sum ofa and8 | a+8 


4plusc}| 4+.¢ 

16 added to m | m + 16 
4more thant | ¢+4 

20 greater than F | F + 20 
T increased byr | T+r 


7 decreased by j| 7 —Jj 
M reduced byx | M-—x 
12 subtracted from L | L — 12 


exceeds y by 35 | y + 35 Slessf| 5—f 
Multiplication Division 

the product of 4 and x | 4x the quotient of R and 19 x 
20 times B | 20B 

soe Ss 

‘ica | Be s divided by d | 5 

double the amount a | 2a the ratio of c tod : 

triple the profit P | 3P k 

; k split into 4 equal parts | 7 
three-fourths of m | 4m 


EXAMPLE 3 i Write each phrase as an algebraic expression: 
; a. one-half of the profit P b. 5 less than the capacity c 
c. the product of the weight w and 2,000, increased by 300 


Strategy We will begin by identifying any key phrases. 
Why Key phrases can be translated to mathematical symbols. 


Solution 
a. Key phrase: One-half of 


Translation: multiplication by 5 


The algebraic expression is: SP. 


Translation: subtraction 


Sometimes thinking in terms of specific numbers makes translating easier. Suppose the 
capacity was 100. Then 5 /ess than 100 would be 100 — S. If the capacity is c, then we 
need to make it 5 less. The algebraic expression is: c — 5. 

Translation: multiplication 

Key phrase: increased by Translation: addition 


In the given wording, the comma after 2,000 means w is first multiplied by 2,000; then 
300 is added to that product. The algebraic expression is: 2,000w + 300. 


By Self Check 3 j Write each phrase as an algebraic expression: 


a. 80 less than the total t b. $ of the time T 
c. the difference of twice a and 15, squared 
Now Try Problems 25, 31, and 35 
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To solve application problems, we often let a variable stand for an unknown quantity. 


EXAMPLE 4 _ Swimming. A pool is to be sectioned into 8 equally wide swim- 
ming lanes. Write an algebraic expression that represents the 
width of each lane. 


Strategy We will begin by letting x = the 
width of the swimming pool in feet. Then 
we will identify any key phrases. 

Why The width of the pool is unknown. 


Solution The key phrase, sectioned into 8 
equally wide lanes, indicates division. 


Therefore, the width of each lane is A feet. 


a Self Check 4 | It takes Val m minutes to get to work by bus. If she drives her 
car, her travel time exceeds this by 15 minutes. How long does 
it take her to get to work by car? 


Now Try Problem 61 


y EXAMPLE 5 _ Painting. A 10-inch-long paintbrush has two parts: a handle 
and bristles. Choose a variable to represent the length of one of the 
parts. Then write an expression to represent the length of the other part. 


Strategy There are two approaches. We can let 
h = the length of the handle or we can let 
b = the length of the bristles. 


Why Both the length of the handle and the length 
of the bristles are unknown. 


Solution Refer to the drawing on the top. If we 
let h = the length of the handle (in inches), then 
the length of the bristles is 10 — A. 
Now refer to the drawing on the bottom. If 
we let b = the length of the bristles (in inches), 
then the length of the handle is 10 — b. 


ta Self Check 5 j Part of a $900 donation to a college went to the scholarship 
fund, the rest to the building fund. Choose a variable to repre- 
sent the amount donated to one of the funds. Then write an 
expression that represents the amount donated to the other fund. 


Now Try Problem 13 


78 
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Attraction Age 
Disneyland |x + 16 
Disney World x 
Euro Disney | x — 21 


EXAMPLE 6 | Enrollments. Second semester enrollment in a nursing program 
: "was 32 more than twice that of the first semester. Let x represent 
the enrollment for one of the semesters. Write an expression that represents the enroll- 
ment for the other semester. 


Strategy We will begin by letting x = the enrollment for the first semester. 
Why Because the second-semester enrollment is related to the first-semester enrollment. 


Solution 
Key phrase: more than Translation: addition 


Key phrase: twice that Translation: multiplication by 2 


The second semester enrollment was 2x + 32. 


a Self Check 6 | In an election, the incumbent received 55 fewer votes than 
three times the challenger’s votes. Let x represent the number 
of votes received by one candidate. Write an expression that 
represents the number of votes received by the other. 


Now Try Problem 105 


Analyze Problems to Determine Hidden Operations. 


Many applied problems require insight and analysis to determine which mathematical opera- 
tions to use. 


EXAMPLE 7 | Vacations. Disneyland, in California, was in operation 16 years 
before the opening of Disney World in Florida. Euro Disney, in 
France, was constructed 21 years after Disney World. Write algebraic expressions to 
represent the ages (in years) of each Disney attraction. 


Strategy We will begin by letting x = the age of Disney World. 


Why The ages of Disneyland and Euro Disney are both related to the age of Disney 
World. 


Solution In carefully reading the problem, we see that Disneyland was built 16 years 
before Disney World. That makes its age 16 years more than that of Disney World. The 
key phrase more than indicates addition. 


x + 16 = the age of Disneyland 


Euro Disney was built 21 years after Disney World. That makes its age 21 years less 
than that of Disney World. The key phrase /ess than indicates subtraction. 


x — 21 = the age of Euro Disney 


La Now Try Problem 107 


Number of | Number of 
years months 
1 12 
2 24 
3 36 
x 12x 
a 


We multiply the number of 
years by 12 to find the 
number of months. 
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EXAMPLE 8 


How many months are in x years? 
Strategy There are no key phrases so we must carefully analyze the problem. We will 
begin by considering some specific cases. 


Why It’s often easier to work with specifics first to get a better understanding of the rela- 
tionship between the two quantities. Then we can generalize using a variable. 


Solution —Let’s calculate the number of months in 1 year, 2 years, and 3 years. When we 
write the results in a table, a pattern is apparent. 
The number of months in x years is 12 + x or 12x. 


a Self Check 8 j How many days is / hours? 
Now Try Problems 7 and 67 


In some problems, we must distinguish between the number of and the value of the 
unknown quantity. For example, to find the value of 3 quarters, we multiply the number of 
quarters by the value (in cents) of one quarter. Therefore, the value of 3 quarters is 
3-25 cents = 75 cents. 

The same distinction must be made if the number is unknown. For example, the value of 
n nickels is not n cents. The value of n nickels is n + 5 cents = 5n cents. For problems of this 
type, we will use the relationship 


Number : value = total value 


Find the total value of: a. five dimes 


c. x + | half-dollars 


b. g quarters 


EXAMPLE 9 


Strategy To find the total value (in cents) of each collection of coins, we multiply the 
number of coins by the value (in cents) of one coin, as shown in the table. 


Why Number « value = total value 


Solution 
Type of coin | Number | Value | Total value 
Dime 5 10 50 Multiply: 5 - 10 = 50. 
Quarter q 25 25q Multiply: q - 25 can be written 25q. 
Half-dollar x + I 50 50(x + 1) Multiply: (x + 1) - 50 can be written 50(x + 1). 


a SelfCheck9 


Now Try 


Find the value of: a. six $50 savings bonds 
b. ¢ $100 savings bonds 
c. x — 4 $1,000 savings bonds 


Problems 14 and 69 


80 
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4.) Evaluate Algebraic Expressions. 


Caution 
When replacing a variable with its 
numerical value, we must often 
write the replacement number 
within parentheses to convey the 
proper meaning. 


To evaluate an algebraic expression, we substitute given numbers for each variable and 
perform the necessary calculations in the proper order. 


EXAM PLE 10 j Evaluate each expression for x = 3 and y= —4: a y+y* 
A sia 
“x —(-1) 

Strategy We will replace each x and y in the expression with the given value of the vari- 
able, and evaluate the expression using the order of operation rules. 


b. -y-—x c. |5xy — 7| d 


Why To evaluate an expression means to find its numerical value, once we know the 
value of its variable(s). 


Solution 
a. y + y’ = (-4)° + (-4) Substitute —4 for each y. We must write —4 within parentheses 
s0 that it is the base of each exponential expression. 


~64 + 16 
= —48 


[oy 
b. -—y —x = —(-4) - 3 


Evaluate each exponential expression. 


Substitute —4 for y and 3 for x. Don’t forget to write the — sign in 
front of (—4). 


=4-3 Simplify: —(—4) = 4. 
=] 
c. |5xy — 7| = |5(3)(—4) — 7| Substitute 3 for x and —4 for y. 
= |—60 = 7| Do the multiplication: 5(3)(—4) = —60. 
= |—-67| Do the subtraction: -60 — 7 = —GO + (—7) = —67. 
= 67 Find the absolute value of —67. 
d aa — Sub 3f d—4f 
. = ubstitute 3 for x and —4 for y. 
s-F 4-6) : 
—4 
= a In the denominator, do the subtraction: 3 — (-1)=3+1=4. 
=-!1 Simplify the fraction. 


a Self Check 10 | Evaluate each expression fora = —2 and b = 5: 
a. |a’ + b*| b. —a + 2ab co. 


Now Try Problems 79 and 91 


an 
n= 3 


EXAMPLE 11 


Rocketry. Ifa toy rocket is shot into the air with an initial veloc- 
ity of 80 feet per second, its height (in feet) after ¢ seconds in flight 
is given by —16t* + 80¢. How many seconds after the launch will it hit the ground? 
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Strategy We can substitute positive values for r, the 
time in flight, until we find the one that gives a height 


of 0. 


Why When the height of the rocket is 0, it is on the 


ground. 


Solution We begin by finding the height after the 


rocket has been in flight for 1 second (¢ = 1). 


—16f + 80¢ = —16(1)* + 80(1) Substitute 1 for t. 


= 64 


a 


6 


> 


81 


A 
A 


As we evaluate —16t? + 80¢ for several more values of t, we record each result in a 
table. The columns of the table can also be headed with the terms input and output. The 
values of t are the inputs into the expression —16¢7 + 80t, and the resulting values are the 


outputs. 


SG +2 ay 


64 


96 


96 


64 


0 


Evaluate for t = 2: —16t? + 80t = —16(2)* + 80(2) = 96 
Evaluate for t = 3: —16t* + 80t = —16(3)* + 80(3) = 96 
Evaluate for t = 4: -16t* + 80t = —16(4)* + 80(4) = 64 
Evaluate for t = 5: -16t* + 80t = —16(5)* + 80(5) =O 


Input | Output 
1 64 
2 96 
3 96 
4 64 
5 0 


The height of the rocket is 0 when ¢ = 5. The rocket will hit the ground 5 seconds after being 


launched. 


a Self Check 11 


ee | 1. 1,-12,3,-4 2. a. Factor b. Term 3. a. f— 80 b. $7 


Now Try 


In Example 11, suppose the height of the rocket is given by 
—16t? + 112t. What will be the height of the rocket 6 seconds 


after launch? 
Problem 97 


c. (2a) 15)? 4. (m + 15) minutes 5. s = amount donated to scholarship fund in dollars; 
900 — s = amount donated to building fund 6. x = number of votes received by the challenger; 


3x — 55 = number of votes received by the incumbent 8. 4 9, a. $300 b. $100¢ 
c. $1,000(x — 4) 10. a. 17 b. —18 ¢. 0 11. 96 ft 


24 
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VOCABULARY 
Fill in the blanks. 


1. Variables and/or numbers can be combined with the operations 
of arithmetic to create algebraic 


2. A is a product or quotient of numbers and/or variables. 


Examples are: 8x, i and —cd?, 


3. Addition symbols separate algebraic expressions into parts 
called__ 


4. A term, such as 27, that consists of a single number is called a 
term. 


5. The of the term 10x is 10. 


6. To 4x — 3 for x = 5, we substitute 5 for x and 
perform the necessary calculations. 


CONCEPTS 
7. Complete the table below on the left to determine the number 
of days in w weeks. 


8. Complete the table below on the right to determine the number 
of minutes in s seconds. 


Number | Number Number | Number 
of weeks | of days of seconds | of minutes 
1 60 
2, 120 
3 180 
Ww Ss 


9. The knife shown below is 12 inches long. Write an expression 
that represents the length of the blade. 


.<—— h in, ——> 


10. A student inherited $5,000 and deposits x dollars in American 
Savings. Write an expression that represents the amount of 
money left to deposit in a City Mutual account. 


$5,000 
Ser 
= a/ 
American Savings City Mutual 


$x $? 


11. Solution | is poured into solution 2. Write an expression that 
represents the number of ounces in the mixture. 


ay 


20 ounces 


Solution 2 
x ounces 


12. Peanuts were mixed with 
p pounds of cashews to 
make 100 pounds of a 
mixture. Write an 
expression that represents 
the number of pounds of 
peanuts that were used. 


Ws. 
) pounds 


100 pounds 


13. a. Let b = the length of the beam shown below (in feet). 
Write an expression that represents the length of the 
pipe. 
b. Let p = the length of the pipe (in feet). Write an expression 
that represents the length of the beam. 


QW <—| 
15 ft 


14. Complete the table. Give each value in cents. 


Coin Number - Value=Total value 
Nickel 6 

Dime d 

Half-dollar | x +5 


NOTATION 


Complete each solution. Evaluate each expression for a = 5, 
x = —2,andy = 4. 


15. 9 -a@ =% )-— (5) 
= 9(5) — 
= — 25 


17. Write each term in standard form. 
b. d2c 

c. What property of multiplication did you use? 
18. Fill in the blanks. 


a. y8 


) 2 
a= w b. —m = —— 
2 3 3 


GUIDED PRACTICE 


19. Consider the expression 3x° + 11x* — x + 9. See Example 1. 


a. How many terms does the expression have? 
b. What is the coefficient of each term? 


20. Complete the following table. 


1 


Term 6m | —75t | w bh 


Mls 


Coefficient 


Determine whether the variable c is used as a factor or as a term. 


See Example 2. 


21. c + 32 
23. 5c 


22. —24c + 6 
24,.a+bt+e 


Translate each phrase to an algebraic expression. If no variable is 
given, use x as the variable. See Example 3. 


25. The sum of the length / and 15 
26. The difference of a number and 10 
27. The product of a number and 50 
28. Three-fourths of the population p 
29. The ratio of the amount won w and lost / 
30. The tax t added to c 

31. P increased by two-thirds of p 

32. 21 less than the total height h 

33. The square of k minus 2,005 

34. s subtracted from S 

35. 1 less than twice the attendance a 
36. J reduced by 500 

37. 1,000 split n equal ways 


38. 
39. 
40. 
Al. 
42. 
43. 
4A, 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
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Exceeds the cost c by 25,000 

90 more than twice the current price p 

64 divided by the cube of y 

3 times the total of 35, A, and 300 
Decrease x by —17 

680 fewer than the entire population p 
Triple the number of expected participants 
The product of d and 4, decreased by 15 
The quotient of y and 6, cubed 

Twice the sum of 200 and t 

The square of the quantity 14 less than x 
The absolute value of the difference of a and 2 
The absolute value of a, decreased by 2 
One-tenth of the distance d 

Double the difference of x and 18 


Translate each algebraic expression into an English phrase. 
(Answers may vary.) See Example 3. 


53. 


54. 


55. 
56. 
57. 
58. 
59. 
60. 


Answer with an algebraic expression. See Example 4. 


61. 


62. 


63. 


64. 


A model’s skirt is x inches long. The designer then lets the 
hem down 2 inches. What is the length of the altered 

skirt? 

A soft drink manufacturer produced c cans of cola during the 
morning shift. Write an expression for how many six-packs of 
cola can be assembled from the morning shift’s production. 
The tag on a new pair of 36-inch-long jeans warns that after 
washing, they will shrink x inches in length. What is the length 
of the jeans after they are washed? 

A caravan of 6 cars, each carrying 5 people, traveled to the 
state capital for a political rally. How many people were in the 
caravan? 


Answer with an algebraic expression. See Example 8. 


65. 
66. 
67. 
68. 


How many minutes are there in / hours? 
How many feet are in y yards? 
How many feet are ini inches? 


How many centuries in y years? 


Answer with an algebraic expression. See Example 9. 


69. 


A sales clerk earns $x an hour; how much does he earn in an 
8-hour day? 
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70. 
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A cashier earns $d an hour; how much does she earn in a 
40-hour week? 


71. Ifa car rental agency charges 49¢ a mile, what is the rental fee 
if a car is driven x miles? 

72. If one egg is worth e cents, find the value (in cents) of one 
dozen eggs. 

73. A ticket to a concert costs $¢. What would a pair of concert 
tickets cost? 

74. If one apple is worth a cents, find the value (in cents) of 
20 apples. 

75. Tickets to a circus cost $25 each. What will tickets cost for 
a family of x people if they also pay for two of their 
neighbors? 

76. A certain type of office desk that used to sell for $x is now on 
sale for $50 off. What will a company pay if it purchases 80 of 
the desks? 

Evaluate each expression, for x = 3, y = —2, andz = —4. See 

Example 10. 

77. —y 78. —z 

79. —z + 3x 80. —y — 5x 

81. 3y° — 6y — 4 82. -2 —z-12 

83. (3 + x)y 84. (4 + zy 

85. (x+y - |z + y| 86. [(z — Iz + DP 

x+y 27 = 

ee gs, —— = 

yt 2z 2x -—y 


Evaluate each expression. See Example 10. 


89. 
90. 


91. 


92. 


93. 


94. 


95. 


96. 


b* — 4ac fora = —1,b = 5,andc = —2 


(x — a? + (vy — bY forx = —2,y = 1,a = 5, and 
b= -3 


a + 2ab + b’ fora = —Sandb = —1 


ee 2,v=1,a=5,andb =2 
y—b 


52a + (n — 1)d] forn = 10,4 = —4.2, and d = 6.6 


1 iW 
at ED igs 5,r = 2,andn = 3 
1% 
(27c¢? — 4d’) for c = Fand d =4 
—b? + 16a +1 
a fora = ;and b = 10 


Complete each table. See Example 11. 


97. 


x |xe-1 se g |\@—-—7g+1 
0 0 
—1 7 
= —10 


—-_ 100. | | 25004 + a 
s 
1 
6 
= 
=12 
oe Input | Output we Input | Output 
x [een 3 x [Ets 
12 
—36 
> xen 
= 
=f 
=) 
=9 
=6 
—8 
APPLICATIONS 


105. VEHICLE WEIGHTS A Hummer H2 weighs 340 pounds 
less than twice a Honda Element. 


a. Let x represent the weight of one of the vehicles. Write an 
expression for the weight of the other vehicle. 


b. If the weight of the Element is 3,370 pounds, what is the 
weight of the Hummer? 

106. SOD FARMS The expression 20,000 — 3s gives the number 
of square feet of sod that are left in a field after s strips have 
been removed. Suppose a city orders 7,000 strips of sod. 
Evaluate the expression and explain the result. 


Strips of sod, cut and 
ready to be loaded on 
a truck for delivery 


Cth, 


107. COMPUTER COMPANIES _ IBM was founded 80 years 
before Apple Computer. Dell Computer Corporation was 
founded 9 years after Apple. 


a. Let x represent the age (in years) of one of the companies. 
Write expressions to represent the ages (in years) of the 
other two companies. 


b. On April 1, 2008, Apple Computer Company was 32 years 
old. How old were the other two computer companies then? 
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108. THRILL RIDES The distance in feet that an object will fall WRITING 
in ¢ seconds is given by the expression 16/7. Find the distance 


that riders on “Drop Zone” will fall during the times listed in 
the table. 110. Explain why 2 /ess than x does not translate to 2 < x. 


109. What is an algebraic expression? Give some examples. 


111. In this section, we substituted a number for a variable. List 
some other uses of the word substitute that you encounter in 
everyday life. 


112. Explain why d dimes are not worth d¢. 
REVIEW 
113. Find the LCD for 73 and 75. 


114. Simplify: goes i 


© Joel Rogers, www.coastergallery.com 


115. Evaluate: (2) 


116. Find the result when A is multiplied by its reciprocal. 


Time Distance 
(seconds) | (feet) CHALLENGE PROBLEMS 
1 117. Evaluate: (8 — 1)(8 — 2)(8 — 3). . . (8 — 49)(8 — 50) 
2 
3 118. Translate to an expression: The sum of a number decreased by 
ri six, and seven more than the quotient of triple the number and 
five. 


@ Simplify products. 

® Use the distributive property. 
© Identify like terms. 

© Combine like terms. 


Objectives 


In algebra, we frequently replace one algebraic expression with another that is equivalent and 
simpler in form. That process, called simplifying an algebraic expression, often involves the 
use of one or more properties of real numbers. 


@ Simplify Products. 


The commutative and associative properties of multiplication can be used to simplify certain 
products. For example, let’s simplify 8(4x). 


Success Tip 8(4x) = 8-(4°x) Rewrite 4x as4-x. 
B uils COmunUtat ys property of = (8°4)+x Use the associative property of multiplication to group 4 with 8. 
multiplication, we can change the 
order of factors. By the associative = 32x Do the multiplication within the parentheses. 


property of multiplication, we can 


change the grouping of factors. We have found that 8(4x) = 32x. We say that 8(4x) and 32x are equivalent expressions 


because for each value of x, they represent the same number. 
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Ifx =10 Ifx = -3 
8(4x) = 8[4(10)] 32x = 32(10) 8(4x) = 8[4(—3)] 32x = 32(—3) 
= 8(40) = 320 = 8(-12) = —96 
= 320 = —96 


EXAMPLE 1 Simplify: a. —9(3b) b. 15a(6) ¢. 3(7p)(—5) 


F | 
8 3 4 
d. 3° 8° e. 35(4s) 


Strategy We will use the commutative and associative properties of multiplication to 
reorder and regroup the factors in each expression. 


Why We want to group all of the numerical factors of an expression together so that we 
can find their product. 


Solution 

a. —9(3b) = (—9°+3)b Use the associative property of multiplication to regroup the factors. 
= —27b Do the multiplication within the parentheses. 

b. 15a(6) = 15(6)a Use the commutative property of multiplication to reorder the factors. 
= 90a Do the multiplication, working from left to right: 15(6) = 90. 

ce. 3(7p)(—5) = B(7)(—5)]p Use the commutative and associative properties of multiplication 


to reorder and regroup the factors. 


= —105p Do the multiplication within the brackets. 


8 3 8 3 
d. 3 : 8. = ( 2 )r Use the associative property of multiplication to regroup the factors. 


3 8 
=Ir Multiply within the parentheses. The product of a number and its 
reciprocal is 1. 
=F The coefficient 1 need not be written. 
+ 4 
e. 35 5” = (35: 5 x Use the associative property of multiplication to regroup the factors. 
1 
B-7°4 
= zB IX Factor 35 as 5-7 and then remove the common factor 5. 
1 
= 28x 
ey Self Check 1 j Multiply: a. 9+ 6s b. —4(6u)(—2) 


23 2 
C. 3° 5m d. 36(2y) 
Now Try Problems 15, 25, 29, and 31 


Use the Distributive Property. 


Another property that is often used to simplify algebraic expressions is the distributive 
property. To introduce it, we will evaluate 4(5 + 3) in two ways. 


The Language of Algebra 
To distribute means to give from 
one to several. You have probably 
distributed candy to children 
coming to your door on 
Halloween. 


The Distributive 
Property 


The Language of Algebra 
Formally, it is called the distributive 
property of multiplication over 
addition. When we use it to write a 
product, such as S(x + 2), asa 
sum, 5x + 10, we say that we have 
removed or cleared the parentheses. 


The Language of Algebra 
We read 8(m + 9) as “eight times 
the quantity of m plus nine.” The 
word quantity alerts us to the 
grouping symbols in the 
expression. 
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Method 2 


Distribute the multiplication: 


Method 1 


Use the order of operations: 


4(5 + 3) = 4(5) + 403) 
= 20+ 12 
= 32 


4(5 + 3) = 4(8) 
=99 


Each method gives a result of 32. This observation suggests the following property. 


For any real numbers a, b, and c, 


a(b + c) = ab + ac 


To illustrate one use of the distributive property, let’s consider the expression 5(x + 3). 
Since we are not given the value of x, we cannot add x and 3 within the parentheses. However, 
we can distribute the multiplication by the factor of 5 that is outside the parentheses to x and 
to 3 and add those products. 


5(x + 3) = 5(x) + 5(3) 
= 5x + 15 


Distribute the multiplication by 5. 


Do the multiplications. 


9 
EXAMPLE2 = Multiply: _a. 8(m +9) = b. -124¢ +1) e (3 + >) 
Strategy In each case, we will distribute the multiplication by the factor outside the 
parentheses over each term within the parentheses. 


Why In each case, we cannot simplify the expression within the parentheses. To multi- 
ply, we must use the distributive property. 


Solution 


a. 8(n + 9) = 8-m+8-9 
= 8m + 72 


Distribute the multiplication by 8. 


Do the multiplications. 


b. —12(4¢ + 1) = —12(4f) + (-12)(1) _ Distribute the multiplication by —12. 


= —48t + (-12) Do the multiplications. 
= —48t — 12 Write the result in simpler form. Recall that adding 
—12 is the same as subtracting 12. 
6 . Se ,) 6 = + 6 : D b h Itipl by 6 
c = 06° . istribute the multiplication a 
5 3 3 D ' 
1 1 
2°B+x 2+3+9 Factor Gas 2-3 and then remove the common 
~ = + Z factors 3 and 2. 
1 1 
= 2x + 27 
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Caution 
A common mistake is to forget to 
distribute the multiplication over 
each of the terms within the 


parentheses. 
™ 


Se el 


Success Tip 
Notice that distributing the multi- 
plication by —1 changes the sign of 
each term within the parentheses. 


a Self Check 2 j Multiply: a. 7(m + 2) 
b. —80(8x + 3) 


Now Try Problems 35, 37, and 39 


Since subtraction is the same as adding the opposite, the distributive property also holds 
for subtraction. 


a(b — c) = ab — ac 


EXAMPLE 3 | Multiply: a. 3(3b— 4) b. —6(—3y — 8) ec. —I(t— 9) 
Strategy In each case, we will distribute the multiplication by the factor outside the 
parentheses over each term within the parentheses. 


Why In each case, we cannot simplify the expression within the parentheses. To multi- 
ply, we must use the distributive property. 


Solution 


a. 3(3b — 4) = 3(3d) — 3(4) 
= 9b — 12 


Distribute the multiplication by 3. 


Do the multiplications. 


. % 
b. —6(—3y — 8) = —6(—3y) — (—6)(8) 
= 18y — (—48) 
18y + 48 


Distribute the multiplication by —6. 


Do the multiplications. 


Write the result in simpler form. Add the opposite 
of —48. 


Another approach is to write the subtraction within the parentheses as addition of the 
opposite. Then we distribute the multiplication by —6 over the addition. 


—6(—3y — 8) = —6[—3y + (—8)] Add the opposite of 8. 
= —6(—3y) + (—6)(—8) _ Distribute the multiplication by —6. 
= 18y + 48 Do the multiplications. 


ce. —l(t — 9) = —1(4) — (—1)(9) 
=—t=(=9) 
—t+9 


Distribute the multiplication by —1. 


Do the multiplications. 


Write the result in simpler form. Add the opposite of —9. 


a Self Check 3 P| Multiply: a. 5(2x — 1) 
| ie =) 


Now Try Problems 43, 47, and 49 


b. 9 — 4) 


Caution The distributive property does not apply to every expression that contains paren- 
theses—only those where multiplication is distributed over addition (or subtraction). For 
example, to simplify 6(5x), we do not use the distributive property. 
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Correct Incorrect 
AN 
6(5x) = (6+ 5)x = 30x 6(5x) = 30+ 6x = 180x 


The distributive property can be extended to several other useful forms. Since multiplica- 
tion is commutative, we have: 


(b+ c)la = ba+ca (b — cla = ba — ca 
For situations in which there are more than two terms within parentheses, we have: 


ab +c +d) =ab+ac+ ad a(b — c — d) = ab — ac — ad 


EXAMPLE4 ~=— Multiply: a. (6x + 4); b. 2(a — 30)8 
c. —0.3(3a — 4b + 7) 


Strategy We will multiply each term within the parentheses by the factor (or factors) 
outside the parentheses. 


Why In each case, we cannot simplify the expression within the parentheses. To multi- 
ply, we must use the distributive property. 


Solution 


a 


1 1 
a. (6x + =e = (6x), + 5 Distribute the multiplication by 5. 


=3x+2 Do the multiplications. 


b. 2(a — 3b)8 = 2+ 8(a — 3d) 
16(a — 3b) Multiply 2 and & to get 16. 
l6a — 48b Distribute the multiplication by 16. 


ec. —0.3(3a — 4b + 7) = —0.3(3a) — (—0.3)(4b) + (—0.3)(7) 


—0.9a + 1.2b — 2.1 Do each multiplication. 


a Self Check 4 j Multiply: a. (—6x — 24)3 
b. 6(c — 2d)9 
c. —0.7(2r + 5s — 8) 
Now Try Problems 53, 55, and 57 


We can use the distributive property to find the opposite of a sum. For example, to find 
—(x + 10), we interpret the — symbol as a factor of —1, and proceed as follows: 


—(x + 10) = —1(@ + 10) Replace the — symbol with —1. 
= -—1(x) + (-1)(10) Distribute the multiplication by —1. 
=x = 10 
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The Opposite 
of a Sum 


Like Terms 


Success Tip 
When looking for like terms, don’t 
look at the coefficients of the 
terms. Consider only the variable 
factors of each term. If two terms 
are like terms, only their 
coefficients may differ. 


In general, we have the following property of real numbers. 


The opposite of a sum is the sum of the opposites. 
For any real numbers a and b, 


—(a + b) = -a + (-b). 


EXAMPLE 5 simplify: -(—9s - 3) 


Strategy We will multiply each term within the parentheses by —1. 


Why The — outside the parentheses represents a factor of —1 that is to be distributed. 


Solution 
—(—9s — 3) = —1(—9s — 3) Replace the — symbol in front of the parentheses 
with —1. 
= —1(-9s) — (-1)(3) __ Distribute the multiplication by —1. 


9s + 3 


a Self Check 5 j Simplify: —(—5x + 18) 
Now Try Problem 59 


Identify Like Terms. 


Before we can discuss methods for simplifying algebraic expressions involving addition and 
subtraction, we need to introduce some new vocabulary. 


Like terms are terms containing exactly the same variables raised to exactly the same 
powers. Any constant terms in an expression are considered to be like terms. Terms that are 
not like terms are called unlike terms. 


Here are several examples. 


Like terms Unlike terms 

4x and 7x 4x and 7y The variables are not the same. 
—10p* and 25p” —10p and 25p* Same variable, but different powers. 
1 1 

304 and c*d 304 and c* The variables are not the same. 


EXAMPLE 6 j List the like terms in each expression: a. 7r + 5 + 3r 
: b. 6x7 — 6x7 — 6x oe. —1 Im? +3 -24+m 


Strategy First, we will identify the terms of the expression. Then we will look for terms 
that contain the same variables raised to exactly the same powers. 


The Language of Algebra 
Simplifying a sum or difference of 
like terms is called combining like 
terms. 


Combining Like 
Terms 


1.9 Simplifying Algebraic Expressions Using Properties of Real Numbers 91 


Why If two terms contain the same variables raised to the same powers, they are like 
terms. 


Solution 
a. 7r + 5 + 3rcontains the like terms 7r and 3r. 
b. Since the exponents on x are different, 6x* — 6x” — 6x contains no like terms. 


c. —17m> + 3 — 2 + m’ contains two pairs of like terms: —17m? and m’ are like terms, 
and the constant terms, 3 and —2, are like terms. 


a Self Check 6 P| List the like terms: a. 2x — 2y + Ty 
b. 5p? — 12 + 17p* + 2 


Now Try Problem 63 


Combine Like Terms. 


To add or subtract objects, they must be similar. For example, fractions that are to be added 
must have a common denominator. When adding decimals, we align columns to be sure to add 
tenths to tenths, hundredths to hundredths, and so on. The same is true when working with 
terms of an algebraic expression. They can be added or subtracted only if they are like terms. 


This expression can be simplified This expression cannot be simplified 
because it contains like terms. because its terms are not like terms. 
3x + 4x 3x + 4y 


Recall that the distributive property can be written in the following forms: 
(6 + c)la = ba+ca (6 — c)la = ba -— ca 


We can use these forms of the distributive property in reverse to simplify a sum or difference 
of like terms. For example, we can simplify 3x + 4x as follows: 


3x + 4x =(3 + 4)x Usebat+ca=(bt+ c)a 
= 7x 


We can simplify 15m* — 9m? in a similar way: 


15m? — 9m? = (15 — 9)m?_—_ Use ba — ca = (b— ca. 
= 6m 


In each case, we say that we combined like terms. These examples suggest the following 
general rule. 


Like terms can be combined by adding or subtracting the coefficients of the terms and 
keeping the same variables with the same exponents. 


EXAMPLE 7 ] Simplify by combining like terms, if possible: a. 2x + 9x 
~ b. —8p + (-2p) + 4p — e. 0.58? — 0.35% 


4.07 
Lives 2 F255 
id Hg 3 
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Success Tip 
Just as 2 apples plus 9 apples is 
11 apples, 2x + 9x = 11x. 


Strategy We will use the distributive property in reverse to add (or subtract) the coeffi- 
cients of the like terms. We will keep the same variables raised to the same powers. 


Why = To combine like terms means to add or subtract the like terms in an expression. 


Solution 
a. Since 2x and 9x are like terms with the common variable x, we can combine them. 


2x + 9x = 11x Think: (2 + 9)x = 11x. 
b. —8p + (—2p) + 4p = —6p_ Think: [-8 + (-2) + 4]p = —Gp. 
ce. 0.55° — 0.38? = 0.2s° Think: (0.5 — 0.3)s° = 0.28". 


d. Since 4w and 6 are not like terms, they cannot be combined. 4w + 6 doesn’t simplify. 


e. —b + —b = — Think: (4 + 2)b = Sb. 


a Self Check 7 j Simplify, if possible: a. 3x + 5x 


b. —6y + (—6y) + 9y c. 4.4s* — 3.9s* 
d. 4a — 2 e. Po - Fe 


Now Try Problems 67, 71, 79, and 83 


EXAMPLE8 _ Simplify by combining like terms: a. 16¢ — 15¢ 
b. 16¢ —¢ ce. 15¢ — 16¢ d. 16¢ + ¢ 


Strategy As we combine like terms, we must be careful when working with the terms 
such as ¢ and —f. 


Why Coefficients of 1 and —1 are usually not written. 
Solution 

a. l6¢ — 15t=t Think: (16 — 15)t = 1t = t. 

b. 16¢ — ¢ = 15t Think: 16¢ — 1¢ = (16 — 1)t = 15¢. 

c. 15¢ — 16t = —t Think: (15 — 16)t = —1t = -t. 

d. 16¢ + ¢ = 17t Think: 16¢ + 1¢ = (16 + 1)t = 17¢. 


a Self Check 8 j Simplify: a. 9h — h b. 9h +h c. 9h — 8h 
d. 8h — 9h 


Now Try Problems 73 and 77 


EXAMPLE9 Simplify: 6a” + 54a — 4a — 36 


Strategy First, we will identify any like terms in the expression. Then we will use the 
distributive property in reverse to combine them. 


Why To simplify an expression we use properties of real numbers to write an equivalent 
expression in simpler form. 


Success Tip 
Here, the distributive property is 
used both forward (to remove 
parentheses) and in reverse (to 
combine like terms). 


1.9 Simplifying Algebraic Expressions Using Properties of Real Numbers 93 


Solution We can combine the like terms that involve the variable a. 


6a’ + 54a — 4a — 36 = 6a” + 50a — 36 Think: (54 — 4)a = 50a. 


a Self Check 9 i Simplify: 7y’ + 2ly — 2y — 6 
Now Try Problem 93 


EXAMPLE 10 Simplify: 4@ + 5) — 5 — (2x — 4) 


Strategy — First, we will remove the parentheses. Then we will identify any like terms and 
combine them. 


Why To simplify an expression we use properties of real numbers, such as the distribu- 
tive property, to write an equivalent expression in simpler form. 


Solution 


Ay 
4@ + 5)-—5 — Qx — 4) = 4@4+ 5) -— 5 -— 10x — 4) Replace the — symbol in front 
of (2x — 4) with -1. 


= 4x+20-—5-2x+4 Distribute the multiplication 
by 4 and —1. 
=2x+ 19 Think: (4 — 2)x = 2x. 


Think: (20 — 5 + 4) = 19. 


a Self Check 10 j Simplify: 6(3y — 1) + 2 — (—3y + 4) 
Now Try Problem 99 


Bag nsurs TO SELF CHECKS — 1. a. 54s b. 48u cm d. 8y 2. a. 7m+ 14 b. —640x — 240 
@& toes) seh Wp) by Oise i Ch ear A cheb Sepa |) She Okie 
c. —14r—3.59+5.6 5. 5x—18 6. a. —2yand7y b. 5p? and 17p*;—12and2 7. a. 8x 


b. —3y c. 0.5s* d. Does not simplify e. $c 8. a. 8h b. 10h ah d. —h 
9. 7y° + 19-6 10. 2ly—8 


VOCABULARY 3. To perform the multiplication 2(x + 8), we use the 
Fill in the blanks. Piapetly: 
. Sy che (Bs 4. We call —(c + 9) the sofa. sum. 
1. To the expression 5(6x) means to write it in simpler 


form: 5(6x) = 30x. 
2. 5(6x) and 30x are 


expressions because for each 


value of x, they represent the same number. 
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5. Terms such as 7x” and 5x*, which have the same variables 
raised to exactly the same power, are called terms. 


6. When we write 9x + x as 10x, we say we have like 
terms. 


CONCEPTS 
7. a. Fill in the blanks to simplify the expression. 
4(9t) = ( t= t 


b. What property did you use in part a? 


8. a. Fill in the blanks to simplify the expression. 
—6y:2= ‘ “y= y 
b. What property did you use in part a? 


9. Fill in the blanks. 
a. 2(x+4)=2x 8 b. 20x —4) = 2x 8 
c. —2(x+4)=—2x 8 d. —2(-x — 4) = 2x 8 
10. Fill in the blanks to combine like terms. 
a. 4m + 6m = ( jm = m 
b. 30n? — 50n* = ( yw? = ne 
c. 12 + 32d + 15 = 32d + 


d. Like terms can be combined by adding or subtracting the 
of the terms and keeping the same 
with the same exponents. 


11. Simplify each expression, if possible. 


a. 5(2x) b. 5 + 2x 
c. 6(—7x) d. 6 — 7x 
e. 2(3x)(3) f. 2+ 3x +3 
12. Fill in the blanks: Distributing multiplication by —1 changes 
the of each term within the parentheses. 
(x + 10) = (x +10)=-x 10 
NOTATION 


13. Translate to symbols. 
a. Six times the quantity of / minus four. 
b. The opposite of the sum of z and sixteen. 


14. Write an equivalent expression for the given expression using 
fewer symbols. 


a. lx b. —ld c. Om 
d. 5x — (-1) e. 16¢ + (—6) 
GUIDED PRACTICE 


Simplify each expression. See Example 1. 


15. 3-41 16. 9-35 
17. 9(7m) 18. 12n(8) 

19. 5(—79) 20. —7(51) 

21. 5 60 22. 70a - 10 

23. (—5.6x)(—2) 24. (—4.4x)(—3) 


25. 5(4c)(3) 26. 9(2h)(2) 

27. —4(—6)(—4m) 28. —5(—9)(—4n) 
3.3 9 7 

29. 3°58 30. 79k 


31 12( 3x) 32 (4 ) 

s 12” . is” 
33 a(3 ) 34 2(2 ) 
. Ty ° ipa 
4 a 


Multiply. See Examples 2-5. 


35. 5(x + 3) 36. 4(x + 2) 
37. —3(4x + 9) 38. —5(8x + 9) 

2d 8 
39. 45(2 4 2) 40. 35(2 re >) 
41. 0.4(x - 4) 42; 220g — 1) 
43. 6(6c — 7) 44, 9(9d — 3) 
45. —6(13c — 3) 46. —2(10s — 11) 
AT. —15(—2t — 6) 48. —20(—4z — 5) 
49, 14g + 1} 50. =i oy 45) 
51. (3t + 2)8 52. (2g + 1)9 
53. (Gw — 6) 54. (2y — 8) 

3 2 

55. A(7y + 4)2 56. 8(2a — 3)4 
57. 25(2a — 3b + 1) 58. 5(9s — 12t — 3) 
59. —(x — 7) 60. -—y +1) 
él, (3.67 +9) 62, =(—484 = 3) 


List the like terms in each expression, if any. See Example 6. 
63. 3x +2 — 2x 

64. 3y +4— lly +6 

65. —12m* 
66. 6x? + 3x7 + 6x 


=) 2 3 
3m + 2m m 


Simplify by combining like terms. See Examples 7 and 8. 


67. 3x + 7x 68. 12y — 15y 

69. —4x + 4x 70. —l6y + loy 

71. =7B° + 278° 72, 20° + 126° 

73. 13r — 12r 74, 25s + s 

75. 36y + y — 9y 76. 32a—a+t5a 

77. 435° — 445° 78. 87° — 9° 

79. —9.8c + 6.2¢ 80. —5.7m + 4.3m 

81. —0.2r — (—0.6r) 82. —1.1m — (—2.4m) 
3 1 3 5 

83. 3 + 3 84. 16" - 16" 

85. ality = a 86. = - iy 


16 16 18 18 
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Simplify by combining like terms. See Example 9. 


87. 15y — 10 — y — 20y 88. 97 —7 —z— 192 


89. 3x+4-5x+1 90. 46+9-9b+9 
91. 9m* — 6m + 12m — 4 92. 6a + 18a — 9a +: 5 


93. 4x7 + 5x — 8x +9 94. 10° — 8y +y —7 


Simplify. See Example 10. 
95. 2z + 5(z — 3) 96. 12(m + 11) — 11 


97. 2(s* — 7) — (s? — 2) 98. 4(d? — 3) — (d? — 1) 


99. —9(3r — 9) — 7(2r — 7) 100. —6(3¢ — 6) — 3(11t — 3) 


2 3 il 3 1 4 
101. 36{ <x — =) + 36{— 102. 40{ —y — —) + 40( = 
(x :) (5) (Gy i) @ 


TRY IT YOURSELF 
Simplify each expression. 
103. 6 — 4(—3c — 7) 104. 10 — 5(—Sg — 1) 
105. —4r — 7r + 2r -—r 106. —v — 3v + 6v + 2yv 
5 3 1 
107. 24| —— 108. —-— 
( :") 49° 
109.a+ata WOt—t-¢>t 
3 4 7 8 
1. a = W2y 72 =f = 
11 nen +) 7 (2 *) 
113. 5(—1.2x) 114. 5(—6.4c) 
115..<(e +) £2¢=3) 116. —(z + 2) + 5(3 — 2) 


117. a? + 2a” + 4a — 2a? — 4a — 8 
118. 8 — 3c? + 9c + 3c? — 9c + 27 


APPLICATIONS 


In Exercises 119-122, recall that the perimeter of a figure is equal 
to the sum of the lengths of its sides. 


119. THE RED CROSS In 1891, Clara Barton founded the Red 
Cross. Its symbol is a white flag bearing a red cross. If each 
side of the cross has length x, write an expression that 
represents the perimeter of the cross. 


120. BILLIARDS _ Billiard tables vary in size, but all tables are 
twice as long as they are wide. 


a. If the billiard table is x feet wide, write an expression that 
represents its length. 

b. Write an expression that represents the perimeter of the 
table. 


121. PING-PONG Write an expression that represents the 
perimeter of the Ping-Pong table. 


122. SEWING Write an expression that represents the length of 
the yellow trim needed to outline a pennant with the given 
side lengths. 


xcm 


WRITING 


123. Explain why the distributive property applies to 2(3 + x) but 
not to 2(3x). 


124. Tell how to combine like terms. 


REVIEW 
Evaluate each expression for x = —3, y = —5, andz = 0. 
2 
= 2y + 1 
a —— 1652 4 
2y-—1+x x 

CHALLENGE PROBLEMS 

127. Fill in the blanks: ( — )=—75x + 40 


Simplify. 
128. —2[x + 4(2x + 1)] — 5[x + 2Gx + 4)] 
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DEFINITIONS AND CONCEPTS 


Tables, bar graphs, and line graphs are used to 
describe numerical relationships. 


CHAPTER 1 
Summary & Review 


See page 3 for examples of tables and graphs. 


A sum is the result of an addition. A difference is 3+ 15 = 18 16—-—1=15 
the result of a subtraction. A product is the result of sum difference 
a multiplication. A quotient is the result of a 63 
division. YOS = a0 =7 

product quotient 
A variable is a letter (or symbol) that stands for a Variables: x, a, and y 
number. 

oe 


Algebraic expressions contain variables and 
numbers combined with the operations of addition, 
subtraction, multiplication, and division. 


An equation is a statement that two expressions are 
equal. 


Equations that express a relationship between two or 
more variables are called formulas. 


REVIEW EXERCISES 


The line graph shows the number of cars in a parking structure 
from 6 p.m. to 12 midnight on a Saturday. 


1. What units are used to scale the horizontal and vertical axes? 
2. How many cars were in the parking structure at 11 PM.? 


3. At what time did the parking structure have 500 cars in it? 


= 
7) 
S 
S) 
I 
VY 
n 
3 
13) 
GH 
° 
= 
2 
= 
S 
4 


A 
x 
6 
5) 
4 
3 
D, 
i 
0 


Time 


4. When was the structure empty of cars? 


Expressions: 5y + 7, 5° 


and 8a(b—3) 


t 
Equations: 3x—4 = 12 and 9 = 12 


(The formula for the area of a rectangle) 


Express each statement in words, using one of the words sum, 
difference, product, or quotient. 


bo Is—2)= 1 
6.15+3=18 
Tosi — a5) 
8. 15-3 = 45 
9. a. Write the multiplication 4 X 9 with a raised dot and then with 
parentheses. 
b. Write the division 9 + 3 using a fraction bar. 
. Write each multiplication without a multiplication symbol. 
a. 8-b b. P-r-t 
. Classify each item as either an expression or an equation. 
a. 5 = 2x + 3 bax 
. Use the formula n = b + 5 to complete the table. 


Brackets (5) 
5 
10 
20 


Nails (7) 


Fraction: 
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EXAMPLES 


A factor is a number being multiplied. 


A prime number is a natural number that is greater 
than | that has only itself and 1 as factors. A com- 
posite number is a natural number, greater than 1, 
that is not prime. 


Any composite numbers can be factored into the 
product of two or more prime factors. 


8 0 9 = 72 
Factor Factor 


Pinvnese (2, 3h, 5 7, Wil, U3, 17, IO, 23 a off 
Composites: {4, 6, 8,9, 10, 12, 14, 15,. . .} 


Find the prime factorization of 98. 


SS eS = ogg 


In a fraction, the number above the fraction bar is 
the numerator and the number below the faction bar 
is called the denominator. 


Two fractions are equivalent if they represent the 
same number. 


11 «— Numerator 


15 <— Denominator 


To multiply two fractions, multiply their numerators 
and multiply their denominators. 


One number is the reciprocal of another if their 
product is 1. 


To divide two fractions, multiply the first fraction 
by the reciprocal of the second fraction. 


Multiplication property of 1: the product of 1 and 
any number is that number. 


Equivalent fracti ee ee 
ivalent fractions: — = — = — = — = 
quivale: Beth as Ra ae 
Malin 
UEP 54 = a5 
The reciprocal of ¢ is + because = - 3 =aL 
Divid 4 5 BD) 
ivide: — + 

7 8 5 35 

7 7 

leS=5 wal sol== 

and ; 


To build a fraction, multiply it by a form of 1 such 


Write 3 as an equivalent fraction with a denominator of 20. 


age. 2m. 
ees) JS ls 
4 45 2 
To simplify a fraction, remove pairs of factors 1 
common to the numerator and the denominator. A Simplify 2 ee =n 
fraction is in simplest form, or lowest terms, when 3° iB 3 © 


the numerator and denominator have no common 
factors other than 1. 


To find the LCD of two fractions, prime factor each 
denominator and find the product of the prime 
factors, using each factor the greatest number of 
times it appears in any one factorization. 


Find the LCD of ;5 and #. 


To add (or subtract) fractions that have the same 
denominator, add (or subtract) the numerators and 
keep the common denominator. Simplify, if possible. 


To add (or subtract) fractions that have different 
denominators, rewrite each fraction as an equivalent 
fraction with the LCD as the denominator. Then add 
(or subtract) as usual. Simplify, if possible. 


12=2-2:-3 
ene LCD =2-:2-2-:3=24 
Add: 5 + i a z + Li 2 The LCD is 24. Build each fraction. 
12 8 122, 8 3 

= ae de a The denominators are now the same. 
24 24 
31 

= 24 This result does not simplify. 
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DEFINITIONS AND CONCEPTS 


A mixed number represents the sum of a whole 
number and a fraction. In some computations, it is 
necessary to write mixed numbers as fractions. 


REVIEW EXERCISES 


13. a. Write 24 as the product of two factors. 
b. Write 24 as the product of three factors. 
c. List the factors of 24. 


14. What do we call fractions, such as ; and 
same number? 


2 
16” 
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1 1 3 
Mi :6-=6+ l-= 
ixed numbers 6, 6 3 and 4 


EXAMPLES 


Wf 
4 


Perform each operation and simplify, if possible. 


25. 


27. 


that represent the 


29. 


Give the prime factorization of each number, if possible. 


15. 54 
17. 385 


16. 147 


Simplify each fraction. 


Bile 


Bs} 


THE INTERNET A popular website averaged it million hits per 
day during a 30-day period. How many hits did it receive during 


that time? 


. MACHINE SHOPS How much must be milled off the 54-inch- 


Build each number to an equivalent fraction with the indicated 


denominator. 


21. =. denominator 64 


22. 12, denominator 3 


What is the LCD for fractions having the following denominators? 


23. 10 and 18 24. 21 and 70 


DEFINITIONS AND CONCEPTS 


To write a set, we list its elements within braces {  }. 


The natural numbers are the numbers we count with. 


The whole numbers are the natural numbers 
together with 0. 


Two numbers are called opposites if they are the 
same distance from 0 on the number line but are on 
opposite sides of it. 


The integers include the whole numbers and their 
opposites. 


The rational numbers are numbers that can be 
expressed as fractions with an integer numerator and 
a nonzero integer denominator. 


Terminating and repeating decimals can be 
expressed as fractions and are, therefore, rational 
numbers. 


thick steel rod so that the collar will slip over it? 


Steel rod 


EXAMPLES 


In the English alphabet, the set of vowels is {a, e, i, 0, u}. 


Natural numbers: {1, 2, 3, 4,5,6,. . .} 


Whole numbers: {0, 1, 2, 3, 4,5, 6,. . .} 


Opposites: 3 and —3 


WSR IRE tec & 6 Sh 2 Hs Ie Sho ot al! 


Rational numbers: 


6 Ball : 0 a 9 d 87 
é) yi Oke $d 12" ’ an 
Rational numbers: 
1 
—0.25 = ai and 0.6== 


DEFINITIONS AND CONCEPTS 


An irrational number is a nonterminating, 
nonrepeating decimal. An irrational number cannot 
be expressed as a fraction with an integer numerator 
and a nonzero integer denominator. 


A real number is any number that is either a rational 
or an irrational number. Every real number 
corresponds to a point on the number line, and 
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Summary and Review 


EXAMPLES 
Irrational numbers: V5, qr, and — Ua 


3 
Graph the set { =2, =, 75, Uy oh on a number line. 


every point on the number line corresponds to 4 32-1012 3 4 
exactly one real number. 
Inequality symbols: > is greater than AZM ginal =2 > =7 

ee oes 33-297 and —10=—9 


The absolute value of a number is the distance on 
the number line between the number and 0. 


REVIEW EXERCISES 


35. a. Which number is a whole number but not a natural number? 


b. Write the set of integers. 


5] =5, |-7|=7, and —| 


42. Determine which numbers in the given set are natural numbers, 
whole numbers, integers, rational numbers, irrational numbers, and 


36. Represent 206 feet below sea level with a signed number. 


real numbers. {— 3, 99.99, 0, V2, —12, 45, 0.666,. . . , 8} 


37. Use one of the symbols > or < to make each statement true. 


a0 5 by 12 =113) 


Show that each of the following numbers is a rational number by 
expressing it as a ratio (quotient) of two integers. 


a. 0.7 b. 45 


Me Determine whether each statement is true or false. 


43. 
44, 
45. 


All integers are whole numbers. 
a is a rational number. 


Write each fraction as a decimal. Use an overbar if the result is a 
repeating decimal. 


il 46. 


The set of real numbers corresponds to all points on the number 
line. 


A real number is either rational or irrational. 


* 250 
41. Graph each number on a number line: 


{, 0.333... ,3.75, V2, -¥, 4, -2} 


Insert one of the symbols >, <, or = in the blank to make each 
statement true. 


47. |-6|  |5| 48.-9 |-10| 


EXAMPLES 


DEFINITIONS AND CONCEPTS 


To add two real numbers with like signs: 


1. To add two positive numbers, add them as usual. Add: 3+5=8 


The final answer is positive. 


2. To add two negative numbers, add their absolute Male =35 sr (SI) = =I 
values and make the final answer negative. 

To add two real numbers with unlike signs: 

1. Subtract their absolute values (the smaller from Add: —8+6=-2 
the larger). 

2. To that result, attach the sign of the number with the ANGLE 2 ae ((—=S)) = 7/ 


larger absolute value. 
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EXAMPLES 


Properties of Addition 


Commutative property:a + b=b+a 
Changing the order when adding does not affect the 
answer. 


Associative property: (a + b) +c=a+(b+c) 
Changing the grouping when adding does not affect 
the answer. 


Addition property of 0:a + 0 =aand0+a=a 
Addition property of opposites: a + (—a) = 0 and 
(-a)+a=0 


REVIEW EXERCISES 
Add. 


49. —45 + (—37) 


50) 25 + (—13) a. 


Ble 0 (— 7) 
52, —7 +7 
53.. 12 + (—8) + (15) 


57. Determine what property of addition is 
shown. 


-2+5=5+ (-2) 


Sie (9) me Reorden 

@a Da SS=Aar (Har S) Ragen 
6+0=—-6 Ois the additive identity element. 

11 +(-11) =0 =) Nand —11 are additive inverses. 


58. TEMPERATURES Determine Wash- 
ington State’s record high temperature if 
it is 166° greater than the state’s record 
low temperature of —48°F. 


b. (-2+5)+1=-2+(6 +1) 


c. 80 + (—80) = 0 


ey SO) ae (= 252)) 


> 1 
. 4+ (-= 
5G ( 5] 


56. 35 + (—13) + (-17) + 6 


SU 
4 


DEFINITIONS AND CONCEPTS 


The opposite of the opposite of a number is that 
number. For any real number a, —(—a) = a. 


ch S15) se 0 = S075 


EXAMPLES 
~(-13) = 13 


To subtract two real numbers, add the first to the 

opposite (additive inverse) of the number to be 

subtracted. For any real numbers a and b, 
a-—b=a+(-b) 


To check a subtraction, the difference plus the 
subtrahend should equal the minuend. 


REVIEW EXERCISES 


Write the expression in simpler form. 
59. a. The opposite of 10 
b. The additive inverse of —3 


b. —|-4| 
Perform the operations. 


61. 45-64 


1 3 
62. Subtract = from 5 


Subtract: 4—7 = 4 + (—7) = -3 
6—(-8)=6+8=14 
—1=—(-2)=-1+2=1 

TOONS =O = 2 = =), weal dai 3 se D2 = 6, 


> = = (= 12) (2 Bey = (25 1))) 

. 0—10 66. —33 + 7-5 — (2) 

. GEOGRAPHY The tallest peak on Earth is Mount Everest, at 
29,028 feet, and the greatest ocean depth is the Mariana Trench, at 
— 36,205 feet. Find the difference in these elevations. Check the 
result. 

. HISTORY Plato, a famous Greek philosopher, died in 347 B.c. 
(— 347) at the age of 81. When was he born? Check the result. 


Multiplyin 
DEFINITIONS AND CONCEPTS 
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cation : 


sion P 


EXAMPLES 


To multiply two real numbers, multiply their 
absolute values. 


1. If the numbers have like signs, the final answer is | Multiply: —5(-7) =35 and _ 14(3) = 42 
positive. 

2. If the numbers have unlike signs, the final answer | Multiply: 6(—6) = —36 and —11(5) = —55 
is negative. 

Properties of multiplication 

Commutative property: ab = ba —8(12) = 12(—8) | Reorder. 

Changing the order when multiplying does not affect 

the answer. 

Associative property: (ab)c = a(bc) (a) a4 (0-7) seemRegnoup, 


Changing the grouping when multiplying does not 
affect the answer. 


Multiplication property of 0:0-a = Oanda:0 =0 


Multiplication property of 1:1 +a =aanda: 1 


ll 
g 


Multiplicative inverse property: a(+) = | and 
(a) = I 


0-(-7) =0 
lof = 2) 


()- 


1is the multiplicative identity. 


1 arr renee 
4 and q are multiplicative inverses. 


To divide two real numbers, divide their absolute 
values. 


1. If the numbers have like signs, the final answer is 
positive. 


2. If the numbers have unlike signs, the final answer 
is negative. 


For any real number, | = a and * = 1, where a # 0. 


Division of zero by a nonzero number is 0. Division 
by zero is undefined. 


To check the division - =, verify thatc: b = a. 


REVIEW EXERCISES 
Multiply. 
sh =S07/ 


=e) 


72-3) 
Vee, (=2 (= (3) 
Tey ae 

74. 0.002(— 1,000) 


=) 
»  BXS 


76. —6(—3)(0)(— 1) 


77. ELECTRONICS _ The picture on the 
screen can be magnified by switching a 
setting on the monitor. What would be 
the new high and low if every value 
changed by a factor of 1.5? 


Mik: = =o @ 2225 
Tvide: 8 = an = 
=36) 56 
Divide: —— = —4 Gl eS 
Tvide 9 an = 
ays 
==2 —~=1 
5 and 739 


1 
=z=0 but = is undefined. 


To check a = —3, verify that —3(—2) = 6. 


Smog 
emission 
testing 
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78. Determine what property of multiplica- Perform each division, if possible. Boo 6 
tion is shown. 44 “0 
a. (2°3)5 = 23-5) Ey fy ane 
-272 : 
Dae 2) (= 6) =) =5) a 85. Fill in the blanks: * = 0 because 
ai : = , 
& 60 l= =6 81. — 27 86. GEMSTONES A 3-carat yellow sap- 
nee phire stone valued at $3,000 five years 
d. 5(2) = CY, SS eS ago is now worth $1,200. What signed 


DEFINITIONS AND CONCEPTS 


number indicates the average annual 
depreciation of the sapphire? 


EXAMPLES 


An exponent represents repeated multiplication. 


In a”, a is the base and n is the exponent. 


8° = 8-8-8-8-8 The exponent of 5 indicates that 8 is to be used as a 
factor 5 times. 


In 7', the base is 7 and 4 is the exponent. 


Order of Operations 

1. 
working from the innermost to the outermost in 
the following order. 


2. Evaluate all exponential expressions 


. Perform all multiplications and divisions as they 
occur from left to right. 


. Perform all additions and subtractions as they 
occur from left to right. 


In fractions, evaluate the numerator and denominator 


separately. Then simplify the fraction. 


Perform all calculations within grouping symbols, 


Evaluate: 


366-4) -24+4 3(6-64)-247+4 


Evaluate: 4° = 64. 


8+4°3 23 
3(-58) — 24 +4 Subtract within the 
6 parentheses. 
3(—58) — 16 + 4 
= ¢ ) 6 Evaluate: 2* = 16. 
—174- 16+ 4 
Se Multiply. 
6 
—190 + 4 
a ee Subtract. 
6 
Bee rar 
6 : 
= —3ill Divide. 


sum of values 
Mean = —_——____—_ 
number of values 


Find the mean of the test scores of 74, 83, 79, 91, and 73. 


(2 ae 38) se 1) ae Ol se 73} 
5 


Mean = 80 


REVIEW EXERCISES 
87. Write each expression using exponents. Evaluate each expression. 94 —4(4 + 2)-4 
Eb Ot) oe) oh} O63 re) 9) 5 Go 3} * 2|-18 — 4(5)| 
Dee a Tarr 90. -24+2+3 95. a(S) +5 
88. Evaluate each expression. Oh, (6 = BP = 
a _— _ — 
ae b. (-2) 92. 43 + 2(-6 — 2-2) 96. 7 — a = 
3 93. 10 — 5[-3 - 25 —- P)] — 5 UD ] 


Cae d. 50' 
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97. Write each expression in symbols and then evaluate it. 98. WALK-A-THONS | Use the data in the table to find the average 
a. Negative nine squared (mean) donation to a charity walk-a-thon. 


b. The opposite of the square of nine 


Donation $5 | $10 | $20 | $50 | $100 
Number received | 20] 65 | 25 | 5 10 


DEFINITIONS AND CONCEPTS EXAMPLES 


Since a* + 3a — 5 can be written as a~ + 3a + (—S), it has three terms. The 
coefficient of a7 is 1, the coefficient of 3a is 3, and the coefficient of —5 is —5. 


Addition symbols separate algebraic expressions into 
terms. In a term, the numerical factor is called the 
coefficient. 


Key phrases can be translated to algebraic 
expressions. 


5 more than x can be expressed as x + 5. 
25 less than twice y can be expressed as 2y — 25. 


One-half of c can be expressed as iC. 


Number : value = total value The total value (in cents) of 7 nickels is n + 5 = 5n cents. 


2) 


= se tors = Denal jp = =3,, 


Evaluate <= 


To evaluate algebraic expressions, we substitute the 
values of its variables and use the rules for the order . : 5 
of operations rule. ay = (5), 


4 =P {(=8)) 


Substitute 2 for x and —3 for y. 
Gaia 


REVIEW EXERCISES 


99. How many terms does each expression have? 108. Five years after a house was constructed, a patio was added. How 
a. 3x7 + 2x — 5 b. —12xyz old, in years, is the patio if the house is x years old? 


100. Identify the coefficient of each term of the given expression. 109. Complete the table below. The units are cents. 


x 
a. 16x” — 5x + 25 b. a ap jy Coin | Number | Value | Total value 
Nickel 6 5 
Dime d 10 


Write each phrase as an algebraic expression. 
101. 25 more than the height h 


102. 15 less than triple the cutoff score 5 110. Complete the table below. 
103. 6 less than one-half of the time 


104. The absolute value of the difference of 2 and the square x 
ofa 0 
105. HARDWARE Let » represent 
the length of the nail. Write an 
algebraic expression that =e 
represents the length of the bolt 
(in inches). Evaluate each algebraic expression for the given values of the 
. HARDWARE Let b represent the length of the bolt. Write an variables, 
algebraic expression that represents the length of the nail 11. 6? — 4ac ford = —10,a = 3, ande = 5 
(in inches). arp 


. How many years are in d decades? Me —x-Zz Eel BO a eben te 


104 


np 


DEFINITIONS AND CONCEPTS 


CHAPTER 1 An Introduction to Algebra 


We often use the commutative property of 
multiplication to reorder factors and the associative 
property of multiplication to regroup factors when 
simplifying expressions. 


The distributive property can be used to remove 
parentheses: 


GO) <> @) = Gn ar we a(bi— ce) —1ab ae 


ab+c4 


d) = ab + ac + ad 


Simplify: —5(3y) = (—5 + 3)y 


5 5 5 
4 4 45 -— |b = —25b 
51(5) 5(50) ( } | 


IY, CEU) 0) by ClO) ei OP ie ai A ed > tae 


—0.2(4m — 5n — 7) = —0.2(4m) — (—0.2)(5n) — (—0.2)(7) 
~0.8m +n +14 


Like terms are terms with exactly the same variables 
raised to exactly the same powers. 


3x and —5x are like terms. 
—43 and 3/7 are unlike terms because the variable ¢ has different exponents. 


0.5xyz and 3.7xy are unlike terms because they have different variables. 


Simplifying the sum or difference of like terms is 
called combining like terms. Like terms can be 
combined by adding or subtracting the coefficients of 
the terms and keeping the same variables with the 
same exponents. 


REVIEW EXERCISES 

Simplify each expression. 

113. —4(7w) 114. 3(—2x)(—4) 
q 2 


WI Ses 


115. 0.4(5.2f) a5 


Use the distribution property to remove parentheses. 
117. 5(x + 3) 118. =x + 25) 


3 
119, (4c — 8) 


Simplify each expression by combining like terms. 
121. 8p + Sp — 4p 


74k, SPD ar TP a 


125. 55.7k* — 55.6k? 


120. —2(—3¢ = 7)(2.1) 


124, 5(p — 2) — 2p + 4) 


Simplify: 4a + 2a = 6a Think: (4 + 2)a = Ga. 
Think: (5 — 1)p* = 4p? and 


(1— 9)p = —8p. 


Sp’ + p — p’ — 9p = 4p — 8p 


A ee 


6 — 3) 


4a°> — 2a - 1 


ite oe I 
128. 36(—h — —) + 36( — 
8 36( >) 36( +) 


. 8a° + 4a? + 2a — 


. GEOMETRY Write an algebraic expression in simplified form 
that represents the perimeter of the triangle. 


(x+7) ft 


(2x — 3) ft 


U2, Sih ae 2 i — 


. Write an equivalent expression for the given expression using 
fewer symbols. 


b. —1x 
d. 4x + (—1) 


a. lx 
( dhe = (= 11) 
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CHAPTER 1 
Test 


1. Fill in the blanks. 10. Write 2 as a decimal. 


a. Two fractions, such as ; and > 


io> that represent the same 11. Graph each member of the set on a number line. 


number are called fractions. ; x 
{-14, v2, -3.75, 2, 0.5, -3} 


b. The result of a multiplication is called a 


Oo 1 


Bo. 7 = 
c. 7 is the of 3 because aon = 


d. 9x? and 7x? are because they have the same 12. Determine whether each statement is true or false. 
variable raised to exactly the same power. 


a. Every integer is a rational number. 
e. For any nonzero real number a, - is b. Every rational number is an integer. 
2. SECURITY GUARDS 

The graph shows the cost d. 0 is a whole number. 


to hire a security guard. 56 13. Describe the set of real numbers. 


c. 7 is an irrational number. 


a. What willit costtohire @ 48 
a security guard for Z “ 14. Insert the proper symbol, > or <, in the blank. 
3 hours? < oA Ae ee be =|-9] § 
b. If a school was billed 16 = ae i 
$40 for hiring a security 8 le i) : ‘ | & se ; 
0 15. TELEVISION During “sweeps week,” networks try to gain 
guard for a dance, for 0 | 6 8 


viewers by showing flashy programs. Use the data to determine 
the average daily gain (or loss) of ratings points by a network 
for the 7-day “sweeps period.” 


how long did the guard 
work? 


Hours worked 


3. Use the formula f = = to complete the table. 


Day Moo WY ae oF Sal SU 
Sees aa 119) Lue Se wiola() Point loss/gain 0.6 —03 1.7 1.5 —0.2 11 —02 
15 
100 
Perform the operations. 
350 a 
16. (-6) + 8 + (-4) 7. -~ + 
A 3 
4. Give the prime factorization of 180. Te, a = = (—) 
42 Seas 
Bsannly ene b. Show a check of the result. 
105 16 8 = 26 
19. a. 
1 2 2) i 
7. Add: = a Sy SUbitaCt: = l= : 
10 14 5 3 b. Show a check of the result. 
9. SHOPPING Find the cost of the fruit on the scale. 20. (—2)(—3)(—5) 21. —6.1(0.4) 
3 
225 a 235 (-2) 
=3 5 
24. 3 + (—3) 7, O= 2 


7A, 210) a> = 1) — (40) 


27. ASTRONOMY Magnitude is a term used in astronomy to 
describe the brightness of planets and stars. Negative magni- 
tudes are associated with brighter objects. By how many mag- 
nitudes do a full moon and the sun differ? 


Object | Magnitude 
Sun NS) 
Full moon = )55) 
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28. What property of real numbers is illustrated? 36. Translate to an algebraic expression: seven less than twice the 
a. (-12 + 97) + 3 12 + (97 + 3) width w. 
37. a. MUSIC A band recorded x songs for a CD. However, two 
b. 2(x + 7) = 2x + 14 of the songs were not included in the album because of poor 
sound quality. Write an expression that represents the 
c. —2(m)5 = —2(5)m number of songs on the CD. 
b. MONEY Find the value of q quarters in cents. 
dl. 48) =4 38. How many terms are in the expression 4x7 + 5x — 7? What is 
the coefficient of the second term? 
a O15 = 15 Simply each expression. 
39. 5(—4x) 40. —8(—72)(4) 


29. Write each product using exponents: 


Gs - i” eh Sines 3 
a. 9(9)(9)(9\(9) ey ee a1. <(15a + 5) — 16a Aged 8d id 


Evaluate each expression. 


43. 9x? + 2(7x — 3) — (x? — 1) 


_ 5 

30. 8+ 2:-3¢ : ela) 44, Write an expression that represents the perimeter of the 
—2(6 — 4) rectangle. 

32. —10° 33. 9 — 3[45 — 5°(1° — 4)] 


34. Evaluate 3 — y) — 5(x + y) forx = 2 andy = —5. 
35. Complete the table. 


5x feet 


——— (4x + 3) feet 
Eee le ee 


GROUP PROJECT 


WRITING FRACTIONS Overview: This is a good activity to try at the beginning of the course. You can become 
AS DECIMALS acquainted with other students in your class while you review the process for finding decimal 
equivalents of fractions. 
Instructions: Form groups of 6 students. Select one person from your group to record the 
group's responses on the questionnaire. Express the results in fraction form and in decimal 
form. 


What fraction (decimal) of 
the students in your group... Fraction Decimal 


have the letter a in their first names? 

have a birthday in January or February? 

work full-time or part-time? 

have ever been on television? 

live more than 10 miles from the campus? 

say that summer is their favorite season of the year? 


CHAPTER 2 


Equations, Inequalities, 
and Problem Solving 


Z. 


— 


Solving Equations Using Properties 
of Equality 

2.2 More about Solving Equations 
2.3 Applications of Percent 

2.4 Formulas 

2.5 Problem Solving 

2.6 More about Problem Solving 
2.7 Solving Inequalities 

CHAPTER SUMMARY AND REVIEW 
CHAPTER TEST 

Group Project 


© Jeremy Hardie/Getty Images 


4 
Auton... & ¥ 
Mm, . 
from Campus to Careers eat Se 
. . 6a e 
Automotive Service Technician So ATioyy. Technician 
tra; "Bly p, 
Anyone whose car has ever broken down appreciates the talents of automotive on oe nd, 
service technicians. To work on today’s high-tech cars and trucks, a person needs 16 = Nity cop ational Crm a) 
strong diagnostic and problem-solving skills. Courses in automotive repair, elec- . 7 Our 66 leg Schoo; 
tronics, physics, chemistry, English, computers, and mathematics provide a ie 5 
good educational background for a career as a service technician. bos eee leq ictan 
Tat; OR Say. 
Service technicians must be knowledgeable about the repair and maintenance ANNy, On increas. hicleg ! Stow 
of automobiles and the fuels that power them. In Problem 75 of Study Set 3379 a8 FAR yy ~ i 
2.4, you will see how the octane ratings of three familiar grades of gasoline, For , 20 to eis 
unleaded, unleaded plus, and premium, are calculated using a formula. re MORE 1 00 
W, 
OS Bou/o05 PMATIOy 
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Study Skills Workshop 
Preparing to Learn 


any students feel that there are two types of people—those who are good at math and those 
who are not—and that this cannot be changed. This isn’t true! Here are some suggestions 
that can increase your chances for success in algebra. 


DISCOVER YOUR LEARNING STYLE: Are you a visual, verbal, or audio learner? Knowing this will 
help you determine how best to study. 


GET THE MOST OUT OF THE TEXTBOOK: = This book and the software that comes with it contain 
many student support features. Are you taking advantage of them? 


TAKE GOOD NOTES: Are your class notes complete so that they are helpful when doing your 
homework and studying for tests? 


Now Try This 


1. To determine what type of learner you are, take the Learning Style Survey found online 
at http://www.metamath.com/multiple/multiple_choice_questions.html. Then, write 
a one-page paper explaining what you learned from the survey results and how you 
will use the information to help you succeed in the class. 


2. To learn more about the student support features of this book, take the Textbook Tour 
found online at http://www.thomsonedu.com/math/tussy. 


3. Rewrite a set of your class notes to make them more readable and to clarify the con- 
cepts and examples covered. If they are not already, write them in outline form. Fill in 
any information you didn’t have time to copy down in class and complete any 
phrases or sentence fragments. 


oO 
Objectives -- 
4) 


5] 


oO 


Determine whether a number is a solution. 
Use the addition property of equality. 

Use the subtraction property of equality. 
Use the multiplication property of equality. 


Use the division property of equality. 


In this section, we introduce four fundamental properties of equality that are used to solve 
equations. 


Determine Whether a Number is a Solution. 


An equation is a statement indicating that two expressions are equal. An example is 
x + 5 = 15. The equal symbol = separates the equation into two parts: The expression x + 5 


The Language of Algebra 
It is important to know the differ- 
ence between an equation and an 
expression. An equation contains 
an = symbol and an expression 
does not. 


The Language of Algebra 


Read = as “is possibly equal to.” 
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is the left side and 15 is the right side. The letter x is the variable (or the unknown). The 
sides of an equation can be reversed, so we can write x + 5 = 1S5or 15 =x+5 


e An equation can be true: 6 + 3 = 9 
e An equation can be false: 2 + 4 = 7 


e An equation can be neither true nor false. For example, x + 5 = 15 is neither true nor 
false because we don’t know what number x represents. 


An equation that contains a variable is made true or false by substituting a number for the 
variable. If we substitute 10 for x in x + 5 = 15, the resulting equation is true: 10 + 5 = 15. 
If we substitute 1 for x, the resulting equation is false: | + 5 = 15. A number that makes an 
equation true when substituted for the variable is called a solution and it is said to satisfy the 
equation. Therefore, 10 is a solution of x + 5 = 15, and | is not. The solution set of an equa- 
tion is the set of all numbers that make the equation true. 


EXAMPLE 1 Is 9 a solution of 3y — 1 = 2y + 7? 


| 
| 
Strategy We will substitute 9 for each y in the equation and evaluate the expression on 


the left side and the expression on the right side separately. 


Why Ifa true statement results, 9 is a solution of the equation. If we obtain a false state- 
ment, 9 is not a solution. 


Solution 
Evaluate the 3y —1=2y+7 Evaluate the 
expression 39) - 1 ae 2(9) +7 expression 
the left 2 
rates 27-1218+7 
side. 
26 = 25 


Since 26 = 25 is false, 9 is not a solution of 3y — 1 = 2y + 7. 


HT Self Check 1 j Is 25 a solution of 10 — x = 35 — 2x? 
Now Try Problem 19 


Use the Addition Property of Equality. 


To solve an equation means to find all values of the 
variable that make the equation true. We can develop an 
understanding of how to solve equations by referring to 
the scales shown on the right. 

The first scale represents the equation x — 2 = 3. 
The scale is in balance because the weights on the left 
side and right side are equal. To find x, we must add 2 to 
the left side. To keep the scale in balance, we must also 
add 2 to the right side. After doing this, we see that x 
grams is balanced by 5 grams. Therefore, x must be 5. 
We say that we have solved the equation x — 2 = 3 and 
that the solution is 5. 
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Equivalent 
Equations 


Addition Property 
of Equality 


The Language of Algebra 
We solve equations by writing a 
series of steps that result in an 
equivalent equation of the form 


x = anumber 
or 
a number = x 


We say the variable is isolated on 
one side of the equation. Isolated 
means alone or by itself. 


In this example, we solved x — 2 = 3 by transforming it to a simpler equivalent equa- 
tion, x = 5. 


Equations with the same solutions are called equivalent equations. 


The procedure that we used suggests the following property of equality. 


Adding the same number to both sides of an equation does not change its solution. 
For any real numbers a, b, and c, 


ifa=b,then a+c=b+ec 


When we use this property, the resulting equation is equivalent to the original one. We 
will now show how it is used to solve x — 2 = 3 algebraically. 


EXAMPLE 2 Solve: x - 2 =3 


Strategy We will use a property of equality to isolate the variable on one side of the 
equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form x = a number, whose solution is obvious. 


Solution We will use the addition property of equality to isolate x on the left side of the 
equation. We can undo the subtraction of 2 by adding 2 to both sides. 
x-2=3 This is the equation to solve. 
x—-—2+2=3+2 = Add 2to both sides. 
x+0=5 The sum of a number and its opposite is zero: —2 + 2 = O. 
x=5 When O is added to a number, the result is the same number. 
Since 5 is obviously the solution of the equivalent equation x = 5, the solution of the origi- 


nal equation, x — 2 = 3, is also 5. To check this result, we substitute 5 for x in the original 
equation and simplify. 


x-2=3 
5—2 243 Substitute 5 forx. 
3=3 True 


Since the statement is true, 5 is the solution. A more formal way to present this result is to 
write the solution within braces as a solution set: {5}. 


a Self Check 2 F | Solve: n — 16 = 33 


Now Try Problem 37 


Notation 
We may solve an equation so that 
the variable is isolated on either 
side of the equation. Note that 
—12 = yis equivalent to 
y= -12. 


Caution 
After checking a result, be careful 
when stating your conclusion. 
Here, it would be incorrect to say: 


The solution is —3. 


The number we were checking was 
24, not —3. 


Subtraction 
Property of 
Equality 
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EXAMPLE3 ~~ Solve: a. -19=y-7 b, -27+y=~3 


Strategy We will use a property of equality to isolate the variable on one side of the 
equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form y = a number or a number = y, whose solution is obvious. 
Solution 
a. To isolate y on the right side, we use the addition property of equality. We can undo the 
subtraction of 7 by adding 7 to both sides. 
-19=y-7 This is the equation to solve. 
-19+7=y—-—7+7 = Add7to both sides. 


-l2=y The sum of a number and its opposite is zero: —7 + 7 = O. 
Check: -19=y-7 This is the original equation. 

—19 = -12 —7 Substitute -12 for y- 

—19 = -19 True 


Since the statement is true, the solution is — 12. The solution set is {— 12}. 


b. To isolate y, we use the addition property of equality. We can eliminate —27 on the left 
side by adding its opposite (additive inverse) to both sides. 


-27+y=-3 The equation to solve. 
—27 + y+ 27 = -—3 +27 Add 27 to both sides. 
y = 24 The sum of a number and its opposite is zero: —27 + 27 = 0. 
Check: = —27+y=-—3  Thisis the original equation. 
—27+ 244-3  Subetitute 24 for y. 
—3 =-3 True 


The solution is 24. The solution set is {24}. 


a Self Check 3 j Solve: a. —5 = b — 38 


Now Try Problems 39 and 43 


b. —20 + n = 29 


Use the Subtraction Property of Equality. 


Since any subtraction can be written as an addition by adding the opposite of the number to be 
subtracted, the following property is an extension of the addition property of equality. 


Subtracting the same number from both sides of an equation does not change its solution. 
For any real numbers a, b, and c, 


ifa=b,then a-—c=b-c 


When we use this property, the resulting equation is equivalent to the original one. 
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EXAMPLE 4 j Solve: a. x + ; = b. 54.9 + x = 45.2 


Strategy We will use a property of equality to isolate the variable on one side of the 
equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form x = a number, whose solution is obvious. 


Solution 


a. To isolate x, we use the subtraction property of equality. We can undo the addition of ; 
by subtracting : from both sides. 


1 7 
The Lang uage of Algebra x+-=7— This is the equation to solve. 
We could also isolate x by adding 8 4 
the additive inverse of 5, which is 1 1 7 1 
1 : _ 1 F 
—z, to both sides: a ae Subtract = from both sides. 
g, to both sides 8 8 4 8 B 
1 1 7 1 
xt+e+(-3)=7+(-3 7 1 
8 ( s) : ( s) om ar On the left side, 5 — 5 = 0. 
TL @ 1 7 
CS ea Build 3 so that it has a denominator of 8. 
4 2 8 
14 1 
x= 7 = 8 Multiply the numerators and multiply the denominators. 
ee 13 Subtract the numerators. Write the result over the common 
8 denominator 8. 


Verify that 2 is the solution by substituting it for x in the original equation and simplifying. 


b. To isolate x, we use the subtraction property of equality. We can undo the addition of 54.9 
by subtracting 54.9 from both sides. 


54.9 + x = 45.2 This is the equation to solve. 
54.9 + x — 54.9 = 45.2 — 54.9 Subtract 54.9 from both sides. 
x= —-9.7 On the left side, 54.9 — 54.9 = 0. 
Check: 54.9 + x = 45.2 This is the original equation. 


Iho Il 


54.9 + (—9.7) = 45.2 Substitute —9.7 for x. 
45.2 = 45.2 True 


The solution is —9.7. The solution set is {—9.7}. 


a Self Check 4 j Solve: aax+h=7 b. 0.7 +.a=0.2 
Now Try Problems 49 and 51 


4.) Use the Multiplication Property of Equality. 


The first scale shown below represents the equation ; = 25. The scale is in balance because 


the weights on the left side and right side are equal. To find x, we must triple (multiply by 3) 


Multiplication 
Property of 
Equality 
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the weight on the left side. To keep the scale in 
balance, we must also triple the weight on the 
right side. After doing this, we see that x is bal- 
anced by 75. Therefore, x must be 75. 

The procedure that we used suggests the fol- 
lowing property of equality. 


Multiplying both sides of an equation by the same nonzero number does not change its 
solution. 
For any real numbers a, b, and c, where c is not 0, 


ifa = b,then ca =cb 


When we use this property, the resulting equation is equivalent to the original one. We 
will now show how it is used to solve A = 25 algebraically. 


EXAMPLES Solve: > = 25 
Strategy We will use a property of equality to isolate the variable on one side of the 
equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form x = a number, whose solution is obvious. 


Solution To isolate x, we use the multiplication property of equality. We can undo the 
division by 3 by multiplying both sides by 3. 


x 
3 = 25 This is the equation to solve. 
x 
3? 3 =3-25 Multiply both sides by 3. 

3x 

oi = 75 Do the multiplications. 

lx = 75 Simplify ~ by removing the common factor of 3 in the numerator and 

denominator: 3 = 1; 

x = 75 The coefficient 1 need not be written since 1x = x. 
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Notation 
Variable terms with fractional 
coefficients can be written in two 
ways. For example: 


2 2x Sees 
3x= 3 and 4a A 


If we substitute 75 for x in : = 25, we obtain the true statement 25 = 25. This verifies that 
75 is the solution. The solution set is {75}. 


a Self Check 5 i Solve: £ =3 


Now Try Problem 53 


Since the product of a number and its reciprocal (or multiplicative inverse) is 1, we can 
solve equations such as ox = 6, where the coefficient of the variable term is a fraction, as 
follows. 


EXAMPLE6 — Solve: a. x= 6 b. 2x53 


Strategy We will use a property of equality to isolate the variable on one side of the 
equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form x = a number, whose solution is obvious. 


Solution 
a. Since the coefficient of x is z, we can isolate x by multiplying both sides of the equation 
by the reciprocal of q, which is 3. 


2 
a = 6 This is the equation to solve. 
3 2 3 6 To undo the multiplication by Z multiply both sides by the reciprocal 
—.-y=-.- 4 
2 3 2 of 5. 
3 2 3 be a8 
my 3 x = my 6 Use the associative property of multiplication to group g and 5. 
lx =9 On the left, 5-2 = 1. Onthe right, 3-6 = 9 = 9. 
x=9 The coefficient 1 need not be written since 1x = x. 


2 
Check: an = 6 This is the original equation. 
2 


2 Es 
3) = 


_ a 18 
= 6 On the left side, 5(9) = 5 


6 Substitute 9 for x in the original equation. 


6. 


Since the statement is true, 9 is the solution. The solution set is {9}. 


b. To isolate x, we multiply both sides by the reciprocal of 2, which is —* 


5: 
5 
a =3 This is the equation to solve. 
4 5 _ 4 To undo the multiplication by 8, multiply both sides by the 
5 4 ~ 5 reciprocal of 2, 
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12 
lx = as On the left side, -#(-2) =, 
12 
x= 5 The coefficient 1 need not be written since 1x = x. 


The solution is -2. Verify that this is correct by checking. 


a Self Check 6 i Solve: a. 4x = 21 b. -25 = 2 
Now Try Problems 61 and 67 


5) Use the Division Property of Equality. 


Division Property 
of Equality 


The Language of Algebra 
Since division by 2 is the same as 
multiplication by x we can also 
solve 2t = 80 using the 
multiplication property of equality. 
We could also isolate t by 
multiplying both sides by the 
multiplicative inverse of 2, which 


IS 2: 


Since any division can be rewritten as a multiplication by multiplying by the reciprocal, the 
following property is a natural extension of the multiplication property. 


Dividing both sides of an equation by the same nonzero number does not change its solution. 
For any real numbers a, b, and c, where c is not 0, 


Pe ae 
G @ 


When we use this property, the resulting equation is equivalent to the original one. 


EXAMPLE 7 Solve: a. 2¢=80 b. —6.02 = —8.6t 


4 


Strategy We will use a property of equality to isolate the variable on one side of the 
equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form ¢ = a number or a number = ¢, whose solution is obvious. 


Solution 
a. To isolate ¢ on the left side, we use the division property of equality. We can undo the 
multiplication by 2 by dividing both sides of the equation by 2. 


2t = 80 This is the equation to solve. 


2t 80 
2 = > Use the division property of equality: Divide both sides by 2. 
lt = 40 — Simplify & by removing the common factor of 2 in the numerator and 


denominator: é =1. 
t= 40 The product of 1 and any number is that number: It = t. 


If we substitute 40 for ¢t in 2t = 80, we obtain the true statement 80 = 80. This verifies 
that 40 is the solution. The solution set is {40}. 
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Success Tip 
It is usually easier to multiply on 
each side if the coefficient of the 
variable term is a fraction, and 
divide on each side if the coeff- 
cient is an integer or decimal. 


b. To isolate ¢ on the right side, we use the division property of equality. We can undo the 
multiplication by —8.6 by dividing both sides by —8.6. 


—6.02 = —8.6t This is the equation to solve. 

—6.02 —8.6f 

=r -_ 8.6 Use the division property of equality: Divide both sides by —8.6. 
0.7 =¢ Do the division: 8.6)6.02. The quotient of two negative numbers is 


positive. 


The solution is 0.7. Verify that this is correct by checking. 


a Self Check 7 d Solve: a. 16x = 176 


Now Try Problems 69 and 79 


b. 10.04 = —0.4r 


EXAMPLE 8 | Solve: —x = 3 


Strategy The variable x is not isolated, because there is a — sign in front of it. Since the 
term —x has an understood coefficient of —1, the equation can be written as — 1x = 3. 
We need to select a property of equality and use it to isolate the variable on one side of 
the equation. 


Why To find the solution of the original equation, we want to find a simpler equivalent 
equation of the form x = a number, whose solution is obvious. 


Solution To isolate x, we can either multiply or divide both sides by —1. 


Multiply both sides by —1: Divide both sides by —1: 


—x =3 The equation to solve —x =3 The equation to solve 
-lx =3 Write: —x = —1x -lx =3 Write: —x = —1x 
(-—1)(- 1x) = (-1)3 —lx 
Ix = -3 1 - -1 
x= -3 1K=x lx = —3  Onthe left side, =| = 1. 
x==3 h=~x 
Check: —x =3 © This is the original equation. 
—(-3) 23 © Substitute —3 for x. 
3 =3  Onthe left side, the opposite of —3 is 3. 


Since the statement is true, —3 is the solution. The solution set is {—3}. 


a SelfCheck8 | Solve: —h = ~12 


Now Try Problem 81 


ee | 1. Yes 2.49 3.4.33 b 49 4a72 b-05 5.72 6.4.6 


b. -% 2a 11 b. —25.1 8 12 
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VOCABULARY 
Fill in the blanks. 
1. An , such as x + 1 = 7, is a statement indicating 


that two expressions are equal. 

2. Any number that makes an equation true when substituted for 
the variable is said to the equation. Such numbers are 
called 

3. To an equation means to find all values of the variable 
that make the equation true. 


the variable on one side of 


4. To solve an equation, we 
the equal symbol. 

5. Equations with the same solutions are called 
equations. 

6. To the solution of an equation, we substitute the value 
for the variable in the original equation and determine whether 
the result is a true statement. 


CONCEPTS 
7. Given x + 6 = 12, 
a. What is the left side of the equation? 
b. Is this equation true or false? 
c. Is 5 the solution? 
d. Does 6 satisfy the equation? 
8. For each equation, determine what operation is performed on 


the variable. Then explain how to undo that operation to isolate 
the variable. 
a. x — 8 = 24 
b. x + 8 = 24 
x =_ 
Cc 8 = 24 
d. 8x = 24 
9. Complete the following properties of equality. 


a. Ifa = b, then 


atc=bt and a-c=b— 


(i= then and Oo ee 
G 


10. a. To solve i = 20, do we multiply both sides of the equation 
by 10 or 20? 
b. To solve 44 = 16, do we subtract 4 from both sides of the 
equation or divide both sides by 4? 
11. Simplify each expression. 
aox+7-—7 b y-—2+4+2 
5t h 


— a, 6e— 
mS 6 


12. a. To solve -ty = 8, we can multiply both sides by the 


reciprocal of -3, What is the reciprocal of 4? 


b. What is —3(—2)? 


NOTATION 

Complete each solution to solve the equation. 
13. x—-—3=45 Check: x—- 3 = 45 

x—-5+—B=45+ —5 45 

x= =45 True 
is the solution. 

14. 8x = 40 Check: 8x = 40 

8x _ 40 8) = 40 

- =40 True 
= 


is the solution. 


15. a. What does the symbol = mean? 
b. If you solve an equation and obtain 50 = x, can you write 


x = 50? 
16. Fill in the blank: —x = x 
GUIDED PRACTICE 


Check to determine whether the given number is a solution of the 
equation. See Example 1. 


17. 6, x + 12 = 28 18. 110, x — 50 = 60 
19. -8, 26+3=-15 20. —2, 5t-—4 = -16 
21. 5, 0.5x = 2.9 22. 3.5, L2+x =4.7 
x x 
23. —6, 33 — = = 30 24. —8, — + 98 = 100 
2 4 
25. —2, |c — 8| = 10 26. —45, |30 —r| = 15 
27. 12, 3x —-2 =4x —5 28. 5, Sy +8 =3y—2 
29. -3,x° -x -6=0 30. -2, 7° + 5y -3 =0 
2 12 2t 4 
31. 1, +5 = 32. 4, —_ -—_ = ] 
atl at+l t=2 £2 
3 15 7 5 
33. =x --=- 34. -, 4=a+2 
4 8 8 3 3 
35. —3, (x — 4)(x + 3) =0 36. 5, (2x + 1x — 5) =0 
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Use a property of equality to solve each equation. Then check the 
result. See Examples 2-4. 


37. a—5 = 66 38. x — 34 = 19 
39.9 =p-—9 40. 3 = 7 — 88 
41. x — 16 = —-2.5 42. y—1.2 = —-1.3 
43. -3+a= 44. -l1+m=0 
LF he 1 
47.x+7= 10 48. y+ 15 = 24 
rae eee See oe 
5 25 6 3 
51.3.5 4+ f= 1.2 52.94 +h=8.1 


Use a property of equality to solve each equation. Then check the 
result. See Examples 5-8. 


x y 
33.5 = 3 54. — = 12 
15 7 
v d 
53. 0 = — _ 7 = 
11 m 49 : 
| 58. <= -11 
ec) eae 
y Bd 
59. =-44 60. —— = -2.9 
0.6 0.8 
61 Ey = 16 62 Sie 22 
= * 4s 
63 : 10 64 2d 81 
.>c= id= 
3 i 
4 
65. r= 21 66. ——s = 36 
2 S 
5 2 
67. —~h=—5 .-it=- 
4 68 8 3 
69. 4x = 16 70. 5y = 45 
71. 63 = 9c 72. 40 = 5t 
73. 23b = 23 74. 16 = 16A 
75. —8h = 48 76. —9a = 72 
77. —100 = —53g 78. —80 = —S5w 
79. —3.4y = -1.7 80. —2.1x = —1.26 
81. —x = 18 82. —y = 50 
4 ll 
3. —n = — Lee 
8 n a1 84. —w 16 
TRY IT YOURSELF 
Solve each equation. Then check the result. 
85. 89 = —-4.1 +1 86. 7.7 = -3.2+4+5 
87. —2.5 = —m 88. —1.8 = —b 
9 
89. —-x =3 90. me =7 
8 3 
3 1 5 1 
1.-=d+— ,t=rts 
4 10 eg te 
93. —15x = —60 94. —14x = —84 
95. —10=n—-—5 96. -8 =t-2 


Sr 98, ~- = 12 
—40 ia a 

99. 2-93 = 100. 18 =x —3 

APPLICATIONS 


101. SYNTHESIZERS To find 
the unknown angle mea- 
sure, which is represented 
by x, solve the equation 
x + 115 = 180. 


YAMAHA 


102. STOP SIGNS _ To find the 
measure of one angle of the stop 
sign, which is represented by x, 
solve the equation 8x = 1,080. 


103. SHARING THE WINNING TICKET When a 2006 Florida 
Lotto Jackpot was won by a group of 16 nurses employed at a 
Southwest Florida Medical Center, each received $375,000. 
To find the amount of the jackpot, which is represented by x, 
solve the equation 7¢ = 375,000. 

104. TENNIS Billie Jean King won 40 Grand Slam tennis titles in 
her career. This is 14 less than the all-time leader, Martina 
Navratilova. To find the number of titles won by Navratilova, 
which is represented by x, solve the equation 40 = x — 14. 


WRITING 
105. What does it mean to solve an equation? 


106. When solving an equation, we isolate the variable on one side 
of the equation. Write a sentence in which the word isolate is 
used in a different context. 


107. Explain the error in the following work. 


Solve: x+2=40 
x+2—-2=40 
x = 40 


108. After solving an equation, how do we check the result? 


REVIEW 

109. Evaluate —9 — 3x forx = —3. 

110. Evaluate: —5? + (—5)° 

111. Translate to symbols: Subtract x from 45 
2 + 3(5 — 3) 


112. Evaluate: 
valuate is 4-2 


CHALLENGE PROBLEMS 
113. Ifa + 80 = 50, what is a — 80? 
114. Find two solutions of |x + 1| = 100. 
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Objectives 


Linear Equation 
in One Variable 


The Language of Algebra 
We subtract 5 from both sides to 
isolate the variable term, —12x. 
Then we divide both sides by — 12 
to isolate the variable, x. 


@ Use more than one property of equality to solve equations. 


® Simplify expressions to solve equations. 
© Clear equations of fractions and decimals. 
@ Identify identities and contradictions. 


We have solved simple equations by using properties of equality. We will now expand our 
equation-solving skills by considering more complicated equations. We want to develop a 
general strategy that can be used to solve any kind of linear equation in one variable. 


A linear equation in one variable can be written in the form 
ax +b=c 


where a, b and c are real numbers and a # 0. 


Use More Than One Property of Equality to Solve Equations. 


Sometimes we must use several properties of equality to solve an equation. For example, on 
the left side of 2x + 6 = 10, the variable x is multiplied by 2, and then 6 is added to that 
product. To isolate x, we use the order of operations rules in reverse. First, we undo the addi- 
tion of 6, and then we undo the multiplication by 2. 


2x + 6 = 10 This is the equation to solve. 
2x +6—-—6= 10-6 _ Toundo the addition of 6, subtract 6 from both sides. 
2x =4 Do the subtractions. 
2x 4 
2 = 2 To undo the multiplication by 2, divide both sides by 2. 
x= Do the divisions. 


The solution is 2. 


-EXAMPLE1 Solve: -12x +5 = 17 


Strategy — First we will use a property of equality to isolate the variable term on one side of 
the equation. Then we will use a second property of equality to isolate the variable itself. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form x = a number, whose solution is obvious. 


Solution On the left side of the equation, x is multiplied by — 12, and then 5 is added to 
that product. To isolate x, we undo the operations in the opposite order. 


e To isolate the variable term, — 12x, we subtract 5 from both sides to undo the addition 
of 5. 


e To isolate the variable, x, we divide both sides by —12 to undo the multiplication 
by = 12. 


120 


—-12x+5=17 
—12x+5-5=17-5 
—12x = 12 
-12x 12 
=i =—12 
x=-l 
= Check: -12x+5=17 
Caution . : 
When checking solutions, always =12(=1) 4.5 17 
use the original equation. (i252 17 
17=17 
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This is the equation to solve. 


Use the subtraction property of equality: Subtract 5 from both 
sides to isolate the variable term —12x. 


Do the subtractions: 5 — 5 = Oand17 — 5 = 12. 


Use the division property of equality: Divide both sides by —12 to 
isolate x. 


Do the divisions. 


This is the original equation. 
Substitute —1 for x. 
Do the multiplication on the left side. 


True 


The solution is —1. The solution set is {—1}. 


a Self Check 1 j Solve: 8x — 13 = 43 


Now Try Problem 15 


EXAMPLE 2 © 


5 
Solve: 3 —-2=-12 


Strategy We will use properties of equality to isolate the variable on one side of the 


equation. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form m = a number, whose solution is obvious. 


Solution We note that the coefficient of m is 2 and proceed as follows. 


e To isolate the variable term 2m, we add 2 to both sides to undo the subtraction of 2. 


e To isolate the variable, m, we multiply both sides by 8 to undo the multiplication by 2. 


5 
—m—2=—12 
8 
—m—-2+2=-12+2 
5 
—m = —10 
8 


This is the equation to solve. 

Use the addition property of equality: Add 2 to both sides to 
isolate the variable term 2m. 

Do the additions: —2 + 2 = Oand —12 + 2 = —10. 


Use the multiplication property of equality: Multiply both sides 
by g (which is the reciprocal of 2) to isolate m. 


On the left side: 2(2) = 1and1m = m. On the right side: 


1 
2(-10) = — 2-3-8 = -16. 
1 


The solution is — 16. Verify this by substituting — 16 into the original equation. The solution 


set is {—16}. 
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a Self Check 2 | Solve: ipa —6=-27 


Now Try Problem 21 


EXAMPLE3 Solve: —0.2 = —0.8 — y 

Strategy — First, we will use a property of equality to isolate the variable term on one side 
of the equation. Then we will use a second property of equality to isolate the variable 
itself. 


Why To solve the original equation, we want to find a simpler equivalent equation of the 
form a number = y, whose solution is obvious. 


Solution To isolate the variable term —y on the right side, we eliminate —0.8 by adding 
0.8 to both sides. 


—0.2 = -0.8-—y This is the equation to solve. 
—0.2 + 0.8 = —0.8 — y+ 0.8 Add 0.8 to both sides to isolate —y. 
0.6 = —-y Do the additions. 


Since the term —y has an understood coefficient of —1, the equation can be written as 
0.6 = —ly. To isolate y, we can either multiply both sides or divide both sides by —1. If we 
choose to divide both sides by —1, we proceed as follows. 


0.6 = —-ly 

0.6 —Ily ; 

“1 = ar To undo the multiplication by —1, divide both sides by —1. 
-—0.6=y 


The solution is —0.6. Verify this by substituting —0.6 into the original equation. 


a Self Check 3 F| Solve: —6.6 — m = —2.7 


Now Try Problem 35 


Simplify Expressions to Solve Equations. 


When solving equations, we should simplify the expressions that make up the left and right 
sides before applying any properties of equality. Often, that involves removing parentheses 
and/or combining like terms. 


EXAMPLE4 Solve: a. 3(k+1)-Sk=0  b. 8a - 2a —7) = 68 


Strategy We will use the distributive property along with the process of combining like 
terms to simplify the left side of each equation. 


Why It’s best to simplify each side of an equation before using a property of equality. 
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Caution 
To check a result, we evaluate each 
side of the equation following the 
order of operations rules. On the 
left side, perform the addition 
within parentheses first. Don’t 
distribute the multiplication by 3. 


(3 +1) 
t 


Add first 


Solution 
a. 3(k + 1) —- 5k =0 This is the equation to solve. 
3k+3-5k=0 Distribute the multiplication by 3. 
—2k+3=0 Combine like terms: 3k — 5k = —2k. 


—2k+3—3=0-—3  Toundo the addition of 3, subtract 3 from both sides. This isolates 
the variable term —2k. 


—2k = —3 Do the subtractions: 3 — 3 = OandO — 3 = —3. 
—2k _ 23, To undo the multiplication by —2, divide both sides by —2. This 
—2 —2 isolates the variable k. 
3 
= . " -3 3 
k= > Simplify: =z = 5- 
Check: 3(k + 1) — 5k =0 This is the original equation. 


=Q Substitute 3 for k. 


es) 
a 
N | Ge 
+ 
= 
Su 
| 
n 
ae 
| Ge 
SY 
Ie 


Do the addition within the parentheses. Think of 1 as i 


w 
aa 
Nl[n 
ee 

| 

n 
a 
N|]wW Nw 
ee 

Ike 

oOo 


and then add: A + = = ot 
ee 20 Dothe multiplications. 
2 2 
0=0_ True 
The solution is 3 and the solution set is {3}. 
b. 8a — 2(a — 7) = 68 This is the equation to solve. 
8a — 2a + 14 = 68 Distribute the multiplication by —2. 
6a + 14 = 68 Combine like terms: 8a — 2a = Ga. 


6a + 14 — 14 = 68 — 14 Toundo the addition of 14, subtract 14 from both sides. This 
isolates the variable term Ga. 


Do the subtractions. 


To undo the multiplication by 6, divide both sides by 6. This 
isolates the variable a. 


s al 


e ale x 


Do the divisions. 


PT Self Check 4 | Solve: a. 4(a+2)-a=11  b. 9x-S5(x-9)=1 
Now Try Problems 45 and 47 


When solving an equation, if variables appear on both sides, we can use the addition (or 
subtraction) property of equality to get all variable terms on one side and all constant terms on 
the other. 


EXAMPLE 5 j Solve: 3x — 15 = 4x + 36 


Strategy There are variable terms (3x and 4x) on both sides of the equation. We will 
eliminate 3x from the left side of the equation by subtracting 3x from both sides. 


Success Tip 
We could have eliminated 4x from 
the right side by subtracting 4x 
from both sides: 


3x — 15 — 4x = 4x + 36 — 4x 
ae = 15) = 316 


However, it is usually easier to 
isolate the variable term on the 
side that will result in a positive 
coefficient. 


Caution 
Before multiplying both sides of 
an equation by the LCD, enclose 
the left and right sides with 
parentheses or brackets. 
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Why To solve for x, all the terms containing x must be on the same side of the equation. 


Solution 
3x — 15 = 4x + 36 


3x — 15 — 3x = 4x + 36 — 3x 


This is the equation to solve. 


Subtract 3x from both sides to isolate the variable term 
on the right side. 


—-15 =x + 36 Combine like terms: 3x — 3x = O and 4x — 3x = x. 
—15 — 36 =x + 36 — 36 ~— To undo the addition of 36, subtract 36 from both sides. 
—-Sl=x Do the subtractions. 
Check: 3x — 15 = 4x + 36 The original equation. 
3(—51) — 15 = 4(—51) + 36 Substitute —51 for x. 
—153 — 15 = —204 + 36 Do the multiplications. 
—168 = —168 True 


The solution is —51 and the solution set is {—51}. 


a Self Check 5 i Solve: 30 + 6n = 4n — 2 
Now Try Problem 57 


Clear Equations of Fractions and Decimals. 


Equations are usually easier to solve if they don’t involve fractions. We can use the multipli- 
cation property of equality to clear an equation of fractions by multiplying both sides of the 
equation by the least common denominator. 


EXAMPLE6 © Solve: x +3 = 5 


2 3 
Strategy To clear the equations of fractions, we will multiply both sides by their LCD. 
Why It’s easier to solve an equation that involves only integers. 


Solution 


This is the equation to solve. 


Check the solution by substituting — 13 for x in a + 2 = 3 


x + 15 
x+15-15= 
x 


| 
N 

| 
—_ 
mn 


= -13 


Multiply both sides by the LCD of 1, ©, and 1, which is 6. Don’t 
P 6’°2 3 


forget the parentheses. 
On the left side, distribute the multiplication by 6. 


Do each multiplication: 6(2) = 1, 6(8) = = = 15, and 
Be 

6(5) e352 

To undo the addition of 15, subtract 15 from both sides. 


1 
3° 
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Success Tip 
Recall that multiplying a decimal 
by 10 moves the decimal point 1 
place to the right, multiplying it by 
100 moves it 2 places to the right, 
and so on. 


Success Tip 
When we write the decimals in 
the equation as fractions, it 
becomes more apparent why it is 
helpful to multiply both sides by 
the LCD, 100. 


(eyes oe) 
100 100" 100 * * 


a Self Check 6 ij Solve: ix + 5 = -3 


Now Try Problem 63 


If an equation contains decimals, it is often convenient to multiply both sides by a power 
of 10 to change the decimals in the equation to integers. 


EXAMPLE 7 j Solve: 0.04(12) + 0.01x = 0.02(12 + x) 


Strategy To clear the equations of decimals, we will multiply both sides by a carefully 
chosen power of 10. 


Why 


Solution The equation contains the decimals 0.04, 0.01, and 0.02. Since the greatest 
number of decimal places in any one of these numbers is two, we multiply both sides of 
the equation by 10° or 100. This changes 0.04 to 4, and 0.01 to 1, and 0.02 to 2. 


0.04(12) + 0.01x = 0.02(12 + x) 


It’s easier to solve an equation that involves only integers. 


Ys i © 
100[0.04(12) + 0.01x] = 100[0.02(12 + x)] Multiply both sides by 100. Don’t 


forget the brackets. 


100 - 0.04(12) + 100 + 0.01x = 100+ 0.02012 + x) Distribute the multiplication by 


100. 


4(12) + lx = 2(12 + x) Multiply each decimal by 100 by 


moving its decimal point 2 places 
to the right. 


48 + x = 24 + 2x 
48 +x -—24-—x=24+2x-24-—x 
24 =x 
x = 24 


Distribute the multiplication by 2. 
Subtract 24 and x from both sides. 


Simplify each side. 


The solution is 24. Check by substituting 24 for x in the original equation. 


a Self Check 7 i Solve: 0.08x + 0.07(15,000 — x) = 1,110 
Now Try Problem 71 


The previous examples suggest the following strategy for solving equations. It is impor- 
tant to note that not every step is needed to solve every equation. 


Strategy for 
Solving Linear 
Equations in One 
Variable 


Success Tip 
We remove the common factor 5 
in this way: 


Caution 
Remember that when you multiply 
one side of an equation by a 
nonzero number, you must 
multiply the other side of the 
equation by the same number. 
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1. Clear the equation of fractions or decimals: Multiply both sides by the LCD to clear 
fractions or multiply both sides by a power of 10 to clear decimals. 

2. Simplify each side of the equation: Use the distributive property to remove parenthe- 
ses, and then combine like terms on each side. 

3. Isolate the variable term on one side: Add (or subtract) to get the variable term on one 
side of the equation and a number on the other using the addition (or subtraction) prop- 
erty of equality. 

4. Isolate the variable: Multiply (or divide) to isolate the variable using the multiplication 
(or division) property of equality. 

5. Check the result: Substitute the possible solution for the variable in the original equa- 
tion to see if a true statement results. 


EXAMPLE 8 Solve: “" "> = 4m +1 


Strategy We will follow the steps of the equation solving strategy to solve the equation. 


Why This is the most efficient way to solve a linear equation in one variable. 


Solution 
7m + 5 
ae = —-4m+1 This is the equation to solve. 
Step 1 5 Tm + 5 = 5A + 1 Clear the equation of the fraction by 
a 5 = 5(—4m ) multiplying both sides by 5. 
Step 2 7m +5 = —20m + 5 On the left side, remove the common factor 


5 in the numerator and denominator. On the 
right side, distribute the multiplication by 5. 


Step3 7m+5 + 20m 


—20m + 5 + 20m To eliminate the term —20m on the right 
side, add 20m to both sides. 


27m + 5 


II 
n 


Combine like terms: 7m + 20m = 27m and 
—20m + 20m = O. 


27m+5—-5=5-5 To isolate the term 27m, undo the addition of 
5 by subtracting 5 from both sides. 


27m = 0) Do the subtractions. 
Step 27m _ Oo To isolate m, undo the multiplication by 27 by 
“Pp 7 O07 dividing both sides by 27. 
m=0 O divided by any nonzero number is O. 
Step 5 Substitute 0 for m in a = —4m + | to check that the solution is 0. 


a Self Check 8 i Solve: 6c + 2 = at g 


Now Try Problem 79 


Identify Identities and Contradictions. 


Each of the equations in Examples | through 8 had exactly one solution. However, some equa- 
tions have no solutions while others have infinitely many solutions. 
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Success Tip 
Note that at the step 
8x + 24 = 24 + 8x we know 
that the equation is an identity. 


The Language of Algebra 
Contradiction is a form of the word 
contradict, meaning conflicting 
ideas. During a trial, evidence 
might be introduced that contra- 
dicts the testimony of a witness. 


An equation that is true for all values of its variable is called an identity. One example is 


x +x =2x If we substitute —10 for x, we get the true statement —20 = —20. If we 
substitute 7 for x, we get 14 = 14, and so on. 


Since we can replace x with any number and the equation will be true, all real numbers are 
solutions of x + x = 2x. This equation has infinitely many solutions. Its solution set is written 
as {all real numbers}. 

An equation that is not true for any values of its variable is called a contradiction. One 
example is 


x=x+1  Nonumber is 1 greater than itself. 


Since x = x + | has no solutions, its solution set is the empty set, or null set, and is written 


as ©. 


EXAMPLE 9 | Solve: 3(x + 8) + 5x = 2(12 + 4x) 


Strategy We will follow the steps of the equation solving strategy to solve the equation. 


Why This is the most efficient way to solve a linear equation in one variable. 


Solution 
3(x + 8) + 5x = 2(12 + 4x) This is the equation to solve. 
3x + 24 + 5x = 24 + 8x Distribute the multiplication by 3 and by 2. 
8x + 24 = 24 + 8x Combine like terms: 3x + 5x = 8x. Note that the sides 


of the equation are identical. 


8x — 8x + 24 = 24 + 8x — 8X To eliminate the term &x on the right side, subtract 8x 
from both sides. 


24 = 24 Combine like terms on both sides: 8x — 8x = O. 


In this case, the terms involving x drop out and the result is true. This means that any number 
substituted for x in the original equation will give a true statement. Therefore, all real 
numbers are solutions and this equation is an identity. 


eT Self Check 9 | Solve: 3(x + 5) — 4x + 4) = -x- 1 
Now Try Problem 87 


EXAMPLE 10 solve: 3(d + 7) — d = 2(d + 10) 


Strategy We will follow the steps of the equation solving strategy to solve the equation. 


Why This is the most efficient way to solve a linear equation in one variable. 


Solution 
3(d + 7) — d = 2(d + 10) This is the equation to solve. 
3d + 21 —d=2d + 20 Distribute the multiplication by 3 and by 2. 
2d + 21 = 2d + 20 Combine like terms: 3d — d = 2d. 


2d + 21 — 2d = 2d + 20 — 2d = To eliminate the term 2d on the right side, subtract 2d 
from both sides. 


21 = 20 Combine like terms on both sides: 2d — 2d = O. 


In this case, the terms involving d drop out and the result is false. This means that any 
number that is substituted for d in the original equation will give a false statement. Since this 
equation has no solution, it is a contradiction. 


a Self Check 10 Solve: —4(c — 3) + 2c = 2(10 — c) 
Now Try Problem 89 
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ee | Le Phas SRS Sa Si eh ACT 


8. 0 9. All real numbers; the equation is an identity 10. No solution; the equation is a contradiction 


VOCABULARY 
Fill in the blanks. 
1. 3x + 8 = 10 is an example ofa linear_____——_—siin one 
variable. 
2. To solve 5 + i = 5, we can the equation of the 


fractions by multiplying both sides by 12. 
3. An equation that is true for all values of its variable is called an 


4. An equation that is not true for any values of its variable is 


called a 
CONCEPTS 
Fill in the blanks. 
5. To solve 3x — 5 = 1, we first undo the of 5 by 
adding 5 to both sides. Then we undo the by 3 
by dividing both sides by 3. 
6. To solve 5 + 3 = 5, we can undo the of 3 by 


subtracting 3 from both sides. Then we can undo the 
by 2 by multiplying both sides by 2. 
7. a. Combine like terms on the left side of 6x — 8 — 8x = —24. 


b. Distribute and then combine like terms on the right side of 
20 = 4(3x — 4) — 9x. 
8. Is —2 a solution of the equation? 


a. 6x +5=7 b. 8(x + 3) =8 
9. Multiply. 
a. 20(3x) b. 100 + 0.02x 


10. By what must you multiply both sides of 5 = 5b = -3 to clear 
it of fractions? 


11. By what must you multiply both sides of 

0.7x + 0.3(@ — 1) = 0.5x to clear it of decimals? 
12. a. Simplify: 3x + 5 — x 

b. Solve: 3x + 5 =9 

c. Evaluate 3x + 5 — x forx =9 

d. Check: Is —1 a solution of 3x + 5 —x = 9? 


NOTATION 
Complete the solution. 
13. Solve: 2x-7=21 
27 = 21 
2x = 28 
2x _ 28 
x= 14 
Check: 2x -7=21 
2 — 721 
—7421 
= 21 


is the solution. 
14. A student multiplied both sides of 34 + 3 = st by 8 to clear it 
of fractions, as shown below. Explain his error in showing this 
step. 
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GUIDED PRACTICE Solve each equation and check the result. See Example 7. 
Solve each equation and check the result. See Examples 1 and 2. 71. 0.06(s + 9) — 1.24 = —0.08s 
17. 5g —-2 =23 18. 4p +3 = 43 73. 0.09(t + 50) + 0.15¢ = 52.5 
19. -33 =5t+2 20. —55 =3w+5 74. 0.08(x — 100) = 44.5 — 0.07x 

> 2 75. 0.06(a + 200) + 0.la = 172 
21. —k-—5 = 10 22. =c — 12 =2 

6 5 76. 0.03x + 0.05(6,000 — x) = 280 
23. ——-h + 28 = 21 24 h4Os = 15 ie i A Meee 

16 8 78. 0.105x + 0.06(20,000 — x) = 1,740 

£ x 
25. 3 +2=6 26. 5 5 = —12 Solve each equation and check the result. See Example 8. 

a a as oe — 4 = 
27. 3p +7 = -3 28. -2r +8 =-1 jo ppc ig 
29, -5 — 2d =0 30, 8 — 3c = : ? 

- Ir + 
31. 2(-3) + 4y = 14 32. 4(-1) + 3y = 8 81. _— z =f 82. a = =3 
33. 0.7 — 4y = 1.7 34. 0.3 — 2x = —0.9 
S5(1 — x) _ 3(14 — u) | 6 
Solve each equation and check the result. See Example 3. 83. . Fe. ! 84. 8 3u 4 
35. 12—x=—-17 36. 06 =4.1—x gs, 34 = 8) _ 2 +1) gg, 3 = 2) _ 2@e +3) 
37. -6 -y=-2 38. -—l1-h=-—9 . 4 3 . 2 5 
Solve each equation and check the result. See Example 4. Solve each equation, if possible. See Examples 9-10. 
39. 3(2y — 2) —~y =5 40. 2(-3a + 2) ta =2 87. & + 3(2 —x) = 5x + 6 
Al. 4(5b) + 2(6b — 1) = —34 88. S5(x + 2) = 5x —2 
42. 9x + 11) + 5(13 — x) =0 89. —3(s + 2) = -2(9 + 4) — 8 
43. —(4 — m) = —10 44. —(6 — 1) = —12 90. 21(b — 1) + 3 = 3(7b — 6) 
45. 10.08 = 4(0.5x + 2.5) 46. —3.28 = 8(1.5y — 0.5) 91. 232 +4) = 232-2) +13 
25°F 
47. 6a — 3(3a — 4) = 30 48. l6y — 8(3y — 2) = —24 92. x+7= neo 4 
49. —(19 — 3s) — (8s + 1) =35 50. 2(3x) — 5(3x + 1) = 58 Bee ES) 
94. S(x + 3) — 3x = 2(x + 8) 

Solve each equation and check the result. See Example 5. TRY IT YOURSELF 
51. Sx = 4x +7 52. 3x = 2x +2 Solve each equation, if possible. Check the result. 
53. 8y + 44 = 4y 54. 9y + 36 = 6y 95. 3x —-8 —4x —7x = -2-8 
57. 8y —-2=4y + 16 58. 7+ 3w =4 + 9w 


97. 0.05a + 0.01(90) = 0.02(a + 90) 


59. 2-3-5) =4a-1 
‘ ; 98. 0.03x + 0.05(2,000 — x) = 99.5 


60. 2 — (4x +7) =3 + 2(x + 2) 
61. 3(4 +2) = 24-7) 99, 3 +2) _ 4b - 10 100, 264-7 _ Xa = 1) 
62. 1T- 1) =6(T+2)-T 2 - 4 3 
101. 4(a — 3) = -2(a — 6) + 6a 

102. 9(¢ + 2) = —6(t — 3) + 15¢ 


Solve each equation and check the result. See Example 6. 


1 1 1 1 4 2 
Oey 3 4 ae a 103. 10 —2y =8 104. 7 — 7x = -21 
1 13 5 1 11 
15 2 2_ 2 3 105 ee ee 106. —n + 3 
65.5 = ort 5 oS, 05. 2n a” af 3 6" n 37 9 
2 7 
Bs cis os 107. -z + 4=8 108. —2x + 9 = -5 
-stay=-l .ox tax = -2 - 732 _ Ee 
67 6 4” 68. 3" 4 3 5 
) l 2 l 109. —2(9 — 3s) — (5s + 2) = —25 
69. -y+2=—+y 70. =x +1==4+%x 
3 ' 5 3 110. 4(x — 5) — 3(12 —x) =7 
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WRITING REVIEW 
111. To solve 3x — 4 = 5x + 1, one student began by subtracting Name the property that is used. 
3x from both sides. Another student solved the same equation 115. x-9 = 9x 
by first subtracting 5x from both sides. Will the students get 1 
the same solution? Explain why or why not. 116. 4-4 = 1 
112. What does it mean to clear an equation such as i + $x = 2 of 7. +1) +2=x+(1 +2) 
the fractions? 118. 2(30y) = (2 - 30)y 
113. Explain the error in the following solution. CHALLENGE PROBLEMS 
Solve: 2x + 4 = 30. 119. In this section, we discussed equations that have no solution, 
Xx 30 one solution, and an infinite number of solutions. Do you 
=" 4= > think an equation could have exactly two solutions? If so, give 
an example. 
TAD 120. The equation 4x — 3y = 5 contains two different variables. 
x ge 4 —Wy— 4 Solve the equation by determining a value of x and a value for 
eH y that make the equation true. 


114. Write an equation that is an identity. Explain why every real 
number is a solution. 


@ Change percents to decimals and decimals to percents. 


ee @® Solve percent problems by direct translation. 
Objectives Solve applied percent problems. 

pp p 
© Find percent of increase and decrease. 


© Solve discount and commission problems. 


In this section, we will use translation skills from Chapter 1 and equation-solving skills from 
Chapter 2 to solve problems involving percents. 


@ Change Percents to Decimals and Decimals to Percents. 


The word percent means parts per one hundred. We can think of the 
percent symbol % as representing a denominator of 100. Thus, 


93% = a Since the fraction aa is equal to the decimal 0.93, it is 
also true that 93% = 0.93. 

When solving percent problems, we must often convert percents 
to decimals and decimals to percents. To change a percent to a 
decimal, we divide by 100 by moving the decimal point 2 places to 93 
the left and dropping the % symbol. For example, 93% of Jy oF 0.93 of 


the figure is shaded. 
31% = 31.0% = 0.31 
AN 


To change a decimal to a percent, we multiply the decimal by 100 by moving the decimal 
point 2 places to the right, and inserting a % symbol. For example, 


0.678 = 67.8% 
ws 
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2) Solve Percent Problems by Direct Translation. 


The Language of Algebra 
Translate the word 

* is to an equal symbol = 

* of to multiplication 

¢ what to a variable 


There are three basic types of percent problems. Examples of these are: 


Type 1 What number is 8% of 215? 
Type 2 102 is 21.3% of what number? 
Type 3 31 is what percent of 500? 


Every percent problem has three parts: the amount, the percent, and the base. For 
example, in the question What number is 8% of 215?, the words “what number” represent the 
amount, 8% represents the percent, and 215 represents the base. In these problems, the word 


66s 99 


is” means “is equal to,” and the word “of” means “multiplication.” 


What number is 8% of iby? 
| { | | | 


Amount Percent - base 


EXAMPLE 1 j What number is 8% of 215? 


Strategy We will translate the words of this problem into an equation and then solve the 
equation. 


Why The variable in the translation equation represents the unknown number that we are 
asked to find. 


Solution In this problem, the phrase “what number” represents the amount, 8% is the 
percent, and 215 is the base. 


What number is 8% of Pilbz 


{ { | { | 
x = 0.08 : 215 Change the percent to a decimal: 8% = 0.08. 
x = 17.2 Do the multiplication. 


Thus, 8% of 215 is 17.2. 


To check, we note that 17.2 out of 215 is ye = 0.08 = 8%. 


a Self Check 1 | What number is 5.6% of 40? 
Now Try Problem 13 


We will illustrate the other two types of percent problems with application problems. 


Solve Applied Percent Problems. 


One method for solving applied percent problems is to use the given facts to write a percent 
sentence of the form 


is % of ? 


We enter the appropriate numbers in two of the blanks and the words “what” or “what 
number” in the remaining blank. As before, we translate the words into an equation and solve it. 


Caution 
Don’t forget to change percents to 
decimal form (or fraction form) 
before performing any calculations. 
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EXAMPLE 2 j Aging Populations. By the year 2075, the U.S. Bureau of the 
: ~~ Census predicts that about 102 million residents will be age 65 or 
older. The circle graph (or pie chart) indicates that age group will make up 21.3% of 
the population. If this prediction is correct, _ projection of the 2075 U.S. Population by Age 
find the population of the United States in 


2075. (Round to the nearest million.) 
Strategy To find the predicted U.S. popula- 
tion in 2075, we will translate the words of 


the problem into an equation and then solve 
the equation. 
65 & over 
Why The variable in the translation equation 21.3% 
represents the unknown population in 2075 
that we are asked to find. Source: U.S. Bureau of the Census (2000). 


Solution In this problem, 102 is the amount, 21.3% is the percent, and the words “what 
number” represent the base. The units are in millions. 


102. is 21.3% of | what number? 


t | { { { 
102. = 0.213 . x 
oe = ee To undo the multiplication by 0.213, divide both sides by 0.213. 
0.213 0.213 
478.9 ~ x Do the divisions. 
479 =x Round 478.9 to the nearest million. 


The U.S. population is predicted to be about 479 million in the year 2075. We can check 
using estimation: 102 million out of a population of 479 million is approximately von ; 


or i, which is 20%. Since this is close to 21.3%, the answer 479 seems reasonable. 


a Self Check 2 | By the year 2100, it is predicted that 131 million, or 23%, of 
the U.S. residents will be age 65 or older. If the prediction is 
correct, find the population in 2100. 


Now Try Problem 17 


We pay many types of taxes in our daily lives, such as sales tax, gasoline tax, income tax, 
and Social Security tax. Tax rates are usually expressed as percents. 


EXAMPLE 3 ] Taxes. A maid makes $500 a week. One of the deductions from 
: her weekly paycheck is a Social Security tax of $31. Find her 
Social Security tax rate. 


Strategy To find the tax rate, we will translate the words of the problem into an equation 
and then solve the equation. 


Why The variable in the translation equation represents the unknown tax rate that we are 
asked to find. 
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Solution 
31 is whatpercent of 500? 
{ | | | { 
31 = x . 500  31is the amount, x is the percent, and 500 is 
the base. 
I a Te do th Itipl by 500, divide both sides by 500. 
=. o undo the multiplication , divide both sides : 
500 500 3 
Success Tip 0.062 = x Do the divisions. 
One way to check an answer is 6.2% =x Change the decimal 0.062 to a percent. 
using estimation. If your estimate . : . 
and your answer are close, you The Social Security tax rate is 6.2% 
can be reasonably sure that your We can use estimation to check: $31 out of $500 is about an or if which is 6%. Since 


answer is correct. _ 
this is close to 6.2%, the answer seems reasonable. 


a Self Check 3 | The maid mentioned in Example 3 also has $7.25 of Medicare 
tax deducted from her weekly paycheck. Find her Medicare 
tax rate. 


Now Try Problem 21 


4.) Find Percent of Increase and Decrease. 


Percents are often used to describe how a quantity has changed. For example, a health care 
provider might increase the cost of medical insurance by 3%, or a police department might 
decrease the number of officers assigned to street patrols by 10%. To describe such changes, 
we use percent of increase or percent of decrease. 


EXAMPLE 4 | Identity Theft. The Federal Trade Commission receives com- 

"plaints involving the theft of someone’s identity information, such 

as a credit card, Social Security number, or cell phone account. Refer to the data in the 

table. What was the percent of increase in the number of complaints from 2001 to 2005? 
(Round to the nearest percent.) 


@ IDENTITY THEFT 
ata earinghouse 
mm 


Year 2001 2005 


Number of | 86,000 | 256,000 
Complaints 


Strategy First, we will subtract to find the amount of increase in the number of com- 
plaints. Then we will translate the words of the problem into an equation and solve it. 


Why A percent of increase problem involves finding the percent of change, and the 
change in a quantity is found using subtraction. 


Caution 
The percent of increase (or 
decrease) is a percent of the 
original number, that is, the 
number before the change 
occurred. 
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Solution To find the amount of increase, we subtract the earlier value, 86,000, from the 
later value, 256,000. 


256,000 — 86,000 = 170,000 
We know that an increase of 170,000 is some unknown percent of the number of complaints 
in 2001, which was 86,000. 
170,000 is  whatpercent of 86,000? 
| { | { | 
170,000 = % : 86,000 170,000 is the amount, x is the 
percent, and 86,000 is the base. 
170,000  86,000x 
86,000 86,000 
1.977 ~ x Do the divisions. 
197.7% ~x Change 1.977 to a percent. 


To undo the multiplication by 86,000, divide both sides by 86,000. 


Rounding 197.7% to the nearest percent, we find that the number of identity theft complaints 
increased by about 198% from 2001 to 2005. 

A 200% increase would be double the number of complaints: 2(86,000) = 172,000. It 
seems reasonable that 170,000 complaints is a 198% increase. 


a Self Check 4 ] In 2004, there were 247,000 complaints of identity theft. Find 
the percent increase from 2004 to 2005. (Round to the nearest 
percent.) 


Now Try Problem 43 


Solve Discount and Commission Problems. 


When the price of an item is reduced, we call the amount of the reduction a discount. If a dis- 
count is expressed as a percent, it is called the rate of discount. 


EXAMPLE 5 _ Health Club Discounts. A 30% discount on a 1-year member- 
ship for a fitness center amounted to a $90 savings. Find the cost of 
a 1-year membership before the discount. 


Strategy We will translate the words of the problem into an equation and then solve the 
equation. 


Why The variable in the translation equation represents the unknown cost of a 1-year 
membership before the discount that we are asked to find. 


Solution We are told that $90 is 30% of some unknown membership cost. 


90 is 30% of | what number? 
| { | | { 
90 = 0.30 . X 90 is the amount, 30% is the percent, and x is the base. 
Bis = O20 To undo the multiplication by 0.30, divide both sides by 0.30. 
0.30 0.30 
300 = x Do the divisions. 


A one-year membership cost $300 before the discount. 
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a Self Check 5 j A shopper saved $6 on a pen that was discounted 5%. Find the 
original cost. 


Now Try Problem 51 


Instead of working for a salary or at an hourly rate, many salespeople are paid on com- 
mission. An employee who is paid a commission is paid a percent of the goods or services that 
he or she sells. We call that percent the rate of commission. 


EXAMPLE 6 i Commissions. A real estate agent earned $14,025 for selling a 
house. If she received a 53% commission, what was the selling 
price? 

Strategy We will translate the words of the problem into an equation and then solve the 
equation. 


Why The variable in the translation equation represents the unknown selling price of the 
house that we are asked to find. 


Solution We are told that $14,025 is 55% of some unknown selling price of a house. 


$14,025 is 5.5% of whatnumber? Write 55% ao 5.5%. 
{ | | | 


0.055: x 14,025 is the amount, 5.5% is the 
percent, and x is the base. 


Y 
$14,025 


14,025  0.055x 
0.055 0.055 
255,000 = x Do the divisions. 


To undo the multiplication by 0.055, divide both sides by 0.055. 
The selling price of the house was $255,000. 


Ly Self Check 6 i A jewelry store clerk receives a 4.5% commission on all sales. 
What was the price of a gold necklace sold by the clerk if his 
commission was $15.75? 


Now Try Problem 53 


| 1. 2.24 2. 570 million 3. 1.45% 4. 4% 5. $120 6. $350 
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VOCABULARY 
Fill in the blanks. 
1s means parts per one hundred. 


2. In the statement “10 is 50% of 20,” 10 is the 
the percent, and 20 is the : 


_ «50% is 


3. In percent questions, the word ofmeans____—— and 
____ means equals. 

4. An employee who is paid a 
the goods or services that he or she sells. 


is paid a percent of 


CONCEPTS 


5. Represent the amount of the figure 


that is shaded using a fraction, a 


decimal, and a percent. 


6. Fill in the blank: To solve a percent problem, we translate the 
words of the problem into an and solve it. 


High School Sports Programs 
Girl’s Water Polo—Number of Participants 
2001 2005 
14,792 17,241 


Source: National Federation of State High School Associations 


a. Find the amount of increase in participation. 


b. Fill in blanks to find the percent of increase in participation: 


is % of fe 


8. Fill in the blanks using the words percent, amount, and base. 


9. Translate each sentence into an equation. Do not solve. 
a. 12 is 40% of what number? 
b. 99 is what percent of 200? 
c. What is 66% of 3? 
10. Use estimation to determine if each statement is reasonable. 
a. 18 is 48% of 93. 
b. 47 is 6% of 206. 


NOTATION 

11. Change each percent to a decimal. 
a. 35% b. 8.5% 
c. 150% d. 23% 


12. Change each decimal to a percent. 
a. 0.9 b. 9 
c. 0.999 


GUIDED PRACTICE 
See Examples 1-3. 


13. What number is 48% of 650? 
14. What number is 60% of 200? 
15. 78 is what percent of 300? 

16. 143 is what percent of 325? 

17. 75 is 25% of what number? 

18. 78 is 6% of what number? 

19. What number is 92.4% of 50? 
20. What number is 2.8% of 220? 
21. 0.42 is what percent of 16.8? 
22. 199.92 is what percent of 2,352? 
23. 128.1 is 8.75% of what number? 
24. 1.12 is 140% of what number? 


APPLICATIONS 


25. ANTISEPTICS Use 
the facts on the label to 
determine the amount of 
pure hydrogen peroxide 
in the bottle. 


26. DINING OUT Refer to the 
sales receipt. Compute the 
15% tip (rounded up to the 
nearest dollar). Then find the 
total cost of the meal. 


Corner Pub 
Nashville, TN 


VISA 078392762 
Amount: $75.18 
+ Tip: 
= Total: 
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27. US. FEDERAL BUDGET The circle graph shows how the 
government spent $2,500 billion in 2005. How much was SS 
spent on My Computer 


Education, space, housing, S a 


28. 


29. 
30. 


31. 


32. 


33. 


a. Social Security/Medicare? 
b. Defense/Veterans? 


Law enforcement, 


Interest 7% government 2% 


Social programs 20% a 


4 


Defense, Veterans 24% 


environment 10% 
Based on 2006 Federal Income Tax Form 1040 


TAX TABLES | Use the table to compute the amount of federal 
income tax to be paid on an income of $39,909. 


If your income Your income of the 
is over— But not tax is— amount 
over— over— 
$0 $7,300 | eeeanenne 10% $0 
7,300 29,700 $730.00 + 15% 7,300 
29,700 71,950 4,090.00 + 25% 29,700 


PAYPAL Many e-commerce businesses use PayPal to 
perform payment processing for them. For certain transactions, 
merchants are charged a fee of 2.9% of the selling price of the 
item plus $0.30. What would PayPal charge an online art store 
to collect payment on a painting selling for $350? 

eBAY When a student sold an Xbox on eBay for $153, she 
was charged a two-part final value fee: 5.25% of the first 

$25 of the selling price plus 3.25% of the remainder of the 
selling price over $25. Find the fee to sell the Xbox on 

eBay. 

PRICE GUARANTEES Home Club offers a “10% Plus” 
guarantee: If the customer finds the same item selling for less 
somewhere else, he or she receives the difference in price plus 
10% of the difference. A woman bought miniblinds at the 
Home Club for $120 but later saw the same blinds on sale for 
$98 at another store. How much can she expect to be 
reimbursed? 

ROOM TAXES A guest at the San Antonio Hilton Airport 
Hotel paid $180 for a room plus a 9% city room tax, a 13% 
county room tax, and a 6% state room tax. Find the total 
amount of tax that the guest paid on the room. 

COMPUTER MEMORY _ The My Computer screen on a 
student’s computer is shown in the next column. What percent 
of the memory on the hard drive Local Disk (C:) of his com- 
puter is used? What percent is free? (GB stands for gigabytes.) 


Social Security, 
Medicare 37% 


34. 


35. 


36. 


37. 


38. 


Local Disk (C:) 
Local Disk 
Capacity: 74.5 GB 


lB Used: 44.7 GB 
C1 Free: 29.8 GB 


ad 


GENEALOGY Through an extensive computer search, a 
genealogist determined that worldwide, 180 out of every 
10 million people had his last name. What percent is 

this? 

DENTISTRY Refer to the dental record. What percent of 
the patient’s teeth have fillings? Round to the nearest 
percent. 


TEST SCORES | The score 175/200 was written by an algebra 
instructor at the top of a student’s test paper. Write the test 
score as a percent. 

DMV WRITTEN TEST _ To obtain a learner’s permit to drive 
in Nevada, a score of 80% (or better) on a 50-question 
multiple-choice test is required. If a teenager answered 33 
questions correctly, did he pass the test? 


iPODS The settings 


menu screen of an Apple About = 
iPod is shown. What Suites eoee 
Videos 32 

percent of the memory Photos ) 
ioc. : : 9 Capacity 27.8 GB 
capacity is still available? secre Baee 
Round to the nearest Version 144 
S/N 4H534PG7TY1 

percent. (GB stands for ae SCHL. 
gigabytes.) Format Windows 


39. 


40. 


41. 


42. 


43. 


CHILD CARE After the first day of registration, 84 children 


had been enrolled in a day care center. That represented 70% of 


the available slots. Find the maximum number of children the 
center could enroll. 
RACING PROGRAMS One month before a stock car race, 
the sale of ads for the official race program was slow. Only 
12 pages, or just 30% of the available pages, had been sold. 
Find the total number of pages devoted to advertising in the 
program. 
NUTRITION | The Nutrition Facts label from a can of clam 
chowder is shown. 


a. 


Find the number of 
grams of saturated fat 
in one serving. What 
percent of a person’s 
recommended daily 
intake is this? 


. Determine the recom- 


mended number of 
grams of saturated fat 
that a person should 
consume daily. 


Nutrition Facts 


Serving Size 1 cup (240mL) 
Servings Per Container about 2 


Amount per serving 


Calories 240 Calories from Fat 140 
% Daily Value* 


Total Fat 15 g 23% 


Saturated Fat 5 g 25% 


Cholesterol 10 mg 3% 


Sodium 980 mg 41% 


Total Carbohydrate 21 g 71% 


Dietary Fiber 2 g 8% 


Sugars | g 


Protein 7 g 


COMMERCIALS | Jared Fogle credits his tremendous 
weight loss to exercise and a diet of low-fat Subway 
sandwiches. His current weight (about 187 pounds) is 44% of 
his maximum weight (reached in March of 1998). What did he 
weigh then? 
EXPORTS According to the graph, between what two years 
was there the greatest percent decrease in U.S. exports to 
Mexico? Find the percent of decrease. 


150 


111 


U.S. Exports to Mexico 
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00 
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03 0405 


Based on data from www.census.gov/foreign-trade 


44. AUCTIONS A pearl necklace of former First Lady 
Jacqueline Kennedy Onassis, originally valued at $700, was 
sold at auction in 1996 for $211,500. Find the percent of 
increase in the value of the necklace. (Round to the nearest 
percent.) 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 
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INSURANCE COSTS A college student’s good grades 
earned her a student discount on her car insurance premium. 
Find the percent of decrease to the nearest percent if her annual 
premium was lowered from $1,050 to $925. 

U.S. LIFE EXPECTANCY _ Use the following life expectancy 
data for 1900 and 2004 to find the percent of increase for males 
and for females. Round to the nearest percent. 


Years of life expected at birth 


Male Female 
1900 46.3 48.3 
2004 75.2 80.4 


Source: National Vital Statistics Reports 


TALK RADIO Refer to the table and find the percent 
increase in the number of news/talk radio stations from 2004 to 
2005. Round to the nearest percent. 


Number of U.S. news/talk radio stations 
2004: 1,282 2005: 1,324 


Source: The World Almanac, 2006 


FOOD LABELS | To be labeled “Reduced Fat,” foods must 
contain at least 25% less fat per serving than the regular 
product. One serving of the original Jif peanut butter has 

16 grams of fat per serving. The new Jif Reduced Fat product 
contains 12 grams of fat per serving. Does it meet the labeling 
requirement? 

TV SHOPPING Jan bought a toy from the QVC home 
shopping network that was discounted 20%. If she saved $15, 
what was the original price of the toy? 


DISCOUNTS A 12% discount on a watch saved a shopper 
$48. Find the price of the watch before the discount. 


SALES | The price of a certain model patio set was reduced 
35% because it was being discontinued. A shopper purchased 
two of them and saved a total of $210. Find the price of a patio 
set before the discount. 

TV SALES The price of a plasma screen television was 
reduced $800 because it was used as a floor model. If this was a 
40% savings, find the original price of the TV. 


REAL ESTATE The 33% commission paid to a real estate 


agent on the sale of a condominium earned her $3,325. Find the 
selling price of the condo. 

CONSIGNMENT An art gallery agreed to sell an artist’s 
sculpture for a commission of 45%. What must be the selling 
price of the sculpture if the gallery would like to make 
$13,500? 

STOCKBROKERS _ A stockbroker charges a 2.5% commis- 
sion to sell shares of a stock for a client. Find the value of stock 
sold by a broker if the commission was $640. 
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56. 


AGENTS An agent made one million dollars by charging a 
12.5% commission to negotiate a long-term contract for a 


professional athlete. Find the amount of the contract. 


WRITING 


57. 


58. 


59. 
60. 


Explain the error: 


What is 5% of 8? 
w= 548 
x = 40 

40 is 5% of 8. 


Write a real-life situation that could be described by “9 is what 
percent of 20?” 


Explain why 150% of a number is more than the number. 
Why is the problem “What is 9% of 100?” easy to solve? 


CHAPTER 2 Equations, Inequalities, and Problem Solving 


REVIEW 


61. 
62. 


63. 
64. 


Divide: =i + (—4) 

What two numbers are a distance of 8 away from 4 on the 
number line? 

Is —34 a solution of x + 15 = —49? 

Evaluate: 2 + 3[24 — 2(2 — 5)] 


CHALLENGE PROBLEMS 


65. 


66. 


SOAPS A soap advertises itself as 99% pure. First, deter- 
mine what percent of the soap is impurities. Then express your 


answer as a decimal. 


Express oT of 1% as a percent using decimal notation. 


@ Use formulas from business. 


Objectives 


® Use formulas from science. 
© Use formulas from geometry. 


© Solve for a specified variable. 


A formula is an equation that states a relationship between two or more variables. Formulas 
are used in fields such as business, science, and geometry. 


A formula for retail price: 


Use Formulas from Business. 


To make a profit, a merchant must sell an item for more than he 


or she paid for it. The price at which the merchant sells the product, called the retail price, is 
the sum of what the item cost the merchant plus the markup. Using r to represent the retail 
price, c the cost, and m the markup, we can write this formula as 


r=ct+m 


A formula for profit: 


Retail price = cost + markup 


The profit a business makes is the difference between the revenue (the 


money it takes in) and the cost. Using p to represent the profit, 7 the revenue, and c the cost, 


we can write this formula as 


pH ra se 


Profit = revenue — cost 


If we are given the values of all but one of the variables in a formula, we can use our equa- 
tion solving skills to find the value of the remaining variable. 


© Lucasfilm Ltd./Photofest 


The Language of Algebra 
The word annual means occurring 
once a year. An annual interest 
rate is the interest rate paid per 
year. 
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EXAMPLE 1 Films. Estimates are that 20th Century Fox made a $309 million 
; "profit on the movie Star Wars: Revenge of the Sith. If the studio 
received $424 million in worldwide box office revenue, find the cost to make and dis- 
tribute the film. (Source: www.the-numbers.com, August 2006) 


Strategy To find the cost to make and distribute the film, we will substitute the given 
values in the formula p = r — c and solve for c. 


Why The variable c represents the unknown cost. 


Solution The movie made $309 million (the profit p) and the studio took in $424 million 
(the revenue r). To find the cost c, we proceed as follows. 


p=r-ec This is the formula for profit. 
309 = 424 -c Substitute 309 for p and 424 for r. 
309 — 424 = 424 —c — 424 To eliminate 424 on the right side, subtract 424 from both 
sides. 
=115 = -e Do the subtractions. 
=115 =6 
ee = =i. To solve for c, divide (or multiply) both sides by —1. 
115 =c The units are millions of dollars. 


It cost $115 million to make and distribute the film. 


ta Self Check 1 j A PTA spaghetti dinner made a profit of $275.50. If the cost to 
host the dinner was $1,235, how much revenue did it generate? 


Now Try Problem 11 


A formula for simple interest: When money 1s borrowed, the lender expects to be paid back 
the amount of the loan plus an additional charge for the use of the money, called interest. 
When money is deposited in a bank, the depositor is paid for the use of the money. The money 
the deposit earns is also called interest. 

Interest is computed in two ways: either as simple interest or as compound interest. 
Simple interest is the product of the principal (the amount of money that is invested, 
deposited, or borrowed), the annual interest rate, and the length of time in years. Using / to 
represent the simple interest, P the principal, r the annual interest rate, and ¢ the time in years, 
we can write this formula as 


I= Prt Interest = principal - rate - time 


EXAMPLE 2 | Retirement Income. One year after investing $15,000, a 
retired couple received a check for $1,125 in interest. Find the 
interest rate their money earned that year. 


Strategy To find the interest rate, we will substitute the given values in the formula 
I = Prt and solve for r. 


Wh The variable 7 represents the unknown interest rate. 
p 
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Caution 
When using the formula J = Prt, 
always write the interest rate r 
(which is given as a percent) as a 
decimal (or fraction) before per- 
forming any calculations. 


Caution 
When using the formula d = rt, 
make sure the units are consis- 
tent. For example, if the rate is 
given in miles per hour, the time 
must be expressed in hours. 


Solution The couple invested $15,000 (the principal P) for 1 year (the time t) and made 
$1,125 (the interest /). To find the annual interest rate r, we proceed as follows. 
I = Prt This is the formula for simple interest. 
1,125 = 15,0007(1) — Substitute 1,125 for I, 15,000 for P, and 1 for t. 
1,125 = 15,000r Simplify the right side. 
1,125 _ 15,000r To solve for r, undo the multiplication by 15,000 by dividing both sides 
15,000 §=15,000 by 15,000. 
0.075 =r Do the divisions. 
7.5% 


r To write 0.075 as a percent, multiply 0.075 by 100 by moving the 
decimal point two places to the right and inserting a % symbol. 


The couple received an annual rate of 7.5% that year on their investment. We can display the 
facts of the problem in a table. 


Investment | 15,000 | 0.075 | 1 | 1,125 


a Self Check 2 j A father loaned his daughter $12,200 at a 2% annual simple 
interest rate for a down payment on a house. If the interest on 
the loan amounted to $610, for how long was the loan? 


Now Try Problem 15 


Use Formulas from Science. 


A formula for distance traveled: 1f we know the average rate (of speed) at which we will be 
traveling and the time we will be traveling at that rate, we can find the distance traveled. Using 
d to represent the distance, r the average rate, and ¢ the time, we can write this formula as 


d=rt Distance = rate- time 


EXAMPLE 3 | Whales. As they migrate from the Bering Sea to Baja Califor- 
: nia, gray whales swim for about 20 hours each day, covering a 
distance of approximately 70 miles. Estimate their average swimming rate in miles per 
hour (mph). 

Strategy To find the swimming rate, we will substitute the given values in the formula 
d = rt and solve for r. 


Why The variable r represents the unknown average swimming rate. 


Solution The whales swam 70 miles (the distance d) in 20 hours (the time t). To find 
their average swimming rate r, we proceed as follows. 


d = rt This is the formula for distance traveled. 
70 = r(20) Substitute 70 for d and 20 for t. 
70 = 20r 
20 oe 20 To solve for r, undo the multiplication by 20 by dividing both sides by 20. 


3.5=r Do the divisions. 


The Language of Algebra 
In 1724, Daniel Gabriel Fahrenheit, 
a German scientist, introduced the 
temperature scale that bears his 
name. The Celsius scale was 
invented in 1742 by Swedish 
astronomer Anders Celsius. 
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The whales’ average swimming rate is 3.5 mph. The facts of the problem can be shown in a 
table. 


a ee 


Gray whale | 3.5 | 20 | 70 


a Self Check 3 i An elevator travels at an average rate of 288 feet per minute. 
How long will it take the elevator to climb 30 stories, a dis- 
tance of 360 feet? 


Now Try Problem 19 


A formula for converting temperatures: nthe American system, temperature is measured 
on the Fahrenheit scale. The Celsius scale is used to measure temperature in the metric 
system. The formula that relates a Fahrenheit temperature F' to a Celsius temperature C is: 


5 
C=—F = 32 
5 = 32) 


EXAMPLE 4 Convert the temperature shown on the City Savings sign to 
} degrees Fahrenheit. 


Strategy To find the temperature in degrees Fahrenheit, we will substitute the given 
Celsius temperature in the formula C = 3 (F — 32) and solve for F’. 
Why The variable F’ represents the unknown temperature in degrees Fahrenheit. 


Solution The temperature in degrees Celsius is 30°. To find the temperature in degrees 
Fahrenheit F,, we proceed as follows. 


5 
C= gf — 32) This is the formula for temperature conversion. 

30 = gf — 32) Substitute 30 for C, the Celsius temperature. 
2 9 5 To undo the multiplication by 4 multiply both sides by the 
—+30=—--(F-32) °° = ee : 
5 5 9 reciprocal of 9 

54 = F — 32 Do the multiplications. 

54 + 32 = F — 32 +32 — Toisolate F, undo the subtraction of 32 by adding 32 to both 
sides. 
86 =F 


30°C is equivalent to 86°F. 


a Self Check 4 ] Change —175°C, the temperature on Saturn, to degrees 
Fahrenheit. 


Now Try Problem 25 
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© Use Formulas from Geometry. 


When you hear the word 
perimeter, think of the distance 
around the “rim” of a flat figure. 


© AP/Wide World Photos 


Perimeter formulas 


P = 21 + 2w (rectangle) 
P = 4s (square) 
P=a+b-+c (triangle) 


Area formulas 
A = lw (rectangle) 
A =5s* (square) 
1 
A= nee (triangle) 


A= SMB + b) (trapezoid) 


To find the perimeter of a plane (two-dimensional, flat) geometric figure, such as a rectangle 
or triangle, we find the distance around the figure by computing the sum of the lengths of its 
sides. Perimeter is measured in American units, such as inches, feet, yards, and in metric units 
such as millimeters, meters, and kilometers. 


EXAMPLE 5 | Flags. The largest flag ever flown was an American flag that had 

- aperimeter of 1,520 feet and a length of 505 feet. It was hoisted on 

cables across Hoover Dam to celebrate the 1996 
Olympic Torch Relay. Find the width of the flag. 


Strategy To find the width of the flag, we will 
substitute the given values in the formula 
P = 21 + 2w and solve for w. 


Why The variable w represents the unknown width 
of the flag. 


Solution The perimeter P of the rectangular-shaped flag is 1,520 ft and the length / is 
505 ft. To find the width w, we proceed as follows. 


P=21+ 2w This is the formula for the perimeter of a rectangle. 
1,520 = 2(505) + 2w Substitute 1,520 for P and 505 for I. 


1,520 = 1,010 + 2w Do the multiplication. 
510 = 2w To undo the addition of 1,010, subtract 1,010 from both sides. 


255 =w To isolate w, undo the multiplication by 2 by dividing both sides by 2. 


The width of the flag is 255 feet. If its length is 505 feet and its width is 255 feet, its perime- 
ter is 2(505) + 2(255) = 1,010 + 510 = 1,520 feet, as given. 


a Self Check 5 i The largest flag that consistently flies is the flag of Brazil in 
Brasilia, the country’s capital. It has perimeter 1,116 feet and 


length 328 feet. Find its width. 
Now Try Problem 27 


The area of a plane (two-dimensional, flat) geometric figure is the amount of surface that 
it encloses. Area is measured in square units, such as square inches, square feet, square yards, 
and square meters (written as in.”, ft”, yd’, and m’, respectively). 


EXAM PLE 6 | a. What is the circumference of a circle 
with diameter 14 feet? Round to the nearest 


tenth of a foot. b. What is the area of the circle? Round to the 
nearest tenth of a square foot. 

Strategy To find the circumference and area of the circle, we will 
substitute the proper values into the formulas C = 7D and 
A = mr and find C and A. 


Circle formulas 

D = 2r (diameter) 
1 

a oa (radius) 


C = 2amr = wD (circumference) 
A= ar’ (area) 


Notation 
When an approximation of a is 
used in a calculation, it produces 
an approximate answer. Remem- 
ber to use an is approximately 
equal to symbol ~ in your 
solution to show that. 


2.4. Formulas 143 


Why The variable C represents the unknown circumference of the circle and A repre- 
sents the unknown area. 


Solution 
a. Recall that the circumference of a circle is the distance around it. To find the circumfer- 
ence C ofa circle with diameter D equal to 14 ft, we proceed as follows. 


C= 7D This is the formula for the circumference of a circle. 7D means 77 « D. 
C = 7(14) Substitute 14 for D, the diameter of the circle. 
= 147 The exact circumference of the circle is 1477. 


== 43.98229715 To use a scientific calculator to approximate the circumference, enter 
am X 14 =.Ifyou do not have a calculator, use 3.14 as an 
approximation of zr. (Answers may vary slightly depending on which 


approximation of 77 is used.) 
The circumference is exactly 147 ft. Rounded to the nearest tenth, this is 44.0 ft. 


b. The radius r of the circle is one-half the diameter, or 7 feet. To find the area A of the 
circle, we proceed as follows. 


A=ar This is the formula for the area of a circle. wr? means a - r?. 
A=n(7" Substitute 7 for r, the radius of the circle. 
= 497 Evaluate the exponential expression: 7° = 49. The exact area is 49zr ft”. 
= 153.93804 To use a calculator to approximate the area, enter 49 X 7 =. 


The area is exactly 497 ft. To the nearest tenth, the area is 153.9 ft’. 
a Self Check 6 Find the circumference of a circle with radius 10 inches. 
; Round to the nearest hundredth of an inch. 


Now Try Problem 28 


The volume of a three-dimensional geometric solid is the amount of space it encloses. 
Volume is measured in cubic units, such as cubic inches, cubic feet, and cubic meters (written 
as in., ft®, and m°, respectively). 


EXAMPLE 7 


Find the volume of the cylinder. Round to the 6 cm 
nearest tenth of a cubic centimeter. 


Strategy To find the volume of the cylinder, we will substitute the 
proper values into the formula V = mr7h and find V. 


Why The variable V represents the unknown volume. 


Solution Since the radius of a circle is one-half its diameter, the 
radius r of the circular base of the cylinder is 56 cm) = 3 cm. The 


height h of the cylinder is 12 cm. To find volume V of the cylinder, 
we proceed as follows. 
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Volume formulas 


V = lwh (rectangular solid) 
V = 5° (cube) 


4 
V= rue (sphere) 
V = arh (cylinder) 


1 
= aur ?h (cone) 


@ 


The Language of Algebra 
The word specified is a form of the 
word specify, which means to 
select something for a purpose. 
Here, we select a variable for the 
purpose of solving for it. 


The Language of Algebra 
We say that the formula is solved 
for m because m is alone on one 
side of the equation and the other 
side does not contain m. 
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V=arh This is the formula for the volume of a cylinder. ar*h means a + r? +h. 
V = 7(3)°(12) Substitute 3 for r and 12 for h. 

= 7(9)(12) Evaluate the exponential expression. 

= 1087 Multiply. The exact volume is 1087 cm®. 

= 339.2920066 Use a calculator to approximate the volume. 


To the nearest tenth, the volume is 339.3 cubic centimeters. This can be written as 339.3 cm?. 


a Self Check 7 dj 


Find the volume of a cone whose base has radius 12 meters 
and whose height is 9 meters. Round to the nearest tenth of a 


cubic meter. Use the formula V = pareh. 


Now Try Problem 29 


Solve for a Specified Variable. 


Suppose a shopper wishes to calculate the markup m on several items, knowing their retail 
price r and their cost c to the merchant. It would take a lot of time to substitute values for r and 
c into the formula for retail price r = c + m and then repeatedly solve for m. A better way is 
to solve the formula for m first, substitute values for r and c, and then compute m directly. 

To solve a formula for a specified variable means to isolate that variable on one side of 
the equation, with all other variables and constants on the opposite side. 


EXAMPLE 8 | Solve the formula for retail price, r = c + m form. 


Strategy To solve for m, we will focus on it as if it is the only variable in the equation. 
We will use a strategy similar to that used to solve linear equations in one variable to 
isolate m on one side. (See page 125 if you need to review the strategy.) 


Why We can solve the formula as if it were an equation in one variable because all the 
other variables are treated as if they were numbers (constants). 


Solution 
~~ To solve for m, we will isolate m on this side of the equation. 


r=>¢F mM 
r—c=c+m-—C_ Toisolate m, undo the addition of c by subtracting c from both sides. 
r-c=m Simplify the right side: c — c = O. 


m=r-c Reverse the sides of the equation so that m is on the left. 


a Self Check 8 | Solve the formula for profit, p = r — c, forr. 
Now Try Problem 31 


Success Tip 
To solve for b, think of it as the 
only variable in the equation. Treat 
A and has if they were numbers. 


Caution 


Do not try to simplify the result 
this way: 


This step is incorrect because 2 is 
not a factor of the entire numerator. 


2.4. Formulas 145 


EXAM PLE 9 Solve A = Sbh for b. 


Strategy To solve for b, we will treat b as the only variable in the equation and use prop- 
erties of equality to isolate it on one side. We will treat the other variables as if they were 
numbers (constants). 


Why To solve for a specified variable means to isolate it on one side of the equation. 


Solution We use the same steps to solve an equation for a specified variable that we use 
to solve equations with only one variable. 


1 ¥ To solve for b, we will isolate b on this side of the equation. 
A=-—bh 
2 


1 
2°-A=2> oh To clear the equation of the fraction, multiply both sides by 2. 


2A = bh Simplify. 
2A bh 
c% = 7; To isolate b, undo the multiplication by h by dividing both sides by h. 
2A _ 
rs =b On the right side, remove the common factor of h: Ko 
1 
2A 
b= ae Reverse the sides of the equation so that b is on the left. 


ta Self Check 9 F | Solve A = sa for a. 
Now Try Problem 37 


EXAMPLE 10 | Solve P = 2/ + 2w for /. 


Strategy To solve for /, we will treat / as the only variable in the equation and use prop- 
erties of equality to isolate it on one side. We will treat the other variables as if they were 
numbers (constants). 


Why To solve for a specified variable means to isolate it on one side of the equation. 


Solution 
—— To solve for |, we will isolate | on this side of the equation. 
P=21+2w 


P — 2w = 21+ 2w —2w_ Toundo the addition of 2w, subtract 2w from both sides. 


P—2w=2l Combine like terms: 2w — 2w = O. 

P-—2w _ 21 To isolate I, undo the multiplication by 2 by dividing both sides 
y 2 by 2. 

P—2w 

ee l Simplify the right side. 


We can write the result as / = oe 
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Success Tip 
When solving for a specified vari- 
able, there is often more than one 
way to express the result. Keep 
this in mind when you are com- 
paring your answers with those in 
the back of the text. 


a Self Check 10 j Solve P = 2/ + 2w for w. 
Now Try Problem 45 


EXAMPLE 11 _ In Chapter 3, we will work with equations that involve the vari- 
ables x and y, such as 3x + 2y = 4. Solve this equation for y. 


Strategy To solve for y, we will treat y as the only variable in the equation and use prop- 
erties of equality to isolate it on one side. 


Why To solve for a specified variable means to isolate it on one side of the equation. 


Solution 
> To solve for y, we will isolate y on this side of the equation. 
3x + 2v = 4 
3x + 2y — 3x =4—- 3x To eliminate 3x on the left side, subtract 3x from both sides. 


2y =4- 3x Combine like terms: 3x — 3x = O. 


2y 4 — 3x To isolate y, undo the multiplication by 2 by dividing both sides 


2 2 by 2. 
_ 4 3x Write * 3 ze as the difference of two fractions with like 
¥ 2 2 denominators, Z and a 
=p S Simplify: ¢ = 2. Write & as 3 
y a implify: 5 = 2. Write 5 as 5x. 
3 
y= =a" +2  Onthe right side, write the x term first. 


a Self Check 11 j Solve x + 3y = 12 for y. 
Now Try Problem 47 


EXAM PLE 12 / Solve V = ar7h for r’. 


Strategy To solve for r*, we will treat it as the only variable expression in the equation 
and isolate it on one side. 


Why To solve for a specified variable means to isolate it on one side of the equation. 


Solution 
¥_ To solve for r?, we will isolate r* on this side of the equation. 
V=arh 
2 
V _ wr hh ar?h means a « r? - h. To isolate r”, undo the multiplication by a and hon the 


ah ah _ tight side by dividing both sides by wh. 


11 
V 2 ; ‘ gr2h 2 
" =r On the right side, remove the common factors of a and h: ie ae 
TT 
1 
2 V ; 2 
ee Reverse the sides of the equation so that r° is on the left. 
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PT) Self Check 2 Solve V = Iwh for w. 


Now Try Problem 55 


ee | 1. $1,510.50 2. 2.5yr 3. 1.25min 4, —283°F 5. 230ft 


6. 62.83 in. 7. 1,357.2 m> 


y=-ixt4 12.w=7 


LPS pare Sha 


+ 24 10. w 


re 


pol 11. y=4 hx or 


VOCABULARY 
Fill in the blanks. 


LA is an equation that is used to state a known relation- 
ship between two or more variables. 

2. The distance around a plane geometric figure is called its 

, and the amount of surface that it encloses is called 

its : 

3. The of a three-dimensional geometric solid is the 
amount of space it encloses. 

4. The formulaa = P — b— cis for a because a is 
isolated on one side of the equation and the other side does not 
contain a. 


CONCEPTS 


5. Use variables to write the formula relating: 
a. Time, distance, rate 
b. Markup, retail price, cost 
c. Costs, revenue, profit 
d. Interest rate, time, interest, principal 
6. Complete the table. 


Principal - rate - time =interest 
$2,500 | 5% | 2yr 
$15,000 | 4.8% | lyr 


Account 1 


Account 2 


7. Complete the table to find how far light and sound travel in 
60 seconds. (Hint: mi/sec means miles per second.) 


Rate * time = distance 
Light | 186,282 mi/sec | 60 sec 
1,088 ft/sec | 60 sec 


Sound 


8. Determine which concept (perimeter, area, or volume) should 
be used to find each of the following. Then determine which 
unit of measurement, ft, ft’, or ft*?, would be appropriate. 


a. The amount of storage in a freezer 


b. The amount of ground covered by a sleeping bag lying on 
the floor 


c. The distance around a dance floor 


NOTATION 
Complete the solution. 
9. Solve Ax + By = C for y. 


Ax + By =C 
Ax + By =C 
By=C = Ax 
By _C~Ax 
C — Ax 
y= 


10. a. Approximate 987 to the nearest hundredth. 


b. In the formula V = ar7h, what does r represent? What does 
h represent? 


c. What does 45°C mean? 
d. What does 15°F mean? 


GUIDED PRACTICE 
Use a formula to solve each problem. See Example 1. 


11. HOLLYWOOD As of 2006, the movie Zitanic had brought in 
$1,835 million worldwide and made a gross profit of 
$1,595 million. What did it cost to make the movie? 
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12. 


13. 


14. 


See 
15. 


16. 


17. 


18. 


See 
19. 


20. 


21. 


22. 


See 
23. 


24. 


25. 


26. 


VALENTINE’S DAY | Find the markup on a dozen roses if a 
florist buys them wholesale for $12.95 and sells them for 
$47.50. 


SERVICE CLUBS After expenses of $55.15 were paid, a 
Rotary Club donated $875.85 in proceeds from a pancake 
breakfast to a local health clinic. How much did the pancake 
breakfast gross? 


NEW CARS |The factory invoice for a minivan shows that the 
dealer paid $16,264.55 for the vehicle. If the sticker price of the 
van is $18,202, how much over factory invoice is the sticker 
price? 


Example 2. 


ENTREPRENEURS | To start a mobile dog-grooming service, 
a woman borrowed $2,500. If the loan was for 2 years and the 
amount of interest was $175, what simple interest rate was she 
charged? 

SAVINGS A man deposited $5,000 in a credit union paying 
6% simple interest. How long will the money have to be left on 
deposit to earn $6,000 in interest? 

LOANS A student borrowed some money from his father at 
2% simple interest to buy a car. If he paid his father $360 in 
interest after 3 years, how much did he borrow? 

BANKING _ Three years after opening an account that paid 
simple interest of 6.45% annually, a depositor withdrew the 
$3,483 in interest earned. How much money was left in the 
account? 


Example 3. 


SWIMMING In 1930, a man swam down the Mississippi 
River from Minneapolis to New Orleans, a total of 1,826 miles. 
He was in the water for 742 hours. To the nearest tenth, what 
was his average swimming rate? 

PARADES Rose Parade floats travel down the 5.5-mile-long 
parade route at a rate of 2.5 mph. How long will it take a float 
to complete the route if there are no delays? 

HOT-AIR BALLOONS | Ifa hot-air balloon travels at an 
average of 37 mph, how long will it take to fly 

166.5 miles? 

AIR TRAVEL An airplane flew from Chicago to San 
Francisco in 3.75 hours. If the cities are 1,950 miles apart, what 
was the average speed of the plane? 


Example 4. 


FRYING FOODS | One of the most popular cookbooks in U.S. 
history, The Joy of Cooking, recommends frying foods at 365°F 
for best results. Convert this to degrees Celsius. 

FREEZING POINTS | Saltwater has a much lower freezing 
point than freshwater does. For saltwater that is as saturated as 
much it can possibly get (23.3% salt by weight), the freezing 
point is —5.8°F. Convert this to degrees Celsius. 

BIOLOGY  Cryobiologists freeze living matter to preserve it 
for future use. They can work with temperatures as low as 
—270°C. Change this to degrees Fahrenheit. 

METALLURGY Change 2,212°C, the temperature at which 
silver boils, to degrees Fahrenheit. Round to the nearest 

degree. 
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See Examples 5-7. If you do not have a calculator, use 3.14 as an 
approximation of 77. Answers may vary slightly depending on 
which approximation of 7z is used. 


27. 


28. 


29. 


30. 


ENERGY SAVINGS One hundred inches of foam weather 
stripping tape was placed around the perimeter of a rectangular- 
shaped window. If the length of the window is 30 inches, what 
is its width? 

RUGS _ Find the amount of floor area covered by a circular 
throw rug that has a radius of 15 inches. Round to the nearest 
square inch. 

STRAWS Find the volume of a 150 millimeter-long drinking 
straw that has an inside diameter of 4 millimeters. Round to the 
nearest cubic millimeter. 

RUBBER BANDS | The world’s largest rubber band ball is 

55 ft tall and was made in 2006 by Steve Milton of Eugene, 
Oregon. Find the volume of the ball. Round to the nearest cubic 
foot. (Hint: The formula for the volume of a sphere is 

V =F0rr?) 


Solve each formula for the specified variable (or expression). See 
Examples 8-12. 


31. r=c+m forc 32. p=r-—c fore 

33. P=a+b+c forb 34.a+b6+c = 180 fora 

35. E = IR forR 36. d=rt fort 

37. V = wh forl 38. 1 = Prt forr 

39. C = 2ar forr 40. V = arrh forh 

41. V= sb for h 42. C= ht for R 

43. w=" for f 44, p= 2 for c 

45. T= 2r + 2t forr 46. y= mx + b forx 

47. Ax + By =C forx 48. A = P+ Prt fort 

49. K= =m for m 50. V= smh for h 

si a eee ye 
3 2 

53. 2 = —— fort 54, B= — tors 


55. s =4ar° forr? 56. E = me* fore? 
wv 
57. Kg = 5 for v> 58. =a +b fora 
59. V = ar fore? Sih ee 
.V= -ar forr . A= —— forr 
gar 360 © 

M G 
61. — — 9.9 = 2.1B for M 62. — + lor = —8¢ for G 

2 0.5 
63. S = 2arh + 2ar* forh 64. c = bn + 167 for t? 
65. 3x + y = 9 fory 66. —5x + y =4 fory 
67. —x + 3y = 9 fory 68. Sy — x = 25 fory 
69. 4y + 16 = —3x for y 70. 6y + 12 = —5x for y 


1 
71. A= atte + d) forb 


1 
72. C = —s(t — d) fort 


4 
7 3 
73. fue? mre 74. go fon for m 
APPLICATIONS 


75. from Campus to Careers 
Automotive Service Technician 


If your automobile engine is making a 
knocking sound, a service technician 
will probably tell you that the octane 
rating of the gasoline that you are 
using is too low, Octane rating 
numbers are printed on the yellow 
decals on gas pumps. The formula 
used to calculate them is 


© Jeremy Hardie/Getty Images 


(R + M) 
2 


Pump octane number = 


where R is the research octane number, which is determined with a 
test engine running at a low speed and M is the motor octane 
number, which is determined with a test engine running at a higher 
speed. Calculate the 
octane rating for the 
following three 
grades of gasoline. 


Gasoline grade | R | M | Octane rating 


Unleaded 92 | 82 
Unleaded plus | 95 | 83 
Premium STS 
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76. PROPERTIES OF WATER The boiling point and the freezing 
point of water are to be given in both degrees Celsius and 
degrees Fahrenheit on the thermometer. Find the missing 
degree measures. 


Fahrenheit Celsius 
2? — |] — Boils: 100° 
Freezes: 32° — [Jj —? 


77. AVON PRODUCTS Complete the financial statement. 


Quarter Quarter 

Income statement ending ending 

(dollar amounts in millions) Sep04 Sep 05 

Revenue 1,806.2 1,886.0 

Cost of goods sold 1,543.4 1,638.9 
Operating profit 


Source: Avon Products, Inc. 


78. CREDIT CARDS | The finance charge that a student pays on 
his credit card is 19.8% APR (annual percentage rate). Deter- 
mine the finance charges (interest) the student would have to 
pay if the account’s average balance for the year was $2,500. 


79. CAMPERS The perimeter of the window of the camper shell 
is 140 in. Find the length of one of the shorter sides of the 
window. 


80. FLAGS The flag of Eritrea, a country in east Africa, is 
shown. The perimeter of the flag is 160 inches. 


a. What is the width of the flag? 


b. What is the area of the red 
triangular region of the flag? 


I~ 48 in. > 
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81. KITES 650 in.” of nylon cloth were used to make the kite 89. WORLD HISTORY The Inca Empire (1438-1533) was cen- 
shown. If its height is 26 inches, what is the wingspan? tered in what is now called Peru. A special feature of Inca archi- 
tecture was the trapezoid-shaped windows and doorways. A 
standard Inca window was 70 cm (centimeters) high, 50 cm at 
the base and 40 cm at the top. Find the area of a window 
opening. [Hint: The formula for the area of a trapezoid is 


A= + (height)(upperbase + lowerbase)]. 


|}«—___ wing span —_———_—_+| 


82. MEMORIALS _ The Vietnam Veterans Memorial is a black 
granite wall recognizing the more than 58,000 Americans who 
lost their lives or remain missing. Find the total area of the 
two triangular-shaped surfaces on which the names are 
inscribed. 


© DIOMEDIA/Almay 


90. HAMSTER HABITATS _ Find the amount of space in the 
tube. 


83. WHEELCHAIRS Find the diameter of the rear wheel and the 
radius of the front wheel. 


91. TIRES The road surface footprint of a ie 
sport truck tire is approximately rectangular. 2 
If the area of the footprint is 45 in.”, about 
how wide is the tire? 


84. ARCHERY The diameter of a standard 
archery target used in the Olympics is 
48.8 inches. Find the area of the target. Round to 
the nearest square inch. 


92. SOFTBALL The strike 
zone in fast-pitch softball is 


85. BULLS-EYE See Exercise 84. The diameter of the center between the batter’s armpit 
yellow ring of a standard archery target is 4.8 inches. What is and the top of her knees, as 
the area of the bulls-eye? Round to the nearest tenth of a square shown. If the area of the 
inch. strike zone for this batter is 


442 in.?, what is the width of 


86. GEOGRAPHY The circumference of the Earth is about 
home plate? 


25,000 miles. Find its diameter to the nearest mile. 

87. HORSES A horse trots in a circle around its trainer at the end 
of a 28-foot-long rope. Find the area of the circle that is swept 
out. Round to the nearest square foot. 

88. YO-YOS How far does a yo-yo travel during one revolution 
of the “around the world” trick if the length of the string is 
21 inches? 
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93. FIREWOOD The cord of wood shown occupies a volume of 
128 ft’. How long is the stack? 


4 ft 


4 ft 


94. TEEPEES The teepees 
constructed by the Blackfoot 
Indians were cone-shaped tents 
about 10 feet high and about 
15 feet across at the ground. 
Estimate the volume of a 
teepee with these dimensions, 
to the nearest cubic foot. 


98. SKATEBOARDING A half-pipe ramp is in the shape of a 
semicircle with a radius of 8 feet. To the nearest tenth of a 
foot, what is the length of the arc that the rider travels on the 
ramp? 


95. IGLOOS During long journeys, some Canadian Eskimos 
built winter houses of snow blocks stacked in the dome shape 
shown. Estimate the volume of an igloo having an interior 
height of 5.5 feet to the nearest cubic foot. 


8 ft 


Plywood 


99. PULLEYS The approximate length L of a belt joining two 
pulleys of radii r and R feet with centers D feet apart is given 
by the formula L = 2D + 3.25(r + R). Solve the formula 
for D. 


96. PYRAMIDS The Great Pyramid at Giza in northern Egypt is 
one of the most famous works of architecture in the world. Find 
its volume to the nearest cubic foot. 


100. THERMODYNAMICS | The Gibbs free-energy function is 
given by G = U — TS + pV. Solve this formula for the 
pressure p. 


WRITING 


101. After solving A = B + C + D for B, a student compared her 
answer with that at the back of the textbook. Could this 
problem have two different-looking answers? Explain why or 
why not. 


755 ft 


97. COOKING If the fish shown in the illustration in the next 
column is 18 inches long, what is the area of the grill? Round 
to the nearest square inch. Student’s answer: B = A -C—D 


Book’s answer: B = A — D— C 
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102. A student solved x + 5c = 3c + a for c. His answer was 
_ 3e+a- 
Osa 5 


for c. 


103. Explain the difference between what perimeter measures and 


what area measures. 
104. Explain the error made below. 


1 

Sug 2 
y= 

yA 

1 


REVIEW 
105. Find 82% of 168. 
106. 29.05 is what percent of 415? 
107. What percent of 200 is 30? 


~ for c. Explain why the equation is not solved 


108. A woman bought a coat for $98.95 and some gloves for $7.95. 
If the sales tax was 6%, how much did the purchase cost her? 


CHALLENGE PROBLEMS 


109. In mathematics, letters from the Greek alphabet are often used 
as variables. Solve the following equation for a (read as 
“alpha’), the first letter of the Greek alphabet. 


Tia — B) — (4a —- 6) 3 
110. When a car of mass collides with a wall, the energy of the 
collision is given by the formula EF = i mv. Compare the 
energy of two collisions: a car striking a wall at 30 mph, and 
at 60 mph. Then complete this sentence: Although the speed is 
only twice as fast, the energy is __ times greater. 


@ Apply the steps of a problem-solving strategy. 


Objectives 


@® Solve consecutive integer problems. 
© Solve geometry problems. 


In this section, you will see that algebra is a powerful tool that can be used to solve a wide 


variety of real-world problems. 


@ Apply the Steps of a Problem-Solving Strategy. 


To become a good problem solver, you need a plan to follow, such as the following five-step 


strategy. 
Strategy for 1. Analyze the problem by reading it carefully to understand the given facts. What infor- 
Problem Solving mation is given? What are you asked to find? What vocabulary is given? Often, a 


diagram or table will help you visualize the facts of the problem. 


2. Form an equation by picking a variable to represent the numerical value to be found. 
Then express all other unknown quantities as expressions involving that variable. Key 
words or phrases can be helpful. Finally, translate the words of the problem into an 


equation. 


3. Solve the equation. 
4. State the conclusion. 


5. Check the result using the original wording of the problem, not the equation that was 


formed in step 2. 


© Visions of America, LLC/Alamy 


Caution 
For this problem, one common 
mistake is to let 


x = the length of éach 
part of the drive 


The three parts of the drive have 


different lengths; x cannot repre- 


sent three different distances. 
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EXAM PLE 1 California Coastline. The first part of California’s magnificent 

a 17-Mile Drive begins at the Pacific Grove entrance and continues 
to Seal Rock. It is | mile longer than the second part of the drive, which extends from 
Seal Rock to the Lone Cypress. The final part of the tour winds through the Monterey 
Peninsula, eventually returning to the entrance. This part of the drive is 1 mile longer 
than four times the length of the second part. How long is each part of 17-Mile Drive? 


Pebble Beach _ 
Golf Course 


Analyze the Problem The drive is composed of three parts. We need to find the length 
of each part. We can straighten out the winding 17-Mile Drive and model it with a line 
segment. 


Form an Equation _ Since the lengths of the first part and of the third part of the drive 
are related to the length of the second part, we will let x represent the length of that part. 
We then express the other lengths in terms of x. Let 
x = the length of the second part of the drive 
x + 1 = the length of the first part of the drive 
4x + 1 = the length of the third part of the drive 


[* 17 miles "| 
Seal Lone 
Entrance Rock Cypress End 
eS 
x+1 x 4x+1 
Length of Length of Length of 
first part second part third part 


The sum of the lengths of the three parts must be 17 miles. 
The length 1 the length 1 the length the total 
us us u 
of part | e of part 2 . of part 3 7 length. 
x+1 + x + 4x + 1 = 17 


154 


Caution 
Check the result using the original 
wording of the problem, not by 
substituting it into the equation. 
Why? The equation may have been 
solved correctly, but the danger is 
that you may have formed it 
incorrectly. 


Success Tip 
The Form an Equation step is 
often the hardest. To help, write a 
verbal model of the situation 
(shown here in blue) and then 
translate it into an equation. 
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Solve the Equation 
x+1l+x+4e+1=17 


6x +2 = 17 Combine like terms: x + x + 4x = Gxand1+1 = 2. 
6x = 15 To undo the addition of 2, subtract 2 from both sides. 
6x _ 15 To isolate x, undo the multiplication by 6 by dividing both 
6 6 sides by 6. 
x = 2.5 Do the divisions. 


Recall that x represents the length of the second part of the drive. To find the lengths of 
the first and third parts, we evaluate x + 1 and 4x + 1 for x = 2.5. 


First part of drive Third part of drive 
x+1=25+1 4x + 1 = 4(2.5) + 1 Substitute 2.5 for x. 
= 3.5 =11 


State the Conclusion The first part of the drive is 3.5 miles long, the second part is 
2.5 miles long, and the third part is 11 miles long. 


Check the Result 


Since 3.5 mi + 2.5 mi + 11 mi = 17 mi, the answers check. 


La Now Try Problem 13 


EXAMPLE 2 


Computer Logos. A trucking company 
had their logo embroidered on the front of 
baseball caps. They were charged $8.90 per hat plus a one time set 
up fee of $25. If the project cost $559, how many hats were 
embroidered? 


Analyze the Problem 
© It cost $8.90 to have a logo embroidered on a hat. 
e The set up charge was $25. 
© The project cost $559. 
e We are to find the number of hats that were embroidered. 
Form an Equation Let x = the number of hats that were embroidered. If x hats are 


embroidered, at a cost of $8.90 per hat, the cost to embroider all of the hats is x - $8.90 
or $8.90x. Now we translate the words of the problem into an equation. 


The cost to embroider the number the set up the total 
equals 
one hat of hats charge cost. 
8.90 . x + 25 = 559 


Solve the Equation 
8.90x + 25 = 559 


8.90x = 534 To undo the addition of 25, subtract 25 from both sides. 
8.90x _ 534 To isolate x, undo the multiplication by 8.90 by dividing both sides 
8.90 8.90 by 8.90. 

x = 60 Do the divisions. 


The Language of Algebra 
Phrases such as should be or will 
be translate to an equal symbol =. 
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State the Conclusion The company had 60 hats embroidered. 


Check the Result The cost to embroider 60 hats is 60($8.90) = $534. When the $25 
set up charge is added, we get $534 + $25 = $559. The answer checks. 


La Now Try Problem 21 


EXAMPLE 3 Auctions. A classic car owner is going to sell his 1960 Chevy 

Impala at an auction. He wants to make $46,000 after paying an 

8% commission to the auctioneer. For what selling price (called the “hammer price’’) 
will the car owner make this amount of money? 


Analyze the Problem When the commission is subtracted from the selling price of the 
car, the owner wants to have $46,000 left. 


Form an Equation Let x = the selling price of the car. The amount of the commission 
is 8% of x, or 0.08x. Now we translate the words of the problem to an equation. 


The selli i th ti : 
e selling price ‘ e auc HOES s should be $46,000. 
of the car commission 
x = 0.08x = 46,000 


Solve the Equation 
x — 0.08x = 46,000 
0.92x = 46,000 Combine like terms: 1.00x — 0.08x = 0.92x. 
0.92x _ 46,000 To isolate x, undo the multiplication by 0.92 by dividing both sides 


0.92 0.92 by 0.92. 
x = 50,000 Do the divisions. 
State the Conclusion The owner will make $46,000 if the car sells for $50,000. 


Check the Result An 8% commission on $50,000 is 0.08($50,000) = $4,000. The 
owner will keep $50,000 — $4,000 = $46,000. The answer checks. 


La Now Try Problem 27 


2) Solve Consecutive Integer Problems. 


Integers that follow one another, such as 15 and 16, are called consecutive integers. They are 
1 unit apart. Consecutive even integers are even integers that differ by 2 units, such as 12 and 
14. Similarly, consecutive odd integers differ by 2 units, such as 9 and 11. When solving 
consecutive integer problems, if we let x = the first integer, then 

© two consecutive integers are x and x + 1 

© two consecutive even integers are x and x + 2 


© two consecutive odd integers are x and x + 2 
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The Language of Algebra 
Consecutive means following one 
after the other in order. Elton John 
holds the record for the most 
consecutive years with a song on 
the Top 50 music chart: 31 years 
(1970 to 2000). 


EXAM PLE 4 j U.S. History. The year George Washington was chosen presi- 
: dent and the year the Bill of Rights went into effect are consecutive 
odd integers whose sum is 3,580. Find the years. 


Analyze the Problem We need to find two consecutive odd integers whose sum is 
3,580. From history, we know that Washington was elected president first and the Bill of 
Rights went into effect later. 


Form an Equation Let x = the first odd integer (the date when Washington was chosen 
president). The next odd integer is 2 greater than x, therefore x + 2 = the next larger 
odd integer (the date when the Bill of Rights went into effect). 


The first odd the second 
: plus : is 3,580. 
integer odd integer 
% + x+2 = 3,580 


Solve the Equation 
x+x+2 = 3,580 
2x + 2 = 3,580 Combine like terms: x + x = 2x. 
2x = 3,578 To undo the addition of 2, subtract 2 from both sides. 
x = 1,789 To isolate x, undo the multiplication by 2 by dividing both sides by 2. 


State the Conclusion George Washington was chosen president in the year 1789. The 
Bill of Rights went into effect in 1789 + 2 = 1791. 


Check the Result 1789 and 1791 are consecutive odd integers whose sum is 
1789 + 1791 = 3,580. The answers check. 


La Now Try Problem 33 


3) Solve Geometry Problems. 


EXAM PLE 5 i Crime Scenes. Police used 400 feet of yellow tape to fence off a 
rectangular-shaped lot for an investigation. Fifty less feet of tape 
was used for each width as for each length. Find the dimensions of the lot. 


The Language of Algebra 
Dimensions are measurements of 
length and width. We might speak 

of the dimensions of a dance floor 

ora TV screen. 


Success Tip 
When solving geometry problems, 
a sketch is often helpful. 


l 


Perimeter = 400 ft 
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Analyze the Problem _ Since the yellow tape surrounded the lot, the concept of perime- 
ter applies. Recall that the formula for the perimeter of a rectangle is P = 2/ + 2w. We 
also know that the width of the lot is 50 feet less than the length. 


Form an Equation Since the width of the lot is given in terms of the length, we let / = 
the length of the lot. Then / — 50 = the width. Using the perimeter formula, we have: 
2 times thelength plus 2. times’ thewidth is the perimeter. 
1 + 2 : (-— 50) = 400 


Solve the Equation 


21 + 2. — 50) = 400 Write the parentheses so that the entire expression! — 50 is 
multiplied by 2. 


21 + 21 — 100 = 400 _ Distribute the multiplication by 2. 
Al — 100 = 400 Combine like terms: 2/ + 2/1 = 41. 
4I = 500 To undo the subtraction of 100, add 100 to both sides. 
1= 125  Toisolate J, undo the multiplication by 4 by dividing both sides by 4. 
Statethe Conclusion — The length of the lot is 125 feet and width is 125 — 50 = 75 feet. 


Check the Result The width (75 feet) is 50 less than the length (125 feet). The perime- 
ter of the lot is 2(125) + 2(75) = 250 + 150 = 400 feet. The answers check. 


La Now Try Problem 39 


EXAMPLE6 __Isosceles Triangles. If the vertex Vertex angle 
angle of an isosceles triangle is 56°, find 
the measure of each base angle. 


Analyze the Problem An isosceles triangle has two sides of 
equal length, which meet to form the vertex angle. In this 
case, the measurement of the vertex angle is 56°. We can 
sketch the triangle as shown. The base angles opposite the 


equal sides are also equal. We need to find their measure. \ Base angles A 


Form an Equation _ If we let x = the measure of one base angle, the measure of the 
other base angle is also x. Since the sum of the angles of any triangle is 180°, the sum of 
the base angles and the vertex angle is 180°. We can use this fact to form the equation. 


One base the other base the vertex 
plus plus is 180°. 
angle angle angle 
x + x + 56 = 180 


Solve the Equation 
x +x + 56 = 180 
2x + 56 = 180 Combine like terms: x + x = 2x. 
2x = 124 Toundo the addition of 56, subtract 56 from both sides. 
x = 62 To isolate x, undo the multiplication by 2 by dividing both sides by 2. 


State the Conclusion The measure of each base angle is 62°. 
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Check the Result 


La Now Try Problem 43 


Since 62° + 62° + 56° = 180°, the answer checks. 


VOCABULARY 
Fill in the blanks. 
1. Integers that follow one another, such as 7 and 8, are called 
integers. 

2. An triangle is a triangle with two sides of the same 
length. 

3. The equal sides of an isosceles triangle meet to form the 

angle. The angles opposite the equal sides are called 

____ angles, and they have equal measures. 

4. When asked to find the dimensions of a rectangle, we are to find 
its and 


CONCEPTS 


5. A 17-foot pipe is cut into three sections. The longest section is 
three times as long as the shortest, and the middle-sized section 
is 2 feet longer than the shortest. Complete the diagram. 


: = : 
—-——— 


x 

Length of Length of Length of 
shortest middle-sized longest 
section section section 


6. It costs $28 per hour to rent a trailer. Write an expression that 
represents the cost to rent the trailer for x hours. 


7. A realtor is paid a 3% commission on the sale of a house. Write 
an expression that represents the amount of the commission if a 
house sells for $x. 


8. The perimeter of the rectangle is 15 feet. Fill in the blanks: 
2( ) + 2x = 


ears | 


Sx-1 


9. What is the sum of the measures of the angles of any triangle? 


10. What is x? 


NOTATION 


11. a. Ifx represents an integer, write an expression for the next 
largest integer. 


b. If x represents an odd integer, write an expression for the 
next largest odd integer. 


12. What does 45° mean? 


GUIDED PRACTICE 
See Example 1. 


13. A 12-foot board has been cut into two sections, one twice as 
long as the other. How long is each section? 


P 12 ft | 
|< x |. pad | 


14. The robotic arm will extend a total distance of 18 feet. Find the 
length of each section. 


(x + 4) ft \ 
Sa (x— 1) ft 


- 


x ft im ¥ 


APPLICATIONS 


15. 


16. 


17. 


NATIONAL PARKS The Natchez Trace Parkway is a historical 
444-mile route from Natchez, Mississippi, to Nashville, 
Tennessee. A couple drove the Trace in four days. Each day they 
drove 6 miles more than the previous day. How many miles did 
they drive each day? 


Mississippi 


TOURING A rock group plans to travel for a total of 

38 weeks, making three concert stops. They will be in Japan for 
4 more weeks than they will be in Australia. Their stay in 
Sweden will be 2 weeks shorter than that in Australia. How 
many weeks will they be in each country? 


SOLAR HEATING One solar panel is 3.4 feet wider than the 
other. Find the width of each panel. 


18. 


ACCOUNTING _ Determine the 2005 income of Abercrombie 
& Fitch Company for each quarter from the data in the graph. 


Abercrombie & Fitch Co. 
2005 Net Income 
$334 million 


$8 


$17 million 
million less than 
more twice 


than 


Ist qtr. 


Ast qtr. 


2nd qtr. 3rdqtr. 4th qtr. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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COUNTING CALORIES A slice of pie with a scoop of ice 
cream has 850 calories. The calories in the pie alone are 

100 more than twice the calories in the ice cream alone. How 
many calories are in each food? 


WASTE DISPOSAL __ Two tanks hold a total of 45 gallons of a 
toxic solvent. One tank holds 6 gallons more than twice the 
amount in the other. How many gallons does each tank hold? 


CONCERTS The fee to rent a concert hall is $2,250 plus 
$150 per hour to pay for the support staff. For how many hours 
can an orchestra rent the hall and stay within a budget of $3,300? 


TRUCK MECHANICS An engine repair cost a truck owner 
$1,185 in parts and labor. If the parts were $690 and the 
mechanic charged $45 per hour, how many hours did the repair 
take? 

FIELD TRIPS _ It costs a school $65 a day plus $0.25 per mile 
to rent a 15-passenger van. If the van is rented for two days, 
how many miles can be driven on a $275 budget? 
DECORATIONS _A party supply store charges a set-up fee of 
$80 plus 35¢ per balloon to make a balloon arch. A business has 
$150 to spend on decorations for their grand opening. How many 
balloons can they have in the arch? (Hint: 35¢ = $0.35.) 


TUTORING High school students enrolling in a private tutor- 
ing program must first take a placement test (cost $25) before 
receiving tutoring (cost $18.75 per hour). If a family has set 
aside $400 to get their child extra help, how many hours of 
tutoring can they afford? 

DATA CONVERSION _ The Books2Bytes service converts old 
print books to Microsoft Word electronic files for $20 per book 
plus $2.25 per page. If it cost $1,201.25 to convert a novel, how 
many pages did the novel have? 

CATTLE AUCTIONS _ A cattle rancher is going to sell one of 
his prize bulls at an auction and would like to make $45,500 
after paying a 9% commission to the auctioneer. For what 
selling price will the rancher make this amount of money? 


LISTING PRICE At what price should a home be listed if the 
owner wants to make $567,000 on its sale after paying a 5.5% 
real estate commission? 

SAVINGS ACCOUNTS | The balance in a savings account 
grew by 5% in one year, to $5,512.50. What was the balance at 
the beginning of the year? 

AUTO INSURANCE Between the years 2000 and 2006, the 
average cost for auto insurance nationwide grew 27%, to $867. 
What was the average cost in 2000? Round to the nearest 
dollar. 


Consecutive integer problems 


31. 


SOCCER Ronaldo of Brazil and Gerd Mueller of Germany 
rank | and 2, respectively, with the most goals scored in World 
Cup play. The number of goals Ronaldo and Mueller have 
scored are consecutive integers that total 29. Find the number 
of goals scored by each man. 
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32. 


33. 


34. 


DICTIONARIES | The definitions of the words job and join 
are on back-to-back pages in a dictionary. If the sum of those 
page numbers is 1,411, on what page can the definition of job 
be found? 

TV HISTORY = Friends and Leave It to Beaver are two of the 
most popular television shows of all time. The number of 
episodes of each show are consecutive even integers whose sum 
is 470. If there are more episodes of Friends, how many episodes 
of each were there? 


VACATIONS | The table shows the average number of 
vacation days an employed adult receives for selected countries. 
Complete the table. (The numbers of days are listed in 
descending order.) 


Average Number of Vacation Days per Year 


Country Days 


Italy 42 


Consecutive odd 


France i 
[/__- integers whose 
Germany 


sum is 72. 


US. 13 


Source: The World Almanac, 2006. 


35. 


36. 


CELEBRITY BIRTHDAYS Elvis Presley, George Foreman, 
and Kirstie Alley have birthdays (in that order) on consecutive 
even-numbered days in January. The sum of the calendar dates 
of their birthdays is 30. Find each birthday. 

LOCKS The three numbers of 
the combination for a lock are 
consecutive integers, and their sum 
is 81. Find the combination. 


Geometry problems 


37. 


38. 


TENNIS The perimeter of a regulation singles tennis court is 
210 feet and the length is 3 feet less than three times the width. 
What are the dimensions of the court? 


SWIMMING POOLS | The seawater Orthlieb Pool in 
Casablanca, Morocco, is the largest swimming pool in the 
world. With a perimeter of 1,110 meters, this rectangular- 
shaped pool is 30 meters longer than 6 times its width. Find its 
dimensions. 


39. ART The Mona Lisa was completed 


40. 


41. 


42. 


43. 


44, 
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by Leonardo da Vinci in 1506. The 
length of the picture is 11.75 inches 
shorter than twice the width. If the 
perimeter of the picture is 102.5 inches, 
find its dimensions. 


© Réunion des Musées Nationaux/Art 


Resource, NY 


NEW YORK CITY Central Park, which lies in the middle of 
Manhattan, is rectangular-shaped and has a 6-mile perimeter. 
The length is 5 times the width. What are the dimensions of the 
park? 

ENGINEERING A truss is in the form of an isosceles trian- 
gle. Each of the two equal sides is 4 feet shorter than the third 
side. If the perimeter is 25 feet, find the lengths of the sides. 


FIRST AID A sling is in the shape of an isosceles triangle 
with a perimeter of 144 inches. The longest side of the sling is 
18 inches longer than either of the other two sides. Find the 
lengths of each side. 


TV TOWERS The two guy 
wires supporting a tower form an 
isosceles triangle with the 
ground. Each of the base angles 
of the triangle is 4 times the third 
angle (the vertex angle). Find the 
measure of the vertex angle. 


Guy wires 


CLOTHESLINES A pair of damp jeans are hung in the 
middle of a clothesline to dry. (See the next page.) Find x°, the 
angle that the clothesline makes with the horizontal. 


45. 


46. 


47. 


48. 


MOUNTAIN BICYCLES For the bicycle frame shown, the 
angle that the horizontal crossbar makes with the seat support 
is 15° less than twice the angle at the steering column. The 
angle at the pedal gear is 25° more than the angle at the 
steering column. Find these three angle measures. 


Seat support Crossbar 


Steering column 


TRIANGLES The measure of 21 (read as angle 1) of a 
triangle is one-half that of 22. The measure of 23 is equal to 
the sum of the measures of 21 and 22. Find each angle 
measure. 


COMPLEMENTARY ANGLES Two 
angles are called complementary angles 
when the sum of their measures is 90°. 
Find the measures of the complementary 
angles shown in the illustration. 2x° 


(6x + 2)° 


SUPPLEMENTARY ANGLES _ Two angles are called 
supplementary angles when the sum of their measures is 180°. 
Find the measures of the supplementary angles shown in the 
illustration. 


(4x + 40)° 
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WRITING 


49. 


50. 


Create a geometry problem that could be answered by solving 
the equation 2w + 2(w + 5) = 26. 

What information do you need to know to answer the following 
question? 


A business rented a copy machine for $85 per month plus 4¢ 
for every copy made. How many copies can be made each 
month? 


51. Make a list of words and phrases that translate to an equal 
symbol =. 

52. Define the word strategy. 

REVIEW 

Solve. 

53, 2x = —15 fe 
8 13 
3 2 3 

55. 577 2 

56. 6 + 4(1 — x) = 3(x + 1) 

57. 4.2(y — 4) — 0.6y = —13.2 

58. 16 — 8(b + 4) = 24b + 64 


CHALLENGE PROBLEMS 


59. 


60. 


What concept discussed in this section is illustrated by the 
following day and time? 


Two minutes and three seconds past 1 A.M. on the Sth day of 
April, 2006 


MANUFACTURING | A company has two machines that 
make widgets. The production costs are listed below. 


Machine 1: Setup cost $400 and $1.70 per widget 
Machine 2: Setup cost $500 and $1.20 per widget 


Find the number of widgets for which the cost to manufacture 
them on either machine is the same. 
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@ Solve investment problems. 


: . ® Solve uniform motion problems. 
Objectives © Solve liquid mixture problems. 


@ Solve dry mixture problems. 


© Solve number-value problems. 


In this section, we will solve problems that involve money, motion, and mixtures. Tables are a 
helpful way to organize the information given in these problems. 


@ Solve Investment Problems. 


To find the amount of simple interest I an investment earns, we use the formula J = Prt, where 
P is the principal (the amount invested), 7 is the annual interest rate, and f is the time in years. 


EXAMPLE 1 j Paying Tuition. A college student invested the $12,000 inheri- 
tance he received and decided to use the annual interest earned to 
pay his tuition cost of $945. The highest rate offered by a bank at that time was 6% 
annual simple interest. At this rate, he could not earn the needed $945, so he invested 
some of the money in a riskier, but more profitable, investment offering a 9% return. 
How much did he invest at each rate? 


Analyze the Problem We know that $12,000 was invested for 1 year at two rates: 6% 
and 9%. We are asked to find the amount invested at each rate so that the total return 
would be $945. 


Form an Equation Let x = the amount invested at 6%. Then 12,000 — x = the 
amount invested at 9%. To organize the facts of the problem, we enter the principal, rate, 
time, and interest earned in a table. 


Step 1: List each investment in a row of the table. Step 2: Label the columns using I = Prt reversed and also write Total:. 
IP a Ad i 
Bank Bank 
Riskier Investment Riskier Investment 
Total: 
Step 3: Enter the rates, times, and total interest. Step 4: Enter each unknown principal. 
[P “7 f= I IP ret= I 
Bank 0.06 | 1 Bank x 0.06 | 1 
Riskier Investment 0.09 | 1 Riskier Investment | 12,000 — x | 0.09 | 1 
Total: 945 Total: 945 


Success Tip 
We can clear an equation of deci- 
mals by multiplying both sides by 
a power of 10. Here, we multiply 
0.06 and 0.09 by 100 to move 
each decimal point two places to 
the right: 


100(0.06 ) = 6 100(0.09 ) = 9 
Ch As 


Caution 
On the left side of the equation, 
do not incorrectly distribute the 
multiplication by 100 over 
addition and multiplication. 


06x + 0.09(12, 
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Step 5: In the last column, multiply P, r, and t to obtain expressions for the interest earned. 


IP oP Of = if 
Bank x 0.06 | 1 0.06x <— This is x - 0.06 - 1. 
Riskier Investment | 12,000 — x | 0.09 | 1 | 0.09(12,000 — x) | <— This is (12,000 — x) - 0.09 «1. 
Total: 945 


t___ Use the information in this 
column to form an equation. 


The interest earned the interest earned the total 
plus equals. 
at 6% at 9% interest. 
0.06x + [0.09(12,000 — x)] = 945 


Solve the Equation 
0.06x + 0.09(12,000 — x) = 945 


Lo, 
100[0.06x + 0.09(12,000 — x)] = 1000945) — Multiply both sides by 100 to clear 


the equation of decimals. 
100(0.06x) + 100(0.09)(12,000 — x) = 100(945) 
6x + 9(12,000 — x) = 94,500 
6x + 108,000 — 9x = 94,500 
—3x + 108,000 = 94,500 
—3x = —13,500 
x = 4,500 
State the Conclusion The student invested $4,500 at 6% and $12,000 — $4,500 = 
$7,500 at 9%, 


Check the Result The first investment earned 0.06($4,500), or $270. The second 
earned 0.09($7,500), or $675. Since the total return was $270 + $675 = $945, the 
answers check. 


Distribute the multiplication by 100. 
Do the multiplications by 100. 

Use the distributive property. 
Combine like terms. 

Subtract 108,000 from both sides. 
To isolate x, divide both sides by —3. 


La Now Try Problem 17 


Solve Uniform Motion Problems. 


If we know the rate r at which we will be traveling and the time t we will be traveling at that 
rate, we can find the distance d traveled by using the formula d = rt. 


Rescues at Sea. A cargo ship, heading into port, radios the 
Coast Guard that it is experiencing engine trouble and that its 
speed has dropped to 3 knots (this is 3 sea miles per hour). Immediately, a Coast Guard 
cutter leaves port and speeds at a rate of 25 knots directly toward the disabled ship, 
which is 56 sea miles away. How long will it take the Coast Guard to reach the ship? 
(Sea miles are also called nautical miles.) 


EXAMPLE 2 
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Success Tip Analyze the Problem We know the rare of each ship (25 knots and 3 knots), and we 
A sketch is helpful when solving know that they must close a distance of 56 sea miles between them. We don’t know the 
uniform motion problems. time it will take to do this. 


Form an Equation Let f = the time it takes the Coast Guard to reach the cargo ship. 
During the rescue, the ships don’t travel at the same rate, but they do travel for the same 
amount of time. Therefore, ¢ also represents the travel time for the cargo ship. 

We enter the rates, the variable t¢ for each time, and the total distance traveled by the 
ships (56 sea miles) in the table. To fill in the last column, we use the formula r - t = d 
twice to find an expression for each distance traveled: 25 - t = 25¢ and 3 +t = 3t. 


; r-t=d 
< 56 mi 
, Coast Guard cutter | 25 | ¢ | 25t | | Multiply r- t to obtain an expression 
Coast Guard Cargo ship Cargo ship 3/4] 3¢ for each distance traveled. 
Po j ES 
a Total: 56 
‘ont 25 knots 3 knots 
— Use the information in this 
column to form an equation. 
The distance the the distance the the original 
plus ; equals : ; 
cutter travels ship travels distance between the ships. 
25t + 3t = 56 
Solve the Equation 
Caution 25t + 3t = 56 
A common error is to enter 28t = 56 Combine like terms: 25t + 3t = 28t. 


56 miles as the distance traveled 

for each ship. However, neither f= 36 
ship traveled 56 miles. Together, 28 
they travel 56 miles. 


To isolate t, divide both sides by 28. 


t=2 Do the division. 


State the Conclusion The ships will meet in 2 hours. 


Check the Result In 2 hours, the Coast Guard cutter travels 25 - 2 = 50 sea miles, and 
the cargo ship travels 3 - 2 = 6 sea miles. Together, they travel 50 + 6 = 56 sea miles. 
Since this is the original distance between the ships, the answer checks. 


La Now Try Problem 27 


EXAMPLE 3 | Concert Tours. While on tour, a country music star travels by 
bus. Her musical equipment is carried in a truck. How long will it 
take her bus, traveling 60 mph, to overtake the truck, traveling at 45 mph, if the truck 


hada 15-hour head start to her next concert location? 


Analyze the Problem — We know the rate of each vehicle (60 mph and 45 mph) and that 
the truck began the trip 14 or 1.5 hours earlier than the bus. We need to determine how 


long it will take the bus to catch up to the truck. 


Success Tip 
We used 1.5 hrs for the head start 
because it is easier to solve 
60¢ = 4.5(¢ + 1.5) than 


601 = 45(¢ + 15). 
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Form an Equation Let ¢ = the time it takes the bus to overtake the truck. With a 
1.5-hour head start, the truck is on the road longer than the bus. Therefore, t + 1.5 = 
the truck’s travel time. 

We enter each rate and time in the table, and use the formula r - t = d twice to fill 
in the distance column. 


ae Loe d Multiply r- t 

Bus 60 t 60t to obtain an 
Truck | 45 | ¢+ 1.5 | 45+ 1,5) | | *PPeeeion for exch 
rt distance traveled. 
Enter this '. Use the information in 

information first. this column to form 


an equation. 


45 mph 


When the bus overtakes the truck, they will have traveled the same distance. 


The distance traveled the distance traveled 
is the same as 
by the bus by the truck. 
60t = 45(t + 1.5) 


Solve the Equation 
60t = 45(¢t + 1.5) 
60t = 45¢ + 67.5 Distribute the multiplication by 45: 45(1.5) = 67.5. 
15t = 67.5 Subtract 45t from both sides: GOt — 45t = 15t. 
t= 45 To isolate t, divide both sides by 15: oe = 4.5. 


State the Conclusion The bus will overtake the truck in 4.5 or 43 hours. 


Check the Result In 4.5 hours, the bus travels 60(4.5) = 270 miles. The truck travels 
for 1.5 + 4.5 = 6 hours at 45 mph, which is 45(6) = 270 miles. Since the distance 
traveled are the same, the answer checks. 


La Now Try Problem 31 


Solve Liquid Mixture Problems. 


We now discuss how to solve mixture problems. In the first type, a liquid mixture of a desired 
strength is made from two solutions with different concentrations. 


EXAMPLE 4 _ Mixing Solutions. A chemistry experiment calls for a 30% 
: sulfuric acid solution. If the lab supply room has only 50% and 
20% sulfuric acid solutions, how much of each should be mixed to obtain 12 liters of a 
30% acid solution? 


Analyze the Problem The 50% solution is too strong and the 20% solution is too 
weak. We must find how much of each should be combined to obtain 12 liters of a 30% 
solution. 
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Success Tip Form an Equation If x = the number of liters of the 50% solution used in the mixture, 
The strength (concentration) of a the remaining (12 — x) liters must be the 20% solution. The amount of pure sulfuric 
mixture is always between the acid in each solution is given by 
strengths of the two solutions 


used Gomme He Amount of solution - strength of the solution = amount of pure sulfuric acid 


A table and sketch are helpful in organizing the facts of the problem. 


Weak 
solution 


Strong 
solution 


\\ x liters Amount of pure 
\ 50% Amount: Strength = sulfuric acid 
Strong x 0.50 0.50x Multiply amount - strength 
Weak 12—-—x 0.20 0.20(12 — x) three times to fill in this 
Mixture | 12 0.30 12(0.30) column: 
————— 
Enter this t Use the information in this 


intoeriation fret: column to form an equation. 


Mixture 


The sulfuric acid in the sulfuric acid in ' the sulfuric acid in 
the 50% solution the 20% solution ae the mixture. 
0.50x + 0.20(12 — x) = 12(0.30) 


Solve the Equation 


50x + 0. x) = 120. 
Success Tip 0.50x + 0.20(12 — x) = 12(0.30) 


We could begin by multiplying 0.5x + 2.4 — 0.2x = 3.6 Distribute the multiplication by 0.20. 
both sides of the equation by 10 to 0.3x + 2.4 = 3.6 Combine like terms: O.5x — 0.2x = 0.3x. 
clear it of the decimals. 
0.3x = 1.2 Subtract 2.4 from both sides. 
x=4 To isolate x, undo the multiplication by 0.3 by dividing 


both sides by 0.3: 22 = 4. 


State the Conclusion 4 liters of 50% solution and 12 — 4 = 8 liters of 20% solution 
should be used. 


Check the Result The amount of acid in 4 liters of the 50% solution is 0.50(4) = 2.0 
liters and the amount of acid in 8 liters of the 20% solution is 0.20(8) = 1.6 liters. Thus, 
the amount of acid in these two solutions is 2.0 + 1.6 = 3.6 liters. The amount of acid 
in 12 liters of the 30% mixture is also 0.30(12) = 3.6 liters. Since the amounts of acid 
are equal, the answers check. 


La Now Try Problem 39 


4.) Solve Dry Mixture Problems. 


In another type of mixture problem, a dry mixture of a specified value is created from two 
differently priced ingredients. 
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EXAMPLE 5 Snack Foods. Because cashews priced at $9 per pound were not 
: selling, a produce clerk decided to combine them with less expen- 
sive peanuts and sell the mixture for $7 per pound. How many pounds of peanuts, selling 
at $6 per pound, should be mixed with 50 pounds of cashews to obtain such a mixture? 


Analyze the Problem We need to determine how many pounds of peanuts to mix with 
50 pounds of cashews to obtain a mixture worth $7 per pound. 


Form an Equation Let x = the number of pounds of peanuts to use in the mixture. 
Since 50 pounds of cashews will be combined with the peanuts, the mixture will weigh 
50 + x pounds. The value of the mixture and of each of its ingredients is given by 


Amount - the price = the total value 


We can organize the facts of the problem in a table. 


Amount + Price=Total value 
Peanuts x 6 6x Multiply amount - price 
Cashews 50 9 450 three times to fill in this 
Mixture | 50+x | 7 | 7650+4x) || column. 
———— 
Enter this t_____ Use the information in this 
information first. column to form an equation. 
The value of the value of the value of 
plus uals A 
the peanuts the cashews the mixture. 
6x + 450 = 7(50 + x) 


Solve the Equation 
6x + 450 = 7(50 + x) 
6x + 450 = 350 + 7x Distribute the multiplication by 7. 
450 = 350 + x To eliminate the term Gx on the left side, subtract 6x from both 
sides: 7x — 6x = x. 
100 = x To isolate x, subtract 350 from both sides. 
State the Conclusion — 100 pounds of peanuts should be used in the mixture. 


Check the Result The value of 100 pounds of peanuts, at $6 per pound, is 
100(6) = $600 and the value of 50 pounds of cashews, at $9 per pound, 50(9) = $450. 
Thus, the value of these two amounts is $1,050. Since the value of 150 pounds of the 
mixture, at $7 per pound, is also 150(7) = $1,050, the answer checks. 


La Now Try Problem 45 


Solve Number-Value Problems. 


When problems deal with collections of different items having different values, we must dis- 
tinguish between the number of and the value of the items. For these problems, we will use the 
fact that 


Number : value = total value 
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EXAMPLE 6 j Dining Area Improvements. A restaurant owner needs to pur- 
: chase some tables, chairs, and dinner plates for the dining area of 
her establishment. She plans to buy four chairs and four plates for each new table. She 
also plans to buy 20 additional plates in case of breakage. If a table costs $100, a chair 
$50, and a plate $5, how many of each can she buy if she takes out a loan for $6,500 to 
pay for the new items? 


Analyze the Problem We know the value of each item: Tables cost $100, chairs cost 
$50, and plates cost $5 each. We need to find the number of tables, chairs, and plates she 
can purchase for $6,500. 


Form an Equation The number of chairs and plates she needs depends on the number 
of tables she buys. So we let t = the number of tables to be purchased. Since every table 
requires four chairs and four plates, she needs to order 4¢ chairs. Because 20 additional 
plates are needed, she should order (4t + 20) plates. We can organize the facts of the 
problem in a table. 


Number : Value = Total value 
Tables t 100 100t Multiply number - value 
Chairs At 50 50(4) three times to fill in this 
Plates | 4¢+ 20] 5 | 5(4+ 20) || cu" 
Total: 6,500 
Enter this t__________ Use the information in this 
information first. column to form an equation. 
The value of the value of the value of the value of 
the tables pins the chairs — the plates sale the purchase. 
100¢ + 50(4t) + 5(4t + 20) = 6,500 


Solve the Equation 
100¢ + 50(4t) + 5(4t + 20) = 6,500 
100¢ + 200¢ + 20¢ + 100 = 6,500 Do the multiplications and distribute. 
320t + 100 = 6,500 Combine like terms: 100t + 200t + 20t = 320t. 
320t = 6,400 Subtract 100 from both sides. 
t = 20 To isolate t, divide both sides by 320. 


To find the number of chairs and plates to buy, we evaluate 4t and 4¢ + 20 for t = 20. 
Chairs: 4t = 4(20) Plates: 4t + 20 = 4(20) + 20 — Substitute 20 for t. 
= 80 = 100 
State the Conclusion The owner needs to buy 20 tables, 80 chairs, and 100 plates. 


Check the Result The total value of 20 tables is 20($100) = $2,000, the total value of 
80 chairs is 80($50) = $4,000, and the total value of 100 plates is 100($5) = $500. 
Because the total purchase is $2,000 + $4,000 + $500 = $6,500, the answers check. 


La Now Try Problem 53 
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VOCABULARY 
Fill in the blanks. 


1. Problems that involve depositing money are called 
problems, and problems that involve moving vehicles are called 
uniform problems. 
2. Problems that involve combining ingredients are called 
problems, and problems that involve collections of dif- 
ferent items having different values are called 
problems. 


CONCEPTS 


3. Complete the principal column given that part of $30,000 is 
invested in stocks and the rest in art. 


Stocks 
Art 


4. A man made two investments that earned a combined annual 
interest of $280. Complete the table and then form an equation 
for this investment problem. 


IP Se A ed if 
Bank x 0.04 | 1 
Stocks | 6,000 — x | 0.06 | 1 
Total: 


5. Complete the rate column given that the east-bound plane flew 
150 mph slower than the west-bound plane. 


r- t=d 
West | r 
East | ? 


6. a. Complete the time column given 


that a runner wants to overtake a mead 
walker and the walker had a Runner t 
5-hour head start. Walker Es 

b. Complete the time column given ee, 
that part of a 6-hour drive was in 
fog and the other part was in clear Foggy i 
conditions Clear ? 


7. A husband and wife drive in oppo- 
site directions to work. Their drives 
last the same amount of time and Husband | 35 | 7 
their workplaces are 80 miles Wife 45 
apart. Complete the table and then 
form an equation for this distance 
problem. 


8. a. How many gallons of acetic acid are there in barrel 2? 


b. Suppose the contents of the two barrels are poured into an 
empty third barrel. How many gallons of liquid will the 
third barrel contain? 


c. Estimate the strength of the solution in the third barrel: 
15%, 35%, or 60% acid? 


Barrel <=> 
— 

x gallons of 

a 20% acetic 
acid solution ae 
9. a. Two antifreeze solutions are combined to form a mixture. 


Complete the table and then form an equation for this 
mixture problem. 


Barrel 
2 
42 gallons of 
a 40% acetic 
acid solution 


Amount: Strength = Pure antifreeze 
Strong 6 0.50 
Weak x 0.25 
Mixture 0.30 


b. Two oil-and-vinegar salad dressings are combined to make a 
new mixture. Complete the table and then form an equation 
for this mixture problem. 


Amount: Strength = Pure vinegar 
Strong x 0.06 
Weak 0.03 
Mixture 10 0.05 


10. The value of all the nylon brushes that a paint store carries is 
$670. Complete the table and then form an equation for this 
number-value problem. 


Number : Value = Total value 
1-inch 2x 4 
2-inch x =) 
3-inch| x + 10 7 


Total: 
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NOTATION 


11. Write 6% and 15.2% in decimal form. 


12. By what power of 10 should each decimal be multiplied to 
make it a whole number? 


a. 0.08 b. 0.162 


GUIDED PRACTICE 


Solve each equation. See Example 1. 

13. 0.18x + 0.45(12 — x) = 0.36(12) 
14. 0.12x + 0.20(4 — x) = 0.6 

15. 0.08x + 0.07(15,000 — x) = 1,110 
16. 0.108x + 0.07(16,000 — x) = 1,500 


APPLICATIONS 


Investment problems 


17. CORPORATE INVESTMENTS | The financial board of a 
corporation invested $25,000 overseas, part at 4% and part at 7% 
annual interest. Find the amount invested at each rate if the first- 
year combined income from the two investments was $1,300. 


18. LOANS. A credit union loaned out $50,000, part at an annual 
rate of 5% and the rest at an annual rate of 8%. They collected 
combined simple interest of $3,400 from the loans that year. 
How much was loaned out at each rate? 


19. OLD COINS A salesperson used her $3,500 year-end bonus 
to purchase some old coins, with hopes of earning 15% annual 
interest on the gold coins and 12% annual interest on the silver 
coins. If she saw return on her investment of $480 the first year, 
how much did she invest in each type of coin? 


20. HIGH-RISK COMPANIES An investment club used funds 
totaling $200,000 to invest in a bio-tech company and in an 
ethanol plant, with hopes of earning 11% and 14% annual 
interest, respectively. Their hunch paid off. The club made a 
total of $24,250 interest the first year. How much was invested 
at each rate? 


21. RETIREMENT A professor wants to supplement her pension 
with investment interest. If she invests $28,000 at 6% interest, 
how much would she have to invest at 7% to achieve a goal of 
$3,500 per year in supplemental income? 


22. EXTRA INCOME An investor wants to receive $1,000 
annually from two investments. He has put $4,500 in a money 
market account paying 4% annual interest. How much should 
he invest in a stock fund that pays 10% annual interest to 
achieve his goal? 


23. 1099 FORMS The form shows the interest income Terrell 
Washington earned in 2008 from two savings accounts. He 
deposited a total of $15,000 at the first of that year, and made 
no further deposits or withdrawals. How much money did he 
deposit in account 822 and in account 721? 


USA HOME SAVINGS 


This is important tax information and is being furnished 
to the Internal Revenue Service. 


2008 


RECIPIENT'S name 
TERRELL WASHINGTON 


Account Number Annual Percent Yield Interest earned 


822 5% ? 
721 4.5% 2 


FORM 1099 Total Interest Income $720.00 


24. INVESTMENT PLANS A financial planner recommends a 
plan for a client who has $65,000 to invest. (See the chart.) At 
the end of the presentation, the client asks, “How much will be 
invested at each rate?” Answer this question using the given 
information. 


to invest | 


Mutual fund Municipal bonds | 
12% 6.2% 
annual rate annual rate 


[ | 
Total interest 
$6,477.60 
earned Ist year 


25. INVESTMENTS Equal amounts are invested in each of three 
accounts paying 7%, 8%, and 10.5% annually. If one year’s 
combined interest income is $1,249.50, how much is invested 
in each account? 

26. PERSONAL LOANS Maggy lent her brother some money at 
2% annual interest. She lent her sister twice as much money at 
half of the interest rate. In one year, Maggy collected combined 
interest of $200 from her brother and sister. How much did she 
lend each of them? 


Uniform motion problems 


27. TORNADOES | During a storm, two teams of scientists leave 
a university at the same time in vans to search for tornadoes. 
The first team travels east at 20 mph and the second travels 
west at 25 mph. If their radios have a range of up to 90 miles, 
how long will it be before they lose radio contact? 


ae 90 mi | 
- ees. 


25 mph University 20 mph 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


UNMANNED AIRCRAFT __ Two remotely controlled 
unmanned aircraft are launched in opposite directions. One 
flies east at 78 mph and the other west at 82 mph. How long 
will it take the aircraft to fly a combined distance of 

560 miles? 

HELLO/GOODBYE_ A husband and wife work different 
shifts at the same plant. When the husband leaves from work to 
make the 20-mile trip home, the wife leaves their home and 
drives to work. They travel on the same road. The husband’s 
driving rate is 45 mph and the wife’s is 35 mph. How long 
into their drives can they wave at each when passing on the 
road? 

AIR TRAFFIC CONTROL An airliner leaves Berlin, 
Germany, headed for Montreal, Canada, flying at an average 
speed of 450 mph. At the same time, an airliner leaves 
Montreal headed for Berlin, averaging 500 mph. If the airports 
are 3,800 miles apart, when will the air traffic controllers have 
to make the pilots aware that the planes are passing each 
other? 

CYCLING A cyclist leaves his training base for a morning 
workout, riding at the rate of 18 mph. One and one-half hours 
later, his support staff leaves the base in a car going 45 mph in 
the same direction. How long will it take the support staff to 
catch up with the cyclist? 

PARENTING _ How long will it take a mother, running at 

4 feet per second, to catch up with her toddler, running down 
the sidewalk at 2 feet per second, if the child had a 5-second 
head start? 


ROAD TRIPS A car averaged 40 mph for part of a trip and 50 
mph for the remainder. If the 5-hour trip covered 210 miles, for 
how long did the car average 40 mph? 

CROSS-TRAINING An athlete runs up a set of stadium 
stairs at a rate of 2 stairs per second, immediately turns around, 
and then descends the same stairs at a rate of 3 stairs per 
second. If the workout takes 90 seconds, how long does it take 
him to run up the stairs? 

WINTER DRIVING A trucker drove for 4 hours before he 
encountered icy road conditions. He reduced his speed by 20 
mph and continued driving for 3 more hours. Find his average 
speed during the first part of the trip if the entire trip was 

325 miles. 

SPEED OF TRAINS | Two trains are 330 miles apart, and 
their speeds differ by 20 mph. Find the speed of each train 

if they are traveling toward each other and will meet in 

3 hours. 


Liquid mixture problems 


37. 


38. 


SALT SOLUTIONS How many gallons of a 3% salt solution 
must be mixed with 50 gallons of a 7% solution to obtain a 5% 
solution? 

PHOTOGRAPHY A photographer wishes to mix 2 liters of a 
5% acetic acid solution with a 10% solution to get a 


7% solution. How many liters of 10% solution must be 
added? 


39. 


40. 


41. 


42. 


43. 


Desert Sunrise 
7% orange tint 


44, 
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MAKING CHEESE | To make low-fat cottage cheese, milk 
containing 4% butterfat is mixed with milk containing 

1% butterfat to obtain 15 gallons of a mixture containing 
2% butterfat. How many gallons of each milk must be used? 


ANTIFREEZE How many quarts of a 10% antifreeze solu- 
tion must be mixed with 16 quarts of a 40% antifreeze solution 
to make a 30% solution? 

PRINTING A printer has ink that is 8% cobalt blue color and 
ink that is 22% cobalt blue color. How many ounces of each ink 
are needed to make | gallon (64 ounces) of ink that is 

15% cobalt blue color? 


FLOOD DAMAGE _ One website recommends a 6% chlorine 
bleach-water solution to remove mildew. A chemical lab has 
3% and 15% chlorine bleach-water solutions in stock. How 
many gallons of each should be mixed to obtain 100 gallons of 
the mildew spray? 

INTERIOR DECORATING | The colors on the paint chip card 
below are created by adding different amounts of orange tint to 
a white latex base. How many gallons of Desert Sunrise should 
be mixed with | gallon of Bright Pumpkin to obtain Cool 
Cantaloupe? 


Cool Cantaloupe 
8.6% orange tint 


Bright Pumpkin 
18.2% orange tint 


ANTISEPTICS A nurse wants to add water to 30 ounces of a 
10% solution of benzalkonium chloride to dilute it to an 

8% solution. How much water must she add? (Hint: Water is 
0% benzalkonium chloride.) 


Dry mixture problems 


45. 


46. 


47. 


48. 


LAWN SEED A store sells bluegrass seed for $6 per pound 
and ryegrass seed for $3 per pound. How much ryegrass must 
be mixed with 100 pounds of bluegrass to obtain a blend that 
will sell for $5 per pound? 

COFFEE BLENDS A store sells regular coffee for $8 a 
pound and gourmet coffee for $14 a pound. To get rid of 

40 pounds of the gourmet coffee, a shopkeeper makes a blend 
to put on sale for $10 a pound. How many pounds of regular 
coffee should he use? 

RAISINS How many scoops of natural seedless raisins 
costing $3.45 per scoop must be mixed with 20 scoops of 
golden seedless raisins costing $2.55 per scoop to obtain a 
mixture costing $3 per scoop? 

FERTILIZER Fertilizer with weed control costing $38 per 
50-pound bag is to be mixed with a less expensive fertilizer 
costing $6 per 50-pound bag to make 16 bags of fertilizer that 
can be sold for $28 per bag. How many bags of cheaper fertil- 
izer should be used? 
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49. PACKAGED SALAD How many 10-ounce bags of Romaine 
lettuce must be mixed with fifty 10-ounce bags of Iceberg 
lettuce to obtain a blend that sells for $2.50 per ten-ounce 
bag? 


Price: $2.20 Price: $3.50 


50. MIXING CANDY Lemon drops worth $3.80 per 
pound are to be mixed with jelly beans that cost $2.40 per 
pound to make 100 pounds of a mixture worth $2.96 per 
pound. How many pounds of each candy should be 
used? 


51. BRONZE A pound of tin is worth $1 more than a pound of 
copper. Four pounds of tin are mixed with 6 pounds of copper 
to make bronze that sells for $3.65 per pound. How much is a 
pound of tin worth? 


52. SNACK FOODS A bag of peanuts is worth $.30 less than a 
bag of cashews. Equal amounts of peanuts and cashews are 
used to make 40 bags of a mixture that sells for $1.05 per bag. 
How much is a bag of cashews worth? 


Number-value problems 


53. RENTALS The owners of an apartment building rent equal 
numbers of 1-, 2-, and 3-bedroom units. The monthly rent for a 
1-bedroom is $550, a 2-bedroom is $700, and a 3-bedroom is 
$900. If the total monthly income is $36,550, how many of 
each type of unit are there? 

54. WAREHOUSING A store warehouses 40 more portables 
than big-screen TV sets, and 15 more consoles than big-screen 
sets. The monthly storage cost for a portable is $1.50, a console 
is $4.00, and a big-screen is $7.50. If storage for all the televi- 
sions costs $276 per month, how many big-screen sets are in 
stock? 

55. SOFTWARE Three software applications are priced as 
shown. Spreadsheet and database programs sold in equal 
numbers, but 15 more word processing applications were sold 
than the other two combined. If the three applications generated 
sales of $72,000, how many spreadsheets were sold? 


Software Price 
Spreadsheet $150 
Database $195 


Word processing $210 


56. 


57. 


58. 


59. 


60. 


INVENTORIES With summer approaching, the number of 
air conditioners sold is expected to be double that of stoves and 
refrigerators combined. Stoves sell for $350, refrigerators for 
$450, and air conditioners for $500, and sales of $56,000 are 
expected. If stoves and refrigerators sell in equal numbers, how 
many of each appliance should be stocked? 


PIGGY BANKS When a child emptied his coin bank, he had 
a collection of pennies, nickels, and dimes. There were 20 more 
pennies than dimes and the number of nickels was triple the 
number of dimes. If the coins had a value of $5.40, how many 
of each type coin were in the bank? 


WISHING WELLS A scuba diver, hired by an amusement 
park, collected $121 in nickels, dimes, and quarters at the 
bottom of a wishing well. There were 500 nickels, and 90 more 
quarters than dimes. How many quarters and dimes were 
thrown into the wishing well? 


BASKETBALL  Epiphanny Prince, of New York, scores 

113 points in a high school game on February 1, 2006, 
breaking a national prep record that was held by Chery] Miller. 
Prince made 46 more 2-point baskets than 3-point baskets, and 
only 1 free throw. How many 2-point and 3-point baskets did 
she make? 


MUSEUM TOURS | The admission prices for the Coca-Cola 
Museum in Atlanta are shown. A family purchased 3 more 
children’s tickets than adult tickets, and 1 less senior ticket than 
adult tickets. The total cost of the tickets was $73. How many 
of each type of ticket did they purchase? 


A ES apmission PRICES Cote 


Coke | Seniors .... $8 
ty Children... $5 


WRITING 


61. 
62. 


Create a mixture problem of your own, and solve it. 


Is it possible to mix a 10% sugar solution with a 20% sugar 
solution to get a 30% sugar solution? Explain. 


REVIEW 

Multiply. 

63. —25(2x — 5) 64. —12(3a + 4b — 32) 
1 

65. —(3x — 3) 66. -(4b — 8) 

67. (4y — 4)4 68. 3(5¢ + 1)2 
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CHALLENGE PROBLEMS 71. FINANCIAL PLANNING | A plumber has a choice of two 
: investment plans: 

69. EVAPORATION How much water must be boiled away to ie aad ne 
increase the concentration of 300 milliliters of a 2% salt n insured fund that pays 11% interest 
solution to a 3% salt solution? e Arisky investment that pays a 13% return 

70. TESTING A teacher awarded 4 points for each correct If the same amount invested at the higher rate would generate 
answer and deducted 2 points for each incorrect answer when an extra $150 per year, how much does the plumber have to 
grading a 50-question true-false test. A student scored 56 points invest? 
on the test and did not leave any questions unanswered. How 72. INVESTMENTS | The amount of annual interest earned by 


many questions did the student answer correctly? 


$8,000 invested at a certain rate is $200 less than $12,000 


would earn at a rate 1% lower. At what rate is the $8,000 
invested? 


Objectives 


Inequality 
Symbols 


The Language of Algebra 
Because < requires one number 
to be strictly less than another 
number and > requires one 
number to be strictly greater than 
another number, < and > are 
called strict inequalities. 


@ Determine whether a number is a solution of an inequality. 


@® Graph solution sets and use interval notation. 
© Solve linear inequalities. 
© Solve compound inequalities. 


© Solve inequality applications. 


In our daily lives, we often speak of one value being greater than or less than another. For 
example, a sick child might have a temperature greater than 98.6°F or a granola bar might 
contain Jess than 2 grams of fat. 

In mathematics, we use inequalities to show that one expression is greater than or is less 
than another expression. 


Determine Whether a Number is a Solution of an Inequality. 


An inequality is a statement that contains one or more of the following symbols. 


< is less than # is not equal to 


= is less than or equal to 


> is greater than 
= is greater than or equal to 


An inequality can be true, false, or neither true nor false. For example, 


e 9 = 9is true because 9 = 9. 
e 37 < 24 is false. 
e x + 1 > 51s neither true nor false because we don’t know what number x represents. 


An inequality that contains a variable can be made true or false depending on the number 
that is substituted for the variable. If we substitute 10 for x in x + 1 > 5, the resulting inequal- 
ity is true: 10 + 1 > 5. If we substitute | for x, the resulting inequality is false: 1 + 1 >5.A 
number that makes an inequality true is called a solution of the inequality, and we say that the 
number satisfies the inequality. Thus, 10 is a solution of x + 1 > 5 and | is not. 
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Linear Inequality 
in One Variable 


Notation 
The parenthesis ( opens in the 


direction of the shading and indi- 


cates that an endpoint is not 
included in the shaded interval. 


In this section, we will find the solutions of /inear inequalities in one variable. 


A linear inequality in one variable can be written in one of the following forms where a, b, 
and c are real numbers and a # 0. 


(ee ar ly) = © On => Ib 2 © one aF lb Se Ge or i) = & 


EXAMPLE 1 | Is 9 a solution of 2x + 4 S 21? 


Strategy We will substitute 9 for x and evaluate the expression on the left side. 


Why Ifa true statement results, 9 is a solution of the inequality. If we obtain a false state- 
ment, 9 is not a solution. 


Solution 
2x+4=21 


a 
2(9) + 4=21 Substitute 9 for x. Read = as “is possibly less than or equal to.” 
18+ 4=21 
22 = 21 This inequality is false. 


The statement 22 = 21 is false because neither 22 < 21 nor 22 = 21 is true. Therefore, 9 is 
not a solution. 


“a Self Check 1 4 Is 2 a solution of 3x — 1 = 0? 
Now Try Problem 13 


Graph Solution Sets and Use Interval Notation. 


The solution set of an inequality is the set of all numbers that make the inequality true. Some 
solution sets are easy to determine. For example, if we replace the variable in x > —3 witha 
number greater than —3, the resulting inequality will be true. Because there are infinitely 
many real numbers greater than —3, it follows that x > —3 has infinitely many solutions. 
Since there are too many solutions to list, we use set-builder notation to describe the solu- 
tions set. 


{x|x > —3} Read as “the set of all x such that x is greater than —3.” 


We can illustrate the solution set by graphing the inequality on a number line. To graph 
x > —3,a parenthesis or open circle is drawn on the endpoint —3 to indicate that —3 is not 
part of the graph. Then we shade all of the points on the number line to the right of —3. The 
right arrowhead is also shaded to show that the solutions continue forever to the right. 


Method 1: parenthesis Method 2: open circle 
ae 
54-32-11 0123 4 5 54-32-1012 3 45 


All real numbers greater than —3 


The graph of x > —3 is an example of an interval on the number line. We can write 
intervals in a compact form called interval notation. 


Notation 
The infinity symbol % does not 
represent a number. It indicates 
that an interval extends to the 
right without end. 


Notation 
The bracket ] opens in the direc- 
tion of the shading and indicates 
that an endpoint is included in the 
shaded interval. 
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The interval notation that represents the graph of x > —3 is (—3, ©). As on the number 
line, a left parenthesis is written next to —3 to indicate that —3 is not included in the interval. 
The positive infinity symbol © that follows indicates that the interval continues without end 
to the right. With this notation, a parenthesis is always used next to an infinity symbol. 

The illustration below shows the relationship between the symbols used to graph an inter- 
val and the corresponding interval notation. If we begin at —3 and move to the right, the 
shaded arrowhead on the graph indicates that the interval approaches positive infinity ©. 


We now have three ways to describe the solution set of an inequality. 
Set-builder notation Number line graph Interval notation 


izi= 3) a ee (—3, %) 
SAS 241 1 a aS 


-EXAMPLE2 — Graph: x = 2 


| 

il 

Strategy We need to determine which real numbers, when substituted for x, would make 
x S 2 a true statement. 


Why To graph x < 2 means to draw a “picture” of all of the values of x that make the 
inequality true. 


Solution — If we replace x with a number less than or equal to 2, the resulting inequality 
will be true. To graph the solution set, a bracket or a closed circle is drawn at the end- 
point 2 to indicate that 2 is part of the graph. Then we shade all of the points on the 
number line to the left of 2 and the left arrowhead. 


Method 1: bracket Method 2: closed circle 
iclelericitests—_|_| | 
5 4-3-2-10123 45 -5 4-32-1012 3 45 


All real numbers less than or equal to 2 


The interval is written as (— ©, 2]. The right bracket indicates that 2 is included in the inter- 
val. The negative infinity symbol —~ shows that the interval continues forever to the left. 
The illustration below shows the relationship between the symbols used to graph the interval 
and the corresponding interval notation. 


5 -4-3-2-1 0123 4 5 


——— 


(-%, 2] 


a SelfCheck2 | Graph: x = 0 


Now Try Problem 17 
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3 | 


Addition and 
Subtraction 
Properties of 
Inequality 


Success Tip 
We solve linear inequalities by 
writing a series of steps that result 
in an equivalent inequality of the 
form 


x > anumber 
or 
x < anumber 


Similar statements apply to linear 
inequalities containing = and =. 


Notation 
Since we use parentheses and 
brackets in interval notation, we 
will use them to graph inequali- 
ties. Note that parentheses, not 
brackets, are written next to % and 
— because there is no endpoint. 


(=3h29) (224 


CHAPTER 2. Equations, Inequalities, and Problem Solving 


Solve Linear Inequalities. 


To solve an inequality means to find all values of the variable that make the inequality true. 
As with equations, there are properties that we can use to solve inequalities. 


Adding the same number to, or subtracting the same number from, both sides of an inequal- 
ity does not change its solutions. 
For any real numbers a, b, and c, 


lta <b, tien @ 47 @<) =F @, 
lia<s bien g@=—e<b=— @, 


Similar statements can be made for the symbols =, >, and =. 


After applying one of these properties, the resulting inequality is equivalent to the origi- 
nal one. Equivalent inequalities have the same solution set. 
Like equations, inequalities are solved by isolating the variable on one side. 


EXAMPLE 3 


Solve x + 3 > 2. Write the solution set in interval notation and 
graph it. 


Strategy We will use a property of inequality to isolate the variable on one side. 


Why To solve the original inequality, we want to find a simpler equivalent inequality of 
the form x > a number or x < a number, whose solution is obvious. 


Solution We will use the subtraction property of inequality to isolate x on the left side of 
the inequality. We can undo the addition of 3 by subtracting 3 from both sides. 
x+3>2 This is the inequality to solve. 
x+3-—3>2-—3 Subtract 3 from both sides. 
x>-l 
All real numbers greater than — 1 are solutions of x + 3 > 2. The solution set can be written 


in set-builder notation as {x |x > —1} and in interval notation as (—1, ©). The graph of the 
solution set is shown below. 


3 2-1 041 2 #3 


Since there are infinitely many solutions, we cannot check all of them. 
As an informal check, we can pick some numbers in the graph, say 0 and 30, substitute 
each number for x in the original inequality, and see whether true statements result. 


Check: x+3>2 x+3>2 
0+ 3 = 2 Substitute O for x. 30 +3 $ 2 Substitute 30 for x. 
3 >2 = True. 33 >2 ~~ True. 


The solution set appears to be correct. 


Caution 
If the inequality symbol is not 
reversed when both sides of a true 


inequality are multiplied by a nega- 


tive number, the result is a false 
inequality. For example, 


oe True 
—3-3<-3:°-6 
=—O< =I18 False 


The same is true if we divide both 
sides of a true inequality by a neg- 
ative number. Divide both sides of 
3 < 6 by —3 to see for yourself. 


Multiplication 
and Division 
Properties of 
Inequality 
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Solve x — 3 < —2. Write the solution set in interval notation 


a Self Check3 
; and graph it. 


Now Try Problem 25 


As with equations, there are properties for multiplying and dividing both sides of an 
inequality by the same number. To develop what is called the multiplication property of 
inequality, we consider the true statement 2 < 5. If both sides are multiplied by a positive 
number, such as 3, another true inequality results. 


25 This inequality is true. 
3°2<3:+5 Multiply both sides by 3. 
6< 15 This inequality is true. 


However, if we multiply both sides of 2 < 5 by a negative number, such as —3, the direc- 
tion of the inequality symbol is reversed to produce another true inequality. 


2<5 This inequality is true. 
—3+-2>—-3:+5 Multiply both sides by —3 and reverse the direction of the inequality. 
-6>-15 This inequality is true. 


The inequality —6 > —15 is true because —6 is to the right of —15 on the number line. 
Dividing both sides of an inequality by the same negative number also requires that the 
direction of the inequality symbol be reversed. 


—-4<6 This inequality is true. 

—4 6 

= > a Divide both sides by —2 and change < to >. 
2 > —3 © This inequality is true. 


These examples illustrate the multiplication and division properties of inequality. 


Multiplying or dividing both sides of an inequality by the same positive number does not 
change its solutions. 
For any real numbers a, b, and c, where c is positive, 
@ Bb 
Ifa<b, thenac < be. Ifa <b, then <7. 
If we multiply or divide both sides of an inequality by a negative number, the direction 
of the inequality symbol must be reversed for the inequalities to have the same solutions. 
For any real numbers a, b, and c, where c is negative, 
Ifa <b, 


b 
then ac > be. Ifa <b, then “ > e 


Similar statements can be made for the symbols <, >, and =. 


‘ EXAMPLE 4 ] Solve each inequality. Write the solution set in interval notation 


3 
and graphit. a. “5 S12 b. —5t < 55 


Strategy We will use a property of inequality to isolate the variable on one side. 
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Why To solve the original inequality, we want to find a simpler equivalent inequality, 
whose solution is obvious. 
Solution 


a. To undo the multiplication by 3, we multiply both sides by the reciprocal, which is —%, 


~ = =12 This is the inequality to solve. 


2 = “a 2 ~12) Multiply both sides by = Since we are multiplying both sides 
3 by a negative number, reverse the direction of the inequality. 


t=8 Do the multiplications. 


The solution set is (—%, 8] and it is graphed as shown. 


b. To undo the multiplication by —5, we divide both sides by —5. 


—5t< 55 This is the inequality to solve. 


—5t 55 To isolate t, undo the multiplication by —5 by dividing both sides by —5. 
—S Since we are dividing both sides by a negative number, reverse the direction 
=“ a of the inequality. 


t>-ll 


The solution set is (—11, ©) and it is graphed as shown. 


-12 -11 -10 -9 


a Self Check 4 j Solve each inequality. Write the solution set in interval notation and 
graphit. a. 35 =< 10 b. =12a > —144 
Now Try Problems 31 and 33 


EXAM PLE 5 | Solve —5 > 3x + 7. Write the solution set in interval notation and 
graph it. 


Strategy First we will use a property of inequality to isolate the variable term on one 
side. Then we will use a second property of inequality to isolate the variable itself. 


Why To solve the original inequality, we want to find a simpler equivalent inequality of 
the form x > a number or x < a number, whose solution is obvious. 


Solution 
- =3 > 3x +7 This is the inequality to solve. 

Caution : : = 
Don’t be confused by the negative —-5-—7>3x+7-—7  Toisolate the variable term, 3x, undo the addition of 7 by 
number on the left side. We didn’t subtracting 7 from both sides. 
reverse the > symbol because we —12 > 3x bethasibraciona 
divided both sides by positive 3. io. 18 

= Ba 
=|[2 _ she =e To isolate x, undo the multiplication by 3 by dividing both sides by 3. 
ee 3° 3 r 
3 3 


-4>x Do the divisions. 
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To determine the solution set, it is useful to rewrite the inequality —4 > x in an equiva- 
lent form with the variable on the left side. If —4 is greater than x, it follows that x must be 
less than —4. 


x<—4 


The solution set is (—%, —4) whose graph is shown below. 


6. Se 


a Self Check 5 j Solve —13 < 2r — 7. Write the solution set in interval nota- 
j tion and graph it. 


Now Try Problem 39 


EXAMPLE 6 | Solve 5.1 — 3k < 19.5. Write the solution set in interval notation 
: and graph it. 


Strategy We will use properties of inequality to isolate the variable on one side. 


Why To solve the original inequality, we want to find a simpler equivalent inequality of 
the form & > a number or k < a number, whose solution is obvious. 


Solution 
5.1 — 3k < 19.5 This is the inequality to solve. 
5.1 — 3k — 5.1 < 19.5 — 5.1  Toisolate —3k on the left side, subtract 5.1 from both sides. 
—3k < 14.4 Do the subtractions. 
—3k a, 14.4 To isolate k, undo the multiplication by —3 by dividing both 
—3 3 sides by —3 and reverse the direction of the < symbol. 
k> —4.8 Do the divisions. 


The solution set is (—4.8, ©), whose graph is shown below. 


4.8 


65 = 2 


a Self Check 6 i Solve —9n + 1.8 > —17.1. Write the solution set in interval 
notation and graph it. 


Now Try Problem 47 


The equation solving strategy on page 125 can be applied to inequalities. However, when 
solving inequalities, we must remember to change the direction of the inequality symbol when 
multiplying or dividing both sides by a negative number. 
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Success Tip 
As an informal check, substitute a 
number on the graph that is 
shaded, such as 0, into 
8(y + 1) = Ay — 4) + y.Atrue 
statement should result. Then 
substitute a number on the graph 
that is not shaded, such as —4, 
into the inequality. A false state- 
ment should result. 


@ 


The Language of Algebra 
The word compound means made 
up of two or more parts. For 
example, a compound inequality 
has three parts. Other examples 
are: a compound sentence, a 
compound fracture, and a 
chemical compound. 


EXAM PLE 7 | Solve 8(v + 1) = 2(v — 4) + y. Write the solution set in interval 
: notation and graph it. 


Strategy We will follow the steps of the equation solving strategy (adapted to inequali- 
ties) to solve the inequality. 


Why This is the most efficient way to solve a linear inequality in one variable. 


Solution 


ay & * 


8(y + 1) = 2(y — 4) + y This is the inequality to solve. 
Sy +8 =2y-—8+y Distribute the multiplication by 8 and by 2. 


8y + 8 = 3y- 8 Combine like terms: 2y + y = 3y. 
8y + 8 — 3y = 3y — 8 — 3y To eliminate 3y from the right side, subtract 3y from both 
sides. 
5y +8 = -8 Combine like terms on both sides. 
Sy +8-8=-8-8 To isolate 5y, undo the addition of & by subtracting & from 
both sides. 
Sy = -16 Do the subtractions. 
Sy —16 To isolate y, undo the multiplication by 5 by dividing both 
5 5 sides by 5. Do not reverse the direction of the = symbol. 
ss 16 
os 
: : 16 . 16 _ 1 
The solution set is 2, oo), To graph it, we note that —> = —35. 
_ 16 
5 
ee 


a Self Check 7 d Solve 5(b — 2) = —(b — 3) + 2b. Write the solution set in 


interval notation and graph it. 
Now Try Problem 53 


Solve Compound Inequalities. 


Two inequalities can be combined into a compound inequality to show that an expression 
lies between two fixed values. For example, —2 < x < 3 is a combination of 


—2<x and x <3 


It indicates that x is greater than —2 and that x is also less than 3. The solution set of 
—2 <x <3 consists of all numbers that lie between —2 and 3, and we write it as (—2, 3). 
The graph of the compound inequality is shown below. 


Notation 
Note that the two inequality 
symbols in —4 <x < 0 point in 
the same direction and point to 
the smaller number. 


Success Tip 
Think of interval notation as a way 
to tell someone how to draw the 
graph, from left to right, giving 
them only a “start” and a “stop” 
instruction. 
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EXAMPLE 8 j Graph: —4=x <0 


Strategy We need to determine which real numbers, when substituted for x, would make 
—4 =x < 0a true statement. 


Why To graph —4 = x < 0 means to draw a “picture” of all of the values of x that make 
the compound inequality true. 


Solution — If we replace the variable in —4 = x < 0 with a number between —4 and 0, 
including —4, the resulting compound inequality will be true. Therefore, the solution 
set is the interval [—4, 0). To graph the interval, we draw a bracket at —4, a parenthesis 
at 0, and shade in between. 


5 4 3 2-1 0 1 


To check, we pick a number in the graph, such as —2, and see whether it satisfies the 
inequality. Since —4 = — 2 < 0 is true, the answer appears to be correct. 


a Self Check 8 j Graph —2 = x < 1 and write the solution set in interval 
notation. 


Now Try Problem 61 


To solve compound inequalities, we isolate the variable in the middle part of the inequal- 
ity. To do this, we apply the properties of inequality to all three parts of the inequality. 


EXAMPLE 9 _ Solve —4 < 2@@ — 1) = 4. Write the solution set in interval nota- 
tion and graph it. 


Strategy We will use properties of inequality to isolate the variable by itself as the 
middle part of the inequality. 


Why To solve the original inequality, we want to find a simpler equivalent inequality of 
the form a number < x = a number, whose solution is obvious. 


Solution 
—-4<2a2-1s4 This is the compound inequality to solve. 
—4<2x-254 Distribute the multiplication by 2. 


—-442<2x —2+254+42  Toisolate 2x, undo the subtraction of 2 by adding 2 to 
all three parts. 


—2<2x=6 Do the additions. 
72 2x = 6 To isolate x, we undo the multiplication by 2 by dividing 
2 7 3 all three parts by 2. 
=1<a7=:3 Do the divisions. 


The solution set is (—1, 3] and its graph is shown. 
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a Self Check 9 j Solve —6 = 3(t + 2) S 6. Write the solution set in interval 
notation and graph it. 


Now Try Problem 69 


© Solve Inequality Applications. 


When solving problems, phrases such as “not more than,” or “should exceed” suggest that the 
problem involves an inequality rather than an equation. 


EXAMPLE 10 | Grades. A student has scores of 72%, 74%, and 78% on three 
; exams. What percent score does he need on the last exam to earn a 
grade of no less than B (80%)? 


Analyze the Problem We know three scores. We are to find what the student must 
score on the last exam to earn a grade of B or higher. 


Form an Inequality We can let x = the score on the fourth (and last) exam. To find the 


The Language of Algebra a 
ane sts see bili average grade, we add the four scores and divide by 4. To earn a grade of no less than B, 
inequality are: the student’s average must be greater than or equal to 80%. 

surpass: > at least: = The average of 

not exceed: = at most: = must be no less than 80. 


the four grades 


72+ 744+ 78 +x 


between: < = 


= 80 
4 
Solve the Inequality 
224+ x 
a ah = 80 Combine like terms in the numerator: 72 + 74 + 78 = 224. 


224+ x 
4 — = = 4(80) To clear the inequality of the fraction, multiply both sides by 4. 


224 + x = 320 Simplify each side. 
x = 96 To isolate x, undo the addition of 224 by subtracting 224 from both 


sides. 


State the Conclusion To earn a B, the student must score 96% or better on the last 
exam. Assuming the student cannot score higher than 100% on the exam, the solution 
set is written as [96, 100]. The graph is shown below. 


ef i 


92 93 94 95 96 97 98 99 100 


Check the Result Pick some numbers in the interval, and verify that the average of the 
four scores will be 80% or greater. 
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Latics oar 1. Yes 2. [0, %) 3. (—~, 1) 
<< fo at ttt 
=| @ 1 -1 0 1 2 
4. a. [—200, 2) , b. (=%, 12) 
-200 0 200 10 11 12 13 
5. (—3, ©) 6. (—%, 2.1) al 
i 3 A =i 
tf) 2.73 
i [iB @) 13 8. [—2, ee 
4 2 Sn 
—— 
D3 a 55 
9. [—4, 0] 
= 1 = al © i 


VOCABULARY 
Fill in the blanks. 
1. An is a statement that contains one of the symbols: 
>, 2, <,or Ss. 
2. To an inequality means to find all the values of the 
variable that make the inequality true. 
3. The solution set of x > 2 can be expressed in notation 
as (2, ©). 
4. The inequality —4 < x = 10 is an example of a 
inequality. 
CONCEPTS 
Fill in the blanks. 


5. a. Adding the number to both sides of an inequality does 
not change the solutions. 


b. Multiplying or dividing both sides of an inequality by the 
same number does not change the solutions. 
c. If we multiply or divide both sides of an inequality by a 
number, the direction of the inequality symbol 
must be reversed for the inequalities to have the same 
solutions. 
6. To solve —4 = 2x + 1 <3, properties of inequality are applied 
to all parts of the inequality. 
7. Rewrite the inequality 32 < x in an equivalent form with the 
variable on the left side. 


8. The solution set of an inequality is graphed below. Which of the 
four numbers, 3, —3, 2, and 4.5, when substituted for the 
variable in that inequality, would make it true? 


NOTATION 
9. Write each symbol. 


a. is less than or equal to b. infinity 
c. bracket d. is greater than 
10. Consider the graph of the interval [4, 8). 


a. Is the endpoint 4 included or not included in the graph? 


b. Is the endpoint 8 included or not included in the graph? 


Complete the solution to solve each inequality. 


11. 4x -S5=27 
4x -—5 + ae ie 
4x = 
4x 12 
—e = — 
x23 Solution set: [ , 2) 
12. —6x > 12 
= 6X pee 12 
—6 
x< Solution set: ( = 2) 
GUIDED PRACTICE 


See Example 1. 


13. Determine whether each number is a solution of 3x — 2 > 5. 
a. 5 b. —4 
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14. Determine whether each number is a solution of Solve each inequality. Write the solution set in interval notation 
3x +7 <4x —2. and graph it. See Example 7. 
a. 12 b. 9 49. 9a + 4 > 5a — 16 50. 8 +1<4t—19 
15. Determine whether each number is a solution of 
i 51. 0.4x <0.1x + 0.45 52. 0.95 < 0.35 + 0.54 
a. | b. —1 
16. Determine whether each number is a solution of 4a 22, 53. 8(5 — x) = 10(8 — x) 54. 1733 —x) =3 — 13x 
a. = b. -=15 
4 55. 8x +4 > —(3x — 4) 56. 7x +6 = —(x — 6) 
Graph each inequality and describe the graph using interval 
i In. -3 l 6 3 
notation. See Example 2. 57, — fos 58.2422 25 
Wx<5 18. 2: —2 a3 3 - 2 : 
19, 43 <2 1 20. -4=x=2 
: : 6x +1 3x — 10 
Write the inequality that is represented by each graph. Then 59. = xo 1 60. es. =x+4 
describe the graph using interval notation. 
21. 
-1 Solve each compound inequality. Write the solution set in interval 
22. . notation and graph it. See Examples 8-9. 
2 
23 61. 2<x-5<5 62. -8<1-8<8 
7 eel 
-7 2 
24 63. 0=x+10=10 64. -9=x+8<1 
° es 
4 6 
= C = b 
Solve each inequality. Write the solution set in interval notation &. “I= 7 5 66. —12< 3 o0 
and graph it. See Examples 3-4. 
eres 26: or Se 67.3 =2x-1<5 68. 4<3x—-5<7 
27. g — 30 = —20 28. h — 18 = —3 
29. 8h < 48 30. 21 > 22 69. —9 < 6x + 9 =< 45 70. —30 < 10d + 20 < 90 
31. = =-9 32. ay =21 
16 8 71.6<-2%(x-1)<12 72. 4 <= —4(x — 2) < 20 
33. —3y < -6 34. —6y = —6 
2 3 
ea eae o6e) ea TRY IT YOURSELF 


Solve each inequality or compound inequality. Write the solution 


Solve each inequality. Write the solution set in interval notation set in interval notation and graph it. 


and graph it. See Examples 5-6. 


37. 9x +1 > 64 38. 4x +8 < 32 73. 6—-x<3a-1) 74,33 —x)=6+x 
39. 0.5 = 2x —03 40. 0.8 > 7x — 0.04 , . 
5.2 4+1<-9 | a oe 
4 8 
x x 
a E21 42, ~~ (-12)>14 
77. 0<5(e +2) 515 78. -18 <= 9x — 5) <27 
eee ae if, es 1 1 
* =49 "95 79. -1s-=n 80. -3 = -xt 
2 a 
a et Beh ae 81. —m — 12 >15 82. 1 +5 <10 


47. -3x —-7>-1 48. —5x+7=12 


3, 2223 ae ee 
3 3 4 9 6 3 
85. 9x + 13 = 2x + 6x 86. 7x — 16 < 2x + 4x 
5 7 
87. 7< 3 + (-3) 88. 5< a + (-9) 
y m 
. 8§s--452 90. 6<—+7<8 
eee 8 16 
91. —2(2x — 3) >17 92. —3(x + 0.2) <0.3 
5 2 5 11 3 
a t = t < 15)= 
93 3 1) x 3 94 3 te 5) 5 x ri 
95. 2x +9Sx+8 96. 3x +7 54x -2 
97. —7x +1<-—5 98. —3x — 10 = —-5 
APPLICATIONS 
99. GRADES A student has test scores of 68%, 75%, and 79% 


100. 


101. 


102. 


in a government class. What must she score on the last exam 
to earn a B (80% or better) in the course? 


OCCUPATIONAL TESTING An employment agency 
requires applicants average at least 70% on a battery of four 
job skills tests. If an applicant scored 70%, 74%, and 84% on 
the first three exams, what must he score on the fourth test to 
maintain a 70% or better average? 

GAS MILEAGE A car manufacturer produces three models 
in equal quantities. One model has an economy rating of 

17 miles per gallon, and the second model is rated for 19 mpg. 
If government regulations require the manufacturer to have a 
fleet average that exceeds 21 mpg, what economy rating is 
required for the third model? 

SERVICE CHARGES When the average daily balance of a 
customer’s checking account falls below $500 in any week, 
the bank assesses a $5 service charge. The table shows the 
daily balances of one customer. What must Friday’s balance be 
to avoid the service charge? 


Day Balance 
Monday $540.00 
Tuesday $435.50 
Wednesday | $345.30 
Thursday | $310.00 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 
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GEOMETRY The perimeter of an equilateral triangle is at 
most 57 feet. What could the length ofa side be? (Hint: All 
three sides of an equilateral triangle are equal.) 

GEOMETRY The perimeter of a square is no less than 

68 centimeters. How long can a side be? 


COUNTER SPACE A rectangular counter is being built for 
the customer service department of a store. Designers have 
determined that the outside perimeter of the counter (shown in 
red) needs to exceed 30 feet. Determine the acceptable values 
for x. 


x ft 


(x +5) ft 


NUMBER PUZZLES What numbers satisfy the condition: 
Four more than three times the number is at most 10? 


GRADUATIONS It costs a student $18 to rent a cap and 
gown and 80 cents for each graduation announcement that she 
orders. If she doesn’t want her spending on these graduation 
costs to exceed $50, how many announcements can she 
order? 

TELEPHONES A cellular telephone company has currently 
enrolled 36,000 customers in a new calling plan. If an average 
of 1,200 people are signing up for the plan each day, in how 
many days will the company surpass their goal of having 
150,000 customers enrolled? 
WINDOWS _ An architect 
needs to design a 
triangular-shaped | 
bathroom window that has 
an area no greater than 

100 in.*. If the base of the 
window must be 16 inches 
long, what window heights 
will meet this condition? 


16 in. 


ROOM TEMPERATURES | To hold the temperature of a 
room between 19° and 22° Celsius, what Fahrenheit 
temperatures must be maintained? Hint: Use the formula 


C = 3(F — 32). 
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111. INFANTS | The graph is used to classify the weight of a baby 
boy from birth to 1 year. Estimate the weight range for boys in 
the following classifications, using a compound inequality: 


a. 10 months old, “heavy” 

b. 5 months old, “light” 

c. 8 months old, “average” 

d. 3 months old, “moderately light” 


Pounds 


B 2 4 6 8 10 12 
Months 


Based on data from Better Homes and Gardens Baby 
Book (Meredith Corp., 1969). 


112. NUMBER PUZZLES What whole numbers satisfy the 
condition: Twice the number decreased by 1 is between 50 
and 60? 


WRITING 


113. Explain why multiplying both sides of an inequality by a 
negative number reverses the direction of the inequality. 


114. Explain the use of parentheses and brackets for graphing 
intervals. 


REVIEW 


Complete each table. 


1. M6 E42 
0 0 
12 


CHALLENGE PROBLEMS 


117. Solve the inequality. Write the solution set in interval notation 
and graph it. 


2-245 <7 =x 


118. Use a guess-and-check approach to solve 1 > 1. Write the 
solution set in interval notation and graph it. 
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CHAPTER 2. 
Summary & Review 


DEFINITIONS AND CONCEPTS 


An equation is a statement indicating that two 
expressions are equal. The equal symbol = separates 
an equation into two parts: the left side and the right 
side. 


2x +4= 10 S5(a + 4) = -lla t+6=f¢ 


A number that makes an equation a true statement Determine whether 2 is a solution of x + 4 = 3x. 


when substituted for the variable is called a solution 


of the equation. Check: x +4=3x 


2+42 3(2) Substitute 2 for each x. 
O=6 True 


Since the resulting statement is true, 2 is a solution. 


Equivalent equations have the same solutions. x — 2 = 6and x = 8 are equivalent equations because they have the same 


solution, 8. 


To solve an equation isolate the variable on one side | Solve: x — 5 =7 Solve:c + 9 = 16 
of the equation by undoing the operations performed 
on it using properties of equality. Pe ees Ce Oe? 
x=12 E= 7 
Addition (Subtraction) property of equality: If the 
same number is added to (or subtracted from) both 
sides of an equation, the result is an equivalent 
equation. 
Multiplication (Division) property of equality: If 1 
both sides of an equation are multiplied (or divided) SUE: Be me calves Wt 
by the same nonzero number, the result is an equiva- 10y _ 50 
lent equation. 3(4m) = 3(2) 10 10 
3 yes 
m=6 


REVIEW EXERCISES 


Determine whether the given number is a solution of the equation. Solve each equation and check the result. 
1. 84, x — 34 = 50 2,3; oy + 2— 12 9.x-9=12 10. —y = —32 


Aen nee ee ae 11. a + 3.7 = -169 12. 100 = —7 +r 
3A oe5 im 3 


ab: 13. 120 = 5e 14. 


Bb 3), = = Yo = 6 ai 


= 


4 
Us = S = 112 16. 
3 


Fill in the blanks. 
7. An is a statement indicating that two expressions are TF, 18. 
equal. 


8. To solve x — 8 = 10 means to find all the values of the variable that 
make the equation a statement. 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


A five-step strategy for solving linear equations: 


1. Clear the equation of fractions or decimals. 


2. Simplify each side. Use the distributive property 
and combine like terms when necessary. 


3. Isolate the variable term. Use the addition and 
subtraction properties of equality. 


4. Isolate the variable. Use the multiplication and 
division properties of equality. 


5. Check the result in the original equation. 


Solve: 2(y + 2) + 4y =11—y 


2y+4+4y=11-y Distribute the multiplication by 2. 
6y+4=11—-y Combine like terms: 2y + 4y = Gy. 
6y+4+y=11—yty  Toeliminate —y on the right, add y to 
both sides. 
yt+4=11 Combine like terms. 
yt+4-4=11-4 To isolate the variable term 7y, subtract 4 


from both sides. 


Ty=7 Simplify each side of the equation. 

ie 7 

7 = 7 To isolate y, divide both sides by 7. 
=a 


To clear an equation of fractions, multiply both 
sides of an equation by the LCD. 


To clear an equation of decimals, multiply both 
sides by a power of 10 to change the decimals in the 
equation to integers. 


1 3 
To solve 5 ar - = rt first multiply both sides by 12: 


o(i+2) = n(2) 


To solve 0.5(x — 4) = 0.1x + 0.2, first multiply both sides by 10: 


10[0.5(x — 4)] = 10(0.1x + 0.2) 


An equation that is true for all values of its variable 
is called an identity. 


An equation that is not true for any value of its 
variable is called a contradiction. 


REVIEW EXERCISES 


Solve each equation. Check the result. 


When we solve x + 5 + x = 2x + 5, the variables drop out and we obtain a true 
statement 5 = 5. All real numbers are solutions. 


When we solve y + 2 = y, the variables drop out and we obtain a false statement 
2 = 0. The equation has no solutions. 


3(2 = @) = ae (2 Ct) 


27 


19. 5x +4= 14 20. 98.6 — t = 129.2 Z 5 


21. 2 + (-2)=4 Pg me 


4 
23. 5(2x — 4) — 5x =0 
24. —2(x — 5) = 5(—3x + 4) + 3 


2 eee 
a eS 


29. 0.15(x + 2) + 0.3 = 0.35x — 0.4 
30. 0.5 — 0.02(y — 2) = 0.16 + 0.36y 
31. 3(a + 8) = 6(a+4)—3a 32. 2(y + 10) + y = 3@ + 8) 
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DEFINITIONS AND CONCEPTS EXAMPLES 
To solve percent problems, use the facts of the 642) MEISE 30°94 MOTE whatnumber? 
problem to write a sentence of the form: i | | i i 
is % of ® 648 = 30% 6 Bi Translate. 
Translate the sentence to mathematical symbols: is 648 = 0.30x Change 30% to a decimal: 30% = 0.30. 
translates to an = symbol and of means multiply. 648 
Then solve the equation. 030 = To isolate x, divide both sides by 0.30. 
2,160 = x Do the division. 


Thus, 648 is 30% of 2,160. 


To find the percent of increase or the percent of 
decrease, find what percent the increase or decrease 
is of the original amount. 


SALE PRICES _ To find the percent of decrease when ground beef prices are 
reduced from $4.89 to $4.59 per pound, we first find the amount of decrease: 
4.89 — 4.59 = 0.30. Then we determine what percent 0.30 is of 4.89 (the original 


price). 
0.30 is what% of 4.89? 
{ { | { { 
0.30 = G : 4.89 Translate. 
0.30 = 4.89x 
0.30 
4.39 = os To isolate x, divide both sides by 4.89. 
0.061349693 =x Do the division. 
0 0 6.1349693% = x Write the decimal as a percent. 
As 


To the nearest tenth of a percent, the percent of decrease is 6.1%. 


REVIEW EXERCISES 
33. Fill in the blanks. 


a. means parts per one hundred. 


b. When the price of an item is reduced, we call the amount of the 
reduction a 


c. An employee who is paid a 
the goods or services that he or she sells. 
- 4.81 is 2.5% of what number? 
. What number is 15% of 950? 
. What percent of 410 is 49.2? 
. US. ONLINE DATA | The circle graph to the right shows Internet 


is paid a percent of 


usage in the United States by the approximately 288.5 million people, 
ages 3 and over, in 2007. Determine the number of broadband users 
and the number of dial-up users. Round to the nearest tenth of one 
million. 


. COST OF LIVING A retired trucker receives a monthly Social 
Security check of $764. If she is to receive a 3.5% cost-of-living 
increase soon, how much larger will her check be? 

. FAMILY BUDGETS It is recommended that a family pay no 
more than 30% of its monthly income (after taxes) on housing. 
Ifa family has an after-tax income of $1,890 per month and pays 
$625 in housing costs each month, are they within the recom- 
mended range? 


US. Internet Usage,* 2007 


Not online 
103.9 million; 


36.0% Broadband users 


? million; 48.3% 


Dial-up users 
? million; 15.7% 
Source: Advertising Age 2007 Fact Pack 


*An Internet user is defined as someone who uses the Internet at least 
once per month. 


40. DISCOUNTS A shopper saved $148.50 on a food processor that 
was discounted 33%. What did it originally cost? 


41. TUPPERWARE The hostess of a Tupperware party is paid a 25% 
commission on her in-home party’s sales. What would the hostess 
earn if sales totaled $600? 

. COLLECTIBLES A collector of football trading cards paid $6 
for a 1984 Dan Marino rookie card several years ago. If the card is 
now worth $100, what is the percent of increase in the card’s value? 
(Round to the nearest percent.) 
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EXAMPLES 


A formula is an equation that states a relationship 
between two or more variables. 


Profit: p =r—c 


Retail price: r =c +m 


Simple Interest: J = Prt Distance: d = rt 


5 
Temperature: C = oo = 3) 


The perimeter of a plane geometric figure is the dis- 
tance around it. The area of a plane geometric figure 
is the amount of surface that it encloses. The volume 
of a three-dimensional geometric solid is the amount 
of space it encloses. 


Circle: C = 7D = 2ar 
a 


Rectangle: P = 2] + 2w 
A=lw A=ar 
Rectangular solid: V = lwh Cylinder: V = ar*h 


*See inside the back cover of the text for more geometric formulas. 


If we are given the values of all but one of the 
variables in a formula, we can use our equation 
solving skills to find the value of the remaining 
variable. 


BEDDING The area of a standard queen-size bed sheet is 9,180 in.”. If the 
width is 102 inches, what is the length? 


A=lw This is the formula for the area of a rectangle. 
9,180 = 102w Substitute 9,180 for the area A and 102 for the width w. 
9,180 
102 = To isolate w, divide both sides by 102. 
90 =w Do the division. 


The length of a standard queen-size bed sheet is 90 inches. 


To solve a formula for a specific variable means to 
isolate that variable on one side of the equation, with 
all other variables and constants on the opposite side. 
Treat the specified variable as if it is the only 
variable in the equation. Treat the other variables as 
if they were numbers (constants). 


Solve the formula for the volume of a cone for h. 


1 
V= yah This is the formula for the volume of a cone. 
x) =3 oy ag clear the equation of the fraction, multiply both 
3 sides by 3. 

3V = arh Simplify. 

3V.—oarh ; ime , 
=a = To isolate h, divide both sides by amr. 
ar ar’ 


REVIEW EXERCISES 


43. SHOPPING Find the markup on a CD player whose wholesale 


cost is $219 and whose retail price is $395. 


44. RESTAURANTS One month, a restaurant had sales of b 
$13,500 and made a profit of $1,700. Find the expenses for the 


month. 


45. SNAILS A typical garden snail travels at an average rate of 


48. CAMPING 
a. Find the perimeter of the air mattress. 
. Find the amount of sleeping area on the top surface of the air 
mattress. 


c. Find the approximate volume of the air mattress if it is 3 inches 
thick. 


2.5 feet per minute. How long would it take a snail to cross a 


20-foot long flower bed? 


46. CERTIFICATES OF DEPOSIT A $26,000 investment in a CD 
earned $1,170 in interest the first year. What was the annual interest 


rate? 


47. JEWELRY Gold melts at about 1,065°C. Change this to degrees 


Fahrenheit. 


49. Find the area of a triangle with a base 17 meters long and a height 
of 9 meters. 


50. Find the area of a trapezoid with bases 11 inches and 13 inches 
long and a height of 12 inches. 
51. a. Find the circumference of a circle with a radius of 
8 centimeters. Round to the nearest hundredth of one centimeter. 


b. Find the area of the circle. Round to the nearest square 
centimeter. 


52. Find the volume of a 12-foot cylinder whose circular base has a 
radius of 0.5 feet. Give the result to the nearest tenth. 
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53. Find the volume of a pyramid that has a square base, measuring 
6 feet on a side, and a height of 10 feet. 


54. HALLOWEEN After being cleaned out, a spherical-shaped 
pumpkin has an inside diameter of 9 inches. To the nearest hun- 
dredth, what is its volume? 


Solve each formula for the specified variable. 


55. A = 2amrh forh Gs 


K 
56. A — BC for G 


1 
57. C= we = a)tonet 58. 4y — 3x = 16 for y 


DEFINITIONS AND CONCEPTS 


To solve application problems, use the five-step 
problem-solving strategy. 


1. Analyze the problem. 
2. Form an equation. 

3. Solve the equation. 
4. State the conclusion. 
5. Check the result. 


x 


REVIEW EXERCISES 
59. SOUND SYSTEMS A 45-foot-long speaker wire is to be cut into 
three pieces. One piece is to be 15 feet long. Of the remaining 
pieces, one must be 2 feet less than 3 times the length of the other. 

Find the length of the shorter piece. 

60. SIGNING PETITIONS A professional signature collector is paid 
$50 a day plus $2.25 for each verified signature he gets from a 
registered voter. How many signatures are needed to earn $500 a 

day? 


INCOME TAXES After taxes, an author kept $85,340 of her total annual earn- 
ings. If her earnings were taxed at a 15% rate, how much did she earn that year? 


Form an Equation 
that she paid was 15% of x or 0.15x. We can use the words of the problem to 
form an equation. 


Her total 
earnings 


State the Conclusion 


Check the Result 
the taxes from her total earnings, we get $100,400 — $15,060 = $85,340. 
The answer checks. 


EXAMPLES 


Analyze the Problem The author earned some unknown amount of money. On 
that amount, she paid 15% in taxes. The difference between her total earnings 
and the taxes paid was $85,340. 


If we let x = the author’s total earnings, the amount of taxes 


the taxes that 
she paid 


= 0.15x = 


the money that 
she kept. 


85,340 


minus equals 


Solve the Equation 
a6 = (U),Jske = ssh) 
0.85x 
x = 100,400 


ll 


85,340 Combine like terms. 


To isolate x, divide both sides by 0.85. 
The author earned $100,400 that year. 
The taxes were 15% of $100,400 or $15,060. If we subtract 


61. LOTTERY WINNINGS After taxes, a lottery winner was left 
with a lump sum of $1,800,000. If 28% of the original prize was 
withheld to pay federal income taxes, what was the original cash 
prize? 

62. NASCAR _ The car numbers of drivers Bobby Labonte and 
Kyle Petty are consecutive odd integers whose sum is 88. If 
Labonte’s number is the smaller, find the numbers of each 
car. 
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63. ART HISTORY American 
Gothic was painted in 1930 by 
Grant Wood. The length of the 
rectangular painting is 5 inches 


64. GEOMETRY Find the missing angle measures of the triangle. 


a) 
more than the width. Find the Z 
dimensions of the painting if it e- 
has a perimeter of 1095 inches. 5 ft 


© SuperStock, Inc./SuperStock 


IN 2 More on Pi vil 
DEFINITIONS AND CONCEPTS EXAMPLES 
To solve application problems, use the five-step TRUCKING Two trucks leave from the same place at the same time traveling in 
problem solving strategy. opposite directions. One travels at a rate of 60 mph and the other at 50 mph. How 


long will it take them to be 165 miles apart? 


1. Analyze the problem. 
2 orornranieaianon: Analyze the Problem We know that one truck travels at 60 mph and the other 
at 50 mph. Together, the trucks will travel a distance of 165 miles. 

3. Solve the equation. eS 

j Form an Equation We enter each rate in the table under the heading r. Since 
4. State the conclusion, the trucks travel for the same length of time, say ¢ hours, we enter ¢ for each 
5. Check the result. truck under the heading ¢. Since d = r - ¢, the first truck will travel 60¢ miles 
Tables are a helpful way to organize the facts of a and the second will travel 50¢ miles. We enter the distances traveled under the 
problem. heading d in the table. 

r-t=d 


Truck 1 | 60 | ¢ | 60¢ 
Truck 2 | 50 | ¢ | 50¢ 


Total: 165 
— Use the information in this 
column to form an equation. 
The distance the ' the distance the : 165 mil 
us is miles. 
first truck travels ’ second truck travels 
60t 4b 50t = 165 


Solve the Equation 60r + 50t¢ = 165 


110¢ = 165 Combine like terms. 


Me ee To isolate t, divide both sides by 110 
Ti te cies 
6 = LS 


State the Conclusion — The trucks will be 165 miles apart in 1.5 hours. 


Check the Result If the first truck travels 60 mph for 1.5 hours, it will go 
60(1.5) = 90 miles. If the second truck travels 50 mph for 1.5 hours, it will go 
50(1.5) = 75 miles. Since 90 miles + 75 miles = 165 miles, the result 
checks. 


REVIEW EXERCISES 
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65. INVESTMENT INCOME A woman has $27,000. Part is invested 68. AUTOGRAPHS Kesha collected the autographs of 8 more televi- 


for | year in a certificate of deposit paying 7% interest, and the 
remaining amount in a cash management fund paying 9%. After 1 
year, the total interest on the two investments is $2,110. How much 
is invested at each rate? 

. WALKING AND BICYCLING A bicycle path is 5 miles long. A 
man walks from one end at the rate of 3 mph. At the same time, a 
friend bicycles from the other end, traveling at 12 mph. In how 
many minutes will they meet? 

. AIRPLANES — How long will it take a jet plane, flying at 450 mph, 
to overtake a propeller plane, flying at 180 mph, if the propeller 


plane had a 24-hour head start? 


DEFINITIONS AND CONCEPTS 


An inequality is a mathematical statement that con- 
tains an >, <, =, or S symbol. 


3x <8 


70. 


sion celebrities than she has of movie stars. Each TV celebrity auto- 
graph is worth $75 and each movie star autograph is worth $250. If 
her collection is valued at $1,900, how many of each type of auto- 
graph does she have? 


. MIXTURES A store manager mixes candy worth 90¢ per pound 


with gumdrops worth $1.50 per pound to make 20 pounds of a 
mixture worth $1.20 per pound. How many pounds of each kind of 
candy does he use? 

MILK Cream is about 22% butterfat and low-fat milk is about 
2% butterfat. How many gallons of cream must be mixed with 

18 gallons of low-fat milk to make whole milk that contains 4% 
butterfat? 


EXAMPLES 


1 
pe De op lee = 5 


A solution of an inequality is any number that 
makes the inequality true. 


Determine whether 3 is a solution of 2x — 7 < 5. 


(Chgdg he =i <5 
AC) — 7 i 5 Substitute 3 for x. 
=(<3 Tae 


Since the resulting statement is true, 3 is a solution. 


We solve inequalities as we solve equations. 
However, if we multiply or divide both sides by a 


Sones =e — I) = =O 


negative number, we must reverse the inequality 732 3250) | Dietnbute the multiplicavionity (=, 
symbol. —3z=—9 To isolate the variable term —3z, subtract 3 from both 
sides. 
=37 = ey To isolate z, divide both sides by —3. Reverse the 
—3  -—3_ inequality symbol. 
bee 8) Do the divisions. 


Interval notation can be used to describe the solu- In interval notation, the solution set is (—%, 3], whose graph is shown. 
tion set of an inequality. A parenthesis indicates that 
a number is not in the solution set of an inequality. A 
bracket indicates that a number is included in the i) i oo & 4 


solution set. 


194 CHAPTER 2. Equations, Inequalities, and Problem Solving 


REVIEW EXERCISES 

Solve each inequality. Write the solution set in interval notation 79. SPORTS EQUIPMENT The acceptable weight w of Ping-Pong 
and graph it. balls used in competition can range from 2.40 to 2.53 grams. 
Express this range using a compound inequality. 


3 
Ale dk8 GP 2S SS 72. jo 


80. SIGNS A large office complex has a strict policy about signs. 
Any sign to be posted in the building must be rectangular in shape, 
its width must be 18 inches, and its perimeter is not to exceed 

76. 63 < 7a 132 inches. What possible sign lengths meet these specifications? 


1 NS = 29) SS BGs = 3) 


Wile 3 Se se 2S MZ kis OS 3 = he <= 10 


CHAPTER 2 
Test 


1. Fill in the blanks. 16. COMMISSIONS An appliance store salesperson receives a 
a. To an equation means to find all of the values of the commission of 5% of the price of every item that she sells. 
variable that make the equation true. What will she make if she sells a $599.99 refrigerator? 

b. means parts per one hundred. 17. GRAND OPENINGS On its first night of business, a pizza 
aulinetdiccancotaroundietcirclenatcallednite parlor brought in $445. The owner estimated his profits that 
: ight t 150. What the costs? 
d. An is a statement that contains one of the ee obes oy ana is es . ? : 
symbols >, =, <, or = 18. Find the Celsius temperature reading if the Fahrenheit reading 
> > ” as . 14°. 
e. The property of says that multi- x , : 
plying both sides of an equation by the same nonzero 19. PETS The spherical fishbowl is three-quarters full of water. 
number does not change its solution To the nearest cubic inch, find the volume of water in the bowl. 
2. Is 3a solution of Sy + 2 = 12? (Hint: The volume of a sphere is given by V = tar.) 
Solve each equation. igca. 
4 ~ > 
3. 3h+2=8 “bg 4 
ily = Il 
= 22 = = 6, Pa = 35-2 
7. 0.8 — 1,000) + 1.3 = 2.9 + 0.2x 
i A= Da aS = — a) — 
eee 10. 9 — 5(2x + 10) = -1 
fae ae ee ee 


11. 24t = —6(8 — 4f) 

12. 6a + (-7) = 3a -7 + 2a 

13. What is 15.2% of 80? 

14. DOWN PAYMENTS To buy a house, a woman was required 
to make a down payment of $11,400. What did the house sell 
for if this was 15% of the purchase price? 


15. BODY TEMPERATURES Suppose a person’s body tempera- 
ture rises from 98.6°F to a dangerous 105°F. What is the 
percent increase? Round to the nearest percent. 


20. Solve A = P + Prt forr. 


21. IRONS Estimate the area of the soleplate of the iron. 


Ne — 


22. TELEVISION Ina typical 30-minute block of time on TY, the 
number of programming minutes are 2 less than three times the 
number of minutes of commercials. How many minutes of 
programming and commercials are there? 

23. HOME SALES A condominium owner cleared $114,600 
on the sale of his condo, after paying a 4.5% real estate 
commission. What was the selling price? 


24. COLORADO The state of Colorado is approximately 
rectangular-shaped with perimeter 1,320 miles. Find the length 
(east to west) and width (north to south), if the length is 
100 miles longer than the width. 

25. TEA How many pounds of green tea, worth $40 a pound, 
should be mixed with herbal tea, worth $50 a pound, to produce 
20 pounds of a blend worth $42 a pound? 
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26. READING A bookmark is inserted between two page numbers 
whose sum is 825. What are the page numbers? 


27. TRAVEL TIMES A car leaves Rockford, Illinois, at the rate 
of 65 mph, bound for Madison, Wisconsin. At the same time, a 
truck leaves Madison at the rate of 55 mph, bound for 
Rockford. If the cities are 72 miles apart, how long will it take 


for the car and the truck to meet? 


28. PICKLES To make pickles, fresh cucumbers are soaked in a 
salt water solution called brine. How many liters of a 2% brine 
solution must be added to 30 liters of a 10% brine solution to 
dilute it to an 8% solution? 

29. GEOMETRY If the vertex angle of an isosceles triangle is 
44°, find the measure of each base angle. 


30. INVESTMENTS Part of $13,750 is invested at 9% annual 
interest, and the rest is invested at 8%. After one year, the 
accounts paid $1,185 in interest. How much was invested at the 
lower rate? 


Solve each inequality. Write the solution set in interval notation 
and graph it. 


t 
Th Shee = ol $2, 8 > + (113) 


Bay 12 == yo 


34. AWARDS A city honors its citizen of the year with a framed 
certificate. An artist charges $15 for the frame and 75 cents per 
word for writing out the proclamation. Ifa city regulation does 
not allow gifts in excess of $150, what is the maximum number 
of words that can be written on the certificate? 
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GROUPPROJECT 


TRANSLATING KEY 
WORDS AND PHRASES 


COMPUTER 
SPREADSHEETS 


Overview: Students often say that the most challenging step of the five-step problem-solving 
strategy is forming an equation. This activity is designed to make that step easier by improving 
your translating skills. 


Instructions: Form groups of 3 or 4 students. Select one person from your group to record the 
group's responses. Determine whether addition, subtraction, multiplication, or division is sug- 
gested by each of the following words or phrases. Then use the word or phrase in a sentence to 
illustrate its meaning. 


deflate recede partition evaporate amplify 
bisect augment hike erode boost 
annexed diminish plummet upsurge wane 
quadruple corrode taper off trisect broaden 


Overview: |n this activity, you will get some experience working with a spreadsheet. 


Instructions: Form groups of 3 or 4 students. Examine the following spreadsheet, which 
consists of cells named by column and row. For example, 7 is entered in cell B3. In any cell you 
may enter data or a formula. For each formula in cells DI-D4 and E1—-E4, the computer performs 
a calculation using values entered in other cells and prints the result in place of the formula. Find 
the value that will be printed in each formula cell. The symbol * means multiply, / means divide, 
and “ means raise to a power. 


A B C D E 
1 —8 20 —6 = 2*Bl — 3*C1 +4 = Bil = Sagi 
2 39 2 -1 = A2/(B2 — C2) = B3*B2*C2*2 
3 50 7 3 = A3/5 + €3%3 = 65 — 2*(B3 — 5)*5 
4 6.8 —2.8 —0.5 = 100*44 + B4*C4 = A4/10 + A3/2*5 


CHAPTER 3 


Graphing Linear Equations 
and Inequalities in Two 
Variables; Functions 


3.1 Graphing Using the Rectangular 
Coordinate System 

3.2 Graphing Linear Equations 

3.3 Intercepts 

3.4 Slope and Rate of Change 

3.5 Slope-Intercept Form 

3.6 Point-Slope Form 

3.7 Graphing Linear Inequalities 

3.8 An Introduction to Functions 

CHAPTER SUMMARY & REVIEW 

CHAPTER TEST 

Group Project 

CUMULATIVE REVIEW 


© Karin Dreyer/Getty Images 
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A dental assistant is a valuable member of the dental health team who prepares 570Wing Ne 6 
patients for treatment, takes x-rays, sterilizes instruments, and keeps records. Care indie, Pati 8Stes 
Part of the training of a dental assistant includes learning about a coordinate AN Nua, Be us The 
system that is used to identify the location of teeth in the mouth. This coordi- Medi, “ARNINGs Calth 
nate system is much like one used in algebra to graph points, lines, and FOR Ey Ss, 
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Study Skills Workshop 
Successful Test Taking 


fe a math test doesn’t have to be an unpleasant experience. Here are some suggestions 
that can make it more enjoyable and also improve your score. 


PREPARING FORTHE TEST: Begin studying several days before the test rather than cramming 
your studying into one marathon session the night before. 


TAKING THE TEST: Follow a test-taking strategy so you can maximize your score by using the 
testing time wisely. 


EVALUATING YOUR PERFORMANCE: After your graded test is returned, classify the type of errors 
that you made on the test so that you do not make them again. 


Now Try This 


1. Write a study session plan that explains how you will prepare on each of the 4 days 
before the test, as well as on test day. For some suggestions, see Preparing for a Test.* 


2. Develop your own test-taking strategy by answering the survey questions found in 
How to Take a Math Test.* 


3. Use the outline found in Analyzing Your Test Results* to classify the errors that you 
made on your most recent test. 


*Found online at: http://www.thomsonedu.com/math/tussy 


Objectives 


© Construct a rectangular coordinate system. 


@ Plot ordered pairs and determine the coordinates of a point. 
© Graph paired data. 
© Read line graphs. 


It is often said, “A picture is worth a thousand words.” This is certainly true in algebra, where 
we often use mathematical pictures called rectangular coordinate graphs to illustrate numer- 
ical relationships. 


Construct a Rectangular Coordinate System. 


When designing the Gateway Arch in St. Louis, architects created a mathematical model 
called a rectangular coordinate graph. This graph, shown on the next page, is drawn on a 
grid called a rectangular coordinate system. This coordinate system is also called a 
Cartesian coordinate system, after the 17th-century French mathematician René Descartes. 
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y-axis 


© David R. Frazier Photolibrary Inc./Alamy 


Scale: 1 unit = 100 ft 


A rectangular coordinate system is formed by two perpendicular number lines. The hori- 
Th Bers Aj ‘ zontal number line is usually called the x-axis, and the vertical number line is usually called 
e word axis is used in mathe : 2s : jaar ; : sy 
matics and science. For example, the y-axis. On the x-axis, the positive direction is to the right. On the y-axis, the positive 
Earth rotates on its axisonce every direction is upward. Each axis should be scaled to fit the data. For example, the axes of the 

24 hours. The plural of axis is graph of the arch are scaled in units of 100 feet. 

axes. The point where the axes intersect is called the origin. This is the zero point on each axis. 
The axes form a coordinate plane, and they divide it into four regions called quadrants, 
which are numbered counterclockwise using Roman numerals. 


The Language of Algebra 


drant drant 
The Language of Algebra — ss 
A coordinate plane can be thought Otigiy 
of as a perfectly flat surface sheteeste 
extending infinitely far in every 4344 4 1 2 3 4 
direction. 

Quadrant | _ Quadrant 
Il IV 


Each point in a coordinate plane can be identified by an ordered pair of real numbers x 
and y written in the form (x, v). The first number, x, in the pair is called the x-coordinate, and 
the second number, y, is called the y-coordinate. Some examples of such pairs are (3, —4), 


Notation 
Don't be confused by this new use 
of parentheses. (3, —4) represents 


a point on the coordinate plane, (- 1, -3), and (0, 2.5). 
whereas 3(—4) indicates multipli- 2 

cation. Also, don’t confuse the (3, —4) 
ordered pair with interval notation. + 4 


The x-coordinate The y-coordinate 


® Plot Ordered Pairs and Determine the Coordinates of a Point. 


The process of locating a point in the coordinate plane is called graphing or plotting the 
point. On the next page, we use blue arrows to show how to graph the point with coordinates 
(3, —4). Since the x-coordinate, 3, is positive, we start at the origin and move 3 units to the 
right along the x-axis. Since the y-coordinate, —4, is negative, we then move down 4 units and 
draw a dot. This locates the point (3, —4). 
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The Language of Algebra 
Note that the points (3, —4) and 
(—4, 3) have different locations. 
Since the order of the coordinates 
of a point is important, we call 
them ordered pairs. 


Success Tip 
Points with an x-coordinate that is 
0 lie on the y-axis. Points with a 
y-coordinate that is 0 lie on the 
x-axis. Points that lie on an axis 
are not considered to be in any 
quadrant. 


Graphing Linear Equations and Inequalities in Two Variables; Functions 


In the figure, red arrows are used to show how to plot the point (—4, 3). We start at the 
origin, move 4 units to the /eft along the x-axis, then move up 3 units and draw a dot. This 


locates the point (—4, 3). 


Move 4 Move 3 
units left. units up. 


e 
(3,4) 


EXAMPLE 1 ] Plot each point. Then state the quadrant in which it lies or the 
; 7 
axis on which it lies. a. (4, 4) b. (- 1, -2) 
e. (0, 0) 


c. (02.5) — d. (—3, 0) 


Strategy After identifying the x- and y-coordinates of the ordered pair, we will move the 
corresponding number of units left, right, up, or down to locate the point. 


Why The coordinates of a point determine its location on the coordinate plane. 


Solution 

a. Since the x-coordinate, 4, is positive, we start at the 
origin and move 4 units to the right along the x-axis. 
Since the y-coordinate, 4, is positive, we then move 
up 4 units and draw a dot. This locates the point 
(4, 4). The point lies in quadrant I. 

b. To plot (- 1, —1), we begin at the origin and move | 
unit to the /eft, because the x-coordinate is — 1. Then, 
since the y-coordinate is negative, we move i units, 


or 35 units, down. The point lies in quadrant III. 


c. To plot (0, 2.5), we begin at the origin and do not move right or left, because the 
x-coordinate is 0. Since the y-coordinate is positive, we move 2.5 units up. The point lies 


on the y-axis. 


d. To plot (—3, 0), we begin at the origin and move 3 units to the /eft, because the x-coordi- 
nate is —3. Since the y-coordinate is 0, we do not move up or down. The point lies on the 


X-axis. 


e. To plot (0, 0), we begin at the origin, and we remain there because both coordinates are 0. 


The point with coordinates (0, 0) is the origin. 


La Self Check 1 dj Plot the points (2, -2), (—4, 0), (1.5, 3), and (0, 5). 


Now Try Problem 17 


Move 3 Move 4 


units right. units down. 


y 


4 e 
(4, 4) 
(0, 2.5) 
(-3, 0) (0, 0) 

4 3 2 -l 1 ya 3 4 mx 

-l 

-2 

7 -3 

“1,-3) oo 


Notation 
Points are often labeled with 
capital letters. For example, the 
notation A(2, 3) indicates that 
point A has coordinates (2, 3). 


3.1 Graphing Using the Rectangular Coordinate System 201 


EXAMPLE 2 j Find the coordinates of points A, B, C, D, E, and F plotted in 


figure (a) below. 
y 
A 
40B 
3 eA 
ec 2 


eF 


(a) (b) 


Strategy We will start at the origin and count to the left or right on the x-axis, and then 
up or down to reach each point. 


Why The movement left or right gives the x-coordinate of the ordered pair and the move- 
ment up or down gives the y-coordinate. 


Solution To locate point A, we start at the origin, move 2 units to the right on the x-axis, 
and then 3 units up. Its coordinates are (2, 3). The coordinates of the other points are 
found in the same manner. 


B(O, 4) C(—3, 2) D(-3, —3) E(O, —4.5) Fd, —2.5) 


a Self Check 2 j Find the coordinates of each point in Figure (b) above. 


Now Try Problem 20 


Graph Paired Data. 
Every day, we deal with quantities that are related: 


e The time it takes to cook a roast depends on the weight of the roast. 

e The money we earn depends on the number of hours we work. 

e The sales tax that we pay depends on the price of the item purchased. 

We can use graphs to visualize such relationships. For example, suppose a tub is filling 
with water, as shown on the next page. Obviously, the amount of water in the tub depends on 


how long the water has been running. To graph this relationship, we can use the measurements 
that were taken as the tub began to fill. 
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The Language of Algebra 
Data that can be represented as 
an ordered pair is called paired 
data. 


Time Water in tub 
(mins) (gal) 
0 0 > (0, 0) 
rl 8 L> (1,8) The data in the table 
$$ can be expressed as 
3 24 [> (3,24) ordered pairs (x, y). 
4 32 [> (4, 32) 
x-coordinate y-coordinate 


The data in each row of the table can be written as an ordered pair and plotted on a rec- 
tangular coordinate system. Since the first coordinate of each ordered pair is a time, we label 
the x-axis Time (min). The second coordinate is an amount of water, so we label the y-axis 
Amount of water (gal). The y-axis is scaled in larger units (multiples of 4 gallons) because the 
size of the data ranges from 0 to 32 gallons. 

After plotting the ordered pairs, we use a straightedge to draw a line through the points. 
As expected, the completed graph shows that the amount of water in the tub increases steadily 
as the water is allowed to run. 


y y 
1 A 
44 44 
40 40 
36 36 
z 32 #(4, 32) 5 32 5 
5 28 5 28 5 
8 24 © (3, 24) 8 24 s 
= 20 S 20 S 
= = =| 
5 16 5 16 E 
@ 12 & 12 § 
< < < 
8} -e(1, 8) 
4 
(0, 0) 
e > xX > X 
123 45 67 8 9 10 23 45 67 8 9 10 
Time (min) Time (min) Time (min) 
We can use the graph to determine the ) 
amount of water in the tub at various times. For 44 
example, the green dashed line on the graph 40 
shows that in 2 minutes, the tub will contain 36 


16 gallons of water. This process, called interpo- 
lation, uses known information to predict values 
that are not known but are within the range of the 
data. The blue dashed line on the graph shows 
that in 5 minutes, the tub will contain 40 gallons 
of water. This process, called extrapolation, uses 
known information to predict values that are not 
known and are outside the range of the data. (0, 0)! 


>x 
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4.) Read Line Graphs. 


The Language of Algebra 
A rectangular coordinate system is 
a grid—a network of uniformly 
spaced perpendicular lines. At 
times, some large U.S. cities have 
such horrible traffic congestion 
that vehicles can barely move, if at 
all. The condition is called gridlock. 


Since graphs are a popular way to present information, the ability to read and interpret them 
is very important. 


EXAMPLE 3 |; FY Shows. The following graph shows the number of people in 
an audience before, during, and after the taping of a television 
show. Use the graph to answer the following questions. 


a. How many people were in Size of audience 
the audience when the taping . 
began? 250 

b. At what times were there 20 
exactly 100 people in the BO 
audience? 

100 


c. How long did it take the 


audience to leave after the sie 


x 


. : . 
taping ended’ “40-30 20-10 0 10 20 30 40 50 60 70 80 90 


Time (min) . 
Taping begins Taping ends 


Strategy We will use an ordered pair of the form (time, size of audience) to describe each 
situation mentioned in parts (a), (b), and (c). 


Why The coordinates of specific points on the graph can be used to answer each of these 
questions. 


Solution 

a. The time when the taping began is represented by 0 on the x-axis. The point on the graph 
directly above 0 is (0, 200). The y-coordinate indicates that 200 people were in the audi- 
ence when the taping began. 

b. We can draw a horizontal line passing through 100 on the y-axis. Since the line intersects 
the graph twice, at (—20, 100) and at (80, 100), there are two times when 100 people 
were in the audience. The x-coordinates of the points tell us those times: 20 minutes 
before the taping began, and 80 minutes after. 

c. The x-coordinate of the point (70, 200) tells us when the audience began to leave. 
The x-coordinate of (90,0) tells when the exiting was completed. Subtracting the 
x-coordinates, we see that it took 90 — 70 = 20 minutes for the audience to leave. 


Size of audience 


(0, 200) (70, 200) 


(80, 100) 


(90, 0) 
x 
-40 -30-20-10 0 10 20 30 40 50 60 70 80 90 


Time (min) 
Taping begins Taping ends 
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a Self Check 3 j Use the graph in Example 3 to answer the following questions. 
a. At what times were there exactly 50 people in the 

audience? 

b. How many people were in the audience when the taping took 
place? 

c. When were the first audience members allowed into the 
taping session? 

Now Try Problems 21 and 23 


Bag nsurrs TO SELF CHECKS — ile y 258 A(450) 2B (Om) NG (S32) (254) 
(0,5) 3. a. 30 min before and 85 min after taping 
15; 2 began b. 200 c. 40 min before taping 
a began 
G54 
Bi —3)—2=1 ieee aed ares 
fe) 


VOCABULARY 8. In which quadrant is each point located? 
1 15 
Fill in the blanks. a. (—2, 7) b. (5, 36) 
1. (7, 1) is called an pair. c. (—1, —2.75) d. (50, —16) 
2. In the ordered pair (2, —5), the y- is —5. 9. a. In which quadrants are the second coordinates of points 
3. A rectangular coordinate system is formed by two perpendicular positive? 
number lines called the x- and the y- . The point b. In which quadrants are the first coordinates of points 
where the axes cross is called the ? negative? 
4. The x- and y-axes divide the coordinate plane into four regions c. In which quadrant do points with a positive x-coordinate and 
called . a negative y-coordinate lie? 
5. The point with coordinates (4, 2) can be graphed on a 10. FARMING Write each row of data in the table as an ordered 
coordinate system. pair. Then plot the ordered pairs on the following graph and 


draw a straight line through the points. Use the graph to 


6. The process of locating the position of a point on a coordinate : : : 
determine how many bushels will be produced if 


plane is called the point. 
a. 6 inches of rain fall. b. 10 inches of rain fall. 
CONCEPTS 
7. Fill in the blanks. Rain (inches) | Bushels produced 
a. To plot (—S, 4), we start at the and move 5 units to 2 10 ( ) 
the and then move 4 units : [ a | io  |\@ im 
b. To plot (6, -3), we Start at the and move 6 units to 8 5 ( : ) 


the and then move ; units 


3.1 
x 
35 
a 30 
oO 
3 25 
us) 
2 20 
a 
15 
a 
2 10 
ms 
> X 
123 45 67 8 9 10 
Rain (in.) 
NOTATION 
11. Explain the difference between (3, 5) and 3(5). 
12. In the table, which column contains values - 
associated with the vertical axis of a graph? z 
2|) 0 
3 
—1|-3 


13. Do these ordered pairs name the same point? 
(25,2), (2h. -35), (25-31 


14. Do (3, 2) and (2, 3) represent the same point? 


15. In the ordered pair (4, 5), is the number 4 associated with the 
horizontal or the vertical axis? 


16. Fill in the blank: In the notation P(4, 5), the capital letter P is 
used to name a 


GUIDED PRACTICE 
See Examples 1 and 2. 


17. Graph each point: 
(—3, 4), (4, 3.5), (—2, -3), (0, -4), (3, 0), (3, -4) 


18. Graph each point: 
(4, 4), (0.5, —3), (—4, —4), (0, 


1), (0, 0), (0, 3), (—2, 0) 


19. Complete the coordinates for each point in Figure (a) below. 


y 
e 
E ah eB 
3 
2 
aD) A 
ia @> x 
43-43-17 12345 
-2 
ec iF oF 
(a) (b) 


20. Find the coordinates of points A, B, C, D, E, and F in 
Figure (b) above. 
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The following graph gives the heart rate of a woman before, 
during, and after an aerobic workout. Use it to answer Problems 
21-24. See Example 3. 


Training 


wo 
Oo 


Heart rate (beats/min) 


iN 
je) 


40 


20 


-10 O 10 20 30 40 50° 60 
Time (min) 


21. a. What was her heart rate before beginning the 
workout? 
b. After beginning her workout, how long did it take the 
woman to reach her training-zone heart rate? 
22. a. What was the woman’s heart rate half an hour after 
beginning the workout? 
b. For how long did the woman work out at her training 
zone? 
23. a. At what time was her heart rate 100 beats per 
minute? 
b. How long was her cool-down period? 
24. a. What was the difference in the woman’s heart rate before the 
workout and after the cool-down period? 
b. What was her approximate heart rate 8 minutes after 
beginning? 


The following graph shows the depths of a submarine at certain 
times after it leaves port. Use the graph to answer Problems 
25-28. See Example 3. 


Hours after leaving port " 
or a or a 


Depth of submarine (ft) 
} 
i) 
S 
S 


206 


CHAPTER 3 Graphing Linear Equations and Inequalities in Two Variables; Functions 


. For how long does the sub travel at sea level? 
. What is the depth of the sub 5 hours after leaving 


port? 


. Once the sub begins to dive, how long does it take to reach 


—1,000 feet in depth? 


. For how long does the sub travel at a depth of 1,000 


feet? 


. Explain what happens 6 hours after the sub leaves 


port. 


. What is the depth of the sub 8 hours after leaving 


port? 


. How long does it take the sub to first reach —500 feet in 


depth? 


. Approximate the time when the sub reaches —500 feet in 


depth for the second time. 


APPLICATIONS 


29. BRIDGE CONSTRUCTION Find the coordinates of each 
rivet, weld, and anchor. 


Anchor 


Scale: 1 unit = 8 ft 


30. GOLF A golfer is videotaped and then has her swing 
displayed on a computer monitor so that it can be analyzed. 
Give the coordinates of the highlighted points. 


31. GAMES In the game 
Battleship, coordinates are 
used to locate ships. What 
are the coordinates of the 
ship shown? Express each 
answer in the form (letter, 
number). 


oOorRN WwW FUN BWANA 


ABCDEFGHI J 


32. MAPS __ Use coordinates of the form (number, letter) to locate 
each of the following on the map: Rockford, Mount Carroll, 
Harvard, and the intersection of state Highway 251 and U.S. 
Highway 30. 


51) 
7, 


33. from Campus to Careers 
Dental Assistant 


Dentists describe teeth as being 

located in one of four quadrants as 

shown below. 

a. How many teeth are in the upper 
left quadrant? 

b. Why would the upper left 
quadrant appear on the right in 
the illustration? 


© Karin Dreyer/Getty Images 


Upper right 
quadrant 


Upper left 
quadrant 


Lower left 
quadrant 


Lower right 
quadrant 


3.1 


34. WATER PRESSURE The graphs show how the path of a 


35. 


36. 


37. 


stream of water changes when the hose is held at two different 
angles. 


a. At which angle does the stream of water shoot up higher? 
How much higher? 


b. At which angle does the stream of water shoot out farther? 
How much farther? 


y Scale: 1 unit = 1 ft 


Nozzle held 
at 60° angle 


Nozzle held 
at 30° angle 


ie ee adh al 


GEOMETRY Three vertices (corners) of a rectangle are 
(2, 1), (6, 1), and (6, 4). Find the coordinates of the fourth 
vertex. Then find the area of the rectangle. 


GEOMETRY | Three vertices (corners) of a right triangle are 
(-1, —7), (—5, —7), and (—5, —2). Find the area of the triangle. 


TRUCKS The table below shows the number of miles that an 
18-wheel truck can be driven on a given number of gallons of 
diesel fuel. Plot the data in the table as ordered pairs. Then 
draw a straight line through the points. 


a. How far can the truck go on 4 gallons of fuel? 


b. How many gallons of fuel are needed to travel a distance of 
30 miles? 


c. How far can the truck go on 7 gallons of fuel? 


y 

a 40 

Fuel | Distance E 
al mi 

(gal) | (mi) 

2 10 = 20 

® 15 

3 15 2 ie 

5 25 A 5 


12345678 
Diesel fuel used (gal) 
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38. BOATING The table below shows the cost to rent a sailboat 


for a given number of hours. Plot the data in the table as 
ordered pairs. Then draw a straight line through the points. 


a. What does it cost to rent the boat for 3 hours? 
b. For how long can the boat be rented for $60? 
c. What does it cost to rent the boat for 9 hours? 


y 
80 
Rental | Cost S a 
time (hr) | ($) = 
>—__ eo 50 
2 20 = 40 
4 30 § 30 
~ 20 
6 40 10 


x 


12345678910 
Rental time (hr) 


39. DEPRECIATION The table below shows the value (in 


thousands of dollars) of a color copier at various lengths of 
time after its purchase. Plot the data in the table as ordered 
pairs. Then draw a straight line passing through the points. 


a. What does the point (3, 7) on the graph tell you? 


b. Find the value of the copier when it is 7 years old. 
c. After how many years will the copier be worth $2,500? 


y 


FPNwWHRUN DANA C 


Thousands of dollars 


> x 
1234567 8 
Age of copier (years) 
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40. SWIMMING The table below shows the number of people at 44. Explain this diagram. 
a public swimming pool at various times during the day. Plot 
the data in the table as ordered pairs. Then draw a straight line 
passing through the points. 

a. How many people will be at the pool at 6 P.M.? 

b. At what time will there be 250 people at the pool? 

c. At what time will the number of people at the pool be half 
of what it was at noon? 


Bb 
400 
ue 2 50 
Time | of people 3 
BEOP, 2 REVIEW 
0 350 S 200 2 
3 700 Z 45. Solve AC = 3h — T for h. 
5 100 = 100 46. Solve 5(x + 1) = 2(x — 3). Write the solution set in interval 
- notation and graph it. 
1234567 8 
Time of day (PM) i —4(4 + 2) - 2° 
47. E les 
valuate )—12 — 46)| 
24 
WRITING 48. Simplify: — 
41. Explain why the point (—3, 3) is not the same as the point 54 
3,3): 
( ) CHALLENGE PROBLEMS 


42. Explain how to plot the point (—2, 5). 


43, Explain why the coordinates of the origin are (0, 0). 49. In what quadrant does a point lie if the sum of its coordinates is 


negative and the product of its coordinates is positive? 

50. Draw line segment 4B with endpoints A(6, 5) and B(—4, 5). 
Suppose that the x-coordinate of a point C is the average of the 
x-coordinates of points A and B, and the y-coordinate of point 
C is the average of the y-coordinates of points A and B. Find 
the coordinates of point C. Why is C called the midpoint of AB? 


@ Determine whether an ordered pair is a solution of an equation. 


be ® Complete ordered-pair solutions of equations. 
Iv 
Object iid © Construct a table of solutions. 
Graph linear equations by plotting points. 
q YP &P 


© Use graphs of linear equations to solve applied problems. 


In this section, we will discuss equations that contain two variables. Such equations are often 
used to describe algebraic relationships between two quantities. To see a mathematical picture 
of these relationships, we will construct graphs of their equations. 
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Oo Determine Whether an Ordered Pair Is a Solution of an Equation. 


Notation 
Equations in two variables often 
involve the variables x and y. 
However, other letters can be 
used. For example, a — 3b = 5 
and n = 4m + 6 are equations in 
two variables. 


We have previously solved equations in one variable. For example, x + 3 = 9 is an equation 
in x. If we subtract 3 from both sides, we see that 6 is the solution. To verify this, we replace x 
with 6 and note that the result is a true statement: 9 = 9. 

In this chapter, we extend our equation-solving skills to find solutions of equations in 
two variables. To begin, let’s consider y = x — 1, an equation in x and y. 

A solution of y = x — 1 1s a pair of values, one for x and one for y, that make the equa- 
tion true. To illustrate, suppose x is 5 and y is 4. Then we have: 


y=x-— 1 Thisis the given equation. 
4 5 —1 Substitute 5 for x and 4 for y. 
4=4 True 


I> 


Since the result is a true statement, x = 5 and y = 4 isasolution of y = x — 1. We write 
the solution as the ordered pair (5, 4), with the value of x listed first. We say that (5, 4) satisfies 
the equation. 

In general, a solution of an equation in two variables is an ordered pair of numbers that 
makes the equation a true statement. 


EXAMPLE 1 _ Is(—1, —3)a solution of y = x — 1? 
Strategy We will substitute —1 for x and —3 for y and see whether the resulting equa- 
tion is true. 


Why An ordered pair is a solution of y = x — 1 if replacing the variables with the 
values of the ordered pair results in a true statement. 


Solution 
y=x-1 This is the given equation. 
—3 2-1-1 Substitute —1 for x and —3 for y. 
=3 > =2 False 
Since —3 = —2 is false, (—1, —3) is not a solution of y = x — 1. 


a Self Check 1 | Is (9, 8) a solution of y = x — 1? 
Now Try Problem 17 


Complete Ordered-Pair Solutions of Equations. 


If only one of the values of an ordered-pair solution is known, we can substitute it into the 
equation to determine the other value. 


EXAMPLE 2 _ Complete the solution (—5, __) of the equation y = —2x + 3. 


Strategy We will substitute the known x-coordinate of the solution into the given equation. 


Why We can use the resulting equation in one variable to find the unknown y-coordinate 
of the solution. 
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Solution In the ordered pair (—5, _), the x-value is —5; the y-value is not known. To 
find y, we substitute —5 for x in the equation and evaluate the right side. 


y= -2x4+3 This is the given equation. 

y = —2(-5) +3. Substitute —5 for x. 

y=10+3 Do the multiplication. 

y= 13 This is the missing y-coordinate of the solution. 


The completed ordered pair is (—5, 13). 


a Self Check 2 | Complete the solution (—2, __) of the equation y = 4x — 2. 


Now Try Problems 29 and 31 


Solutions of equations in two variables are often listed in a table of solutions (or table of 
values). 


EXAMPLE 3 | Complete the table of solutions for 


x, 
3x + 2y = 5. ay) 


4 | 4) 


Strategy In each case we will substitute the known coordinate of the solution into the 
given equation. 


Why We can solve the resulting equation in one variable to find the unknown coordinate 
of the solution. 


Solution In the first row, we are given an x-value of 7. To find the corresponding y-value, 
we substitute 7 for x and solve for y. 


ease (x, y) 3x + 2y =5 This is the given equation. 
7| -8| (7, -8) 3(7) + 2y = 5 Substitute 7 for x. 
21+ 2y=5 Do the multiplication. 
2y = —16  Toisolate the variable term, 2y, subtract 21 from both sides. 
y=-8 To isolate y, divide both sides by 2. This is the missing y-coordinate 
of the solution. 
A solution of 3x + 2y = 5 is (7, —8). It is entered in the table on the left. 
In the second row, we are given a y-value of 4. To find the corresponding x-value, we 
substitute 4 for y and solve for x. 
+ dy = is i ion. 
xly |] @y 3x + 2y =5 This is the given equation 
7| -8 | (7, -8) 3x + 2(4) = 5 Substitute 4 for y. 
-1|) 4/(-1,4) 3x +8=5 Do the multiplication. 
3x = —3 To isolate the variable term, 3x, subtract & from both sides. 
x =—-1  Toisolate x, divide both sides by 3. This is the missing x-coordinate 


of the solution. 


Another solution is (—1, 4). It is entered in the table on the left. 


& |» | Gy 
—4| -—5 | (—4, -5) 
x | y | Gy) 
—4 | —5 | (-4, -5) 
=2,| —3 | (—2, =3) 
x | y | Gy) 
—4 | —5 | (—4, —5) 
—2 | -3 | (-2, -3) 
0|-1] (0,-1) 
x | » | Gm 
—4| -5 | (-4, -5) 
—2 | -3 | (-2, -3) 
0|-1] (,-1 
a) 2| Gi 
4| 3] (4,3) 
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eT Self Check 3 dj Complete the table of solutions for 


x Sy, 
Bx Vs - oy) 


=a (os =2) 
(5, ) 


wn! 


Now Try Problem 37 


Construct a Table of Solutions. 


To find a solution of an equation in two variables, we can select a number, substitute it for one 
of the variables, and find the corresponding value of the other variable. For example, to find a 
solution of y = x — 1, we can select a value for x, say, —4, substitute —4 for x in the equa- 
tion, and find y. 


yox-l 
y=-4-1 Substitute —4 for x. 
y=-5 


The ordered pair (—4, —5) is a solution. We list it in the table on the left. 
To find another solution of y = x — 1, we select another value for x, say, —2, and find the 
corresponding y-value. 


yrx-l 
y= —2—1 Substitute —2 for x. 
i 


A second solution is (—2, —3), and we list it in the table of solutions. 
If we let x = 0, we can find a third ordered pair that satisfies y = x — 1. 
VHA 1 
y=0-—1 Substitute O for x. 
= 
A third solution is (0, — 1), which we also add to the table of solutions. 
We can find a fourth solution by letting x = 2, and a fifth solution by letting x = 4. 


y=x-1 y=x-1 
y=2-—1 Substitute 2 for x. y=4-1 Substitute 4 for x. 
y=1 y=3 


A fourth solution is (2, 1) and a fifth solution is (4, 3). We add them to the table. 

Since we can choose any real number for x, and since any choice of x will give a corre- 
sponding value of y, it is apparent that the equation y = x — | has infinitely many solutions. 
We have found five of them: (—4, —5), (—2, —3), (0, —1), (2, 1), and (4, 3). 


Graph Linear Equations by Plotting Points. 


It is impossible to list the infinitely many solutions of the equation y = x — 1. However, to 
show all of its solutions, we can draw a mathematical “picture” of them. We call this picture 
the graph of the equation. 
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Notation 
The graph only shows a part of the 
line. The arrowheads indicate that 
it extends indefinitely in both 
directions. 


To graph y = x — 1, we plot the ordered pairs shown in the table on a rectangular coor- 
dinate system. Then we draw a straight line through the points, because the graph of any 
solution of y = x — | will lie on this line. Furthermore, every point on this line represents a 
solution. We call the line the graph of the equation. It represents all of the solutions of 
y=x-1. 


¥ 
A 
3 (4,3) 
y=x-1 
2 
x | y | @y) }2, De 
—4 | —5 | (-4, -5) Ot 
=) 3 (-2 = 4+ 3 2 -1 “al 1 2 3 4 
o/-1| @-n Pes 
2 1} (2,1) @, DP) 2 
4| 3] (4,3) - 
t 7 ft 0 (A, 5) 
Select x Findy Plot (x, y) 
Construct a table of solutions. Plot the ordered pairs. Draw a straight line through the points. 


Linear Equations 


Success Tip 
The exponent on each variable of a 
linear equation is an understood 1. 
For example, y = 2x + 4can be 
thought of as y! = 2x! + 4. 


Graphing Linear 
Equations Solved 
for y by Plotting 
Points 


This is the graph of the equation. 


The equation y = x — 1 is said to be /inear and its graph is a line. By definition, a linear 
equation in two variables is any equation that can be written in the following standard or 
general form, where the variable terms appears on one side of an equal symbol and a constant 
appears on the other. 


A linear equation in two variables is an equation that can be written in the form 
Ax + By =C 


where A, B, and C are real numbers and 4 and B are not both 0. 


Some more examples of linear equations are 
y =2x + 4, 2x + 3y = 12, and 3x = 5y 


Linear equations can be graphed in several ways. Generally, the form in which an equa- 
tion is written determines the method that we use to graph it. To graph linear equations solved 
for y, such as y = 2x + 4, we can use the following method. 


1. Find three ordered pairs that are solutions of the equation by selecting three values for x 
and calculating the corresponding values of y. 


2. Plot the solutions on a rectangular coordinate system. 


3. Draw a straight line passing through the points. If the points do not lie on a line, check 
your computations. 


EXAMPLE 4 © Graph: y = 2x + 4 


Strategy We will find three solutions of the equation, plot them on a rectangular coordi- 
nate system, and then draw a straight line passing through the points. 


Success Tip 
When selecting x-values for a table 
of solutions, a rule of thumb is to 
choose a negative number, a posi- 
tive number, and 0. When x = 0, 
the computations to find y are 
usually quite simple. 


Success Tip 
Since two points determine a line, 
only two points are needed to 
graph a linear equation. However, 
we should plot a third point as a 
check. If the three points do not lie 
ona straight line, then at least one 
of them is in error. 
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Why To graph a linear equation in two variables means to make a drawing that repre- 
sents all of its solutions. 


Solution To find three solutions of this linear equation, we select three values for x that 
will make the computations easy. Then we find each corresponding value of y. 


Ifx = —2 Ifx =0 fx =2 
y=2x+4 y=2x+4 y=2x+4 
y = 2(-2) + 4 y = 2(0) +4 y = 2(2) +4 
y=-4+4 y=0+4 y=4+4 
y=0 y=4 y=8 


(—2, 0) is a solution. (0, 4) is a solution. (2, 8) is a solution. 


We enter the results in a table of solutions and plot the points. Then we draw a straight line 
through the points and label it y = 2x + 4. 


As a check, we can pick two points that the line appears to pass through, such as (1, 6) and 
(—1, 2). When we substitute their coordinates into the given equation, the two true state- 
ments that result indicate that (1, 6) and (—1, 2) are solutions and that the graph of the line 
is correctly drawn. 


Check: y= 2x+4 y=2x+4 
6221) +4 222(-1) +4 
62=2+4 22-244 
6=6 True 2=2 True 


a Self Check 4 ij Graph: y = 2x — 2 


Now Try Problem 41 


EXAMPLE 5 _ 


| Graph: y = —3x 


Strategy We will find three solutions of the equation, plot them on a rectangular coordi- 
nate system, and then draw a straight line passing through the points. 


Why To graph a linear equation in two variables means to make a drawing that repre- 
sents all of its solutions. 
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Solution To find three solutions, we begin by selecting three x-values: —1, 0, and 1. 
Then we find the corresponding values of y. If x = —1, we have 
y= 3x This is the equation to graph. 
y = —3(-1) Substitute -1 for x. 
y=3 
(—1, 3) is a solution. 
In a similar manner, we find the y-values for x-values of 0 and 1, and record the results in a 


table of solutions. After plotting the ordered pairs, we draw a straight line through the points 
and label it y = —3x. 


a Self Check 5 | Graph: y = —4x 


Now Try Problem 45 


To graph linear equations in x and y using the method discussed in this section, the vari- 
able vy must be isolated on one side of the equation. 


EXAMPLE 6 | Graph 2x + 3y = —12 by first solving for y. 


Strategy We will use properties of equality to solve the given equation for y. Then we 
will use the point-plotting method of this section to graph the resulting equivalent 
equation. 


Why The calculations to find several solutions of a linear equation in two variables are 
usually easier when the equation is solved for y. 


Solution To solve for y, we proceed as follows. 


2x + 3y = -12 This is the given equation. 


2x + 3y — 2x = —2x — 12 © Toisolate the variable term 3y on the left side, subtract 2x 
from both sides. When solving for y, it is common practice to 
write the subtraction (or addition) of a variable term before 
the constant term. 


3y = —2x — 12 — Onthe left side, combine like terms, 2x — 2x = O. 
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Notation 3y _ =e _ 12 = — ‘“ oe ee by 3 
Note that the division by 3 on the 3 3 3 i ll ilcadalie tas 
right side of the equation is done 
term-by-term instead of with a ae 4 
single fraction bar. It is common 


Write = as ~ 3x. Simplify: g = 4, 


actice to write : : : i 
a se Since y = 2x — 4is equivalent to 2x + 3y = —12, we can use it to draw the graph of 
he 1) =x = 12 
3 3 not 3 2x + 3y = -12. 
To find solutions of y = —3x — 4, each value of x must be multiplied by —%. This com- 
putation is made easier if we select x-values that are multiples of the denominator 3, such as 
—3, 0, and 6. For example, if x = —3, we have 
| 2, 
Success Tip y= -cx- 4 This is the equation to graph. 
When we chose x-values that are 3 
multiples of the denominator 3, 2 
the corresponding y-values are y = —-=(-3) — 4 Substitute —3 for x. 
integers, and not difficult to plot 
fractions. y=2-4 Multiply: -3(-3) = 2. This step is simpler if we 


select x-values that are multiples of 3. 
y= =e 
Thus, (—3, —2) is a solution. 
Two more solutions, one for x = 0 and one for x = 6, can be found in a similar way, and 
entered in a table. We plot the ordered pairs, draw a straight line through the points, and label 
the line as y = —2x — 4oras 2x + 3y = -12. 


2x + 3y = -12 
or 
y= —2y —4 
x | y | Gy) 
—3 | -2 | (-3, -2) 
0|—-4] (0, —4) 
6|—8]| (6, —8) 


a Self Check 6 j Graph 5x — 2y = —2 by first solving for y. 
Now Try Problem 67 


5) Use Graphs of Linear Equations to Solve Applied Problems. 


When linear equations are used to model real-life situations, they are often written in variables 
other than x and y. In such cases, we must make the appropriate changes when labeling the 
table of solutions and the graph of the equation. 
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Success Tip 
Since we selected large n-values 
such as 100 and 1,000, the 
horizontal n-axis was scaled in 
units of 100. Since the 
corresponding A-values range 
from 2 to 32, the vertical A-axis 
was scaled in units of 4. 


EXAMPLE 7 | Cleaning Windows. The linear equation 4 = —0.03n + 32 
: estimates the amount A of glass cleaning solution (in ounces) that 
is left in the bottle after the sprayer trigger has been pulled a total of n times. Graph the 
equation and use the graph to estimate the amount of solution that is left after 
500 sprays. 


Strategy We will find three solutions of the equation, plot them on a rectangular coordi- 
nate system, and then draw a straight line passing through the points. 


Why We can use the graph to estimate the amount of solution left after any number of 
sprays. 


Solution Since A depends on n in the equation 4 = —0.03n + 32, solutions will have 
the form (n, A). To find three solutions, we begin by selecting three values of n. Because 
the number of trials cannot be negative, and the computations to find A involve decimal 
multiplication, we select 0, 100, and 1,000. For example, if = 100, we have 


A = —0.03n + 32 This is the equation to graph. 
A = —0.03(100) + 32 

A=-3 +32 Multiply: —0.03(100) = —3. 
A = 29 


Thus, (100, 29) is a solution. It indicates that after 100 sprays, 29 ounces of cleaner will 
be left in the bottle. 

In the same way, solutions are found for n = 0 and n = 1,000 and listed in the table. 
Then the ordered pairs are plotted and a straight line is drawn through the points. 

To graphically estimate the amount of solution that is left after 500 sprays, we draw the 
dashed blue lines, as shown. Reading on the vertical A-axis, we see that after 500 sprays, 
about 17 ounces of glass cleaning solution would be left. 


A 
» 40 
S 36 
& 32 
A = —0.03n + 32 9g 
n |A| (,A) 88 24 
= 2 
0 |32] (0,32) ao 
100 | 29 | (100, 29) = 16 A= -0.03n + 32 
1,000 | 2 | (1,000, 2) g 2b 
z 8 
< 4 (1,000, 2) 


> I 


100 500 1,000 1,200 
Number of sprays 


La Now Try Problem 77 


3.2 Graphing Linear Equations 217 


ee | 1. Yes 2. (-2,-10) 3. Se 


ae 
BGS 


VOCABULARY 
Fill in the blanks. 
1. y = 9x + 5 is an equation in variables, x and y. xe || ip (x, y) 
2. A_________ of an equation in two variables is an ordered pair of —4 (of } 
numbers that makes the equation a true statement. —] ( I ) 
3. Solutions of equations in two variables are often listed in a 1 (e. ) 


of solutions. 
4. The line that represents all of the solutions of a linear equation is 
called the of the equation. 


5. y = 3x + 8iscalleda equation because its graph is a 
line. 9. The graph of y = —2x — 3 is shown in Problem 8. Fill in the 


blanks: Every point on the graph represents an ordered-pair 


6. The form of a linear equation in two variables : ae 
is Ax + By = C. ___soof y = —2x — 3 and every ordered-pair solution is a 
: _____ on the graph. 
CONCEPTS 10. The graph of a linear equation is shown. 
7. Consider: y = —3x + 6 a. If the coordinates of point M are 


substituted into the equation, will 


a. How many variables does the equation contain? 
y q the result be true or false? 


b. Does (4, —6) satisfy the equation? 


c. Is (—2, 0) a solution? b. If the coordinates of point N are 
d. How many solutions does this equation have? substituted into the equation, will 
8. To graph a linear equation, three solutions were found, they were the result be true or false? 


plotted (in black), and a straight line was drawn through them, as 


ae on 11. Suppose you are making a table of solutions for each given 


equation. What three x-values would you select to make the 
b. From the graph, determine three other solutions of the calculations for finding the corresponding y-values the easiest? 


equation. a y= 4x +2 b. vy = 0.6x + 500 


a. Looking at the graph, complete the table of solutions. 
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12. A table of solutions for a linear equation is shown below. When 


constructing the graph of the equation, how would you scale 
the x-axis and the y-axis? 


x y (x, y) 

~20| 600 | (—20, 600) 
(5, 100) 
35 | —500 | (35, —500) 


NOTATION 
Complete each solution. 


13. Verify that (—2, 6) is a solution of y = —x + 4. 


yr=r-x+e4 

= -(+4 
6+ +4 
6= 


14. Solve 5x + 3y = 15 for y. 


Seb 3p = 3k = + 15 
= —5x + 15 

= 1 

By _ Sx 15 

y= xe 


15. a. Rewrite the linear equation y = 5x + 7 showing the 
understood exponents on the variables. 


y = hx +7 


b. Explain why y = x* + 2 and y = x? — 4 are not linear 
equations. 
16. Complete the labeling of the table of solutions and graph of 
c=-at+4., 


& 
=> 
oS 

a 
Nar 


GUIDED PRACTICE 


Determine whether each equation has the given ordered pair as a 


solution. See Example 1. 
7. y = 5x —45(1, 1) 
19.. x= 2y'= 3: 2,6) 


18. y = —2x + 3; (2, -1) 
20. 10x — y = 10; (0, 0) 


21. x + 12y = —12; (0, -1) 
22, —2x + 3y = 0; (-3, —2) 
23. 3x — 6y = 12; (—3.6, —3.8) 
24. 8x + 4y = 10; (—0.5, 3.5) 


25. y — 6x = 12; (3,7) 


3 
27. y = —Jx + 8;(~8, 12) 


26. y + 8x = 4; (3,2) 


1 
28. y = =x — 2; (-12,4) 


For each equation, complete the solution. See Example 2. 


29. y = —S5x — 4; (-3, ) 
31. 4x — 5y = —4;( , 4) 


a3, y= 7 + 9:16, ) 


35. 7x =4y;(, -2) 


30. y = 8x + 30; (-6, 
32. 7x + y = —123( , 2) 
x 


34. yp =— — 8; (48, 
ae ( ) 


36. 1lx=16);( , -3) 


Complete each table of solutions. See Example 3. 


37. y=2x —4 


x | y | @,y) 


38. y=3x4+1 


x | y (, y) 


=3 
=2 


40. 5x — 2vy = -15 


x y (x, y) 


eee) 


Construct a table of solutions and then graph each equation. See 


Examples 4 and 5. 


41. y=2x —3 
43. y=5x-4 
45. y=x 


47. y= —-x-1 
49. y= —2x +1 


_x 
se ae 
53. a 
2 
3 
55. er ae 
Ships cea 3 
3 


59. y=15x-—4 


42. y=3x+1 
44. y=6x —3 
46. y =4x 


48. y= —-x+2 
50. y = -3x +2 


_ x 
eg 
eee 

4 


3 
56. y= yx +2 


58. y=—x—-5 


60. y = 0.5x + 3 


Solve each equation for y and then graph it. See Example 6. 


61. 3y = 12x + 15 
63. —6y = 30x + 12 
65. 8 + 4y = 16 


62. Sy = 20x — 30 
64. —3y = 9x — 15 
66. 14x + Jy = 28 


67. Sy — x = 20 68. 4y —x =8 
69. 7x -—y=1 70. 2x —y = —3 
71. Ty = —2x 72. 6y = —4x 
APPLICATIONS 


73. BILLIARDS _ The path traveled by the black 8-ball is 
described by the equations y = 2x — 4and y = —2x + 12. 
Construct a table of solutions for y = 2x — 4 using the 
x-values 1, 2, and 4. Do the same for y = —2x + 12, using the 
x-values 4, 6, and 8. Then graph the path of the 8-ball. 


74. PING-PONG The path traveled by a Ping-Pong ball is 
described by the equations y = 5x + 5 and y = —3x - 3. 
Construct a table of solutions for y = 5x + 3 using the 


x-values 7, 3, and —3. Do the same for y = ~3x _ 3, 


x-values —3, —5, and —7. Then graph the path of the ball. 


>< 


75. DEFROSTING POULTRY The number of hours / needed to 
defrost a turkey weighing p pounds in the refrigerator can be 
estimated by h = 5p. Graph the equation and use the graph to 
estimate the time needed to defrost a 25-pound turkey. 
(Source: helpwithcooking.com.) 


using the 


76. 


77. 


78. 
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OWNING A CAR In 2006, the average cost c (in dollars) to 
own and operate a car was estimated by c = 0.52m, where m 
represents the number of miles driven. Graph the equation and 
use the graph to estimate the cost of operating a car that is 
driven 25,000 miles. (Source: Automobile Association of 
America.) 


HOUSEKEEPING The linear equation A = —0.02n + 16 
estimates the amount A of furniture polish (in ounces) that is 
left in the bottle after the sprayer trigger has been pulled a total 
of n times. Graph the equation and use the graph to estimate the 
amount of polish that is left after 650 sprays. 


SHARPENING PENCILS | The linear equation 

L = —0.04t + 8 estimates the length L (in inches) of a pencil 
after it has been inserted into a sharpener and the handle turned 
a total of t times. Graph the equation and use the graph to 
estimate the length of the pencil after 75 turns of the handle. 


79. 


80. 


81. 


82. 


t turns of 
the handle 


NFL TICKETS The average ticket price p to a National 
Football League game during the years 1990-2005 is 
approximated by p = at + 22, where t is the number of years 
after 1990. Graph this equation and use the graph to predict the 


average ticket price in 2020. (Source: Team Marketing Report, 
NEL.) 


U.S. AUTOMOBILE ACCIDENTS The number x of lives 
saved by seat belts during the years 1995-2004 is estimated by 
n = 615t + 9,900, where ¢ is the number of years after 1995. 
Graph this equation and use the graph to predict the number of 
lives that will be saved by seat belts in 2015. (Source: Bureau 
of Transportation Statistics.) 


RAFFLES A private school is going to sell raffle tickets as a 
fund raiser. Suppose the number x of raffle tickets that will be 
sold is predicted by the equation n = —20p + 300, where p is 
the price of a raffle ticket in dollars. Graph the equation and use 
the graph to predict the number of raffle tickets that will be sold 
at a price of $6. 


CATS The number n of cat owners (in millions) in the United 


States during the years 1995-2004 is estimated by 


n= set + 32, where ¢ is the number of years after 1995. 


Graph this equation and use the graph to predict the number of 
cat owners in the United States in 2015. (Source: Pet Food 
Institute.) 
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WRITING 


83. When we say that (—2, —6) is a solution of y = x — 4, what do 
we mean? 

84. What is a table of solutions? 

85. What does it mean when we say that a linear equation in two 
variables has infinitely many solutions? 

86. A linear equation and a graph are two ways of describing a 
relationship between two quantities. Which do you think is 
more informative and why? 

87. From geometry, we know that two points determine a line. Why 
is it a good practice when graphing linear equations to find and 
plot three solutions instead of just two? 

88. A student found three solutions of a y 
linear equation in two variables and 
plotted them as shown. What 
conclusion can be made about the 
location of the points? 


89. Two students were asked to graph y = 3x — 1. One made the 
table of solutions on the left. The other made the table on the 
right. The tables are completely different. Could they both be 
correct? Explain. 


| x y @y) | x |» | Gy 
0 | -1] (0, -1) =3 |. =7 | (2, =7) 
2 (2, 5) =1 | =4| (1, =4) 
3} 8] G8) 1) 2] @,2) 


90. Both graphs below are of the same linear equation y = 10x. 
Why do the graphs have a different appearance? 


y 
aot / 
| A 10. 
10 /y= x 
5 
x 
—4 -3 2 -1 123 4 
‘a 
|; 
f +20 
f 
REVIEW 


91. Simplify: —(—5 — 4c) 
92. Write the set of integers. 


93. Find the volume, to the nearest tenth of a cubic foot, of a sphere 
with radius 6 feet. 


94. Solve: —2(a + 3) = 3(a — 5) 


CHALLENGE PROBLEMS 


Graph each of the following nonlinear equations in two variables 
by constructing a table of solutions consisting of seven ordered 
pairs. These equations are called nonlinear, because their graphs 
are not straight lines. 


9. y=x +1 
97. y = |x| —2 


96. p=x°-2 
98. y =(x + 2) 


© ldentify intercepts of a graph. 


Objectives 


© Obtain information from intercepts. 
© (Optional) Use a calculator to graph linear equations. 


® Graph linear equations by finding intercepts. 
© Identify and graph horizontal and vertical lines. 


In this section, we will graph linear equations by determining the points where their graphs 
intersect the x-axis and the y-axis. These points are called the intercepts of the graph. 
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Oo Identify Intercepts of a Graph. 


The Language of Algebra 
The point where a line intersects 
the x- or y-axis is called an 
intercept. 


The graph of y = 2x — 4 is shown below. We see that the graph crosses the y-axis at the point 
(0, —4); this point is called the y-intercept of the graph. The graph crosses the x-axis at the 
point (2, 0); this point is called the x-intercept of the graph. 


4 3 2 -l 


x-intercept 
(2, 0) 

3 

y-intercept ~_ 
(0, -4) 


EXAMPLE 1 


For the graphs in figures (a) and (b), give the coordinates of the 
x- and y-intercepts. 


Strategy We will determine where each graph (shown in red) crosses the x-axis and the 
y-axis. 

Why The point at which a graph crosses the x-axis is the x-intercept and the point at 
which a graph crosses the y-axis is the y-intercept. 


Solution 
a. In figure (a), the graph crosses the x-axis at (—4, 0). This is the x-intercept. The graph 
crosses the y-axis at (0, 1). This is the y-intercept. 


b. In figure (b), the horizontal line does not cross the x-axis; there is no x-intercept. The 


graph crosses the y-axis at (0, —2). This is the y-intercept. 
a Self Check 1 Give the coordinates of the x- and y-intercept of the graph in 
; Figure (c). 


Now Try Problem 11 


From the previous examples, we see that a y-intercept has an x-coordinate of 0, and an 
x-intercept has a y-coordinate of 0. These observations suggest the following procedures for 
finding the intercepts of a graph from its equation. 


222 


Finding 
Intercepts 


2 | 


Success Tip 
The check point should lie on 
the same line as the x- and 
y-intercepts. If it does not, check 
your work to find the incorrect 
coordinate or coordinates. 
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To find the y-intercept, substitute 0 for x in the given equation and solve for y. 


To find the x-intercept, substitute 0 for y in the given equation and solve for x. 


Graph Linear Equations by Finding Intercepts. 


Plotting the x- and y-intercepts of a graph and drawing a line through them is called the 
intercept method of graphing a line. This method is useful when graphing linear equations 
written in the standard (general) form Ax + By = C. 


EXAM PLE 2 j Graph x — 3y = 6 by finding the y- and x-intercepts. 
Strategy We will let x = 0 to find the y-intercept of the graph. We will then let y = 0 to 
find the x-intercept. 


Why Since two points determine a line, the y-intercept and x-intercept are enough infor- 
mation to graph this linear equation. 


Solution 


y-intercept: x = 0 


x-intercept: y = 0 


x—3y=6 x— 3y=6 

0-3y =6 Substitute O for x. x — 3(0) = 6 Substitute O for y. 
—3y = 6 x-0=6 
y= -2  Toisolate y, divide both sides by —3. x=6 


The y-intercept is (0, —2). 


The x-intercept is (6, 0). 


Since each intercept of the graph is a solution of the equation, we enter the intercepts in 


the table of solutions below. 


As a check, we find one more point on the line. We select a convenient value for x, say, 
3, and find the corresponding value of y. 


x—3y=6 
3 —3y =6 Substitute 3 for x. 
—3y =3 To isolate the variable term, —3y, subtract 3 from both sides. 
y=-1  Toisolate y, divide both sides by —3. 


Therefore, (3, —1) is a solution. It is also entered in the table. 
We plot the intercepts and the check point, draw a straight line through them, and label 


the line as x — 3y = 6. 


x—3y=6 3 
z 
ae Ly) 1 x+intercept 
0 | —2 | (0, 2) | +— y-intercept x73y=6 | (6,0) “ 
6] O| (6,0) |+— x-intercept | > ae 4 7 
3 | -—1] G, —1) | <— Check point , BJ-D 


(0,2) Check point 


3) -y-intercept 


The Language of Algebra 
This method to find the intercepts 
of the graph of a linear equation is 
commonly referred to as the 
cover-over method. 


Caution 
When using the cover-over 
method to find the y-intercept, be 
careful not to cover the sign in 
front of the y-term. 


Success Tip 
To fit y-values of 40 and —40 on 
the graph, the y-axis was scaled in 
units of 10. 
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a Self Check 2 | Graph x — 2y = 2 by finding the intercepts. 
Now Try Problem 27 


The computations for finding intercepts can be simplified if we realize what occurs when 
we substitute 0 for y or 0 for x in an equation written in the form Ax + By = C. 


EXAMPLE3 ~— Graph 40x + 3y = —120 by finding the y- and x-intercepts. 


Strategy We will let x = 0 to find the y-intercept of the graph. We will then let » = 0 to 
find the x-intercept. 


Why Since two points determine a line, the y-intercept and x-intercept are enough infor- 
mation to graph this linear equation. 


Solution When we substitute 0 for x, it follows that the term 40x will be equal to 0. 
Therefore, to find the y-intercept, we can cover the 40x and solve the remaining equa- 
tion for y. 
40x + 3y = —120 

y= —40 


If x = O, then 40x = 40(0) = O. Cover the 40x term. 
To solve 3y = —120, divide both sides by 3. 
The y-intercept is (0, —40). 
When we substitute 0 for y, it follows that the term 3y will be equal to 0. Therefore, to 
find the x-intercept, we can cover the 3y and solve the remaining equation for x. 


40x + 3y = —120 


x=-3 


If y = O, then 3y = 3(O) = O. Cover the 3y term. 
To solve 40x = —120, divide both sides by 40. 


The x-intercept is (—3, 0). 
We can find a third solution by selecting a convenient value for x and finding the corre- 


sponding value for y. If we choose x = —6, we find that y = 40. The solution (—6, 40) is 
entered in the table, and the equation is graphed as shown. 


40x + 3y = —120 


x | y | @Yy) 

0 | —40 | (0, —40) | <— y-intercept 
—3 0| (—3,0) | +— x-intercept 
—6 40 | (—6, 40) | <— Check point 


a Self Check 3 i Graph 32x + 5y = —160 by finding the intercepts. 
Now Try Problem 35 
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Success Tip 
When graphing, it is often helpful 
to write any coordinates that are 
improper fractions as mixed 
numbers. For example: 


(3,0) = (23,0) 


EXAMPLE 4 j Graph 3x = —5y + 8 by finding the intercepts. 
Strategy We will let x = 0 to find the -intercept of the graph. We will then let y = 0 to 
find the x-intercept. 


Why Since two points determine a line, the y-intercept and x-intercept are enough infor- 
mation to graph this linear equation. 

Solution We find the intercepts and select x = 1 to find a check point. 
y-intercept: x = 0 


x-intercept: y = 0 Check point: x = 1 


3x = —Sy + 8 3x = —Sy + 8 3x = —Sy + 8 
3(0) = —Sy + 8 3x = —53(0) + 8 31) = —5y + 8 
0 = —-Sy + 8 3x = 8 3 = —-Sy + 8 
=3 = =dy 8 —5 = —-5y 
ye = 
8 3 L=% 
5? = 22 
a, A check point is (1, 1). 
= y 


The x-intercept is (23, 0). 
The y-intercept is (0, 13), 


The ordered pairs are plotted as shown, and a straight line is then drawn through them. 


3x=—-5y + 8, 


3x = —S5y + 8 
x y_ | @&y) 
0 § = 3 (0, 13) <— y-intercept : 
8 = 25 0 (23, 0) <— x-intercept 
1 1 (1, 1) | +— Check point 


ta Self Check 4 j Graph 8x = —4y + 15 by finding the intercepts. 
Now Try Problem 39 


EXAMPLE 5 Graph 2x + 3y = 0 by finding the intercepts. 


Strategy We will let x = 0 to find the y-intercept of the graph. We will then let y = 0 to 
find the x-intercept. 


Why Since two points determine a line, the y-intercept and x-intercept are enough infor- 
mation to graph this linear equation. 


Solution When we find the y- and x-intercepts (shown on the next page), we see that they 
are both (0, 0). In this case, the line passes through the origin. Since we are using two 
points and a check point to graph lines, we need to find two more ordered-pair solutions. 
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If x = 3, we see that (3, —2) is a solution. And if x = —3, we see that (—3, 2) is 
also a solution. These two solutions and the origin are plotted and a straight line is 
drawn through them to give the graph of 2x + 3y = 0. 


y-intercept: x = 0 x-intercept: y = 0 Letx = 3 Letx = —3 
2x + 3y =0 2x + 3y =0 2x + 3y =0 2x + 3y =0 
2(0) + 3y = 0 2x + 3(0) = 0 2(3) + 3y = 0 2(-3) + 3y = 0 
3y = 0 2x = 0 6+ 3y=0 -6+ 3y=0 
y=0 x=0 3y = -6 3y = 6 
The y-intercept is (0, 0). The x-intercept is (0, 0). PS es yo? 
(3, —2) is a solution. (—3, 2) is a solution. 
y 
A 
4 
2x + 3y=0 
2x + 3y = 0 : 
x | » | GC» x-intercept 


and y-intercept 


0 0| (0,0) |+— The x-intercept and y-intercept. 
3 | —2 | (3, -—2) |+— A solution. 
=3 2 | (—3, 2) | <— This solution serves as a check point. 


4 3 4 (0,0) 


9 


a Self Check 5 P| Graph 5x — 2y = 0 by finding the intercepts. 
Now Try Problem 47 


© Identify and Graph Horizontal and Vertical Lines. 


Equations such as y = 4 and x = —3 are linear equations, because they can be written in the 
general form Ax + By = C. For example, y = 4 is equivalent to Ox + ly = 4andx = —3 is 
equivalent to 1x + Oy = —3. We now discuss how to graph these types of linear equations. 


EXAMPLE 6 _ Graph: y= 4 


Strategy To find three ordered-pair solutions of this equation to plot, we will select three 
values for x and use 4 for y each time. 


Why The given equation requires that y = 4. 


Solution We can write the equation in general form as Ox + y = 4. Since the coefficient 
of x is 0, the numbers chosen for x have no effect on y. The value of y is always 4. For 
example, if x = 2, we have 

Ox + y =4 This is the given equation, y = 4, written in standard (general) form. 
0(2) + y= 4 Substitute 2 for x. 
y =4 — Simplify the left side. 
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One solution is (2, 4). To find two more solutions, we choose x = 0 and x = —3. For any 
x-value, the y-value is always 4, so we enter (0, 4) and (—3, 4) in the table. If we plot the 
ordered pairs and draw a straight line through the points, the result is a horizontal line. The 
y-intercept is (0, 4) and there is no x-intercept. 


iy! 
A 
y=a 6 
x |y| @y) | 3,4) 4} (2.4) 
—_——_—_e_WwW_—_._— 
2/4] (2,4) oa 
0)4) (0,4) ° 
-3| 4 | (-3, 4) 2 
t 1 
Choose any Each value of y 43 2 4 Ta 3.4 |* 
number for x. must be 4. 7 
Pel 


a Self Check 6 dj Graph: y = —2 


Now Try Problem 51 


EXAMPLE 7 | Graph: x = —3 


Strategy To find three ordered-pair solutions of this equation to plot, we must select —3 
for x each time. 


Why The given equation requires that x = —3. 


Solution We can write the equation in general form as x + Oy = —3. Since the coefficient 
of y is 0, the numbers chosen for y have no effect on x. The value of x is always —3. For 
example, if y = —2, we have 


x + Oy = —3 This is the given equation, x = —3, written in standard (general) form. 
x + 0(-—2) = —3 Substitute —2 for y. 
x = —3 Simplify the left side. 
One solution is (—3, —2). To find two more solutions, we choose y = 0 and y = 3. For any 
y-value, the x-value is always —3, so we enter (—3, 0) and (—3, 3) in the table. If we plot the 


ordered pairs and draw a straight line through the points, the result is a vertical line. The x- 
intercept is (—3, 0) and there is no y-intercept. 


y 
A 
x= —3 x73 4 
x|y | &» hs 
—3 | —2 | (—3, —2) . 
94). |( 3,0) (3,0) _ 
3 3'| 4-3, 3) 4 7 4 4 {2 $4 |* 
et es 
Each value of x Choose any (-3,-2) 
must be —3. number for y. = 
A. 


© Motoring Picture Library/Alamy 


Equations of 
Horizontal and 
Vertical Lines 
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a Self Check 7 j Graph: x = 4 


Now Try Problem 55 


From the results of Examples 6 and 7, we have the following facts. 
The equation y = 5 represents the horizontal line that intersects the y-axis at (0, 5). 


The equation x = a represents the vertical line that intersects the x-axis at (a, 0). 


The graph of the equation vy = 0 has special importance; it is y 
the x-axis. Similarly, the graph of the equation x = 0 is the y-axis. 


Obtain Information from Intercepts. 


The ability to read and interpret graphs is a valuable skill. When analyzing a graph, we should 
locate and examine the intercepts. As the following example illustrates, the coordinates of the 
intercepts can yield useful information. 


EXAMPLE8 = Hybrid Mileage. The following graph shows city mileage data 
i  y 8 
for a 2006 Toyota Prius Hybrid. What information do the intecepts 
give about the car? 


> 99 


2006 Toyota Prius Hybrid 
(strictly city driving) 


g-intercept 
£1” fo 49) 


12m + 720g = 8,640 


m-inter¢ept 
(720, 0) 


Gallons of gasoline 
remaining in the fuel tank 


>m 
120 240 360 480 600 720 840 


Number of city miles driven 


Strategy We will determine where the graph (the line in red) intersects the g-axis and 
where it intersects the m-axis. 


Why Once we know the intercepts, we can interpret their meaning. 
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Courtesy of Texas Instruments Incorporated 
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Solution The g-intercept (0, 12) indicates that when the car has been driven 0 miles, the 
fuel tank contains 12 gallons of gasoline. That is, the Prius has a 12-gallon fuel tank. 
The m-intercept (720, 0) indicates that after 720 miles of city driving, the fuel tank 
contains 0 gallons of gasoline. Thus, 720 miles of city driving can be done on | tank of 
gas in a Prius. 


La Now Try Problem 81 


5) (Optional) Use a Calculator to Graph Linear Equations. 


So far, we have graphed linear equations by making tables of solutions and plotting points. A 
graphing calculator can make the task of graphing much easier. However, a graphing calcula- 
tor does not take the place of a working knowledge of the topics discussed in this chapter. It 
should serve as an aid to enhance your study of algebra. 


The Viewing Window The screen on which a graph is displayed is called the viewing 
window. The standard window has settings of 


Xmin = —10, Xmax = 10, Ymin = —10, and Ymax = 10 


which indicate that the minimum x- and y-coordinates used in the graph will be — 10, and that 
the maximum x- and y-coordinates will be 10. 


Graphing an Equation To graph y = x — 1 using a graphing calculator, we press the 
Y = key and enter x — | after the symbol Y;. Then we press the GRAPH key to see 
the graph. 


Floti Flot Flot 
sity BX 1 

ais 

ahs = 


ity 
aes 
wa 
airs 


Change the Viewing Window We can change the viewing window by pressing the 
WINDOW key and entering —4 for the minimum x- and y-coordinates and 4 for the 
maximum x- and y-coordinates. Then we press the GRAPH key to see the graph of 
y =x — 1 in more detail. 


WIDOW 
AMLA= 74 
amnax=4 
ascl=1 
Ymin=-4 
Yrax=4 
Yecl=1 
Ares = 1 


Solving an Equation for y To graph 3x + 2y = 12, we must first solve the equation for y. 


3x + 2y = 12 
2y = —3x + 12 Subtract 3x from both sides. 


3 
y= ~ 5 +6 Divide both sides by 2. 
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Next, we press the WINDOW key to reenter the standard window settings, press Y = and 
enter y = 3x + 6, and press GRAPH to see the graph. 


Floki Flokz Flote 
sy BC S-2 0 K+6 
sas 
iiss 


shy 
Wes 
se = 
size 


Bag onsurs TO SELF CHECKS |) 1. (—1, 0); (0, —3) 


7 3. ; 4. 


40 
32x + Sy =-160 is 


VOCABULARY 4. The intercept method is useful when graphing linear equations 
written in the form Ax + By = C. 
Fill in the blanks. aie 
1. The of a line is the point where the line intersects CONCEPTS 
the x-axis. 5. Fill in the blanks. 
2. The y-intercept of a line is the point where the line 


: a. To find the y-intercept of the graph of a line, substitute for 
the y-axis. x in the equation and solve for 
3. The graph of y = 4isa line and the graph of x = 6 


: : b. To find the x-intercept of the graph ofa line, substitute for 
isa_____—iiine. 


y in the equation and solve for 
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6. Complete the table of solutions and fill in the blanks. NOTATION 
9. What is the equation of the x-axis? What is the equation of the 
3x + 2y = 6 “9 
y-axis? 

x}|y| @y) 10. Write the coordinates that are improper fractions as mixed 

0 <—__ -intercept numbers. 

«— Bj 7 17 
0 intercept a. G, 0) b. (0, 17) 

=) = point 


GUIDED PRACTICE 


7. a. Refer to the graph. Which intercept tells the purchase price of Give the coordinates of the intercepts of each graph. See Example 1. 
the machinery? What was that price? al 12 


b. Which intercept indicates when the machinery will have lost 
all of its value? When is that? 


y 3 
os 4 
zg 50 
2 40 
° 
= 30 
e 13. 14, 
20 
s 


0 10 20 30 40 50 


Age of machinery (years) 


8. Match each graph with its equation. 


ax=2 b. y=2 c y = 2x 
d. 2x -y=2 e y=2x+2 f. y = —2x 


is y ii. y 
1 15. y 16. 
A 


Estimate the coordinates of the intercepts of each graph. See 
Example 1. 


17. 


18. J 


vi. 


Find the x- and y-intercepts of the graph of each equation. Do not 
graph the line. See Example 2. 


19. 8x + 3y = 24 20. 5x + 6y = 30 
21. 7x — 2y = 28 22. 2x — 9y = 36 
23. —5x — 3y = 10 24. —9x — Sy = 25 
25. 6x ty =9 26. x + 8y = 14 


Use the intercept method to graph each equation. See Example 2. 


27. 4x + 5y = 20 28. 3x + 4y = 12 
29. 5x + IS5y = —15 30. 8x + 4y = —24 
31. %— y= =3 32.x-y=3 
33..x% + 2y = =2 34. x + 2y = —-4 


Use the intercept method to graph each equation. See Example 3. 


35. 30x + y = —30 
37. 4x — 20y = 60 


36. 20x — y = —20 
38. 6x — 30y = 30 


Use the intercept method to graph each equation. See Example 4. 


39. 3x + 4y = 8 40. 2x + 3v =9 
41. —9x + 4y =9 42. —5x + 4y = 15 
43. 3x — 4y = 11 44, 5x — 4y = 13 
45. 9x + 3y = 10 46. 4x + 4y =5 


Use the intercept method to graph each equation. See Example 5. 


47. 3x + 5y =0 
49. 2x —7y =0 


48. 4x + 3y =0 
50. 6x — 5y = 0 


Graph each equation. See Examples 6 and 7. 


51. y=5 52. p= =3 

53. y=0 54. x =0 

D2. eS = 2 56.x = 
4 1 

as es aa 

59. y—2=0 (Hint: Solve for y first.) 

60. x + 1=0 (Hint: Solve for x first.) 

61. Sx = 7.5 (Hint: Solve for x first.) 

62. 3y = 4.5 (Hint: Solve for y first.) 

TRY IT YOURSELF 


Graph each equation. 
63. 7x = 4y — 12 
65. 4x — 3y = 12 


64. 7x = 5y — 15 
66. 5x — 10y = 20 


67 a 68 2 
.x=- > . pes 
3 %~ 9 


_ 4 
69. y—3x= 3 
71. 7x + 3y =0 
73. —4x = 8 — 2y 
75. 3x = —150 — 5y 
77, —3y =3 


APPLICATIONS 


3.3 


70. 


72. 
74. 
76. 
78. 


231 


Intercepts 


> 9 
ee ne 
Bs x 8 


4x — 5y=0 
—5x = 10+ 5y 
x = 50 — 5y 
—2x = 8 


79. CHEMISTRY The relationship between the temperature T 
and volume V of a gas at a constant pressure is graphed below. 
The 7-intercept of this graph is a very important scientific fact. 
It represents the lowest possible temperature, called absolute 


zero. 


a. Estimate absolute zero. 


b. What is the volume of the gas when the temperature is 


absolute zero? 


| Absolute 
|. zero 


f 


300 —250 —200-150 —100 


milliliters 


i4 


350 


300 


50 0 50 


Degrees Celsius 


80. PHYSICS The graph shows the length Z of a stretched spring 
(in inches) as different weights w (in pounds) are attached to it. 
What information about the spring does the L-intercept give 


us? 

3.5 
$ 3.0 
= 2.5 
Lin. = 8 20 

ad [s) 

— ‘=I 
| = Fis 
i 
w pounds 0.5 


10 15 


Pounds 
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81. 


82. 


LANDSCAPING _A developer is going to purchase x trees and 
y shrubs to landscape a new office complex. The trees cost $50 
each and the shrubs cost $25 each. His budget is $5,000. This 
situation is modeled by the equation 50x + 25y = 5,000. Use the 
intercept method to graph it. 


a. What information is given by the y-intercept? 
b. What information is given by the x-intercept? 


EGGS The number of eggs eaten by an average American in 
one year has remained almost constant since the year 2000. See 
the graph below. Draw a straight line that passes through, or 
near, the data points. What is the equation of the line? 


y 
A 


300 | 55 253 254 «254+ «257 ~—«255 
e e e e e e@ 


N 
No 
nn 


Number of eggs eaten 
per person in the U.S. 
~ Q 
a cs) 


ee 
0 1 2 3 4 5 
(2000) (2001) (2002) (2003) (2004) (2005) 


Years after 2000 
Source: United Egg 


WRITING 


83. 


To graph 3x + 2y = 12, a student found the intercepts and a 
check point, and graphed them, as shown in figure (a). Instead 
of drawing a crooked line through the points, what should he 
have done? 


84. 


85. 


86. 
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(a) (b) 


A student graphed the linear equation y = 4, as shown above in 
figure (b). Explain her error. 

How do we find the intercepts of the graph of an equation 
without having to graph the equation? 

In Section 3.2, we discussed a method to graph y = 2x — 3. In 
Section 3.3, we discussed a method to graph 2x + 3y = 6. 
Briefly explain the steps involved in each method. 


REVIEW 


87. 
88. 


: : B85 
Simplify: 37375. 5 


Simplify: 4( — 3) — 5(2¢ — 1) 


89. Translate: Six less than twice x 

90. Is —5 a solution of 2(3x + 10) = 5x + 6? 
CHALLENGE PROBLEMS 

91. Where will the line y = b intersect the line x = a? 


92. 


93. 


94. 


Write an equation of the line that has an x-intercept of (4, 0) 
and a y-intercept of (0, 3). 

What is the least number of intercepts a line can have? What is 
the greatest number a line can have? 

On a rectangular coordinate system, draw a circle that has 
exactly two intercepts. 


Find the slope of a line from its graph. 


Find the slope of a line given two points. 

Find slopes of horizontal and vertical lines. 

Solve applications of slope. 

Calculate rates of change. 

Determine whether lines are parallel or perpendicular using slope. 


In this section, we introduce a means of measuring the steepness of a line. We call this 
measure the slope of the line, and it can be found in several ways. 


The Language of Algebra 
A ratio is a comparison of two 
numbers using a quotient. Ratios 
are used in many settings. 
Mechanics speak of gear ratios. 
Colleges like to advertise their low 
student-to-teacher ratios. 
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Find the Slope of a Line from Its Graph. 


The slope of a line is a ratio that compares the vertical change with the corresponding hori- 
zontal change as we move along the line from one point to another. 

As an example, let’s find the slope of the line graphed below. To begin, we select two 
points on the line, P and Q. One way to move from P to Q is to start at point P and count 
upward 5 grid squares. Then, moving to the right, we count 6 grid squares to reach point Q. 
The vertical change in this movement is called the rise. The horizontal change is called the 
run. Notice that a right triangle, called a slope triangle, is created by this process. 

The slope of a line is defined to be the ratio of the vertical change to the horizontal 
change. So we have 


vertical change __ rise 5 This ratioisa comparison of the rise 
horizontal change — run 6 and the run using a quotient. 


slope = 


The slope of the line is 2. This indicates that there is a rise (vertical change) of 5 units for each 
run (horizontal change) of 6 units. 


A slope triangle 
Run=6 


> 
35678 9 ou ~ 


y ¥ 


BSc 


x Pick two points on 
the line that also lie 
on the intersection 

of two grid lines. 


(a) (b) 


Strategy We will pick two points on the line, construct a slope triangle, and find the rise 
and run. Then we will write the ratio of the rise to the run. 


Why The slope of a line is the ratio of the rise to the run. 


234 


The Language of Algebra 
Many historians believe that m 
was chosen to represent the slope 
of a line because it is the first 
letter of the French word monter, 
meaning to ascend or climb. 


Success Tip 
When drawing a slope triangle, 
movement upward or to the right 
is positive. Movement downward 
or to the left is negative. 


2 | 


The Language of Algebra 
The prefix sub means below or 
beneath, as in submarine or 
subway. In x1, X2, ¥1, and y2, the 
subscripts 1 and 2 are written lower 
than the variable. They are not 
exponents. 
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Solution We begin by choosing two points on the line, P and Q, as shown in figure (b), 
on the previous page. One way to move from P to Q is to start at point P and count 
downward 4 grid squares. Because this movement is downward, the rise is —4. Then, 
moving right, we count 8 grid squares to reach Q. This indicates that the run is 8. 

To find the slope of the line, we write a ratio of the rise to the run in simplified 
form. Usually the letter m is used to denote slope, so we have 


rise —4 1 y 
run 8 2 4 


The slope of the line is —s. 


The movement from P to QO can be reversed. Start- 
ing at P, we can move to the right, a run of 8; and 
then downward, a rise of —4, to reach Q. With this 
approach, the slope triangle is above the line. When 
we form the ratio to find the slope, we get the same 
result as before: 


rise —4 1 


run 8 2 
a Self Check 1 Find the slope of the line shown above using two points differ- 
ent from those used in the solution of Example 1. 


Now Try Problem 21 


The identical answers from Example | and its Self Check illustrate an important fact: For 
any line, the same value will be obtained no matter which two points on the line are used to 


find the slope. 


Find the Slope of a Line Given Two Points. 


We can generalize the graphic method for finding slope to develop a slope formula. To begin, 
we select points P and Q on the line shown in the figure below. To distinguish between the 
coordinates of these points, we use subscript notation. Point P has coordinates (x,, y;), 
which are read as “x sub | and y sub 1.” Point O has coordinates (x2, y>), which are read as 
“x sub 2 and y sub 2.” 


Run = x) 4x, 
= = 


y2 


Q(X, V2) 


Rise =|yp +9, 


Success Tip 
Recall that subtraction is used to 
measure change. 


Slope of a Line 


Success Tip 
The slope formula is a valuable 
tool because it allows us to calcu- 
late the slope of a line without 
having to view its graph. 
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As we move from point P to point Q, the rise is the difference of the y-coordinates: 
y2 — y;. We call this difference the change in y. The run is the difference of the 
x-coordinates: x. — x,. This difference is called the change in x. Since the slope is the ratio 
rise 


run’ We have the following formula for calculating slope. 


The slope of a line passing through points (x1, y,) and (x2, y2) is 


vertical change rise changeiny yz — 


il . 
ni : = : if x, # xy 
horizontal change run changeinx x2 — x, 


EXAMPLE2 Find the slope of the line passing through (1, 2) and (3, 8). 


Strategy We will use the slope formula to find the slope of the line. 
Why We know the coordinates of two points on the line. 


Solution When using the slope formula, it makes no difference which point you call 
(x1, 1) and which point you call (x, v2). If we let (x;, 1) be (1, 2) and (x, yz) be 
(3, 8), then 


-_ = This is the slope formula. 
X27 X41 
8=2 
m= 3 1 Substitute 8 for yo, 2 for y;, 3 for xz, and 1 for x. 
Y Run=2 
: v, 
m= my Do the subtractions. 8) >> 9(3, 8) 
F: 
m= 3 Simplify. Think of this as a ; rise-to-run ratio. L ° 
Rise =|6 
The slope of the line is 3. The graph of the line, including the | faa 
slope triangle, is shown here. Note that we obtain the same value : 
for the slope if we let (x;, y,) = (3, 8) and (%, y2) = (1, 2). T234as56 * 


_fe—w 2-8 _ =6 
m 
Xz — xX 1-3 —2 


=3 


a Self Check 2 | Find the slope of the line passing through (2, 1) and (4, 11). 
Now Try Problem 33 


Caution When using the slope formula, always subtract the y-coordinates and their corre- 
sponding x-coordinates in the same order. Otherwise, your answer will have the wrong 
sign. 

y2— V1 Vi y2 


m -~= and m ~~ 
xX, ~ X2 X2 ~ Xj 
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Caution 


Slopes are normally written as 


fractions, sometimes as decimals, 


but never as mixed numbers. 

As with any fractional answer, 
always express slope in simplified 
form (lowest terms). 


Success Tip 
To classify the slope of a line as 
positive or negative, follow it from 
left to right, as you would read a 
sentence in a book. 


EXAMPLE 3 | Find the slope of the line that passes through (—2, 4) and (5, —6). 


Strategy We will use the slope formula to find the slope of the line. 
Why = We know the coordinates of two points on the line. 


Solution Since we know the coordinates of two points on the line, we can find its slope. 
If we let (x1, y,) be (—2, 4) and (x, v2) be (5, —6), then 


~ Vi 
m= i ae a This is the slope formula. 
x27 xX 


=6 = 4 Substitute —6 for yo, 4 for y,, 5 for xo, 


n> ———— 
5 —(-2) and —2forx,. 
10 Do the subtractions. We can write the 
Ni =. -10 10 
7 result as —7 or —7. 


The slope of the line is -". 


If we graph the line by plotting the two points, we see 
that the line falls from left to right—a fact indicated by its 
negative slope. 


a Self Check 3 , | Find the slope of the line that passes through (— 1, —2) and 
(1, —7). 
Now Try Problem 39 


In Example 2, the slope of the line was positive. In Examples | and 3, the slopes of the 
lines were negative. In general, lines that rise from left to right have a positive slope. Lines 
that fall from left to right have a negative slope. 


Positive slope Negative slope 


In the following illustration, we see a line with slope 3 is 5 
steeper than a line with slope of 2 and a line with slope of 2 is m6 
steeper than a line with slope of i In general, the larger the 


absolute value of the slope, the steeper the line. 
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3) Find Slopes of Horizontal and Vertical Lines. 


Notation 
This example explains why the 
definition of slope includes the 
restriction that x; # Xp. 


In the next two examples, we calculate the slope of a horizontal line and we show that a verti- 
cal line has no defined slope. 


EXAMPLE 4 _ Find the slope of the line y = 3. 


Strategy We will find the coordinates of two points on the line. 
Why We can then use the slope formula to find the slope of the line. 


Solution The graph of y = 3 is a horizontal line. To find its slope, we select two points 
on the line: (—2, 3) and (3, 3). If (4, 1) is (—2, 3) and (x2, v2) 1s (3, 3), we have 


= y 
m= ae This is the slope formula. ; 
X2— Xy1 yas 
3-3 (-2,3) 
m = >— | Substitute 3 for yo, 3 for y,, 3 for x2, and —2 for x. A 
3 _ (-—2) > xX 
4-3 2 -1 12 3 4 
0 =I 
m= 5 Simplify the numerator and the denominator. Bs 
=p 
m= 0 
The rise = 0 for these 
The slope of the line y = 3 is 0. two points. 


By Self Check 4 j Find the slope of the line y = 10. 
Now Try Problem 61 


The y-coordinates of any two points on a horizontal line will be the same, and the 


x-coordinates will be different. Thus, the numerator of ss = = will always be zero, and the 


denominator will always be nonzero. Therefore, the slope of a horizontal line is 0. 


EXAMPLE 5 _ If possible, find the slope of the line x = —2. 


Strategy We will find the coordinate of two points on the line. 
Why We can then use the slope formula to find the slope of the line, if it exits. 


Solution The graph of x = —2 isa vertical line. To find its slope, we select two points on 
the line: (—2, 3) and (—2, —1). If (x2, v2) 1s (—2, 3) and (x1, y)) is (—2, —1), we have 


y27 V1 y 


= This is the slope formula. peed r 
4 
(-2, 3) 3 
: 


X27 XK 


= 3 —-(-1) Substitute 3 for y2, —1 for y,, —2 for x2, and 
=F = (—2) —2 for x. 


4 Note that x, = xp. 
a 0 Simplify the numerator and the denominator. 


Since division by zero is undefined, j has no meaning. The slope The run = 0 for these 


of the line x = —2 is undefined. two points. 
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Slopes of 
Horizontal and 
Vertical Lines 


The Language of Algebra 
Undefined and 0 do not mean the 
same thing. A horizontal line has a 
defined slope; it is 0. A vertical line 
does not have a defined slope; we 
say its slope is undefined. 


Le seitcheck 5 g If possible, find the slope of the line x = 12. 
Now Try Problem 67 


The y-coordinates of any two points on a vertical line will be different, and the 

Vo 7 Vy 

X= i 

denominator will always be 0. Therefore, the slope of a vertical line is undefined. 
We now summarize the results from Examples 4 and 5. 


x-coordinates will be the same. Thus, the numerator of will always be nonzero, and the 


Horizontal lines (lines with equations of the form y = b) have slope 0. 


Vertical lines (lines with equations of the form x = a) have undefined slope. 


Horizontal line: 0 slope Vertical line: undefined slope 


4.) Solve Applications of Slope. 


The concept of slope has many applications. For example, architects use slope when design- 
ing ramps and roofs. Truckers must be aware of the slope, or grade, of the roads they travel. 
Mountain bikers ride up rocky trails and snow skiers speed down steep slopes. 


15 ft 
100 ft 
The Americans with Disabilities Act provides The grade of an incline is its slope expressed as a percent: A 
a guideline for the steepness of a ramp. The 15% grade means a rise of 15 feet for every run of 100 feet: 
maximum slope for a wheelchair ramp is m= a which simplifies to 2, 


1 foot of rise for every 12 feet of run: m = s 


Notation 
In the graph, the symbol = indi- 
cates a break in the labeling of the 
vertical axis. The break enables us 
to omit a large portion of the grid 
that would not be used. 


3.4 Slope and Rate of Change 239 


EXAMPLE 6 ; Architecture. Pitch is the incline of a roof expressed as a ratio 
: of the vertical rise to the horizontal run. Find the pitch of the roof 
shown in the illustration. 


Strategy We will determine the rise and the run of the roof from the illustration. Then we 
will write the ratio of the rise to the run. 


Why The pitch of a roof is its slope, and the slope of a line is the ratio of the rise to the run. 


Solution In the illustration, a level is used to create a slope triangle. From the triangle, 
we see that the rise is 5 and the run is 12. 


_ rise 5 é-, 
m= a 1D The roof has a 45 pitch. 


La Now Try Problem 99 


Calculate Rates of Change. 


We have seen that the slope of a line is a ratio of two numbers. If units are attached to a slope cal- 
culation, the result is called a rate of change. In general, a rate of change describes how much 
one quantity changes with respect to another. For example, we might speak of snow melting at 
the rate of 6 inches per day or a tourist exchanging money at the rate of 12 pesos per dollar. 


EXAMPLE 7 Banking. A bank offers a business account with a fixed monthly 
; ~ fee, plus a service charge for each check written. The relationship 
between the monthly cost y and the number x of checks written is graphed below. At 
what rate does the monthly cost change? 


(75, 16) 


Monthly cost of the 
checking account ($) 
a 


(25, 12) 


10 20 30 40 50 60 70 80 90 100 © 


Number of checks written during the month 
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The Language of Algebra 
The preposition per means for 
each, or for every. When we say 
the rate of change is 8¢ per check, 
we mean 8¢ for each check. 


The Language of Algebra 
The words parallel and perpendicu- 
lar are used in many settings. For 
example, the gymnast on the 
parallel bars is in a position that is 
perpendicular to the floor. 


Slopes of Parallel 
and Perpendicular 
Lines 


Strategy We will find the slope of the line and attach the proper units. 
Why If units are attached to a slope calculation, the result is a rate of change. 


Solution From the graph, we see that two points on the line are (25, 12) and (75, 16). If 
we let (x1, ¥;) = (25, 12) and (4, v2) = (75, 16), we have 


Rate of (j2 —y;) dollars | (16 — 12) dollars 4 dollars 2 dollars 
change (x, —.x,)checks (75 — 25)checks S50checks 25 checks 


The monthly cost of the checking account increases $2 for every 25 checks written. 
We can express x in decimal form by dividing the numerator by the denominator. Then 
we can write the rate of change in two other ways, using the word per, which indicates division. 


Rate of change = $0.08 per check or Rate of change = 8¢ per check 


La Now Try Problem 103 


Determine Whether Lines Are Parallel or Perpendicular Using Slope. 


Two lines that lie in the same plane but do not intersect are called parallel lines. Parallel lines 
have the same slope and different y-intercepts. For example, the lines graphed in figure (a) 


are parallel because they both have slope -%, 


y 


Parallel lines A Perpendicular lines 
4 


(a) (b) 


Lines that intersect to form four right angles (angles with measure 90°) are called perpendi- 
cular lines. If the product of the slopes of two lines is —1, the lines are perpendicular. This 
means that the slopes are negative (or opposite) reciprocals. In figure (b), we know that the 


lines with slopes i and 3 are perpendicular because 


4f 5\ 20 | rr 5 : : 
1 g and —7 are negative reciprocals. 


1. Two lines with the same slope are parallel. 


2. Two lines are perpendicular if the product of the slopes is — 1; that is, if their slopes are 
negative reciprocals. 


3. Any horizontal line and any vertical line are perpendicular. 
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EXAMPLE 8 Determine whether the line that passes through (7, —9) and (10, 2) 
; - and the line that passes through (0, 1) and (3, 12) are parallel, 
perpendicular, or neither. 


Strategy We will use the slope formula to find the slope of each line. 


Why If the slopes are equal, the lines are parallel. If the slopes are negative reciprocals, 
the lines are perpendicular. Otherwise, the lines are neither parallel nor perpendicular. 


Solution To calculate the slope of each line, we use the slope formula. 


The line through (7, —9) and (10, 2): The line through (0, 1) and (3, 12): 
cee ee I) meee At 
Xz — Xy 10-7 3 Xz — X41 3-0 3 


Since the slopes are the same, the lines are parallel. 


a Self Check 8 | Determine whether the line that passes through (2, 1) and 
(6, 8) and the line that passes through (— 1, 0) and (4, 7) are 
parallel, perpendicular, or neither. 


Now Try Problems 73 and 75 


EXAMPLE 9 _ Find the slope of a line perpendicular to the line passing through 
~ (1, —4) and (8, 4). 


Strategy We will use the slope formula to find the slope of the line passing through 
(1, —4) and (8, 4). 


Why We can then form the negative reciprocal of the result to produce the slope of a line 
perpendicular to the given line. 


Solution The slope of the line that passes through (1, —4) and (8, 4) is 


yo2—-Vi  4-(-4)_ 8 
Xz — Xx 8-1 7 


m= 


The slope of a line perpendicular to the given line has slope that is the negative (or opposite) 


reciprocal of g which is —f. 


a Self Check 9 j Find the slope of a line perpendicular to the line passing 
through (—4, 1) and (9, 5). 
Now Try Problem 85 


eee | 1. -3 2.5 3. —3 4.0 5. Undefined slope 8. Neither 9. —2 
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VOCABULARY 7. For each graph, determine which line has the greater slope. 
Fill in the blanks. 4 % 
1. The of a line is a measure of the line’s steepness. It is the A ay A 
of the vertical change to the horizontal change. i * 
A ine ine 
rise change iny Line 2 1 
2.m = : = = 2 
horizontal change — x 
3. The rate of of a linear relationship can be found by 
finding the slope of the graph of the line and attaching the proper 
units. 
4. lines do not intersect. ~~~ _—sines intersect 
to form four right angles. 
(a) (b) 
CONCEPTS 
5. Which line graphed has 8. Which two labeled points should be used to find the slope of 
: the line? 
a. a positive slope? b. anegative slope? coe 
c. zero slope? d. undefined slope? 


9. Fill in the blank: When calculating the slope of a line, the 
value will be obtained no matter which two points on 
the line are used. 


6. Consider each graph of a line and the slope triangle. What is the 10. Evaluate each expression. 
rise? What is the run? What is the slope of the line? 10-4 =| 
; b. ———_— 
ae 5 Ts 
11. Write each slope in a better way. 
0 8 
= b. m = — 
a.m 6 a= % 
3 —10 
cm = — d. m = —— 
12 =5 
12. Fill in the blanks:_______ lines have a slope of 0. Vertical 
lines have______—__ slope. 


(a) (b) 13. The grade of an incline is its slope expressed as a percent. 
a 


Express the slope : as a grade. 

14. GROWTH RATES The graph on the next page shows how a 
child’s height increased from ages 2 through 5. Fill in the 
correct units to find the rate of change in the child’s height. 


Rate of — (40 — 31) 


change (5 — 2) 


>< 


(5, 40) 


Height of child (in.) 


15. Find the negative reciprocal of each number. 
ul 
a. 6 b. —— G.=1 
8 
16. Fill in the blanks. 
a. Two different lines with the same slope are 


b. If the slopes of two lines are negative reciprocals, the lines 
are 


c. The product of the slopes of perpendicular lines is 


NOTATION 


17. a. What is the formula used to find the slope of a line passing 
through (x;, y;) and (x2, y2)? 


b. Fill in the blanks to state the slope formula in words: m 
equals y 
sub 


minus x sub 


18. Explain the difference between y* and yp. 


19. Consider the points (7, 2) and (—4, 1). If we let x, = 7, then 
what is y2? 

20. The symbol * is used when graphing to indicate a in 
the labeling of an axis. 


GUIDED PRACTICE 
Find the slope of each line, if possible. See Example 1. 
21. 22. 


two minus y one x 
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23. 

25; 

27. 28. 
y J 
A A 


3 I 
2 > 
4-3-2 = 1% 34°|* 
1 +1 
| 2. 
4-3-2 -1 | 2$59 |~ 
= 3 
2 4 


31. 32. 


Find the slope of the line passing through the given points, when 
possible. See Examples 2 and 3. 
33. (1, 3) and (2, 4) 
35. (3, 4) and (2, 7) 


34. (1, 3) and (2, 5) 
36. (3, 6) and (5, 2) 
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37. (0, 0) and (4, 5) 

39. (—3, 5) and (—S, 6) 

41. (—2, —2) and (—12, —8) 
43. (5, 7) and (—4, 7) 

45. (8, —4) and (8, —3) 

46. (—2, 8) and (—2, 15) 

47. (—6, 0) and (0, —4) 

48. (0, —9) and (—6, 0) 

49. (—2.5, 1.75) and (—0.5, —7.75) 
50. (6.4, —7.2) and (—8.8, 4.2) 

51. (—2.2, 18.6) and (—1.7, 18.6) 
52. (4.6, 3.2) and (4.6, —4.8) 


sa, (4,2) and (2,8) 


38. (4, 3) and (7, 8) 

40. (6, —2) and (—3, 2) 

42. (—1, —2) and (—10, —5) 
44, (—1, —12) and (6, —12) 


55. 


ui 


(~4.5) and(3, ~6) 
56. (3,3) and (—ig, ~2) 


Determine the slope of the graph of the line that has the given 
table of solutions. See Examples 2 and 3. 


57. 58. 


x | yl] @y x |y| @y) 
=3| =1| (—3, —1) —3|6 | (3,6) 
1) 2] @,2) 0|2] (0,2) 
° Pie (xl » | @y 
—3 | 6 | (3, 6) 4| -5 | (4, -5) 
0/6] (0,6) 4| 0} (4,0) 


Find the slope of each line, if possible. See Examples 4 and 5. 


61. y= —11 62. y = —2 
63. y = 0 64. x =0 
65. x = 6 66. x = 6 
67. x = —10 68. y = 8 
69. y-9=0 70.x + 14=0 
71. 3x = —12 72. 2y +2 = —-6 


Determine whether the lines through each pair of points are paral- 
lel, perpendicular, or neither. See Example 8. 


73. (5, 3) and (1, 4) 74, (2, 4) and (—1, —1) 
(—3, —4) and (1, —5) (8, 0) and (11, 5) 


75. (—4, —2) and (2, —3) 
(7, 1) and (8, 7) 


76. (—2, 4) and (6, —7) 
(—6, 4) and (5, 12) 


77. (2,2) and (4, —3) 
(—3, 4) and (—1, 9) 


78. (—1, —3) and (2, 4) 
(5, 2) and (8, —5) 


79. (—1, 8) and (—6, 8) 
(3, 3) and (3, 7) 


80. (11, 0) and (11, —5) 
(14, 6) and (25, 6) 


81. (6, 4) and (2, 5) 
(—2, —3) and (2, —4) 


82. (—3, —1) and (3, —2) 
(8, 2) and (9, 8) 


83. (4, 2) and (5, —3) 
(—5, 3) and (—2, 9) 


84. (8, —3) and (8, —8) 
(11, 3) and (22, 3) 


Find the slope of a line perpendicular to the line passing through 
the given two points. See Example 9. 


85. (0, 0) and (5, —9) 86. (0, 0) and (5, 12) 
87. (—1, 7) and (1, 10) 88. (—7, 6) and (0, 4) 
89. (—2, 4) and (—1, 3) 90. (4, —1) and (#, -2) 
91. (1,2) and (—3, 6) 92. (5, —4) and (—1, —7) 


APPLICATIONS 


93. POOLS Find the slope of the bottom of the swimming pool 
as it drops off from the shallow end to the deep end. 


Shallow 
spl end 
i il isp i 10' + 


94. DRAINAGE Find the slope of the concrete patio slab using 
the 1-foot ruler, level, and 10-foot-long board shown in the 
illustration. (Hint: 10 feet = 120 in.) 


Patio slab 


95. GRADE OFA ROAD Refer to the illustration on the next 
page. Find the slope of the decline and use that information to 
find the grade of the road. 


1 mi (5,280 ft) 


96. STREETS One of the steepest streets in the United States is 
Eldred Street in Highland Park, California (near Los Angeles). 
It rises approximately 220 feet over a horizontal distance of 


665 feet. What is the grade of the street? 100. 


Vince Compagnone/© LAT 


97. TREADMILLS For each height setting listed in the table, 
find the resulting slope of the jogging surface of the treadmill. 
Then express each incline as a percent. 


Height 
setting | % incline 
2 inches 
4 inches 
6 inches 


Height 
setting 


50 in. 


102. 


98. ARCHITECTURE Locate the coordinates of the peak of the 
roof if it is to have a pitch of 2 and the roof line is to pass 
through the two given points in black. 


: 3) 
ue) 

§ 

10 = 
S 

Qa 

= = 

| 5 

& 

& 

5 = 


> xX 


99. 


101. 
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CARPENTRY Find the pitch of each roof. 


DOLL HOUSES | Find x so 
that the pitch of the roof of 
the doll house is i. 


L 
i 
1 

38 
! 


2 ft 6 in. 
IRRIGATION | The graph shows the number of gallons of 
water remaining in a reservoir as water is used from it to 
irrigate a field. Find the rate of change in the number of 
gallons of water in the reservoir. 


8,000 
7,000 
6,000 
5,000 
4,000 
3,000 
2,000 
1,000 


Gallons of water in reservoir 


be 
W213: oA SG 7 8: 9 10 


Hours irrigating 


COMMERCIAL JETS Examine the graph and consider 
trips of more than 7,000 miles by a Boeing 777. Use a rate of 
change to estimate how the maximum payload decreases as 
the distance traveled increases. 


140,000 

120,000 

100,000 

a Boeing 777 
40,000 = . 
20,000 


0 
5,000 10,000 15,000 


Distance (mi) 


Based on data from Lawrence Livermore National Laboratory 
and Los Angeles Times (October 22, 1998). 
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103. MILK PRODUCTION The following graph approximates 


104. WAL-MART The graph below approximates the net sales of 


$ billions 


the amount of milk produced per cow in the United States for 
the years 1996-2005. Find the rate of change. 


20,000 


19,000 


Pounds 


18,000 


17,000 


16,000 
ot 


'96 '97 '98 '99 '00 '01 '02 '03 '04 '05 
Year 


Source: United States Department of Agriculture 


Wal-Mart for the years 1991—2006. Find the rate of change in 
sales for the years 

a. 1991-1998 

b. 1998-2006 


350 - 


200 | 


l l l | l | | | l l l 
91 '92 '93 '94 '95 '96 '97 '98 '99 '00 '01 '02 '03 '04 '05 '0 
Year 


Based on data from the Wal-Mart 2006 Financial Summary 


CHAPTER 3 Graphing Linear Equations and Inequalities in Two Variables; Functions 


WRITING 


105. 
106. 


107. 


108. 


Explain why the slope of a vertical line is undefined. 
How do we distinguish between a line with positive slope and 
a line with negative slope? 
Explain the error in the following solution: Find the slope of 
the line that passes through (6, 4) and (3, 1). 

en 


| 
Ss 


Explain the difference between a rate of change that is positive 
and one that is negative. Give an example of each. 


REVIEW 


109. 


110. 


HALLOWEEN CANDY A candy maker wants to make a 
60-pound mixture of two candies to sell for $2 per pound. If 
black licorice bits sell for $1.90 per pound and orange 
gumdrops sell for $2.20 per pound, how many pounds of each 
should be used? 

MEDICATIONS _ A doctor prescribes an ointment that is 2% 
hydrocortisone. A pharmacist has 1% and 5% concentrations 
in stock. How many ounces of each should the pharmacist use 
to make a 1-ounce tube? 


CHALLENGE PROBLEMS 


111. 


112. 


113. 


Use the concept of slope to determine whether 
A(—50, —10), B(20, 0), and C(34, 2) all lie on the same 
straight line. 


A line having slope 5 passes through the point (10, —12). 
What is the y-coordinate of another point on the line whose 
x-coordinate is 16? 

Subscripts are used in other disciplines besides mathematics. 
In what disciplines are the following symbols used? 


a. H,0 and CO, 
b. C, and G, 
c. Be and By,» 


114. Evaluate 2a5 + 3a3 + 4a4 for ay = 2, a3 = 3, anda, = 4. 
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Use slope—intercept form to identify the slope and y-intercept of a 
line. 

Objectives Write a linear equation in slope—intercept form. 

Write an equation of a line given its slope and y-intercept. 
Use the slope and y-intercept to graph a linear equation. 


Recognize parallel and perpendicular lines. 


OO000 6 


Use slope—intercept form to write an equation to model data. 


Of all of the ways in which a linear equation can be written, one form, called slope—intercept 
form, is probably the most useful. When an equation is written in this form, two important fea- 
tures of its graph are evident. 


@ Use Slope—Intercept Form to Identify the Slope and y-Intercept of a Line. 


To explore the relationship between a linear equation and its graph, let’s consider y = 2x + 1. 
We can graph this equation using the point-plotting method discussed in Section 3.2. 


y=2x4+1 
xl y| @&» 
=4)=1) 1, = 
Oo; 1} OD 
1} 3} (,3) 


To find the slope of the line, we pick two points 
on the line, (—1, —1) and (0, 1), and draw a slope 
triangle and count grid squares: 

rise 2 


1 = S52 
Slope ae i 


From the equation and the graph, we can make two observations: 


e The graph crosses the y-axis at 1. This is the same as the constant term in y = 2x + 1. 
e The slope of the line is 2. This is the same as the coefficient of x in y = 2x + 1. 


This illustrates that the slope and y-intercept of the graph of y = 2x + 1| can be determined 
from the equation. 


y=2x+1 
t f 
The slope of The y-intercept 
the line is 2. is (O, 1). 


These observations suggest the following form of an equation of a line. 
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Slope—Intercept If a linear equation is written in the form 
Form of the y=mxetb 
Equation ry meee: 
q : the graph of the equation is a line with slope m and y-intercept (0, 5). 
of a Line 
When an equation of a line is written in slope—intercept form, the coefficient of the 
x-term is the line’s slope and the constant term gives the y-coordinate of y-intercept. 
y=mx+b 
tf 
Slope y-intercept: (0, b) 
Equation written in 
Linear equation slope-intercept form Slope y-intercept 
Z = 6x — 2 = 6x + (-2 6 0, -2 
Caution - ‘ - P (2) ( ) 
For equations in y = mx + b 5 ae =a oie 
form, the slope of the line is the y ral y 2" 7* 4 (0, 0) 
coefficient of x, not the x-term. For 1 
example, the graph of y = 6x — 2 aes a2 if 
has slope 6, not 6x. 9 yo 4% 2 09) 
7 3 7 
== =x =—-x+[-— -1 0. 5 
7 8 d ( 7) ( 4 


2) Write a Linear Equation in Slope—Intercept Form. 


The equation of any nonvertical line can be written in slope—intercept form. To do so, we 
apply the properties of equality to solve the equation for y. 


EXAM PLE 1 | Find the slope and y-intercept of the line with the given equation. 
a 8& +y=9 bxt+4yv=16 c. —-9x -3y= 11 


Strategy We will write each equation in slope—intercept form, y = mx + b. 


Why When the equations are written in slope—intercept form, the slope and y-intercept 
of their graphs become apparent. 


Solution 
a. The slope and y-intercept of the graph of 8x + y = 9 are not obvious because the equa- 
tion is not in slope—intercept form. To write it in y = mx + b form, we isolate y on the 


left side. 
& +y=9 
Success Tip 8x + y — 8x = —8x + 9 Toeliminate the term 8x on the left side, subtract 8x from 
Since we want the right side of the isethiveciclings 
equation to have the form 
mx + b, we show the subtraction y = —8x +9  Onthe left side, combine like terms: 8x — 8x = O. 
of 8x from that side as —8x + 9 = ay 49 
rather than 9 — 8. Je ae 
m=-6 f t b=9 


The slope is —8. The y-intercept is (0, 9). 


Success Tip 
Since we want the right side of the 


equation to have the form mx + b, 


we show the division by 4 of that 


side as =” + ue rather than 
Sy Se NG 
a 
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b. To write the equation in slope—intercept form, we solve for y. 
x + 4y = 16 


x+4y-—x=-x+ 16  Toeliminate the x term on the left side, subtract x from both 
sides. 


4y = —x + 16 — Simplify the left side. 


4y _ ~—x + 16  Toisolate y, undo the multiplication by 4 by dividing both 
4 4 sides by 4. 
_ 7x % 16 On the right side, write — +16 a6 the sum of two fractions 
y 4 4 with like denominators. 
pth Ute tse-lngnmy <4 
y= a rite 7 as —zx. Simplify: 7 = 4. 


Since m = i and b = 4, the slope is -i and the y-intercept is (0, 4). 
c. To write the equation in y = mx + b form, we isolate y on the left side. 
—9x — 3y = 11 


—3y = 9x + 11 To eliminate the term —9x on the left side, add 9x to both 
sides: —9x + 9x = O. 


=37) 9x 4 11 To isolate y, undo the multiplication by —3 by dividing both 


=3 —3 —3 = sides by —3. 
1] 
Y= =3% = ey Simplify. 


Since m = —3 and b = -", the slope is —3 and the y-intercept is (0, —H). 


a Self Check 1 | Find the slope and y-intercept of the line with the given equation. 
a. 9x +y=—-4 b. x + lly=—-22 c. -—10x —-2y =7 


Now Try Problems 11, 35, and 45 


Write an Equation of a Line Given Its Slope and y-Intercept. 


If we are given the slope and y-intercept of a line, we can write an equation of the line by sub- 
stituting for m and 6 in the slope—intercept form. 


EXAMPLE 2 j Write an equation of the line with slope —1 and y-intercept (0, 9). 
Strategy We will use the slope—intercept form, y = mx + b, to write an equation of the 
line. 
Why We know the slope of the line and its y-intercept. 
Solution Ifthe slope is —1 and the y-intercept is (0, 9), then m = —1 and b = 9. 


y=mx+b This is the slope—intercept form. 
y= —-lx +9 Substitute —1 for mand Q for b. 
y=-x+9 — Simplify: -1x = —x. 


The equation of the line with slope —1 and y-intercept (0, 9) is y = —x + 9. 
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a Self Check 2 | Write an equation of the line with slope | and y-intercept 
(OR 12): 
Now Try Problem 51 


| EXAMPLE 3 _ Write an equation of the line graphed in figure (a). 


“< 
a 
<< 


3 
lope = = 
Slope 5 


(0, -1) 
y-intercept 


(a) (b) 

Strategy We will use the slope—intercept form, y = mx + b, to write an equation of the 
line. 

Why We can determine the slope and y-intercept of the line from the given graph. 


Solution In figure (b), we see that the y-intercept of the line is (0, —1). Using the 
y-intercept and a second point on the line, we draw a slope triangle to find that the slope 


of the line is 3. When we substitute 2 for m and —1 for 5 into the slope—intercept form 
y = mx + 5b, we obtain an equation of the line: y = 3x = I. 


a Self Check 3 i Write an equation of the line graphed here. 


Now Try Problem 59 


4.) Use the Slope and y-Intercept to Graph a Linear Equation. 


If we know the slope and y-intercept of a line, we can graph the line. 


Notation 
Slopes that are integers can be 
written in “© form with the run 
equal to 1. For example, 


aay a 
B= I= 7. 


Caution 
When using the y-intercept and 
the slope to graph a line, remem- 
ber to draw the slope triangle from 
the y-intercept, not the origin. 
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EXAM PLE 4 __ Use the slope and y-intercept to graph y = 5x — 4. 

Strategy We will examine the equation to identify the slope and the y-intercept of the 
line to be graphed. Then we will plot the y-intercept and use the slope to determine a 
second point on the line. 


Why Once we locate two points on the line, we can draw the graph of the line. 


Solution Since y = 5x — 4 is written in y = mx + b form, we know that its graph is a 
line with a slope of 5 and a y-intercept of (0, —4). To draw the graph, we begin by plot- 
ting the y-intercept. The slope can be used to find another point on the line. 


If we write the slope as the fraction 2, the rise is 5 and the run is 1. From (0, —4), 


we move 5 units wpward (because the numerator, 5, is positive) and | unit to the right 
(because the denominator, 1, is positive). This locates a second point on the line, (1, 1). 
The line through (0, —4) and (1, 1) is the graph of y = 5x — 4. 


y 
4 
3 
Run= 1 
Meee 1) 
> x 
4 3 2 4 2 3 4 
-l 
Rise=5 
3 
(0, —4) 
y-intercept y-intercept 
Plot the y-intercept. From (0, —4), Use a straightedge to draw 
draw the rise and run parts of the slope a line through the two points. 


triangle for m= 2 to find another 


point on the line. 


An alternate way to find another point on the line is to write the slope in the form =F AS 


before, we begin at the y-intercept (0, —4). Since the rise is negative, we move 5 units 
downward, and since the run is negative, we then move | unit to the /eft. We arrive at 
(—1, —9), another point on the graph of y = 5x — 4. 


a Self Check 4 i Use the slope and y-intercept to graph y = 2x — 3. 
Now Try Problem 67 


EXAMPLE 5 _ Use the slope and y-intercept to graph 4x + 3y = 6. 


Strategy We will write the equation of the line in slope—intercept form, y = mx + b. 
Then we will identify the slope and y-intercept of its graph. 


Why We can use that information to plot two points that the line passes through. 
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Notation 
The negative sign in -} can be 
attached to either the numerator 
or the denominator, since 
4_-4_ 4 


3 3° «3° 


Success Tip 
To check the graph, verify that 
(3, —2) and (—3, 6) satisfy 
4x + 3y = 6. 


Solution To write 4x + 3y = 6 in slope—intercept form, we isolate y on the left side. 


4x + 3y =6 
3y = —4x + 6 To eliminate 4x from the left side, subtract 4x from both sides. 
3y —-4x 6 
3 = a + 3 To isolate y, undo the multiplication by 3 by dividing both sides by 3. 
SS! 4 
ee m= —3 and b = 2. 


The slope of the line is 3 and the y-intercept is (0, 2). To draw the graph, we begin by 
plotting the y-intercept. If we write the slope as a the rise is —4 and the run is 3. From 


(0, 2), we then move 4 units downward (because the numerator is negative) and 3 units to the 
right (because the denominator is positive). This locates a second point on the line, (3, —2). 

We can find another point on the graph by writing the slope as +. In this case, the rise 
is 4 and the run is —3. Again, we begin at the y-intercept (0, 2), but this time, we move 
4 units upward because the rise is positive. Then we move 3 units to the /eft, because the run 
is negative, and arrive at the point (—3, 6). The line that passes through (0, 2), (3, —2), and 
(—3, 6) is the graph of 4x + 3y = 6. 


4x + 3y=6 
Rise =4 


Rise =4 


(0, 2) y-intercept \ (0, 2) y-intercept 


Plot the y-intercept. From (0, 2), 
draw the rise and run parts of the slope 


triangle for m = = (or m= 4“) to 


Use a straightedge to draw 
a line through the points. 


find another point on the line. 


ta Self Check 5 | Use the slope and y-intercept to graph 5x + 6y = 12. 
Now Try Problem 75 


5) Recognize Parallel and Perpendicular Lines. 


The slope—intercept form enables us to quickly identify parallel and perpendicular lines. 


EXAMPLE 6 | Are the graphs of y = —5x + 6 and x — Sy = —10 parallel, 
: perpendicular, or neither? 


Strategy We will find the slope of each line and then compare the slopes. 


Success Tip 
Graphs are not necessary to deter- 
mine if two lines are parallel, per- 
pendicular, or neither. We simply 
examine the slopes of the lines. 


6 | 


Cruise to Alaska 
$4,500 per person 


Group discounts available* 


*For groups of up to 100 
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Why If the slopes are equal, the lines are parallel. If the slopes are negative reciprocals, 
the lines are perpendicular. Otherwise, the lines are neither parallel nor perpendicular. 


Solution The graph of y = —5x + 6 is a line with slope —5. To find the slope of the 


graph of x — 5y = —10, we will write the equation in slope—intercept form. 
x — 5y = —10 
—Sy = —-x - 10 To eliminate x from the left side, subtract x from both sides. 
—Ssy =x 10 
5 = 5 5 To isolate y, undo the multiplication by —5 by dividing both sides by —5. 
— a + 2 al b Ri 
ee m = 5 because 5 = 5x. 


The graph of y = . + 2 isa line with slope :. Since the slopes —5 and 5 are negative recipro- 
cals, the lines are perpendicular. This is verified by the fact that the product of their slopes 
is —1. 


a Self Check 6 . Determine whether the graphs of y = 4x + 6 and 
x — 4y = —8 are parallel, perpendicular, or neither. 


Now Try Problem 83 


Use Slope—Intercept Form to Write an Equation to Model Data. 


In the following example, to make the equation more descriptive, we replace x and y in 
y = mx + bwith two other variables. 


EXAMPLE 7 j Group Discounts. To promote group sales for an Alaskan 
cruise, a travel agency reduces the regular ticket price of $4,500 by 
$5 for each person traveling in the group. 


a. Write a linear equation that determines the per-person cost c of the cruise, if p people 
travel together. 
b. Use the equation to determine the per-person cost if 55 teachers travel together. 


Strategy We will determine the slope and the y-intercept of the graph of the equation 
from the given facts about the cruise. 


Why If we know the slope and y-intercept, we can use the slope—intercept form, 
y = mx + 5, to write an equation to model the situation. 


Solution 

a. Since the per-person cost of the cruise steadily decreases as the number of people in the 
group increases, the rate of change of —$5 per person is the slope of the graph of the 
equation. Thus, m is —5. 


254 CHAPTER 3 Graphing Linear Equations and Inequalities in Two Variables; Functions 


If 0 people take the cruise, there will be no discount and the per-person cost of the 
cruise will be $4,500. Written as an ordered pair of the form (p, c), we have (0, 4,500). 


When graphed, this point would be the c-intercept. Thus, b is 4,500. 


Substituting for m and 5 in the slope—intercept form of the equation, we obtain the 


linear equation that models the pricing arrangement. 


c = —5p + 4,500 


b. To find the per-person cost of the cruise for a group of 55 people, we substitute 55 for p 


and solve for c. 


c = —5p + 4,500 


c = —5(55) + 4,500 Substitute 55 for p. 
c = —275 + 4,500 
= 4,225 


If a group of 55 people travel together, the cruise will cost each person $4,225. 


a Self Check 7 | Write a linear equation in slope—intercept form that finds the 
cost c of the cruise if a $10-per-person discount is offered for 
groups. 


Now Try Problem 91 


ee | 1. a. m= —9;(0,-4) b. m= —3;(0,-2) «. m= —5;(0, -3) 
2 Ve es ye 3x +2 


4. 5. oy 6. Neither 7. c = —10p + 4,500 
A 5x + 6y = 12 
or 
(0, 2) Poa 
Sheet + 


VOCABULARY 2. The graph of the linear equation y = mx + b has 
Fill in the blanks. (0, 2yond o 
1. The equation y = mx + bis called the form of 


the equation of a line. 


CONCEPTS 

3. Determine whether each equation is in slope—intercept form. 
a. 7x + 4y =2 b. 5y = 2x — 3 
c y=6x+1 d.x=4y-8 


4. a. How do we solve 4x + y = 9 for y? 
b. How do we solve —2x + y = 9 for y? 


5. Simplify the right side of each equation. 


; 4x | 16 : Ix, 9 
° — — a py 
an wee py ae 

_ 6 bya 2 20 
P= es ee es 


6. Find the slope and y-intercept of each line graphed below. Then 
use that information to write an equation for that line. 


NOTATION 


Complete the solution by solving the equation for y. Then find the 
slope and the y-intercept of its graph. 


7, 2x + Sy = 15 
2x4 + Sy = 245 + 15 
—2x + 15 


—yy . I 
YB 


y= x + 


The slope is and the y-intercept is 


8. What is the slope—intercept form of the equation of a line? 


9. Fill in the blanks: 
3 


2 


10. Determine whether each statement is true or false. 


: 1 
= =. 
3 


a. — 
6 6 3 
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GUIDED PRACTICE 


Find the slope and the y-intercept of the line with the given equa- 
tion. See Example 1. 


11. y= 4x +2 12. y= 7x +3 
13. y= —S5x - 8 14. y= —4x — 2 
15. y=4x -9 16. y= 6x - 1 
17, y=11-x 18. y = 12 — 4x 
19. y = 1 — 20x 20. y = 8 — 15x 
21 = +6 22 -—9 
et ~yuse 
pS oh is 
ee oa ee ane 
25... y ="=5x 26. y = 14x 

2 3 
27; y= ae 28. 7% 
29. y=x 30. y= —-x 
31... y= =2 32. y = 30 
33. —Sy —-2=0 34. 3y — 13 = 0 
35.x+y=8 36. x —y = —30 
37. bv =x-6 38. 2yv =x + 20 
39. 7y = —14x + 49 40. 9y = —27x + 36 
41. —4y = 6x — 4 42. —6y = 8x + 6 
43. 2x + 3y =6 44. 4x + Sy = 25 
45. 3x — 5y = 15 46. x — 6y = 6 
47. —4x + 3y = —12 48. —5x + 2y = -8 
49. —6x + 6y = —l1l1 50. —4x + 4y = —9 


Write an equation of the line with the given slope and y-intercept 
and graph it. See Example 2. 


51. Slope 5, y-intercept (0, —3) 52. Slope —2, y-intercept (0, 1) 


53. Slope —3, y-intercept (0,6) 54. Slope 4, y-intercept (0, —1) 


1 1 
55. Slope P y-intercept (0, —2) 56. Slope 3 y-intercept (0, —5) 


8 7 
57. Slope ~3° y-intercept (0,5) 58. Slope -e y-intercept (0, 2) 
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Write an equation for each line shown. See Example 3. 
59. 


65. 


60. 


62. 


64. 


66. 


Find the slope and the y-intercept of the graph of each equation 
and graph it. See Examples 4 and 5. 


67. y= 3x+3 


1 
69. y= ae +2 


71.. y= —3x 


73. 4x +y = -4 


68. y = —3x +5 


x 
t.g= 2 
v4 


72. y = —4x 


74, 2x +y = —6 


75. 


77. 


3x + 4y = 16 76. 2x + 3y =9 


10x — 5y =5 78. 4x — 2y = 6 


For each pair of equations, determine whether their graphs are 
parallel, perpendicular, or neither. See Example 6. 


79. y= 6x + 8 80. y = 3x — 15 
y = 6x 1 
° =--x+4 
os 
1 4 
81. y= 82. p= —x—— 
y ~ x y a 5 
ee y =0.5x +3 
3 
83. y = —2x —9 ieee 
x -y= 
sant ei 4x = 3y = 15 
85. 3x = Sy — 10 86. —2y =2-x 
5x = 1 — 3y 2x — 3 = 4y 
87. x —y = 12 88. y = —3x + 1 
—2x + ly = —23 sy =x -5 
89. x =9 90. —x + 4y = 10 
y=8 2y + 16 = —8x 
APPLICATIONS 
91. PRODUCTION COSTS A television production company 
charges a basic fee of $5,000 and then $2,000 an hour when 
filming a commercial. 

a. Write a linear equation that describes the relationship 
between the total production costs c and the hours / of 
filming. 

b. Use your answer to part a to find the production costs if a 
commercial required 8 hours of filming. 

92. COLLEGE FEES Each semester, students enrolling at a 


community college must pay tuition costs of $20 per unit as 

well as a $40 student services fee. 

a. Write a linear equation that gives the total fees ¢ to be 
paid by a student enrolling at the college and taking 
x units. 

b. Use your answer to part a to find the enrollment cost for a 
student taking 12 units. 


93. 


94. 


95. 


96. 


97. 


CHEMISTRY A portion of a student’s chemistry lab manual 
is shown below. Use the information to write a linear equation 
relating the temperature F (in degrees Fahrenheit) of the 
compound to the time ¢ (in minutes) elapsed during the lab 
procedure. 


Chem. Lab #1 Aug. 13 
Step 1: Removed compound 
from freezer @ —10°F. 


Step 2: Used heating unit 
to raise temperature 

of compound 5° F 

every minute. 


RENTALS | Use the informa- a, irae, 


tion in the newspaper advertise- (Pe Pee FOR 

ment to write a linear equation RENT | 

that gives the amount of income | 1 bedroom/1 bath, | 

A (in dollars) the apartment | with garage 

owner will receive when the unit | $500 per month+ — | 
| 


250 fundable 
is rented for m months. nouns | 


scout fee. 


EMPLOYMENT SERVICE A policy statement of LIZCO, 
Inc., is shown below. Suppose a secretary had to pay an 
employment service $500 to get placed in a new job at LIZCO. 
Write a linear equation that tells the secretary the actual cost c 
of the employment service to her m months after being hired. 


Policy no. 23452—A new hire will be reimbursed 
by LIZCO for any employment service fees paid 
by the employee at the rate of $20 per month. 


VIDEOTAPES A VHS videocassette contains 800 feet of 
tape. In the long-play mode (LP), it plays 10 feet of tape every 
3 minutes. Write a linear equation that relates the number of 
feet f of tape yet to be played and the number of minutes m the 
tape has been playing. 
SEWING COSTS A tailor charges a basic fee of $20 plus 
$5 per letter to sew an athlete’s name on the back of a jacket. 
a. Write a linear equation that will find the cost c to have 
a name containing x letters sewn on the back of a 
jacket. 
b. Graph the equation. 
c. Suppose the tailor raises the basic fee to $30. On your graph 
from part b, draw the new graph showing the increased cost. 


98. 


99. 
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SALAD BARS | For lunch, a delicatessen offers a “Salad and 
Soda” special where customers serve themselves at a well- 
stocked salad bar. The cost is $1.00 for the drink and 20¢ an 
ounce for the salad. 

a. Write a linear equation that will find the cost c of a “Salad 
and Soda” lunch when a salad weighing x ounces is 
purchased. 

b. Graph the equation. 

c. How would the graph from part b change if the 
delicatessen began charging $2.00 for the drink? 


d. How would the graph from part b change if the cost of the 
salad changed to 30¢ an ounce? 


BASEBALL | Use the following facts to write a linear 
equation in slope—intercept form that approximates the 
average price of a Major League Baseball ticket for the years 
2000-2006. 
« Let ¢ represent the number of years since 2000 and c the 
average cost of a ticket in dollars. 
« In 2000, the average ticket price was $16.63. 
* From 2000 to 2006, the average ticket price increased 
89¢ per year. 
(Source: Team Marketing Report, MLB) 


100. NAVIGATION The graph shows the recommended speed 


at which a ship should proceed into head waves of various 
heights. 


a. What information does the y-intercept of the line 
give? 


b. What is the rate of change in the recommended speed of 
the ship as the wave height increases? 


c. Write the equation of the line. 


Ship speed (knots) 


x 
2 4 6 8 10 12 14 1618 20 22 24° 
Wave height (ft) 


WRITING 
101. Why is y = mx + b called the slope—intercept form of the 


equation of a line? 
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102. On a quiz, a student was asked to find the slope of the graph CHALLENGE PROBLEMS 
of y = 2x + 3. She answered: m = 2x. Her instructor marked 


it wrong. Explain why the answer is incorrect. 105. Ifthe graph of y = mx + b passes through quadrants I, II, 


and IV, what can be known about the constants m and b? 


REVIEW ee 
103. CABLETV A 186-foot television cable is to be cut into four 106. The equation y = 4x—5 is in slope—intercept form. Write it in 
pieces. Find the length of each piece if each successive piece standard (general) form, Ax + By = C, where A > 0. 


is 3 feet longer than the previous one. 

104. INVESTMENTS _ Joni received $25,000 as part of a settle- 
ment in a class action lawsuit. She invested some money at 
10% and the rest at 9% simple interest rates. If her total 
annual income from these two investments was $2,430, how 
much did she invest at each rate? 


@ Use point-slope form to write an equation of a line. 
ee @® Write an equation of a line given two points on the line. 
Objectives — cea 

© Write equations of horizontal and vertical lines. 
© Use a point and the slope to graph a line. 


© Write linear equations that model data. 


If we know the slope of a line and its y-intercept, we can use the slope—intercept form to write 
the equation of the line. The question that now arises is, can any point on the line be used in 
combination with its slope to write its equation? In this section, we answer this question. 


Use Point-Slope Form to Write an Equation of a Line. 


Refer to the line graphed on the left, with slope 3 and passing through the point (2,1). To 
develop a new form for the equation of a line, we will find the slope of this line in another way. 

If we pick another point on the line with coordinates (x, v), we can find the slope of the 
line by substituting the coordinates of the points (x, y) and (2, 1) into the slope formula. 


J2— Vi 
= 
Xz — XY 
yo1 = Let (x, y1) be (2, 1) and (xo, y2) be (x, y). 


x-2 = MM Substitute y for yo, 1 for y,, x for xz, and 2 for x,. 


Since the slope of the line is 3, we can substitute 3 for m in the previous equation. 


yok .. 


= 3 
x—2 
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We then multiply both sides by x — 2 to clear the equation of the fraction. 


y= 1 
(x — 2) = 3x — 2) 
x= 2 
y— 1=3(% — 2) — Simplify the left side. Remove the common factor x — 2 in the 

1 


x 


: =4 
numerator and denominator: =s eee 
1 


The resulting equation displays the slope of the line and the coordinates of one point on 


the line: 
Slope of the line 
y—-1=3( -2) 
t t 
y-coordinate x-coordinate 
of the point of the point 


In general, suppose we know that the slope of a line is m and that the line passes through 
the point (x,, y,). Then if (x, y) is any other point on the line, we can use the definition of slope 


to write 
YTV _ 
———_=m 
x — Xj 


If we multiply both sides by x — x, to clear the equation of the fraction, we have 
y—Y = mx — x1) 


This form of a linear equation is called point—slope form. It can be used to write the 
equation of a line when the slope and one point on the line are known. 


Point-Slope If a line with slope m passes through the point (x), y,), the equation of the line is 
Form of the y— yy = mx — x) 

Equation 

of a Line 


EXAMPLE] Find an equation of a line that has slope —8 and passes through 
‘ P| fj : 
(—1, 5). Write the answer in slope—intercept form. 


Strategy We will use the point-slope form, y — y; = m(x — xj), to write an equation of 
the line. 


Why We are given the slope of the line and the coordinates of a point that it passes 
through. 


Solution Because we are given the coordinates of a point on the line and the slope of the 
line, we begin by writing the equation of the line in the point-slope form. Since the 


slope is —8 and the given point is (—1, 5), we have m = —8,x, = —l, andy, = 5. 
YVrN = Mx —- x1) This is the point—-slope form. 
y—5= —-8[x —(-1)] Substitute —8 for m, —1 for %, and 5 for y;. 


y-—5= —-8x + 1) Simplify within the brackets. 
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To write this equation in slope—intercept form, we solve for y. 


Notation 
After writing an equation in my 
point-slope form, it is common y—-5 = -8(x + 1) 
practice to solve it for y and write 
an equivalent equation in YH 2S $34 = 5 Distribute the multiplication by —8. 
slope-intercept form. y—-—5+5 = —8x —8 +5  Toisolate y, undo the subtraction of 5 by 
adding 5 to both sides. 
y= —-8x - 3 
In slope—intercept form, the equation is y = —8x — 3. 
To verify this result, we note that m = —8. Therefore, the slope of the line is —8, as 


required. To see whether the line passes through (— 1, 5), we substitute —1 for x and 5 for y 
in the equation. If this point is on the line, a true statement should result. 


y= —-8& - 3 

5 2 —g-1) -3 
528-3 

5=5 True 


a Self Check 1 dj Find an equation of the line that has slope —2 and passes 
through (4, —3). Write the answer in slope—intercept form. 


Now Try Problems 13 and 19 


2) Write an Equation of a Line Given Two Points on the Line. 


In the next example, we show that it is possible to write the equation of a line when we know 
the coordinates of two points on the line. 


EXAMPLE 2 j Find an equation of the line that passes through (—2, 6) and (4, 7). 
: Write the equation in slope—intercept form. 


Strategy We will use the point-slope form, y — y, = m(x — x,), to write an equation of 
the line. 


Why We know the coordinates of a point that the line passes through and we can calcu- 
late the slope of the line using the slope formula. 


Success Tip Solution To find the slope of the line, we use the slope formula. 

In Example 2, either of the given 
points can be used as (x1, 71) y2— V1 7 — 6 . 
when writing the point-slope m= a = dis (—2) = 6 Substitute 7 for yo, 6 for y,, 4 for x2, and —2 for x;,. 
equation. The results will be the 
same. Either point on the line can serve as (x,, y;). If we choose (4, 7), we have 

Looking ahead, we usually 
choose the point whose coordi- y— yy = mx — X4) This is the point-slope form. 


nates will make the computations 1 
the easiest. y-T= Pa — 4) Substitute : for m, 7 for y;, and 4 for x. 


Success Tip 
To check this result, verify that 
(—2, 6) and (4, 7) satisfy 


all 1) 
= Tek Pape 
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To write this equation in slope—intercept form, we solve for y. 


1 2 
y-7T= Pu _ 3 Distribute the multiplication by 2 
1 2 
y-Tt+T= Pa ~< +7 — Toisolate y, add 7 to both sides. 
_ i = + re 42 Simplify the left side. Write 7 as “ to prepare to add 

y a 6 6 _ the fractions. 
1 19 36 4 19 19 

y= Fa Ste 3 Simplify: 6 > £3 > 3 This is slope-intercept form. 

1 


The equation of the line that passes through (—2, 6) and (4, 7) is y = ax + 2. 


a Self Check 2 i Find an equation of the line that passes through (—5, 4) and 
(8, —6). Write the equation in slope—intercept form. 


Now Try Problem 29 


Write Equations of Horizontal and Vertical Lines. 


We have previously graphed horizontal and vertical lines. We will now discuss how to write 
their equations. 


EXAMPLE 3 Write an equation of each line and graph it. a. A horizontal line 
passing through (—2, —4) b. A vertical line passing through (1, 3) 


Strategy We will use the appropriate form, either y = b or x = a, to write an equation 
of each line. 


Why These are the standard forms for the equations 
of a horizontal and a vertical line. 


Solution 

a. The equation of a horizontal line can be written in 
the form y = b. Since the y-coordinate of (—2, —4) 
is —4, the equation of the line is y = —4. The graph 
is shown in the figure. 


b. The equation of a vertical line can be written in the 
form x = a. Since the x-coordinate of (1, 3) is 1, the 
equation of the line is x = 1. The graph is shown in 
the figure. 


a Self Check 3 | Write an equation of each line. a. A horizontal line passing 
through (3, 2) b. A vertical line passing through 
GS) 
Now Try Problems 41 and 43 
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4.) Use a Point and the Slope to Graph a Line. 


If we know the coordinates of a point on a line, and if we know the slope of the line, we can 
use the slope to determine a second point on the line. 


2 
EXAMPLE 4 | Graph the line with slope 5 that passes through (—1, —3). 


Strategy — First, we will plot the given point (—1, —3). Then we will use the slope to find 
a second point that the line passes through. 


Why Once we determine two points that the line passes through, we can draw the graph 
of the line. 

Solution We begin by plotting the point (—1, —3). From there, we move 2 units up and 
then 5 units to the right, since the slope is 2. This puts us at a second point on the line, 


(4, —1). We then draw a line through the two points. 


y y 
A A 
4 4 
3 3 
, 1 
wx |x 
Pe ee | Runes) ¢ Faas Run=5? # 
—1)—__—_____——- Saal 
Rise-= | 2 GI-1) 
4 
(-1, -3) 


a Self Check 4 i Graph the line with slope —4 that passes through (—4, 2). 
Now Try Problem 45 


5) Write Linear Equations That Model Data. 


Many situations can be described by a linear equation. Quite often, these equations are 
written using variables other than x and y. In such cases, it is helpful to determine what an 
ordered-pair solution of the equation would look like. 


EXAMPLE 5 | Men's Shoe Sizes. The length (in inches) of a man’s foot is not 
his shoe size. For example, the smallest adult men’s shoe size is 5, 

and it fits a 9-inch-long foot. There is, however, a linear relationship between the two. It 
can be stated this way: Shoe size increases by 3 sizes for each 1-inch increase in foot 


length. 


a. Write a linear equation that relates shoe size s to foot length L. 


b. Shaquille O’Neal, a famous basketball player, has a foot that is about 14.6 inches long. 
Find his shoe size. 


The Language of Algebra 
The term scatter diagram is some- 
what misleading. Often, the data 
points are not scattered loosely 
about. In this case, they fall, more 
or less, along an imaginary 
straight line, indicating a linear 
relationship. 
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Strategy We will first find the slope of the of the line that describes the linear relation- 
ship between shoe size and the length of a foot. Then we will determine the coordinates 
of a point on that line. 


Why Once we know the slope and the coordinates of one point on the line, we can use 
the point-slope form to write the equation of the line. 


Solution 
a. Since shoe size s depends on the length L of the foot, ordered pairs have the form (LZ, s). 
Because the relationship is linear, the graph of the desired equation is a line. 


3 sizes 
1 inch * 
e A 9-inch-long foot wears size 5, so the line passes through (9, 5). 


e The line’s slope is the rate of change: Therefore, m = 3. 


We substitute 3 for m and the coordinates of the point into the point-slope form and solve 
for s. 
S — 8; = mL — Lj)  Thisis the point-slope form using the variables L and s. 
s—5=3(L - 9) Substitute 3 for m, 9 for L,, and 5 for 5. 
s=5=3L—27 Distribute the multiplication by 3. 
s=3L—- 22 To isolate 5, add 5 to both sides. 


The equation relating men’s shoe size and foot length is s = 3L — 22. 


b. To find Shaquille’s shoe size, we substitute 14.6 inches for L in the equation. 


s=3L—22 
s = 3(14.6) — 22 
s = 43.8 —22 
s=218 


Since men’s shoes only come in full- and half-sizes, we round 21.8 up to 22. Shaquille 
O’Neal wears size 22 shoes. 


La Now Try Problem 73 


EXAMPLE 6 


Studying Learning. Ina series of trials, a rat was released in a 
maze to search for food. Researchers recorded the time that it took 
the rat to complete the maze on a scatter diagram. After the 40th trial, they drew a line 
through the data to obtain a model of the rat’s performance. Write an equation of the line 
in slope—intercept form. 


il 


Time (sec) 


i 
10 20 30 40 


Trials 
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Strategy From the graph, we will determine the coordinates of two points on the line. 


Why We can write an equation of a line when we know the coordinates of two points on 
the line. (See Example 2.) 


Solution We begin by writing a point-slope equation. The line passes through several 
points; we will use (4, 24) and (36, 16) to find the slope. 
Y2-yi 16-24 -8 1 


m= 


Xz — Xy 36 — 4 32 4 


Any point on the line can serve as (x, v,). We will use (4, 24). 


yYrn= m(x = X1) This is the point—slope form. 


y — 24 


1 
4 = 4) Substitute -} for m, 4 for x,, and 24 for y;. 


To write this equation in slope—intercept form, solve for y. 


1 
y-24= eae + 1 Distribute the multiplication by —j: —[(—4) = 1. 
1 
y= “ae +25  Toisolate y, add 24 to both sides. 
A linear equation that models the rat’s performance on the maze is y = —ix + 25, where x 


is the number of the trial and y is the time it took, in seconds. 


La Now Try Problem 81 


Bag onsurrs TO SELF CHECKS) 1. y = —2x +5 4. y 


7) Ws eee 4 
3.a.y=2 bx = —-1 (4,2) ° 
i 
> xX 
5 4 else ib 333 

(3, =2) 

=3 

=4- 


VOCABULARY 2. y= mx + biscalledthe____—————_— form of the equation 
Fill in the blanks. Orne 
1. y — y, = m&x — xj) is called the ____ form of the CONCEPTS 
squeviomok Gling. tn wont Wetead Ths gh y Huis Pons 3. Determine in what form each equation is written. 
equals m the quantity of x x sub 


a. y—4=2(x — 5) 
b. y = 2x + 15 


4. What point does the graph of the equation pass through, and 
what is the line’s slope? 


a y—2 = 6(x — 7) 
b. y+ 3 = —8(x + 1) 
5. Refer to the following graph of a line. 

a. What highlighted point does the 
line pass through? 

b. What is the slope of the line? 

c. Write an equation of the line in 
point—slope form. 


6. On a quiz, a student was asked to write the equation of a line 
with slope 4 that passes through (— 1, 3). Explain how the 
student can check her answer, y = 4x + 7. 


7. Suppose you are asked to write an equation of the line in the 
scatter diagram below. What two points would you use to write 
the point-slope equation? 


240 
220 
200 
180 


Weight (Ib) 


160 


140 
Mi Titi titi tit tit iii, x 
65 70 75 80 


Height (in.) 


8. In each case, a linear relationship between two quantities is 
described. If the relationship were graphed, what would be the 
slope of the line? 


a. The sales of new cars increased by 15 every 2 months. 


b. There were 35 fewer robberies for each dozen police officers 
added to the force. 


c. One acre of forest is being destroyed every 30 seconds. 


NOTATION 
Complete the solution. 


9. Write an equation of the line with slope —2 that passes through 
the point (—1, 5). Write the answer in slope—intercept form. 


yY-yV = mex — x) 


y—- = -22 — 
y-5=-2[x 1] 
| eS ee aoe 

y= -2xt+ 
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10. What is the point-slope form of the equation of a line? 


11. Consider the steps below and then fill in the blanks: 


y-—3=2+4+ 1) 
y=.3 = 242 


y=2x+5 
The original equation was in form. After solving 
for y, we obtain an equation in___———s form. 
12. Fill in the blanks: The equation of a horizontal line has the form 
= band the equation of a vertical line has the form = =a. 
GUIDED PRACTICE 


Use the point-slope form to write an equation of the line with the 
given slope and point. Leave the equation in that form. See 
Example 1. 


13. Slope 3, passes through (2, 1) 
14. Slope 2, passes through (4, 3) 


4 

15. Slope 3 passes through (—5, —1) 
7 

16. Slope ro passes through (—2, —9) 


Use the point-slope form to write an equation of the line with the 
given slope and point. Then write the equation in slope—intercept 
form. See Example 1. 

17. Slope 2, passes through (3, 5) 

18. Slope 8, passes through (2, 6) 

19. Slope —5, passes through (—9, 8) 

20. Slope —4, passes through (—2, 10) 

21. Slope —3, passes through the origin 

22. Slope —1, passes through the origin 


1 
23. Slope 5 passes through (10, 1) 


1 
24. Slope 2, passes through (8, 1) 


x|y 
6| —4 


4 
25. Slope ~3° 


3 
26. Slope >> x |y 
—2/1 


11 

27. Slope — passes through (2, —6) 
5 

28. Slope 4 passes through (2, 0) 


Find an equation of the line that passes through the two given 
points. Write the equation in slope—intercept form, if possible. See 
Example 2. 

29. Passes through (1, 7) and (—2, 1) 

30. Passes through (—2, 2) and (2, —8) 
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31. 32. 
x ly x|y 
—4) 3 -1|-4 
210 1} -2 


33. Passes through (5, 5) and (7, 5) 

34. Passes through (—2, 1) and (—2, 15) 
35. Passes through (5, 1) and (—5, 0) 
36. Passes through (—3, 0) and (3, 1) 
37. Passes through (—8, 2) and (—8, 17) 


38. Passes through (3, 2) and (0, 2) 

21 

3>3 
1 3 

40. Passes through G, 3) and (0, 0) 


39. Passes through ( ) and (0, 0) 


Write an equation of the line with the given characteristics. See 
Example 3. 


41. Vertical, passes through (4, 5) 

42. Vertical, passes through (—2, —5) 

43. Horizontal, passes through (4, 5) 

44. Horizontal, passes through (—2, —5) 

Graph the line that passes through the given point and has the 
given slope. See Example 4. 


45. (1, —2), slope —1 46. (—4, 1), slope —3 


3 
47. (5, —3), m= — 
(5,.=3),. m ri 


49. (—2, —3), slope 2 


2 
48. (2, —4), m = = 

3 
50. (—3, —3), slope 4 


7 1 
51. (4, —3), slope “3 52. (4,2), slope a 
TRY IT YOURSELF 
Find an equation of the line with the following characteristics. 
Write the equation in slope—intercept form, if possible. 
53. Passes through (5, 0) and (—11, —4) 


54. Passes through (7, —3) and (—5, 1) 
55. Horizontal, passes through (—8, 12) 
56. Horizontal, passes through (9, —32) 


2 

57. Slope 3 passes through (3, 0) 
2 

58. Slope 3 passes through (15, 0) 


59. Slope 8, passes through (2, 20) 

60. Slope 6, passes through (1, —2) 

61. Vertical, passes through (—3, 7) 

62. Vertical, passes through (12, —23) 

63. Slope 7 and y-intercept (0, 0) 

64. Slope 3 and y-intercept (0, 4) 

65. Passes through (—2, —1) and (—1, —5) 


66. 
67. 


68. 


69. 


70. 


Passes through (—3, 6) and (—1, —4) 
x-intercept (7, 0) and y-intercept (0, —2) 
x-intercept (—3, 0) and y-intercept (0, 7) 


1 
Slope 10° passes through the origin 


9 
Slope 3 passes through the origin 


71. Undefined slope, passes through (-+ 12) 
2 5 
72. Undefined slope, passes through (2 -2) 
APPLICATIONS 

73. ANATOMY _ There is a linear relation- “7 
ship between a woman’s height and the 
length of her radius bone. It can be stated 
this way: Height increases by 3.9 inches 
for each 1-inch increase in the length of 
the radius. Suppose a 64-inch-tall woman h 
has a 9-inch-long radius bone. Use this 
information to find a linear equation that 
relates height / to the length r of the 
radius. Write the equation in 
slope—intercept form. 

74. AUTOMATION An automated production line uses distilled 
water at a rate of 300 gallons every 2 hours to make shampoo. 
After the line had run for 7 hours, planners noted that 
2,500 gallons of distilled water remained in the storage tank. 
Find a linear equation relating the time ¢ in hours since the 
production line began and the number g of gallons of distilled 
water in the storage tank. Write the equation in slope—intercept 
form. 

75. POLE VAULTING Find the equations of the lines that 


describe the positions of the pole for parts 1, 3, and 4 of the 
jump. Write the equations in slope—intercept form, if possible. 


76. FREEWAY DESIGN The graph below shows the route of a 
proposed freeway. 


a. Give the coordinates of the points where the proposed 
freeway will join Interstate 25 and Highway 40. 


b. Write the equation of the line that describes the route of the 
proposed freeway. Give the answer in slope—intercept form. 


77. TOXIC CLEANUP Three months after cleanup began at a 
dump site, 800 cubic yards of toxic waste had yet to be 
removed. Two months later, that number had been lowered to 
720 cubic yards. 


a. Find an equation that describes the linear relationship 
between the length of time m (in months) the cleanup crew 
has been working and the number of cubic yards y of toxic 
waste remaining. Write the equation in slope—intercept 
form. 

b. Use your answer to part (a) to predict the number of cubic 
yards of waste that will still be on the site one year after the 
cleanup project began. 

78. DEPRECIATION _ To lower its corporate income tax, account- 
ants of a company depreciated a word processing system over 
several years using a linear model, as shown in the worksheet. 
a. Find a linear equation relating the years since the system 

was purchased, x, and its value, y, in dollars. Write the 
equation in slope—intercept form. 

b. Find the purchase price of the system. 


Tax Worksheet 


Method of depreciation: Linear 


Property Years after Value 
purchase 
Word processing 2 $60,000 
system 
x 4 $30,000 
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79. TRAMPOLINES There is a linear relationship between the 
length of the protective pad that wraps around a trampoline and 
the radius of the trampoline. Use the data in the table to find an 
equation that gives the length / of pad needed for any trampo- 
line with radius r. Write the equation in slope—intercept form. 
Use units of feet for both / andr. 


Protective Radius | Pad length 
2 ee 3 ft 19 ft 
7 ft 44 ft 


80. CONVERTING TEMPERATURES The relationship between 
Fahrenheit temperature, F’, and Celsius temperature, C, is 
linear. 

a. Use the data in the 
illustration to write two 


ordered pairs of the 
form (C, F). 


212° 100° Water boils 


b. Use your answer to part 32° O° Water freezes 
(a) to find a linear equa- 
tion relating the Fahren- — Fahrenheit Celsius 
heit and Celsius scales. scale scale 
Write the equation in 
slope—intercept form. 

81. GOT MILK The scatter diagram shows the amount of milk 
that an average American drank in one year for the years 
1980-2004. A straight line can be used to model the data. 

a. Use two points on the line to find its equation. Write the 
equation in slope—intercept form. 


b. Use your answer to part (a) to predict the amount of milk 
that an average American will drink in 2020. 


Se sd el Ge 
i i i = zm ; | 
y ia, ai ial aa r j 
=I 
3 
2 25 
BS (21,220) 
é V 
20 
St hh tes, 
0 5 10 15 20 25 
(1980) (2005) 


Years after 1980 


Source: United States Department of Agriculture 
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82. ENGINE OUTPUT The horsepower produced by an automo- WRITING 
bile engine was recorded for various engine speeds in the range 
of 2,400 to 4,800 revolutions per minute (rpm). The data were 
recorded on the following scatter diagram. Find an equation of 
the line that models the relationship between engine speed s 84. If we know two points that a line passes through, we can write 
and horsepower h. Write the equation in slope—intercept form. its equation. Explain how this is done. 

85. Explain the steps involved in writing y — 6 = 4(x — 1) in 
slope—intercept form. 


83. Why is y — y; = m(x — x,) called the point-slope form of the 
equation of a line? 


h 86. Think of the points on the graph of the horizontal line y = 4. 
A What do the points have in common? How do they differ? 
350 
330 REVIEW 
310 87. FRAMES The length of a rectangular picture is 5 inches 
= 290 ° greater than twice the width. If the perimeter is 112 inches, find 
5 270 the dimensions of the frame. 
8 250 88. SPEED OF AN AIRPLANE Two planes are 6,000 miles 
3 230 ° apart, and their speeds differ by 200 mph. They travel toward 
= 210 each other and meet in 5 hours. Find the speed of the slower 
190 plane. 
170 
150 CHALLENGE PROBLEMS 
a 
W/ s 89. Find an equation of the line that passes through (2, 5) and is 


parallel to the line y = 4x — 7. Write the equation in 

Ensiexpesd pm) slope—intercept form. 

90. Find an equation of the line that passes through (—6, 3) and is 
perpendicular to the line y = —3x — 12. Write the equation in 


slope—intercept form. 


Determine whether an ordered pair is a solution of an inequality. 


oO 
® Graph a linear inequality in two variables. 

© Graph inequalities with a boundary through the origin. 
© 


Solve applied problems involving linear inequalities in two 
variables. 


Graph: x +6 <8 Recall that an inequality is a statement that contains one of the symbols <, =, >,or =. 
Inequalities in one variable, such as x + 6 < 8 and 5x + 3 = 4x, were solved in Section 2.7. 
Because they have an infinite number of solutions, we represented their solution sets graphi- 
cally, by shading intervals on a number line. 

We now extend that concept to linear inequalities in two variables, as we introduce a pro- 
4-32-10 12 3 4 cedure that is used to graph their solution sets. 


4-3-2-10123 4 


Graph: 5x + 3 2 4x 


@ Determine Whether an Ordered Pair Is a Solution of an Inequality. 


If the = symbol in a linear equation in two variables is replaced with an inequality symbol, we 
have a linear inequality in two variables. Some examples are 


Notation 
? 
The symbol S is read as “is 
possibly less than or equal to.” 
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x= p=, 4x + 3y < —6, and y > 2x 


As with linear equations, a solution of a linear inequality in two variables is an ordered 
pair of numbers that makes the inequality true. 


EXAMPLE 1 j Determine whether each ordered pair is a solution of x — y $5. 
Then graph each solution: a. (4,2) b. (0,—6) ec. (1, —-4) 


Strategy We will substitute each ordered pair of coordinates into the inequality. 


Why If the resulting statement is true, the ordered pair is a solution. 


Solution 

a. For (4, 2): : 
xX —y 5 __ Thisis the given inequality. : 
2 3 

4—2=5 Substitute 4 for x and 2 for y. 

7 (4,2) ¢ 
25 True 1 
Because 2 <5 is true, (4,2) is a solution of a 3 3 4 i 24 4 >|~ 


x — y = 5. We say that (4, 2) satisfies the inequality. 
This solution is graphed as shown, on the right. 


b. For (0, —6): al dala 


xX —y 5 This is the given inequality. 


2 T uti fx—-yss. 
0 —(-—6)=5 Substitute O for x and —G for y. Pen pee 


6=5 False 
Because 6 = 5 is false, (0, —6) is not a solution. 
c. For (1, —4): 
xX —y=5 This is the given inequality. 
2 
1—(-4)=5 | Substitute 1 for x and —4 for y. 
5=5_ True 


Because 5 = 5 is true, (1, —4) is a solution, and we graph it as shown. 


a Self Check 1 j Using the inequality in Example 1, determine whether each 
ordered pair is a solution: a. (8, 2) 


ba) c. (—2, 4) de (3-5) 
Now Try Problem 19 


In Example 1, we graphed two of the solutions of x — y < 5. Since there are infinitely 
more ordered pairs (x, y) that make the inequality true, it would not be reasonable to plot 
them. Fortunately, there is an easier way to show all of the solutions. 


Graph a Linear Inequality in Two Variables. 


The graph of a linear inequality is a picture that represents the set of all points whose coordi- 
nates satisfy the inequality. In general, such graphs are regions bounded by a line. We call 
those regions half-planes, and we use a two-step procedure to find them. 
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Notation 
The inequality x — y = 5 means 


fF — =) 
or 


u— p< 


auols 


Let x = Oand find y. Let y = O and find x. 
As acheck, let x = 6 and find y. 


Success Tip 
All the points in the region below 
the boundary line have coordi- 
nates that satisfyx — y > 5. 


-EXAMPLE2 — Graph: x — y =5 


Strategy We will graph the related equation x — y = 5 to establish a boundary line 
between two regions of the coordinate plane. Then we will determine which region con- 
tains points whose coordinates satisfy the given inequality. 


Why The graph of a linear inequality in two variables is a region of the coordinate plane 
on one side of a boundary line. 


Solution Since the inequality symbol =< includes an equal symbol, the graph of 
x — y = 5 includes the graph of x — y = 5. 


Step 1: To graphx — y = 5, we use the intercept method, as shown in part (a) of the illus- 
tration. The resulting line, called a boundary line, divides the coordinate plane into two 
half-planes. To show that the points on the boundary line are solutions of x — y = 5, we 
draw it as a solid line. 


This shaded half-plane and 
the solid boundary represent 
all the solutions of x—y <5. 


al 


x-ys5 


(a) (b) 


Step 2: Since the inequality x — y = 5 also allows x — y to be less than 5, other ordered 
pairs, besides those on the boundary, satisfy the inequality. For example, consider the origin, 
with coordinates (0, 0). If we substitute 0 for x and 0 for y in the given inequality, we have 


x-yss5 
0-055 
0=5 _ True 


Because 0 =< 5, the coordinates of the origin satisfy x — y < S. In fact, the coordinates 
of every point on the same side of the line as the origin satisfy the inequality. To indicate this, 
we shade the half-plane that contains the test point (0, 0), as shown in part (b). Every point 
in the shaded half-plane and every point on the boundary line satisfies x — y = 5. 

As an informal check, we can pick an ordered pair that lies in the shaded region and one 
that does not lie in the shaded region. When we substitute their coordinates into the inequal- 
ity, we should obtain a true statement and then a false statement. 


For (3, 1), in the shaded region: For (5, —4), not in the shaded region: 


£-—ys5 x-yss5 
$325 5 -—(-4) <5 
2=5 True 9=5 False 
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eT Self Check 2 dj Graph: x — y = 2 


Now Try Problem 35 


The previous example suggests the following procedure to graph linear inequalities in 
two variables. 


Graphing Linear 1. Replace the inequality symbol with an equal symbol = and graph the boundary line of 
Inequalities in the region. If the original inequality allows the possibility of equality (the symbol is 
Two Variables either = or =), draw the boundary line as a solid line. If equality is not allowed (< or >), 


draw the boundary line as a dashed line. 


2. Pick a test point that is on one side of the boundary line. (Use the origin if possible.) 
Replace x and y in the inequality with the coordinates of that point. If a true statement 
results, shade the side that contains that point. If a false statement results, shade the 
other side of the boundary. 


EXAMPLE3 Graph: 4x + 3y < —6 

Strategy We will graph the related equation 4x + 3y = —6 to establish the boundary 
line between two regions of the coordinate plane. Then we will determine which region 
contains points that satisfy the given inequality. 


Why The graph of a linear inequality in two variables is a region of the coordinate plane 
on one side of a boundary line. 


Solution To find the boundary line, we replace the inequality symbol with an equal 
symbol = and graph 4x + 3y = —6. Since the inequality symbol < does not include 
an equal symbol, the points on the graph of 4x + 3y = —6 will not be part of the graph 
of 4x + 3y < —6. To show this, we draw the boundary line as a dashed line. See part 
(a) of the illustration. 


The coordinates of any point 
on the dashed boundary do 
not satisfy the inequality. 

y 


4x + 3y = — 

x | y | @&y) 
0 | —2 | (0, —2) 
3 

a) 0 (—}.0) 
—3} 2] (-3,2) 


Let x = Oand find y. Let y = O and find x. 
As a check, let x = —3 and find y. 


x 
4x4 3y <+6 
3. 


This shaded half-plane 
represents all the 
solutions of 
4x + 3y <-6. 
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Caution 
When using a test point to deter- 
mine which half-plane to shade, 
remember to substitute the coor- 
dinates into the given inequality, 


not the equation for the boundary. 


Success Tip 
Draw a solid boundary line if the 
inequality has S$ or =. Drawa 
dashed line if the inequality has 
EOS. 


To determine which half-plane to shade, we substitute the coordinates of a point that lies 
on one side of the boundary line into 4x + 3y < —6. We choose the origin (0, 0) as the test 
point because the computations are easy when they involve 0. We substitute 0 for x and 0 for 
y in the inequality. 


4x + 3y < -6 
4(0) + 3(0) < —6 The symbol < is read as “is possibly less than.” 
0+0<-6 


0<-—6 False 


Since 0 < —6 is a false statement, the point (0, 0) does not satisfy the inequality. This 
indicates that it is not on the side of the dashed line we wish to shade. Instead, we shade the 
other side of the boundary line. The graph of the solution set of 4x + 3y < —6 is the half- 
plane below the dashed line, as shown in part (b). 


a Self Check 3 i Graph: 5x + 6y < —15 
Now Try Problem 37 


Graph Inequalities with a Boundary through the Origin. 


In the next example, the boundary line passes through the origin. 


EXAMPLE 4 Graph: y > 2x 


Strategy We will graph the related equation y = 2x to establish the boundary line 
between two regions of the coordinate plane. Then we will determine which region con- 
tains points that satisfy the given inequality. 


Why The graph of a linear inequality in two variables is a region of the coordinate plane 
on one side of a boundary line. 


Solution To find the boundary line, we graph y = 2x. Since the symbol > does not 
include an equal symbol, the points on the graph of y = 2x are not part of the graph of 
y > 2x. Therefore, the boundary line should be dashed, as shown in part (a) of the 


illustration. 
y = 2x 
Zn es) 
0} (0,0) 
=A |) 2) (=1;-=2) = = ao | 7 3 
l 2 (1, 2) | | / Test point: y 
/ (2] 0) / 
7? = 
Select three values for x and jt3 7 4 
find the corresponding values of y. f p 


(a) (b) 


To determine which half-plane to shade, we substitute the coordinates of a point that lies 
on one side of the boundary line into y > 2x. Since the origin is on the boundary, it cannot 


Success Tip 
The origin (0, 0) is a smart choice 
for a test point because computa- 
tions involving 0 are usually easy. 
If the origin is on the boundary, 
choose a test point not on the 
boundary that has one coordinate 
that is 0, such as (0, 1) or (2, 0). 
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serve as a test point. One of the many possible choices for a test point is (2, 0), because it 
does not lie on the boundary line. To see whether it satisfies y > 2x, we substitute 2 for x and 
0 for y in the inequality. 


y>2x 

2 ? 
0 > 2(2) The symbol > is read as “is possibly greater than.” 
0o>4 False 


Since 0 > 4 is a false statement, the point (2,0) does not satisfy the inequality. We 
shade the half-plane that does not contain (2, 0), as shown in part (b). 


By SelfCheck4 | Graph: y <3x 


Now Try Problem 55 


EXAMPLE 5 j Graph each linear inequality: a. x < —3 b y20 


Strategy We will use the procedure for graphing linear inequalities in two variables. 


Why Since the inequalities can be written as x + Oy < —3 and Ox + y = 0, they are 
linear inequalities in two variables. 


Solution 
a. Because x < —3 contains an < symbol, we draw the boundary, x = —3, as a dashed ver- 
tical line. We can use (0, 0) as the test point. 


x < —3 This is the given inequality. 
0< —3 Substitute O for x. The y-coordinate of the test point (0, O) is not used. 
Since the result is false, we shade the half-plane that does not contain (0, 0), as shown in 


figure (a) below. Note that the solution consists of all points that have an x-coordinate that 
is less than —3. 


y y 

A it A 

1 4 

y20 

x= +3 3 

. 1 2 2 
xno : ; 

aor boa} 1.2. se ~ a7 TT 1f?3 4 

I ~4 y=0"" 

4 =2 =2 

1 =3 =3 

; 4 4 


b. Because y = 0 contains an = symbol, we draw the boundary, y = 0, as a solid horizon- 
tal line. (Recall that the graph of y = 0 is the x-axis.) Next, we choose a test point not on 
the boundary. The point (0, 1) is a convenient choice. 


y =0  Thisis the given inequality. 
120 Substitute 1 for y. The x-coordinate of the test point (0, 1) is not used. 
Since the result is true, we shade the half-plane that contains (0, 1), as shown in part 


(b) above. Note that the solution consists of all points that have a y-coordinate that is 
greater than or equal to 0. 
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a Self Check 5 j Graph each linear inequality) a.x=2 by<4 


Now Try Problems 63 and 65 


4.) Solve Applied Problems Involving Linear Inequalities in Two Variables. 


When solving applied problems, phrases such as at least, at most, and should not exceed indi- 
cate that an inequality should be used. 


Strategy We will graph the inequality and find three points whose coordinates satisfy the 


Why The coordinates of these points will give three possible combinations. 


Solution The graph of the inequality is shown below in part (a) of the illustration. Any 


on the second job. He will earn 


10x + 12y = 240 


x | y | Gy) 
0 | 20 | (0, 20) 
24) 0| (24,0) 


Let x = Oand find y. 
Let y = O and find x. 


EXAMPLE 6 | Working Two Jobs. Carlos has two part-time jobs, one paying 
$10 per hour and another paying $12 per hour. If x represents the 
number of hours he works on the first job, and y represents the number of hours he 
works on the second, the graph of 10x + 12y = 240 shows the possible ways he can 
schedule his time to earn at least $240 per week to pay his college expenses. Find three 
possible combinations of hours he can work to achieve his financial goal. 


inequality. 


point in the shaded region represents a possible way Carlos can schedule his time and 
earn $240 or more per week. If each shift is a whole number of hours long, the high- 
lighted points in part (b) represent the acceptable combinations. Three such combina- 
tions are 

(6, 24): 6 hours on the first job, 24 hours on the second job 

(12,12): 12 hours on the first job, 12 hours on the second job 

(22,4): 22 hours on the first job, 4 hours on the second job 


To verify one combination, suppose Carlos works 22 hours on the first job and 4 hours 


$10(22) + $12(4) = $220 + $48 


= $268 

Be 

A 
24 i) 
oe 
20 oe-8 
2 10x + 12y =|240 2 A 
3 16 a eee 
a, A ttt 

s s 
S . a) 
5 8 3 e996 
= = o-9-6 
4 i) 
e068 
> XxX eee > x 

6 12 18 24 30 6 12 18 24 30 


Hours on Ist job Hours on Ist job 


(a) (b) 


La Now Try Problem 75 
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__| 


Bag wnsurs TO SELF CHECKS — 1. a. Notasolution b. Solution c. Solution d. Solution 


4. y 
d 
4|—l4 
3 fi 
2|4 
ae 
Zire eral im he 
F 
iG y\< Bx 
V4 
t 
y 
A 
5 
ee ee > oe _ 
3 
21 \yl<4 
1 
> x 
FEE ESEEREE: 
a 
=3 
(b) 


VOCABULARY 
Fill in the blanks. 


1. 2x — y S 4isa linear in two variables. 

2. A of a linear inequality is an ordered pair of numbers 
that makes the inequality true. 

3. (7, 2) is a solution of x — y > 1. We say that (7, 2) 


the inequality. 


4. In the graph, the line 2x — y = 4 is the line. 


. In the graph above, the line 2x — y = 4 divides the coordinate 


plane into two 


. When graphing a linear inequality, we determine which half- 


plane to shade by substituting the coordinates of a test 
into the inequality. 
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CONCEPTS 


7. 
8. 
9. 


10. 


11. 


12. 


13. 


14. 


Determine whether (—3, —5) is a solution of 5x — 3y = 0. 
Determine whether (3, —1) is a solution of x + 4y < —1. 


Fill in the blanks: A line indicates that points on the 
boundary are not solutions and a line indicates that 
points on the boundary are solutions. 


The boundary for the graph of a y 
linear inequality is shown. Why 4 
can’t the origin be used as a test 

point to decide which side to shade? 


Ifa false statement results when the coordinates of a test point 
are substituted into a linear inequality, which half-plane should 
be shaded to represent the solution of the inequality? 


A linear inequality has been y 
graphed. Determine whether each Ds 
point satisfies the inequality. : 
a. (1, —3) 1 7 + 
= 2S per x al 
b. (—2, —1) Foe CARER 
c. (2, 3) = ail 
d. (3, —4) 447 
2 


A linear inequality has been 
graphed. Determine whether each 
point satisfies the inequality. 


4. (2.1) 

b. (—2, —4) 
c. (4, —2) 
d. (—3, 4) 


To graph linear inequalities, we must be able to graph boundary 
lines. Complete the table of solutions for each given boundary 
line. 


a. 5x — 3y = 15 b. y=3x-2 
2 a) x|y | @y) 
0 = 
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NOTATION 


15. Write the meaning of each symbol in words. 
a < b. = 


ie) 

IA 
2. 
Vv 


16. a. When graphing linear inequalities, which inequality 
symbols are associated with a dashed boundary line? 
b. When graphing linear inequalities, which inequality 
symbols are associated with a solid boundary line? 
17. Fill in the blanks: The inequality 4x + 2y = 9 means 
4x + 2y 9 or 4x + 2y 9. 


18. Fill in the blanks: The inequality —x + 8y = 1 means 
—x + 8y 1 or —x + 8y 1. 


GUIDED PRACTICE 


Determine whether each ordered pair is a solution of the given 
inequality. See Example 1. 


19. 2x + y > 6; (3,2) 
21. —5x — 8y < 8:(—-8, 4) 


1 
23. 4x -y=<0;(—1 
oe (; ) 


25. —5x + 2y > —4; (0.8, 0.6) 
26. 6x — 2y < —7; (—0.2, 1.5) 


20. 4x — 2y = —6;(—2, 1) 
22. x + 3y > 14; (-3, 8) 


1 
24. 9x —y = 2; (+ 1) 


Complete the graph by shading the correct side of the boundary. 
See Example 2. 


2. x ye 2 


28. x -—y<3 
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31.x—2y24 32. 3x + 2y > 12 APPLICATIONS 
t 71. DELIVERIES To decide the number x of pallets and the 
ne number y of barrels that a truck can hold, a driver refers to the 
sis graph below. Can a truck make a delivery of 4 pallets and 
4 ‘ 10 barrels in one trip? 
1 \ Truck Loading Sheet 
i Ts 3 he er l* (acceptable load 
a y combinations) 
A 
34. y + 2x <0 30 
J 
\ F 2 
\ : a er 
i o—e—e 
\ 
432-1 WI 2 3 al x 5 ah ae 
-Hyy a 
\ od os A > X 
a 123 45 67 
=3 \ 
4 ¥ Pallets 
7 
Graph each inequality. See Examples 2 and 3. 72. ZOOS _ To determine the allowable number of juvenile 
chimpanzees x and adult chimpanzees y that can live in an 
enclosure, a zookeeper refers to the graph. Can 6 juvenile and 
weer ype ~xty< : ‘ 
aed bets ie Aas 4 adult chimps be kept in the enclosure? 
37, 30 ay > 12 38. 5x + 4y = 20 
39.24 3y' S12 40. 3x — 2yv>6 » 
Al. y<2x-1 42. y>xt1 Es 
43. y< —3x +2 44, y= —-2x +5 i _ Unacceptable 
3 x 5S 5e0e0¢ 8 
45: fe Soul ie ee tele oS 4e0e00080 
2 2@¢ ee e080 
47. x —-2y=4 48. 4x + y= —4 5 29-0066 
— 1 @-@-@-@-@ 
49. 2v-x<8 50. y+ 9x = 3 7 oo 0-06 x 
Sls Te By 52. 3x — 3y = —10 Ee eee tae Ee 
53) aye 54 ty hy <6 Number of juvenile chimps 
Graph each inequality. See Example 4. 73. ROLLING DICE The points on the graph represent all of the 
possible outcomes when two fair dice are rolled a single time. 
55. y = 2x 56. y < 3x For example, (5, 2), shown in red, represents a 5 on the first die 
. and a 2 on the second. Which of the following sentences best 
57. y< 3 58. y=x describes the outcomes that lie in the shaded area? 
i) Their sum is at most 6. 
59. y+x<0 60. y-—x<0 ee ds 6 
ii : 
61. 5x + 3y <0 62, 2x + Sy >0 iy Bh sine oreseds 
(iii) Their sum does not exceed 6. 
Graph each inequality. See Example 5. (iv) Their sum is at least 6. 
63. x <2 64. p> -3 : Jar = 7 
65. y= 1 66. x = —4 
67. y+ 2.5>0 68. x - 1.5 =0 2 ON te 
69. x <0 70. y<0 i 8 > ; 
a w Ist die 
« 4 e be , a ek 
° 
2 3|—e—e“a—_e_e—e 
E Ke fo 
3 2|-e ee ‘ey ee | 
= Sx 
oO 1 oo © © @-@ 
SN 


123 4 5 6 
Outcome on Ist die 2nd die 
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74. 


75. 


76. 


77. 


NATO In March 1999, NATO aircraft and cruise missiles 
targeted Serbian military forces that were south of the 

44th parallel in Yugoslavia, Montenegro, and Kosovo. Shade 
the geographic area that NATO was trying to rid of Serbian 
forces. 


Romania 


Based on data from Los Angeles Times (March 24, 1999) 


PRODUCTION PLANNING It costs a bakery $3 to make a 
cake and $4 to make a pie. If x represents the number of cakes 
made, and y represents the number of pies made, the graph of 
3x + 4y = 120 shows the possible combinations of cakes and 
pies that can be produced so that costs do not exceed $120 per 
day. Graph the inequality. Then find three possible combina- 
tions of pies and cakes that can be made so that the daily costs 
are not exceeded. 


HIRING BABYSITTERS Mrs. Cansino has a choice of two 
babysitters. Sitter 1 charges $6 per hour, and Sitter 2 charges $7 
per hour. If x represents the number of hours she uses Sitter 1 
and y represents the number of hours she uses Sitter 2, the 
graph of 6x + 7y = 42 shows the possible ways she can hire 
the sitters and not spend more than $42 per week. Graph the 
inequality. Then find three possible ways she can hire the 
babysitters so that her weekly budget for babysitting is not 
exceeded. 


INVENTORIES A clothing store advertises that it maintains 
an inventory of at least $4,400 worth of men’s jackets at all 
times. At the store, leather jackets cost $100 and nylon jackets 
cost $88. If x represents the number of leather jackets in stock 
and y represents the number of nylon jackets in stock, the graph 
of 100x + 88y = 4,400 shows the possible ways the jackets 
can be stocked. Graph the inequality. Then find three possible 
combinations of leather and nylon jackets so that the store lives 
up to its advertising claim. 


78. 
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MAKING SPORTING GOODS A sporting goods manufac- 
turer allocates at least 2,400 units of production time per day to 
make baseballs and footballs. It takes 20 units of time to make 
a baseball and 30 units of time to make a football. If x repre- 
sents the number of baseballs made and y represents the 
number of footballs made, the graph of 20x + 30y = 2,400 
shows the possible ways to schedule the production time. Graph 
the inequality. Then find three possible combinations of produc- 
tion time for the company to make baseballs and footballs. 


WRITING 


79. 


80. 


81. 


82. 


Explain how to decide which side of the boundary line to shade 
when graphing a linear inequality in two variables. 

Why is the origin usually a good test point to choose when 
graphing a linear inequality? 

Why is (0, 0) not an acceptable choice for a test point when 
graphing a linear inequality whose boundary passes through the 
origin? 

Explain the difference between the graph of the solution set of 
x + 1 > 8, an inequality in one variable, and the graph of 

x + y > 8, an inequality in two variables. 


REVIEW 


83. 
84. 


85. 
86. 


Solve A = P + Prt fort. 


What is the sum of the measures of the three angles of any 
triangle? 


3 1 4 
implify: 40| —x — — }] + 40 = 
Simplify o( 3s i) o(2) 


Evaluate: —4 + 5 — (—3) — 13 


CHALLENGE PROBLEMS 


87. 


88. 


Find a linear inequality that has the graph shown. 


Graph the inequality: 4x — 3(x + 2y) = —6 
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Find the domain and range of a relation. 

: . Identify functions and their domains and ranges. 

Objectives i : 
Use function notation. 

Graph functions. 


Use the vertical line test. 


oO00008 


Solve applications involving functions. 


In this section, we will discuss relations and functions. These two concepts are included in our 
study of graphing because they involve ordered pairs. 


Oo Find the Domain and Range of a Relation. 


The following table shows the number of medals won by American athletes at seven recent 
Winter Olympics. 


KG 


Year 1984 1988 1992 1994* 1998 2002 2006 


Medals’ 8 6 11 13 13 34 25 
* The Winter Olympics were moved ahead two years so that the 
winter and summer games would alternate every two years. 


We can display the data in the table as a set of ordered pairs, where the first component 
represents the year and the second component represents the number of medals won by 
American athletes: 


{(1984, 8), (1988, 6), (1992, 11), (1994, 13), (1998, 13), (2002, 34), (2006, 25)} 


A set of ordered pairs, such as this, is called a relation. The set of all first components is 
called the domain of the relation and the set of all second components is called the range of 
a relation. 


EXAMPLE 1 j Find the domain and range of the relation {(1, 7), (4, —6), 
(-3, 1), (2, 7)}. 


Strategy We will examine the first and second components of the ordered pairs. 


Why The set of first components is the domain and the set of second components is the 
range. 


Solution — The relation {(1, 7), (4, —6), (—3, 1), (2, 7)} has the domain {—3, 1, 2, 4} and 
the range is {—6, 1, 7}. The elements of the domain and range are usually listed in 
increasing order, and if a value is repeated, it is listed only once. 
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a Self Check 1 j Find the domain and range of the relation {(8, 2), (—1, 10), 
(C2 2) 
Now Try Problem 15 


@) Identify Functions and their Domains and Ranges. 


An arrow or mapping diagram can be used to illustrate a relation. The data from the Winter 
Olympics example is shown below in that form. 


Notice that for each year, there corresponds exactly one medal count. That is, this relation 
assigns to each member of the domain exactly one member of the range. Relations that have 
this characteristic are called functions. 


Function A function is a set of ordered pairs (a relation) in which to each first component there 
corresponds exactly one second component. 


We may also think of a function as a rule that assigns to each value of one variable exactly 
one value of another variable. Since we often worked with sets of ordered pairs of the form 
(x, y), it is helpful to define a function in an alternate way using the variables x and y. 


y is a Function If to each value of x in the domain there is assigned exactly one value of y in the range, 
of x then y is said to be a function of x. 


EXAMPLE 2 j Determine whether the arrow diagram and the tables define y to be 
a function of x. If a function is defined, give its domain and range. 


a. x y b. [x] y &. [ely 
4 2/3 0/8 

2/1 4/8 

6] 5 9/8 


Strategy We will check to see whether each value of x is assigned exactly one value of y. 


Why If this is true, the arrow diagram or table defines y to be a function of x. 


Function 
Notation 
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Solution 
a. The arrow diagram defines a function because to each value of x there is assigned exactly 
one value of y: 7 — 4, 9 > 6, and 11 — 2. 
The domain of the function is {7, 9, 11} and the range is {2, 4, 6}. 


b. The table does not define a function, because to the x value 2 there is assigned more than 
one value of y: 2 3 and2— 1. 

c. Since to each number x exactly one value y is assigned, the table defines y to be a func- 
tion of x. It also illustrates an important fact about functions: The same value of y can be 
assigned to different values of x. In this case, each number x is assigned a y-value of 8. 


The domain of the function is {0, 3, 4, 9} and the range is {8}. 


a Self Check 2 j Determine whether the arrow diagram and the table define y to 
be a function of x. If a function is defined, give its domain and 
range. 


Now Try Problems 19 and 25 


Use Function Notation. 


A function can be defined by an equation. For example, y = 2x — 3 is a rule that assigns to 
each value of x exactly one value of y. To find the y-value that is assigned to the x-value 4, we 
substitute 4 for x and evaluate the right side of the equation. 
y= 2x —-3 
y = 2(4) — 3 Substitute 4 for x. 
=8-3 Evaluate the right side. 
=5 
The function y = 2x — 3 assigns the y-value 5 to an x-value of 4. When making such calcu- 


lations, the value of x is called an input and its corresponding value of y is called an output. 
A special notation is used to name functions that are defined by equations. 


The notation y = f(x) denotes that the variable y is a function of x. 


Since y = f(x), the equations y = 2x — 3 and f(x) = 2x — 3 are equivalent. We read 
f(x) = 2x — 3 as “f of x is equal to 2x minus 3.” 
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This is the variable used to 
represent the input value. 


f(x) = 2x — 3 

t ft 
This is the name This expression shows how to obtain 
of the function. an output from a given input. 


Function notation provides a compact way of representing the value that is assigned to 
some number x. For example, if f(x) = 2x — 3, the value that is assigned to an x-value 5 is 
represented by f(5). 

f(x) = 2x — 3 

f(5) = 2(8) — 3 Substitute the input 5 for each x. 


= 10-3 Evaluate the right side. 


=7 The output is 7. 
3 Thus, f(5) = 7. We read this as “f of 5 is 7.” The output 7 is called a function value. 
Caution To see why function notation is helpful, consider these equivalent sentences: 
The symbol f(x) denotes a y le q . 
function. It does not mean f + x 1. If y = 2x — 3, find the value of y when x is 5. 


. Read “f of x.” 
(f times x). Read f(x) as “f of x 2. If f(x) = 2x — 3, find f(5). 


Sentence 2, which uses f(x) notation is much more compact. 


EXAM PLE 3 j For f(x) = 5x + 7, find each of the following function values: 
a. f(2) ob. f(—4) —e. f(0) 
Strategy We will substitute 2, —4, and 0 for x in the expression 5x + 7 and then eval- 
uate it. 


Why The notation f(x) = 5x + 7 indicates that we are to multiply each input (each 
number written within the parentheses) by 5 and then add 7 to that product. 


Solution 
a. To find f(2), we substitute the number within the parentheses, 2, for each x in 
f(x) = 5x + 7, and evaluate the right side of the equation. 


=3x+7 
The Language of Algebra Fx) 
Another way to read f(2) = 17 is f(2) = 5(2) + 7 — Substitute the input 2 for each x. 
an value of the function is =10+7 Evaluate the right side. 
ales 
=17 The output is 17. 


Thus, f(2) = 17. 
b. f(x) = 5x +7 
i) 


5(—4) + 7 Substitute the input —4 for each x. 
= -20+7 Evaluate the right side. 
= -13 The output is —13. 


Thus, f(—4) = —13. 
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ce. f(x) = 5x +7 
f(0) = 5(0) + 7 — Substitute the input O for each x. 


=0+7 Evaluate the right side. 
=7 The output is 7. 
Thus, f(0) = 7. 


a Self Check 3 j For f(x) = —2x + 3, find each of the following function 
values: a. f(4) b. f(-1) c. f(0) 
Now Try Problem 31 


We can think of a function as a machine that takes some input x and turns it into some 
output f(x), as shown in part (a) of the figure. In part (b), the function machine for 
f(x) = x? + 2x turns the input 4 into the output 4 + 2(4) = 24, and we have f(4) = 24. 


Input Input 


Output Output 


The letter f used in the notation y = f(x) represents the word function. However, other 
letters, such as g and / can be used to name functions. 


EXAMPLE 4 j For g(x) = 3 — 2x and h(x) = x* — 1, find a. g(3) b. A(—2) 


Strategy We will substitute 3 for x in 3 — 2x and substitute —2 for x in x° — 1, and then 
evaluate each expression. 


Why The numbers 3 and —2, that are within the parentheses, are inputs that should be 
substituted for the variable x. 


Solution 
a. To find g(3), we use the function rule g(x) = 3 — 2x and replace x with 3. 
g(x) = 3 — 2x Read g(x) as “g of x.” 
2(3) = 3 — 2(3) Substitute 3 for each x. 
=3-6 Evaluate the right side. 
= —3 


Thus, g(3) = —3. 
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b. To find h(—2), we use the function rule h(x) = x° — 1 and replace x with —2. 


A(x) = e-) Read h(x) as “h of x.” 
h(—2) = (-2)2 — 1 Substitute —2 for each x. 
=-8-1 Evaluate the right side. 
=-9 


Thus, A(—2) = —9. 


a Self Check 4 dj Find (0) and (4) for the functions in Example 3. 
Now Try Problem 37 


4.) Graph Functions. 


Notation 
A table of function values is 
similar to a table of solutions, 
except that the second column is 
usually labeled f(x) instead of y. 


ewe) 2\|2 


We have seen that a function such as f(x) = 4x + | assigns to each value of x a single value 
f(x). The input-output pairs generated by a function can be written in the form (x, f(x)). These 
ordered pairs can be plotted on a rectangular coordinate system to give the graph of the function. 


EXAMPLE 5 — Graph: f(x) = 4x +1 

Strategy We can graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 

Why After drawing a line though the plotted points, we will have the graph of the function. 


Solution To make a table, we choose several values for x and find the corresponding 
values of f(x). If x is —1, we have 


fx) =4x +1 This is the function to graph. 
f(-1) = 4(-1) + 1 Substitute -1 for each x. 
=-4+1 Evaluate the right side. 
=-3 


Thus, f(—1) = —3. This means that, when x is —1, f(x) is —3, and it indicates that the 
ordered pair (—1, —3) lies on the graph of f(x). 

Similarly, we find the corresponding values of f(x) for x-values of 0 and 1. Then we plot 
the resulting ordered pairs and draw a straight line through them to get the graph of 
f(x) = 4x + 1. Since y = f(), the graph of f(x) = 4x + 1 is the same as the graph of the 
equation y = 4x + 1. 


fix) The vertical axis 


can be labeled 
(1,5) y or f(x). 
f(x) = 4x + 1 : 


x | fe) ; 
1; -3 |—(-1 
0} 1/—+@,1 
1} 5 |/—a,5) 


fo) =4x4+1 


(0,1) 


4 3 2 -1 1 2 3.4 


CI,-3) 
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a Self Check 5 j Graph: f(x) = —3x — 2 
Now Try Problem 43 


We call f(x) = 4x + 1 from Example 5 a linear function because its graph is a nonver- 
tical line. Any linear equation, except those of the form x = a, can be written using function 
notation by writing it in slope—intercept form (vy = mx + b) and then replacing y with f(x). 


EXAMPLE 6 | Graph: f(x) = |x| 
Strategy We can graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a “V” shape though the plotted points, we will have the graph of the 
function. 


Solution To create a table of function values, we choose values for x and find the corre- 


sponding values of f(x). For x = —4 and x = 3, we have 
f(%) = |x| f(x) = |x| 
fe) = a) fB) = |3| 
=4 = 3 


Thus, f(—4) = 4 and f(3) = 3. 

Similarly, we find the corresponding values of f(x) for several other x-values. When we 
plot the resulting ordered pairs, we see that they lie in a “V” shape. We join the points to 
complete the graph as shown. We call f(x) = |x| an absolute value function. 


fix) = |x| fix) 
x | f@) A 
-4| 4 |—(-4,4) 
-3| 3 | (-3,3) 
-2| 2 |—+(-2,2) 
-1] 1 J—>(E1)n : 
0 0 pews (0, 0) 4 3 2 -l 4 1 2 3 4 
1} 1 Jody . 
2| 2 |— (2,2) : 
3} 3. | 6,3) i 
4| 4 | (4,4) i 


a Self Check 6 j Graph: f(x) = |x| + 2 
Now Try Problem 45 


5) Use the Vertical Line Test. 


If any vertical line intersects a graph more than once, the graph cannot represent a function, 
because to one value of x there would correspond more than one value of y. 
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The Vertical 
Line Test 


Why If any vertical line does intersect the graph more than once, the graph is not a 


Solution 


If a vertical line intersects a graph in more than one point, the graph is not the graph of a 
function. 


The graph shown in red does not represent a function, because a vertical line intersects 
the graph at more than one point. The points of intersection indicate that the x-value —1 
corresponds to two different y-values, 3 and —1. 


2 || 
-l 
= )—1 


When the coordinates of the two points of 
intersection are listed in a table, it is easy 
to see that the x-value of —1 is assigned 
two different y-values. Thus, this is not the 
graph of a function. 


a. y b. 


Strategy We will check to see whether any vertical line intersects the graph more than 
once. 


function. 


a. Refer to figure (a) on the right. This is not the graph of a 
function because the vertical line shown in blue intersects 
the graph at more than one point. The points of intersection 
indicate that the x-value 3 corresponds to assigned two dif- 
ferent y-values, 2.5 and —2.5. 


This is not the graph of a 
function. 


(a) 
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b. Refer to figure (b) on the right. This is a graph of a function y 
because no vertical line intersects the graph at more than one 
point. Several vertical lines are drawn in blue to illustrate this. 


This is the graph of a 
function. 


(b) 


a Self Check 7 j Determine whether each of the following is the graph of a 
function. 


Now Try Problem 51 


6) Solve Applications Involving Functions. 


Functions are used to describe certain relationships where one quantity depends upon another. 
Letters other than f and x are often chosen to more clearly describe these situations. 


EXAMPLE 8 j Party Rentals. The function C(h) = 40 + 5(A — 4) gives the 
; cost in dollars to rent an inflatable jumper for / hours. Find the 
cost of renting the jumper for 10 hours. 


Strategy To find the cost to rent the jumper for 10 hours, we will substitute 10 for each h 
in C(h) = 40 + 5(A — 4) and evaluate the right side. 


Why In C(h) = 40 + 5(h — 4), the variable h represents the number of hours that the 
jumper is rented. We need to find C(10). 
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Solution For this application involving hours and cost, the notation C(A) is used. The 
independent variable is / and the name of the function is C. If the jumper is rented for 
10 hours, then / is 10 and we must find C(10). 
C(h) = 40 + 5(4 — 4) Read C(h) as “C of h” 
C10) = 40 + 510 — 4) — Substitute 10 for each h. 
= 40 + 5(6) Evaluate the right side. 
= 40 + 30 
= 70 


It costs $70 to rent the jumper for 10 hours. 


a Self Check 8 | Find the cost of renting the jumper for 8 hours. 
Now Try Problem 61 


Bag answers TO SELF CHECKS — i Domain? {= 5) —1,0..5} atangea 5, 2,10} 

2.a. Now bs Yes; domain: (=6, 4:;5\: range: = 6,520) 3. as =>) Ds 9) G23) 14,3563 

5. fo) 6. Sx) 7. a. Function b. Nota function 
8. $60 


f(x) =] +2 


VOCABULARY CONCEPTS 
Fill in the blanks. 7. FEDERAL MINIMUM HOURLY WAGE The following table 
1. A set of ordered pairs is called a is an example of a function. Use an arrow diagram to show how 
: : members of the range are assigned to members of the domain. 
2.A is arule that assigns to each x-value exactly one y- 
value. 


3. The set of all input values for a function is called the 


and the set of all output values is called the ____. Year |1990)1992| 1994] 1996/1998 | 2000 | 2002 | 2004 | 2006) 2008 
4. We can think of a function as a machine that takes some ___ Minimum | 3.80 | 4.25 | 4.25 | 4.75 | 5.15 | 5.15 | 5.15 | 5.15 | 5.15 | 6.55 
x and turns it into some output___. wage ($) 


5. If f(2) = —3, we call —3 a function 


6. The graph ofa function is a straight line and the graph 
of an value function is V-shaped. 


Source: Time Almanac 2006 and aficio.org 


8. The arrow diagram describes a 
function. What is the domain and 
what is the range of the function? 


9. For the given input, what value will the function machine 
output? 


10. a. Fill in the blank: Ifa line 
intersects a graph in more than one 
point, the graph is not the graph of a 
function. 


b. Give the coordinates of the points 
where the given vertical line inter- 
sects the graph. 


c. Is this the graph of a function? 


NOTATION 
Fill in the blanks. 


11. We read f(x) = 5x — 6 as “f ____ x 1s 5x minus 6.” 
12. Since y = 


y=3x+2 and f(x) =3x+2 


13. The notation f(4) = 5 indicates that when the x-value 


input into a function rule, the output is. This fact can be 


shown graphically by plotting the ordered pair( , _ ). 


14. When graphing the function f(x) = —x + 5, the vertical axis 


of the coordinate system can be labeled or 


GUIDED PRACTICE 
Find the domain and range of each relation. See Example 1. 
15. {(6, —1), (~1, —10), (—6, 2), (8, —5)} 


16. {(11, —3), (0, 0), (4, 5), (—3, —7)} 
17. {(0, 9), (—8, 50), (6, 9)} 


18. {(1, —12), (—6, 8), (5, 8)} 


, the following two equations are equivalent: 
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Determine whether each arrow diagram or table defines y as a 
function of x. If a function is defined, give its domain and range. If 
it does not define a function, find two ordered pairs that show a 
value of x that is assigned more than one value of y. See Example 2. 


19. x y 20. x y 
=. 20 . 7 6 
40 I ie 
a oa iy 
21 x y 22. x ¥. 
= maaan, 
= = 
23. x| y 24, x] ¥ 
1| 7 30] 2 
2) 15 30| 4 
3 | 23 30] 6 
4| 16 30] 8 
5| 8 30 | 10 
25 26. 
x y 28 La? 
—4 6 1|1 
=I 0 2/2 
0} —3 3}3 
2 4 4/4 
-l 2, 
27. 28. 
28 ||_ 37 xX [Y 
3 4 —-1}1 
3} —4 3)" 
4} 3 —5]1 
4| -3 a7) 
—9/1 
29. 30. 
x Vy x Vy 
6 0 1.6 
=3:| =8 —3 =] 
1 9 2.5] 20 
4 =F 0.1 
1.6] 19 
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Find each function value. See Examples 3 and 4. 


31. f®) =4x-1 
a. f(1) 


c. (+) 
32. f(x) = 1 — 5x 
a. f(0) 


c. f(0.2) 


33. f(x) = 2x? 
a. (0.4) 


c. f(1,000) 


34. g(x) =6—x° 
a. 2(30) 
c. g(—1) 

35. A(x) = |x — 7| 
a. (0) 
c. A(7) 

36. f(x) = |2 + x| 
a. f(0) 
c. f(—2) 

37. g(x) =x? — x 
a. (1) 
c. 9(—3) 

38. g(x) =x +x 
a. g9(1) 
c. (0) 

39. s(x) = (x + 3° 
a. s(3) 
c. s(0) 

40. s(x) = (x — 8) 
a. s(8) 
c. s(1) 


b. 
d. 


f(—2) 
F(50) 


- 2(6) 
- 9(0.5) 


. h(-7) 
. A(8) 


- f2) 
. f(—99) 


» g(10) 
- 9(6) 


» (—2) 
- g(10) 


¢ S=3) 
« S(—5) 


s(—8) 
s(12) 


41. If f(x) = 3.4x? — 1.2x + 0.5, find f(—0.3). 
42. If g(x) = x* — x? + x* — x, find g(—12). 


Complete each table of function values and then graph each func- 


tion. See Examples 5 and 6. 
43. f(x) = —3x — 2 


x_| fx) 


44, f(x) = —2x + 8 


x _| fo) 


Nr OF 


45. h(x) = |1 — x| 46. h(x) = |x + 2| 


Pam e9) x | A(x) 
—2 =5 
=I —4 

0 —3 

1 —2 

2 —l1 

3 0 

4 1 


Graph each function. See Examples 5 and 6. 


47. f(x) = a* =2 48. f(x) = -=x +3 


49. h(x) = —|x| 


1 2 
3 
50. g(x) = |x| — 2 


Determine whether each graph is the graph of a function. If it is 
not, find ordered pairs that show a value of x that is assigned 
more than one value of y. See Example 7. 


51. y 52. y 
A 


58. BY 


APPLICATIONS 


59. 


60. 


61. 


REFLECTIONS When a beam of light hits a mirror, it is 
reflected off the mirror at the same angle that the incoming 
beam struck the mirror. What type of function could serve as a 
mathematical model for the path of the light beam shown here? 


LIGHTNING | The function D(t) = : gives the approximate 
distance in miles that you are from a lightning strike, where ¢ is 
the number of seconds between seeing the lightning and 
hearing the thunder. Find D(5) and explain what it means. 


VACATIONING | The function C(d) = 500 + 100(d — 3) 
gives the cost in dollars to rent an RV motor home for d days. 
Find the cost of renting the RV for a vacation that will last 

7 days. 


Reut This RY 


(3 day minimum) 


62. 


63. 


64. 
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STRUCTURAL ENGINEERING The maximum safe load in 
pounds of the rectangular beam shown in the figure is given by 
the function S(t) = Lee where ¢ is the thickness of the 
beam, in inches. Find the maximum safe load if the beam is 
4 inches thick. 


Load 


{ 


tinches. 


a 


LAWN SPRINKLERS The function A(r) = ar? can be used 
to determine the area that will be watered by a rotating sprin- 
kler that sprays out a stream of water. Find A(5) and A(20). 
Round to the nearest tenth. 


PARTS LISTS The function f(r) = 2.30 + 3.25(r + 0.40) 
approximates the length (in feet) of the belt that joins the two 
pulleys, where r is the radius (in feet) of the smaller pulley. 
Find the belt length needed for each pulley in the parts list. 


Parts list 
Pulley | r | Belt length 
P-45M | 0.32 
P-08D | 0.24 


WRITING 


65. 


66. 


In the function y = —5x + 2, why do you think x is called the 
independent variable and y the dependent variable? 

Explain what a politician meant when she said, “The speed at 
which the downtown area will be redeveloped is a function of 
the number of low-interest loans made available to the property 
owners.” 
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67. A student was asked to determine 
whether the graph on the right is the 
graph of a function. What is wrong 
with the following reasoning? 


CHALLENGE PROBLEMS 
71. Is the graph of y = 3 — xa function? Explain. 


When I draw a vertical line through 
the graph, it intersects the graph 
only once. By the vertical line test, 
this is the graph of a function. 


68. In your own words, what is a function? 


REVIEW PROBLEMS 
69. COFFEE BLENDS _ A store sells regular coffee for $4 a 
pound and gourmet coffee for $7 a pound. To get rid of 72. If f(x) = x* + x, find: r (5 r) 
40 pounds of the gourmet coffee, the shopkeeper plans to make 73. Let f(x) = —2x + 5. For what value of x is f(x) = —7? 


a gourmet blend that he will put on sale for $5 a pound. How 
many pounds of regular coffee should be used? 

70. PHOTOGRAPHIC CHEMICALS A photographer wishes to 
mix 2 liters of a 5% acetic acid solution with a 10% solution to 
get a 7% solution. How many liters of 10% solution must be 
added? 


74. Let f(x) = x — 2 and g(x) = 3x. Find f(g(6)). 
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_ CHAPTER3 
Summary & Review 


DEFINITIONS AND CONCEPTS 


A rectangular coordinate system is composed of a 
horizontal number line called the x-axis and a 
vertical number line, called the y-axis. The two axes 
intersect at the origin. 


EXAMPLES 
BL Otte OTE ss) (Ge bep)) eee ieell (CO sit20)) (atte) 


To graph each point, start at the origin and count the appropriate number of units 
in the x-direction and then the appropriate number of units in the y-direction. 


To plot or graph ordered pairs means to locate their y 
position on a rectangular coordinate system. Quadrant ,f Quadrant 
mt | ta 
The x- and y-axes divide the coordinate plane into Tea? (2, 3) 
four regions called quadrants. 
Ei a ae es el 
G3 Goes 
Quadrant (0, 42.5) Quadrant 
Il IV 


REVIEW EXERCISES 
1. Graph the points with coordinates (— 1, 3), (0, 1.5), (—4, —4), 6. COLLEGE ENROLLMENTS | The graph gives the number of 
(2, i), and (4, 0). students enrolled at a college for the period from 4 weeks before to 
2. HAWAII Estimate the coordinates of Oahu using an ordered pair of > weekslaiter the Semester began. 
the form (longitude, latitude). a. What was the maximum enrollment and when did it 
occur? 
. How many students had enrolled 2 weeks before the semester 
Oahu began? 
“« . When was the enrollment 2,250? 
ig : 
Lanai® be Maui 
Number of students enrolled 


Hawaii lp 


i Sista) 
Longitude 


3. In what quadrant does the point (—3, —4) lie? 


> Xx 
2s Saas 
Semester Week of the 
begins semester 


4. What are the coordinates of the origin? 

5. GEOMETRY Three vertices (corners) of a square are 
(—5, 4), (—5, —2), and (1, —2). Find the coordinates of the fourth 
vertex and then find the area of the square. 
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EXAMPLES 


A solution of an equation in two variables is an 
ordered pair of numbers that makes the equation a 
true statement when the numbers are substituted for 
the variables. 


The standard or general form of a linear equation 
is Ax + By = C, where A, B, and C are real 
numbers and A and B are not both zero. 


Determine whether (2, —3) a solution of 2x — y = 7. 


We substitute the coordinates into the equation. 


2x—-—y=7 
2(2) — (—3) £7 Substitute 2 for x and —3 for y. 
4+347 Evaluate the left side. 
enue 


Since the result is true, (2, —3) is a solution of the equation. 


If only one coordinate of an ordered-pair solution is 
known: 


1. Substitute it into the equation for the appropriate 
variable. 


2. Solve the resulting equation to find the unknown 
coordinate. 


To complete the solution( , 8) for 3x + y = —1, we substitute 8 for y and 
solve the resulting equation for x. 


3 oF ip = = 
3x +8=-—I1 Substitute 8 for y. 
3x = —9 Subtract & from both sides. 
x = -3 To isolate x, divide both sides by 3. 


The solution is (—3, 8). 


To graph a linear equation solved for y: 


1. Find three solutions by selecting three values of x 
and finding the corresponding values of y. 
2. Plot each ordered-pair solution. 


3. Draw a line through the points. 


Graph: y = —2x + 1 


We construct a table of solutions, plot the points, and draw the line. 


i taal 

x | y | @&y) 

=i (=1, 3) 
0 1} (0,1) 
2 || =3 | @; =3) 


REVIEW EXERCISES 
7. Is (—3, —2) a solution of y = 2x + 4? 
8. Complete the table of solutions. 


3x + 2y = —18 
xz || ¥ i Gay) 
=% 

3 


9. Which of the following equations are not linear equations? 


b. When the coordinates of point B 
are substituted into the equation, 
will a true or false statement 
result? 


e@ -3 


B(-2, -3) 


Graph each equation by constructing a table of solutions. 


=O 


8x -—2y=6 y=x*+1 y=x By= 


10. The graph of a linear equation is shown. 


a. When the coordinates of point A are substituted into the 


equation, will a true or false statement result? 


xt+4 y 


3 
VW. y=4x -2 Wee Pe 


13. 5y = —5x + 15 (Hint: Solve for y first.) 
14. 6y = —4x (Hint: Solve for y first.) 


CHAPTER 3 Summary and Review 295 


15. BIRTHDAY PARTIES A restaurant offers a party package for 16. Determine whether each statement is true or false. 
children that includes everything: food, drinks, cake, and favors. a. It takes three or more points to determine a line. 
The cost c, in dollars, is given by the equation c = 8n + 50, where 
n is the number of children attending the party. Graph the equation 
and use the graph to estimate the cost of a party if 18 children 
attend. 


b. A linear equation in two variables has infinitely many solutions. 


DEFINITIONS AND CONCEPTS 


The point where a line intersects the x-axis is called 
the x-intercept. The point where a line intersects the 


Use the y- and x-intercepts to graph 3x + 4y = —6. 


os : y-intercept: x = 0 x-intercept: y = 0 
y-axis is called the y-intercept. 3x + dy = —6 37 dy = 6 
To find the y-intercept, substitute 0 for x in the 3(0) + 4y = —6 3x + 4(0) = —6 
given equation and solve for y. To find the ee _ 

: ‘ ly = -6 3x = —6 
x-intercept, substitute 0 for y and solve for x. 
3 ea, 
Plotting the x- and y-intercepts of a graph and aaa 


drawing a line through them is called the intercept 


method for graphing a line. The y-intercept is (0, -3) and the x-intercept is (—2, 0). 


The equation y = b represents the horizontal line 
that intersects the y-axis at (0, b). The equation 

x = a represents the vertical line that intersects the 
x-axis at (a, 0). 


REVIEW EXERCISES 


17. Identify the x- and y-intercepts of the Use the intercept method to graph each equation. 
graph shown on the right. 


19. —4x + 2y = 8 
20. 5x — 4y = 13 


21. Graph: y = 4 
22. Graph: x = —1 


18. DEPRECIATION The 
graph shows how the value 
of some sound equipment 
decreased over the years. 
Find the intercepts of the 


30,000 


20,000 


graph. What information 
do the intercepts give 
about the equipment? 


10,000 


Value of sound equipment ($) 


2A 6) 810 
Age of equipment (years) 
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DEFINITIONS AND CONCEPTS | EXAMPLES 


The slope m of a line is a ratio that compares the 
vertical and horizontal change as we move along 


the line from one point to another. We can find the 
rise 
run” 


slope of a line graphically using the ratio m = 


We can also find the slope of a line using the slope 
formula: 


= =) 
m= as ifx, # Xx 
x2 ~ X1 
Lines that rise from left to right have a positive To find the slope of the line that passes through the points (—2, —3) and (4, 2), we 
slope, and lines that fall from left to right have a substitute into the slope formula: 


negative slope. 
win 2=(3)) _s 


Horizontal lines have zero slope and vertical lines es X.—-% 4-(-2) 6 
have undefined slope. 
When units are attached to a slope, the slope is An example of a rate of change 1s: 
called a rate of change. 
300 pounds 2 


Read as “300 pounds per year. 
1 year 


Parallel lines have the same slope. 


2 
The slopes of perpendicular lines are negative A 
reciprocals. The product of their slopes is —1. ee. 

3} 

Parallel lines Perpendicular lines 
REVIEW EXERCISES 
In each case, find the slope of the line. 28. CARPENTRY Ifa truss like the one shown below is used to build 
23. 24. - the roof of a shed. Find the slope (pitch) of the roof. 
A 


|x 16 ft | 
f i i i luti 
CB TIMI GRUB MAIS SEU GEIS y (x, y) 29. RAMPS Find the grade of the ramp shown below. Round to the 
2| -3} (2, -3) nearest tenth of a percent. 
4|-17| (4, -17) 


26. The line passing through the points (1, —4) and (3, —7) 
27. Draw a line having a slope that is 
a. Positive b. Negative c. 0 d. Undefined 
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30. TOURISM The graph shows the number of international travelers to the United States from 1986 to 2004, in two-year increments. 
a. Between 2000 and 2002 the largest decline in the number of visitors occurred. Find the rate of change. 
b. Between 1986 and 1988 the largest increase in the number of visitors occurred. Find the rate of change? 


Millions of visitors 


1986 1988 


1990 


1992 1994 1996 1998 2000 2002 2004 


Based on data from World Almanac 2006. 


31. Without graphing, determine whether the line that passes through 
(6, 6) and (4, 2) and the line that passes through (2, — 10) and 


(—2, —2) are parallel, perpendicular, or neither. 


DEFINITIONS AND CONCEPTS 


32. Find the slope of a line perpendicular to the line passing through 
(—1, 9) and (—8, 4). 


EXAMPLES 


If a linear equation is written in slope—intercept 
form 


P= 18 op 


the graph of the equation is a line with slope m and 
y-intercept (0, 5). 


Find the slope and y-intercept of the line whose equation is 5x + 3y = 3. 


To find the slope and y-intercept, we solve the equation for y. 


5x + 3y =3 
3y = —5x +3 Subtract 5x from both sides. 
5 To isolate y, divide both sides by 3. 
P= Sse 4p 1! ees ke, 
3 ii) = == and b= 1. 


The slope of the line is -3 and the y-intercept is (0, 1). 


To graph a line in slope—intercept form, plot the 
y-intercept and use the slope to determine a second 
point on the line. 


Graph: y = 3x ap Il 


-5 

=—x+1 
La y 

_ tise | =5 

~ run 3 
b= y-intercept, ar | 

(WSNEE 
Rise =—5 


If we know the slope of a line and its y-intercept, we 
can write its equation. 


The equation of a line with slope : and y-intercept (0, —5) is y = a = 5 


Two different lines with the same slope are parallel. 


Lines with equations y = 3x + 4 and y = 3x — 12 are parallel because each line 
has slope 3. 


If the slopes of two lines are negative reciprocals, the 
product of their slopes is —1 and the lines are 
perpendicular. 


Lines with equations y = 3x + 4and y = -hx — 12 are perpendicular because 


their slopes, 3 and — are negative reciprocals. 
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REVIEW EXERCISES 
Find the slope and the y-intercept of each line. 39. Find the slope and the y-intercept of the line whose equation is 
3 9x — 3y = 15. Then graph it. 
= SB 
40. COPIERS A business buys a used copy machine that has already 
produced 75,000 copies. 
a. Ifthe business plans to run 300 copies a week, write a linear 
equation that would find the number of copies c the machine has 


b Ibe sr SPS HB eee ners : : 
2 y made in its lifetime after the business has used it for w weeks. 


. Graph the line with slope 4 and y-intercept (0, — 1). Write an 


equation of the line. : : : 
: . Use your result in part a to predict the total number of copies 


that will have been made on the machine | year, or 52 weeks, 


. Write an equation for the line shown here. after being purchased by the business. 


Without graphing, determine whether graphs of the given pairs of 
lines are parallel, perpendicular, or neither. 


yy 
EE a 


é 6 
= = 
or 
42. x + 5y = —-10 


y-—5x=0 


DEFINITIONS AND CONCEPTS EXAMPLES 


Ifa line with slope m passes through the point with Find an equation of the line with slope —3 that passes through (—2, 4). Write the 
coordinates (x,,V,), the equation of the line in equation in slope—intercept form. 


point-slope form is . : Aiea 5 
We substitute the slope and the coordinates of the point into the point-slope form. 


y— yy = mo — x) 


yyy = mx — x4) This is point-slope form. 
—4=—3[x —(—2)] Substitute. 
y—4=—-3( + 2) Simplify within the brackets. 
y—-4=-3x -6 Distribute. 
v= =3x 2 To isolate y, add 4 to both sides. This is 


slope—intercept form. 


If we know two points that a line passes through, Find an equation of the line that passes through (2, 5) and (3, 7). Write the 
we can write its equation. equation in slope—intercept form. 


The slope of the line is 


mall USS 
m 2 
iy = 2g; = D 


Either point on the line can serve as (x;, y:). If we choose (2, 5), we have: 
y—yi =m — xX) This is point-slope form. 
tS 02 Xa) Substitute: x, = 2, y, = 5, and m = 2. 
y-5=2x-4 Distribute. 


y=2x4+1 To isolate y, add 5 to both sides. This is the 
slope—intercept form. 
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REVIEW EXERCISES 

Find an equation of the line with the given slope that passes 48. U.S. WEDDINGS The scatter diagram shows the estimated 
through the given point. Write the equation in slope—intercept average cost of a wedding for the years 2000-2006. A straight line 
form and graph the equation. can be used to model the data. 


43. m = 3,(1, 5) a. Use the two highlighted points in red to write the equation of the 


line. Write the answer in slope—intercept form. 


1 
44, m= —~,(-4,-1 
stl) 


b. Use your answer to part a to predict the average cost of a 


; , eee Fee ee Rea 
Find an equation of the line with the following characteristics wedding in 2020. 


Write the equation in slope—intercept form. 
45. passing through (3, 7) and (—6, 1) 
46. horizontal, passing through (6, —8) 


Dy 


29,000 
27,000 


25,000 
23,000 oa 


21,000 ae 
19,000 


va 


47. CAR REGISTRATION When it was 2 years old, the annual regis- 
tration fee for a Dodge Caravan was $380. When it was 4 years old, 
the registration fee dropped to $310. If the relationship is linear, 
write an equation that gives the registration fee f in dollars for the 
van when it is x years old. 


Average cost of a wedding ($) 


>x 
@ i 2 3 4 Ss 6 
Years after 2000 


Source: U.S. Wedding Statistics and Marketing website 


Grap ena 
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An ordered pair (x, y) is a solution of an inequality 
in x and y if a true statement results when the vari- 
ables are replaced by the coordinates of the ordered 
pair. 


Determine whether (—2, 5) is a solution of x + 3y > — 6. 
We substitute the coordinates into the equation and see if a true statement results. 
sear 3p > =O 
=e 36) 6 
Is =O ie 
Since the result is true, (—2, 5) is a solution. 


To graph a linear inequality: Graph: 2x —-y =4 


1. Replace the inequality symbol with an = symbol 
and graph the boundary line. Draw a solid line if 
the inequality contains = or = and a dashed line 
if it contains < or >. 


1. Graph the boundary line 2x — y = 4 and draw it as a solid line because the 
inequality symbol is =. 


2. Test the point (0, 0): 


2. Pick a test point not on the boundary. Substitute ax-—ys4 
its coordinates into the inequality. If the inequal- 2(0) — 0 & 4 
ity is satisfied, shade the side that contains the test 
0=4 True 


point. If the inequality is not satisfied, shade the 


other side. Since the coordinates of the test point satisfy the 


inequality, we shade the side of the boundary line that 
contains (0, 0). 


300 


REVIEW EXERCISES 


49. Determine whether each ordered pair is a solution of 2x — y = —4. 


a. (0, 5) b. (2, 8) 
(3) =2) d. (4, -5) 


50. Fill in the blanks: 2x — 3y = 6 means 2x — 3y 
Dye — yy 6. 


6 or 


Graph each inequality. 


Mle 2 — p< 5 EYAs 8 — Sh 6} 
Bey PS SLi 54. y< —4 
55. The graph of a linear inequality is shown on the right. Would a true 
or a false statement result if the coordinates of 
a. point A were substituted into the inequality? 
b. point B were substituted into the inequality? 
c. point C were substituted into the inequality? 


rt An Introd 
DEFINITIONS AND CONCEPTS 


A relation is a set of ordered pairs. The set of all 
first components is called the domain of the rela- 
tion and the set of all second components is called 
the range of a relation. 


CHAPTER 3 Graphing Linear Equations and Inequalities in Two Variables; Functions 


56. WORK SCHEDULES A student told her employer that during 
the school year, she would be available for up to 30 hours a week, 
working either 3- or 5-hour shifts. If x represents the number of 
3-hour shifts she works and y represents the number of 5-hour 
shifts she works, the inequality 3x + 5y = 30 shows the possible 
combinations of shifts she can work. Graph the inequality and find 
three possible combinations. 


EXAMPLES 


The relation {(4, 7), (0, —3), (—3, 8), (1, 7)} has the domain {—3, 0, 1, 4} and the 
range is {—3, 7, 8}. 


A function is a set of ordered pairs (a relation) in 


: x 
which to each first component there corresponds 

exactly one second component. l 

5 

If to each value of x in the domain there is assigned 6 

exactly one value of y in the range, then yis a 5 


Oo own |< 


function of x. 


A function can be defined by an equation. The 
notation y = f(x) indicates that the variable y is a 


y is not a function of x: 
5—3and5—9 


y is a function of x 


For the function f(x) = 8x + 5, f(—2) is the value of f(x) when x = —2. 


function of x. It is read as “f of x.” TD 50> 

f(—2) = 8(-2) + 5 Substitute —2 for each x. 
We can think of a function as a machine that takes 
some input x and turns it into some output f(x), = 16S Evaluate the right side. 
called a function value. =—ll 


Thus, f(—2) = —11 


The vertical line test: If a vertical line intersects a 
graph in more than one point, the graph is not the 
graph of a function. 


Not a function 


A function 
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DEFINITIONS AND CONCEPTS EXAMPLES 


The input-output pairs that a function generates can Graph the function: f(x) = —3x 3 
be written as ordered pairs and plotted on a rectangu- 
lar coordinate system to give the graph of a 
function. 


We make a table of solutions, plot the points, and draw the graph. 


f(x) = —3x +3 se) 


y | F(x) 
a2] 8 | = eas) 
Oe |) =O) 

3) 1 | ~@,D 


REVIEW EXERCISES 


Find the domain and range of each relation. For g(x) = 1 — 6x, find each of the following function values. 
Dh (Io =D (=3, Os (Eh hb O =I) 69. g(1) 70. g(—6) 


3 
5B) (22), ls = 3) (69), 8) Be 2 (3) 


Determine whether each graph is the graph of a function. If it is 
Determine whether each arrow diagram or table defines y to be not, find two ordered pairs that show a value of x that 
function of x. If a function is defined, give its domain and range. If corresponds to more than one value of y. 
it does not define a function, find ordered pairs that show a value ; 74, 
of x that corresponds to more than one value of y. 


59. x y 60. x y 
a | 
¢=3) — 


61. a 
75. Complete the table of function values. ites) = 1 = |e 


Then graph the function. x | fx) 


Fill in the blanks. 


63. The set of all input values for a function is called the 
and the set of all output values is called the ; 76. ALUMINUM CANS. The 
64. Fill in the blank: Since y = , the equations y = 2x — 8 and function V(r) = 15.7r? esti- 
f(x) = 2x — 8 are equivalent. mates the volume in cubic 


, . inches of a can 5 inches tall with 
For f(x) = x* — 4x, find each of the following function values. a eae ere er el gts 


65. f(1) 66. f(0) volume of the can shown in the 
1 illustration. Round to the nearest 
68. f' D 


67. f(—3) tenth. 
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CHAPTER 3 


_ Le 


1. Fill in the blanks. 
a. A rectangular coordinate system is formed by two 


perpendicular number lines called the x- and the 
Ve 
b. A_________—of'an equation in two variables is an ordered pair 


of numbers that makes the equation a true statement. 


c. 3x + y = 10iscalleda 
because its graph is a line. 


equation in two variables 


d. The of a line is a measure of steepness. 


e. A_____—_is a set of ordered pairs in which to each first 
component there corresponds exactly one second component. 


The graph shows the number of dogs being boarded in a kennel 
over a 3-day holiday weekend. 


y 
60 
50 
0 
30 
20 
10 

> xX 

= 50 Pes vA 1 2 el 4 


Holiday Day of the holiday Holiday 
begins weekend ends 


2. How many dogs were in the kennel 2 days before the holiday? 


3. What is the maximum number of dogs that were boarded on the 
holiday weekend? 


4. When were there 30 dogs in the kennel? 
5. What information does the y-intercept of the graph give? 


6. Plot each point on a rectangular coordinate system: 
Ol, De (A Ee, — 2), eae! (SS, = 


7. Find the coordinates of each point shown in the graph. 


12. 


13. 


14. 
line 


16. 


Uzh 


18. 


19. 


20. 


Eb (= il, =3)) 


. In which quadrant is each point located? 
3 
b. (6, -23) 
. Is (—3, —4) a solution of 3x — 4y = 7? 
10. Complete the table of solutions for the linear equation. 


x+4y=6 


x 


se 


(x, y) 


2 


. The graph of a linear equation is shown. 


a. If the coordinates of point C are 


substituted into the equation, 


will the result be true or false? 


b. If the coordinates of point D are 


substituted into the equation, 


will the result be true or false? 


x 
Graph: y = 3 


What are the x- and y-intercepts of the graph of 2x — 3y = 6? 


Graph: 8x + 4y = —24 
Find the slope of the line. 


Find the slope of the line passing through (—1, 3) and (3, —1). 


What is the slope of a horizontal line? 


RAMPS Find the grade of a ramp that rises 2 feet over a 
horizontal distance of 20 feet. 


One line passes through (9, 2) and (6, 4). Another line passes 
through (0, 7) and (2, 10). Without graphing, determine 


whether the lines are parallel, perpendicular, or neither. 


When graphed, are the lines y = 2x + 6 and 2x — y= 0 


parallel, perpendicular, or neither? 


CHAPTER 3 Test 303 


In Problems 21 and 22, refer to the illustration that shows the elevation changes in a 26-mile marathon course. 


21. Find the rate of change of the decline on which the woman is running. 


22. Find the rate of change of the incline on which the man is running. 


23. 
24, 
25. 


26. 


27. 


28. 


29. 
30. 


Course elevation (ft) 


Graph: x = —4 
Graph the line passing through (—2, —4) having slope z 
Find the slope and the y-intercept of the graph of x + 2y = 8. 


Find an equation of the line passing through (—2, 5) with 
slope 7. Write the equation in slope—intercept form. 


Find an equation for the line shown. Write the equation in 
slope—intercept form. 


DEPRECIATION After it is purchased, a $15,000 computer 
loses $1,500 in resale value every year. 


a. Write a linear equation that gives the resale value v of the 
computer x years after being purchased. 


b. Use your answer to part (a) to predict the value of the 
computer 8 years after it is purchased. 


Determine whether (6, 1) is a solution of 2x — 4y = 8. 
WATER HEATERS The scatter diagram shows how 
excessively high temperatures affect the life of a water heater. 
Write an equation of the line that models the data for water 
temperatures between 140° and 180°. Let T represent the 
temperature of the water in degrees Fahrenheit and y represent 
the expected life of the heater in years. Give the answer in 
slope—intercept form. 


y Water heater life vs temperature 
| | residential dlectric 
| | 175 liter 


Expected life (yr) 
S 
j 


3 | 

| 

6 —— 

4 | es a EAR! [eA (A (a) Ln (EL) 
Wey KS! Way =) Vey er el key Wey eal Wel te) Vay =) el fe) 
S43! Ass! (el) Ge) Gay Gel Sey Sey) Wa eh NS) Nev ise ee ee) 
See Se Se He SP Se a ee See Se HS 


Water: stored temperature (Fahrenheit) 


Source: www.uniongas.com/WaterHeating 


31. Graph the inequality: x — y > —2 


32. Find the domain and range of the relation: 


{G, 3), d, 12), Ga 3), (0, —8)} 


Determine whether the table, arrow diagram, or graph define y to 
be function of x. If a function is defined, give its domain and 
range. If it does not define a function, find ordered pairs that show 
a value of x that corresponds to more than one value of y. 


33. 


34. xX ey, 
x|y 
if al 
a [aN 
3) || 2 
4) 1 
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36. 


aS 37. If f(x) = 2x — 7, find: f(—3) 

AS 38. If g(x) = 3.5x° find: 9(6) 
10112 39. TELEPHONE CALLS The function C(n) = 0.30n + 15 
15/12 gives the cost C per month in dollars for making phone calls. 
20 | 12 Find C(45) and explain what it means. 
2S) || 2 


40. Graph: f(x) = |x| — 1 


GROUPPROJECT 


Overview: |n this activity, you will explore the relationship between a person’s height and arm 
span. Arm span is defined to be the distance between the tips of a person’s fingers when their 
arms are held out to the side. 


Instructions: Form groups of 5 or 6 students. Measure the height and arm span of each person 
in your group, and record the results in a table like the one shown below. 


A 
Name Height (in.) Arm span (in.) 

iL & 
2 g 
3. & 
oy 

6. 

>h 


Height (in.) 


Plot the data in the table as ordered pairs of the form (height, arm span) on a graph like the one 
shown above. Then draw a straight-line model that best fits the data points. 


Pick two convenient points on the line and find its slope. Use the point-slope form 
a — a, = m(h — hj) to find an equation of the line. Then, write the equation in slope-intercept 
form. 

Ask a person from another group for his or her height measurement. Substitute that value into 
your linear model to predict that person’s arm span. How close is your prediction to the person’s 
actual arm span? 


(From Activities for Beginning and Intermediate Algebra by Debbie Garrison, Judy Jones, and 
Jolene Rhodes) 


CUMULATIVE REVIEW 
Chapters 1-3 


1. Find the prime factorization of 108. [Section 1.2] 
2. Write 5 as a decimal. [Section 1.3] 


3. Determine whether each statement is true or false. [Section 1.3] 


a. Every whole number is an integer. 
b. Every integer is a real number. 
c. 0 is a whole number, an integer, and a rational number. 


Perform the operations. 
4. —27 + 21 + (—9) [Section 1.4] 
Sete ei (an OS) loectionle) 
6. —9(—7)(5)(—3) [Section 1.6] 


—180 
Ts =a [Section 1.6] 
b= oy =fa2l 
8. Evaluate: (Sessa) [Section 1.7] 


= 
9. Evaluate b* — 4ac for a = 2,b 8, andc = 4. 
[Section 1.8] 
10. Suppose x sheets from a 500-sheet ream of paper have been 
used. How many sheets are left? [Section 1.8] 


11. How many terms does the algebraic expression 3x” — 2x + 1 
have? What is the coefficient of the second term? [Section 1.8] 


12. Use the distributive property to remove parentheses. 
[Section 1.9] 


a. 2(x + 4) b. —2(x — 4) 
Simplify each expression. [Section 1.9] 
ss Saar 10 = a 14. —7(90) 
15. —2b° + 66° 16. 5(—17)(0)(2) 
Us @ ar 2) =(@= Y) 18. —4(—5)(—8a) 
1s =p — yp ih 20, 5(4x — 8) +x 


Solve each equation. [Sections 2.1 and 2.2] 


es — (pL (eles hy 
D9 Vie 
re ees Ve ae See 
3 7 
25, —3Qy — 2) -y=5 26, 9y — 3 = by 
1 G 3 
Pee ea Wy LDS Be 8 
ae ao aS os 
esi 
29) = 00 Me ee 


5 
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31. PENNIES A 2006 telephone survey of adults asked whether 
the penny should be discontinued from the national currency. 
The results are shown in the circle graph. If 869 people favored 
keeping the penny, how many took part in the survey? 

[Section 2.3] 


In favor of keeping 
the penny 


Uncertain 19% 


6% 


In favor of 

getting rid 

of the penny 
15% 


Based on data from Coinstar 


32. Solve for h: S = 2arh + 2mr? [Section 2.4] 


33. BAND AIDS Find the perimeter and the area of the gauze 
pad of the bandage. [Section 2.4] 


2 


°, 
2 
> 


> 


$5 


34. HIGH HEELS Find x. [Section 2.5] 
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35. Complete the table. [Section 2.6] 


% acid | Liters | Amount of acid 


50% solution | 0.50 x 
25% solution | 0.25 | 13 —x 
30% mixture | 0.30 13 


36. ROAD TRIPS A bus, carrying the members of a marching 
band, and a truck, carrying their instruments, leave a high 
school at the same time. The bus travels at 60 mph and the 
truck at 50 mph. In how many hours will they be 75 miles 
apart? [Section 2.6] 

37. MIXING CANDY Candy corn worth $2.85 per pound is to 
be mixed with black gumdrops that cost $1.80 per pound to 
make 200 pounds of a mixture worth $2.22 per pound. How 
many pounds of each candy should be used? [Section 2.6] 


Solve each inequality. Write the solution set in interval notation 
and graph it. [Section 2.7] 


3 
= > — 
38. Te 9 


39) 8x + 4 > 3x + 4 


40. In which quadrants are the second coordinates of ordered pairs 


positive? [Section 3.1] 
41. Is (—2, 4) a solution of y = 2x — 8? [Section 3.2] 


Graph each equation. 

42. y = x [Section 3.2] 

43. 4y + 2x = —8 [Section 3.3] 

44. What is the slope of the graph of the line y = 5? 
[Section 3.4] 

45. What is the slope of the line passing through (—2, 4) and 
(5, —6)? [Section 3.4] 


46. 


47. 


48. 


53. 
54. 


ROOFING Find the pitch of the roof. [Section 3.4] 


Hie i909 3 7 6 
| otis ears era ee 


Find the slope and the y-intercept of the graph of the line 
described by 4x — 6y = —12. [Section 3.5] 

Write an equation of the line that has slope —2 and y-intercept 
(0, 1). [Section 3.5] 


. Find an equation of the line that has slope -; and passes 


through (2, —9). Write the equation in point-slope form and in 
slope—intercept form. [Section 3.6] 


. Is (—2, —4) a solution of x + y = —6? [Section 3.7] 
. Graph: y = x + 1 [Section 3.7] 


. Graph x < 4 ona rectangular coordinate system. [Section 3.7] 


If f(x) = x* + x, find: f(—3) [Section 3.8] 
Is this the graph of a function? [Section 3.8] 


CHAPTER 4 


Systems of Linear Equations 
and Inequalities 


4.1 Solving Systems of Equations by 
Graphing 

4.2 Solving Systems of Equations by 
Substitution 

4.3 Solving Systems of Equations by 
Elimination (Addition) 

4.4 Problem Solving Using Systems of 
Equations 

4.5 Solving Systems of Linear 
Inequalities 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 

Group Project 


© Peter Steiner/Alamy 


; 4M 
Portraits my 
a 
from Campus to Careers Be at ti 
. Ucar, Elaphe 
Portrait Photographer A vey, (OW: 4 
a "ou 
Portrait photographers take pictures of individuals or groups of people and often ee Ucay; 
work in their own studios. Some specialize in weddings, religious ceremonies, or ie Rieg a) (“SS Bre '0n Chey 
school photographs, and many work on location. Their job responsibilities require . @ UNO6 es ve 
a variety of mathematical skills such as scheduling appointments, keeping plo ‘s 


financial records, pricing photographs, purchasing supplies, billing customers, 
and operating digital equipment. 


A I) ‘A ug, ‘i ease 
Photographers often make packets of pictures available to their customers. From q, -ARMIy a 
In Problem 29 of Study Set 4.4, we will find the costs of two sizes of photo- 850 650.009 ; OS; 
graphs that are part of a wedding picture packet. Fop ° up oo. ” ave, 
MORE Wy °2,000 6 988 of 
MOMs F RMar, "MOK. 
" Voco (0) 
5264 p 
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Study Skills Workshop 
Making Homework a Priority 


ttending class and taking notes are important, but they are not enough. The only way that 
you are really going to learn algebra is by doing your homework. 


WHEN TO DO YOUR HOMEWORK: ~Homework should be started on the day it is assigned, when 
the material is fresh in your mind. It’s best to break your homework sessions into 30-minute 
periods, allowing for short breaks in between. 


HOW TO BEGIN YOUR HOMEWORK: — Review your notes and the examples in your text before 
starting your homework assignment. 


GETTING HELP WITH YOUR HOMEWORK: _ It's normal to have some questions when doing 
homework. Talk to a tutor, a classmate, or your instructor to get those questions answered. 


Now Try This 


1. Write a one-page paper that describes when, where, and how you go about complet- 
ing your algebra homework assignments. 

2. For each problem on your next homework assignment, find an example in this book 
that is similar. Write the example number next to the problem. 


3. Make a list of questions that you have while doing your next assignment. Then decide 
whom you are going to ask to get those questions answered. 


Objectives 


Determine whether a given ordered pair is a solution of a system. 


Solve systems of linear equations by graphing. 


Use graphing to identify inconsistent systems and dependent 
equations. 


o 00° 


Identify the number of solutions of a linear system without 
graphing. 
Use a graphing calculator to solve a linear system (optional). 


© 


The following illustration shows the average amounts of chicken and beef eaten per person 
each year in the United States from 1985 to 2005. Plotting both graphs on the same coordinate 
system makes it easy to compare recent trends. The point of intersection of the graphs indi- 
cates that Americans ate equal amounts of chicken and beef in 1992—about 66 pounds of 
each, per person. 

In this section, we will use a similar graphical approach to solve systems of equations. 


@ 


The Language of Algebra 
We say that (2, 1) satisfies 

x + y = 3, because the 
x-coordinate, 2, and the 
y-coordinate, 1, make the equation 
true when substituted for x and y: 
2 + 1 = 3. To satisfy means to 
make content, as in satisfy your 
thirst or a satisfied customer. 
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a ||| ||| | || | | | | | | || 
E44 Essa SBaibyrs 
——_— i 
In 1992, the average 
amount of chicken and 
beef eaten per person 
| was the same: 66 Ib. 


Pounds 


'85 '86 '87 '88 '89 '90 '91 '92 '93 '94 '95 '96 '97 '98 '99 '00 '01 '02 '03 '04 '05 
Year 
Source: U.S. Department of Agriculture 


Determine Whether a Given Ordered Pair Is a Solution of a System. 


We have previously discussed equations in two variables, such as x + y = 3. Because there 
are infinitely many pairs of numbers whose sum is 3, there are infinitely many pairs (x, y) that 
satisfy this equation. Some of these pairs are listed in Table (a). 

Now consider the equation x — y = 1. Because there are infinitely many pairs of 
numbers whose difference is 1, there are infinitely many pairs (x, y) that satisfy x — y = 1. 
Some of these pairs are listed in the Table (b). 


From the two tables, we see that (2, 1) satisfies both equations. 

When two equations with the same variables are considered simultaneously (at the same 
time), we say that they form a system of equations. Using a left brace { , we can write the 
equations from the previous example as a system: 


xty=3 
1 Read as “the system of equations x + y= 3andx — y= 1.” 
x-y= 
Because the ordered pair (2, 1) satisfies both of these equations, it is called a solution of 
the system. In general, a system of linear equations can have exactly one solution, no solu- 


tion, or infinitely many solutions. 


al EXAMPLE 1 | Determine whether (—2,5) is a solution of each system of 
equations. 


3x + 2y = 4 4y = 18 - 
[ey a (9rB- 


x-y=-7 y = 2x 
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The Language of Algebra 
A system of equations is two (or 
more) equations that we consider 
simultaneously—at the same time. 
Some professional sports teams 
simulcast their games. That is, the 
announcer’s play-by-play descrip- 
tion is broadcast on radio and 
television at the same time. 


Strategy We will substitute the x- and y-coordinates of (—2, 5) for the corresponding 
variables in both equations of the system. 


Why If both equations are satisfied (made true) by the x- and y-coordinates, then the 
ordered pair is a solution of the system. 


Solution 

a. Recall that in an ordered pair, the first number is the x-coordinate and the second number 
is the y-coordinate. To determine whether (—2, 5) is a solution, we substitute —2 for x 
and 5 for y in each equation. 


Check: 3x + 2y =4 The first equation. X — y= —7 The second equation. 
3(—2) + 2(5) = 4 —2-52-7 
-6+1024 —-7=-T7 True 
4=4 True 


Since (—2, 5) satisfies both equations, it is a solution of the system. 
b. Again, we substitute —2 for x and 5 for y in each equation. 


Check: 4y = 18-x The first equation. y=2x The second equation. 
4(5) = 18 — (—2) 5 = 2(-2) 
20 = 18 + 2 5=-4 False 
20 = 20 True 


Although (—2, 5) satisfies the first equation, it does not satisfy the second. Because it 
does not satisfy both equations, (—2, 5) is not a solution of the system. 


— 2 =6 
la Self Check 1 j Determine whether (4, —1) is a solution of: i - 


Now Try Problem 15 


y = 3x - 11 


Solve Systems of Linear Equations by Graphing. 


To solve a system of equations means to find all of the solutions of the system. One way to 
solve a system of linear equations is to graph the equations on the same set of axes. 


2x + 3y =2 


EXAMPLE 2 | Solve the system of equations by graphing: { 
3x — 2y = 16 


Strategy We will graph both equations on the same coordinate system. 


Why Recall that the graph of a linear equation is a “picture” of its solutions. If both 
equations are graphed on the same coordinate system, we can see whether they have any 
common solutions. 


Solution The intercept-method is a convenient way to graph equations such as 
2x + 3y = 2and3x — 2y = 16, because they are in standard Ax + By = C form. 


Success Tip 
Accuracy is crucial when using the 
graphing method to solve a 
system. Here are some sugges- 
tions for improving your accuracy: 
© Use graph paper. 
® Use a sharp pencil. 
® Use a ruler or straightedge. 


The Graphing 
Method 
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y 

A 
2x + 3y =2 3% — 2y = 16 
x |y| @yY x || » | Co») : 

2 2 a = . 

0 |2] (0,3) : 8 0, 8) 
1 jo} ao} fa} 9) Go) , Boint f 
—2]2](-2,2) 2 | =5 |, —4) a a3) 


To find the y-intercept, let x = O and solve for y. 
To find the x-intercept, let y = O and solve for x. 
As a check, pick another x-value, such as —2 or 
2, and find y. 


The coordinates of each point on the line graphed in red satisfy 2x + 3y = 2 and the coordi- 
nates of each point on the line graphed in blue satisfy 3x — 2y = 16. Because the point of 
intersection is on both graphs, its coordinates satisfy both equations. 

It appears that the graphs intersect at the point (4, —2). To verify that it is the solution of 
the system, we substitute 4 for x and —2 for y in each equation. 


Check: 2x + 3y =2 The first equation. 3x — 2y = 16 The second equation. 
2(4) + 3(-2) 42 3(4) — 2(-2) = 16 
8 + (-6) +2 12 — (-4) = 16 
2=2 ° True 16 = 16 True 


Since (4, —2) makes both equations true, it is the solution of the system. The solution set is 
written as {(4, —2)}. 


2x —y=-5 
La Self Check 2 dj Solve the system of equations by graphing: { ee 
[ x 


Now Try Problem 25 


To solve a system of linear equations in two variables by graphing, follow these steps. 


1. Carefully graph each equation on the same rectangular coordinate system. 


2. Ifthe lines intersect, determine the coordinates of the point of intersection of the 
graphs. That ordered pair is the solution of the system. 


3. Check the proposed solution in each equation of the original system. 


Use Graphing to Identify Inconsistent Systems and Dependent Equations. 


A system of equations that has at least one solution, like that in Example 2, is called a consistent 
system. A system with no solution is called an inconsistent system. 


y= —-2x-6 


EXAMPLE 3 
i 4x + 2y = 8 


Solve the system of equations by graphing: { 


| 
F 


Strategy We will graph both equations on the same coordinate system. 
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Why If both equations are graphed on the same coordinate system, we can see whether 
they have any common solutions. 


Solution Since y = —2x — 6 is written in slope—intercept form, we can graph it by plot- 
ting the y-intercept (0, —6) and then drawing a slope triangle whose rise is —2 and 
whose run is 1. We can graph 4x + 2y = 8 using the intercept method. 


= —2% — 6 
. i 7 < 4x + 2y = 8 
m=-2 b=-6 x|y|@y) 
—2 0/4 | (0, 4) 
Slope: .a 210 | (2, 0) 
re hc 3) 


y-intercept: (0, —6) 


The lines in the graph appear to be parallel. We can verify this by writing the second equa- 
tion in slope—intercept form and observing that the lines have the same slope, —2, and dif- 
ferent y-intercepts, (0, —6) and (0, 4). 
y= -2x-6 4x + 2y = 8 
2y = —4x + 8 Subtract 4x from both sides. 
y= -2x +4  Toisolate y, divide both sides by 2. 


Caution Different y-intercepts 
A common error is to graph the Same slope 
arallel lines, but forget to answer : ' : F : 
eae sae wordeuns eae Because the lines are parallel, there is no point of intersection. Such a system has no 


solution. The solution set is the empty set, which is written ©. 


3 
es 
a Self Check 3 J Solve the system of equations by graphing: oa 


3 Sy — 16 
Now Try Problem 33 


Some systems of equations have infinitely many solutions. 


=2x+4 
EXAMPLE4 Solve the system of equations by graphing: { * 
: 4 4x + 8 = 2y 


Strategy We will graph both equations on the same coordinate system. 


Why If both equations are graphed on the same coordinate system, we will be able to see 
if they have any solutions in common. 


The Language of Algebra 
The graphs of these lines coincide. 
That is, they occupy the same 
location. To illustrate this concept, 
think of a clock. At noon and at 
midnight, the hands of the clock 
coincide. 


Caution 
A common error is to graph the 
identical lines, but forget to 
answer with the words infinitely 
many solutions. 
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Solution To graph y = 2x + 4, we use the slope and y-intercept, and to graph 
4x + 8 = 2y, we use the intercept method. 


y=2x+4 
/ | 4x + 8 = 2y 
m=2 b=4 x | y | @Yy) 
2 0} 4) (0,4) 
Slope: + -2}] 0] (-2,0) 
—3 | -2 | (-3, -2) 


y-intercept: (0, 4) 


The graphs appear to be identical. We can verify this by writing the second equation in 
slope—intercept form and observing that it is the same as the first equation. 


y = 2x +4 The first equation. 4x + 8 = 2y The second equation. 
2y = 4x + 8 

2y = = ah . Divide both sides by 2. 
2 2 2 
y=2x +4 


This confirms that 4x + 8 = 2y and y = 2x + 4 are different forms of the same equation. 
Thus, their graphs are identical. 

Since the graphs are the same line, they have infinitely many points in common. The 
coordinates of each of those points satisfy both equations of the system. In cases like this, we 
say that there are infinitely many solutions. 

From the graph, it appears that four of the infinitely many solutions are (—3, —2), 
(—2, 0), (0, 4), and (1, 6). Checks for two of these ordered pairs follow. 


Check (—3, —2): Check (0, 4): 
4x + 8 = 2y yp=2x+4 4x + 8 = 2y y=2x+4 
4(-3) + 8 = 2(-2) -2 42-3) +4 40) + 8224) 44200) +4 
-12+8+4-4 22-6+4 0+8=8 420+4 
4=-4 2=-2 g=s8 4=4 
a Self Check 4 7 | Solve the system of equations by graphing: ee - 


Now Try Problem 31 


In Examples 2 and 3, the graphs of the equations of the system were different lines. We 
call equations with different graphs independent equations. The equations in Example 4 
have the same graph and are equivalent. Because they are different forms of the same equa- 
tion, they are called dependent equations. 
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There are three possible outcomes when we solve a system of two linear equations using 
the graphing method: 


The two lines intersect at one point. The two lines are parallel. The two lines are identical. 


Exactly one solution No solution Infinitely many solutions 
(the point of intersection) (any point on the line is a solution) 
Consistent system Inconsistent system Consistent system 
Independent equations Independent equations Dependent equations 


4.) Identify the Number of Solutions of a Linear System Without Graphing. 


We can determine the number of solutions that a system of two linear equations has by writing 
each equation in slope—intercept form. 


e If the lines have different slopes, they intersect, and the system has one solution. (See 
Example 2.) 


e If the lines have the same slope and different y-intercepts, they are parallel, and the 
system has no solution. (See Example 3.) 

e If the lines have the same slope and same y-intercept, they are the same line, and the 
system has infinitely many solutions. (See Example 4.) 


EXAMPLE 5 j Without graphing, determine the number of solutions of: 
i +y=5 
3x + 2y = 8 


Strategy We will write both equations in slope—intercept form. 


Why We can determine the number of solutions of a linear system by comparing the 
slopes and y-intercepts of the graphs of the equations. 


Solution To write each equation in slope—intercept form, we solve for y. 


5x +y =5 The first equation. 3x + 2y = 8 The second equation. 
yr-Ssx +5 2y = —3x + 8 
3 
=—--x+4 
y a 


Different slopes 


Since the slopes are different, the lines are neither parallel nor identical. Therefore, they will 
intersect at one point and the system has one solution. 
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a Self Check 5 | Without graphing, determine the number of solutions of: 
3x + 6y = | 
2x + 4y = 0 
Now Try Problem 61 


Use a Graphing Calculator to Solve a Linear System (Optional). 


A graphing calculator can be used to solve systems of equations, such as 


a +y=12 
x-y=-2 
Before we can enter the equations into the calculator, we must solve them for y. 
2x+y= 12 The first equation. 2x—-y=-2 The second equation. 
y= -2x + 12 —-y=-2x-2 
y=2x+2 


We enter the resulting equations as Y, and Y, and graph them on the same axes. If we use 
the standard window setting, their graphs will look like figure (a). 

To find the solution of the system, we can use the INTERSECT feature found on most 
graphing calculators. With this feature, after pushing enter three times to idenify each graph 
and a guess for the point, the cursor automatically moves to the point of intersection of the 
graphs and displays the coordinates of that point. In figure (b), we see that the solution is 
(2:5,.7): 


Intersection 
n=2.5 7 


(a) (b) 


Bag onsurrs TO SELF CHECKS | 1. No 


72, ((=2, Il) 3. No solution 4. Infinitely many solutions 


5. No solution 
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VOCABULARY 
Fill in the blanks. 
: ; x-y=-l, 
1. The pair of equations iscalleda_____—ioff 
2x-y=1 


linear equations. 
2. Because the ordered pair (2, 3) satisfies both equations in 
Problem 1, it is called a of the system of equations. 
3. The point of 
is (1, 2). 


of the lines graphed in part (a) below 


(a) (b) 


4. The lines graphed in part (b) above do not intersect. They are 
lines. 
5. A system of equations that has at least one solution is called a 
system. A system with no solution is called an 
system. 

6. We call equations with different graphs 
Because equations are different forms of the same 
equation, they have the same graph. 


CONCEPTS 


7. Refer to the illustration. 


a. If the coordinates of point A are substituted into the equation 
for Line 1, will the result be true or false? 


b. If the coordinates of point C are substituted into the equation 
for Line 1, will the result be true or false? 


8. Refer to the illustration. 


a. If the coordinates of point C are 
substituted into the equation for 
Line 2, will the result be true or 
false? 

b. If the coordinates of point B are 
substituted into the equation for 
Line 1, will the result be true or 
false? 


equations. 


9. a. To graph 5x — 2y = 10, we can use the x] y 
intercept method. Complete the table. Tél 
0 
b. To graph y = 3x — 2, we can use the slope and y-intercept. 
Fill in the blanks. 
Slope: = I y-intercept: 


10. What is the apparent solution of 
the system graphed on the right? 
Is the system consistent or 
inconsistent? 


11. How many solutions does the 
system graphed on the right have? 
Are the equations dependent or 
independent? 


12. How many solutions does the 
system graphed on the right have? 
Give three of the solutions. Is the 


system consistent or inconsistent? 


GUIDED PRACTICE 


Determine whether the ordered pair is a solution of the given 
system of equations. See Example 1. 


+y=2 x+y =5 
13. ant * 14. 39.45 sf 

2x-yH=l 3x -—y=0 

2ax+y=4 2x + 2y =4 
1: =), 16. (—2, 4), 

y=rl=x 3y = 10=—x 

~ 9y = 12 ~2y=15 
17. (12,0) {° 7 18. 15,0," 

y=10=x y=16-—x 


4x + 5y = —23 ~2x + Ty = 17 
1s, (2 -4,{ oe 20. (5.2). { ee 
—3x + 2y = 0 3x — 4y = -19 
1 2x+y=4 1 x 3y= 1 
213). Loe), 
2; 4x — 11 = 3y cS) —2x + 6 = —6y 
4x —3 =2 20x + 10y = 7 
a 25,35), { 7 % 24. (0.2, 03),{ aes 
4y + 1 = 6x 20y = 15x + 3 


Solve each system of equations by graphing. If a system has no 
solution or infinitely many, so state. See Examples 2-4. 


2x + 3y = 12 Sx t+ y= 
25. 26. 

x —y=4 5x + 3y = 15 

+y= +y= 
27. i id 28. . - 

x-y=-6 x-y=-2 

=3x + 6 =x+3 
2. |? : 30. |? . 

y=-2x-4 y= -2x —3 

=x- =—-x+ 
a. {? —s 2. {? ial 

3x — 3y = 4x + 4y = 

1 4 i 3 

=-—=x- =-—=x- 
33. - 3 34, - 2 

x+3y= x+2y= 

=-x-2 =2x-4 
35. : 7 36. e 7 

y= —3x +6 y=-—5x+3 

—-x+3y=-1ll 2x —3y = —-1 
a7. { wc: a8. {3 ou . 

3x -— ye li 3x + 2y = - 

+y=2 +y= 
39. {i - 40. {i f 

yrx yrx 

3 

your 3 y=rxt+4 
41. 42. 

ee, | Sos 

iy 4 x 3 

2y =3x+2 3x — 6y = 18 
a. {2 i a {* yy 

3x -—2y = x=2y+3 

4x — 2y = 2y = —6x — 12 
a. {* - as. {? we 

y=2x-4 3x + y = —6 

+y= +y= 
47. i . 48. * - 

y=x-4 yH=xt5 

+ 4y = -2 3x + 2y = —8 
0 {* 4 so. {> - 

y=-x-5 28 = 3p > 

x=3 x=4 
Je 52. { 

3y = 6 — 2x 2y = 12 — 4x 

=—- =-4 
53. . “ 54. e 

—x + 2y = —4 —2k — y= 8 
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— 2 

x + 2y 4 mee 
3. a 56. 43 

Fg 3x +y=3 


Find the slope and the y-intercept of the graph of each line in the 
system of equations. Then, use that information to determine the 
number of solutions of the system. See Example 5. 


1 
y= 6x —7 y=ix+8 
57. te. a re no 
Pe y= 4x — 10 
3x —p=-3 Sig 
59 - 60. i - 
y= 3x = 3 12y = 12 = 3x 
AiG +y= 
a. { = 62. e 4 
+y=8 5x +y=6 
ee = + = 
63. {e y=0 64. i - 
2x +2y=0 2x —2y= 


Use a graphing calculator to solve each system, if possible. See 
Objective 5. 


=4- 3x — 6y = 4 
65. . 7 es. {> . 
ypH=2+x ax+y=1 
-2= x—3y=-2 
67. es y=5 68. . 3y 
3x =y + 10 sx + y= 10 
APPLICATIONS 


69. TRANSPLANTS Refer to the graph. In what year were the 
number of donors and the number waiting for a liver transplant 
the same? Estimate the number. 


The Organ Gap 
18 -—--~~--~-~-~-~--~------- 
Waiting list for 

liver transplants / 


Thousands 


om 1 1 1 i 1 i 1 1 1 it 1 1 1 1 i J 
1989 1991 1993 1995 1997 1999 2001 2003 2005 
Year 


Source: Organ Procurement and Transportation Network 
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70. BEVERAGES Refer to the graph. In what year was average 
number of gallons of milk and carbonated soft drinks 
consumed per person the same? Estimate the number of 
gallons. 


U.S. Milk Consumption vs. Soft Drink Consumption 


lon 
Oo 


wn 
o 


£ 
=) 


Ww 
oO 


iS) 
Oo 


10 


Average number of gallons per person 


|RSS (eet (ues (SRI IER (PREM CA CET (OM! (MY (VSS VEN (OARS (Diy TINY ESS ca CAMS) PS I CON Pa aS sea NN Ca 


0 
1947 1955 1963 1971 1979 


Year 


1987 1995 2003 


Source: USDA, Economic Research Service 


71. LATITUDE AND LONGITUDE Refer to the following map. 


a. Name three American cities that lie on a latitude line of 30° 
north. 


b. Name three American cities that lie on a longitude line of 
90° west. 


c. What city lies on both lines? 


West longitude 
100° 90° 


[ie Els | 
Reno 
er tit | 


oe jouston —s 


oe 


120° 449° ai 


a 

o. : 

ao) 

=. 

i} 
opmney yuON 


72. ECONOMICS | The following graph illustrates the law of 
supply and demand. 


a. Complete each sentence with the word increases or 
decreases. As the price of an item increases, the supply of 
the item . As the price of an item increases, the 
demand for the item : 

b. For what price will the supply equal the demand? How many 
items will be supplied for this price? 


74. 


>< 


Quantity of item (10,000s) 
re NY Ww bh na ~ 


> X 


123 45 67 8 9 


Price of item ($) 


10 11 12 


73. DAILY TRACKING POLLS | Use the graph to answer the 


following. 


a. Which political candidate was ahead on October 28 and by 
how much? 

b. On what day did the challenger pull even with the 
incumbent? 


c. If the election was held November 4, who did the poll 
predict would win, and by how many percentage points? 


Incumbent 


Support (%) 


Challenger 
Election 


> xX 


28 29 30 31 1 2 3 4 


October November 


AIR TRAFFIC CONTROL The equations describing the 
— 3x + 3 and 3y = 2x + 2. 


Graph each equation on the radar screen shown. Is there a pos- 
sibility of a midair collision? If so, where? 


paths of two airplanes are y = 


75. TV COVERAGE 
A television camera is 
located at (—2, 0) and 
will follow the launch of 
a space shuttle, as shown 
here. (Each unit in the 
illustration is 1 mile.) As 
the shuttle rises verti- 
cally on a path described 
by x = 2, the farthest the 
camera can tilt back is a 
line of sight given by 
y= Sx + 5. For how 
many miles of the 
shuttle’s flight will it be 
in view of the camera? 


WRITING 


76. Explain why it is difficult to 
determine the solution of the 
system in the graph. 


10 


Camera Shuttle 
Ags > x 
(-2, 0) (2, 0) 


77. Without graphing, how can you tell that the graphs of 
y = 2x + Land y = 3x + 2 intersect? 


78. Could a system of two linear equations have exactly two 
solutions? Explain why or why not. 


79. What is an inconsistent system? 


80. What are dependent equations? 
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81. Suppose the graphs of the two linear equations of a system are 
the same line. What is wrong with the following statement? The 
system has infinitely many solutions. Any ordered pair is a 
solution of the system. 


82. Write a definition of the word parallel. 


REVIEW 


Solve each inequality. Write the solution set in interval notation 
and graph it. 


83. —4Gy + 2) < 28 4 8 S34 4 S15 
a oe te Sa 
ule aes 
1 Cc 3 
87. Ix — 16 <6 ee 
i ‘ 1 5 8 
CHALLENGE PROBLEMS 


89. Can a system of two linear equations in two variables be 
inconsistent but have dependent equations? Explain. 


90. Construct a system of two linear equations that has a solution 
of (—2, 6). 


91. Write a system of two linear equations such that (2, 3) is a 
solution of the first equation but is not a solution of the second 


equation. 
1 1 1 
-x- y= — 
3 2 6 
92. Solve by graphing: 
2x y 13 
—+4+f5=— 
5 2 1 


Solve systems of linear equations by substitution. 


Find a substitution equation. 
Solve systems of linear equations that contain fractions. 


Use substitution to identify inconsistent systems and dependent 


equations. 


When solving a system of equations by graphing, it is often difficult to determine the coordi- 


nates of the intersection point. For example, a solution of (Z 2) would be almost impossible to 


identify. In this section, we will discuss a second, more precise method for solving systems 


that does not involve graphing. 
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@ Solve Systems of Linear Equations by Substitution. 


Caution 
When using the substitution 
method, a common error is to find 
the value of one of the variables, 
say x, and forget to find the value 
of the other. Remember that a 
solution of a linear system of two 
equations is an ordered pair (x, y). 


One algebraic method for solving a system of equations is the substitution method. It is 
introduced in the following example. 


EXAMPLE 1 i Solve the system: . eee 
. . 2x+y=8 


Strategy Note that the first equation is solved for y. Because y and 3x — 2 are equal 
(represent the same value), we will substitute 3x — 2 for y in the second equation. 


Why The objective is to obtain one equation containing only one unknown. When 
3x — 2 is substituted for y in the second equation, the result will be just that—an equa- 
tion in one variable, x. 


Solution Since the right side of y = 3x — 2 is used to make a substitution, y = 3x — 2 
is called the substitution equation. 


tbe 
2x+y=8 
To find the solution of the system, we proceed as follows: 


2x + y =8 This is the second equation of the system. 
2x + 3x—2=8 Substitute 3x — 2 for y. 
The resulting equation has only one variable and can be solved for x. 
2x + 3x -—2=8 

5x —-2=8 Combine like terms: 2x + 3x = 5x. 

5x = 10 To isolate the variable term, 5x, add 2 to both sides. 
x=2 Divide both sides by 5. This is the x-value of the solution. 
We can find the y-value of the solution by substituting 2 for x in either equation of the 
original system. We will use the substitution equation because it is already solved for y. 

y=3x-2 This is the substitution equation. 
y = 3(2) — 2 Substitute 2 for x. 
y=6-2 


y=4 This is the y-value of the solution. We would have obtained the same result if 
we had substituted 2 for x in 2x + y = 8 and solved for y. 


The ordered pair (2, 4) appears to be the solution of the system. To check, we substitute 2 for 
x and 4 for y in each equation. 


Check: y = 3x -2 The first equation. 2x + y = 8 The second equation. 
4 4 3(2)-2 22) +428 
426-2 4+428 
4=4 True 8=8 True 


Since (2, 4) satisfies both equations, it is the solution. The solution set is written as 
{(2, 4)}. A graph of the equations of the system shows an intersection point of (2, 4). This 
illustrates an important fact: The solution found using the substitution method will be the 
same as the solution found using the graphing method. 


The Substitution 
Method 


Success Tip 
The basic objective of this method 
is to use an appropriate substitu- 
tion to obtain one equation in one 
variable. 


Caution 
We don’t have to find the values of 
the variables in alphabetical order. 
Here, we found y first. 
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+ 4y=7 
a Self Check 1 dj Solve the system: {i MA : 
x=6y- 


Now Try Problem 15 


The substitution method works well for solving systems where one equation is solved, or 
can be easily solved, for one of the variables. To solve a system of equations in x and y by the 
substitution method, follow these steps. 


1. Solve one of the equations for either x or y. If this is already done, go to step 2. (We call 
this equation the substitution equation.) 

2. Substitute the expression for x or for y obtained in step | into the other equation and 
solve that equation. 

3. Substitute the value of the variable found in step 2 into the substitution equation to find 
the value of the remaining variable. 

4. Check the proposed solution in each equation of the original system. Write the solution 
as an ordered pair. 


4x +27 =7 
EXAMPLE 2 j Solve the system: { ig - 
: x = —Sy 


Strategy We will use the substitution method to solve this system. 


Why The substitution method works well when one of the equations of the system (in 
this case, x = —5y) is solved for a variable. 


Solution 
Step 1: Because x and —Sy represent the same value, we can substitute —Sy for x in the 
first equation. 


This is the substitution equation. 


Step 2: When we substitute —Sy for x in the first equation, the resulting equation contains 
only one variable, and it can be solved for y. 
4x +27 = Ty This is the first equation of the system. 
4(—5y) + 27 = 7y — Substitute —5y for x. Don't forget the parentheses. 
—20y + 27 = Ty Do the multiplication. 
27 = 27y To eliminate —20y on the left side, add 20y to both sides. 
l=y Divide both sides by 27. This is the y-value of the solution. 


Step 3: To find x, substitute 1 for y in the equation x = —Sy. 


x= —Sy This is the substitution equation. 
x = —S5(1) Substitute 1 for y. 
x=-5 This is the x-value of the solution. 


Step 4: The following check verifies that the solution is (—5, 1). 
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Check: 4x + 27 = Ty The first equation. x = —S5y The second equation. 
4(-5) + 274 7(1) —5 + —5(1) 
—20+ 2727 —5=-5 True 


7=7 True 


3x + 40 = 8 
ey Self Check 2 | Solve the system: { - Hl se 
h x= —4y 


Now Try Problem 19 


2) Find a Substitution Equation. 


Success Tip 
To find a substitution equation, 
solve one of the equations of the 
system for one of its variables. If 
possible, solve for a variable 
whose coefficient is 1 or —1 to 
avoid working with fractions. 


Caution 


Here, use parentheses when sub- 


stituting 3 — 4x for y so that the 
multiplication by 5 is distributed 
over both terms of 3 — 4x. 


3x + 5G — 4x) = 15 


Sometimes neither equation of a system is solved for a variable. In such cases, we can find a 
substitution equation by solving one of the equations for one of its variables. 


4x+ y= 3 
EXAMPLE 3 i Solve the system: i + ‘a = 15 


Strategy Since the system does not contain an equation solved for x or y, we must choose 
an equation and solve it for x or y. We will solve for y in the first equation, because y has 
a coefficient of 1. Then we will use the substitution method to solve the system. 


Why Solving 4x + y = 3 for x or solving 3x + 5y = 15 for x or y would involve 
working with cumbersome fractions. 


Solution 
Step I: To find a substitution equation, we proceed as follows: 


4x +y =3 
y=3- 4x 


This is the first equation of the system. 
To isolate y, subtract 4x from both sides. 


This is the substitution equation. 


Because y and 3 — 4x are equal, we can substitute 3 — 4x for y in the second equation of the 
system. 


a 
3x + 5y = 15 


—> y= 


Step 2: When we substitute for y in the second equation, the resulting equation contains 
only one variable and can be solved for x. 

3x + Sy = 15 

3x + 5(3 — 4x) = 15 

3x + 15 — 20x = 15 

15 — 17x = 15 

—l7x =0 


x=0 Divide both sides by —17. This is the x-value of the solution. 


This is the second equation of the system. 

Substitute 3 — 4x for y. Don’t forget the parentheses. 
Distribute the multiplication by 5. 

Combine like terms. 


To isolate the variable term, —17x, subtract 15 from both sides. 


Step 3: To find y, substitute 0 for x in the equation y = 3 — 4x. 
y=3-4x 
y= 3-40) 


This is the substitution equation. 


Substitute O for x. 
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yos=0 
y=3 This is the y-value of the solution. 


Step 4: The solution appears to be (0, 3). Check it in the original equations. 


Check: 4x +y=3 The first equation. 3x + 5y = 15 The second equation. 
40) +3 23 3(0) + 5(3) = 15 
0+323 0+15415 
3=3 True 15 = 15 True 
a Self Check 3 | Solve the system: es age 
Bee ap yp = IS) 


Now Try Problem 31 


EXAMPLE 4 Solve the system: { “ap 
. 3 -—a=—2b 


Strategy Since the coefficient of a in the second equation is —1, we will solve that 
equation for a. Then we will use the substitution method to solve the system. 


Why If we solve for the variable with a numerical coefficient of — 1, we can avoid having 
to work with fractions. 


Solution 
Step I: To find a substitution equation, we proceed as follows: 
3 —a= —2b This is the second equation of the system. 
—a = —2b—3  Toisolate the variable term, —a, subtract 3 from both sides. 


To obtain a on the left side, multiply both sides of the equation by — 1. 


—1(—a) = —1(—2b — 3) Multiply both sides by —1. Don’t forget the parentheses. 
a=2b+3 Do the multiplications. This is the substitution equation. 


Because a and 2b + 3 represent the same value, we can substitute 2b + 3 for a in the first 
equation. 


ae 
3-a=~-2b > a=Qb +3 


Step 2: Substitute 2b + 3 for a in the first equation and solve for b. 


3a —- 3b=5 This is the first equation of the system. 
3(2b + 3) — 35 =5 Substitute 2b + 3 for a. Don’t forget the parentheses. 
6b6+9-3b=5 Distribute the multiplication by 3. 
3b+9=5 Combine like terms: 6b — 3b = 3b. 
3b = —4  Toisolate the variable term, 3b, subtract 9 from both sides. 
4 
3 


b=- Divide both sides by 3. This is the b-value of the solution. 


Step 3: To find a, substitute -} for b in the equation a = 2b + 3. 
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Notation 
Unless told otherwise, list the 
values of the variables of a solu- 
tion in alphabetical order. For 
example, if the equations of a 
system involve the variables a and 
b, write the solution in the form 
(a, b). 


Notation 
When a linear equation is written 
in standard Ax + By = C form, 
the variable terms are on the left 
side of the equal symbol and the 
constant term is on the right side. 


a=2b+3 This is the substitution equation. 
4 4 
a=2 — +3 Substitute —3 for b. 
8 9 
a= a + 3 Do the multiplication and write 3 as a fraction with a denominator of 3. 
1 
as 3 Add. This is the a-value of the solution. 


Step 4: The solution is (3, -3). Check it in the original equations. 


2s—-1=4 
a Self Check 4 , | Solve the system: ve Rie 5 
5s 


Now Try Problem 43 


Solve Systems of Linear Equations that Contain Fractions. 


It is usually helpful to clear any equations of fractions and combine any like terms before 
performing a substitution. 


y _3 


x 
EXAMPLE 5 j Solve the system: { 4 2 4 
2x-y=-lt+y-x 


Strategy We will use properties of algebra to write each equation of the system in 
simpler form. Then we will use the substitution method to solve the resulting equivalent 
system. 


Why The first equation will be easier to work with if we clear it of fractions. The second 
equation will be easier to work with if we eliminate the variable terms on the right side. 


Solution We can clear the first equation of fractions by multiplying both sides by the LCD. 


i 
4 2 4 


4( *) _ (4-3) Multiply both sides by the LCD, 4. 


4 -) 4 Don’t forget the parentheses. 
x 3 
(2) = 4( =) (3) Distribute the multiplication by 4. 
(1) y=-2x —3 Simplify. Call this equation 1. 


We can write the second equation of the system in standard Ax + By = C form by adding x 
and subtracting y from both sides. 
2x-y=-lt+y-x 
X= yprReneporlty-xte— yp 
(2) 3x —2y=-1 Combine like terms. Call this equation 2. 


Step 1: Equations | and 2 form an equivalent system, which has the same solution as the 
original one. To find x, we proceed as follows: 


Caution 
Always use the original equations 
when checking a solution. Do not 
use a substitution equation or an 
equivalent equation that you 
found algebraically. If an error was 
made, a proposed solution that 
would not satisfy the original 
system might appear to be 
correct. 
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This is the substitution equation. 


Step 2: To find x, substitute —2x — 3 for y in equation 2 and proceed as follows: 
3x — 2y = —-1 

3x — 2(-2x — 3) = —-1 

3x + 4x +6=—-1 


Substitute —2x — 3 for y. Don’t forget the parentheses. 
Distribute the multiplication by —2. 


7x +6 = —1 Combine like terms: 3x + 4x = 7x. 
7x = —7 To isolate the variable term, 7x, subtract 6 from both sides. 
x = —1 _ Divide both sides by 7. This is the x-value of the solution. 

Step 3: To find y, we substitute —1 for x in equation 1. 

y= -2x — 3 

y = —2(-1) — 3 Substitute —-1 for x. 

y=2-3 Do the multiplication. 

y=-l Subtract. This is the y-value of the solution. 
Step 4: The solution is (—1, —1). Check it in the original system. 


a y_x i 
| Self Check 5 | Solve the system: 46 3 2 
AEE — VSS 8} py ae 


Now Try Problem 45 


Use Substitution to Identify Inconsistent Systems and Dependent Equations. 


In the previous section, we solved inconsistent systems and systems of dependent equations 
graphically. We can also solve these systems using the substitution method. 


4y-12 =x 
Solve the system 1 


yap 


EXAMPLE 6 if possible. 


Strategy We will use the substitution method to solve this system. 


Why The substitution method works well when one of the equations of the system (in 
this case, y = tx) is solved for a variable. 


Solution To try to solve this system, substitute x for y in the first equation and solve for x. 


4y-12=x 
1 = : 1 
4 ze —12=x Substitute 3x for y. 
x—-12=x Do the multiplication. 


x-—12—-—x=x-—xXx  Toeliminate x on the right side, 


subtract x from both sides. 


—-12=0 False 
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A 
4 
5 | 4y 4 12S x 
1 
= a ia 3 4an|* 
SH 
yaaks 
=3 
= 
y 
A 


3 


; x=+3y+6 
PES, 
a 7i23456 


2x + 6y = 12 


Here, the terms involving x drop out, and we get —12 = 0. This false statement indicates 
that the system has no solution and is inconsistent. The solution set is the empty set, @. The 
graphs of the equations of the system help to verify this; they are parallel lines. 


x-4=y : : 
a Self Check 6 | Solve the system a a aes if possible. 
Now Try Problem 57 


x= -—3y+6 


EXAMPLE 7 Solve the system: r. +6y=12 


4 


Strategy We will use the substitution method to solve this system. 


Why The substitution method works well when one of the equations of the system (in 
this case, x = —3y + 6) 1s solved for a variable. 


Solution To solve this system, substitute —3y + 6 for x in the second equation and solve 
for y. 


2x + 6y = 12 
2(-—3y + 6) + 6y = 12 Substitute —3y + G for x. 
Don’t forget the parentheses. 
—6y + 12 + 6y = 12 Distribute the multiplication by 2. 


12 = 12 True 


Here, the terms involving y drop out, and we get 12 = 12. This true statement indicates that 
the two equations of the system are equivalent. Therefore, they are dependent equations and 
the system has infinitely many solutions. The graphs of the equations help to verify this; they 
are the same line. 

Any ordered pair that satisfies one equation of this system also satisfies the other. To 
find several of the infinitely many solutions, we can substitute some values of x, say 0, 3, and 
6, in either equation and solve for y. The results are: (0, 2), (3, 1), and (6, 0). 


niees Do = 3 
a Self Check 7 | Solve the system: ee a6 
Now Try Problem 59 


eee | 1. (3,1) 2. (-8,2) 3. (5,0) 4 (4,8) 5. (-3,-3) 6. No solution 


7. Infinitely many solutions 
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VOCABULARY 
Fill in the blanks. 
x=yt+l 
3x +2yv =8 
in this section, we begin by 
second equation. 


1. To solve the system { using the method discussed 


y + 1 for x in the 


2. We say that the equation y = 2x + 4 is solved for __. 


CONCEPTS 


spas : Se ty=2_,. 

3. If the substitution method is used to solve 3x? which 
y = —3x 

equation should be used as the substitution equation? 


4. Suppose the substitution method will be used to solve 
x—2y=2 : Pare . ; 
. Find a substitution equation by solving one of 
2x + 3y = 11 


the equations for one of the variables. 


5. Suppose x — 4 is substituted for y in the equation x + 3y = 8. 
Insert parentheses in x + 3x — 4 = 8 to show the substitution. 


6. Fill in the blank. With the substitution method, the objective is to 
use an appropriate substitution to obtain one equation in ____ 
variable. 

7. A student uses the substitution method to solve the system 
{e +5b=2 

b=3a-—11 
her to determine the value of b? 


and finds that a = 3. What is the easiest way for 


8. a. Clear; + =f = 1 of fractions. 
b. Write 2x + y =x — 5y + 3 inthe form Ax + By =C. 


9. Suppose —2 = | is obtained when a system is solved by the 
substitution method. 


a. Does the system have a solution? 
b. Which of the following is a possible graph of the system? 


10. Suppose 2 = 2 is obtained when a system is solved by the 
substitution method. 


a. Does the system have a solution? 
b. Which graph is a possible graph of the system? 


NOTATION 
Complete the solution to solve the system. 
11. Solve: . are 
x-y=4 
x-y=4 This is the second equation. 
r-()=4 
—2x = 
x= 
y = 3x This is the first equation. 
y= 3() 
y= 
The solution is ( F ). 


aeociies ved, and it was found that 
gewweg and 1t was Toun: al 


b = 1 anda = 5. Write the solution as an ordered pair. 


12. The system { 


GUIDED PRACTICE 

Solve each system by substitution. See Examples 1 and 2. 

13. ane 14. ae 
x+y= xty=4 

15. . aa 16. , — 
ax+y= x+3y=8 
3x ty =-4 +2y=- 

eae is. {* ae. 
x=y x=y 

+3y=-4 +5y=— 

19. e *v 20. {i a 
x= —Sy x = —4y 
x-y=- =-2 

21. { — 22. " * 
x=-2y—-—5 3x + 2y = -1 
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2 2 = = 
2 a oe i lI) +38 + 2y 
23. 3 24. 3 2a+1=8+y 
8a — 3b = 3 9a + 4b=5 
4(x —2) = 19-5 
be oe ) y 
2x + 5y = —2 _ x 3(x — 2) — 2y = —y 
25 x 2.4” 2 
“lye —t : Solve each system by substitution, if possible. See Examples 6 
is 2 2x -3y=-7 and 7. 
| 2a + 4b = —24 3a + 6b = —15 
a—_= i x= yt2 s7. { 38. { 
27. 3 28. 2 a= 20 —2b a=—2b-5 
x=yt5 x=y—6 
Solve each system by substitution. See Examples 3 and 4. { — 3x = —5 60. = 15 — 4x 
ee eats 21x = Ty + 35 x+2y= 
29, 30. 
3r + 2s = 13 2x + 3y = 11 
rs earn a ie 
31. {e pas 32. i Fe © Ly = 8x — 20 ha Se =) 
2x + 3y =5 2x:= 3y = =13 
6x — 3y = 5s + 10¢ = =— —y= ) 
a3, {% : a4, { 63. { nt 64. re ‘as 
x + 2y= 2 +t=0 2x+4y=6+xt+y — 2x + 4y = 6 
2x +3 = —4y +2=-4 
35. { es, 36. i 
x= 6 = =8y x + 2y = —2 
TRY IT YOURSELF 
2a — 3b = -13 a-3b=-1 
37. = 38. _ Solve each system by substitution, if possible. If a system has no 
—b=-2a-—7 —b=-2a-2 : : A F 
solution or infinitely many solutions, so state. 
39. oe 40. ae (oe aap ale 
a a oe 2x + Sy = —4 2x + 8y = — 
4“. + 5y = 42. ees x y_2 . d 
3x -y=11 4u—v= aa ae o aa 
: = 67. 68. 
<<. 44, eee ey _ 1 o 2. 8 
dy — x= S- y= —3x 3 4 12 5 2 10 
69 y-—4=2x 70 x + 3y= 
Solve each system by substitution. See Example 5 “ly =2e4+2 " lx = -3y +6 
a ae ee ee a i - ents 
ge 7 4.27% 2 * la- 2b = -1 " \3a + 105 = -1 
La er a -= 
3 2 3° 3° ales aa 
; 2x — 14y + 20 =0 10x — 2y = 2 
x 
oa) ae a #6. een 
47. 1 ian thy a 2x + 2y=5x+y+6 
gerne 2 10 fe ee i 
4 = ; 9 Sq — 1) = 3y + 4(x + 10) 
is a an a s 2 _ le ae - aa 
. yx 5 x a5 * l6a-b= * (Sb-a=-3 
a2 2 2 : 2x —3y = 4 3 
fa 
aera bee y-x=3x 79.4 3 80. 8 
51. 52. re 4 
6x — 4y = 21 —y 2x + 2y=14-y 2 8x — 3y = 
a {* + 5y +1 =—-12 + 2x 
* |y-3y+2=-3-x 
54. eran 
3x -—y=2y+x-1 


APPLICATIONS 


81. OFFROADING The angle of approach indicates how steep of 
an incline a vehicle can drive up without damaging the front 
bumper. The angle of departure indicates a vehicle’s ability to 
exit an incline without damaging the rear bumper. The angle of 
approach a and the departure angle d for an H3 Hummer are 

aan us Use substitution to 

a=d+3 

solve the system. (Each angle is measured in degrees.) 


described by the system { 


Angle of 
departure 


Angle of 
approach 


82. HIGH SCHOOL SPORTS The equations shown model the 
number of boys and girls taking part in high school soccer 
programs. In both models, x is the number of years after 2000, 
and y is the number of participants. If the trends continue, the 
graphs will intersect. Use the substitution method to predict the 
year when the number of boys and girls participating in high 
school soccer will be the same. 


y 
400,000 
Boys: y = 5,071x + 329,100 


300,000 7... 


Girls: y = 7,786x + 277,515 


200,000 


Ook 
a 


2 3 4 5 6 
Years after 2000 


Source: National Federation of State High School Associations 
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WRITING 
83. What concept does this diagram illustrate? 


{* + S5y=11 
y= 
84. When using the substitution method, how can you tell whether 
a. a system of linear equations has no solution? 
b. a system of linear equations has infinitely many solutions? 


85. When solving a system, what advantages are there with the 
substitution method compared with the graphing method? 


86. Consider the equation 5x + y = 12. Explain why it is easier to 
solve for y than it is for x. 


REVIEW 


87. Find the prime factorization of 189. 
88. Complete each statement. For any nonzero number a, 


a : = b. = 

é “ = d. r = 
89. Simplify: 7 90, Aad: = +t 
91. Multiply: ; 3 92. Divide: = +3 


CHALLENGE PROBLEMS 


Use the substitution method to solve each system. 


6x-1 5 3y4] 
3 3 3 
93. 
1l+5y ,x+3_17 
4° 4 2 


ee + 0.5y = 6 
* (0.001x — 0.001y = —0.004 
1 = 
95. The system a a 
x= 2y =6 
three of them. 
96. Could the substitution method be used to solve the following 
system? Explain why or why not. If not, what method could be 
used? 


has infinitely many solutions. Find 
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Solve systems of linear equations by the elimination method. 
Use multiplication to eliminate a variable. 


Objectives Mie 
Use the elimination method twice to solve a system. 
Use elimination to identify inconsistent systems and dependent 


equations. 


© 6000 


Determine the most efficient method to use to solve a linear 
system. 


In the first step of the substitution method for solving a system of equations, we solve one of 
the equations for one of the variables. At times, this can be difficult, especially if none of the 
variables has a coefficient of 1 or —1. This is the case for the system 


a + 5y= 11 
7x — Sy = 16 
Solving either equation for x or y involves working with cumbersome fractions. Fortunately, 


we can solve systems like this one using an easier algebraic method called the elimination or 
the addition method. 


@ Solve Systems of Linear Equations by the Elimination Method. 


The elimination method for solving a system is based on the addition property of equality: 
When equal quantities are added to both sides of an equation, the results are equal. In 
symbols, if A = B and C = D, then adding the left sides and the right sides of these equa- 
tions, we have A + C = B + D. This procedure is called adding the equations. 


Add the terms laos Add the terms 
on the C=D on the 
left sides. A+C=B+D right sides. 


2x + 5y = 11 


EXAM PLE 1 | Solve the system: ig — 5y = 13 


Strategy Since the coefficients of the y-terms are opposites, we will add the left sides 
and the right sides of the given equations. 


Why When we add the equations in this way, the result will be an equation that contains 
only one variable, x. 


Solution Since 6x — 5y and 13 are equal quantities, we can add 6x — 5y to the left side 
and 13 to the right side of the first equation, 2x + Sy = 11. 


The Language of Algebra 
The elimination method, or 
addition method as it is also 
known, is so named because one 
of the variables is eliminated using 
addition. 


The Elimination 
(Addition) Method 
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2x + 5y= 11 Toadd the equations, add the like 
6x — 5y = 13 __ terms, column by column. 


8x = 24 


tu413=24 
Sy + (—5y) = 0 
2x + 6x = 8x 


Because the sum of the terms Sy and —Sy is 0, we say that the variable y has been elimi- 
nated. Since the resulting equation has only one variable, we can solve it for x. 


8x = 24 


x=3 Divide both sides by 8. This is the x-value of the solution. 


To find the y-value of the solution, substitute 3 for x in either equation of the original system. 


2x + 5y = 11 This is the first equation of the system. 
2(3) + 5y = 11 Substitute 3 for x. 
6+ 5y= 11 Multiply. 
Sy =5 Subtract 6 from both sides. 


y=1 Divide both sides by 5. This is the y-value of the solution. 


Now we check the proposed solution (3, 1) in the equations of the original system. 


Check: 2x + 5y = 11 The first equation. 6x — 5y = 13 The second equation. 
2(3) + 5(1) + 11 6(3) — 5(1) = 13 
6+5211 18-5413 
11 = 11. True 13 = 13 True 


Since (3, 1) satisfies both equations, it is the solution. The graph on the left helps to verify 
this. The solution set is written {(3, 1)}. 


—4x + 3y =4 
a Self Check 1 4 Solve the system: ‘e in Ge 28 


Now Try Problem 19 


To solve a system of equations in x and y by the elimination method, follow these 
steps. 


1. Write both equations of the system in standard Ax + By = C form. 


2. If necessary, multiply one or both of the equations by a nonzero number chosen to make 
the coefficients of x (or the coefficients of y) opposites. 


3. Add the equations to eliminate the terms involving x (or y). 
4. Solve the equation resulting from step 3. 


5. Find the value of the remaining variable by substituting the solution found in step 4 into 
any equation containing both variables. Or, repeat steps 2—4 to eliminate the other 
variable. 


6. Check the proposed solution in each equation of the original system. Write the solution 
as an ordered pair. 
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2 | 


Success Tip 
It doesn’t matter which variable is 
eliminated first. We don’t have to 
find the values of the variables in 
alphabetical order. Choose the one 
that is the easier to eliminate. The 
basic objective of this method is 
to obtain two equations whose 
sum will be one equation in one 
variable. 


2x + Ty 18 - 2x + Ty = —18 
2x + 3y 10 > —1(2x + 3y) = —1(-10) 


Use Multiplication to Eliminate a Variable. 


In Example 1, the coefficients of the terms 5y in the first equation and —5y in the second equa- 
tion were opposites. When we added the equations, the variable y was eliminated. For many 
systems, however, we are not able to immediately eliminate a variable by adding. In such 
cases, we use the multiplication property of equality to create coefficients of x or y that are 
opposites. 


2x + Ty = —-18 


EXAM PLE 2 j Solve the system: i. + 3y = -10 


Strategy We will use the elimination method to solve this system. 


Why Since none of the variables has a coefficient of 1 or —1, it would be difficult to 
solve this system using substitution. 


Solution 

Step I: Both equations are in standard 4x + By = C form. We see that neither the coeffi- 
cients of x nor the coefficients of y are opposites. Adding these equations as written does not 
eliminate a variable. 


Step 2: To eliminate x, we can multiply both sides of the second equation by —1. This 
creates the term —2x, whose coefficient is opposite that of the 2x term in the first equation. 


Unchanged Unchanged 


{* + Ty = —18 
—2x — 3y = 10 


Multiply by —1 Simplify 


Step 3: When the equations are added, x is eliminated. 


2 3y 10 In the left column: 2x ( 2x) O. 


Step 4: Solve the resulting equation to find y. 
4v = -8 
y = —2 _ Divide both sides by 4. This is the y-value of the solution. 
Step 5: To find x, we can substitute —2 for y in either of the equations of the original 
system, or in —2x — 3y = 10. It appears the computations will be simplest if we use 
2x + 3y = —10. 
2x + 3y = —10 This is the second equation of the original system. 
2x + 3(-—2) = —10 Substitute —2 for y. 
2x —6=—10 Multiply. 
2x = —4 Add 6 to both sides. 


x= 2 Divide both sides by 2. This is the x-value of the solution. 


Step 6: The solution is (—2, —2). Check this result in the original equations. 


Success Tip 
We choose to eliminate y because 
the coefficient —4 is a multiple of 
the coefficient 2. The same cannot 
be said for 7 and 9, the coeffi- 
cients of x. 


Caution 
When using the elimination 
method, don’t forget to multiply 
both sides of an equation by the 
appropriate number. 


Multiply both sides by 2 
27x + 2y) = 2(14) 
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+ Ty = -24 
a Self Check 2 i Solve the system: ts ee 4 
! x+Ty=- 


Now Try Problem 27 


+2y-14= 
EXAMPLE3 _ Solve the system: i. - : 
: 9x = 4y — 28 


Strategy We will use the elimination method to solve this system. 


Why Since none of the variables has coefficient 1 or —1, it would be difficult to solve 
this system using substitution. 


Solution 

Step 1: To compare coefficients, write each equation in the standard Ax + By = C form. 
Since each of the original equations will be written in an equivalent form, the resulting 
system will have the same solution as the original system. 


es +2y=14 Add 14 to both sides of 7x + 2y — 14 = O. 
9x — 4y = —28 Subtract 4y from both sides of 9x = 4y — 28. 
Step 2: Neither the coefficients of x nor the coefficients of y are opposites. To eliminate y, 


we can multiply both sides of the first equation by 2. This creates the term 4y, whose coeffi- 
cient is opposite that of the —4y term in the second equation. 


Multiply by 2 Simplify 
na 14 E > 2(7x + 2y) = 2(14) : oats 


9x — 4y = —28 > 9x — 4y = —28 > (9x — 4y = —28 
Unchanged Unchanged 


Step 3: When the equations are added, y is eliminated. 


14x + 4y = 28 ee ee 

t i mn: 4y + (—4y) = O. 
9 ay 28 n the middle column: 4y + (—4y) 
23x =0 


Step 4: Since the result of the addition is an equation in one variable, we can solve for x. 
23x = 0 
x = 0 _ Divide both sides by 23. This is the x-value of the solution. 


Step 5: To find y, we can substitute 0 for x in any equation that contains both variables. It 
appears the computations will be simplest if we use 7x + 2y = 14. 
7x + 2y = 14 | This is the first equation of the original system. 
7(0) + 2y = 14 — Substitute O for x. 
0+ 2y= 14 Multiply. 
2y = 14 
y=T7 Divide both sides by 2. This is the y-value of the solution. 


Step 6: The solution is (0, 7). Check this result in the original equations. 
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a Self Check 3 | Solve the system: e = 10 — 2y 


Success Tip 
We create the term 20a from 4a 


and the term —20a from Sa. Note 
that the least common multiple of 


4 and 5 is 20: 


AL. 112, 1G, AD, DAB, . 3 
510, 15,20, 25,308. 


Success Tip 
With this method, it doesn’t 
matter which variable is elimi- 
nated. We could have created 
terms of 42b and —42b to 
eliminate b. We will get the same 
solution, (5, —4). 


oye — yy ap Shi) 0) 


Now Try Problem 41 


EXAMPLE 4 j Solve the system: os ee 


5a + 6b = 1 


Strategy We will use the elimination method to solve this system. 


Why Since none of the variables has coefficient 1 or —1, it would be difficult to solve 
this system using substitution. 


Solution 


Step 1: Both equations are written in standard Ax + By = C form. 


Step 2: In this example, we must write both equations in equivalent forms to obtain like 
terms that are opposites. To eliminate a, we can multiply the first equation by 5 to create the 
term 20a, and we can multiply the second equation by —4 to create the term —20a. 


Multiply by 5 Simplify 
ad 


4a + 7h = —-8 
5a + 6b = 1 


5(4a + 7b) = 5(—8) ies + 356 = —40 


> —4(5a + 6b) = —4(1) —20a — 24b = —4 


Multiply by —4 Simplify 


Step 3: When we add the resulting equations, a is eliminated. 


20a + 35b = —4 
—20a — 24b = —4 


In the left column: 20a + (—20a) = O. 


11b = —44 


Step 4: Solve the resulting equation for b. 


1lb = —44 


b=-4 Divide both sides by 11. This is the b-value of the solution. 


Step 5: To find a, we can substitute —4 for b in any equation that contains both variables. 
It appears the computations will be simplest if we use 5a + 6b = 1. 


5a + 6b= 1 
5a + 6(—4) = 1 
5a —- 24= 1 
5a = 25 

a=5 


This is the second equation of the original system. 
Substitute —4 for b. 

Multiply. 

Add 24 to both sides. 


Divide both sides by 5. This is the a-value of the solution. 


Step 6: Written in (a, b) form, the solution is (5, —4). Check it in the original equations. 


HT Self Check 4 d Solve the system: e 730 = 7 


3a+ 4b=9 


Now Try Problem 45 


4.3 Solving Systems of Equations by Elimination (Addition) 335 


© Use the Elimination Method Twice to Solve a System. 


Sometimes it is easier to find the value of the second variable of a solution by using 
elimination a second time. 


1 
—x + pa 3 
EXAMPLE5 Solve the system: ; 
- x 
—“4ya 
2 


Strategy We will begin by clearing each equation of fractions. Then we will use the 
elimination method to solve the resulting equivalent system. 


Why It is easier to create a pair of terms that are opposites if their coefficients are inte- 
gers rather than fractions. 


Solution 
Step 1: To clear the equations of the fractions, multiply both sides of the first equation by 
6 and both sides of the second equation by 9. 


1 1 1 Multiply by 6 (t 1 ) (7) Simplify 
+ > + 6 ‘(x+3yp=2 
as 6 3 3 a 


x 


5 
tye - 9( +») =0(2) > x+9y=5 
9 9 Multiply by 9 9 9/ Simplify 


Step 2: The coefficients of x are opposites. 


Step 3: The variable x is eliminated when we add the resulting equations. 


x + 3y=2 
In the left column: x + (—x) = O. 

—x+9y=5 

l2y =7 


Step 4: Now solve the resulting equation to find y. 
12y =7 


7 
y= 12 Divide both sides by 12. This is the y-value of the solution. 


Step 5: We can find x by substituting b for y in any equation containing both variables. 
However, that computation could be complicated, because é is a fraction. Instead, we can 
begin again with the system that is cleared of fractions, but this time, eliminate y. If we mul- 


tiply both sides of the first equation by —3, this creates the term —9y, whose coefficient is 
opposite that of the 9y term in the second equation. 


Multiply by —3 Simplify 
ee : pe 43) = 80) a { ho by 2G 


—x + 9y=5 > x+9yv=5 > x+9y=5 
Unchanged Unchanged 


When we add the resulting equations, y is eliminated. 
—3x — 9y = -6 
—x + 9y =5 
—4x =-!1 


In the middle column: 9y + (—9y) = O. 
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Now we solve the resulting equation to find x. 


—4x = —1 


1 
x= ri Divide both sides by —4. This is the x-value of the solution. 
Step 6: The solution is (4, 3). To verify this, check it in the original equations. 


1 8 
La SelfCheck5 —rty= 


Solve the system: 
+ 


wi 


a 
8 
Now Try Problem 61 


4.) Use Elimination to Identify Inconsistent Systems and Dependent Equations. 


We have solved inconsistent systems and systems of dependent equations by substitution and 
by graphing. We can also solve these systems using the elimination method. 


3x — 2y = 2 
EXAMPLE 6 Solve the system: { es , if possible. 
. 7 —3x + 2y = —12 


Strategy We will use the elimination method to solve this system. 
Why The terms 3x and —3x are immediately eliminated. 
Solution 


3x —2y =2 In the left column: 3x + (—3x) = O. 
—3x + 2y = —12 Inthe middle column: —2y + 2y = O. 
0 = -10 


In eliminating x, the variable y is eliminated as well. The resulting false statement, 0 = —10, 
indicates that the system has no solution and is inconsistent. The graphs of the equations 
help to verify this; they are parallel lines. 


Pigg — Tp = 5) 
a Self Check 6 j Solve the system: { a he ; 
x + Ty = 


Now Try Problem 65 


2x—S5y_ 8 


EXAMPLE 7 _ Solve the system: 15 15 
—0.2x + 0.5y = —0.8 


Strategy We will begin by clearing the equations of fractions and decimals. Then we will 
use the elimination method to solve the resulting equivalent system. 
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Why _Inthis form, the equations do not contain terms with coefficients that are opposites. 


Solution We can multiply both sides of the first equation by 15 to clear it of fractions and 
both sides of the second equation by 10 to clear it of decimals. 


2x—S5y 8 oe (4) 
oe — 15 15 > = 
15 15 ( 15 15 " ae 


—0.2x + 0.5y = —0.8 — 10(—0.2x + 0.5y) = 10(—0.8) — | —2x + Sy = —8 


We add the resulting equations to get 


2x — Sy = 8 Inthe left column: 2x + (—2x) = O. 
—2x + Sy = —8 Inthe middle column: —Sy + 5y = O. 
0=0 In the right column: & + (—8&) = O. 


As in Example 6, both variables are eliminated. However, this time a true statement, 0 = 0, 
is obtained. It indicates that the equations are dependent and that the system has infinitely 
many solutions. The graphs of the equations help to verify this; they are identical. 

To find several of the infinitely many solutions, we can substitute some values of x, say 
—1, 4, and 9, in either equation and solve for y. The results are: (—1, —2), (4, 0), and (9, 2). 


a If Check = 
| Se Check 7 2 Solve the system: 6 3 
-0.3x — 0.ly = -0.2 


Now Try Problem 71 


5) Determine the Most Efficient Method to Use to Solve a Linear System. 


If no method is specified for solving a particular linear system, the following guidelines can 
be helpful in determining whether to use graphing, substitution, or elimination. 


1. If you want to show trends and see the point that the two graphs have in common, then use 
the graphing method. However, this method is not exact and can be lengthy. 


2. If one of the equations is solved for one of the variables, or easily solved for one of the 
variables, use the substitution method. 


3. If both equations are in standard Ax + By = C form, and no variable has a coefficient of 1 
or —1, use the elimination method. 


4. If the coefficient of one of the variables is 1 or —1, you have a choice. You can write each 
equation in standard (Ax + By = C) form and use elimination, or you can solve for the 
variable with coefficient | or —1 and use substitution. 


Here are some examples of suggested approaches: 

| as, hae oo } 
y=4x — 3 8x + 4y = 3 3x + 2y= 1 Te = 9y S93 
Substitution Elimination Elimination Substitution 


Each method that we use to solve systems of equations has advantages and disadvantages. 
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Method Advantages Disadvantages 
Graphing ¢ You see the solutions * Inaccurate when the solutions are not integers or are large 
¢ The graphs allow you to observe trends numbers off the graph 
Substitution ¢ Always gives the exact solutions * You do not see the solution 
¢ Works well if one of the equations is solved for one of ¢ Ifno variable has a coefficient of 1 or —1, solving for one 
the variables, or if it is easy to solve for one of the of the variables often involves fractions 
variables 
Elimination ¢ Always gives the exact solutions * You do not see the solution 
¢ Works well if no variable has a coefficient of 1 or —1 ¢ The equations must be written in the form Ax + By = C 


ee | LO) IE =o) OS) Ga) 5 ee 


6. No solution 7. Infinitely many solutions 


VOCABULARY 
Fill in the blanks. 


1. The coefficients of 3x and —3x are : 
2. When the following equations are added, the variable y will be 


5x — 6y = 10 
—3x + 6y = 24 
CONCEPTS 


3. In the following system, which terms have coefficients that are 
opposites? 
ie + Jy = =25 
4x — Ty = 12 


4. Fill in the blank. The objective of the elimination method is to 
obtain two equations whose sum will be one equation in one 


5. Add each pair of equations. 
2a + 2b = —-6 


x =3y = IS 
“ 3a-2b= 2 


b. 
—-x-y=-14 


6. a. Multiply both sides of 4x + y = 2 by 3. 


b. Multiply both sides of x — 3y = 4 by —2. 


10. 


. Ifthe elimination method is used to solve 


oa 
6x — 4y =7 


a. By what would we multiply the first equation to eliminate x? 


b. By what would we multiply the second equation to 
eliminate y? 


. Suppose the following system is solved using the elimination 


method and it is found that x is 2. Find the value of y. 


ane 
3x = 2y= 4 


. What algebraic step should be performed to 


a. Clear ae + 4y = -{ of fractions? 


b. Clear 0.2x — 0.9y = 6.4 of decimals? 


a. Suppose 0 = 0 is obtained when a system is solved by the 
elimination method. Does the system have a solution? 
Which of the following is a possible graph of the system? 


b. Suppose 0 = 2 is obtained when a system is solved by the 
elimination method. Does the system have a solution? 
Which of the following is a possible graph of the system? 


> xX 


NOTATION 
Complete the solution to solve the system. 
xby=5 


11. Solve: 
olve ae 


This is the first equation. 


The solution is ( , ). 
12. Write each equation of the system in standard Ax + By = C 


form: 


4 
Use the elimination method to solve each system. See Example 1. 


8x 4 


byt 3 = 05 
aed 


+ 4=—-y 


GUIDED PRACTICE 


13. oe 14, {i a 
an a xry= 
ie. =] rae = — 
15. i * 16. . yo 
x-y= xt+y=1 
+y=-— -x+y=- 
7. \ i 18. { on ania 
-x+ty=- x+y=1 
19. ae ae ae er 
4x — 3y = —24 —9x — Sy = -9 
= +t=-2 fa + 4y = 12 
21. 22. 
—2s — 3t= -6 2x + 4y = 28 
23. ie —-4y= 24, ae = —-8 
—5x — 4y = 8 —2r + 4s = 28 


{i #3y = —9 {i se p= =22 
25. 26. 
x + 8y = -4 x + 9y = —24 
5 - + 2d = —-5 sa i + 3d = —68 
* 6c + 2d = -10 " 110c + 3d = —64 
—-y=1 —y=4 
29. {r y= 10 30. Nee . 
8x — y = 13 9x — y = 10 
ee a 
31. 32. : 
4a-—b=-I17 4x —y = —44 


Use the elimination method to solve each system. See Example 3. 


+ = x= = 
i i 4y = 14 iy: i 14y = 32 
3x — 2y = —20 —x — 6y = 20 

Tx — 50y = —43 x 2y => 1 


s. { as { 


x+3y=4 12x + Ily = 23 
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ination (Addition) 339 


+ =—_— =o = —_— 
ay. {% 16b 36 ag: i 7) 24 
Ta + 4b = 48 9a + b= 64 
46, . + 12y = —22 de: a + 2y = 45 
3x = 2y = 5x — 4y = 20 
+ 5y+29 = = + 
‘a, Sy + 29 =0 ei re 20y + 1 
2x = 3y— 5 4x + 5y — 33 = 0 
me oe 
43. 44. 
Sc = 3d — 35 3a — 15 = 5b 


Use the elimination method to solve e 


ach system. See Example 4. 


4x + 3y = —2y= 
a { x+3y=7 ie 2y = 20 
3x = 2y = =16 2x + Ty =5 
eee és maar 
* [la — 3b = 25 * (12a + 8b =8 
ie 2 + lly = -10 5. ve + 4y = 12 
5x + 4y = 22 4x + 5y = 17 
oF ae 55, ee. 13 
4x + 5y = 12 —6x + 8y = -16 
an + = ==> 
si. {e Ty + 32 =0 Ae i. 3y 
5x = 4y —2 5x + 15 = Sy 
+21= +11=4 
55. i sy 56. We ‘A 
4x = Ty + 19 4x = Ty + 22 


Use the elimination method to solve each system. See Example 5. 


Lae ecaennee 
2 7 
4 
a 
eee 
5 J 
4 — 
a A 
ne 
7 4 
y | 
=D 
eee 
Ta — 6b=8 


3 4 
gorge 
57. 58. 
1 3 
—-s+t=1 
4 8 
1 1 
-s-—-t=1 
2 4 
59. i 60. 
Wie be 
3 
le a 
61 se 3 62 
! Sea 1 ; 
so 
Ks Cae aie mn 
* (9a -3b=1 , 


Use the elimination method to solve each system. If there is no 
solution, or infinitely many solutions, so indicate. See Examples 6 


and 7. 


ss. { 
a. { 


3x — Sy = -2 
aed i 66. 
3x — Sy = 15 
3x — 16 = Sy 


68. 
—3x + Sy — 33 =0 


2a — 3b= —-6 
2a—-3b=8 


2x + 3y— 13 =0 
—2x + 13 = 5y 
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0.4x — 0.7y = -1.9 0.1x + 2y + 0.2 =0 


69. 19 70. 1 
ne as ee ee 
4 4 4 “2 
a 6) 5 T18&x ty 7 
71. 2 72. 2 2 
—x + 6y+ 14= 18x =y 
TRY IT YOURSELF 


Solve the system by either the substitution or the elimination 
method, if possible. 


= -3r+9 =5y—4 
a . 74, {* y 
p= ead — 

4x + 6v =5 


75. 
8x — 9y = 3 


6x — 3y = —7 
y+ 9x =6 

4x — 8y = 36 
3x — 6y = 27 


77. 


79. 80. 


ts 
be 
ie [= 
hea" 


83. \ 9x — 3y 84. 4) 2x — 3y 1 
6 
rt 7" “12 aks 
85. 86. 
m5 x 2 4 
eile a —+-y=- 
2 3 3° 3 
steed sy: 3x + 2y = 3 
x =3y +10 y= 2x — 16 


APPLICATIONS 


89. EDUCATION The graph shows educational trends during the 
years 1980-2004 for persons 25 years or older in the United 
States. The equation 9x + lly = 352 approximates the percent 
y that had less than high school completion. The equation 
5x — lly = —198 approximates the percent y that had a 
Bachelor’s or higher degree. In each case, x is the number of 
years since 1980. Use the elimination method to determine in 
what year the percents were equal. 


Years of School Completed by Persons 
25 Years Old and Over: 1980 to 2004 
50% - 


40% | Less than high school completion 
9x + lly = 352 
30% 


20% 


5x - lly =-198 
10% |- Bachelor’s or higher degree 


0 4p > x 
1980 2004 


Source: U.S. Department of Commerce, Census Bureau 


90. NEWSPAPERS | The graph shows the trends in the newspaper 
publishing industry during the years 1990-2004 in the United 
States. The equation 37x — 2y = —1,128 models the number y 
of morning newspapers published and 31x + y = 1,059 models 
the number y of evening newspapers published. In each case, x 
is the number of years since 1990. Use the elimination method 
to determine in what year there was an equal number of 
morning and evening newspapers being published. 


Number of U.S. Daily Newspapers 


A ——Morming —— Evening 

5 1,200+ 

a 31 

SO: AY = 1,059 

& 800b ee 

S Ls 8 

: 600 31x29 = 1,12 

a) [= 

z 400 

F%  200- 
My pt tt? > 
1990 1995 2000 2004 

Source: Editor and Publisher Yearbook data 
WRITING 


91. Why is the method for solving systems that is discussed in this 
section called the elimination method? 


92. Ifthe elimination method is to be used to solve this system, 
what is wrong with the form in which it is written? 


{ 2x = Sy =" =3 
—2y + 5x = 10 
2x + Sy = 13 


=2¢ = 3y = =5 
the elimination method or the substitution method? Explain. 


93. Can the system { be solved more easily using 
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94. Explain the error in the following work. 96. Solve S = 2arh + 2a’ forh. 
xty=1 97. Evaluate: —10(18 — 4°) 
Solve: . «2 
x-y=5 98. Evaluate: —5 
xty=l1 CHALLENGE PROBLEMS 
ae SRS Use the elimination method to solve each system. 
2x = 6 
I 1 1 ifs 
2x 6 x ; 3 ; y : 5 
2 2 99. 
G=> eS 5 yr 3 
3 12 4 
The solution is 3. _ 
4 1 I 3 1 
00: ee + ‘ + 3(y - nae - 
REVIEW Be alee ae 


95. Find an equation of the line with slope =I that passes 


through (2, —6). Write the equation in slope—intercept form. 


@ Assign variables to two unknowns. 


ae @® Use systems to solve geometry problems. 
Objectives = 
© Use systems to solve number-value problems. 
@ Use systems to solve interest, uniform motion, and mixture 
problems. 


In previous chapters, many applied problems were modeled and solved with an equation in 
one variable. In this section, the application problems involve two unknowns. It is often easier 
to solve such problems using a two-variable approach. 


Oo Assign Variables to Two Unknowns. 


The following steps are helpful when solving problems involving two unknown quantities. 


Problem-Solving 1. Analyze the problem by reading it carefully to understand the given facts. Often a 
Strategy diagram or table will help you visualize the facts of the problem. 


2. Pick different variables to represent two unknown quantities. Translate the words of the 
problem to form two equations involving each of the two variables. 


3. Solve the system of equations using graphing, substitution, or elimination. 
4. State the conclusion. 
5. Check the results in the words of the problem. 


© REUTERS/Mike Blake/Landov 
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Caution 
If two variables are used to repre- 
sent two unknown quantities, we 
must form a system of two 
equations to find the unknowns. 


Caution 
In this problem we are to find two 
unknowns, the height of the figure 
and height of the base. Remember 
to give both in the State the 
Conclusion step of the solution. 


EXAMPLE 1 j Motion Pictures. Each year, 
: Academy Award winners are pre- 
sented with Oscars. The 13.5-inch statuette has a base on 
which a gold-plated figure stands. The figure itself is 
7.5 inches taller than its base. Find the height of the figure 
and the height of the base. 


Analyze the Problem 
e The statuette is a total of 13.5 inches tall. 
e The figure is 7.5 inches taller than the base. 


e Find the height of the figure and the height of the 
base. 


Form Two Equations Let x = the height of the figure, in inches, and y = the height of 
the base, in inches. We can translate the words of the problem into two equations, each 
involving x and y. 


The height of the height of : 
plus is 13.5 inches. 
the figure the base 
x + y 13.5 
The height of — the height of : 
is plus 7.5 inches. 
the figure the base 
x = y + 7.5 


x+y = 13.5 


The resulting system is: { 
x=yt75 


Solve the System _ Since the second equation is solved for x, we will use substitution to 
solve the system. 


x +y = 13.5 This is the first equation of the system. 
yt75+y=13.5 Substitute y + 7.5 for x. 
2y + 7.5 = 13.5 Combine like terms: y + y = 2y. 
2y =6 Subtract 7.5 from both sides. 
y=3 Divide both sides by 2. This is the height of the base. 

To find x, substitute 3 for y in the second equation of the system. 

x=yt7.5 This is the substitution equation. 

x=34+7.5 Substitute 3 for y. 

x = 10.5 This is the height of the figure. 
State the Conclusion The height of the figure is 10.5 inches and the height of the base 

is 3 inches. 


Check the Results The sum of 10.5 inches and 3 inches is 13.5 inches, and the 
10.5-inch figure is 7.5 inches taller than the 3-inch base. The results check. 


2 | 


Success Tip 
The substitution method could 
also be used to solve this system. 
If we solve x + y = 90 for x, we 
obtain the substitution equation 
x=90-y. 
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La Now Try Problem 17 


Use Systems to Solve Geometry Problems. 


Two angles are said to be complementary if the sum of their measures is 90°. Two angles are 
said to be supplementary if the sum of their measures is 180°. 


70° 


20° 30° 150° 
Complementary angles Supplementary angles 
20° + 70° = 90° 150° + 30° = 180° 


EXAMPLE 2 _ Angles. The difference of the measures of two 
~ complementary angles is 6°. Find the measure of 
each angle. y 
Analyze the Problem 
e Since the angles are complementary, the sum of their measures is 90°. 


e The word difference indicates subtraction. If the measure of the smaller angle is sub- 
tracted from the measure of the larger angle, the result will be 6°. 


e Find the measure of the larger angle and the measure of the smaller angle. 
Form Two Equations Let x = the measure of the larger angle and y = the measure of 


the smaller angle. We can translate the words of the problem into two equations, each 
involving x and y. 


The measure of the measure of . 
plus is 90°. 
the larger angle the smaller angle 
x + y = 90 
The measure of . the measure of . 
minus is 6°. 
the larger angle the smaller angle 
x = y = 6 


+y= 90 
The resulting system is: i _ 
x-y=6 


Solve the System _ Since the coefficients of y are opposites, we will use elimination to 
solve the system. 


x+y=90 
x —y=6 Add the equations to eliminate y. 
2x = 96 


x = 48 Divide both sides by 2. This is the measure of the larger angle. 


To find y, substitute 48 for x in the first equation of the system. 
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x+y =90 
48 +y=90 Substitute 48 for x. 


y =42 Subtract 48 from both sides. This is the measure of the smaller angle. 


Success Tip State the Conclusion The measure of the larger angle is 48° and the measure of the 
When solving problems using the smaller angle is 42°. 
two-variabl h, b i . : : 
ree sie re ne : Check the Results The sum of 48° and 42° is 90°, and the difference is 6°. The results 
check. 


La Now Try Problem 13 


EXAMPLE 3 { History. In 1917, James Montgomery 

Flagg created the classic J Want You poster 

to help recruiting for World War I. The perimeter of the poster is 

114 inches, and its length is 9 inches less than twice its width. 
Find the length and the width of the poster. 


Analyze the Problem 
e The perimeter of the rectangular poster is 114 inches. 
e The length is 9 inches less than twice the width. 
e Find the length and the width of the poster. 


Library of Congress LC-USZC4-3859 


Form Two Equations Let / = the length of the poster, in inches, and w = the width of 
the poster, in inches. The perimeter of a rectangle is the sum of two lengths and two 
widths, as given by the formula P = 2/ + 2w, so we have 


the length of the width 
2 times eee plus 2 _ times ae is 114 inches. 
the poster of the poster 
2 : l + 2 . w = 114 


If the length of the poster is 9 inches less than twice the width, we have 


Thelengthof . the width . : 
is 2 times minus 9 inches. 
the poster of the poster 
i = 2 : w = 9 


. . 21+ 2w = 114 
The resulting system is: 
l=2w-9 


Solve the System _ Since the second equation is solved for /, we will use substitution to 

solve the system. 

21+ 2w = 114 | Thisis the first equation of the system. 
2(2w — 9) + 2w = 114 — Substitute 2w — 9 for |. Don't forget the parentheses. 

4w — 18 + 2w = 114 _ Distribute the multiplication by 2. 
6w — 18 = 114 Combine like terms: 4w + 2w = 6w. 
6w = 132 Add 18 to both sides. 
w = 22 Divide both sides by 6. This is the width of the poster. 


To find /, substitute 22 for w in the second equation of the system. 
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l=2w-9 

I = 2(22) —9 

1=44-9 

1 = 35 This is the length of the poster. 


State the Conclusion The length of the poster is 35 inches and the width is 22 inches. 


Check the Results The perimeter is 2(35) + 2(22) = 70 + 44 = 114 inches, and 
35 inches is 9 inches less than twice 22 inches. The results check. 


La Now Try Problem 23 


Use Systems to Solve Number-Value Problems. 


EXAMPLE 4 _ Photography. At a school, two picture packages are available, 
as shown in the illustration. Find the cost of a class picture and the 
cost of an individual wallet-size picture. 


Analyze the Problem 


Package 1 
1 class picture 
10 wallet-size 


Only $19 


e Package | contains | class picture and 
10 wallet-size pictures. 


FOOTHILL ELEMENTARY 


\ Package 2 
2 class pictures 
15 wallet-size 


Only $31 


e Package 2 contains 2 class pictures and 
15 wallet-size pictures. 


e Find the cost of a class picture and the 
cost of a wallet-size picture. 


Form Two Equations Let c = the cost of one class picture and w = the cost of one 
wallet-size picture. We can use the fact that Number - value = total value to write an 
equation that models the first package. We note that (in dollars) the cost of | class 
picture is 1 - c = c and the cost of 10 wallet-size pictures is 10> w = 10w. 


The cost of the cost of 10 
: plus ee $19. 
1 class picture wallet-size pictures 
c + 10w = 19 


To write an equation that models the second package, we note that (in dollars) the cost of 
2 class pictures is 2 * c = 2c, and the cost of 15 wallet-size pictures is 15 - w = 15w. 


The cost of the cost of 15 


; Tee $31. 
2 class pictures he wallet-size pictures 
2c + 15w = 31 
+ 10w = 19 
The resulting system is: { . “a 
2c + 15w = 31 


Solve the System We can use elimination to solve this system. To eliminate c, we 
proceed as follows. 


—2c — 20w = —38 Multiply both sides of c + 10w = 19 by —2. 
2c + 15w = 31 


—5w=-7 Add the equations to eliminate c. 


w=14 Divide both sides by —5. This is the cost of a wallet-size picture. 
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Caution 
It is incorrect to let 


x = the amount invested 


in@aeh account 


This implies that equal amounts 
were invested in the Swiss and 
Cayman Island accounts. We do 
not know that. 


To find c, substitute 1.4 for w in the first equation of the original system. 


c+ 10w = 19 
c+ 1001.4) = 19 Substitute 1.4 for w. 
c+14=19 Multiply. 


c=5 Subtract 14 from both sides. This is the cost of a class picture. 
State the Conclusion A class picture costs $5 and a wallet-size picture costs $1.40. 


Check the Results Package 1 has 1 class picture and 10 wallets: $5 +10($1.40) = 
$5 + $14 = $19. Package 2 has 2 class pictures and 15 wallets: 2($5) + 15($1.40) = 
$10 + $21 = $31. The results check. 


La Now Try Problem 27 


Use Systems to Solve Interest, Uniform Motion, and Mixture Problems. 


EXAMPLE 5 j White-Collar Crime. Investigators discovered that a small busi- 
ness secretly moved $150,000 out of the country to avoid paying 
income tax. Some of the money was invested in a Swiss bank account that paid 8% 
interest annually. The remainder was deposited in a Cayman Islands account, paying 7% 
annual interest. The investigation also revealed that the combined interest earned the 
first year was $11,500. How much money was invested in each account? 


Analyze the Problem We are told that an unknown part of the $150,000 was invested 
at an annual rate of 8% and the rest at 7%. Together, the accounts earned $11,500 in 
interest. 


Form Two Equations Let x = the amount invested in the Swiss account and y = the 
amount invested in the Cayman Islands account. Because the total investment was 
$150,000, we have 


The amount invested the amount invested in 


is $150,000 


in the Swiss account the Cayman Islands account 


x rn y = 150,000 


We can use the formula J = Prt to determine that x dollars invested for | year at 8% earns 
x-0.08-1=0.08x dollars. Similarly, y dollars invested for 1 year at 7% earns 
y+0.07 + 1 = 0.07y dollars. If the total combined interest earned was $11,500, we have 


The income on the income on 


$11,500. 


— 
n 


. lus ‘ 
the 8% investment P the 7% investment 


0.08x + 0.07y = 11,500 
x + y = 150,000 


The resulting system is: 
e resulting system is ree + 0.07y = 11,500 


Solve the System To solve the system, clear the second equation of decimals. Then 
eliminate x. 
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—8x — 8y = —1,200,000 Multiply both sides of x + y = 150,000 by —8. 
8x + Ty = 1,150,000 Multiply both sides of 0.08x + 0.07y = 11,500 by 100. 
-y=  —50,000 
y = 50,000 Multiply both sides by —1. 


To find x, substitute 50,000 for y in the first equation of the original system. 
x + y = 150,000 
x + 50,000 = 150,000 Substitute 50,000 for y. 
x = 100,000 Subtract 50,000 from both sides. 
State the Conclusion $100,000 was invested in the Swiss bank account, and $50,000 
was invested in the Cayman Islands account. 
Check the Results 
$100,000 + $50,000 = $150,000 The two investments total $150,000. 
0.08($100,000) = $8,000 The Swiss bank account earned $8,000. 
0.07($50,000) = $3,500 The Cayman Islands account earned $3,500. 


The combined interest is $8,000 + $3,500 = $11,500. The results check. 


La Now Try Problem 35 


EXAM PLE 6 j Boating. A boat traveled 30 miles downstream in 3 hours and 
made the return trip in 5 hours. Find the speed of the boat in still 


water and the speed of the current. 
Traveling downstream A 
with the current - 


Traveling upstream ? 
against the current ; 


Analyze the Problem Traveling 
downstream, the speed of the boat will 
be faster than it would be in still water. 
Traveling upstream, the speed of the 
boat will be slower than it would be in 
still water. 


Form Two Equations Let s = the speed of the boat in still water and c = the speed of 
the current. Then the speed of the boat going downstream is s + c and the speed of the 
boat going upstream is s — c. Using the formula d = rt, we find that 3(s + c) repre- 
sents the distance traveled downstream and 5(s — c) represents the distance traveled 
upstream. We can organize the facts of the problem in a table. 


Rate - Time = Distance 
Downstream | s + c 3 3(s +c) 
Upstream w= 5 5(s — c) 
<< 
t 
Enter this Set each of these expressions for 
information first. distance traveled equal to 30. 


Since each trip is 30 miles long, the Distance column of the table helps us to write two equa- 
tions in two variables. To write each equation in standard form, use the distributive property. 
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Distribute 
ee eee + 3c = 30 
5(s — c) = 30 5s — 5c = 30 
Distribute 


Solve the System To eliminate c, we proceed as follows. 


15s + 15¢ = 150 Multiply both sides of 35 + 3c = 30 by 5. 
15s — 15c = 90 Multiply both sides of 5s — 5c = 30 by3. 
30s = 240 
5=8 Divide both sides by 30. This is the speed of the boat in still water. 


To find c, it appears that the computations will be easiest if we use 3s + 3c = 30. 


3s + 3c = 30 
3(8) + 3c = 30 = Substitute 8 for s. 
24 + 3c = 30 Multiply. 
3c = 6 Subtract 24 from both sides. 
c=2 Divide both sides by 3. This is the speed of the current. 


State the Conclusion The speed of the boat in still water is 8 mph and the speed of the 
current is 2 mph. 


Check the Results With a 2-mph current, the boat’s downstream speed will be 
8 + 2 = 10 mph. In 3 hours, it will travel 10 - 3 = 30 miles. With a 2-mph current, the 
boat’s upstream speed will be 8 — 2 = 6 mph. In 5 hours, it will cover 6 + 5 = 30 miles. 
The results check. 


La Now Try Problem 41 


EXAMPLE 7 Medical Technology. A laboratory technician has one batch 

of antiseptic that is 40% alcohol and a second batch that is 60% 

alcohol. She would like to make 8 fluid ounces of solution that is 55% alcohol. How 
many fluid ounces of each batch should she use? 


Analyze the Problem Some 60% Batch 1: Weak solution Batch 2: Strong solution 
solution must be added to some 40% 
solution to make a 55% solution. 


Form Two Equations Let x= the 40% 60% 
number of ounces to be used from batch _ “A r j a 
1 and y = the number of ounces to be \ = | 
used from batch 2. The amount of 
alcohol in each solution is given by 


Amount of — strengthof _ amount of 


solution solution alcohol < bp 


We can organize the facts of the problem in Mixture 
a table. 


Success Tip 
A liter is a basic unit of measure- 
ment of capacity in the metric 
system. A liter of liquid is slightly 
more than 1 quart. 
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Amount + Strength = Amount of alcohol 


Batch 1 (too weak) x 0.40 0.40x 
Batch 2 (too strong) y 0.60 0.60) 
Mixture 8 0.55 0.55(8) 
t t t 
One equation 40%, GO%, and Another equation 
comes from 55% have been comes from 
information in expressed as information in 
this column. decimals. this column. 


The information in the table provides two equations. 


x+y=8 The number of ounces of batch 1 plus the number of ounces of 
batch 2 equals the total number of ounces in the mixture. 


0.40x + 0.60y = 0.55(8) The amount of alcohol in batch 1 plus the amount of alcohol in 
batch 2 equals the amount of alcohol in the mixture. 


Solve the System We can solve this system by elimination. To eliminate x, we proceed 
as follows. 
—40x — 40y = —320 Multiply both sides of the first equation by —40. 
40x + 60y = 440 Multiply both sides of the second equation by 100. 
20y = 120 


y=6 Divide both sides by 20. This is the number of fluid ounces of batch 2 
needed. 


To find x, we substitute 6 for y in the first equation of the original system. 
x+y=8 
x+6=8 Substitute. 


x = 2 Subtract 6 from both sides. This is the number of fluid 
ounces of batch 1 needed. 


State the Conclusion The technician should use 2 fluid ounces of the 40% solution 
and 6 fluid ounces of the 60% solution. 


Check the Results Note that 2 ounces + 6 ounces = 8 ounces, the required number. 
Also, the amount of alcohol in the two solutions is equal to the amount of alcohol in the 
mixture. 


Alcohol in batch 1: 0.40x = 0.40(2) = 0.8 ounces 
Alcohol in batch 2: 0.60y = 0.60(6) = 3.6 ounces _> Total: 4.4 ounces 
Alcohol in the mixture: 0.55(8) = 4.4 ounces 


The results check. 


La Now Try Problem 45 


EXAMPLE 8 _ Breakfast Cereal. One ounce of raisins (by weight) sells for 
: ~ 22¢ and one ounce of bran flakes (by weight) sells for 12¢. How 
many ounces of each should be used to create a 20-ounce box of raisin bran cereal that 
can be sold for 15¢ an ounce? 
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Analyze the Problem We will use a two-variable 
approach to solve this dry mixture problem. 


Form Two Equations Let x = the number of ounces of 
raisins and y = the number of ounces of bran flakes that 
should be mixed. The value of the mixture and the value 
of each of its components is given by 


PY 
C 
E 
Z 


‘WT 32.02 (2 LB) 907 


Amount - price = total value 


Thus, the value of x ounces of raisins is x - 22¢ or 22x¢ and the value of y ounces of bran 
flakes is y+ 12¢ or 12y¢. The sum of these values is also equal to the total value of the final 
mixture, that is 20 - 15¢ or 300¢. This information is shown in the table. 


| Amount « Price=Total value | 


Raisins x 22 22x 
Bran flakes y 12 12y 
Mixture 20 15 20(15) 


The facts of the problem give the following two equations: 
the number of ounces 
ounces of raisins of bran flakes 
x + y = 20 


Th ff 
e number o 50. 


the value of the value of 
the bran flakes 


12y 


The value of 
the mixture. 
20(15) 


Solve the System To find out how many ounces of raisins and bran flakes are needed 
we solve the following system: 


i: +y = 20 
22x + 12y = 300 Multiply: 20(15) = 300. 


the raisins 
22% + 


To solve this system by substitution, we can solve the first equation for x: 
x+y = 20 
x = 20—-—y This is the substitution equation. 
Then we substitute 20 — y for x in the second equation of the system and solve for y. 


22x + 12y = 300 


22(20 — y) + 12y = 300 
440 — 22y + 12y = 300 
440 — 10y = 300 
—10y = —140 
y= 14 


Substitute 20 — y for x. 

Distribute the multiplication by 22. 
Combine like terms: —22y + 12y = —10y. 
Subtract 440 from both sides. 


Divide both sides by —10. This is the number of ounces of bran 
flakes needed. 


To find x, we substitute 14 for y in the substitution equation and simplify the right side. 


x=20-y 


= 20 — 14 Substitute 14 for y. 


=6 


This is the number of ounces of raisins needed. 
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State the Conclusion — To obtain 20 ounces of raisin bran cereal, 6 ounces of raisins 
and 14 ounces of bran flakes should be combined. 


Check the Results When 6 ounces of raisins and 14 ounces of bran flakes are com- 
bined, the result is 20 ounces of raisin bran cereal. The 6 ounces of raisins are valued at 
6+ 22¢ = 132¢ and the 14 ounces of bran flakes are valued at 14+ 12¢ = 168¢. The 
sum of those values, 132¢ + 168¢ = 300¢, is the same as the value of the mixture, 
20+ 15¢ = 300¢. The results check. 


La Now Try Problem 49 


VOCABULARY 
Fill in the blanks. 
1. Two angles are saidtobe____——S—sif the sum of their 
measures is 90°. Two angles are saidto be______——_if the 


sum of their measures is 180°. 


2. Problems that involve moving vehicles are called uniform 
problems. Problems that involve combining ingredients 


are called____—_— problems. Problems that involve collections 
of different items having different values are called number- 
problems. 
7. Let x = the cost of a chicken taco, in dollars, and y = the cost of 
CONCEPTS a beef taco, in dollars. Write an equation that models the offer 

3. A length of pipe is to ; shown in the advertisement. 

Let t.tl 

Te tones Hes TUESDAY TACO SPECIAL 

be 1 foot less than 

twice the shorter piece. aon 5 CHICKEN i aN rene 

Write two equations TACOS 

that model the situation. 
4. Two angles are complementary. The measure only f 10 

of the larger angle is four times the measure of 

the smaller angle. Write two equations that x : 

deiel she canatiGn. y 8. a. Complete the following table. 
5. Two angles are supplementary. The 

measure of the smaller angle is 25° less Principal - Rate - Time=Interest 

than the measure of the larger angle. pes City Bank x 5% | lyr 

Write two equations that model the s USA Savings y 11% | lyr 

situation. 


6. The perimeter of the following Ping-Pong table is 28 feet. The 
length is 4 feet more than the width. Write two equations that 
model the situation. 


b. A total of $50,000 was deposited in the two accounts. Use 
that information to write an equation about the principal. 


c. A total of $4,300 was earned by the two accounts. Use that 
information to write an equation about the interest. 
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9. For each case below, write an algebraic expression that 


represents the speed of the canoe in miles per hour if its speed 


in still water is x mph. 
Downstream 


Upstream 


10. Complete the table, which contains information about an air- 
plane flying in windy conditions. 


| Rate - Time=Distance 


With wind xy 3 
Against wind | x — y 5 


11. a. Ifthe contents of the two -_ 
test tubes are poured into a 
third tube, how much 
solution will the third tube = 
contain? (mL stands for xmL 
milliliter. A milliliter is 
about 15 drops from an 
eyedropper.) 


30% acid 
solution 


40% acid 
solution 


b. Which of the following strengths could the mixture possibly 


be: 27%, 33%, or 44% acid solution? 

12. a. Complete the table, which contains information about 
mixing two salt solutions to get 12 gallons of a 3% salt 
solution. 


= Amount - Strength = Amount of salt 


b. Use the information from the Amount column to write an 
equation. 


c. Use the information from the Amount of salt column to 
write an equation. 


GUIDED PRACTICE 


See Example 2. 


13. COMPLEMENTARY ANGLES _ Two angles are complemen- 
tary. The measure of one angle is 10° more than three times the 


measure of the other. Find the measure of each angle. 


14. 


15. 


16. 


SUPPLEMENTARY ANGLES _ Two angles are supplemen- 
tary. The measure of one angle is 20° less than 19 times the 
measure of the other. Find the measure of each angle. 
SUPPLEMENTARY ANGLES | The difference of the 
measures of two supplementary angles is 80°. Find the measure 
of each angle. 
COMPLEMENTARY ANGLES _ Two angles are complemen- 
tary. The measure of one angle is 15° more than one-half of the 
measure of the other. Find the measure of each angle. 


APPLICATIONS 
Write a system of two equations in two variables to solve each 
problem. 
17. TREE TRIMMING U 7 
Upper part 
When fully extended, 


18. 


19. 


20. 


the arm on a tree service 
truck is 51 feet long. If 
the upper part of the arm 
is 7 feet shorter than the 
lower part, how long is 
each part of the arm? 


i= 


/——= 
BZ; 
AS part 


ya 


4 =i0 € » 


ALASKA _ Most of the 1,422-mile-long Alaskan Highway is 
actually in Canada. Find the length of the highway that is in 
Alaska and the length of the highway that is in Canada if it is 
known that the difference in the lengths is 1,020 miles. 


GOVERNMENT The salaries of the president and vice 
president of the United States total $608,100 a year. If the 
president makes $191,900 more than the vice president, find 
each of their salaries. 


CAUSES OF DEATH According to the National Vital 
Statistics Reports, in 2004, the number of Americans who died 
from heart disease was about 6 times the number who died 
from accidents. If the total number of deaths from these two 
causes was approximately 763,000, how many Americans died 
from each cause in 2004? 


21. 


22. 


23. 


24. 


MONUMENTS | The Marine Corps War Memorial in 
Arlington, Virginia, portrays the raising of the U.S. flag on Iwo 
Jima during World War II. Find the measures of the two angles 
shown if the measure of 22 is 15° less than twice the measure 
of 21. 


PHYSICAL THERAPY _ To rehabilitate her knee, an athlete 
does leg extensions. Her goal is to regain a full 90° range of 
motion in this exercise. Use the information in the illustration 
to determine her current range of motion in degrees and the 
number of degrees of improvement she still needs to make. 


She needs to extend 
this much more. ae 


-“ 
- 
a I 
ae 1 


This angle is four 
times larger than 
the other. 


THEATER SCREENS At an IMAX theater, the giant 
rectangular movie screen has a width 26 feet less than its 
length. If its perimeter is 332 feet, find the length and the width 
of the screen. 

ART In 1770, Thomas 
Gainsborough painted The Blue 
Boy. The sum of the length and 
width of the painting is 118 inches. 
The difference of the length and 
width is 22 inches. Find the length 
and width. 


~ 
s 
£ 
e 
& 
a 
5 
g 
= 
ig 
2 
ea 
< 
£ 
> 
= 
= 
5 
Ea 


25. 


26. 


27. 


28. 
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GEOMETRY A 50-meter path surrounds a rectangular 
garden. The width of the garden is two-thirds its length. Find 
the length and width. 

BALLROOM DANCING | A rectangular-shaped dance floor 
has a perimeter of 200 feet. If the floor were 20 feet wider, its 
width would equal its length. Find the length and width of the 
dance floor. 


EMPTY CARTRIDGES A bank recycles its empty printer 
and copier cartridges. In January, the bank received $40 for 
recycling 5 printer and 2 copier cartridges. In February, the 
bank received $57 for recycling 6 printer and 3 copier 
cartridges. How much is the bank paid for an empty printer 
cartridge and for an empty copier cartridge? 


THANKSGIVING DINNER | There are a total of 510 calories 
in 6 ounces of turkey and one slice of pumpkin pie. There are a 
total of 580 calories in 4 ounces of turkey and two slices of 
pumpkin pie. How many calories are there in 1 ounce of turkey 
and in one slice of pumpkin pie? 


29. from Campus to Careers 


Suppose you are a wedding 
photographer and you sell: 
Package 1: one 10 X 14 and ten 
8 X 10 color photos for $239.50 
Package 2: one 10 X 
8 X 10 color photos for $134.50 

A newlywed couple buys Package 1 
and decides that they want one more 
10 X 14 and one more 8 X 10 photo- 
graph. At the same prices, what 


Portrait Photographer 


4 and five 


© Peter Steiner/Alamy 


should you charge them for each additional photograph? 


30. 


BUYING PAINTING SUPPLIES _ Two partial receipts for 
paint supplies are shown. (Assume no sales tax was charged.) 
Find the cost of one gallon of paint and the cost of one paint 
brush. 


Dec. 10, 2004) yr7qm7 


8 gallons 
latex paint @ 
3 brushes @ 


Total $ 270.00 
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31. 


32. 


COLLECTING STAMPS | Determine the price of an Elvis 
Presley stamp and a Statue of Liberty stamp given the follow- 
ing information. 


© USPS 
© EPE/USPS 


¢ One Elvis stamp and one Liberty stamp cost a total of 63¢. 


¢ A sheet of 40 Elvis stamps and a sheet of 20 Liberty stamps 
cost a total of $18.40. (Hint: 63¢ = $0.63) 


RECYCLING A boy scout troop earned $24 by recycling a 
total of 330 beverage containers. The recycling rates are shown 
below. How many of the small capacity containers and how 
many of the large capacity containers did they recycle? 

(Hint: 5¢ = $.05 and 10¢ = $0.10) 


RECHCLE 


33. 


34. 


SELLING ICE CREAM  Atastore, ice cream cones cost 
$1.80 and sundaes cost $3.30. One day the receipts for a total 
of 148 cones and sundaes were $360.90. How many cones were 
sold? How many sundaes? 


BUYINGTICKETS The ticket prices for a movie are shown 
below. Receipts for one showing were $1,740 for an audience 
of 190 people. How many general admission tickets and how 
many senior citizen tickets were sold? 


|| Seniors; $6 
Showtimes: 5,8, 11 
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36. 


37. 


38. 


39. 


40. 


41. 


. STUDENT LOANS A college used a $5,000 gift from an 
alumnus to make two student loans. The first was at 5% annual 
interest to a nursing student. The second was at 7% to a 
business major. If the college collected $310 in interest the first 
year, how much was loaned to each student? 


FINANCIAL PLANNING In investing $6,000 of a couple’s 
money, a financial planner put some of it into a savings account 
paying 6% annual interest. The rest was invested in a riskier 
mini-mall development plan paying 12% annually. The 
combined interest earned for the first year was $540. How 
much money was invested at each rate? 


INVESTING A BONUS | A businessman invested part of his 
$40,000 end-of-the-year bonus in an international fund that 
paid an annual yield of 8%. The rest of the bonus was invested 
in an offshore bank that paid an annual yield of 9%. Find the 
amount of each investment if he made a total of $3,415 in 
interest from them the first year. 


PENSION FUNDS A state employees’ pension fund invested 
a total of one million dollars in two accounts that earned 3.5% 
and 4.5% annual interest. At the end of the year, the total inter- 
est earned from the two investments was $39,000. How much 
was invested at each rate? 


LOSSES A CEO deposited part of $22,000 in an account 
paying 4% interest annually. The rest of the money was 
invested in a biotech company that, after only one year, caused 
him to lose 3% of his initial investment in it. Find the amount 
of each investment if the net interest he earned the first year 
was only $110. 


LOTTERY WINNINGS After winning $60,000 in the lottery, 
a retired teacher gave $10,000 of it to her grandchildren. She 
invested part of the remainder in a growth fund that earned 
4.4% annually and the rest in certificates of deposit paying a 
5.8% annual percentage yield. The interest that she received on 
these two investments totaled $2,732 at the end of the first year. 
Find the amount of each investment. 


THE GULF STREAM The Gulf stream is a warm ocean 
current of the North Atlantic Ocean that flows northward, as 
shown below. Heading north with the Gulf Stream, a cruise 
ship traveled 300 miles in 10 hours. Against the current, it took 
15 hours to make the return trip. Find the speed of the ship in 
still water and the speed of the current. 


= 


Stream 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


THE JET STREAM The jet stream is a strong wind current 
that flows across the United States, as shown on the previous 
page. Flying with the jet stream, a plane flew 3,000 miles in 

5 hours. Against the same wind, the trip took 6 hours. Find the 
speed of the plane in still air and the speed of the wind current. 


AVIATION An airplane can fly with the wind a distance of 
800 miles in 4 hours. However, the return trip against the wind 
takes 5 hours. Find the speed of the plane in still air and the 
speed of the wind. 


BOATING A boat can travel 24 miles downstream in 2 hours 
and can make the return trip in 3 hours. Find the speed of the 
boat in still water and the speed of the current. 


MARINE BIOLOGY A marine biologist wants to set up an 
aquarium containing 3% salt water. He has two tanks on hand 
that contain 6% and 2% salt water. How much water from each 
tank must he use to fill a 32-gallon aquarium with a 3% 
saltwater mixture? 


COMMEMORATIVE COINS _ A foundry has been 
commissioned to make souvenir coins. The coins are to be 
made from an alloy that is 40% silver. The foundry has on hand 
two alloys, one with 50% silver content and one with a 25% 
silver content. How many kilograms of each alloy should be 
used to make 20 kilograms of the 40% silver alloy? 


CLEANING FLOORS A custodian is going to mix a 4% 
ammonia solution and a 12% ammonia solution to get | gallon 
(128 fluid ounces) of a 9% ammonia solution. How many fluid 
ounces of the 4% solution and the 12% solution should be used? 


MOUTHWASH_ A pharmacist has a mouthwash solution that 
is 6% ethanol alcohol and another that is 18% ethanol alcohol. 
How many milliliters of each must be mixed to make 

750 milliliters of a mouthwash that is 10% ethanol alcohol? 


COFFEE SALES A coffee supply store waits until the orders 
for its special blend reach 100 pounds before making up a batch. 
Columbian coffee selling for $8.75 a pound is blended with 
Brazilian coffee selling for $3.75 a pound to make a product that 
sells for $6.35 a pound. How much of each type of coffee 
should be used to make the blend that will fill the orders? 


MIXING NUTS 

A merchant wants 
to mix peanuts with 
cashews, as shown 
in the illustration, to 
get 48 pounds of 
mixed nuts that will 
be sold at $8 per 
pound. How many 
pounds of each 
should the merchant use? 


Peanuts 


51. 


52. 


4.4 Problem Solving Using Systems of Equations 355 


GOURMET FOODS A New York delicatessen sells 
marinated mushrooms for $12 a pint and stuffed Kalamata 
olives for $9 a pint. How many pints of each should be used to 
get 20 pints of a mixture that will sell for $10 a pint? 


HERBS _ Ginger root powder sells for $6.50 a pound and 
ginkgo leaf powder sells for $9.50 a pound. How many pounds 
of each should be used to make 15 pounds of a mixture that 
sells for $7 a pound? 


WRITING 


53. 


54. 


Explain why a table is helpful in solving uniform motion and 
mixture problems. 

A man paid $89 for two shirts and four pairs of socks. If we let 
x = the cost ofa shirt, in dollars, and y = the cost of a pair of 
socks, in dollars, an equation modeling the purchase is 

2x + 4y = 89. Explain why there is not enough information to 
determine the cost of a shirt or the cost of a pair of socks. 


REVIEW 


Graph each inequality. Then describe the graph using interval 
notation. 


55. 
57. 


x<4 
-l<x=2 


56. x = —-3 
58. —-2=x=0 


CHALLENGE PROBLEMS 


59. 


60. 


. 


On the last scale, how many nails will it take to balance 1 nut? 


FARMING Ina pen of goats and chickens, there are 40 heads 
and 130 feet. How many goats and chickens are in the pen? 
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Objectives 


The Language of Algebra 
To solve a system of linear 
inequalities, we superimpose the 
graphs of the inequalities. That is, 
we place one graph over the other. 
Most video camcorders can super- 
impose the date and time over the 
picture being recorded. 


@ Solve a system of linear inequalities by graphing. 


® Solve application problems involving systems of linear 
inequalities. 


In Section 4.1, we solved systems of linear equations graphically by finding the point of inter- 
section of two lines. Now we consider systems of linear inequalities, such as 


{i +y=-1 
y= p=] 
To solve systems of linear inequalities, we again find the points of intersection of graphs. In 


this case, however, we are not looking for an intersection of two lines, but an intersection of 
two regions. 


Solve a System of Linear Inequalities by Graphing. 


A solution of a system of linear inequalities is an ordered pair that satisfies each inequality. 
To solve a system of linear inequalities means to find all of its solutions. This can be done by 
graphing each inequality on the same set of axes and finding the points that are common to 
every graph in the system. 


x+y2-l 
ye pe 


i EXAMPLE 1 j Graph the solutions of the system: { 


Strategy We will graph the solutions of x + y = —1 in one color and the solutions of 
x — y = | in another color on the same coordinate system. 


Why We need to see where the graphs of the two inequalities intersect (overlap). 


Solution To graph x + y = —1, we begin by graphing the boundary line x + y = —1. 
Since the inequality contains an = symbol, the boundary is a solid line. Because the coor- 
dinates of the test point (0, 0) satisfy x + y = —1, we shade (in red) the side of the bound- 
ary that contains (0, 0). See part (a) of the figure on the next page. 


Graph the boundary: The intercept method Shading: Check the test point (0, 0) 


x+y=-l eb yal 
x | vy | @&Yy) 0+02 -1 Substitute. 
—1}(0, -1) 0=-—1 True 
—1} 0|(-1,0) 


(0, 0) is a solution of x + y= —1. 


In part (b) of the figure, we superimpose the graph of x — y= 1 on the graph of 
x + y = —1 so that we can determine the points that the graphs have in common. To graph 
x — y = 1, we graph the boundary x — y = 1| asa solid line. Since the test point (0, 0) does 
not satisfy x — y = 1, we shade (in blue) the half-plane that does not contain (0, 0). 
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Graph the boundary: The intercept method Shading: Check the test point (0, 0) 
x-y=1 x= y= 1 
y | @y) 0-021 Substitute. 
—1})@,-)) Q0=1 False 
1} 0] @,0) 


(0, 0) is not a solution of x — y = 1. 


=~ The solutions of the system 
are shaded in purple. The 


purple region is the intersection 
or overlap of the red and blue 
shaded regions. It includes 


gy portions of each boundary. 


The graph of x + y 2-1 is shaded in red. The graph of x — y 2 1 is shaded in blue. 


Success Tip 
Colored pencils are often used to 
graph systems of inequalities. A 


standard pencil can also be used. 


Just draw different patterns of 
lines instead of shading. 


Solving Systems of 
Linear Inequalities 


It is drawn over the graph of x + y 2-1. 
(a) (b) 


In part (b) of the figure, the area that is shaded twice represents the solutions of the 
given system. Any point in the doubly shaded region in purple (including the purple portions 
of each boundary) has coordinates that satisfy both inequalities. 

Since there are infinitely many solutions, we cannot check each of them. However, as an 
informal check, we can select one ordered pair, say (4, 1), that lies in the doubly shaded 
region and show that its coordinates satisfy both inequalities of the system. 


Check: x+y 2-1 The first inequality. xX —y 21 The second inequality. 
4+12-1 4-121 
52-1 True 321 True 


The resulting true statements verify that (4, 1) is a solution of the system. If we pick a point 
that is not in the doubly shaded region, such as (1, 3), (—2, —2), or (0, —4), the coordinates 
of that point will fail to satisfy one or both of the inequalities. 


= ps2 
a Self Check 1 dj Graph the solutions of the system: {i _ 
; ope = Il 


Now Try Problem 15 


In general, to solve systems of linear inequalities, we will follow these steps. 


1. Graph each inequality on the same rectangular coordinate system. 


2. Use shading to highlight the intersection of the graphs (the region where the graphs 
overlap). The points in this region are the solutions of the system. 


3. As an informal check, pick a point from the region where the graphs intersect and verify 
that its coordinates satisfy each inequality of the original system. 
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Success Tip 
The ordered pairs that lie on a 
dashed boundary line are never 
part of the solution of a system of 
linear inequalities. 


; > 3 
EXAMPLE 2 | Graph the solutions of the system: . . 
: 4 x+y<4 
Strategy We will graph the solutions of y > 3x in one color and the solutions of 
2x + y < 4 in another color on the same coordinate system to see where the graphs 
intersect. 


Why The solution set of the system is the set of all points in the intersection of the two 
graphs. 


Solution To graph y > 3x, we begin by graphing the boundary line y = 3x. Since the 
inequality contains an > symbol, the boundary is a dashed line. Because the boundary 
passes through (0, 0), we use (2, 0) as the test point instead. Since (2, 0) does not satisfy 
y > 3x, we shade (in red) the half-plane that does not contain (2, 0). See part (a) of the 
following figure. 


Graph the boundary: Slope and y-intercept Shading: Check the test point (2, 0) 


y =3x+0 y > 3x 
wn Ss 2 
m=3 =O 0 > 3(2) Substitute. 
3 0>6 Fal 
Slope: — y-intercept: (0, 0) ~— 


Since 0 > 6 is false, (2, 0) is not a 
solution of y > 3x. 


In part (b) of the figure, we superimpose the graph of 2x + y < 4 on the graph of y > 3x to 
determine the points that the graphs have in common. To graph 2x + y < 4, we graph the 
boundary 2x + y = 4 as a dashed line. Then we shade (in blue) the half-plane that contains 
(0, 0), because the coordinates of the test point satisfy 2x + y < 4. 


Graph the boundary: The intercept method Shading: Use the test point (0, 0) 


2x+y=4 xw+y<4 

xly|@&» 2(0) +0 <4 Substitute. 
0/4] (0, 4) 0<4 True 

2/0] (2,0) 


Since 0 < 4 is true, (0, 0) is a 
solution of 2x + y < 4. 


y y 
4 f a A 4 
4 } -——+—_ > 7 4 
6 / =Lo IL \ 2 J 
: fly =3x vg ‘, Ply = 3x 
y\> 3x d The solutions of the system \ d 
: 1 are shaded in purple. Points | i 7 
3 i on the boundaries arenot =| d 
- / solutions. — ae eee ee ... 
: ; Seca \2xty=4 
. | \ 
ara) at i {3 4|* a 
-f i EE Ee Lee \. 
7 1 \ 
t } \ 
The graph of y > 3x is shaded in red. The graph of 2x + y < 4 is shaded in blue. 


It is drawn over the graph of y > 3x. 


(a) (b) 
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In part (b) of the figure, the area that is shaded twice represents the solutions of the given 
system. Any point in the doubly shaded region in purple has coordinates that satisfy both 
inequalities. Pick a point in the region and show that this is true. Note that the region 
does not include either boundary; points on the boundaries are not solutions of the 
system. 


Xe 5r ayes 3B 


a Self Check 2 dj Graph the solutions of the system: 1 
ae 


Now Try Problem 23 


x=2 


EXAMPLE 3 j Graph the solutions of the system: { - 
5 y 


Strategy We will graph the solutions of x < 2 in one color and the solutions of y > 3 in 
another color on the same coordinate system to see where the graphs of the two inequal- 
ities intersect. 


Why The solution set of the system is the set of all points in the intersection of the two 
graphs. 


Solution The boundary of the graph of x < 2 is the line x = 2. Since the inequality con- 
tains the symbol <, we draw the boundary as a solid line. The test point (0, 0) makes 
x = 2 true, so we shade the side of the boundary that contains (0, 0). See part (a) of the 
figure on the next page. 


Graph the boundary: A table of solutions Shading: Check the test point (0, 0) 


im x=2 

Fic 0=2 = True 

2/0] @,0) Since 0 < 2 is true, (0, 0) is a solu- 
2}21 (2,2) tion of x S 2. 

214 | (2,4) 


In part (b) of the figure, the graph of y > 3 is superimposed over the graph of x = 2. 
The boundary of the graph of y > 3 is the line y = 3. Since the inequality contains the 
symbol >, we draw the boundary as a dashed line. The test point (0, 0) makes y > 3 false, 
so we shade the side of the boundary that does not contain (0, 0). 


Graph the boundary: A table of solutions Shading: Check the test point (0, 0) 


y= yo 3 
56 || 17 || (3,59) 0>3 False 
0} 3 | (0,3) Since 0 > 3 is false, (0, 0) is not a 
Hla ake solution of y > 3. 
4)3] (4,3) 
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y y 
A | | r 
a The solutions of the system [ >] A 
6 are shaded in purple. Points ~~ -\¢ 6 | 
2 on the purple portion of x = 2 7 _ ral 
i are solutions. Points on the Al | 
dashed boundary line are not. 
a y dk EE === sal 
ns x2 
z 
1 
> Xx 
ar ay St al 1 3. (C4 
=il 
The graph of x < 2 is shaded in red. The graph of y > 3 is shaded in blue. 
It is drawn over the graph of x < 2. 
(a) (b) 


The area that is shaded twice represents the solutions of the system of inequalities. Any point 
in the doubly shaded region in purple has coordinates that satisfy both inequalities, includ- 
ing the purple portion of the x = 2 boundary. Pick a point in the region and show that this is 
true. 


= || 
ta Self Check 3 d Graph the solutions of the system: iu a 
3 
Now Try Problem 25 
x20 
EXAM PLE 4 | Graph the solutions of the system: { y = 0 
x+2y 56 


Strategy We will graph the solutions of x = 0, y = 0, and x + 2y < 6 on the same 
coordinate system to see where all three graphs intersect (overlap). 


Why The solution set of the system is the set of all points in the intersection of the three 
graphs. 


Solution This is a system of three linear inequalities. If shading is used to graph them on 
the same set of axes, it can become difficult to interpret the results. Instead, we can draw 
directional arrows attached to each boundary line in place of the shading. 


The graph of x = 0 has the boundary x = 0 and includes all points on the y-axis and 
to the right. 


The graph of y = 0 has the boundary y = 0 and includes all points on the x-axis and 
above. 


The graph of x + 2y = 6 has the boundary x + 2y = 6. Because the coordinates of 
the origin satisfy x + 2y = 6, the graph includes all points on and below the 
boundary. 


The solutions of the system are the points that lie on triangle OPO and the shaded triangular 
region that it encloses. 
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x +2y=6 
x | ¥| Gy) 
0|3 1 (0,3) 
6 | 0 | (6,0) 
ta SelfCheck4 ee 
E be Graph the solutions of the system: { y = 2 
26 y= 4) 


Now Try Problem 41 


2) Solve Application Problems Involving Systems of Linear Inequalities. 


EXAMPLE 5 _ Landscaping. A homeowner budgets from $300 to $600 for 
trees and bushes to landscape his yard. After shopping around, he 
finds that good trees cost $150 each and mature bushes cost $75 each. What combina- 
tions of trees and bushes can he buy? 
Analyze the Problem 
e At least $300 but not more than $600 is to be spent for trees and bushes. 
e Trees cost $150 each and bushes cost $75 each. 
e¢ What combination of trees and bushes can he buy? 


Form Two Inequalities | Let x = the number of trees purchased and y = the number of 
bushes purchased. We then form the following system of inequalities: 


The cost . the number of the cost . the number of should at 
of a tree = trees purchased pis of a bush aa bushes purchased _least be aa: 
$150 : x ae $75 . y = $300 
The cost : the number of the cost . the number of should not 
of a tree ee trees purchased ae of a bush — bushes purchased —_be more than eoue: 
$150 . x + $75 . y = $600 


Solve the System To solve the following system of linear inequalities 


foe + 75y = 300 
150x + 75y < 600 


we use the graphing methods discussed in this section. Neither a negative number of trees 
nor a negative number of bushes can be purchased, so we restrict the graph to Quadrant I. 
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: . y 
The Language of Algebra State the Conclusion The coordinates of each Naseer 

Bit yee clic minor ene: point highlighted in the graph give a possible com- bushes 

and cannot go below can be rep- bination of the number of trees, x, and the number 1504 + {Sy + 6G0 
resented by the inequality symbol of bushes, y, that can be purchased. Written as 

=. Phrases such as is not more ordered pairs, these possibilities are 

than and should not surpass can 

be represented by the inequality (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), 7 

symbol <. (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), : 


(2, 0), (2, 1), (2, 2), 2, 3), (2, 4), 50x + 74y = 
(3, 0), (3, 1), (3, 2), (4, 0) 
Check the Result Suppose the homeowner picks 
the combination of 3 trees and 2 bushes, as repre- 


sented by (3, 2). Show that this point satisfies both 
inequalities of the system. 


3 2 -l 12 3 4 35 


Number of trees 


La Now Try Problem 47 


Bag wnsurs TO SELF CHECKS — il 


2. y 
yA 
3 
fiir 2 
= 2 
| wer 
oN x 
meme | 1 2 TS 
lr ii| | | w+3ys3 
y==x = 
2uEIEn 
=A 
3 y 4. 
A | 4 
a tye 
3 I 
! 
y=i I 
oe 
: > Xx 
22S i i ie 
=I I 
—- | 
=3 t 
l 
=4- 
{ 


VOCABULARY 4. The phrase should not surpass can be represented by the 
ithe blank inequality symbol ____ and the phrase must be at least can be 
Pave ears) represented by the inequality symbol ___. 
x+y>2, . 
1. {i saps is a system of linear ‘ CONCEPTS 
2. To graph the linear inequality x + y > 2, first graph the 5. a. What is the equation of the boundary line of the graph of 
x + y = 2. Then pick the test (0, 0) to deter- 3x —y <5? 
mine which half-plane to shade. b. Is the boundary a solid or dashed line? 
3. To find the solutions of a system of two linear inequalities 
graphically, look for the , or overlap, of the two 


shaded regions. 


10. 


11. 


12. 


. Complete the table to find the x- and y-intercepts 


. a. What is the equation of the boundary line of the graph of 


y = 4x? 
b. Is the boundary a solid or dashed line? 


c. Why can’t (0, 0) be used as a test point to determine what to 
shade? 


. Find the slope and the y-intercept of the line whose equation is 


y=4-3. 


of the line whose equation is 3x — 2y = 6. 


. The boundary of the graph of y 


2x + y > 4 is shown. MI 7 

a. Does the point (0, 0) make the iN 
inequality true? 

b. Should the region above or ie 
below the boundary be shaded? o\ 

= 1 % 3.4 


X 


Linear inequality 1 is graphed in red and linear inequality 2 is 
graphed in blue. Determine whether a true or false statement 
results when 


a. The coordinates of point A are sub- 
stituted into inequality 1 


Inequality | solutions 
are in red 


y 


b. The coordinates of point A are sub- 
stituted into inequality 2 

c. The coordinates of point B are sub- 
stituted into inequality 1 

d. The coordinates of point B are sub- 
stituted into inequality 2 

e. The coordinates of point C are sub- 


stituted into inequality 1 Inequality 2 solutions 


; ; are in blue 
f. The coordinates of point C are sub- 


stituted into inequality 2 
The graph of a system of two linear 
inequalities is shown. Determine 
whether each point is a solution of 
the system. 
a. (4, —2) 
b. (1, 3) 
c. the origin 


Use a check to determine whether each ordered pair is a 
solution of the system. 


ee 
5 i es 


a. (1, 4) b. (—2, 0) 


> xX 
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13. Match each equation, inequality, or system with the graph of its 


solution. 

axty=2 bx+y=2 
+y=2 c+y22 

c. i. J d. { 4 
X= yo? x= ps2 


14. Match the system of inequalities with the correct graph. 


ee ae 
a. b. 
y<l ysl 


ee d oe 
e y21 . y>-l 


GUIDED PRACTICE 
Graph the solutions of each system. See Examples 1-3. 
+2y <3 2x +y=3 
15. e . 16 e . 
2x4=— y= 1 x= 2yS —1 
+y<-l +y>2 
17. {i = 18. ie 4 
x-y>-l x—-y<-2 
2x —3y = 0 Soa 4 
19 a 20 , 7 
yex= 1 ype =x 1 
+y<2 >-x+2 
21. {i : 22. i : 
xty=l yx -x+4 
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y > 2x y = 2x 46. EARTH SCIENCE Shade 
a x+2y <6 a xt+y<4 the area of the earth’s 
surface that is north of the 
x22 x=-l . : 
25. 26. Tropic of Capricorn and 
y= 3 yo -2 south of the Tropic of 
> < Cancer. 
27. . ’ 28. {* : 
y>0 y<0 
+4y2- +ysl 
29. e ie 30. ie - 
a ie 4x —-y=-8 
xwty< +yz= 
ai, { aaa a2: i wo 
yo2— 2x ys4x-6 
2x — 4y > -6 2x — 3y <0 In Problems 47-52, graph each system of inequalities and give two 
33. { 34, { possible solutions. See Example 5. 
3x ty = 5 2x + 3y 2 12 
ee re ps 47. BUYING COMPACT DISCS y. 
35. { aes 36. { * YT 0 Melodic Music has compact discs 8 
3y > —2x — 10 x<-2+y on sale for either $10 or $15. Ifa 
y2=x customer wants to spend at least A : 
37. 38. e eas $30 but no more than $60 on CDs, 4 
ys ; +1 ys-x-1 graph a system of inequalities 5 
showing the possible combinations 
yt2x=0 
x+ty>0 of $10 CDs (x) and $15 CDs (y) ny ES Seales 
39. y-x<-2 40. ys 1 x+2 that the customer can buy. $10 CDs 
Graph the solutions of each system. See Example 4. 48. BUYING BOATS Boatworks y 
wholesales aluminum boats for gh 


$800 and fiberglass boats for 
$600. Northland Marina wants to 
make a purchase totaling at least 
$2,400 but no more than $4,800. 
Graph a system of inequalities 
showing the possible combinations >_> * 
of aluminum boats (x) and 


& a 


Fiberglass boats 


Aluminum boats 


x20 x-ys6 
41. \y20 42. \x+2y=6 

x + y=Es x20 

x-y<4 2x+y=2 
43. \y =0 44. \y>x 

x= 0 x20 
APPLICATIONS 


45. BIRDS OF PREY Parts (a) and (b) of the illustration show 
the individual fields of vision for each eye of an owl. In part (c), 
shade the area where the fields of vision overlap—that is, the 
area that is seen by both eyes. 


(a) (b) 


49. 


fiberglass boats () that can be 
ordered. 


BUYING FURNITURE A 
distributor wholesales desk chairs 
for $150 and side chairs for $100. 
Best Furniture wants its order to 
total no more than $900; Best also 
wants to order more side chairs 
than desk chairs. Graph a system 
of inequalities showing the 
possible combinations of desk 
chairs (x) and side chairs (v) that 
can be ordered. 


Side chairs 
a oe es SS 
e 


N 


> X 


2. A 6 68 
Desk chairs 


50. 


51. 


52. 


ORDERING FURNACE y 
EQUIPMENT _ J. Bolden 
Heating Company wants to 
order no more than $2,000 
worth of electronic air cleaners 
and humidifiers from a 
wholesaler that charges $500 for 2 

air cleaners and $200 for 

humidifiers. If Bolden wants 2 4 6 «8 
more humidifiers than air fanless 
cleaners, graph a system of inequalities showing the possible 
combinations of air cleaners (x) and humidifiers (y) that can be 
ordered. 


0 


Humidifiers 
a 


> xX 


PESTICIDES _ To eradicate a fruit fly infestation, helicopters 
sprayed an area of a city that can be described by y = —2x + 1 
(within the city limits). Two weeks later, more spraying was 


ordered over the area described by y = ix — 4 (within the city 
limits). Show the part of the city that was sprayed twice. 


REDEVELOPMENT Refer to the following diagram. A 
government agency has declared an area of a city east of First 
Street, north of Second Avenue, south of Sixth Avenue, and 
west of Fifth Street as eligible for federal redevelopment funds. 
Describe this area of the city mathematically using a system of 
four inequalities, if the corner of Central Avenue and Main 
Street is considered the origin. 
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y 
Sixth Ave. 
Fifth Ave. 
Fourth Ave. 
Third Ave. 
Second Ave. 
First Ave. 
Central Ave. x 
N 
we sz ea go we 
/- 2 oe & BR A 
Bo ods & & 
s nelBnAFHD 
BE py oe ae 


WRITING 


53. Explain how to use graphing to solve a system of inequalities. 


54. When a solution of a system of linear inequalities is graphed, 
what does the shading represent? 


55. Describe how the graphs of the solutions of these systems are 
similar and how they differ. 


a ane 
and 
x-y=4 x-y24 


56. Explain when a system of inequalities will have no solutions. 


REVIEW 
Simplify each expression. 
57. 8(31) 58. 27(2m) 
59 24 = 6) 60 Foy 3% 
i= oe eee) 
7 3 5 7 
61. ——x — = 2. -—=x- = 
1616" Eig” ie 
3 4 7 8 
63. eo(r = 4) 64. (2 = 5) 
20 15 8 9 
CHALLENGE PROBLEMS 
Graph the solutions of each system. 
3 - 5 aa 3x ty <2 
65. 66. { a i - 
gree ame y > 3(1 — x) 
3. 2 
= 
2x + 3y = 6 = 
y= 0 
67.4 3x+y=l 68. = 
Tr: 9x + 3y = 18 
3x + 6y = 18 
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DEFINITIONS AND CONCEPTS 


Summary & Review 


CHAPTER 4 


EXAMPLES 


When two equations are considered at the same time, 
we say that they form a system of equations. 


A solution of a system of equations in two variables 
is an ordered pair that satisfies both equations of the 
system. 


aes 


Is (4, 3) a solution of the system { ? 
Ti 


To answer this question, we substitute 4 for x and 3 for y in each equation. 


Bone iy i 5g 3) 
4+327 4-345 
7=7~ True 1=5 False 


Although (4, 3) satisfies the first equation, it does not satisfy the second. Because 
it does not satisfy both equations, it is not a solution of the system. 


To solve a system graphically: 


1. Graph each equation on the same coordinate 
system. 


2. Determine the coordinates of the point of inter- 
section of the graphs. That ordered pair is the 
solution. 


3. Check the solution in each equation of the origi- 
nal system. 


y= -2x + 3 


Use graphing to solve the system: { 
x—-2y=4 


Step 1: Graph each equation as shown below. 


yo -xt+3 x-2y=4 


2) x| y 
n= > 

1 02 
b=3 4 0 


Step 2: It appears that the graphs intersect at the point (2, —1). To verify that this 
is the solution of the system, substitute 2 for x and —1 for y in each equation. 


Step 3: Check 


x-—2’y=4 Va Sle o 3 
2-2-1) 24 —1 4 -2(2) +3 
4=4 True ===! True 


Since (2, —1) makes both equations true, it is the solution of the system. 
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; ne -contin 
DEFINITIONS AND CONCEPTS EXAMPLES 
A system of equations that has at least one solution There are three possible outcomes when solving a system of two linear equations 
is called a consistent system. If the graphs of the by graphing. 
equations of the system are parallel lines, the system 
has no solution and is called an inconsistent system. y y y 


Equations with different graphs are called independ- 
ent equations. If the graphs of the equations in a 


system are the same line, the system has infinitely ee z Z 
many solutions. The equations are called dependent 
equations. 
We can determine the number of solutions that a : A : 

; : ae Consistent system Inconsistent system Consistent system 
system of two linear equations has by writing each i ‘ : 

Bae : Independent equations Independent equations Dependent equations 
equation in slope-intercept form, y = mx + b, and : : i 
GRE URE BeO nar ein icene ¢ Exactly one solution ¢ No solution ¢ Infinitely many 
ae P y ee ¢ The lines have ¢ The lines have the solutions 
different slopes. same slope but ¢ The lines have the 


different y-intercepts. same slope and 
same y-intercept. 


REVIEW EXERCISES 
Determine whether the ordered pair is a solution of the system. 


— 2y = 12 fe = 
a, @,-9,{® 'y = te 6y = 6 
ei? Bit ti) ce ae 2p — 7) = (0) 


een: aces 
* (2x + 3y = 6 * ly = —2x + 2 


7. Find the slope and the y-intercept of the graph of each line in the 
= ee 3p Il 
system P . Then, use that information to determine the 
8x + 4y = 3 


number of solutions of the system. 


3 


Use the graphing method to solve each system. 
xty= 

3 {3 +y=7 aa 
* (2x -y=5 


8. COLLEGE ENROLLMENT Estimate the point of intersection of the graphs. Explain its significance. 


Millions 
©) 


| U.S. College Enrollment by Gender 
1975-2005 


| | Females 


Lt fd ! 
1975 1980 1985 2000 2005 


Source: Digest of Education Statistics 
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EXAMPLES 


To solve a system of equations in x and y by 
substitution: 


1. Solve one of the equations for either x or y. 


2. Substitute the expression for x (or for y) obtained 
in step 1 into the other equation and solve the 
equation. 


3. Substitute the value of the variable found in step 
2 into the substitution equation to find the value 
of the remaining variable. 


4. Check the proposed solution in the equations of 
the original system. 


With the substitution method, the objective is to use 
an appropriate substitution to obtain one equation in 
one variable. 


If in step 2 the variable drops out and a false state- 
ment results, the system has no solution. If a true 
statement results, the system has infinitely many 
solutions. 


REVIEW EXERCISES 
Use the substitution method to solve each system. 
ie = 15 — 3x 
~ hp se oko = 115 
x= y. 
5x — 4y = 3 
6x 2 y= 8 Sy x 
see 2 — Y 
Pp = Bo 4b 7/ 
2s 
n= Ose 
9x + 3y —5 =0 


10. 


11. 


5 
SESE 


ee Vc ae 
Use substitution to solve the system: 
x+2y=5 
Step 1: The first equation is already solved for y. 
Step 2: Substitute x + 7 for y in the second equation. 
x+2y=5 
x+2a+7)=5 
a8 ap Pree Ie 5) 


Substitute x + 7 for y. 


Distribute. 


3x + 14=5 Combine like terms. 
3x = —9 Subtract 14 from both sides. 
x = -3 Divide both sides by 3. 


Step 3: y=x+7 
v= —S ar 7 


This is the substitution equation. 
Substitute —3 for x. 

y=4 Simplify. 

The following check verifies that the solution is (—3, 4). 
Step 4: Check 


iy S sear ¢ a2 oP AS 5) 
42-347 -3 + 2(4) 25 
4=4 True S=5 ie 


se Sy Ils 
16 16 8 
. When solving a system using the substitution method, suppose you 
obtain the result 8 = 9. 
a. How many solutions does the system have? 
b. Describe the graph of the system. 
c. What term is used to describe the system? 


. Fill in the blank. With the substitution method, the objective is to 
use an appropriate substitution to obtain one equation in 
variable. 


Ivi 


DEFINITIONS AND CONCEPTS 


CHAPTER 4 Summary and Review 


To solve a system of equations in x and y using 
elimination (addition): 


1. Write each equation in the standard 
Ax + By = C form. 


2. Multiply one (or both) equations by nonzero 
quantities to make the coefficients of x (or y) 
opposites. 


3. Add the equations to eliminate the terms 
involving x (or y). 

4. Solve the equation obtained in step 3. 

5. Find the value of the other variable by substitut- 


ing the value of the variable found in step 4 into 
any equation containing both variables. 


6. Check the solution in the equations of the original 
system. 


With the elimination method, the basic objective is 
to obtain two equations whose sum will be one 
equation in one variable. 


If in step 3 both variables drop out and a false state- 
ment results, the system has no solution. If a true 
statement results, the system has infinitely many 
solutions. 


REVIEW EXERCISES 


17. Write each equation of the system { eae 


Ax + By = C form. 


18. Fill in the blank. With the elimination method, the basic objective is 
to obtain two equations whose sum will be one equation in 


variable. 


Solve each system using the elimination (addition) method. 


11x + 3y = 27 
8x + 4y = 36 


9x + 3y = 15 
3x =5—-y 


4x + 2y—7=0 


1 IF tio 1S » 
EXAMPLES 
oe 2x —3y=4 
Use elimination to solve: 
3k ae PS = 


Step 1: Both equations are written in Ax + By = C form. 


Step 2: Multiply the second equation by 3 so that the coefficients of y are 
opposites. 


Step 3: 
2x — 3y =4 
9x + 3y = —15 
iLilse =—11 Add the like terms, column by column. 


Step 4: Solve for x. 
llx = -11 
= =I Divide both sides by 11. 


Step 5: Find y. 


3x + y=—5 This is the second equation. 
3(-1) + y= —5 Substitute —1 for x. 
baa tase 


The solution is (—1, —2). 
Step 6: Check 


re — ay al Shear i) = 5) 

2(-1) — 3(-2) 44 3(-1) + (-2) = -5 

—2+624 Sy at 
4=4 True Ol enue 


in standard 


@ 0 7 


QR A A 


: eee + 0.05y = 0 
” (0.3x = 0.2) = —1.9 


Mod ee 
26. 0d te 


Or = Ikiy = 3 — 257 


For each system, determine which method, substitution or 
elimination (addition), would be easier to use to solve the system 
and explain why. 


eee 
app — Shp dl 


28. ee 
Spe = Sip dl 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


We can solve many types of problems using a system 
of two linear equations in two variables: 


© Geometry problems 
e Number-value problems 
e Interest problems 


e Uniform motion problems 


Liquid and dry mixture problems 


To solve problems involving two unknown quantities: 

1. Analyze the facts of the problem. Make a table or 
a diagram if it is helpful. 

2. Pick different variables to represent the two 
unknown quantities. Form two equations involv- 
ing those variables. 

3. Solve the system of equations using graphing, 
substitution, or elimination. 


4. State the conclusion. 
5. Check the result. 
Two angles are said to be complementary if the sum 


of their measures is 90°. Two angles are said to be 
supplementary if the sum of their measures is 180°. 


The difference of the measures of two supplementary angles is 40°. Find the 
measure of each angle. 


Analyze Since the angles are supplementary, the sum of 
their measures is 180°. If we subtract the smaller angle 


from the larger, the result is given to be 40°. A 


Form Let x = the measure (in degrees) of the larger angle and y = the measure 
(in degrees) of the smaller angle. Then we have the following two equations. 


c + y= 180 Their sum is 180°. 
= jy = ah) Their difference is 40°. 


Solve If we add the equations, we get 


x+y = 180 
x—y= 40 
2x = 220 
x=110 Divide both sides by 2. This is the measure of the larger 


angle. 
We can use the first equation of the system to find y. 
x +y = 180 
110 +y=180 Substitute 110 for x. 


y=70 Subtract 110 from both sides. This is the measure of the 
smaller angle. 


State The angles measure 110° and 70°. 


Check Angles with measures of 110° and 70° are supplementary (their sum is 
180°) and their difference is 40°. The results check. 


REVIEW EXERCISES 

Write a system of two equations in two variables to solve each 32. CRASH INVESTIGATION In an effort to protect evidence, 

problem. investigators used 420 yards of yellow “Police Line—Do Not 

29. ELEVATIONS _ The elevation of Las Vegas, Nevada, is 20 times Cross” tape to seal off a large rectangular-shaped area around an 
greater than that of Baltimore, Maryland. The sum of their eleva- airplane crash site. How much area will the investigators have to 


tions is 2,100 feet. Find the elevation of each city. 


30. PAINTING EQUIPMENT 


When fully extended, a ladder a. ae 
A : h=A f 
ess Senne ir ike mount + Strength=Amount of pesticide 
extension is 7 feet shorter than : Weak ey 0.02 
the base, how long is each part Eien Strong y 0.09 
of the ladder? Mixture 100 0.08 
b. Rate - Time=Distance 
With the wind Gari] si 
Against the wind} s—w| 7 
cs 
31. GEOMETRY Two angles are complementary. The measure of one Bee 
is 15° more than twice the measure of the other. Find the measure Mack Financial | x | 0.11 | 1 
of each angle. Union Savings | y | 0.06 | 1 


search if the width of the rectangle is three-fourths of the length? 


33. Complete each table. 
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d. Aon Pico ee Toclue 36. SHOPPING Packages containing two bottles of contact lens 
cleaner and three bottles of soaking solution cost $63.40, and pack- 
Carmel corn x a ages containing three bottles of cleaner and two bottles of soaking 
Peanuts y 8 solution cost $69.60. Find the cost of a bottle of cleaner and a bottle 
Mixture 10 5 of soaking solution. 


37. INVESTING Carlos invested part of $3,000 in a 10% certificate 
account and the rest in a 6% passbook account. The total annual 


30 pounds of a mixture worth $4.20 per pound. How many pounds interest from both accounts is $270. How much did he invest at 

of each type of candy should he use? 6%? 
35. BOATING _ It takes a motorboat 4 hours to travel 56 miles downa 38. ANTIFREEZE How much of a 40% antifreeze solution must a 
mechanic mix with a 70% antifreeze solution if she needs 20 gallons 
of a 50% antifreeze solution? 


34. CANDY STORE A merchant wants to mix gummy worms worth 
$6 per pound and gummy bears worth $3 per pound to make 


river, and 3 hours longer to make the return trip. Find the speed of 


the current. 


DEFINITIONS AND CONCEPTS EXAMPLES 


A solution of a system of linear inequalities is an 
ordered pair that satisfies each inequality. 


: Suse il 
Graph the solutions of the system: et 


To solve a system of linear inequalities: Step 1: Graph each inequality on the same coordinate system as shown. 


1. Graph each inequality on the same coordinate Step 2: Use shading to highlight where the graphs intersect. 


system. 


2. Use shading to highlight the intersection of the 
graphs. The points in this region are the solutions 
of the system. 


ma=x+1 


The solutions of 
the system are 


3. As an informal check, pick a point from the shaded in purple. 


region and verify that its coordinates satisfy each 
inequality of the original system. 


Step 3: Pick a point from the solution region such as (1, 0) and verify that it satis- 
fies both inequalities. 


REVIEW EXERCISES 


Solve each system of inequalities. 42. Use a check to determine whether each ordered pair is a solution of 


ap iy SS 3) 
39, Bea the system: e 4 
3x —y >3 ax -—y> 1 


ace 
40. ee 
Wy she 


41. GIFT SHOPPING A grandmother 
wants to spend at least $40 but no 


ih (lei 


more than $60 on school clothes for 


her grandson. If T-shirts sell for $10 
each and pants sell for $20 each, write 
a system of inequalities that describes (ee eel 
the possible numbers of T-shirts x and LAS 4s 6 7 
pairs of pants y that she can buy. Number of T-shirts 
Graph the system and give two possi- 

ble solutions. 


Pairs of pants 
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CHAPTER 4 
Test 


Determine whether the ordered pair is a solution of the system. 


She ap Ap = I 
lb (G53) 
C2) ‘f +y=8 
4x +y = —9 
(thy { pe 
2x —3y = -7 
3. Fill in the blanks. 
a. A________—sof a system of linear equations is an ordered pair 


that satisfies each equation. 
b. A system of equations that has at least one solution is called a 
system. 
c. A system of equations that has no solution is called an 
system. 
d. Equations with different graphs are called 
equations. 
e. A system of 
solutions. 


equations has an infinite number of 


4. Find the slope and the y-intercept of the graph of each line in the 
system ie Se é 

So 2 = NO) 

the number of solutions of the system. Do not solve the system. 


Then, use that information to determine 


Solve each system by graphing. 


=2x-—1 +y=5 
5. e 6. L ue 
x—2y=-4 y=-x 


The following graph shows two different ways in which a salesper- 
son can be paid according to the number of items she sells each 
month, 


7. What is the point of intersection of the graphs? Explain its 
significance. 


8. Which plan is better for the salesperson if she feels that selling 
30 items per month is almost impossible? 


3 Plan | 


Plan 2 


Monthly income ($1,000s) 


10 20 30 40 50 
Items sold per month 


Solve each system by substitution. 


oe 10 en eee 
ove ail ~ lx + 2y = -5 


Solve each system using elimination. 


S25 Ay 
ik me y 12. te ee 
= 3% — 4 


Solve each system using substitution or elimination. 


eee Fo 3a + 4b = -7 
ich Xee 3 1 

SS 2b-a=-—1 

Qa 6 3 
a: ees A eens 
“ly =2x +4 * (0.02c + 0.09d = 0 


Write a system of two equations in two variables to solve each 
problem. 


17. CHILD CARE Ona mother’s 22-mile commute to work, she 
drops her daughter off at a child care facility. The first part of 
the trip is 6 miles less than the second part. How long is each 
part of her morning commute? 


Ist part of trip 2nd part of trip 
Home Child care Work 
= +o —i—es— 


3 


18. VACATIONING It cost a family of 7 a total of $187 for 
general admission tickets to the San Diego Zoo. How many 
adult tickets and how many child tickets were purchased? 


19. FINANCIAL PLANNING A woman invested some money at 
8% and some at 9%. The interest for 1 year on the combined 
investment of $10,000 was $840. How much was invested at 
each rate? 


20. TAILWINDS/HEADWINDS _ Flying with a tailwind, a pilot 


flew an airplane 450 miles in 2.5 hours. Flying into a headwind, 
the return trip took 3 hours. Find the speed of the plane in calm 
air and the speed of the wind. 


23. 
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SUNSCREEN A sunscreen selling for $1.50 per ounce is to 
be combined with another sunscreen selling for $0.80 per 
ounce. How many ounces of each are needed to make 10 
ounces of a sunscreen mix that sells for $1.01 per ounce? 


21. TETHER BALL The angles shown in the illustration are 


complementary. The measure of the larger angle is 10° more 24. Solve the system by graphing. 
than three times the measure of the smaller angle. Find the 
measure of each angle. 
PETE I SO 
i. = 7 


25. CLOTHES SHOPPING This system of inequalities describes 
the number of $20 shirts, x, and $40 pairs of pants, y, a person 
can buy if he or she plans to spend not less than $80 but not 
more than $120. Graph the system. Then give three solutions. 


ieee + 40y = 80 
20x + 40y = 120 


26. Use a check to determine whether (3, 1) is a solution of the 


e ES he — Il 
system: 


22. ANTIFREEZE How many pints of a 5% antifreeze solution x+3y>6 


and how many pints of a 20% antifreeze solution must be 
mixed to obtain 12 pints of a 15% solution? 


GROUPPROJECT 


WRITING APPLICATION 
PROBLEMS 


Overview: |n Section 4.4, you solved application problems by translating the words of the 
problem into a system of two equations. In this activity, you will reverse these steps. 


Instructions: Form groups of 2 or 3 students. For each type of application, write a problem that 
could be solved using the given equations. If you need help getting started, refer to the specific 
problem types in the text. When finished writing the five applications, pick one problem and 
solve it completely. 


A rectangle problem: A number-value problem: 
eee ee 

!=w+ 40 3x + 7y = 37 
An interest problem: A with—against the wind problem: 
ti + y = 75,000 o + y) = 600 


0.03x + 0.05y = 2,750 3(x — y) = 600 
A liquid mixture problem: 
7 ap ) = 30 

0.50x + 0.20y = 0.30(36) 
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from Campus to Careers 


Today's digitally recorded music is crystal clear thanks to the talents of sound 
engineering technicians. They operate console mixing boards and microphones 
record the music, voices, and sound effects that are so much a part of our media- 3 UN OG, 


fi 


Sound Engineering Technician 


led lives. The job requires strong mathematical skills and an aptitude for 


working with electronic equipment. Sound technicians constantly work with 
numbers as they read meters and graphs, adjust dials and switches, and keep 
Ww 


ritten logs. 


any exciting advancements are taking place in the music industry. In 


Problem 85 of Study Set 5.4, you will explore the rapid growth of iTunes, a 
computer program made by Apple Computer that plays, organizes, and 
enables us to buy music files and much more online. 


5.1 Rules for Exponents 

5.2 Zero and Negative Exponents 

5.3. Scientific Notation 

5.4 Polynomials 

5.5 Adding and Subtracting 
Polynomials 

5.6 Multiplying Polynomials 

5.7 Special Products 

5.8 Dividing Polynomials 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 

Group Project 

CUMULATIVE REVIEW 
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Study Skills Workshop 
Attendance 


t's not uncommon for students’ enthusiasm to lessen toward the middle of the term. Some- 

times their effort and attendance begin to slip. Realize that missing even one class can have a 
great effect on your grade. Being tardy takes its toll as well. If you are just a few minutes late, or 
miss an entire class, you risk getting behind. So, keep the following tips in mind. 


ARRIVE ON TIME, ORA LITTLE EARLY: When you arrive, get out your note-taking materials and 
homework. Identify any questions or comments that you plan to ask your instructor once the 
class starts. 


IF YOU MUST MISSACLASS: Get a set of notes, the homework assignments, and any handouts 
that the instructor may have provided for the day(s) that you missed. 


STUDY THE MATERIAL YOU MISSED: Take advantage of the help that comes with this textbook, 
such as the CD and the videotapes. Watch the explanations of the material from the section(s) 
that you missed. 


Now Try This 


1. Plan ahead! List five possible situations that could cause you to be late to class or 
miss a class. (Some examples are parking/traffic delays, lack of a babysitter, over- 
sleeping, or job responsibilities.) What can you do ahead of time so that these 
situations won’t cause you to be tardy or absent? 


2. Watch one section on the CD or the videotape series that accompanies this book. 
Take notes as you watch the explanations. 


Objectives 


@ Identify bases and exponents. 
® Multiply exponential expressions that have like bases. 


© Divide exponential expressions that have like bases. 
© Raise exponential expressions to a power. 


© Find powers of products and quotients. 


In this section, we will use the definition of exponent to develop some rules for simplifying 
expressions that contain exponents. 


Identify Bases and Exponents. 


Recall that an exponent indicates repeated multiplication. It indicates how many times the 
base is used as a factor. For example, 3° represents the product of five 3’s. 


Natural-Number 
Exponents 


Notation 
Bases that contain a — sign must 
be written within parentheses. 
23) a> Exponent 


—— 
Base 
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Exponent 5 factors of 3 
i 
P39 5+3~353 
Base us) 


In general, we have the following definition. 


A natural-number exponent tells how many times its base is to be used as a factor. 
For any number x and any natural number n, 


h factors of x 
SSS 


ip = Feo Seager eee Oe 


Expressions of the form x” are called exponential expressions. The base of an exponen- 
tial expression can be a number, a variable, or a combination of numbers and variables. Some 
examples are: 


10° = 10°10°10:10:10 The base is 10. The exponent is 5, Read as “10 to the fifth 


power.” 
y =yry The base is y. The exponent is 2. Read as “y squared.” 
—2s)° = (—2s)(—2s)(—2s The base is —2s. The exponent is 3. Read as “negative 2s 
P 
raised to the third power” or “negative 2s cubed.” 
—gt = —(8+8-8-8) Since the — sign is not written within parentheses, the base 


is &. The exponent is 4. Read as “the opposite (or the 
negative) of 8 to the fourth power.” 


When an exponent is 1, it is usually not written. For example, 4 = 4' and x = x'. 


EXAMPLE 1 ! Identify the base and the exponent in each expression: 
' a 8 b 7a ec. (Tay 


Strategy To identify the base and exponent, we will look for the form 
Why The exponent is the small raised number to the right of the base. 


Solution 
a. In 8°, the base is 8 and the exponent is 5. 
b. 7a°* means 7 « a’. Thus, the base is a, not 7a. The exponent is 3. 


c. Because of the parentheses in (7a)’, the base is 7a and the exponent is 3. 


a Self Check 1 ] Identify the base and the exponent: 
a. 3)" b. (3y)* 
Now Try Problems 13 and 17 
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Product Rule 
for Exponents 


EXAMPLE 2 j Write each expression in an equivalent form using an exponent: 


A, St b. S:t-t-t 


Strategy We will look for repeated factors and count the number of times each appears. 
Why We can use an exponent to represent repeated multiplication. 


Solution , 
a. Since there are four repeated factors of f in = . g : : . a the expression can be written (2) : 


b. Since there are three repeated factors of f in 5 - f - t - t, the expression can be written 5°. 


PT Self Check 2 , Write as an exponential expression: 
(x + y)x + yx + ye + yx + y) 
Now Try Problems 25 and 27 


Multiply Exponential Expressions That Have Like Bases. 


To develop a rule for multiplying exponential expressions that have the same base, we con- 
sider the product 67 + 6°. Since 6” means that 6 is to be used as a factor two times, and 6° 
means that 6 is to be used as a factor three times, we have 


2factorsofG 3 factors of 6 
Ss —_— 


C-6= 6:6 + 6°6:6 
5 factors of 6 
——— 

= 6°6°6:°6°6 

=6° 
We can quickly find this result if we keep the common base of 6 and add the exponents on 

6° and 6°. 

6-6 = 6 =65 


This example suggests the following rule for exponents. 


To multiply exponential expressions that have the same base, keep the common base and add 
the exponents. 
For any number x and any natural numbers m and n, 


The og = gene Read as “x to the mth power times x to the nth power equals x to the m 


plus nth power.” 


EXAMPLE 3 | Simplify: a. 9°(9°) b. x? + x4 ce. yyy 
d. (x + 2)8(x + 2)’ ee. (cd? )\(c*d”) 


Strategy In each case, we want to write an equivalent expression using one base and one 
exponent. We will use the product rule for exponents to do this. 


Why The product rule for exponents is used to multiply exponential expressions that 
have the same base. 


Caution 


Don’t make the mistake of multi- 
plying the bases when using the 


product rule. Keep the same base. 


CM) Bl 


Caution 
Don’t make the mistake of 
“distributing” an exponent over a 
sum (or difference). There is no 
such rule. 


(Cae Dy eae) ae) 
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Solution 
5/96) — o5t+6 — oll 
a. 9°(9°) = 9 =9 Keep the common base, 9, and add the exponents. 
Since 9" is a very large number, we will leave the answer in this form. We 
won’t evaluate it. 


3.4 344 7 
boxex =x =X Keep the common base, x, and add the exponents. 


ce yyy =y yy! Write yas y. 


= oo Keep the common base, y, and add the exponents. 
38 
= 
d. (x + 2)%(« + 2)’ = (« + 2997” Keep the common base, x + 2, and add the exponents. 


=(x +2)" 
e. (c?d°\(ctd®) = (’c*)\(d?d°) ~—_ Use the commutative and associative properties of 
multiplication to group like bases together. 


=(F Ve) Keep the common base, c, and add the exponents. 
Keep the common base, d, and add the exponents. 


678 
=cd 


ta Self Check 3 ] Simplify: a. 7°(7’) b. x°x?x 
ec. (vy — 1)°(y — 1) d. (s*t?)(s*t*) 
Now Try Problems 35 and 41 


Caution We cannot use the product rule to simplify expressions like 3° - 2°, where the 
bases are not the same. However, we can simplify this expression by doing the arithmetic: 


37-27 =9-8=72 


‘ EXAMPLE 4 Geometry. Find an expression that 


represents the area of the rectangle. 2 fae 


Strategy We will multiply the length of the rectangle by its 
width. x feet 


Why The area of a rectangle is equal to the product of its length and width. 


Solution 
Area = length: width This is the formula for the area of a rectangle. 
=o Substitute x° for the length and x° for the width. 
=a" Use the product rule: Keep the common base, x, and add the 
exponents. 
a2 8 
=x 


The area of the rectangle is x* square feet, which can be written as x° ft’. 


La Now Try Problem 45 
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© Divide Exponential Expressions That Have Like Bases. 


Quotient Rule 
for Exponents 


Caution 


Don’t make the mistake of divid- 
ing the bases when using the 
quotient rule. Keep the same base. 


aA 


7 
20° = Il 


To develop a rule for dividing exponential expressions that have the same base, we consider 
5 . 
the quotient am where the exponent in the numerator is greater than the exponent in the 


denominator. We can simplify this fraction by removing the common factors of 4 in the 
numerator and denominator: 


1 1 
4° 4+4+4+4-4 A -4-4-4-4 


4? 4-4 AA 
1 1 


4B 


We can quickly find this result if we keep the common base, 4, and subtract the exponents 
on 4° and 4”. 


This example suggests another rule for exponents. 


To divide exponential expressions that have the same base, keep the common base and 
subtract the exponents. 
For any nonzero number x and any natural numbers m and n, where m > n, 


x m—n Read as “x to the mth power divided by x to the nth power equals x to the m 
x” x minus nth power.” 


‘ EXAMPLE 5 j Simplify each expression: 
20'° 4 x : (7.5n)'* a’b® 
20° “a Sn)” * ab? 


a. 
Strategy In each case, we want to write an equivalent expression using one base and one 
exponent. We will use the quotient rule for exponents to do this. 


Why The quotient rule for exponents is used to divide exponential expressions that have 
the same base. 


Solution 
20° 
= 7016-9 
a. 20° = 20 Keep the common base, 20, and subtract the exponents. 
= 20" Since 20” is a very large number, we will leave the answer in this form. We won’t 
evaluate it. 
9 
x 9-3 
b. 2% Keep the common base, x, and subtract the exponents. 
x 
Tony . 
c. an =(i5a; Keep the common base, 7.5n, and subtract the exponents. 
on 


S(T 5ay 


= 7.5n Any number raised to the first power is simply that number. 


The Language of Algebra 
In this chapter, variables often 
appear in a denominator. In such 
cases, we will assume that the 
variables do not equal 0. That is, 
we will assume that there are no 
divisions by 0. 


Success Tip 
Sometimes, more than one rule 
for exponents is needed to 
simplify an expression. 
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38 3 728 
aba b , 
d. go ag ae Group the common bases together. Write aas a. 
ab a b 
3-1,8—5 
a ob Keep the common base a and subtract the exponents. 
Keep the common base b and subtract the exponents. 
_ ab 
qty Be as (8.92)8 
ay Self Check 5 i Simplify: a. 3s b. & c gol 
b}5¢4 
d. “FR 


Now Try Problems 51 and 57 


35.7 


EXAMPLE6 simplify: 4“ 
5 . aa 


Strategy We want to write an equivalent expression using one base and one exponent. 
First, we will use the product rule to simplify the numerator and the denominator. Then, 
we will use the quotient rule to simplify that result. 


Why The expression involves multiplication and division of exponential expressions 
that have the same base. 


Solution We simplify the numerator and denominator separately and proceed as follows. 


35,7 15 
aaa _a In the numerator, keep the common base, a, and add the exponents. In the 
a‘a a denominator, keep the common base, a, and add the exponents. 
15-5 
=a Keep the common base, a, and subtract the exponents. 
— 10 
=a 


a Self Check 6 j Simplify: ree 
Now Try Problem 63 


Recall that like terms are terms with exactly the same variables raised to exactly the same 
powers. To add or subtract exponential expressions, they must be like terms. To multiply or 
divide exponential expressions, only the bases need to be the same. 


x + x? These are not like terms; the exponents are different. We cannot add. 


VP+x7= 2x? These are like terms; we can add. Recall that x* = 1x°. 


5. 2 7 ‘ 
x"*xX =x The bases are the same; we can multiply. 
5 
7 3 
=o wt The bases are the same; we can divide. 
x 


Raise Exponential Expressions to a Power. 


To develop another rule for exponents, we consider (5°)*. Here, an exponential expression, 5°, 
is raised to a power. Since 5° is the base and 4 is the exponent, (5*)* can be written as 
5° - 5°. 5° - 5°, Because each of the four factors of 5° contains three factors of 5, there are 
4-3 or 12 factors of 5. 
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The Language of Algebra 
An exponential expression raised 
to a power, such as (53)*, is also 
called a power of a power. 


Power Rule 
for Exponents 


12 factors of x 
———— ee 


(i) Was a es ee ER i ee ee ea 


We can quickly find this result if we keep the common base of 5 and multiply the exponents. 
(yr = 53-4 = 52 


This example suggests the following rule for exponents. 


To raise an exponential expression to a power, keep the base and multiply the exponents. 
For any number x and any natural numbers m and n, 


(x")" = x" = x" — Read as “the quantity of x to the mth power raised to the nth 
power equals x to the mnth power.” 


-EXAMPLE7 Simplify: a. (2°)’ b. [(-6)°> «. (28 


| 
Strategy In each case, we want to write an equivalent expression using one base and one 
exponent. We will use the power rule for exponents to do this. 
Why Each expression is a power of a power. 


Solution 
3\7 _ 437 _ 521 ' 
a. (2°)) = 2° ° =2 Keep the base, 2, and multiply the exponents. 


b. [(—6)]° = (—6)** = (-6)"° Keep the base, —6, and multiply the exponents. 
Since (—6)"° is a very large number, we will leave the answer in 
this form. 


c. (z*)8 =ge =" Keep the base, z, and multiply the exponents. 


ca Self Check 7 , | Simplify: a. (4°) b. Gy 
Now Try Problems 71 and 73 


EXAMPLE8 Simplify: a. @x°) b. (EY 
Strategy In each case, we want to write an equivalent expression using one base and one 
exponent. We will use the product and power rules for exponents to do this. 


Why The expressions involve multiplication of exponential expressions that have the 
same base and they involve powers of powers. 


Solution 
a. a re Cw Within the parentheses, keep the common base, x, and add the exponents. 


=X Keep the base, x, and multiply the exponents. 


b. ye \ = 282° Foreach power of z raised to a power, keep the base and multiply the exponents. 


= 2 Keep the common base, z, and add the exponents. 


Powers of a 
Product and a 
Quotient 


Strategy In each case, we want to write the expression in an equivalent form in which 


Why Within each set of parentheses is a product, and each of those products is raised to 


Solution 


b. (x77)? = (x78)? Raise each factor of the product xy” to the 5th power. 
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a Self Check 8 i Simplify: a. (a*a*) b. (@ (ay 
Now Try Problems 77 and 81 


S) Find Powers of Products and Quotients. 


To develop more rules for exponents, we consider the expression (2x)*, which is a power of 


the product of 2 and x, and the expression (2)’, which is a power of the quotient of 2 and x. 


(2x)? = 2x + 2x + 2x ay 2 2 2 ‘ es 
= (2+2+2)(x-x+x) a we 2 i ri 
=o _ 24292 Multiply the numerators. 
Sa  yexex Multiply the denominators. 
23 
= 23 
x 
8 3 
=a Evaluate: 2° = 8. 
x 


These examples suggest the following rules for exponents. 


To raise a product to a power, raise each factor of the product to that power. To raise a 
quotient to a power, raise the numerator and the denominator to that power. 
For any numbers x and y, and any natural number n, 


(xy)” = x”y” and (:) = a where y # 0 
v i 


EXAMPLE 9 j Simplify: a. (3c)* b. 7p c. (-i0) 


each base is raised to a single power. We will use the power of a product rule for expo- 
nents to do this. 


a power. 


a. (3c)* = 3%c* Raise each factor of the product 3c to the 4th power. 
=8l1c* Evaluate: 3* = 81. 


a xy? For each power of a power, keep each base, x and y, and multiply the 


exponents. 


re 1\’ 
c. (-10) = (-) (yb? Raise each factor of the product —ta°b to the 2nd power. 


A 62 Evaluate: (-i) = a Keep the base a and multiply the 
16 exponents. 
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a Self Check 9 j Simplify: a. (2¢)* b. (c?d*)® 
1 45\3 
Cc. (—jab ) 
Now Try Problems 85 and 91 


; : (a°b*y 
EXAMPLE 10 Simplify: ob 
a 
Strategy We want to write the expression in an equivalent form in which each base is 
raised to a single power. We will use the power of a product rule and the quotient rule for 
exponents to do this. 


Why The expression involves a power of a product and it is the quotient of exponential 
expressions that have the same base. 


Solution 
3p4y2 32 ,4)2 : ‘gti 
(a b ) _ (a ) (b ) In the numerator, raise each factor within the parentheses to the 
ab> ab? second power. In the denominator, write a as a’. 
678 
_ab In the numerator, for each power of a power, keep each base, a and b, 
ab and multiply the exponents. 


=a°'b®~° Keep each of the bases, a and b, and subtract the exponents. 


py SelfCheck10 simplify: “4? 
Now Try Problem 93 


EXAMPLE 11 simpiity: a 


Strategy We want to write the expression in an equivalent form in which the base is 
raised to a single power. We will begin by using the quotient rule for exponents to write 
an equivalent expression. 


Why The expression involves division of exponential expressions that have the same 


base, 5b. 
Solution 
(5b)’ 9-6 
(5b) = (5d) Keep the common base, 5b, and subtract the exponents. 
= (5b)° 
=Sp Use the power of a product rule: Raise each factor within the parentheses 


to the 3rd power. 
125b° Evaluate 5°. 


Rules for 
Exponents 
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a Self Check 11 Simplify: <2" 
Now Try Problem 97 


EXAMPLET2) simptig: a (7) — v (3°) 


Strategy We want to write each expression in an equivalent form using each base raised 


to a single power. We will use the power of a quotient rule for exponents to do this. 


Why Within each set of parentheses is a quotient, and each of those quotients is raised to 
a power. 


Solution 


: : . . 3. . 
a. Since 7 is the quotient of 4 and k, the expression (2) is a power of a quotient. 


4\? _ 4 = 64 Raise the numerator and denominator to the 3rd power. 
ke i? Then evaluate 4°, 


2\5 25 

3x (3x~) 

b. ae = 5 Raise the numerator and the denominator to the 5th power. 
2y (2y") 


57..2)5 
-_ 3 (x ) In the numerator and denominator, raise each factor within the 
Poy parentheses to the 5th power. 


10 
= 243x Evaluate 3° and 2°. For each power of a power, keep the base and multiply 
329°" the exponents. 


a SelfCheck12 Simplify: a. (3)° bp. 25)" 


Now Try Problems 101 and 105 


The rules for natural-number exponents are summarized as follows. 


If m and n represent natural numbers and there are no divisions by zero, then 


Exponent of 1 Product rule Power rule 
os hdd haan) myn __ mn 
ie eX xa = Se (Gey = x 
Quotient rule Power of a product Power of a quotient 
Xe m—-n n ALN x ‘ ee 
=e (xy)" = x"y () as 
x Jy ay 


Bag nsuers TO SELF CHECKS — 1. a. Base: y, exponent: 4b. Base: 3y, exponent:4 2. (x + y) 
The? [ha @Go= 1? cham eb Se bier Go chine Go 
7. a. 4° b. y'® 8.4.07 bal’ 9. a. 164 b. cla « —ta’b 10, cla 11. 64A° 


ge 16x! 
12. a. 375 b. B18 
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VOCABULARY 
Fill in the blank. 
1. Expressions such as x*, 10°, and (51) are called 
expressions. 
2. Match each expression with the proper description. 


8 6 


3 
_ (a'b?)> (<) (a’y4 eae 
a 


a. Product of exponential expressions with the same 
base 


. Quotient of exponential expressions with the same base 
. Power of an exponential expression 


. Power of a product 


oannnr 


. Power of a quotient 


CONCEPTS 
Fill in the blanks. 
3. a. (3x) = 
b. (—Sy)(—Sy)(—Sy) = 


4.a.x=x De xx" 


c. (xy)" = d. (a’)’ = 


x” a\" 
_—= f.(—] = 
aa, (5) 


5. To simplify each expression, determine whether you add, 


subtract, multiply, or divide the exponents. 


8 
x 


x? 
c. (n®)* d. (a*b’)° 

6. a. To simplify (2v°z*)*, what factors within the parentheses 

must be raised to the fourth power? 


Il 


a. b. b°-b? 


. a (y3\4 : : 
b. To simplify (5) , what two expressions must be raised to the 
fourth power? 


Simplify each expression, if possible. 


Ja. x? + x? b. x7 +x? 

Bax tx b. x* 
3 

9. a. x -— x b. - 
x 

2. 44 ee 

10. a. 47-2 b = 
y 


NOTATION 


Complete each solution to simplify each expression. 


Tatra pax 
3.4 
aa 

12 = = ql 7=4¢ 
a a 


GUIDED PRACTICE 


Identify the base and the exponent in each expression. See 
Example 1. 


13. 4 14. (—8) 
3 
15. x° 16. (2) 
x 

17. (—3x)? 18. (2xy)'° 

Lg 4 
19. —-y 20. —x 

3 
21. 9m’? 22. 3.14r4 
23. (vy + 9)" 24. (z — 2) 


Write each expression in an equivalent form using an exponent. 
See Example 2. 


25. 4t-4t-4t- 4t 
26. —Su(—5u)(—5u)(—S5u)(—Su) 


31. (x — yx — y) 


Use the product rule for exponents to simplify each expression. 
Write the results using exponents. See Example 3. 


32. (m + 4)(m + 4) 


33. 53-54 34, 37. 3° 

35.a a 36. m’ +m’ 

37. bbb 38. aaa 

39. (vy — 2° — 29° 40. (¢ + 1)(t + 19° 
41. (a°b*)(a°b°) 42. (wv’)(u*v’) 


43. cd*+cd 44, ab? + ab* 


Find an expression that represents the area or volume of each 
figure. Recall that the formula for the volume of a rectangular 
solid is V = length - width - height. See Example 4. 


46. 
y* yd 
y? yd 
x! Cc 
7 
x cm 
x! cm 


48. 


m 


45. 
@ mi 
@ mi 
47. 
3¢ 
x“ ft i 


Use the quotient rule for exponents to simplify each expression. 
Write the results using exponents. See Example 5. 


gi? 10* 
49, —— i 

8t 10° 

15 6 
51. 52.5 

x y 

(3.7p)' (0.25y)’ 
53. 5 54, 

(3.7p) (0.25y) 

k — 2) + 8)? 
55. (k= 2)" 56. (m + 8) 

(k — 2) (m + 8) 

3q7 8.9 
57.7 7 ‘eo 

6] rs 

47 7210 
59, ~ 2 60, Po 

xy Pq 


Use the product and quotient rules for exponents to simplify each 
expression. See Example 6. 


3,4 475 
bb 
61, > 62. 5 
yy bb 
2.3 4 37,6 
aaa Wrhh 
63. 64. 
5,6 5.12: 
trot mm'?m 
65. 66. 
rr m'm* 
2:9 9 44 4 
SSS WW WwW 
67. — 68. — 
SS ww 


Use the power rule for exponents to simplify each expression. Write 
the results using exponents. See Example 7. 


69. (3°)4 70. (4°)° 
71. [(—4.39°]8 72. [(-1.7)°}8 
73. (m>)!° 74. (n°°)* 
75. (vy 76. (b°)° 


Use the product and power rules for exponents to simplify each 
expression. See Example 8. 


77. (x°x°)° 78. (v’y*y* 
y) 
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80. (rr?) 
82. (b°) (by 
84, (vy"(v°)* 


79. (pp) 
81. (yey 
83. Pury 


Use the power of a product rule for exponents to simplify each 
expression. See Example 9. 


85. (6a) 86. (3b)° 
87. (5y)* 88. (41)* 
89. (—2r’sy 90. (—2x*y*) 


1 ? 1 . 
91. (-b) 92. (-frw') 
3 4 


Use rules for exponents to simplify each expression. See Example 10. 


bh? 3 3,43 

93. S J ag, = 
ab mn 

gp eee pg ey 
“39 * 6,2 
rs xy 


Use rules for exponents to simplify each expression. See Example 11. 


(6k)! (—3a)'? 
97. 98. 
(6k)* 4 (—3a)'° 
5 8 
99, C4 100, (2) 
(3q)° (ab)* 


Use the power of a quotient rule for exponents to simplify each 
expression. See Example 12. 
4 
102. (*) 
s 


3 

a 

101, | — 
: (5) 


m 4 n 3 
wo. (*) wm (! 
2.\2 A\ 2 
105. (*5) 106. (4) 
11b 6h 
4\5 2\5 
107. (2) 108. (25) 
2n 3t 
TRY IT YOURSELF 


Simplify each expression. 


2\5' 4A\ 6 
109. (5) 110. (4) 
y Vv 


111. yy 112. y4yy° 
15" 25” 
113. — 114, = 
15 25 
3. 5\. 3 5.6\4 
yy s Ss 
115. (=) 116. (35) 
117. (—6a°b’)* 118. (—10r°s*)? 
(ab?) (ey 
119. 5 120. 
(ab) (st) 
121. (n*ny(n3)° 122. Gy") 
6h) = 
123, 124, © 


(6h)° (-7r)* 
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APPLICATIONS 128. TOYS A Super Ball is dropped from a height of 1 foot and 


1 to four-fifths of it i ight. 
125. ART HISTORY Leonardo da Vinci’s drawing relating a Stray Batis Vast Mie Ona enais Reten e 
human figure to a square and a circle is shown. Find an rebound height of the ball after the third bounce is (2) feet. 


expression for the following: Evaluate this expression. Is the third bounce more or less than 
1 ; 
a. The area of the square if the man’s height is 3 foot high? 
5x feet. 
b. The area of the circle if the waist-to-feet distance is 3a WRITING 
feet. Leave 7 in your answer. 129. Explain the mistake in the following work. 


View — ZN 


130. Explain why we can simplify x* - x°, but cannot simplify 


xt +x, 
REVIEW 
Match each equation with its graph below. 
131. y=2x—-1 132, y=3x-1 
133. y=3 134. x =3 
a. 


126. PACKAGING A 
bowling ball fits tightly 


against all sides of a card- ' G d. y 
board box that it is pack- Bete 
aged in. Find expressions 2 
for the volume of the ball : 
and box. Leave 7 in your 33-[ 123" 
answer. rare 2 

6x in. = 

127. CHILDBIRTH Mr. and Mrs. Emory Harrison, of Johnson 
City, Tennessee, had 13 sons in a row during the 1940s and CHALLENGE PROBLEMS 
1950s. The probability of a family of 13 children all being 135. Simplify each expression. The variables represent natural 
male is G)". Evaluate this expression. numbers. 
a. x2 3m b. (yy 


d. (2a°)* 


136. Is the operation of raising to a power commutative? That is, is 
a’ = b*? Explain. 


© Bettmann/CORBIS 
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Objectives 


Zero Exponents 


The Language of Algebra 
The zero exponent definition does 
not define 0°. This expression is 
called an indeterminate form, 
which is beyond the scope of this 
book. 


Use the zero exponent rule. 
Use the negative integer exponent rule. 


ooo 


Use exponent rules to change negative exponents in fractions to 
positive exponents. 


© Use all exponent rules to simplify expressions. 


We now extend the discussion of natural-number exponents to include exponents that are zero 
and exponents that are negative integers. 


Use the Zero Exponent Rule. 


3 
To develop the definition of a zero exponent, we will simplify the expression 2; in two ways 


and compare the results. 

First, we apply the quotient rule for exponents, where we subtract the equal exponents in 
the numerator and denominator. The result is 5°. In the second approach, we write 5° as 5-5 +5 
and remove the common factors of 5 in the numerator and denominator. The result is 1. 


t_ These results must be equal. =) 


Since a = 5° and 3 = 1, we conclude that 5° = 1. This observation suggests the following 


definition. 


Any nonzero base raised to the 0 power is 1. 
For any nonzero real number x, 


x = il 


P 14\° 
-EXAMPLE1 simplify. Assume a # 0: a. (—8)° b. (3) c. Ga)? d. 3a° 
Strategy We note that each exponent is 0. To simplify the expressions, we will identify 
the base and use the zero-exponent rule. 


Why If an expression contains a nonzero base raised to the 0 power, we can replace it 
with 1. 


Solution 
a. (—8)° =1 Because the base is —8 and the exponent is O. 


14\° 
b. (3) = 1 Because the base is = and the exponent is O. 


c. (3a)° = 1 Because of the parentheses, the base is 3a. The exponent is O. 
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2 | 


The Language of Algebra 
The negative integers are: 
Sp =). =3) 40 SSne% 


Negative 
Exponents 


d. 3a° =3+a° Since there are no parentheses, the base is a, not 3a. The exponent is O. 
=3:1 
= 3 


a Self Check 1 j Simplify each expression: a. (0.75)° b. —5c°d 
ce. (5c)° 
Now Try Problems 13 and 17 


Use the Negative Integer Exponent Rule. 


2 
To develop the definition of a negative exponent, we will simplify & in two ways and compare 


the results. 
If we apply the quotient rule for exponents, where we subtract the greater exponent in the 
denominator from the lesser exponent in the numerator, we get 6 *. In the second approach, 


we remove the two common factors of 6 to get ai 


1 1 
6 223.94 _ 6:6 = 1 
6° G B66 h"6° & 
1 1 
t__ These must be equal. es | 


2 _ 2 - a2, 
Since & = 6 3 and & = 4, we conclude that 6? = 45. Note that 6~> is equal to the 
6 6 6 6 q 


reciprocal of 6°. This observation suggests the following definition. 


For any nonzero real number x and any integer n, 


In words, x ” is the reciprocal of x”. 


From the definition, we see that another way to write x ” is to write its reciprocal and 
change the sign of the exponent. For example, 


a= 54 Think of the reciprocal of 5 *, which is nes Then change the sign of the exponent. 


EXAMPLE 2 | Express using positive exponents and simplify, if possible: 
a3? by! e«(-2)? & 57-107 


Strategy Since each exponent is a negative number, we will use the negative exponent 
rule. 


Why This rule enables us to write an exponential expression that has a negative exponent 
in an equivalent form using a positive exponent. 


Caution 
A negative exponent does not 
indicate a negative number. It 
indicates a reciprocal. For 
example, 


Bae Lien 
: 42 16 
Caution 


Don’t confuse negative numbers 
with negative exponents. For 
example, —2 and 2 | are not the 
same. 
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Solution 

oe 1 1 e 
a. 3 = 32 -_ 9 Write the reciprocal of 3 “ and change the sign of the exponent. 

= 1 1 4 
by = a7 y Write the reciprocal of y and change the sign of the exponent. 

y 
: (ay a 1 Because of the parentheses, the base is —2. Write the reciprocal of (-2)-° 
(-2)° and change the exponent. 
= “83 Evaluate: (-2)° = —8. 
a. 6a jor e - = 1 Write the reciprocal of 5 * and 10~* and change the sign of each 
. 3 6102 exponent. 


= — — — _ Evaluate: 5* = 25 and 10” = 100. 


25-100 
_ * — + Build rs to have a denominator of 100 so that the fractions can 
~ 100 100 be subtracted: x = =f 4 = a5 
ae. 
~ 100 


ta Self Check 2 j Express using positive exponents and simplify, if possible: 
Pa ee bos ce. (-3)° d.2°=4- 


Now Try Problems 25, 29, and 37 


EXAMPLE 3 _ Simplify. Do not use negative exponents in the answer. 
a. 9m ob 5? 


Strategy We note that each exponent is a negative number. We will identify the base for 
each negative exponent and then use the negative exponent rule. 


Why This rule enables us to write an exponential expression that has a negative exponent 
in an equivalent form using a positive exponent. 


Solution 
a. 9m? =9+m~> The base is m. The exponent is —3. 
2% a. Write the reciprocal of m~° and change the sign of the exponent. Since 9 is 
m not part of the base, it is not part of the reciprocal. 
— 9 . 
3 Multiply. 
m 
b. —5°-? = -1+5°? The base is 5. The exponent is —2. 
ae a Write the reciprocal of 5~* and change the sign of the exponent. Since —1 
5? is not part of the base, it is not part of the reciprocal. 
_ mag Evaluate 5° and multiply. The result is negative because of the — signin 


25 front of —5~*, 
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a Self Check 3 | Simplify. Do not use negative exponents in the answer. 
a. 12h bo 


Now Try Problems 41 and 45 


© Use Exponent Rules to Change Negative Exponents 


The Language of Algebra 
Factors of a numerator or denomi- 
nator may be moved across the 
fraction bar if we change the sign 
of their exponent. 


Changing from 
Negative to 
Positive 
Exponents 


in Fractions to Positive Exponents. 


Negative exponents can appear in the numerator and/or the denominator of a fraction. To 
develop rules for such situations, we consider the following example. 


eo @ 1.4 197 # 


b? 
-4 
We can obtain this result in a simpler way. In ae we can move a * from the numerator to the 


denominator and change the sign of the exponent, and we can move b * from the denomina- 
tor to the numerator and change the sign of the exponent. 


This example suggests the following rules. 


A factor can be moved from the denominator to the numerator or from the numerator to the 
denominator of a fraction if the sign of its exponent is changed. 
For any nonzero real numbers x and y, and any integers m and n, 
1 —m A 


=x and = = = 
a y x 


These rules streamline the process when simplifying fractions involving negative 
exponents. 


EXAMPLE 4 j Simplify. Do not use negative exponents in the answer. 
: 1 2° 55° 
. ' 10 b. 34 Cc. = 


a 


Strategy We will move any factors in the numerator that have a negative exponent to the 
denominator. Then we will move any factors in the denominator that have a negative 
exponent to the numerator. 


Why _ In this process, the sign of a negative exponent changes to positive. 


Solution 
1 


2 q'° 


a =d'° Move d~° to the numerator and change the sign of the exponent. 


Caution 
A common error is to mistake the 
— sign in —5 for a negative expo- 
nent. It is not an exponent. The —5 
should not be moved to the 
denominator and have its sign 
changed. 


sabe pn 
ee 55° 
Negative 
Exponents and 
Reciprocals 


be ped ~ 3B Move 3~* to the numerator and change the sign of the exponent. 
81 4 3 
= 8 Evaluate: 3° = 61 and 2° = 8. 
—55—2 —5? Since —5s 7 has no parentheses, s is the base. Move only s *to the 
c. = ro denominator and change the sign of the exponent. Do not move —5. 
t ? Move t~° to the numerator and change the sign of the exponent. 
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=3 4 = 
2 3 Move 2~° to the denominator and change the sign of the exponent. 


a Self Check 4 j Simplify. Do not use negative exponents in the answer. 
=8h~° 
aa 


1 Sie 
a. are b. is c. 


Now Try Problems 51, 55, and 59 


When a fraction is raised to a negative power, we can use rules for exponents to change 
the sign of the exponent. For example, we see that 


il The exponent is the opposite of —3. 


a =3 a? 2? 2) 
2 ~ a3 ~ a ~ a 


t The base is the reciprocal of a 


This process can be streamlined using the following rule. 


A fraction raised to a power is equal to the reciprocal of the fraction raised to the opposite 


power. 
For any nonzero real numbers x and y, and any integer n, 


EXAMPLE 5 || simpity: (4) © 


Strategy We want to write this fraction that is raised to a negative power in an equivalent 
form that involves a positive power. We will use the negative exponent and reciprocal 
rules to do this. 


Wh It is usually easier to simplify exponential expressions if the exponents are positive. 
y plily exp p p p 


Solution 
-2 2 
4 _(m The base is the fraction 4 and the exponent is —2. Write the reciprocal of 
m 4 the base and change the sign of the exponent. 
2 
_ Mm Use the power of a quotient rule: Raise the numerator and denominator to 
4? the second power. 
mM 


= —— Evaluate: 47 = 16. 
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Summary of 
Exponent Rules 


a SelfCheck5 | Simplify: ($) 7 


Now Try Problem 65 


4.) Use All Exponent Rules to Simplify Expressions. 


The rules for exponents involving products, powers, and quotients are also true for zero and 
negative exponents. 


If m and n represent integers and there are no divisions by zero, then 


Product rule Power rule Power of a product 
m ie ey oy RAI WEN oe so 
eX eax, (Gey = zx (xy)" = x"y 
Quotient rule Power of a quotient Exponents of 0 and 1 
af x n 50" 
perce Oe () a 6 = Wanda, =o. 
x J 
Negative exponent Negative exponents appearing in fractions 


The rules for exponents are used to simplify expressions involving products, quotients, 
and powers. In general, an expression involving exponents is simplified when 


e Each base occurs only once 
e There are no parentheses 


e There are no negative or zero exponents 


EXAMPLE 6 Simplify. Do not use negative exponents in the answer. 
i p : g p Fi 
_ x = = 3 
aoxeex > b. a OG. i)? ad Cre? «: (2) 
x b 
Strate In each case, we want to write an equivalent expression using one base and one 
y q p g 
positive exponent. We will use rules for exponents to do this. 


Why These expressions are not in simplest form. In parts a and b, the base x occurs more 
than once. In parts c, d, and e, there is a negative exponent. 


Solution 
isis ex =>" . tees product rule: Keep the base, x, and add exponents. 
x? 
b. z= x°-7 Use the quotient rule: Keep the base, x, and subtract the exponents. 
x 
=x~* Do the subtraction: 3 — 7 = —4. 
1 -4 
=A Write the reciprocal of x “ and change the sign of the exponent. 


x 


Success Tip 
We can use the negative exponent 
rule to simplify (x°) 7 in an 
alternate way: 


Caution 
We cannot use this approach if the 
negative exponents occur in a sum 
or difference of terms. For 
example: 


y via pe 
You will study this situation in 


more detail in your next algebra 
course. 
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ce. () 7 =x-° Use the power rule: Keep the base, x, and multiply exponents. 


1 
< Write the reciprocal of x” © and change the sign of the exponent. 
x 
d. Qab "f= 


2(a*)\(b °)? Raise each factor of the product 2a°b ° to the 3rd power. 


=> © Use the power rule: Multiply exponents. 
8a” 
-_ pe Move b~° to the denominator and change the sign of the exponent. 


—4 5\4 
‘ 3 _ b The base is the fraction = and its exponent is —4. Write the reciprocal of 
the base and change the sign of the exponent. 


5\4 
(6 ») Use the power of a quotient rule: Raise the numerator and denominator to 
= P q 
(3)4 the 4th power. 
20 
_ a= Use the power rule: Keep the base, b, and multiply the exponents 5 and 4. 
81 Evaluate: 3* = 81. 


a Self Check 6 F | Simplify. Do not use negative exponents in the answer. 
a.f°-t b. S Chas: 
diGed) 

Now Try Problems 69, 73, 77, 81, and 85 


EXAMPLE 7 Simplify. Do not use negative exponents in the answer. 
. -—4 -3 —1 3,4 =39\ 2 
yoy T ab x "y 
a. —20 b. =2 57:2 a ( =) 
y 6 “ab xy 
Strategy In each case, we want to write an equivalent expression that uses each base 


with a positive exponent only once. 


Why These expressions are not in simplest form. The bases occur more than once and 
the expressions contain negative exponents. 


Solution 
te, — _ — In the numerator, use the eee rule: Keep the common base, y, and 
y y add exponents: —4 + (—3) = —7. 
=y 7 ©) Use the quotient rule: Keep the common base, y, and subtract exponents. 
-_ Raa Do the subtraction: —7 — (—20) = —7 + 20 = 13. 


Alternate solution: To avoid working with negative numbers, we could move each factor 
across the fraction bar and change the sign of its exponent. 


-4 -3 20 20 
YY y Jy 13 
y 
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-1,3,4 2,324 = 
Success Tip ib Tab 6 ab Move 7~' to the denominator. Change the sign of the exponent. 
Since the rules for exponents can  672@ hb? 7 ghp? Move 6 * to the numerator. Change the sign of the exponent. 
lied in diffe 3-5,4-2 

Peete d a ee ways _ 36a" ~b Use the quotient rule twice: Keep each base, a and b, and subtract 
to simplify these expressions. 7 expOnenye: 

_ 36a *b? 

7 
36b7 - 
= a Move a “ to the denominator and change the sign of the exponent. 
a 


—3,2\2 
‘ xy ce [x73 2—(-3y2 Within the parentheses, use the quotient rule twice: Keep each 
y base, x and y, and subtract exponents. 


xy” 
= 4, 5)2 
wy) 
—8 10 A fais: 
=x y Raise each factor within the parentheses to the second power. 
10 = 
_ Move x ® to the denominator and change the sign of its 
x3 exponent. y'’ is not affected. 


Alternate solution: To simplify the expression, we can begin on the “outside” by using 
the power of a quotient rule first. 
(2) = eyo) xy yy ae 


3 5p — 32 2-6 6.2 
xy x(y ~) xy xx x 


a. =3 b. 92x36 
Now Try Problems 89, 93, and 97 


a-ta-3 14x53 r (ae 


il il 1 
12a gq bys G —37 d. 6 
12 1 5 64 8a’ 81 4 1 1 64c® 8 
3. a. Pp Bis 4. a. w b 25 “a B) ze 6. a. ¢ b. Sn wo d. oe aa 
il 81x? ge 
7. a. mo b. ~ c cs 


VOCABULARY CONCEPTS 
Fill in the blanks. 3. Complete the table. Expression | Base | Exponent 
1. In the expression 5‘, the exponent isa____ integer. 


n 


2. x "is the of x”. 
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4. Complete each rule for exponents. GUIDED PRACTICE 
myn 0) = 
eee b. x Simplify each expression. See Example 1. 
A d. (xy)" = 13. 7° 14, 9° 
x\" i Ly? ai" 
ey a fat= 15. () 16 (=) 
) 
J ie pee 2 17. 2x° 18. 82° 
x ne 19. 15(—6x)° 20. 4(—12y)° 
x” CVC 243\0 xyz 0 
Non J (:) ~ Paes = 
; ; 21 ( a 22 = 
Complete each table. 23. = 24. 2 
5 5 6 so 2 
im) oe || 3 mm) oe | (—Oy 
, , Express using positive exponents and simplify, if possible. See 
Example 2. 
562° 26. 7 * 
0 0 
|—1+ | 7,67 28. 5" 
=1 =1 
=e = 29. x ° 30. y > 
31. 5° 32.6 ° 
7. Fill in the blanks. =i <4 
: ; 33. (—5) 34. (—8) 
aes een —_— = 
ee = sa a a5, (10) 36. (-9)2 
8. A factor can be moved from the denominator to the numerator or 37.2°2 447! 33. —9 | 49-2 
from the numerator to the denominator of a fraction if the ‘ = _ - 
of its exponent is changed. 39. 9°— 9 40.7 —7 
Simplify. Do not use negative exponents in the answer. See 
Example 3. 
41. 15g°° 42. 16t 3 
43. 5x” 44. 27m° 
9. A fraction raised to a power is equal to the ____—_of the 45. —373 46 6" 
fraction raise to the opposite power. , , 
= a7, =? 48. —4°7 
(a) -G) 
d 3 Simplify. Do not use negative exponents in the answer. See 
Example 4. 
10. Determine whether each statement is true or false. i i 
2. il 49, —~ 50. —~ 
a. 6° = —36 b. 6 * =—— Tia iis 
36 5 ; 3 
3 2 =—5 6 
e =6) y by ery 52. 
eee (aa ra =n 
y x y 6x 8 6 
53. — 54. — 
NOTATION s fe 
=A =2: 
Complete each solution to simplify each expression. 55. 2 56. 
371 273 
1 
1. 65~)> = a = —5 6 
12 ( ae ) = (¢- am, 1 —4q7! ~ 9m 
ab 5 60..— = 
n 
=(ab yp - 
=a b 
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Simplify. See Example 5. 


«()) a | 
() | 
(3) «| 
o.(2) 


Simplify. Do not use negative exponents in the answer. See 
Example 6. 


69. y ; y? 70. m'°-m~° 
71. b-7+b'* 72.¢°? 0" 
4 of 

y t 
73. » 74. 0 

h> =3 
ers 76. > 

y 

77. (x*) 3 78. (vy °) 
79. (b*) + 80. (n°) ° 
81. (6st) 82. (11r'°s 3) 
83. (2u °v) 84. 3w 8x34 


re ee ( 2 )° 
85. | = 86. | = 
(4) b° 

4\ -2 3\ =2 
y PL 
w. (2) a (2) 


Simplify. Do not use negative exponents in the answer. See 


Example 7. 

y? x 12 
89. fae 90. ——) 
2 re i 

a a 

2 ' ab? 6 7b’c3 
93. 3-2 2pF 94, 53h 8 

9° 75°F 27->m'n® 
95. 4735445 96. 52 op 0 


x 

3 = 2\2 3 3 
99. e 5) 100. ( 2) 

YZ x y 


TRY IT YOURSELF 


Simplify. Do not use negative exponents in the answer. Assume 
that no variables are 0. 


a -3 ( n® - 
Aa Eee 102. | — 
mh (5) om 


—50 —30 
a m 


103. 5 104. 5 


105. (5d *)° 106. (9s °)? 
107. —15x°y 108. 242°h? 
4 \~2 yaN=4 
ws. (4, ne (£) 
Wx 3x 3 112, y *-y ? 
ed 4\3 vt 8\4 
113. ip 114. = 
eae ae 5 Lyn 2y73 
115. re 116. e311 
117. @x’y *V 118. uw *v’y 
«t °) * dd *) °° 
119. ( ~ 120. — 
t 
—4s~° —9k-* 
121. ra 122. mo 
123. (x 4x3)8 124. (vy *yy° 
APPLICATIONS 
125. UNIT COMPARISONS Consider the relative sizes of the 
items below. In the measurement column, write the most 
appropriate power of 10 from the following list. Each power is 
used only once. (A meter is slightly longer than one yard.) 
10°? iw 8 «10°? 107? 8 10” 10° 
smallest largest 
Item Measurement (meter) 
Thickness of a dime 
Height of a bathroom sink 
Length of a pencil eraser 
Thickness of soap bubble film 
Length of a cell phone 
Thickness of a piece of paper 
126. ELECTRONICS The total resistance R of a certain circuit is 
given by 
a 2s 
R=|—+— + R; 
Ry Ry 
Find R if R; = 4, Ry = 2, and R3; = 1. 
WRITING 
127. Explain how you would help a friend understand that 2”? is 
not equal to —8. 
128. Explain the error: 


5.2 yy 
=2 2 


y 5x 


REVIEW 


Find the slope of the line that passes through the given points. 


129. (1, —4) and (3, —7) 130. (1, 3) and (3, —1) 


131. Write an equation of the line having slope - and 
y-intercept —5. 

132. Find an equation of the line that passes through (4, 4) and 
(—6, —6). Write the answer in slope—intercept form. 


SECTION 5.3 
Scientific Notation 


> _S= 


© Convert from scientific to standard notation. 


Objectives 


® Write numbers in scientific notation. 
© Perform computations with scientific notation. 
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CHALLENGE PROBLEMS 


133. Simplify each expression. Do not use negative exponents in 
the answer. The variable m represents a positive integer. 


3m 
a. pomp om b. = 
m 

x 


2x3y7\9 
) that involves only 


32° 


134. Write an expression equivalent to ( 


negative exponents. 


Scientists often deal with extremely large and small numbers. For example, the distance from 
the Earth to the sun is approximately 150,000,000 kilometers. The influenza virus, which 
causes flu symptoms of cough, sore throat, and headache, has a diameter of 0.00000256 inch. 


The numbers 150,000,000 and 0.00000256 are written in standard notation, which is 
also called decimal notation. Because they contain many zeros, they are difficult to read and 
cumbersome to work with in calculations. In this section, we will discuss a more convenient 
form in which we can write such numbers. 


@ Convert from Scientific to Standard Notation. 


Scientific notation provides a compact way of writing very large or very small numbers. 
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Scientific 
Notation 


Notation 
The X sign for multiplication is 
usually used to write scientific 
notation. However, some books 
use a raised dot « instead. 


Success Tip 
Since 10° = 1, scientific notation 
involving 10° is easily simplified. 
For example, 


OF Si =S]O7 & 1] OR 


Converting from 
Scientific to 
Standard 
Notation 


A positive number is written in scientific notation when it is written in the form N X 10”, 
where | = N < 10 and is an integer. 


To write numbers in scientific notation, you need to be familiar with powers of 10, like 
those listed in the table below. 


Power of 10 10°3 10°? 10°! 10°} 10! | 107 | 10° 


Value = 0.001 = 0.01 =0.1}; 1 |} 10 | 100} 1,000 


Two examples of numbers written in scientific notation are shown below. Note that each 
of them is the product of a decimal number (between | and 10) and a power of 10. 


An integer exponent 


$67 X10. 9.158% 10° 


ae 


A decimal that is at 
least 1, but less than 10 


A number written in scientific notation can be converted to standard notation by per- 
forming the indicated multiplication. For example, to convert 3.67 X 107, we recall that mul- 
tiplying a decimal by 100 moves the decimal point 2 places to the right. 


3.67 X 107 = 3.67 X 100 = 367. 


LAP 
To convert 2.158 X 10° to standard notation, we recall that dividing a decimal by 1,000 
moves the decimal point 3 places to the left. 
1 2.158 
1,000 1,000 
In 3.67 X 10° and 2.158 X 10 °, the exponent gives the number of decimal places that 


the decimal point moves, and the sign of the exponent indicates the direction in which it 
moves. Applying this observation to several other examples, we have 


5.32 X 10° = 5320000. 
AAAAASF 


0.002158 


1 
2.158 X 1077 = 2.158 xX —, = 2.158 x 
10 RAN 


Move the decimal point 6 places to the right. 


1.95 X 10°° = 0.0000195 Move the decimal point |—5| = 5 places to the left. 
RAMSAY 


9.7 X 10° = 9.7 


There is no movement of the decimal point. 


The following procedure summarizes our observations. 


1. If the exponent is positive, move the decimal point the same number of places to the 
right as the exponent. 


2. If the exponent is negative, move the decimal point the same number of places to the 
left as the absolute value of the exponent. 


The Language of Algebra 
Standard notation is also called 
decimal notation. 
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EXAMPLE 1 | Convert to standard notation: a. 3.467 X 10° b. 8.9 X 10+ 


Strategy In each case, we need to identify the exponent on the power of 10 and consider 
its sign. 


Why The exponent gives the number of decimal places that we should move the decimal 
point. The sign of the exponent indicates whether it should be moved to the right or the 
left. 


Solution 
a. Since the exponent in 10° is 5, the decimal point moves 5 places to the right. 


346700. To move 5 places to the right, two placeholder zeros must be written. 
Ann 
Thus, 3.467 X 10° = 346,700. 
b. Since the exponent in 10 * is —4, the decimal point moves 4 places to the left. 


0.00089 To move 4 places to the left, three placeholder zeros must be written. 
RAAYD 


Thus, 8.9 x 10° * = 0.00089 


a Self Check 1 i Convert to standard notation: a. 4.88 x 10° 
bo 10 


Now Try Problems 13 and 17 


Write Numbers in Scientific Notation. 


To write a number in scientific notation (V X 10”) we first determine N and then n. 


EXAMPLE 2 Write each number in scientific notation: a. 150,000,000 
; ~ b. 0.00000256 ec. 432 X 10° 


Strategy We will write each number as the product of a number between | and 10 and a 
power of 10. 


Wh Numbers written in scientific notation have the form NV X 10”. 
y 


Solution 

a. We must write 150,000,000 (the distance from the Earth to the sun) as the product of a 
number between | and 10 and a power of 10. We note that 1.5 lies between | and 10. To 
obtain 150,000,000, we must move the decimal point in 1.5 exactly 8 places to the right. 


150000000 
DADA“ 


This will happen if we multiply 1.5 by 10°. Therefore, 


150,000,000 = 1.5 X 10° This is the distance (in kilometers) from the Earth to the sun. 
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Notation 
Don’t apply the negative exponent 
rule when writing numbers in 
scientific notation. 


2.56 x 10° >< 


Calculators 
Scientific notation 
Calculators automatically change 
into scientific notation when a 
result is too large or too small to 
fit the answer display. 


(453.46)° = 1.917321395 x 10'% 
1-917321395 73 
(0.0005)'* = 2.44140625 x 10° *° 

2-44140be5 —*9 


NASA 


b. We must write 0.00000256 (the diameter in inches of a flu virus) as the product of a 
number between | and 10 and a power of 10. We note that 2.56 lies between | and 10. To 
obtain 0.00000256, the decimal point in 2.56 must be moved 6 places to the left. 


000000 2.56 
RMAAKAS 


This will happen if we multiply 2.56 by 10° °. Therefore, 
0.00000256 = 2.56 X 10 ° This is the diameter (in inches) of a flu virus. 


c. The number 432 X 10° is not written in scientific notation because 432 is not a number 
between | and 10. To write this number in scientific notation, we proceed as follows: 
432 X 10° = 4.32 x 107 X 10° Write 432 in scientific notation. 


4.32 X 10’ Use the product rule to find 10° x 10°. 
Keep the base, 10, and add the exponents. 


Written in scientific notation, 432 X 10° is 4.32 X 10’. 


a Self Check 2 ] Write each number in scientific notation: 
a. 93,000,000 b. 0.00009055 
8 10 


Now Try Problems 31, 35, and 55 


The results from Example 2 illustrate the following forms to use when converting 
numbers from standard to scientific notation. 


For real numbers between 0 and 1: X Lonceative integer 


For real numbers at least 1, but less than 10: x 10° 


For real numbers greater than or equal to 10: a ia 


Perform Computations with Scientific Notation. 


Another advantage of scientific notation becomes apparent when we evaluate products or quo- 
tients that involve very large or small numbers. If we express those numbers in scientific nota- 
tion, we can use rules for exponents to make the calculations easier. 


EXAMPLE3 Astronomy. Except for the sun, the nearest star visible to the 

~ naked eye from most parts of the United States is Sirius. Light 
from Sirius reaches Earth in about 70,000 hours. If light travels at approximately 
670,000,000 mph, how far from Earth is Sirius? 


Strategy We can use the formula d = rt to find the distance from Sirius to Earth. 


Why We know the vate at which light travels and the time it takes to travel from Sirius to 
the Earth. 


Solution The rate at which light travels is 670,000,000 mph and the time it takes the light 
to travel from Sirius to Earth is 70,000 hr. To find the distance from Sirius to Earth, we 
proceed as follows: 


Calculators 
Entering scientific notation 
To evaluate the expression in 
Example 4 on a scientific calcula- 
tor, we enter the numbers using 
the EE key: 


2.4 EE 2 + 6 EE 23 = 
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d=rt This is the formula for distance traveled. 
d = 670,000,000(70,000) Substitute 670,000,000 for r and 70,000 for t. 
= (6.7 X 10°)(7.0 x 10°) Write each number in scientific notation. 
= (6.7 + 7.0) X (10° x 10%) Group the decimals together and the powers of 10 together. 


= (6.7+ 7.0) X 10°*4 Use the product rule to find 10° x 10%. Keep the base, 10, 
and add exponents. 
= 46.9 x 10!” Do the multiplication and the addition. 


We note that 46.9 is not between 0 and 1, so 46.9 X 10! is not written in scientific notation. 
To answer in scientific notation, we proceed as follows. 


= 4.69 x 10! x 10” Write 46.9 in scientific notation as 4.69 x 101. 


= 4.69 x 10! Use the product rule to find 10" * 10%, Keep the base, 10, 
and add the exponents. 


Sirius is approximately 4.69 x 10'? or 46,900,000,000,000 miles from Earth. 


La Now Try Problem 61 


EXAMPLE 4 _ Atoms. As an example of how scientific notation is used in 
chemistry, we can approximate the weight (in grams) of one atom 
of the element uranium by evaluating the following expression. 


2.4 X 10° 
6 x 107 


Strategy To simplify, we will divide the numbers and powers of 10 separately. 
Why We can then use the quotient rule for exponents to simplify the calculations. 


Solution 
24X10? 24 107 


6X102 6° 10% 


Divide the decimals and the powers of 10 separately. 


2.4 2-23 For the powers of 10, use the quotient rule. 
=— xX 10 P 4 
6 Keep the base, 10, and subtract the exponents. 
= 0.4 x 10°?! Divide the decimals. Subtract the exponents. 


The result is not in scientific notation form. 
=4%x107'X 10-7! Write 0.4 in scientific notation as 4 x 107". 


=45010-7 Use the product rule to find 107! x 1077". 
Keep the base, 10, and add the exponents. 


One atom of uranium weighs 4 X 10°?” gram or 0.0000000000000000000004 g. 


a Self Check 4 ] Find the approximate weight (in grams) of one atom of gold 


b ban JIS SIO" 
y evaluating: 6 xX 102 


Now Try Problem 65 
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Bag nsurs TO SELF CHECKS | 1. a. 4,880,000 b. 0.0098 2. a. 9.3 x 10’ b. 9.055 x 10° 
@ RSMO” 2 Sax 10 He 


VOCABULARY 
Fill in the blanks. 


1. 4.84 < 10° is written in 
in notation. 


2. 10°, 10°°, and 10“ are of 10. 


notation. 484,000 is written 


CONCEPTS 
Fill in the blanks. 


3. When we multiply a decimal by 10°, the decimal point moves 5 
places to the . When we multiply a decimal by 107’, the 
decimal point moves 7 places to the : 


4. Describe the procedure for converting a number from scientific 
notation to standard form. 
a. If the exponent is positive, move the decimal point the same 
number of places to the as the exponent. 


b. If the exponent is negative, move the decimal point the same 
number of places to the as the absolute value of the 
exponent. 


5. a. When a real number greater than or equal to 10 is written in 
scientific notation, the exponent on 10 is a integer. 


b. When a real number between 0 and 1 is written in scientific 
notation, the exponent on 10 is a integer. 


6. The arrows show the movement of a decimal point. By what 
power of 10 was each decimal multiplied? 


a 0000000556 b. 8,041,000,000. 
RUSAKAAASS ABAAKAAKSF 


Fill in the blanks to write each number in scientific notation. 


7. a. 7,700 = x 10° b. 500,000 = x 10° 
c. 114,000,000 = 1.14 x 10 

8. a. 0.0082 = x 10° 
b. 0.0000001 = x 107 


c. 0.00003457 = 3.457 X 10 


9. Write each expression so that the decimal numbers are grouped 
together and the powers of ten are grouped together. 
a. (5.1 X 10°)(1.5 1077) 
8.8 x 10°° 
2.2 * 10"? 


10. Simplify each expression. 


10°° 
a. 1074 x 10°3 b. 10% 
10'° x 10°” 
10*° 
NOTATION 


11. Fill in the blanks. A positive number is written in scientific 
notation when it is written in the form N X 10”, where 
=N< and n is an 


12. Express each power of 10 in fraction form and decimal form. 
a. 10° b. 10 ° 


GUIDED PRACTICE 


Convert each number to standard notation. See Example 1. 


13. 2.3 X 10? 14. 3.75 x 104 
15. 8.12 X 10° 16. 1.2 x 10° 
17. 1.15 x 103 18. 4.9 x 10 7 
19. 9.76 x 10+ 20. 7.63 X 10> 
21. 6.001 x 10° 22. 9.998 x 10° 
23. 2.718 X 10° 24. 3.14 x 10° 
25. 6.789 X 10°? 26. 4.321 x 10°! 
27. 2.0 X 10° 28. 7.0 x 10 ° 


Write each number in scientific notation. See Example 2. 


29. 23,000 30. 4,750 

31. 1,700,000 32. 290,000 

33. 0.062 34. 0.00073 

35. 0.0000051 36. 0.04 

37. 5,000,000,000 38. 7,000,000 
39. 0.0000003 40. 0.0001 

41. 909,000,000 42. 7,007,000,000 
43. 0.0345 44. 0.000000567 
45. 9 46. 2 

47. 11 48. 55 


49. 1,718,000,000,000,000,000 
50. 44,180,000,000,000,000,000 

51. 0.0000000000000123 

52. 0.0000000000000000555 

53. 73 X 104 54. 99 x 10° 
55. 201.8 x 10!° 56. 154.3 x 10!” 
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57. 0.073 X 10 3 58. 0.0017 x 10 * 84. ATOMS The number of atoms in | gram of iron is approxi- 
mately 1.08 X 10°”. Convert this number to standard notation. 


59. 36.02 x 10 *° 60. 56.29 x 10 °° 
85. SAND _ The mass of one grain of beach sand is approximately 
0.00000000045 ounce. Write this number in scientific notation. 

Use scientific notation to perform the calculations. Give all 
answers in scientific notation and standard notation. See 86 


. MOLECULES _ The mass of a water molecule is approxi- 
Examples 3 and 4. 


mately 0.000000000000000000000001056 ounce. Write this 


61. (3.4 X 107)(2.1 X 10°) number in scientific notation. 

62. (4.1 x 10 )(3.4 X 10%) 

63. (8.4 X 10 '3\(4.8 x 10°) 87. WAVELENGTHS Examples of the most common types of 

64. (5.5 x 10°22 « 1013) electromagnetic waves are given in the table. List the wave- 
2.24 x 104 2.47 x 105 lengths in order from shortest to longest. 

65..—— 66, ——— 

5.6 X 10 3.8 xX 10 es 
This distance between the two crests 
of the wave is called the wavelength. 
9.3 X 10° 7.2 X 10° 

67. ———_|} 68. ——_—__, ——<~ 
3.1 x 10° 1.2 X 10 
0.00000129 169,000,000,000 

69. ——____ 70. ————____ Wave 

0.0003 26,000,000 motion 

71. (0.0000000056)(5,500,000) 

72. (0.000000061)(3,500,000,000) Type Wavelength (in meters) 

3 96,000 74 (0.48)(14,400,000) visible light | lighting 9.3 x 10°° 
(12,000)(0.00004) 96,000,000 infrared photography 3.7X 10° 

aap x-ray medical 2.3.x 1071! 

75. : radio wave | communication 3.0 X 107 
(132,000,000,000,000)(0.25) : on 
147.000.000.000.000 gamma ray | treating cancer 8.9 x 10 

76. ee microwave | cookin 1.1 x10? 

(0.000049)(25) § 
ultraviolet | sun lamp 6.1 x 10 8 
Find each power. 
6 

as ues . 88. EXPLORATION On July 4, 1997, the Pathfinder, carrying 

78. ee, the rover vehicle called Sojourner, landed on Mars. The dis- 

79. 225 tance from Mars to Earth is approximately 3.5 X 10’ miles. 

1\ Use scientific notation to express this distance in feet. 

80. (5 (Hint: 5,280 feet = 1 mile.) 

APPLICATIONS 89. PROTONS The mass of one proton is approximately 

81. ASTRONOMY The distance from Earth to Alpha Centauri 1.7 x 1o™* gram. Use scientific notation to express the mass 
(the nearest star outside our solar system) is about of | million protons. 
25,700,000,000,000 miles. Write this number in scientific 
notation. 90. SOUND The speed of sound in air is approximately 

$2. WATER According to the U.S. Geological Survey , the total 3.3 X 10* centimeters per second. Use scientific notation to 
water supply of the world is express this speed in kilometers per second. (Hint: 
326,000,000,000,000,000,000 gallons. Write this number in 100 centimeters = 1 meter and 1,000 meters = 1 kilometer.) 
scientific notation. 

83. EARTH, SUN, MOON The surface area of Earth is 91. LIGHT YEARS One light year is about 5.87 X 10'? miles. 
1.97 X 108 square miles, the surface area of the sun is Use scientific notation to express this distance in feet. 

1.09 X 10'” square miles, and the surface area of the moon is (Hint: 5,280 feet = | mile.) 


1.46 X 10’ square miles. Convert each number to standard 
notation. 
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92. 


93. 


94. 


95. 


96. 
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OIL As of 2006, Saudi Arabia was believed to have crude oil 
reserves of about 2.643 < 10!' barrels. A barrel contains 

42 gallons of oil. Use scientific notation to express Saudi 
Arabia’s oil reserves in gallons. (Source: infoplease) 


INSURED DEPOSITS As of June 2006, the total insured 
deposits in U.S. banks and savings and loans was approxi- 
mately 6.4 X 10’? dollars. If this money was invested at a rate 
of 4% simple annual interest, how much would it earn in 1 
year? Use scientific notation to express the answer. (Source: 
Federal Deposit Insurance Corporation.) 


CURRENCY As of December 2006, the number of $20 bills 
in circulation was approximately 5.96 X 10°. What was the 
total value of the currency? Express the answer in scientific 
notation and standard notation. (Source: The Federal Reserve.) 


POWERS OF 10 In the United States, we use Latin prefixes 
in front of “illion” to name extremely large numbers. Write 
each number in scientific notation. 


One million: 1,000,000 

One billion: 1,000,000,000 

One trillion: 1,000,000,000,000 

One quadrillion: 1,000,000,000,000,000 

One quintillion: 1,000,000,000,000,000,000 
SUPERCOMPUTERS As of June 2006, the world’s fastest 
computer was IBM’s BlueGene/L System. If it could make 


2.81 X 10'* calculations in one second, how many could it 
make in one minute? Answer in scientific notation. 


WRITING 


97. 


98. 


99. 


In what situations would scientific notation be more 
convenient than standard notation? 

To multiply a number by a power of 10, we move the decimal 
point. Which way, and how far? Explain. 

2.3 X 10-3 contains a negative sign but represents a positive 
number. Explain. 


100. Explain why 237.8 x 108 is not written in scientific notation. 
REVIEW 

101. If y = —1, find the value of —Sy*°. 

102. What is the y-intercept of the graph of y = —3x — 5? 

103. COUNSELING At the end of her first year of practice, a 
family counselor had 75 clients. At the end of her second year, 
she had 105 clients. If a linear trend continues, write an 
equation that gives the number of clients c the counselor will 
have at the end of ¢ years. 

104. Is (0, —5) a solution of 2x + 3y = —14? 

CHALLENGE PROBLEMS 
105. Consider 2.5 X 10°*. Answer the following questions in 
scientific notation form. 
a. What is its opposite? 
b. What is its reciprocal? 
106. a. Write the numbers one million and one millionth in 


scientific notation. 


b. By what number must we multiply one millionth to get one 
million? 


@ Know the vocabulary for polynomials. 


Objectives 


® Evaluate polynomials. 


Graph equations defined by polynomials. 
p 


In this section, we will discuss a special type of algebraic expression called a polynomial. 


a Know the Vocabulary for Polynomials. 


Recall from Chapter | that a term is a product or quotient of numbers and/or variables. A 
single number or variable is also a term. Some examples of terms are: 


14, x: 


—6y", 


9cd, 


5 
and _ 
Jy 


Polynomials 


The Language of Algebra 
The prefix poly means many. Some 
other words that begin with this 
prefix are polygon, polyester, and 
polyunsaturated. 


Caution 
The expression 6x? + 4x is not 
a polynomial, because of the 
negative exponent on the variable 
in 4x. Similarly, y? + : ar il is 
not a polynomial, because of the 
variable y appears in the 
denominator. 


The Language of Algebra 
The prefix mono means one; Jay 
Leno begins the Tonight Show with 
a monologue. The prefix bi means 
two, as in bicycle or binoculars. 
The prefix tri means three, as in 
triangle or the Lord of the Rings 
Trilogy. 


Degree of a Term 
of a Polynomial 


Success Tip 
The degree of a term is the number 
of variable factors in that term. So, 
9x® has degree 6 because it has 
6 variable factors: 


6 
Oh = Dagrosyoxeo ye se 0 5¢ 


Degree of a 
Polynomial 
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A polynomial is a single term or a sum of terms in which all variables have whole-number 
exponents and no variable appears in a denominator. 


Here are some examples of polynomials: 


3x + 2, 4y* — 2y - 3, a’ + 3a°b + 3ab* + B’, and —8xy"z 


The polynomial 3x + 2 is the sum of two terms, 3x and 2, and we say it is a polynomial 
in one variable, x. A single number is called a constant, and so its last term, 2, is called the 
constant term. 

A polynomial is defined as a single term or the sum of several terms. Since 4y* — 2y — 3 
can be written as the sum 4y” + (—2y) + (—3), it has three terms, 4y*, —2y, and —3. It is 
written in descending powers of y, because the exponents on y decrease from left to right. 
When a polynomial is written in descending powers, the first term, in this case 4y’, is called 
the leading term. The coefficient of the leading term, in this case 4, is called the leading 
coefficient. 

A polynomial can have more than one variable. For example, a> + 3a°b + 3ab* + bis 
a polynomial in two variables, a and b. It has four terms and is written in descending powers 
of a and ascending powers of b. The polynomial —8xy7z is a polynomial in three variables, 
x, y, and z, and has only one term. 

Polynomials are classified according to the number of terms they have. A polynomial 
with exactly one term is called a monomial; exactly two terms, a binomial; and exactly three 
terms, a trinomial. Polynomials with four or more terms have no special names. 


Polynomials 
Monomials — Binomials Trinomials 
—6x 9u — 4 5t7 + 4t + 3 
5.5x°y" —2924-— 2? = 27x° — 6x? — 2x 
11 18a’b + 4ab 5a + 2ab + b? 


Polynomials and their terms can be described according to the exponents on their 
variables. 


The degree of a term of a polynomial in one variable is the value of the exponent on the 
variable. If a polynomial is in more than one variable, the degree of a term is the sum of the 
exponents on the variables in that term. The degree of a nonzero constant is 0. 


Here are some examples: 


9x° has degree 6. 
—2a* has degree 4. 
47x*y"' has degree 13 because 2 + 11 = 13. 


8 has degree 0 since it can be written as 8x”. 


We determine the degree of a polynomial by considering the degrees of each of its terms. 


The degree of a polynomial is the same as the highest degree of any term of the polynomial. 
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The Language of Algebra 
To descend means to move from 
higher to lower. When we write 

GP ab P= ilo as 

a 0d 9d ods led, 
we more clearly see the descending 
powers of d. 


Success Tip 
Recall that terms are separated by 
+ symbols and that the coefficient 
of a term is the numerical factor of 
the term. 
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EXAMPLE 1 | Use the vocabulary of this section to describe each polynomial: 
; 1 
a.d'+9d*—16 b. y* 72 


c. —6y'* ad 1.5y°2” + pele a + yz'! 


Strategy — First, we will identify the variable(s) in the polynomial and determine whether 
it is written in ascending or descending powers. Then we will count the number of terms 
in the polynomial and determine the degree of each term. 


Why The number of terms determines the type of polynomial. The highest degree of any 
term of the polynomial determines its degree. 


Solution 

a. d* + 9d* — 16 isa polynomial in one variable that is written in descending powers of d. 
If we write the subtraction as addition of the opposite, we see that it has 3 terms, d*, 9d’, 
and — 16, and is therefore a trinomial. The highest degree of any of its terms is 4, so it is 
of degree 4. 


4 2 = 4 2 = 
d* + 9d° — 16= 4 + es + _ Term | Coefficient | Degree 
1st Term 2nd Term 3rd Term d* 1 4 
9d? 9 2 
—16 —16 0 


Degree of the polynomial: 4 


b. 5x? — x is a polynomial in one variable. It is written Term | Coefficient | Degree 
in descending powers of x. Since it has two terms, it 1 a I 2 
is a binomial. The highest degree of any of its terms 
=* = 1 


is 2, so it is of degree 2. 


Degree of the polynomial: 2 


ce. —6y'* — 1.5y?2? + 2.5y8z'° + yz'! is a polynomial Term | Coefficient | Degree 
in two variables, y and z. It is written in descending —6y4 6 14 
powers of y and ascending powers of z. It has a 
4 terms, and therefore has no special name. The a e 
highest degree of any term is 18, so it is of degree 18. 2.5y%z 2.5 18 
yz! 1 12 


Degree of the polynomial: 18 


a Self Check 1 ,| Describe each polynomial: a. x* + 4x — 16 
bist se 
Now Try Problems 17 and 35 


Evaluate Polynomials. 


A polynomial can have different values depending on the number that is substituted for its 
variable (or variables). 


Caution 
Recall that to evaluate 3(—2)’, the 
rules for the order of operations 
require that we find (—2)° first, 
and then multiply that result by 3. 
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EXAMPLE 2 Evaluate 3x7 + 4x — 5 forx = Oandx = —2. 


Strategy We will substitute the given value for each x in the polynomial and follow the 
rules for the order of operations. 


Why To evaluate a polynomial means to find its numerical value, once we know the 
value of its variable. 


Solution 
Forx =0: For x = —2: 
3x° + 4x — 5 = 3(0)’ + 4(0) — 5 3x? + 4x — 5 = 3(-2)? + 4(-2) — 5 
= 3(0) + 4(0) — 5 = 3(4) + 4(-2) — 5 
=0+0-5 = 12+ (-8)-5 
= —5 =-1 


a Self Check 2 i Evaluate —x* + x — 2x + 3 forx = —3. 
Now Try Problem 54 


EXAMPLE3 Supermarket Displays. The polynomial 3c> + 4c? + ic 
; gives the number of cans used in a display shaped like a square 
pyramid, having a square base formed by c cans per side. Find the number of cans used 
in the display. 


Strategy We will evaluate the polynomial for c = 4. 


Why From the illustration, we see that each side of the square base is formed by 4 cans. 


Solution 
ae a ass Lay stay sia Substitute 4 f 
c c c= 6 
3 > 6 3 3 6 ubstitute 4 for c 
1 1 1 
= 3 (64) + 7 (16) + 6) Evaluate the exponential expressions first. 
= 64 Ke > 2 Do oe multiplication, and then simplify: 
a ) 4 
3 3 673 
= 30 Add the fractions: ot + g = 2 = 22. 


There are 30 cans of soup in the display. 


La Now Try Problem 81 
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Success Tip 
When constructing a table of 
solutions, it is wise to select some 
positive and negative integer- 
values for x, as well as 0. 


In the following example, we evaluate a polynomial in two variables. 


EXAM PLE 4 Evaluate 3p°q - 4pq° for p = 2andq = —3. 


| 
4 
Strategy We will substitute the given values for each p and q in the polynomial and 


follow the rules for the order of operations. 


Why To evaluate a polynomial means to find its numerical value, once we know the 
value of its variables. 


Solution 
3p°q — 4p’ = 3(2)°(—3) — 4(2)(—3)? Substitute 2 for p and —3 for q. 
= 3(4)(-3) — 4(2)(9) Find the powers. 
= —36 — 72 Do the multiplication. 
= —108 Do the subtraction. 


a Self Check 4 | Evaluate 3a°b” + 2a°b fora = 2andb = —1. 
Now Try Problem 61 


Graph Equations Defined by Polynomials. 


In Chapter 3, we graphed equations such as y = x and y = 2x — 3. Recall that these equa- 
tions are called /inear equations and that their graphs are straight lines. Note that the right side 
of the first two equations is a polynomial of degree 1. 


= = eee =. aS 
y=x y=2x —3 yx y=x +1 
ai ye “ie 
The degree of each The degree of this The degree of this 
polynomial is 1. polynomial is 2. polynomial is 3. 


We can also graph equations defined by polynomials with degrees greater than 1. 


EXAMPLE 5 Graph: y = x? 


Strategy We will find several solutions of the equation, plot them on a rectangular coor- 
dinate system, and then draw a smooth curve passing through the points. 


Why To graph an equation in two variables means to make a drawing that represents all 
of its solutions. 


Solution To find some solutions of this equation, we select several values of x that will 
make the computations easy. Then we find each corresponding value of y. If x = —3, 
we substitute —3 for x in y = x” and find y. 


y=xr =($37 =9 


Thus, (—3, 9) is a solution. In a similar manner, we find the corresponding y-values for 
x-values of —2, —1, 0, 1, 2, and 3. If we plot the ordered pairs listed in the table and join the 
points with a smooth curve, we get the graph shown on the next page, which is called a 
parabola. 


The Language of Algebra 
The cup-like shape of a parabola 
has many real-life applications. 
The word parabolic (pronounced 
par +a: bol: ic) means having the 
form of a parabola. Did you know 
that a satellite TV dish is more 
formally known in the electronics 
industry as a parabolic dish? 
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yrx 
| x | y| @y) 
—3 |] 9 | (-3, 9) 
—214) (-2,4) 
-1/1}(-1,) 
0} 0] (0,0) 
1/1) Gav 
214] 2,4) 
3/9} (3,9) 


a Self Check 5 ] Graph: y = x? — 2 


Now Try Problem 69 


EXAMPLE 6 _ Graph: y = —x? +2 
Strategy We will find several solutions of the equation, plot them on a rectangular coor- 
dinate system, and then draw a smooth curve passing through the points. 


Why To graph an equation in two variables means to make a drawing that represents all 
of its solutions. 


Solution To make a table of solutions, we select x-values of —3, —2, —1, 0, 1, 2, and 3 


and find each corresponding y-value. For example, if x = —3, we have 
y=-x° +2 

y = —(-3)? +2 Substitute —3 for x. 

y=-(9)+2 Evaluate the exponential expression first: (-3)* =9. 
y=-T7 Do the addition: -9 + 2 = —7. 


The ordered pair (—3, —7) is a solution. Six other solutions appear in the table. After plot- 
ting each pair, we join the points with a smooth curve to obtain the graph, a parabola 
opening downward. 


y=-x7 +2 

x |y | @y) 

—3|-—7 (33; —7) 4 -3 2 f-1 * 
—2] -2| (-2, -2) (2, -2) 

-1| 1] (-4,0 

0} 2] (0,2) 

t) ft) aay 

2|-2] (2, -2) 

3|-71 B,-7 


(-3, -7) 
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a Self Check 6 j Graph: y = —x? 


Now Try Problem 71 


EXAMPLE7 = Graph: y= x*° + 1 
Strategy We will find several solutions of the equation, plot them on a rectangular coor- 
dinate system, and then draw a smooth curve passing through the points. 


Why To graph an equation in two variables means to make a drawing that represents all 
of its solutions. 


Solution If we let x = —2, we have 


y= et) 

y =(-2)> + 1 Substitute —2 for x. 

y=-8+1 Evaluate the exponential expression first: (-2)° = -8. 
y=-7 Do the addition. 


The ordered pair (—2, —7) is a solution. This pair and others that satisfy the equation are 
listed in the table. Plotting the ordered pairs and joining the points with a smooth curve gives 
us the graph. 


y= e+ 
x | y | Gy) 
—2| -7| (-2,-7) 
-1| 0] (-1,0) 
0} 1) OD 
i) 2) a2) 
a/ 9] @,9) 


a Self Check 7 j Graph: y = x° — 1 


Now Try Problem 75 
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Bag nsurs TO SELF CHECKS 


of x; terms: x”, 4x, —16; coefficients: 1, 4, —16; degree: 2, 1,0 b. A binomial in two variables of degree 


1. a. A trinomial in one variable of degree 2 written in descending powers 


7 written in descending powers of s and ascending powers of t; terms: — 148°t, s*t°; coefficients: —14, 1; 
desree657/) 2.33.4. 116 


VOCABULARY 10. Fill in the blank so that the term has degree 5. 
Fill in the blanks. a. 9x b. 3 xy 
1A is a term or a sum of terms in which all 

variables have whole-number exponents and no variable appears Make a term-coefficient-degree table like that shown in Example 1 
in a denominator. for each polynomial. 
2. The of a polynomial are separated by + symbols. V1. 8x7 +x -—7 
3. x° — 6x* + 9x — 2 isa polynomial in ; aa ane is 
itten in wers of x and c” + 2c*d — d*i =a a ees | | 
ad in variables and tie in 7 Term | Coefficient | Degree 
powers of d. 
4. For the polynomial 6x* + 3x — 1, the term is 6x”, and 
the leading is 6. The term is —1. 
5. A___sis. a polynomial with exactly one term. A 


D f the pol ial: 
is a polynomial with exactly two terms. A ia a cas 


is a polynomial with exactly three terms. 
7; 12. 7 —y + 16° +3 
6. The of the term 3x’ is 7 because x appears as a factor 7 a 4 y y 
times: 3-x*x+xX+xXeX XN. 


7. To the polynomial x* — 2x + 1 for x = 6, we substi- Term | Coefficient | Degree 
tute 6 for x and follow the rules for the order of operations. 


8. The graph of y = x’ is a cup-shaped curve called a 


CONCEPTS 
Determine whether each expression is a polynomial. 
9. a. x° — 5x -2 b. x + — 5x Degree of the polynomial: 
1 
2 4 a 
Son Gat a 13. 84°? — 27ab 
ex -y fidtat+at+a 


Term | Coefficient | Degree 


Degree of the polynomial: 
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14. —1.2c* + 2.4c?d* — 


NOTATION 


3.6d* 


Term 


Coefficient | Degree 


Degree of the polynomial: 


15. a. Write x — 9 + 3x? + 5x? in descending powers of x. 


b. Write —2xy + y? + x? in ascending powers of y. 


16. Complete the solution. Evaluate —2x* + 3x — 1 for x = 
x? +3x-1=-2 yf+30 )-1 
=-2( )+ 3( yl 
= +(-6)-1 


GUIDED PRACTICE 


Classify each polynomial as a monomial, a binomial, a trinomial, 


or none of these. See Example 1. 


17. 3x +7 18. 3y —5 
19. y + 4y +3 20. 9xy 
3 3 2 3 
21. =2" 22. =x* x3 + ox 
2 5 5 5 
23. t — 32 24. 1227 
25. s* — 23s + 31 26. 2x° — 5x* + 6x — 3 
27. 60° — x4 -—3x° +7 28. x° 
29. 3m°n — 4m?*n? + mn — 1 
30. 4p°q° + Tp°¢? + pq? — @ 
31. 2a? — 3ab + b* 32. ab — ab? 


Find the degree of each polynomial. See Example 1. 


33. 3x7 34, 3x° 

35. —2x7 + 3x+1 36. —5x* + 3x? — 3x 
1 1 

37. —x —5 38. —y +4 
5° 57 ay 

39. —S5r°s* — rs +3 40. 4r?s° — 57758 


Al. x? + 3x°y? 


42. 17ab> — 12a°b 


43. 38 44, —24 
1 

45. a, - ae 46. 710 ——1'6 
2 4 8 8 


47. 5.5tw — 6.5t?w — 7.5¢° 48. 0.4h + 0.6h*c + 0.6h° 


Evaluate each expression. See Examples 2 and 3. 
49. x° —x + 1 for 50. x7 —x +7 for 


ax=2 ax=6 
b. x = —3 b. x = —2 
51. 427 + 2¢ — 8 for 52. 35° — 2s + 8 for 
aot=-l as=1 
b. t=0 b. s =0 
53. 1? = 4 for 54. 1p = {5 for 
2 4 3 9 
aoa=4 a. b=9 
b. a= —8 b. b= —9 
55. —9.2x7 + x — 1.4 for 56. —10.3x7 — x + 6.5 for 
ax=-—l ax=-l 
b. x = —2 b. x = —2 
57. x° + 3x7 + 2x + 4 for 58. x° — 3x7 — x + 9 for 
ax=2 ax=3 
b. x = —2 b. x = —3 
59. yo -y ty +2yp-1 60. -yi+y+ytytl 
for for 
a y=l a y=l 
b y=-l b y=-l 
Evaluate each polynomial for a = —2 and b = 3. See Example 4. 
61. 6a°b 62. 4ab* 
63. a° +b 64. a — Bb 


66. a —2ab+b 
68. —a°b + ab —a—21 


65. a~ + Sab — b* 
67. 5ab> — ab —b + 10 


Construct a table of solutions and then graph the equation. See 
Examples 5-7. 


69. y=x°t1 70. y=x° -4 
71. y=-x?-2 72. y= -x? +1 
73. y=2x* -3 74, y = —2x* +2 
75. y=x°4+2 76. y=xe°t+4 
77. y=x°-3 78. y=x°-2 
79. y=-x?-1 80. y = —x° 
APPLICATIONS 


81. SUPERMARKETS A grocer plans to set up a pyramid- 
shaped display of cantaloupes like that shown in Example 3. If 
each side of the square base of the display is made of six 
cantaloupes, how many will be used in the display? 

82. PACKAGING The polynomial 4x* — 44x” + 120x gives the 
volume (in cubic inches) of the resulting box when a square 
with sides x inches long is cut from each corner of a box 
10 in. X 12 in. piece of cardboard. Find the volume of a box if 
3-inch squares are cut out. 
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Fold on dashed lines. 86. ONLINE When x = 0, the polynomial 

# # —0.619x7 + 11.778x + 12.171 approximates the percent of the 
U.S. population that had gone online by 1995. When x = 1, it 
approximates the percent of the U.S. population that had gone 
online by 1996, and so on. Use the polynomial to approximate 
the percent of the U.S. population that had gone online by 2006. 
(Source: The State of the News Media 2007) 

87. SCIENCE HISTORY The Italian scientist Galileo Galilei 
(1564-1642) built an incline plane like that shown to study 
falling objects. As the ball rolled down, he measured the time it 

83. STOPPING DISTANCE The number of feet that a car travels took the ball to travel different distances. Graph the data and 
before stopping depends on the driver’s reaction time and the then connect the points with a smooth curve. 
braking distance, as shown in the illustration. For one driver, 
the stopping distance is given by the polynomial 0.04v* + 0.9v 
where v is the velocity of the car. Find the stopping distance 
when the driver is traveling at 30 mph. 


Stopping distance d 


Decision 
to sto, 
Seconds 01 1- l= 
4 2 
84. SUSPENSION BRIDGES | The polynomial 
4 2 : 

—0.0000001s" + 0.0066667s “a 400 ap prOmuiaies the length 88. DOLPHINS Ata marine park, three trained dolphins jump in 
of the cable between the two vertical towers of a bridge, where unison over an arching stream of water whose path can be 
sis the sag in the cable (in feet). Estimate the length of the described by the equation y = —0.05x? + 2x. Given the takeoff 
cable if the sag is 24.6 feet. points for each dolphin, how high must each jump to clear the 


stream of water? 


I< 400 ft si ; 


85. from Campus to Careers ; : a Take-off points for dolphins 
Sound Engineering Technician 


Many people involved in the record- 
ing industry have been impressed by 
the success of Apple’s iTunes Music 
Store. The polynomial 

1.144x? + 5.771x + 0.452 approxi- 
mates the number of users (in 
millions) of iTunes. When x = O, the 
polynomial estimates the number of 
users (in millions) as of January 
2004. When x = 1, it estimates the 
number of users as of January 2005, and so on. Use the polynomial 
to estimate the number of iTunes users as of January 2008. (Source: 
WebSiteOptimization.com) 


WRITING 


89. Describe how to determine the degree of a polynomial. 
90. List some words that contain the prefixes mono, bi, or tri. 


© Paul Arthur/Getty Images 
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91. To graph y = x? — 4, a table of solutions is constructed and a REVIEW 
eae ne Solve each inequality. Write the solution set in interval notation 
and graph it. 
93. —4(3y + 2) S$ 28 94. -5<3t+4<13 


Simplify each expression. Do not use negative exponents in the 


answer. 
95. (x°x*) 96. (a) (a) 
2. 5\3 3\-—4 
2t 
97. (=) 98. (+) 
y t 
92. The expression x + y is a binomial. Is xy also a binomial? CHALLENGE PROBLEMS 


Explain. . : . 
me 99. Find a three-term polynomial of degree 2 whose value will be 


1 when it is evaluated for x = 2. 


100. Graph: y = 2x* — 3x? — llx + 6 


@ Simplify polynomials by combining like terms. 
® Add polynomials. 
© Subtract polynomials. 


Objectives 


If we are to add (or subtract) objects, they must be similar. For example, we can add dollars to 
dollars and inches to inches, but we can’t add dollars to inches. If you keep this concept in mind, 
then adding and subtracting polynomials will be easy. It simply involves combining like terms. 


@ Simplify Polynomials by Combining Like Terms. 


Recall that like terms have the same variables with the same exponents. Only the coefficients 


may differ. 
Like terms Unlike terms 
—7Tx and 15x —7x and 15a Different variables 
9.4y° and 1.6y° 9.4y° and 1.6)* Different exponents on the same variable 
1 1 1 
yy and 37 yy and ey Different exponents on different variables 


Also recall that to combine like terms, we combine their coefficients and keep the same 
variables with the same exponents. For example, 


The Language of Algebra a 2 2 2 
Simplifying the sum or difference et lg Sa Se ax — x = (8 — De 
of like terms is called combining = Oy =x 

like terms. 


Polynomials with like terms can be simplified by combining like terms. 


Caution 
When combining like terms, the 
exponents on the variables stay 
the same. Don't incorrectly add 
the exponents. 
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; EXAMPLE 1 _ Simplify each polynomial by combining like terms: 
a. 4x4 + 81x* bb. —0.3r — 0.4r + 0.6r 


3,1 1, 5 
CM ie ie ae ee 


Strategy We will use the distributive property in reverse to add (or subtract) the coeffi- 
cients of the like terms. We will keep the same variables raised to the same powers. 


Why To combine like terms means to add or subtract the like terms in an expression. 


Solution 
a. 4x* + 81x* = 85x* Think: (4 + 81)x* = B5x*. 


b. —0.3r — 0.4r + 0.6r = —0.1r Think: (—0.3 — 0.4 + 0.6)r = —O.1r. 
c. The first and third terms are like terms. 


17x°y? + 2x?y — 6x7y? = 11x?y? + 2x7y Think: (17 — 6)x?¥ = 11x°y’. 


3 1 
d. =p? +-¢ -7+=p--—¢ +4 
a 74 3P q 
3 1 1 5 
= (3 = 1) ++ (3 - 5) 9 —7+4 Combine like terms. 
9 4\ , 2 3) 4 Build equivalent fractions: 
=|—+— | —7+4 
@ i)? e a 275 Tim 4 = ia and g°2 = a 
13-5. 39% 
= DP a on 3 Do the additions and the subtraction. 


Caution Do not try to clear this expression of fractions by multiplying it by the LCD 12. 
That strategy works only when we multiply both sides of an equation by the LCD. 


3 1 1 5 
12( 3p? + dg? 7+ tp — Se +4) 
(3p 54 3P — 44 


a Self Check 1 | Simplify each polynomial: a. 6m* + 3m* 
lis —IISbe =P Zibe = 3% 


ce. 1.7s°t + 0.387t — 0.65°t 
es 135 eS 345 
d. gc gd Og — au +1 


Now Try Problems 13, 27, and 33 


Add Polynomials. 


When adding polynomials horizontally, each polynomial is usually enclosed within parenthe- 
ses. For example, 


(3x? + 6x + 7) + (2x — 5) 


is the sum of a trinomial and a binomial. To find the sum, we reorder and regroup the terms 
using the commutative and associative properties of addition so that like terms are together. 
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Adding 
Polynomials 


Success Tip 
Combine the like terms in order: 
a’-terms first, a?-terms second, 


a-terms third, and constants last. 


Then the answer will be in 
descending powers of a. 


The x-terms are together. 
The constant terms are 
together. 


(3x + 6x + 7) + (2x — 5) = 3x7 + (6x + 2x) + (7 — 5) 


= 3x7 + 8x +2 Combine like terms. 


This example suggests the following rule. 


To add polynomials, combine their like terms. 


EXAMPLE 2 Add the polynomials: 
: a. (—6a° + 5a* — Ja + 9) + (4a? — Sa” — a — 8) 


1 2 3 o 
b. Gai + 5m + 1) + (30 =a s) c. (16g* — h*) + (4g? + 2gh + 10h") 


Strategy We will reorder and regroup to get the like terms together. Then we will 
combine like terms. 


Wh To add polynomials means to combine their like terms. 

» | 

Solution 

a. (—6a° + 5a* — Ja + 9) + (4a® — 5a? — a — 8) 
= (-6a* + 4a*) + (5a — 5a’) + (—7a — a) + (9 — 8) Group like terms together. 
= —2a° + 0a’ + (-8a) +1 
=-2a -8a+1 


Combine like terms. 


a 
a 
Nile 
3 

i) 
+ 
Ww] 
3 

+ 
aie: 
+ 
i 
Bl w 
3 

i) 
| 
\o | 

3 

| 

A 
Se 


Group like terms together. 
r ‘ ; V2 2 
Build equivalent fractions: ce ee 
2,53_6 
and 5°35 = 9: 


Do the addition and subtraction. 


ec. (16g” — h?) + (4g* + 2gh + 10h”) 
= (16g” + 4g”) + 2gh + (—h? + 10h”) 
= 20g? + 2gh + 9h” 


Group like terms together. 


Combine like terms. 


a Self Check 2 P| Add the polynomials: 
a. (2a° — a + 4) + (5a’ + 6a — 5) 


33 4 3 11 
b. (30° + $b + 7) + (3? - Ha — 10) 
( (i = 55) — 12) ar (4x? = y’) 
Now Try Problems 41, 43, and 47 
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EXAMPLE 3 j Trapezoids. Find a polynomial that represents the perimeter of 
: the trapezoid. 


(2a* —5) ft 


(a> +a) ft 3a’ ft 


(4a? — 2a + 1) ft 


Strategy We will add the polynomials that represent the lengths of the sides of the 
trapezoid. 


Why To find the perimeter of a figure, we find the distance around the figure by finding 
the sum of the lengths of its sides. 


Solution To add the four polynomials that represent the lengths of the sides of the trape- 
zoid, we combine their like terms. 
The Language of Algebra Ca = 5) + @ +a) + Gr = 2a41) 3a 
A trapezoid is a four-sided figure = (2a* +0 4+ 402+ 3a’) + (a — 2a) + (-5 + 1) Reorder and regroup terms. 


with exactly two sides parallel. 
i l = 10a? —-a-4 Combine like terms. 


The perimeter of the trapezoid is (10a* — a — 4) ft. 


La Now Try Problem 51 


Polynomials can also be added vertically by aligning like terms in columns. 


EXAM PLE 4 _ Add 4x? — 3 and 3x” — 8x + 8 using vertical form. 


Strategy — First, we will write one polynomial underneath the other and draw a horizontal 
line beneath them. Then we will add the like terms, column by column, and write each 
result under the line. 


Why = Jertical form means to use an approach similar to that used in arithmetic to add two 
numbers. 


Solution When performing vertical addition, any missing term may be written with a 
coefficient of 0. Since the first polynomial does not have an x-term, we insert a place- 
holder term Ox in the second column so that the constant terms line up in the third 
column. 


Success Tip 
In arithmetic, we use vertical form 
so that we add digits in like place- 
value columns. In polynomial 
addition, we combine the like 
terms in each column. 


x*-terms at x-terms : Constants 


4x7 + 0x -3 In the x*-column, find 4x7 + 3x”. 


Hundreds ihe Ones 3x7 - 8x + 8 In the x-column, find Ox + (—8x). 
403 Tx? =e SES) In the constant column, find —3 + 8. 
+388 


The sum is 7x” — 8x + 5. 
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a Self Check 4 j Add 4q* — 7 and 2q? — 8q + 9 using vertical form. 


Now Try Problem 53 


3) Subtract Polynomials. 


Subtracting 
Polynomials 


Success Tip 
After some practice, you will be 
able to reorder and regroup the 
terms of the polynomials in your 
head to combine them. 


Recall from Chapter | that we can use the distributive property to find the opposite of several 
terms enclosed within parentheses. For example, we consider —(2a* — a + 9). 


oe 


—(2a7 —a + 9) = -1(2a* —a +9) Replace the — symbol in front of the parentheses 
with —1, 
=-2a +a-9 Use the distributive property to remove parentheses. 


This example illustrates the following method of subtracting polynomials. 


To subtract two polynomials, change the signs of the terms of the polynomial being sub- 
tracted, drop the parentheses, and combine like terms. 


EXAMPLE 5 i Subtract the polynomials: a. (3a” — 4a — 6) — (2a* — a + 9) 
b. (—fu + 2t7u — u + 1) — (—3t?u — uw + 8) 
Strategy In each case, we will change the signs of the terms of the polynomial being 
subtracted, drop the parentheses, and combine like terms. 
Why This is the method for subtracting two polynomials. 
Solution 
a. (3a’ — 4a — 6) — (2a —a +9) 
= 3a" — 4a -— 6 —2a7> + a—9 Change the sign of each term of 2a — a + Qand 
drop the parentheses. 
=a —3a- 15 Combine like terms. 
b. (—fPu + 2t7u — u t+ 1) — (-3?u — u + 8) 


= —Put 2P?u-—ut1+3fut+u—8 Change the sign of each term of 
—3t?u — u + Gand drop the 
parentheses. 


= —Put 5u—-—7 Combine like terms. 


a Self Check 5 j Subtract the polynomials: 
a. (8a° — Sa* + 5) — (a — a — 7) 
b. (x°y — 2x + y — 2) — (6x + 9y — 2) 
Now Try Problems 61 and 71 
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Polynomials can also be subtracted vertically by aligning like terms in columns. 


EXAM PLE6 Subtract 3x7 — 2x + 3 from 2x” + 4x — 1 using vertical form. 


Strategy Since 3x” — 2x + 3 is to be subtracted from 2x* + 4x — 1, we will write 
3x° — 2x +3 underneath 2x7 + 4x — 1, change the sign of each term of 
3x° — 2x + 3 and add, column-by-column. 


Why = ertical form means to arrange the like terms in columns. 


Solution 
2x7 + 4x -— 1 2x? + 4x — 1 Inthe x°-column, find 2° + (—3%*). 
—(3x? — 2x + 3) Ghenge signe —3x? + 2x — 3. Inthe x-column, find 4x + 2x. 


d add 
ae —x? + 6x — 4 Inthe constant column, find —1 + (—3). 


The difference is —x* + 6x — 4. 


ta Self Check 6 | Subtract 2p* + 2p — 8 from Sp* — 6p + 7 using vertical form. 


Now Try Problem 73 


EXAMPLE 7 Subtract 1.2a*— 0.7a from the sum of 0.6a* + 1.5a and 
0.4a* — 1.la. 


Strategy First, we will translate the words of the problem into mathematical symbols. 
Then we will perform the indicated operations. 


Why The words of the problem contain the key phrases subtract from and sum. 


Solution Since 1.2a* — 0.7a, is to be subtracted from the sum, the order must be 
reversed when we translate to mathematical symbols. 


Subtract 1.2a* — 0.7a from the sum of 0.6a* + 1.5a and 0.4a* — 1.la. 


[(0.6a* + 1.5a) + (0.4a* — 1.1a)] — (1.2a* — 0.7a) Use brackets [ ] to enclose the 
sum. 


Next, we remove the grouping symbols to obtain 


= 0.6a* + 1.5a + 0.4a* — 1.la — 1.2a* + 0.7a Change the sign of each term within 
9 g 
(1.2a* — 0.7a) and drop the 
parentheses. 


—0.2a* + 1.la Combine like terms. 


a Self Check 7 j Subtract —0.2q* — 0.2q from the sum of 0.1q* — 0.6q and 
0.3q° + 0.1¢. 


Now Try Problem 87 
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EXAMPLE 8 Fireworks. Two firework shells are fired upward at the same 

time from different platforms. The height, after t seconds, of the 

first shell is (—16¢7 + 160¢ + 3) feet. The height, after ¢ seconds, of a higher-flying 
second shell is (— 16t? + 200f + 1) feet. 


a. Find a polynomial that represents the difference 
in the heights of the shells. 


b. In 5 seconds, the first shell reaches its peak and 
explodes. How much higher is the second shell 
at that time? 


Strategy To find the difference in their heights, 
we will subtract the height of the first shell 
from the height of the higher-flying second 
shell. 


Why The key word difference indicates that we 
should subtract the polynomials. 


Solution 
a. Since the height of the higher flying second shell is represented by —16¢7 + 200t + 1 
and the height of the lower flying shell is represented by —16¢7 + 160¢ + 3, we can find 
their difference by performing the following subtraction. 
(—1627 + 200 + 1) — (—16¢ + 160¢ + 3) 


= —16t? + 200f + 1 + 167 — 160 — 3 Change the sign of each term of 
—16¢? + 160t + 3 and remove 
parentheses. 


= 40t — 2 Combine like terms. 
The difference in the heights of the shells ¢ seconds after being fired is (40t — 2) feet. 


b. To find the difference in their heights after 5 seconds, we will evaluate the polynomial 
found in part (a) at a value of 5 seconds. If we substitute 5 for t, we have 


40 — 2 = 40(5) — 2 = 200 — 2 = 198 
When the first shell explodes, the second shell will be 198 feet higher than the first shell. 


La Now Try Problem 109 


Bad onsuers 10 SELF CHECKSM 1. a.9m* box c. List+ 03s d. ze - Aas —8 
2.a. 7a +5a-1 b. 2b —G5b-3 & Ix? -2xy-2y 4, 69? — 8g +2 
5. a. 7a — 4a* + 12 «be. x*y — 8x — By 6. 3p? — 8p +15 7. 0.697 — 0.39 
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VOCABULARY 
Fill in the blanks. 
1. (b — b* — 9b +1) + (& — b* — 9b + 1) is the sum of two 


2. (b> — 9b + 11) — (4b* — 145) is the ofa 
trinomial and a binomial. 

3. terms have the same variables with the same exponents. 

4. The polynomial 2¢* + 327 — 41? + 5t — 6 is written in 

powers of f. 

CONCEPTS 

Fill in the blanks. 

5. To add polynomials, ______—_ their like terms. 

6. To subtract polynomials, ______—_ the signs of the terms of the 
polynomial being subtracted, drop parentheses, and combine 
like terms. 

7. Simplify each polynomial, if possible. 

a. 2x7 + 3x° b. 15m? — m? 
c. 8a°b — a’b d. 6cd + 4c*d 

8. What is the result when the addition is done in the 

x-column? 
ee e112 
5x? — 8x + 23 


9. Write without parentheses. 
a. —(5x” — 8x + 23) b. —(—Sy* + 37? - 7) 


10. What is the result when the subtraction is done in the x- 
column? 
8x7 — Ix — 1 8x? — 7x — 1 
—(4x” + 6x — 9) ——> —4x? - 6x +9 


NOTATION 
Fill in the blanks to add (subtract) the polynomials. 
11. (6x? + 2x + 3) + (4x? — 7x + 1) 
= (6x" 4 )+( Tx) + (3+) 
= Soe 


12. (6x? 


2x + 3) — (4x? — 7x + 1) 
=6x +2x+3 4° TWr-1 
= + 9x + 


GUIDED PRACTICE 


Simplify each polynomial and write it in descending powers of one 
variable. See Example 1. 


13. 84° + 40° 14. 15x? + 10x? 
15. —32u? — 16u° 16. —25x° — 7x? 
17. 18x? — 19x + 2x? 18. 17° — 22y —y° 
19. 34 — 4r + 7r* 20. —2b* + 7b — 3b4 
21. 10x? — 8x + 9x — 9x? 22. —3y° — y — 6 + Ty 
23. =” = =x x 
24. oy? y sv 3) 
3 


25. 0.6x° + 0.8x* + 0.7x° + (—0.8x*) 
26. 1.9m* — 2.4m° — 3.7m* + 2.8m° 


1 3 2 1 
27. =st + =st 28. —at + at 
2 2 5 5 
2 1 By) 1 1 
29. —d* — — + =e? — =ced + =d? 
3 4 6 2 3 
3 2 1 7 
30. =s° a x st st 
5 5 2 10 10 
31. —4ab + 4ab — ab 32. xy — 4xy — 2xy 


33. 4x°y + 5 — 6x°y — 3x°y + 2x7y 
34. 5b — 9ab? + 10a°b — 8ab? — 9a°b 
35. —7cd — 8d? — Sed + 8d? — 4c? 
36. —3rt — 7t° — 6rt + Tt? — 6r° 


Add the polynomials. See Example 2. 

37. (3x + 7) + (4x — 3) 

38. (2y — 3) + (4y + 7) 

39. (9d? + 6d) + (8d — 4d”) 

40. (2c? — 4c) + (8c — c*) 

41. (3g? — 5g + 7) + Qq° +q- 12) 
42. (217 + 11t — 15) + (—5t* — 13¢ + 10) 


Qed: 233 *) (; 4s, as “) 
43. t t t t 
(3y a 9 eg 


1 1 ll 9 9 1 
44, ( ret+—r ) t ( re+—7 4 ) 
16 2, 12 16 4 12 


45. (0.3p + 2.1g) + (0.4p — 3q) 
46. (—0.3r — 5.2s) + (0.87 — 5.2s) 
AT. (2x? + xy + 3y*) + (5x? — y’) 
48. (—4a* — ab + 15b*) + (5a? — b?) 
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Find a polynomial that represents the perimeter of the figure. See 
Example 3. 


49. 


(x7 + 3x +1) yd 


50. (2y° — 3y3) inches 


(y? + y°) inches 


(5y° - 5y3) inches 


51. (2x* —7) mi 


(5x7 + 3x + 1) mi 


52. (9a? + a—3) ft 


(4a? + 1) ft (5a? — 6a) ft 


(lla? —5a+ 1) ft 


Use vertical form to add the polynomials. See Example 4. 
53. 3x° + 4x + 5 54. 6x° — 4x7 +7 


2x? — 3x +6 7x3 + 9x? + 12 
55. 6a +7a+9 56. —2c* —3c —5 
—9a" -—2 14c? -1 


58. 3x° + 4x7 — 3x 45 
3x3 — 4x7 — x -7 


57. 2 +627 —7z2+ 16 
92 — 627 + 8z — 18 


60. 3x7)" + 4xy + 25 
5x°y> — 12 


Subtract the polynomials. See Example 5. 
61. (3a” — 2a + 4) — (a — 3a +7) 
62. (2b? + 3b — 5) — (2b" — 4b — 9) 
63. (9a? + 3a) — (2a — 4a”) 

64. (4b* + 3b) — (7b — Bb’) 


65. 
66. 


67. 


68. 


oo 


69. 


70. 


71. 
72. 


Us 
73. 


i.) 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


3, 3 ‘) (3 ey. ’) 

(2s a 3° T 5 

55 _4 ) (; 9,3 ) 

& es a? RS 

(0.03 f* + 0.25f + 0.91) — (0.17f* — 1.18) 


(0.05r? — 0.33r) — (0.48 r? + 0.15r + 2.14) 


(Sab + 2b’) — (2 + ab + b*) 


(mn + 8n?) — (6 — 5mn + n°) 

vertical form to subtract the polynomials. See Example 6. 
Sy ana S 

—(2x? — 2x + 3) 
6 + 4y +: 13 

a a a 


4x? + 4x? — 3x + 10 
—(5x* — 2x? — 4x — 4) 


Tm + ne + 9m? —m 
—(8m° — 2m? + m +m) 


0.8x3 — 2.3x + 0.6 
—(0.2x* — 1.2x* — 3.6x + 0.9) 


9.7" yt 
—(6.3y° — 4.4y* + 2.7y + 8.8) 


3x3? + 4x°*y + Tx + 12 
—(—4x7y* + 6x?y + 9x — 3) 
2x77 + 12° 


—(10x*y? + 9xy — 24y") 


Perform the operations. See Example 7. 


81. 


82. 


83. 


84. 


85. 


Subtract (s? + 4s + 2) from (5s* — s + 9). 
Subtract (4p” — 4p — 40) from (10p* — p — 30). 
Subtract (—y° + 5y* — 1.2) from (2y° — y*). 
Subtract (—4w? + 5w* + 7.6) from (w? — 15w”). 


Find the sum when (3x* + 4x — 7) is added to the sum of 
(—2x? — 7x + 1) and (—4x* + 8x — 1). 


86. Find the difference when (32x* — 17x + 45) is subtracted 
from the sum of (23x* — 12x — 7) and (—11x* + 12x + 7). 


87. Find the difference when (¢° — 2f7 + 2) is subtracted from 
the sum of (34° + 17) and (—#? + 6¢ — 3). 


88. Find the difference when (—3z* — 4z + 7) is subtracted from 
the sum of (2z* + 3z — 7) and (—4z* — 2z — 3). 


89. (2x7 — 3x + 1) — (4x* — 3x + 2) + (2x7 + 3x + 2) 


90. (—3z* — 42 + 7) + (22 + 2z - 1) — 22 — 32 +7) 


91. (—2.74° + 2.1f — 1.7) + 3.10? — 2.5¢ + 2.3) — (1.707 — 1.18) 


92. (1.04x7 — 5.01) + (1.33x — 1.91x* + 5.02) — (1.07x* — 2.07x) 
TRY IT YOURSELF 

Perform the operations. 

93. (—8x* — 3x) — (—11x? + 6x + 10) 


94. (5m? — 8m + 8) — (—20m + m) 
95. (3x> — 3x — 2) + (3x + 4x — 3) 
96. (4c* + 3c — 2) + (3c* + 4c + 2) 


Ta 35 *) (-2" 25 +) 
i 24 
7. (Z, 9° 4 a ae 
1 2 
3 8 


4 
98. {| —r* 
€ 


99. 8c? — 4c — 5 
—(—c? + 2c + 9) 


100. 34° — 447 — 34 +5 
4118 —8r-2 


101. (10 — 2st — 3s7t) + (4 — 62) 
102. (20 — 4rt — 5r*t) + (10 — 5rt) 
103. (12.1h° + 9.9h?) — (7.3A° + 1.17) 
104. (5.7n° — 2.1n) — (—6.2n? — 3.9n) 
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APPLICATIONS 


105. GREEK ARCHITECTURE 


a. Find a polynomial that represents the difference in the 
heights of the columns. 

b. If the columns were stacked one atop the other, to what 
height would they reach? 


(x2 — 3x + 2) ft 


(5x — 10) ft 


106. JETS Find a polynomial that represents the length of the 
passenger jet. 


>| 


org 3) ft 


(9x — 15) ft 


107. PINATAS Find a polynomial that represents the length of 
the rope used to hold up the pifiata. 


4a? + 6a-1 
inches 
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108. READING BLUEPRINTS Find a polynomial that 
represents 


a. the difference in the length and width of the one-bedroom 
apartment. 


b. the perimeter of the apartment. 


Closet 


Width 


Living 
Area 


Bedroom 


(26x +3) ft + Gr+ 1) ft>| 


Dining 
Area 


< Ga + 6)it >|< (4x + 3) ft—| 


Length 


109. NAVAL OPERATIONS Two warning flares are fired upward 
at the same time from different parts of a ship. The height of 
the first flare is (—16t7 + 128¢ + 20) feet and the height of 
the higher-traveling second flare is (—16¢7 + 150t + 40) feet, 
after t seconds. 

a. Find a polynomial that represents the difference in the 
heights of the flares. 

b. In 4 seconds, the first flare reaches its peak, explodes, and 
lights up the sky. How much higher is the second flare at 
that time? 


110. AUTO MECHANICS | Find a polynomial that represents the 
length of the fan belt shown in the diagram in the next 
column. The dimensions are in inches. Leave 7 in your 
answer. 


WRITING 


111. How do you recognize like terms? 


112. Explain why the vertical form used in algebra to add 
2x? + 4x + 3 and 5x? + 3x + 6 is similar to the vertical 
form used in arithmetic to add 243 and 536. 


113. Explain the error below. 
Tx?y + 6x°y = 13x47 


114. Explain the error below. 


(12x? — 4) — (x — 1) = 12x* = 4 — 3x = 1 


= 9x5 
115. A student was asked to simplify bx? = 3b ex. Explain the 
error below: 
1 2 
o( x= 34 ra 18 + 4x? 
6 3 


116. Explain the error below. 


Subtract (2d* — d — 3) from (d” — 9): 


(2d° — d- 3) —(d? = 9) =d? -d+6 


REVIEW 


117. What is the sum of the measures of the angles of a triangle? 


118. What is the formula for 
a. the area of a circle? 
b. the area of a triangle? 


1 
119. Graph: y = —9* +2 120. Graph: 2x + 3y = 9 


CHALLENGE PROBLEMS 
121. What polynomial must be added to 2x” — x + 3 so that the 
sum is 6x* — 7x — 8? 
122. Is the sum of two trinomials always a trinomial? Explain why 
or why not. 
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Objectives 


0 


Success Tip 
In this section, you will see that 
every polynomial multiplication is a 
series of monomial multiplications. 


Multiplying 
Monomials 


Success Tip 
Notice that we multiply the coefh- 
cients and we add the exponents 
of the like bases. 


© Multiply monomials. 


® Multiply a polynomial by a monomial. 
© Multiply binomials. 
© Multiply polynomials. 


We now discuss multiplying polynomials. We will begin with the simplest case—finding the 
product of two monomials. 


Multiply Monomials. 


To find the product of two monomials, such as 8x? and 3x*, we use the commutative and asso- 
ciative properties of multiplication to reorder and regroup the factors. 


(8x7)(3x*) = (8 + 3)(x? + x*) Group the coefficients together and the variables together. 
= 24x° Simplify: x + x* = 14 = X°, 


This example suggests the following rule. 


To multiply two monomials, multiply the numerical factors (the coefficients) and then mul- 
tiply the variable factors. 


-EXAMPLE1 — Multiply: a. (6r)(r)_— ib. 374(-27°) 
c. 5a (2lab*) = dd. —4y°2?(2y*z*)(3yz) 


Strategy We will multiply the numerical factors and then multiply the variable factors. 


Why The commutative and associative properties of multiplication enable us to reorder 
and regroup the factors. 


Solution 
a. (6r)(r) = 6r? Recall that r = 1r. Think: 6-1 = Gandr-r= Pr. 
b. (3¢*)(—2t°) = —6t? Think: 3(—2) = —G6 and t*- #° = ¢**® = 2°, 


1 
c. (Jere arab? = Ta°b° Think: e aa 7,a-a=a,andb- =P. 


d. —4y°z?(2y*z*)\(3yz) = —24y°z® Think: —4(2)(3) = -24, + y+ y = y®, and 2? +2? +2 = 2%. 


PT Self Check 1 | Multiply: a. 18¢(1) b. —10d°(—6d?) 
c. (16y'?)(ty’) d. (5a°b*)(—6a°b*)(ab) 
Now Try Problems 13, 19 and 23 
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2) Multiply a Polynomial by a Monomial. 


Multiplying 
Polynomials by 
Monomials 


Success Tip 
The rectangle below can be used 
to picture polynomial multiplica- 
tion. The total area is x(x + 2) 
and the sum of the two smaller 
areas is x? + 2x. Thus, 


x(x + 2) = x? + 2x 


38 ae Dis 


We can use the distributive property to find the product of a monomial and a binomial such as 
5x and 2x + 4: 


~ 
5x(2x + 4) = 5x(2x) + 5x(4) 


10x? + 20x 


Distribute the multiplication by 5x. 


Multiply the monomials. 


This example suggests the following rule. 


To multiply a monomial and a polynomial, multiply each term of the polynomial by the 
monomial. 


EXAMPLE 2 _ Multiply: a, 3a°3a” — Sa + 2) 


b. —2x27(6x°z + x72* — xz? + Tz) ec. (—m* — 2.5)(4.1m>) 


Strategy To find each product, we will multiply each term of the polynomial by the 
monomial. 


Why We use the distributive property to multiply a monomial and a polynomial. 


Solution 
a. Multiply each term of 3a* — 5a + 2 by 3a”. 


3a°(3a” — 5a + 2) 
= 3a°(3a*) + 3a7(—5a) + 3a’(2) 
= 9a* — 15a? + 6a? 


Distribute the multiplication by 3a’. 


Multiply the monomials. 


b. Multiply each term of 6x°z + x7z* — xz? + 7z* by —2xz’, 


—2x73(6x3z + x72? — xz? + 724) 
= —2x73(6x7z)—2x73(x727)—2x73(—xz*)—2xz3(72") 
= —12x424 — 232° + 2x72° — 14x27 Multiply the monomials. 


c. Multiply each term of —m* — 2.5 by 4.1m’. 


os 
(—m* — 2.5)(4.1m?) 


—m*(4.1m*) — 2.5(4.1m?) Distribute the multiplication 
by 4.1 m>. 


—4.1m™ — 10.25m? 


Multiply the monomials. 


a Self Check 2 d gue a. 5c” (4c° — 9c — 8) 


Bog st* + 7s) 
c. (w’ — 2w)6w? 
Now Try Problems 29, 37, and 39 


The Language of Algebra 
A parallelogram is a four-sided 
figure whose opposite sides are 
parallel. 


Multiplying 
Binomials 
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EXAMPLE 3 j Parallelograms. Find a polynomial that represents the area of 
: the parallelogram. 


b in. 


Strategy We will multiply the length of the base of the parallelogram by its height. 
Why The area of a parallelogram is equal to the product of the length of its base and its 


height. 
Solution 
Area = base: height — This is the formula for the area of a parallelogram. 
= b(2b — 5) b is the length of the base. Substitute 2b — 5 for the height. 
= 2b" — 5b Distribute the multiplication by b. 


The area of the parallelogram is (2b* — 5b) square inches, which can be written as 
(26° = 5b) in.”. 


La Now Try Problem 41 


Multiply Binomials. 


The distributive property can also be used to multiply binomials. For example, to multiply 
2a + 4 and 3a + 5, we think of 2a + 4 asa single quantity and distribute it over each term 
of 3a + 5. 


a 
(2a + 4)Ga + 5) = Qa + 4)3a + (2a + 4)5 


—— 9 a 
= (2a + 43a + (Qa + 4)5 


= (2a)3a + (4)3a + (2a)5 + (4)5 Distribute the multiplication by 3a 


and by 5. 
= 6a* + 12a + 10a + 20 Multiply the monomials. 
= 6a + 22a + 20 Combine like terms. 


In the third line of the solution, notice that each term of 3a + 5 has been multiplied by each 
term of 2a + 4. This example suggests the following rule. 


To multiply two binomials, multiply each term of one binomial by each term of the other 
binomial, and then combine like terms. 
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EXAMPLE 4 ~~ Multiply: (5x — 8)(x + 1) 


Strategy To find the product, we will multiply x + 1 by 5x and by —8. 


Why To multiply two binomials, each term of one binomial must be multiplied by each 
term of the other binomial. 


Solution 
(5x — 8) + 1) = 5x + 1) — 8&@ + 1) Multiply x + 1 by 5x and multiply x + 1 by —8. 


= 5x7 + 5x — 8x — 8 Distribute the multiplication by 5x. 
P 
Distribute the multiplication by —8. 


= 5x — 3x -— 8 Combine like terms. 


ta Self Check 4 j Multiply: (9y + 3)(y — 4) 
Now Try Problem 49 


We can use a shortcut method, called the FOIL method, to multiply binomials. FOIL is an 
acronym for First terms, Outer terms, Inner terms, Last terms. To use the FOIL method to 
multiply 2a + 4 by 3a + 5, we 


The Language of Algebra 
An acronym is an abbreviation of 
several words in such a way that 
the abbreviation itself forms a 
word. The acronym FOIL helps us 
remember the order to follow 
when multiplying two binomials: 
First, Outer, Inner, Last. 


. multiply the First terms 2a and 3a to obtain 6a’, 
. multiply the Outer terms 2a and 5 to obtain 10a, 


. multiply the Inner terms 4 and 3a to obtain 12a, and 


BW NO eR 


. multiply the Last terms 4 and 5 to obtain 20. 
Then we simplify the resulting polynomial, if possible. 


Outer 


First Ee fo) | L 
(2a + 4)(3a + 5) = 2a(3a) + 2a(5) + 4(3a) + 4(5) 
Inner 
Last 
= 6a’ + 10a + 12a + 20 Multiply the monomials. 
= 6a* + 22a + 20 Combine like terms. 


EXAMPLE5 — Multiply: a. (v + 5)(x +7) b. (Bx + 4)(2x — 3) 


c. (2% - 5 )(2 + =) d. (3a? — 7b)(a’ — b) 


Strategy We will use the FOIL method. 


Why In each case we are to find the product of two binomials, and the FOIL method is a 
shortcut for multiplying two binomials. 


Success Tip Solution 
The area of the large rectangle is a3 O 
given by (x + 5)(x + 7). The sum F P 4 ' : 
of the areas of the smaller rectan- 
gles is x? + 7x + 5x + 35or (x + 5)@ + 7) = x(x) + x(7) + S(x) + 5(7) 
x? + 12x + 35. Thus, a =x + Tx + 5x + 35 Multiply the monomials. 
(x + 5)(x + 7) =x? + 12x + 35 = x* + 12x + 35 Combine like terms. 
5| 5x | 35 0 
wap 5) so 
xls | te F O I L 
ay (3x + 4)(2x — 3) = 3x(2x) + 3x(—3) + 4(2x) + 4(—3) 
a oS = 6x* — 9x + 8x — 12 Multiply the monomials. 
ae oe 
= 6x" =o = 1112, Combine like terms. 
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c. O 
ora F fe) L 

(2 Ie + >) = 2r(2r) + 2 (3) J 2 (2) 

r— 5 r = 2r(2r) r 5 7! r) a\> 


= 4? + 5r—r— 4 Multiply the monomials. 


= 4° + 4r — 4 Combine like terms. 


F 
a F O L 
(3a° — 7b)(a* — b) = 3a*(a’) + 3a°(—b) — 7h(a’) — 7b(—b) 
rT _ 3a‘ = 3a°b = Tab ar Tb Multiply the monomials. 
= 3a* — 10a°b + 7b* Combine like terms. 


a Self Check 5 ij Multiply: a. (y + 3)\(v + 1) 
: b. (2a — 1)(3a + 2) 
c. (4x — 3)(4x + 3) 
d. Gy —2)@y —7) 
Now Try Problems 51, 57, and 59 


4.) Multiply Polynomials. 


To develop a general rule for multiplying any two polynomials, we will find the product of 
2x + 3 and 3x* + 3x + 5. In the solution, the distributive property is used four times. 


Fae 


(2x + 3)(3x* + 3x + 5) = (2x + 3)3x7 + (2x + 3)3x + (2x + 3)5 Distribute. 
f vs vf #8 a Ss 
= (2x + 3)3x” + (2x + 3)3x + (2x + 3)5 
= (2x)3x* + (3)3x7 + (2x)3x + (3)3x + (2x)5 + (3)5 __ Distribute. 
= 6x? + 9x* + 6x7 + 9x + 10x + 15 Multiply the monomials. 
= 6x? + 15x? + 19x + 15 Combine like terms. 
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Multiplying 
Polynomials 


Success Tip 
The FOIL method cannot be 
applied here—only to products of 
two binomials. 


Success Tip 
Multiplying two polynomials in 
vertical form is much like multiply- 
ing two numbers in arithmetic. 


347 
x25 
Ss) 
+694 
8675 


In the third line of the solution, note that each term of 3x* + 3x + 5 has been multiplied by 
each term of 2x + 3. This example suggests the following rule. 


To multiply two polynomials, multiply each term of one polynomial by each term of the 
other polynomial, and then combine like terms. 


EXAMPLE 6 — Multiply: (7 + 3)(6y — 8» + 1) 
Strategy We will multiply each term of the trinomial, 6» — 8y + 1, by each term of the 
binomial, 7y + 3. 


Why To multiply two polynomials, we must multiply each term of one polynomial by 
each term of the other polynomial. 


Solution 
(Ty + 3)(6y* — 8y + 1) 


= Ty(6y") + Ty(—8y) + Ty) + 366’) + 3(—8y) + 3(1) 
= 42y° — 56° + Ty + 18y* — 24y + 3 Multiply the monomials. 
= 42y° — 38 — 17y +3 Combine like terms. 


a Self Check 6 | Multiply: (3a* — 1)(2a* — a® — a) 
Now Try Problem 67 


It is often convenient to multiply polynomials using a vertical form similar to that used to 
multiply whole numbers. 


EXAMPLE 7 j Multiply using vertical form: a. (3a — 4a + 7)(2a + 5) 
/ b. (6° — 5y + 4)(-4y° — 3) 


Strategy First, we will write one polynomial underneath the other and draw a horizontal 
line beneath them. Then, we will multiply each term of the upper polynomial by each 
term of the lower polynomial. 


Why Vertical form means to use an approach similar to that used in arithmetic to 
multiply two numbers. 


Solution 
a. Multiply: 3a’ — 4a +7 
2a+5 
15a” — 20a + 35 Multiply 3a* — 4a + 7 by5. 
6a° — 8a” + 14a Multiply 3a? — 4a + 7 by 2a. 


6a° + 7a* — 6a + 35 Ineach column, combine like terms. 


The Language of Algebra 
The two polynomials written 

below the horizontal line, 

— 18y* + 15y — 12 and 

—24y> + 20y* — 16y”, are called 
partial products. 
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b. With this method, it is often necessary to leave a space for a missing term to vertically 
align like terms. 


Multiply: 6y — 5y +4 
—4y" =8 
—18y" + 15y — 12 Multiply Gy’ — 5y + 4 by —3. 
—24y* + 20y* — 16y” Multiply Gy° — 5y + 4 by —4y?. 


—24y + 2y — l6oy? + 15y— 12 Leavea space for any missing powers of y. 
In each column, combine like terms. 


a Self Check 7 j Multiply using vertical form: 
a. (3x + 2)(2x* — 4x + 5) 
b. (—2x? + 3)(2x? — 4x — 1) 
Now Try Problem 77 


When finding the product of three polynomials, we begin by multiplying any two of them, 
and then we multiply that result by the third polynomial. 


EXAMPLE 8 _ Find the product: —3a(4a + 1)(a — 7) 


Strategy We will find the product of 4a + 1 and a — 7 and then multiply that result 
by —3a. 


Why It is wise to perform the most difficult multiplication first. (In this case, that would 
be the product of the two binomials). Save the simpler multiplication by —3a for last. 


Solution 
—3a(4a + 1)(a — 7) = —3a(4a? — 28a +a— 7) Multiply the two binomials. 
= —3a(4a" =—2140°= 7) Combine like terms within the 
parentheses. 
= —12a° + 81a’? + 21a Distribute the multiplication by —3a. 


a Self Check 8 j Find the product: —2y(y + 3)(3y — 2) 
Now Try Problem 81 


ANSWERS TO SELF CHECKS 1. a. 1877 b. 60d! cc. 4y'4 d. —30a7b® 2. a. 20c° — 45c? — 40c? 
Ly 


b. s°t* — 9°? + s*#® — 7570? ~c. Owl? — 12w® 4, 9 — 33y -— 12 5S. a y+ 4y +3 
b. 6a +a-2 « 16x + x — 3 d. 10y° — 39° + 14 6, 6a° — 5a*-— 3a +a +a 


7. a. 6x° — 8x7 + 7x+10 b. —4x4 + 8x7 + 8x7 — 12x -—3 8. —6y? — 14y + 12y 
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VOCABULARY 
Fill in the blanks. 
1. (2x*)(3x*) is the product of two 
2. (2a — 4)(3a + 5) is the product of two 


3. In the acronym FOIL, F stands for terms, O for 


terms, I for terms, and L for terms. 
4. (2a — 4)(3a* + 5a — 1) is the product of a anda 
CONCEPTS 
Fill in the blanks. 
5. a. To multiply two polynomials, multiply term of one 


polynomial by term of the other polynomial, and 
then combine like terms. 

b. When multiplying three polynomials, we begin by multiply- 
ing two of them, and then we multiply that result by 
the polynomial. 


6. Label each arrow using one of the letters F, O, I, or L. Then fill 
in the blanks. 


fa First Outer Inner Last 


(2x + 5)(3x + 4) t t + 


7. Simplify each polynomial by combining like terms. 
a6 = tet Se 12 
b. 5x7 + 3ax? + Sax? + 3a” 
8. a. Add: (x — 4) + (x + 8) 
b. Subtract: (x — 4) — (x + 8) 
c. Multiply: (« — 4) + 8) 


NOTATION 
Complete each solution. 
9. 00° )87) = 9- EX) = 
10. 7x(3x7 - 2x +5)= GBx)- (2+ (5) 
- — 14x? + 35x 
2) = 2x(3x) (2)+ (3x) (2) 
= 6x" 10 
= 6x7 + 


11. (2x + 5)(3x 


12. 


3x7 + 4x — 2 
2x + 3 
ae 12¥ =" 6 
6x + 8x7 — 4x 
17x? 6 


GUIDED PRACTICE 
Multiply. See Example 1. 


13. 
15. 
17. 
19. 
21. 


23. 


S5m(m) 
(3x7)(4x*) 
(1.2c*)\(5c3) 
(3b°)(—2b)(4b°) 
(2x°y°)\(4x*y’) 


5 ls 
(8a i(-Le ) 


Multiply. See Example 2. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


38. 


39. 


3x(x + 4) 

—41(t? — 7) 

9x*(x? — 2x + 6) 
—2x33x7 — x + 1) 


0.3p°(0.4p* — 6p”) 
BS 
ge + 877) 


—4x72(3x? + 2 + xz — 1) 


3x°y(x* + y* + xy — 1) 


(x? — 12x)(6x!7) 


36. 


40. 


. 4s(s) 

. (—2a*)(1 1a’) 

. (2.5h*)(2h*) 

» BVT )\(-y) 
~ (—Se2x’y) 


2 
< (-3')ox) 
. 3a(a + 2) 
. —6s(s* — 3) 
. 4°" + Sy — 10) 
. —4b39(2b? — 2b + 2) 


. 0.5u°(0.4u° — 0.5u?) 


4 
gf (0° + a’) 


(w? — 11w)(2w’) 


Find a polynomial that represents the area of the parallelogram or 
rectangle. See Example 3. 


41. 


(Th + 3) in. 


42. 
(8h — 8) in. 
43. 
(4w — 2) ft 
44, (8w + 1) yd 


Multiply. See Examples 4 and 5. 


45. (y + 3)(y + 5) 
47. (t + 4)(t — 3) 
49. (m + 6)(m — 9) 
51. (4y — 5)0 + 7) 
53. (2x — 3)(6x — 5) 


55. (3.8y — 1)(2y — 1) 


2 4 
57. (<n = 2)(3m = * 
3 3 


59. (t7 — 3)(t? — 4) 
61. (a + b\(a + b) 


63. (3a — 2b)(4a + b) 


Multiply. See Example 6. 
65. (x + 2)(x* — 2x + 3) 
66. (x — 5)(x? + 2x — 3) 
67. (4t + 3)(t? + 2¢ + 3) 
68. (3x + 1)(2x* — 3x + 1) 
69. (x — 2)(x* + 2x + 4) 
70. (a + 3)(a* — 3a + 9) 
71. (x? + 6x + 7)(2x — 5) 
72. (vy? — 2y + 1)(4y + 8) 


73. (—3x + y)(x* — 8xy + 16y) 


74, (3x — y)(x? + 3xy — y) 
75. (r° — r+ 3) — 4r 
76. (w+ w — 9\(w* -— w4 


. (a t+ 4a +5) 
. (x + Tx — 6) 
. (n + 8)(n — 10) 
. Bx — 4)(x + 5) 


. (5x — 3)(2x — 3) 


. (2.6x — 3)(2x — 1) 


(o-Mo- 


. (& — 6)(s° — 8) 


. (m + n\(m +n) 


. (2t + 3s)\(3t — s) 


5.6 Multiplying Polynomials 


Multiply using vertical form. See Example 7. 
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77. x° —2x4+1 
x+2 


79. 4x7 + 3x —4 
3x +2 


Multiply. See Example 8. 
81. 4x(2x + 1)(x — 2) 
82. 5a(3a — 2)(2a + 3) 
83. —3a(a + b)(a — b) 
84. —27(r + s\(r + 5) 
85. (—2a°)(—3a°)(3a — 2) 
86. (3x)(—2x*)(x + 4) 
87. («x — 4a + LI — 3) 
88. (x + 6)(~ — 2)(x — 4) 


TRY IT YOURSELF 
Multiply. 
89. (5x — 2)(6x — 1) 


91. (3x7 + 4x — 7)(2x7) 
93. (6x7z°)(—3xz°) 


95. 2a7 + 3at+1 
3a —2a+4 


96. 3° + 2y —4 
2 — 4y +3 


97. (t + 2s)(9t — 3s) 
1 
99. (F0)c4atya') 
101. 4y(y + 3)(y + 7) 
103. 8.2pq(2pq — 3p + 5q) 
104. 5.3ab(2ab + 6a — 3b) 


105. (x + 6)(x° + 5x? — 4x 


106. (x — 8)(x° — 4x? — 2x 


5 3 
107. (40 a +r\(4a + zr] 
4 4 


78. 5° +r+6 


2r—-1 
80. x7 -x+1 
coe il 


90. (8x — 1)(3x — 7) 
92. (2y° — Ty — 8)(3y°) 


94. (—5r*t?)(2r77) 


98. (4¢ — u)(3t + u) 


100. (120 (25) 
102. 2¢(t + 8)(t + 10) 


4) 


2) 


108. (s - 2:)(10 +t) 
° Gi 5 (63 5 
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APPLICATIONS x ft 5 ft 
109. STAMPS Find a polynomial that represents the area of the 
stamp. 


| 


(3x-1)cm 


nooaepsog 


© Louis Armstrong Educational 


Foundation, Inc./USPS 


<—— (2x + 1) cm —~> 


113. LUGGAGE Find a polyno- 
mial that represents the volume x in. 
110. PARKING Find a polynomial that represents the total of the garment bag. (Recall 
area of the van-accessible parking space and its access that the formula for the volume 
aisle. of a rectangular solid is (2x + 2) in. 
V = lwh.) 


(x — 3) in. 


114. BASEBALL Find a polynomial that represents the volume 
within the batting cage. 


ee 4 
(x + 10) ft — 


111. SUNGLASSES An ellipse is an oval-shaped curve. The area 
of an ellipse is approximately 0.785ab, where a is its length 
and b is its width. Find a polynomial that represents the 
approximate area of one of the elliptical-shaped lenses of the 
sunglasses. 


so 
LERLO 
ig e > 


112. GARDENING Refer to the illustration in the next column. WRITING 
a. Find the area of the region planted with corn, tomatoes, 115. Is the product of a monomial and a monomial always a 
beans, and carrots. Add your answers to find the total area monomial? Explain. 
of the garden. 116. Explain this diagram. 


b ay, 


Find the length and width of the garden. Multiply your (5x + 6)\(7x — 1) 
answers to find its area. 


Cc 


How do the answers from parts (a) and (b) for the area of 117. Explain why the FOIL method cannot be used to find 
the garden compare? (3x + 2)(4x? — x + 10). 
118. Explain the error: (x + 3)(x = 2) =x? — 6 
119. Explain why the vertical form used in algebra to multiply 
2x* + 3x + 1 and 3x + 2 is similar to the vertical form used 
in arithmetic to multiply 231 and 32. 
120. Would the OLIF method give the same result as the FOIL 
method when multiplying two binomials? Explain why or 
why not. 


5.7 Special Products 437 


REVIEW 122. What is the slope of 

a. Line 3? 

b. the x-axis? 
123. What is the y-intercept of Line 1? 
124. What is the x-intercept of Line 1? 


121. What is the slope of 
a. Line 1? 
b. Line 2? 


CHALLENGE PROBLEMS 
125. a. Find each of the following products. 
i. (x — 1) + 1) 
ii, (x — DQ? +x 4+ 1) 
ii, (& — DOS +2x°>+x4 1) 
b. ale a product of two polynomials such that the result is 
6 ae I 


126. Solve: (v — 1)\(v + 6) = (v — 3) — 2) + 8 


Square a binomial. 
q 


— ® Multiply the sum and difference of the same two terms. 
Objectives © Find higher powers of binomials. 


© Simplify expressions containing polynomial multiplication. 


Certain products of binomials, called special products, occur so often that it is worthwhile to 
learn their forms. 


1) Square a Binomial. 


To develop a rule to find the square of a binomial sum, we consider (x + y)°. We can use the 


Success Ti ae 
Me definition of exponent and the procedure for multiplying two binomials to find the product. 


The illustration can be used to 


visualize a special product. The 2. 2 , ; 
dee Of nae Se mETC IE (x + y) + y\(x + y) ; In (x + y)*, the base is (x + y) and the exponent is 2. 
(x + y\(x + y) = (x + yp). The =x +xytuty Multiply the binomials. 
sum of the four smaller areas is ar) 2 in = _ 
x + xy + xy + ¥ or =x +2xyt+y Combine like terms: xy + xy = Ixy + Ixy = 2xy. 
2: 2+ 2 . j . . 
x” + 2xy + y". Thus, Note that the terms of the resulting trinomial are related to the terms of the binomial that was 
(x + yy = 7 2xy + iF squared. 
2 (wty~ Herta +y 

Jf || 2a || AP t 
Ty, i The square of the second term, y. 

rallies lls Twice the product of the first and second terms, x and y. 

x y The square of the first term, x. 
SS uEnSEEn ane 


cota), To develop a rule to find the square of a binomial difference, we consider (x — y)’. 
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Squaring a 
Binomial 


The Language of Algebra 
When squaring a binomial, the 
result is called a perfect-square 
trinomial. 


(t+ 9 =f? + 184+ 81 
— 
Perfect-square 

trinomial 


Caution 
The square of a binomial is a 
trinomial. A common error when 
squaring a binomial is to forget 
the middle term of the product. 


(8a — 5)° # 64a + 25 


t 


Missing — 80a 
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(x — y)? = (x — y)\(x — y)_ In(x — y)?, the base is (x — y) and the exponent is 2. 


=x? - 2xy + rae Multiply the binomials. 


Combine like terms: —xy — xy = —2xy. 


Again, the terms of the resulting trinomial are related to the terms of the binomial that was 


squared. 
G@e- yf =x — dy +9 
[ 3 The square of the second term, —y. 


Twice the product of the first and second terms, x and —y. 
The square of the first term, x. 


The observations from these two examples suggest the following special-product rules. 


The square of a binomial is a trinomial, such that: 


e Its first term is the square of the first term of the binomial. 
e Its last term is the square of the second term of the binomial. 


e Its middle term is twice the product of both terms of the binomial. 


(A + BY = A? + 2AB + B? (A — BY = A* — 2AB + B? 


EXAM PLE 1 j Find each square: a. (¢ + 9)* 


b. (8a — 5) 
7 2 
e (dt+05" adle- 34 


Strategy To find each square of a binomial, we will use one of the special-product rules. 


Why This approach is faster than using the FOIL method. 


Solution 
a. (t + 9)* is the square of a binomial sum. The first term is ¢ and the second term is 9. 
((+9P = ie + 2(1)(9) + 97 
—=S——— SS —S—— 


The square of 
the first term, t. 


Twice the product The square of the 
of both terms. second term, 9. 


= 7? + 18+ 81 


b. (8a — 5)’ is the square of a binomial difference. The first term is 8a and the second term 
is —S. 
(8a — SY = (=5) 
a 
The square of the 


second term, —5. 


(8a) + 2(8a)(—5) + 
sy ae fae cher | 


The square of 
the first term, 8a. 


= 64a” — 80a + 25 


Twice the product 
of both terms. 


Use the power of a product rule: (8a)* = 87a? = 64a". 


ce. (d + 0.5)° is the square of a binomial sum. The first term is d and the second term 
is 0.5. 
(d+ 0.5) = (dy + 
—— 
The square of 
the first term, d. 


=d?>+d+ 0.25 


2(d(0.5) + 
a 


Twice the product 
of both terms. 


(0.5)° 
es 


The square of the 
second term, 0.5. 
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pe 2 : 7 ‘ 
d. (3 = Ta) is the square of a binomial difference. The first term is c’ and the second term 
is fd. 


3_ 7 —_ 3\2 3 ee _7 2 
(c 12) (Cc) + 26 14) + (-24) 


Senen eet 
The square of Twice the product The square of the 
the first term, c°. of both terms. second term, 2a, 


49 
= — Ted + a¢ Use rules for exponents to find (c”)* and (-Za)*. 


a Self Check 1 dj Find each square: a. (r + 6)” 
b. (7g — 2)° ce. (v + 0.8) 


d. (4 = ay) 


Now Try Problems 9, 19, and 29 


& Multiply the Sum and Difference of the Same Two Terms. 


Success Tip 
We can use the FOIL method to 
find each of the special products 
discussed in this section. 
However, these forms occur so 
often, it is worthwhile to learn the 
special-product rules. 


Multiplying the 
Sum and 
Difference of Two 
Terms 


A final special product that occurs often has the form (A + B)(A — B). In these products, one 
binomial is the sum of two terms and the other binomial is the difference of the same two 
terms. To develop a rule to find such products, consider the following multiplication: 

(x + y\e -— y) = x= xy tx - y Multiply the binomials. 

=x? - yr Combine like terms: —xy + xy = O. 

Note that when we combined like terms, we added opposites. This will always be the case for 
products of this type; the sum of the outer and inner products will be 0. The first and last prod- 
ucts will be squares. 

@+Va-Yax -y 

The square of the second term, y. 


The square of the first term, x. 


These observations suggest a third special-product rule. 


The product of the sum of two terms and difference of the same two terms is the square of 
the first term minus the square of the second term. 


(A + B\(A — B) = A? — B? 


EXAMPLE2 ~— Multiply: a. (m+ 2)¢m— 2) b. Gy + 4)By - 4) 


c. (s — 2\(0 + 4) d. (t* — 6u)(t* + 6u) 


Strategy To find the product of each pair of binomials, we will use the special-product 
rule for the sum and difference of the same two terms. 


Why This approach is faster than using the FOIL method. 
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The Language of Algebra Solution 
When multiplying the sum and dif @ (m + 2) and (m — 2) are the sum and difference of the same two terms, m and 2. 
ference of two terms, the result is _ _ 2 _ 2 
called a difference of two squares. vat 2)8 = 2) ee, ee 
(ee) =e The square of the The square of the 
= first term, m. second term, 2. 
Difference =m —4 
of two ; 
squares b. (3y + 4) and (3y — 4) are the sum and difference of the same two terms, 3y and 4. 
By + 4)By — 4) = Gy) — 4 
—— — 
The square of the The square of the 
first term, 3y. second term, 4. 
= 9 — 16 


c. By the commutative property of multiplication, the special-product rule can be written 
with the factor containing the — symbol first: (4 — B)(A4 + B) = A? — B’. Since 


( a 2) and (b + 2) are the difference and sum of the same two terms, b and z, we have 


-)e+s)- # - G 


The square of the The square of the 


first term, b. second term, z. 
=p -— es 
9 
d. (t* — 6u) and (t* + 6u) are the difference and sum of the same two terms, f* and 6u. 
(t* — 6u)(t* + 6u) = (t*) - (6u)° 
fee ee 
The square of the The square of the 
first term, t*. second term, Gu. 
= t® — 36u’ 


a Self Check 2 j Multiply: a. (6 + 4)(b — 4) 
b. (5m + 9)(5m — 9) c. (s — Z\(s + 3) 
d. (c? + 2d\(c? — 2d) 
Now Try Problems 35, 37, and 41 


© Find Higher Powers of Binomials. 


When we find the third, fourth, or even higher powers of a binomial, we say that we are 
expanding the binomial. The special-product rules can be used in such cases. The result is an 
expression that has more terms than the original binomial. 


EXAMPLE 3 Expand: (x + 1)° 


| 
Al 
Strategy We will use a special-product rule to find the third power of x + 1. 


Why Since (x + 1)° can be written as (x + 1)°(x + 1), we can use a special-product rule 
to quickly find (x + 1). 


Notation 
(x + 1)? represents the volume of 
a cube with sides of length x + 1 
units. 


5.7 Special Products 441 


Solution 
+ 1% =@+ 174+ 1) 
= (7 + 2x4 Ia + 1) Find (x + 1)* using the rule 
for the square of a sum. 
= (x7 + 2x + 1x + 1) Multiply the binomial and 


the trinomial. 


x7(x) + x7(1) + 2x(x) + 2x(1) + 1(x) + 111) Multiply each term of x +1 
by each term of f + 2x +1. 


=x txr-t2xe*?t+2xetxt41 Multiply the monomials. 


x? + 3x7 + 3x41 Combine like terms. 


a Self Check 3 | Expand: (n — 3)° 


Now Try Problem 49 


4.) Simplify Expressions Containing Polynomial Multiplication. 


Order of 
Operations with 
Polynomials 


oy 


—8(y* — 2y + 3) — 4(2y° + y — 6) = —8y* + Oy — 24 — 8)" — 4y + 24 Distribute. 


We can use a modified version of the order of operations rule to simplify expressions that 
involve polynomial addition, subtraction, multiplication, and raising to a power. 


1. If possible, simplify any polynomials within parentheses by combining like terms. 

2. Square (or expand) all polynomials raised to powers using the FOIL method or a 
special-product rule. 

3. Perform all polynomial multiplications using the distributive property, the FOIL 
method, or a special-product rule. 


4. Perform all polynomial additions and subtractions by combining like terms. 


EXAMPLE 4 ] Simplify each expression: 
: a. —8(° — 2y + 3) — 4(2° + y — 6) 
b. (x + 1)(x — 2) + 3x + 3) 
¢ Gy=2) - US) 4) 
Strategy We will follow the rules for the order of operations to simplify each expression. 


Why If we don’t follow the correct order of operations, we can obtain different results 
that are not equivalent. 


Solution 

a. The two polynomials within the parentheses do not simplify further and no polynomials 
are raised to a power. To perform the multiplication, we will use the distributive property 
twice. Then we will combine like terms. 


—16y? + 12y Add and subtract to 
combine like terms. 
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(4x + 6) cm 


Success Tip 
Recall that to multiply three poly- 
nomials, begin by multiplying any 
two of them. Then multiply that 
result by the third polynomial. 


b. 


The three polynomials within parentheses do not simplify further and no polynomials are 
raised to a power. To perform the multiplications, we use the FOIL method and the dis- 
tributive property. Then we will combine like terms. 
(x + 1)(x — 2) + 3x(x + 3) 
=x? —x—2+3x7+9x Use the FOIL method to find (x + 1)(x — 2). Distribute 
the multiplication by 3x. 


= 4x? + 8x —2 Combine like terms. 


. The three polynomials within parentheses do not simplify further. To square 3y — 2, we use 


a special-product rule. To find the product of (v — 5)(v + 5), we will use the special- 
product rule for the sum and difference of the same two terms. Then we will combine like 
terms. 


Gy=2F = =a) 5) 
= 9 — 12y+4- (7 — 25) Write ¥% — 25 within parentheses so that both 
terms are subtracted. 
= oy" — 1l2y+4- a ae 25 Change the sign of each term within (y* — 25) and 
drop the parentheses. 


= 8) — 12y + 29 Combine like terms. 


a Self Check 4 i Simplify each expression: 


a. 2(a~ — 3a) + 5(a” + 2a) 

b. (x — 4)(x + 6) + 5x(2x — 1) 

ce. (a + 9a — 9) — (2a — 47 
Now Try Problems 61, 63, and 67 


EXAM PLE 5 j Triangles. Find a polynomial that represents the area of the 
: triangle. 


Strategy We will multiply one-half, the length of the base, and the height of the triangle. 


Why The area of a triangle is equal to one-half the product of the length of its base and 


its height. 


Solution We begin by substituting 4x + 6 for the length of the base and 4x — 6 for the 


height in the formula for the area of a triangle. It is wise to find (4x + 6)(4x — 6) 
first, using a special-product rule, and then to multiply that result by ‘. 


1 
Area = 5 : base - height 


= 5(ax + 6)(4x — 6) 


Use the special product rule for a sum and difference of two 
terms. 


1 2 
7 (16x" — 36) 


8x7 — 18 Distribute the multiplication by + 
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The area of the triangle is (8x7 — 18) square centimeters, which can be written as 
(8x? — 18) cm’. 


La Now Try Problem 73 


Bag onsurs TO SELF CHECKS) 1. a. 7° + 127 +36 b, 49g” — 28¢ +4 «. + Lov + 0.64 


d. ws — 3w*y + 37 2. a. b?-— 16 b. 25m?— 81 « s?-= 


3. n> — 9n2+27n—27 4. a. Ja? +4a bz 11x? 


d. c° — 4a? 


i Moyer = (7 


VOCABULARY 7. (s + S)s 
Fill in the blanks. 
1. Expressions of the form (x + y)’, (x — y)’, and (x + y)(x — y) 8. True or false: (¢ 7) = (t — 7)(t + 7)? 
occur so frequently in algebra that they are called special 
. GUIDED PRACTICE 
2. (2x + 3)’ is the of a binomial and (a + 6)(a — 6) is Find each product. See Example 1. 
the product of the sum and difference of the two terms. 9. (x + 1 10. (y + 1 
CONCEPTS : 
11. (r + 2) 12. (n + 10) 
3. Complete each special product. 
i ia as ale dee A 13. (m — 6° 14, (b — 1 
ie The of the second term 
the product of the first and 18. =8y 16. (w — 9) 
second terms 
The square of the term 17. (4x + 5)? 18. (6y + 3)? 
b («+ ye-y=H=xr?-y 
The square of the term 19. (7m — 2)° 20. (9b — 2)” 
The of the first term 4 ; 
4. Consider the binomial 5x + 4. 21. (1 — 3y) 22. (1 — 4a) 
a. What is the square of its first term? ¥ ‘ 
b. What is twice the product of its two terms? 23. (y + 0.9) 28s (as 02) 
c. What is the square of its second term? 
7" 25. (a + bY 26. ( + d’y 
NOTATION 
2. 2y2. 2. 2\2 
Complete each solution to find the product. 27. (r° — s) 28. ( — Ww’) 


5.@+4P= 7 4+2@) )+ 7 
=x + + 16 

6. (6r- 1 =( YP 2(6r(1) + (- 19° 
= - +] 


29. 


31. 


30. 


32. 
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Find each product. See Example 2. 


33. (x + 3)(x — 3) 34, 
35. (d+ 7\(d — 7) 36. 
37. (2p + 7)(2p — 7) 38. 


39. (3n + 1)Gn — 1) 40. 


alot) a 


:s 
WwW 
, 
lon 
a 
ag 
Nl 
Ss 
a 
lon 
> 
| 
Nl 
ww 


45. (0.4 — 9m”)(0.4 + 9m”) 46. 


47. (5 — 6g)(5 + 6g) 48. 


Expand each binomial. See Example 3. 
49. (x + 4) 50. 


51. (n — 6)° 52. 


53. (2g — 3)° 54. 


55. (a + by? 
56. (c — dy 
57. (2m +n) 
58. (p — 2q)° 
59. (n — 2)* 
60. (c + d)* 


Perform the operations. See Example 4. 
61. 2(x? + 7x — 1) — 3(x* — 2x + 2) 
6(2y" + 2y — 5) 


62. 5(y" — 2y — 6) 
63. 2 + 2) + (t— 1)(t + 9) 

64. 3n(y + 2) ++ DY - 1) 

65. (x + yx — y) + x(x + y) 

66. (3x + 4)(2x — 2) — (2x + Ia 4 
67. (Sa — 1) — (a — 8)(a + 8) 

68. (4b + 1)? — (b — 7)(b + 7) 


69. —5d(4d — 1) 70. 


71. 4d(d* + g°)\(d? — g°) 72. 
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(vy + 6)(v — 6) 
(t + 2)(t — 2) 
(St + 4)(5t — 4) 


(Sa + 4)(5a — 4) 


(Ie 


(0.3 — 2c?)(0.3 + 2c’) 


(6 — <)(6 +c’) 


(+2) 
(m — 5) 


(3x — 2)° 


3) 


—2h(7h — 2) 


B(x? + Vx? — y’) 


Find a polynomial that represents the area of the figure. Leave 7 


in your answer. See Example 5. 


73. . 74. 


(2x +2) yd 
75. 76. 
(3x +1) ft 
(3x +1) ft 
TRY IT YOURSELF 
Perform the operations. 
77. (2v° — 8) 78. 
79, 3x(2x + 3)(2x + 3) 80. 
81. (4f + 0.4)(4f — 0.4) 82. 
83. (r°> + 10s)? 84. 
85. 2(x + 3) + 4(x — 2) 86. 
87. (2a — 3b)” 88. 
89. (n + 6)(n — 6) 90. 


91. (m + 10) — (m — 8) 
92. (Sy — 1 — (v + 7)(y — 7) 


2 
93. (sm - *) 94. 
95. (2e + 1) 
96. (3m — 2n)° 
97. (x — 2) 98. 


99. (3x — 2)° + (2x + 1) 
100. (4a — 3)? + (a + 6) 
101. (6 — 2d°y° 102. 


103. (8x + 3) 104. 


(3x + 4) cm 


es) 
4yBy + 4)(3y + 4) 
(4t + 0.6)(4t — 0.6) 
(m? + 8n) 
3(v — 4) — 5(y + 3) 
(2x + Sy)? 


(a + 12)(a — 12) 


2 
(<n _ 7) 
6 


(a + 2° 


6-47) 


(4b — 8) 


APPLICATIONS 


105. PLAYPENS Find a polynomial that represents the area of 
the floor of the playpen. 


(x + 6) in. 


106. STORAGE Find a polynomial that represents the volume of 
the cubicle. 


(x + 5) in. 


107. PAPER TOWELS The amount of space (volume) occupied 
by the paper on the roll of paper towels is given by the 
expression 7h(R + r)(R — r), where R is the outer radius 
and r is the inner radius. Perform the indicated 
multiplication. 


108. SIGNAL FLAGS Refer to the illustration in the next 
column. Find a polynomial that represents the area in blue of 
the maritime signal flag for the letter p. The dimensions are 
given in centimeters. 


5.7 Special Products 445 


4x+1 


3x+2 


WRITING 
109. What is a binomial? Explain how to square it. 
110. Writing (x + y)* as x? + y’ illustrates a common error. 
Explain. 
111. We can find (2x + 3)° and (5y — 6) using the FOIL method 
or using special product rules. Explain why the special 
product rules are faster. 


112. a. Fill in the blanks: (xy) is the 
(x + y) is the of a sum. 


b. Explain why (xy)? # (x + y)’. 


of product and 


REVIEW 


113. Find the prime factorization of 189. 
114. Complete each statement. For any nonzero number a, 


a a 
ras b= 
0 a 
= d. i 
ae rin 
30 1 
115. Simplify: — 116. Add: — + — 
5 Simplify: 55 6. Add D4 
117 Mulliniie == 118. Di dep 
: ultiply: ¢ 5 : ivide: 5 + 


CHALLENGE PROBLEMS 


119. a. Find two binomials whose product is a binomial. 
b. Find two binomials whose product is a trinomial. 


c. Find two binomials whose product is a four-term 
polynomial. 


120. A special-product rule can be used to find 31 + 29. 
31-29 = (30 + 1)(30 — 1) 


=30°- 17 
= 900-1 
= 899 


Use this method to find 52 - 48. 
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@ Divide a monomial by a monomial. 
Objectives @ Divide a polynomial by a monomial. 
© Divide a polynomial by a polynomial. 


In this section, we will conclude our study of operations with polynomials by discussing divi- 
sion of polynomials. To begin, we consider the simplest case, the quotient of two monomials. 


@ Divide a Monomial by a Monomial. 


To divide monomials, we can use the method for simplifying fractions or a method that 
involves a rule for exponents. 


_ . 21x" 10r°s 
EXAMPLE 1 ] Divide the monomials: a. 5 fs: 4 
. 7x 6rs 
Strategy We can use the rules for simplifying fractions and/or the quotient rule for 
exponents. 
Why We need to make sure that the numerator and denominator have no common factors 
other than 1. If that is the case, then the fraction is in simplest form. 
5 Solution 
Success Tip 
In this section, you will see that By simplifying fractions Using the rules for exponents 
y simplifying sg P 
regardless of the number of terms lt. 
involved, every polynomial 5 Jee ss 
hae is a series of monomial a. a aa ; Z = ao = ay Divide the coefficients. 
IVISIONS. x ° 7 x 
111 3 
4 = 3x Subtract the exponents. 
= 3x 
2 1 1 1 : 
b Lr sg Sper rte rere 10r°s _ 5 6-1,1-3 simplify 1 
ors” 2°32 F Piss 6rs' 3 si 
1 1 1 
5 s_-2 
‘sr a 3" Ss Subtract exponents. 
357 2a 
Sr Move s “ to the 
=e) denominator and change 
3s the sign of the exponent. 
4 26 
i Self Check 1 j Divide the monomials: a. ae mee 
| yy 320e°d 
Now Try Problems 15 and 23 


Dividing a 
Polynomial by a 
Monomial 


The Language of Algebra 
The names of the parts of a 
division statement are 


Dividend 
SS he 
Se are) 
ee ae 
3x \ 
Divisor Quotient 
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Divide a Polynomial by a Monomial. 


Recall that to add two fractions with the same denominator, we add their numerators and keep 
their common denominator. 
a+b 

d 


We can use this rule in reverse to divide polynomials by monomials. 


To divide a polynomial by a monomial, divide each term of the polynomial by the monomial. 
If A, B, and D represent monomials, where D # 0, then 
A+B A i B 
D ID wD 


9x? + 6x 
3x 


ath? — 1802b2 + 2¢2 
EXAMPLE 2.) Divide: a ,_— 
s a 


Strategy We will divide each term of the polynomial in the numerator by the monomial 
in the denominator. 


Why A fraction bar indicates division of the numerator by the denominator. 


Solution 
a. Here, we have a binomial divided by a monomial. 
9x? + 6x _ 9x? 4 6x Divide each term of the numerator, 9x° + Gx, by the 
3x 3x 3x denominator, 3x. 
= 3x77! + 2x'"! Do each monomial division. Divide the coefficients. Keep 
each base and subtract the exponents. 
=3x+2 Recall that x° = 1. 
Check: We multiply the divisor, 3x, and the quotient, 3x + 2. The result should be the 


dividend, 9x7 + 6x. 


a % 
3x(3x + 2) = 9x? + 6x 


The answer checks. 


b. Here, we have a trinomial divided by a monomial. 


Success Tip 
The sum, difference, and product 
of two polynomials are always 
polynomials. However, as seen in 
Example 2b, the quotient of two 
polynomials is not always a 
polynomial. 


12a*b? — 18a°b* + 2a? 12a*b* _ 18a°b* 2a° Divide each term of the numerator 
6a7b” 6a7b" 6a7b” 6a7b” by the denominator, 6ab*. 
= bgt? 2 ah 22 4 ao Do each mypnanntal division. 
3b? Simplify: 6 = 3- 
= 2a’b — 3a + 3 Pra =iada ax ot 


Recall that the variables in a polynomial must have whole-number exponents. Therefore, 
the result, 2a7b — 3a + p, is not a polynomial because the last term has a variable in 


the denominator. 
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Check: 


ey 


1 
6a°b?| 2a*b — 3a + —>} = 12a*b? — 18a°b? + 2a” ~The answer checks. 
3b 


a Self Check 2 i Divide: a. eee 


b Das ee ae MA 
. 11st? 


Now Try Problems 29, 37, and 45 


© Divide a Polynomial by a Polynomial. 


The Language of Algebra 
Notice how the instruction to 
divide a polynomial by a binomial 
translates: 


Divide x? + 5x +6 by x +2 


x + 2)x* + 5x + 6 


Success Tip 
Notice that this method is much 
like that used for division of whole 
numbers. 


13 
12)156 
-2y 
036 
p58) 

0 


Hundreds a 
Tens 


Ones 


To divide a polynomial by a polynomial (other than a monomial), we use a method similar to 
long division in arithmetic. 


EXAMPLE 3 | Divide x? + 5x + 6 by x + 2. 


Strategy We will use the long division method. The dividend is x7 + 5x + 6 and the 
divisor is x + 2. 


Why Since the divisor has more than one term, we must use the long division method to 
divide the polynomials. 


Solution We write the division using a long division symbol ) and proceed as 
follows: 


x 
Step 1: @t+ 27+ 5x + 6 
ea 


Divide the first term of the dividend by the first term of the 
divisor: a = x. Write the result, x, above the long division symbol. 


Multiply each term of the divisor by x. Write the result, x + 2x, 


x 
fine \x? + 5x + 6 


Step 2: under x° + 5x, and draw a line. Be sure to align the like terms. 
x? + 2x 
x Subtract x° + 2x from x* + 5x. Work column by column: 
Step 3: x+2)x7 + 5x +6 *- x? = Oand 5x — 2x = 3x. 
—(x7 + 2x) | 
3x + 6 Bring down the next term, 6. 
x +3. Divide the first term of 3x + 6 by the first term of the divisor: 
Step 4: @t 2)x? + 5x + 6 2 = 3. Write + 3 above the long division symbol to form the 
—(x? + 2x) second term of the quotient. 
+6 
eee es: Multiply each term of the divisor by 3. Write the result, 3x + 6, 
Step 5S: xt 9)x? + 5x + 6 under 3x + 6 and draw a line. Be sure to align the like terms. 
—(x? + 2x) 
3x + 6 


3x + 6 


Success Tip 
The long division method aligns 
like terms vertically. 


rear 3 

x + 2)x? + 5x +6 
—(x? + 2x) 

She or © 

Gis se ©) 

0 


x’-terms af 
x-terms 


constants 


Success Tip 

The long-division method is a 
series of four steps that are 
repeated: 

° Divide 

* Multiply 

* Subtract 

* Bring down the next term 
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xt 3 Subtract 3x + 6 from 3x + 6. Work vertically: 3x — 3x = O and 
Step 6: x+2)x°+5x+6 6-6=0. 
—(x* + 2x) 
3x + 6 
—(3x + 6) 


0 This is the remainder. 


The quotient is x + 3 and the remainder is 0. 
Step 7: Check the result by verifying that (x + 2)(x + 3) is x? + 5x + 6. 
gs 


(x + 2)(x + 3) =x* + 3x + 2x + 6 


ead =x? + 5x46 


The answer checks. 


PT Self Check 3 i Divide <p Jeo 12 bya 3. 
Now Try Problem 49 


The long division method used in algebra can have a remainder just as long division in 
arithmetic often does. 


-EXAMPLE4 Divide: (6x* — 7x — 2) + (2x - 1) 


Strategy We will use the long division method. The dividend is 6x7 — 7x — 2 and the 
divisor is 2x — 1. 


Why _ Since the divisor has more than one term, we must use the long division method to 
divide the polynomials. 
Solution 
Divide the first term of the dividend by the first term of the 


3x 
Step 1: Qx = ox") — 7x —2 divisor: 6 = 3x. Write the result, 3x, above the long division 
So 


symbol. 


a 3x Multiply each term of the divisor by 3x. Write the result, 
Step 2: 2x — 1) 6x" — 7x —2 6x — 3x, under 6x’ — 7x, and draw a line. 
6x? — 3x 


3x Subtract 6x* — 3x from Gx* — 7x. Work vertically: 
Step 3: 2x — 1) 6x" —Tx—2 6x — 6% = Oand —7x — (—3x) = —7x + 3x = —4x. Bring 


—(6x7 = 3x) | down the next term, —2. 
—4x — 2 
3x — 2 Divide the first term of —4x — 2 by the first term of the 


Step 4: — 1) 6x? — 7x —2 divisor: = = —2. Write —2 above the long division symbol to 
Pp - 2x g 
=(64° = 3x) form the second term of the quotient. 


— C4y-2 
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Success Tip 
The long division method for 
polynomials continues until the 
degree of the remainder is less 
than the degree of the divisor. 
Here, the remainder, —4, has 
degree 0. The divisor, 2x — 1, has 
degree 1. Therefore, the division 
ends. 


3x — 2 Multiply each term of the divisor by —2. Write the result, 
Step 5o) 2x = 1) 6x2 = Jy 2 —4x + 2, under —4x — 2, and draw a line. 


—(6x* — 3x) 

—4x —2 

—4x + 2 

3x — 2 

Step 6: 2x — 1)6x” — 7x — 2 
—(6x? — 3x) 


—4x —2 Subtract —4x + 2 from —4x — 2. Work vertically: 
—(-4x% +2) -4x - (-—4x) = -4x + 4x = Oand -2 - 2 = -4, 
—4 


The quotient is 3x — 2 and the remainder is —4. It is common to write the answer in 


: remainder . 
Quotient + ~7;,o, form as either 


4 pte 
= ns 2x — 1 


3x — 2+ 


Step 7: We can check the result using the fact that for any division: 


Divisor + quotient + remainder = dividend 
{ { | 4 
2x —1)Gx-2) + (-4) = 6x* — 4x —3x+2+ (-4) 
= 6x7 — Ix —2 The answer checks. 


a Self Check 4 | Divide (8x7 + 6x — 3) + (2x + 3). Check the result. 


Now Try Problem 63 


The division method works best when the terms of the divisor and the dividend are 
written in descending powers of the variable. If the powers in the dividend or divisor are not in 
descending order, we use the commutative property of addition to write them that way. 


EXAMPLE5 Divide 4x? + 2x? + 12 — 2x by x + 3. 
Strategy We will write the dividend in descending powers of x and use the long division 
method. 


Why It is easier to align like terms in columns when the powers of the variable are 
written in descending order. 
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Solution 


Ix? — Ix + 4 
Or 32x") + 4x? — 2x +12 The first division: * = ay”. 


—(2x? + 6x7) | 
= 2% The second division: te = —2x. 
—(—2x? — 6x) 
G+ 12 The third division: * = 4. 

—(4x + 12) 

0 
Check: (x + 3)(2x* — 2x + 4) = 2x? — 2x? + 4x + 6x7 — 6x + 12 
= 2x3 + 4x7 —2x + 12 The answer checks. 


a Self Check 5 j Divide x? — 10x + 6x? + 4 by 2x — 1. 
Now Try Problem 65 


When we write the terms of a dividend in descending powers, we must determine whether 
some powers of the variable are missing. If any are missing, insert such terms with a coeffi- 
cient of 0 or leave blank spaces for them. This keeps like terms in the same column, which is 
necessary when performing the subtraction in vertical form. 


27x° + 1 


EXAMPLE 6 Divide: 
, 3x + 1 


Strategy The divisor is 3x + 1. The dividend, 27x° + 1, does not have an x*-term or an 
x-term. We will insert a 0x? term and a Ox term as placeholders, and use the long divi- 
sion method. 


Why We insert placeholder terms so that like terms will be aligned in the same column 
when we subtract. 


Solution 


9x? — 3x + 1 
ors 27) + Ox? + Ox + 1 The first division: the = 9x". 
—(27x*? + 9x") 4 


C9x7)+ Ox The second division: =2e = —3x. 
—(—9x? — 3x) 
+1 The third division: &* = 1. 
—(3x + 1) 
0 
Check: (3x + 1)(9x? — 3x + 1) = 27x? — 9x? + 3x + 9x? — 3x41 
=27x7°+1 The answer checks. 


a Self Check 6 j Divide a = ; . Check the result. 
Now Try Problem 73 
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EXAMPLE 7 j Toys. The area of an Etch A Sketch screen is represented by the 
: polynomial (35x? + 43x + 12) in.?. If the width of the screen is 
(5x + 4) inches, what expression represents its length? 


— Length ——»> 


| 


(5x + 4) in. 


Strategy We will find the length of the screen by dividing its area, 
(35x* + 43x + 12) in., by its width, (5x + 4) inches. 


Why Recall that the area of a rectangle is given by the formula 4 = /w. If we divide both 


sides of the formula by w, we see that / = 4 


Solution 
area 
Length = — This is the formula for the length of a rectangle. 
width 
= 35x” + 43x + 12 Substitute 35x° + 43x + 12 for the area and 5x + 4 for the 
5x +4 width. 


To divide 35x” + 43x + 12 by 5x + 4, we use long division. 


ae Ix + 3 
6x) + AY35x°)+ 43x + 12 The first division: eee en 
—(35x7 + 28x) 
+ 12 The second division: La =. 
—(15x + 12) 
0 


The length of the Etch A Sketch screen is (7x + 3) inches. 


La Now Try Problem 101 


| a6? by 2a 1l0h+3 b 2-H a? xt 
442-345-954 5. 3x7 + 20-4 6x43 


5.8 Dividing Polynomials 
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VOCABULARY 
Fill in the blanks. 


8x7 


1. The expression is amonomial divided by a 


9x4 


6x3 y = 4x7? + &xy" = 2y4 . 
is 


2. The expression a 
: 2x4 
divided by a monomial. 
2 
— 8& + 12 
3. The expression —— is a trinomial divided by 
a : 
4. 
| x= 2 —— 
x — 6)x"— 8 — 4< 
—(x? — 6x) 
=2e = 4 
~(—2x + 12) 
16 <— 
CONCEPTS 


5. The long division method is a series of four steps that are 
repeated. Put them in the correct order: 


subtract multiply bring down divide 


6. In the following long division, find the answer to the subtraction 
that must be performed at this stage. 


x 
x — 7)x? — 9x — 6 
=(x? - Tx) 


7. Fill in the blanks: To check an answer of a long division, we use 
the fact that 
Divisor - + remainder = 


8. Check to see whether the following result of a long division is 
correct. 


x? + 4x — 20 
————— = x4 7+ 
x3 x= 3 


NOTATION 


Complete each solution. 


28x° — x2 + 5x7 28x° 5x? 
9. 5 Fi 
7x 7x 
a 2 5h 
= 4 = *F 
7 
x 
= - t+ 
7 
10. +2 
x4 2)x? 4x + 5 
-? + 
= 5 
—(2x + 4) 


11. Write the polynomial 2x? — 1 + 5x4 in descending 
powers of x and insert placeholders for each missing 


term. 
3 3 
12. True or false: 6x + 4 4 =6x+4 
x+2 x+2 
GUIDED PRACTICE 
Divide the monomials. See Example 1. 
13 x 14 a 
. x? ° a 
45m'° 24n'* 
15, ——= 16, 
9m 8n 
1278 22b° 
17. 18. —; 
9h 6b 
—3d* —4x3 
19. 20. : 
15d 16x 
10s” l6y° 
21. = 22, 
S y 
23 8x? 24 3y°z 
40xy® 18yz° 
—16r* —35xz° 
25. 47 26. = 8.2 
ry Tx°Z 
—65rs? 112uz* 
27. a5 28. ——— 
15r’s° —420°28 


Divide the polynomial by the monomial. See Example 2. 


+ 
Pr Mas 30. 
3 
9m — 6 
31. 32. 
m 
a-atda 
33. ——_,—_ 34. 


8x + 12 


4 


10n — 6 


n 


a a 


bt 
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35 8x? — 32x° ae 30y8 + 40y” Perform each division. See Example 5. 
"4x4 , 10° 65. x + 2)3x + 2x? — 2 
12 9 14 8 
5g Oe a 39, eo 66. x + 3)—x + 2x7 — 21 
24n'° 36x'? 67 eh Beton 5 
6 4 . GB + |lx 4 10x ) 7 (5x T 3) 
—18w® — 9 —40f* + 16 ‘ 
39. = ee 40. sp 68. (6x + 1 + 9x’) + (3x + 1) 
2 
gy, 25, — 188° + 1288 go, Lob! + 40° = 2064 69. 2x — 7)—x — 21 + 2x 
° 353 . Ab 70. 2x — 1)x —2 + 6x° 
71. 3 + 4x)3 — 5x7 — 2x + 4x3 
5 4 3 
qe = 35¢ 72. 2x +3)Pe —3 + 4x + Oe 
Tc 
12r!5 — 4gy!2 + -10 — 19,8 Perform each division. See Example 6. 
ae 6r!° 73. (a — 25) + (a + 5) 74. (b° — 36) + (b + 6) 
12x°*y* — 8x7y — 4x 12a°*b? — 8a°b — 4ab 
45. 46. 2 2 
xy 4ab 75. (x? - 1) +(«- 1) 76. (x7 — 9) + (x + 3) 
4x? — 9 25x? — 16 
25x7y? + 30x? — 5 77: 73, —__— 
a= ee a x +3 5x — 4 
TIX 2 . 
—30a*b* — 15a°b — 10a°b eps dieias go, 1 12h 
48. xa 9b —7 4¢+ 11 
—10a°b 3 3 
a, 77! 32, * 8 
Perform each division. See Examples 3 and 4. “y4+1 Se po 
49. Divide x? + 8x + 12 by x + 2. a9 yt+y 4 ata 
50. Divide x* + 5x + 6 by x + 2. “y-2 “at3 
51. Divide x? — 5x + 6 by x — 3. 
52. Divide x* — 12x + 32 by x — 4. 
Se ei ae TRY IT YOURSELF 
53. 2a +3 34. 5h = 2 Perform each division. 
85. Divide y° + 13y + I3byy 4+ 1. 
si 3b° + 11b + 6 - 8a + 2a — 3 86. Divide z + 7z + 14byz + 3. 
3b +2 2a—1 15a°b? — 10a7b> 9a*b® — 16a°b* 
87. FT a Sep 88. — mo os.°.  ° 
Sab 12a°b 
57. (x7 + 6x + 15) + (x + 5) 
58. (x? + 10x + 30) + (x + 6) 89. 3x + 2)2 + Tx + 6x + 10x” 
59. a — 5)a" — Ta + 64 90. 3x — 2)4x — 4 + 6x9 — x? 
5x* — 10x 24x’ — 32x? 
~ 26 — 4b +6 92, ——__—. 
60. b — 2)b 4b +6 25x3 162 
24 5x4 2 — 8x + tae | y+s8 
i. (eee g3, = 54.2 
2x + 3 Bu 2, a=1 yt2 
6x8 + x7 + 2x41 3 — Ay? + 2y + 
95, ~*~ og, ees 
6x? — llx + 2 4x? + 6x — 1 3x — 1 ae 
63, ————_— 64. 
3x — | 2x +1 
8 17,20 21 30515 
97. : = 30 98. “. 12 
16x °y 14a™"b 


99. (6m? — m — 40) + (2m + 5) 
100. (12d? — 20d + 3) + (6d — 1) 


APPLICATIONS 
101. 


102. 


103. 


104. 


FURNACE FILTERS _ The area of the 
furnace filter is (x? — 2x — 24) square 
inches. What expression represents its 
length? 


(x + 4) in. 


MINI-BLINDS | The area covered by the mini-blinds is 
(3x? — 6x) square feet. What expression represents the length 
of the blinds? 


POOL The rack shown in the illustra- 
tion is used to set up the balls for a game 
of pool. If the perimeter of the rack, in 
inches, is given by the polynomial 

6x? — 3x + 9, what expression repre- 
sents the approximate length of one 
side? 

COMMUNICATIONS | Telephone poles were installed 
every (2x — 3) feet along a stretch of railroad track 

(8x? — 6x? + 5x — 21) feet long. What expression represents 
the number of poles that were used? 


5.8 Dividing Polynomials 
WRITING 
105. Explain how to check the following long division. 
x+ 5 
3x + 5)3x° + 20x — 5 
—(3x* + 5x) 
15x= 5 
—(15x + 25) 
—30 


106. Explain the difference in the methods used to divide 


2 = 3x + a Bat 
— 3 * 2 as compared ta 2. 
x x 2 


107. How do you know when to stop the long division method 
when dividing polynomials? 

108. When dividing x* + 1 by x + 1, why is it helpful to write 
x? + Lasx* + Ox? + Ox + 12 


REVIEW 
109. Write an equation of the line with slope -2 that passes 
through (2, —6). Write the answer in slope—intercept 
form. 
110. Solve S = 2arh + 2a? for h. 


111. Evaluate: —10(18 — 4°)° 
112. Evaluate: —57 


CHALLENGE PROBLEMS 
Perform each division. 
6a° — 17a*b + 14ab? — 3° 
2a — 3b 
114. (2x4 + 3x3 + 3x* — 5x — 3) = (2x7 —x - 1) 
115. (x° + 2x4 — 6x? — 9) + (x* + 3) 
6xo" yo ae 15x"y™ _ 24x28" 


2m, n 


3xey 


113. 


116 
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casera 
Summary & Review 


DEFINITIONS AND CONCEPTS 


EXAM PLES 


An exponent indicates repeated multiplication. It Identify the base and the exponent in each expression. 
tells how many times the base is to be used as a é 
Factor 2 =2:2-2+2+:2-2 2is the base and G is the exponent. 
Exponent factors of ¥ (—xy)? = (—xy)(—xy)(—xy)  —xy is the base and 3 is the exponent. 
si popes o bo ae St =5+t+t-t-t t is the base and 4 is the exponent. 
Bice 8'=8 Bis the base and 1is the exponent. 
Rules for Exponents: If m and 7 represent integers Simplify each expression: 
and there are no divisions by 0, then 
Product rule: x”"x"” = x”"*" 5 
aa fa 
Quotient rule: — = x” Sef =i 
Xs t 
Power rule: (x””)" = x" = x" GY =E° =e 
Power of a product rule: (xy)” = xy” Oy = Per = wr 
Power of a quotient rule (2) ae (3) £ # 
Ww. u vite || =|) === S|) ee ee 
4 y y" 4 Ae 256 


REVIEW EXERCISES 


1. Identify the base and the exponent in each expression. i 1 yey 


Eb ane b. (2x)° 3 PNe 

| 16 (2) 

A 3 3xy 

CC air cL @= 7) (5y23)3 
* Oz 
9 
a, et 

(cd) 


16 
2. Write each expression in an equivalent form using an exponent. 


aom-m:m-m:m , =a) ogee geo ge og 


1 1 1 Find an expression that represents the area or the volume of each 
& (ah ONYee se B) d. 5PI )\ 5P4 )\ 5P4 


figure, whichever is appropriate. 


2 a 


19. 20. 


Simplify each expression. Assume there are no divisions by 0. 
EL por 4. mmnn 


5 Gy 6. (3x)" 


8. —b°b*b? 


9. (—16s°)*s4 10. (2.1x*y)* 


DEFINITIONS AND CONCEPTS 


Rules for exponents: For any nonzero real numbers 
x and y and any integers m and n, 


Zero exponent: x° = 1 


= 1 
Negative exponents: x " = — 
PG 


Negative to positive rules: 


REVIEW EXERCISES 
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EXAMPLES 


Pai 
1 1 7 
4? = = d Fe% = 
z 16 an c of 
l ; —4 x9 6 
——— ah d Sse SS SS SS 
(me am x 6 24 16 


_ f10\? _ 10°? _ 1,000 
3 x? 


Simplify each expression. Do not use negative exponents in the 


answer. 
2ileece 228 
23. 3x° 24. 


(3x7y")° 
Om 


25. —5 7 26. — 


DEFINITIONS AND CONCEPTS 


A positive number is written in scientific notation 
when it is written in the form N X 10”, where 
1 = N < 10 and nis an integer. 


EXAMPLES 


Write each number in scientific notation. 


0.0025=2.5 x 10° 
AAA 
3 decimal places 


32,500 =3.25X10* and 
RADAANAWN 


4 decimal places 


Write each number in standard notation. 
191 x 10°=191,000 and 4.7X 10 °=0.0000047 
AAYNY RA)DNSDY 


5 decimal places 6 decimal places 


Scientific notation provides an easier way to perform 
computations involving very large or very small 
numbers. 


Use scientific notation to perform the calculation: 


6.84 10° 
AX 10? 


6.84 x 10° 
4.56 X 10° 


684,000,000 
456,000 


= 1.5 X 10° or 1,500 
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REVIEW EXERCISES 


Write each number in scientific notation. 
37. 720,000,000 38. 9,370,000,000,000,000 


39. 0.00000000942 40. 0.00013 


41. 0.018 x 10°? 42. 853 Xx 10° 
Write each number in standard notation. 


43. 1.26 X 10° 44. 3.919 x 10°8 


45. 2.68 X 10° 46. 5.76 X 10! 


Evaluate each expression by first writing each number in scientific 
notation. Express the result in scientific notation and standard 
notation. 
(0.000012)(0.000004) 
0.00000016 


(4,800,000)(20,000,000) 
600,000 


47. 48. 


DEFINITIONS AND CONCEPTS 


49. WORLD POPULATION As of January 2007, the world’s popula- 
tion was estimated to be 6.57 billion. Write this number in standard 
notation and in scientific notation. 

. ATOMS The illustration shows a cross section of an atom. How 
many nuclei (plural for nucleus), placed end to end, would it take to 
stretch across the atom? 


Nucleus 
1.0 X 10° 8cem 


———— ie On en 


EXAMPLES 


A polynomial is a single term or a sum of terms in Polynomials: 32, 5°77, Ip’ — 14q°, 4m? + 5m — 12 
which all variables have whole-number exponents 7 
and no variable appears in a denominator. Not Polynomials: y? — y >, 4x? — = ap oy 
A polynomial with exactly one term is called a Monomials Binomials Trinomials 
monomial. A polynomial with exactly two terms is 3x° 2y3 + 3y 3p — Tp + 12 
called a binomial. A polynomial with exactly three =e 87t — 25 4p’? — 8p’¢? + 12p’q 
terms is called a trinomial. 
The coefficient of a term is its numerical factor. Term Coefficient Degree of the term 

6a’ 6 7 
The degree of a term of a polynomial in one ae 
variable is the value of the exponent on the variable. 73x 73 is toad 
If a polynomial has more than one variable, the 32 32 0 


degree of a term is the sum of the exponents on the 
variables. The degree of a nonzero constant is 0. 


The degree of a polynomial is equal to the highest 
degree of any term of the polynomial. 


Polynomial 
Tm? — 4m? + 5m — 12 3 


Degree of the polynomial 


a 4 


1 3 2 
Gabe asbe ab* 


2+4=6 
3 


To evaluate a polynomial for a given value, 
substitute the value for the variable and follow the 


Evaluate 3x — 4x + 2 forx = 2. 


rules for the order of operations. at 


4x + 2 


3(2)° — 42) + 2 
= 3(4)-8+2 
= 


Substitute 2 for each x. 


Evaluate (2)? first. 


DEFINITIONS AND CONCEPTS 


We can graph equations defined by polynomials 
such as y = x° — 2,y = —x*,andy=x° +1. 


The graph of y = x* — 2 isa cup-shaped curve 
called a parabola. 


REVIEW EXERCISES 

51. Consider the polynomial 3x* — x* + x + 10. 
a. How many terms does the polynomial have? 
b. What is the lead term? 
c. What is the coefficient of each term? 
d. What is the constant term? 


. Find the degree of each polynomial and classify it as a monomial, 
binomial, trinomial, or none of these. 


a. 13x’ b. —16a7b 
c. 5°x + x? d. -3x° +x- 1 
e. 9xy* + 21x3y° f. 4s* — 357 + 554+ 4 


. Evaluate —x° — 3x4 + 3 forx = 0 andx = —2. 

. DIVING The number of inches that the woman deflects the 
diving board is given by the polynomial 0.1875x? — 0.0078125x 
where x is the number of feet that she stands from the front anchor 
point of the board. Find the amount of deflection if she stands on 
the end of the diving board, 8 feet from the anchor point. 


3 


DEFINITIONS AND CONCEPTS 


To simplify a polynomial, combine like terms. 


Graph: y = x? — 2 
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EXAMPLES 


Find several solutions of the equation, plot them on a rectangular coordinate 
system, and then draw a smooth curve passing through the points. 


Find y-values. 


V=7-—-2 
x|y | @y 
=P Py || (22) 
il || fl | (1,1) 
@) =2| @—») 
i] (de =i) 
2 2 (232) 
Select x-values. =) t Ie Plot points. 


Deflection 


Anchor 
point 


Construct a table of solutions like the one shown here and then 


graph the equation. 


=! 


EXAMPLES 


Simplify: 374 — 47° + 7r* + 877 
= 10° — 47° + 87? 


To add polynomials, combine their like terms. 


Add: (4x7 + 9x + 4) + x? — 5x — 1) 
= (4x” + 3x”) + (9x — 5x) + (4-1) Group like terms. 
= 7x7 + 4x +3 


Combine like terms. 


Combine like terms. Think: (3 + 7)r* = 10r*. 
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DEFINITIONS AND CONCEPTS 


To subtract two polynomials, change the signs of 
the terms of the polynomial being subtracted, drop 
the parentheses, and combine like terms. 


REVIEW EXERCISES 


Simplify each polynomial and write the result in descending 
powers of one variable. 


57. 6y° + 8y* + 7° + (—8y*) 
58. 4a°b + 5 — 6a°b — 3a°b + 2a°d + 1 


59. = 


60. 7.6c° — 2.1c? — 0.9¢° + 8.1c* 


Perform the operations. 
61. (2r° + 14r°) + (23r° — 5r? + 5r) 


62. (7.la? + 2.2a — 5.8) — (3.4a" — 3.94 + 11.8) 


63. (res + r’s? — 3rs? — 354) + (73s — 87s? — 4rs? + 5*) 


1 
64. (Zn zn) ( 


DEFINITIONS AND CONCEPTS 


To multiply two monomials, multiply the numerical | Multiply: (5p°)(2p°) 


factors (the coefficients) and then multiply the 
variable factors. 


EXAMPLES 


Subtract: (8a°b — 4ab*) — (—3a°b + 9ab7) 


= 8a°b — 4ab? + 3a°b — 9ab? Change the sign of each term of 
q 
—3a°b + Qab’ and drop the 
parentheses. 


= leh = ear Combine like terms. 


65. Find the difference when (—3z* — 4z + 7) is subtracted from the 
sum of (2z* + 3z — 7) and (—4z* — 2z — 3). 


66. GARDENING Find a polynomial that represents the length of the 
wooden handle of the shovel. 


(2x7 +x + 1) in. 


> 


| G25) tin, 


68. Subtract: 


20x3 + 12x 
—(12x3 + 7x? — 7x) 


EXAMPLES 


= (5+ 2)(p°: p>?) Group the coefficients together and the 
variables together. 

= Qa" Think: 5 - 2 = 10 and 
pe 2 p = per = p", 


To multiply a monomial and a polynomial, 
multiply each term of the polynomial by the 
monomial. 


Multiply: 37°(2r* + 7r? — 4) 


= 3r°(2r*) + 3r°(7r’) + 3r°(—4) Distribute the multiplication 
by 3r*. 


= 6r® + 21r* — 1277 Multiply the monomials. 


DEFINITIONS AND CONCEPTS 


To multiply two binomials, use the FO/L method: 


F: First 
O: Outer 
I: Inner 


L: Last 
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EXAMPLES 


iP (6) I 


L 


len = 6m — 15m + 8m — 20 


= 6m* — 7m — 20 


Multiply: (3m + 4)(2m — 5) = 3m(2m) + 3m(—5) + 4(2m) + 4(—5) 


Multiply the 
monomials. 


Combine like terms. 


To multiply two polynomials, multiply each term of 
one polynomial by each term of the other polynomial 
and then combine like terms. 


Aa ee 


Multiply: (a — b)(6a* — 4ab + b*) 


Se A 


a(6a”) + a(—4ab) + a(b?)—b(6a*)—b(—4ab)—b(b?) 


6a> — 4a°b + ab? — 6a°b + 4ab? — B° 


=P = Oath + Sailr =F 


Multiply the 
monomials. 


Combine like terms. 


When finding the product of three polynomials, 
begin by multiplying any two of them, and then 
multiply that result by the third polynomial. 


REVIEW EXERCISES 


Multiply. 
69. (2x7)(5x) 


70. (—6x%z?)(x°z?) 


2D 
71. 5b° + 6b? + 4b° 72. 3 GR + 12h°) 


. 3n?(Bn? — 


. 2xBx4\(x 4 


5n + 2) 74. xy(y? — xy) 


P23) 


. —a°b*(—atb? + a®b® — ab* + 7a) 


. (x + 3) + 2) 


b (ese Wee 


. (3t — 3)(2t + 2) 80. (3n* — 5n?)(2n* — n?) 


. -a(a’ — b)(5a? + b) 82. 6.6(a — 1)(a + 1) 


; (2: = AG rs >) 84. (5.5 — 6b)(2 — 4b) 


Multiply: —9x4(x — 1)( — 7) 


—9x4(@? — Ix —x +7) 


ll 


ll 


—9x4(x? — 8x + 7) 


ll 


=0x° | 72x? — 63x" 


85. (2a — 3)(4a* + 6a + 9) 

86. (8x* + x — 2)(7x? + x — 1) 

87. Multiply using vertical form: 4x* — 2x 4 
PRES 


Multiply the two 
binomials. 


Combine like terms 
within the 
parentheses. 


Distribute the 
multiplication by 
-9x*, 


88. Refer to the illustration. Find a polynomial that represents 


_ 


om oe OC 


(x + 6) in. 
(2x — 1) in. 


a. the perimeter of the base of the dishwasher. 


b. the area of the base of the dishwasher. 


c. the volume occupied by the dishwasher. 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


The following special products occur so often that it 
is worthwhile to learn their forms. 


Square of a binomial: 
(4 + BY = A* + 24B + B? 
This is the square of a binomial sum. 


(A — By = A* — 2AB + B? 
This is the square of a binomial difference. 


Multiplying the Sum and Difference of the Same 
Two Terms: 
(4 + B)(A — B) = A? — BP 


REVIEW EXERCISES 
Find each product. 


89. (a — 3) . (m + 2° 


Multiply: (n + 4)° = n +  —-2(n)(4) + 4? 
The square of  Twicethe product The square of the 
the first term, n. of both terms. second term, 4. 
=n? + 8n+ 16 
Multiply: (Sa — 1)? = (5a) + 2(5a)(—1) + (-1)° 


The square of Twice the product The square of the 
the first term, 5a. ofbothterms. second term, —1. 


= 25a’ — 10a + 1 
Multiply: (x + 8)(x — 8) = x = Be 
— —— 


The square of —_ The square of the 
the first term, x. second term, 8. 


=x? — 64 


103. GRAPHIC ARTS A Dr. Martin Luther King poster has his 
picture with a S-inch wide blue border around it. The length of the 
poster is (x + 3) inches and the width is (x — 1) inches. Find a 


91. (x + 7)(x — 7) . (2x — 0.9)(2x + 0.9) polynomial that represents the area of the picture of Dr. King. 


93. (2y + 1)? ~ 07 + 1067 - 1) 
95. (6r7 + 10s)” . —(8a — 3c)? 


97. 80s(r? + s*)(r? — s*) . 4b(3b — 4)? 


Perform the operations. 
101. 3(9x? + 3x + 7) — 2(11x? — 5x + 9) 
102. (5c — 1)? — (c + 6)(c — 6) 


an 
o 
se 
i= 
2 
<= 
a 
= 
S 
=I 
iy 
= 


104. Find a polynomial that represents the area of the triangle. 


(10x + 4) in. 


DEFINITIONS AND CONCEPTS 
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EXAMPLES 


To divide monomials, use the method for simplify- 
ing fractions and/or the quotient rule for exponents. 


To divide a polynomial by a monomial, divide each 
term of the numerator by the denominator 


Divide the monomials: 


i il 1 
Sarg 2 Asp-p a 8p°q me oes Keep each base 
tar Pega OF jo 4P q and subtract the 
Pq it “ab th Pq exponents. 
2) 
P SS 
q 
Move a to the 
= 2p denominator and 
¢ change the sign of 
the exponent. 
_., 9a°b* — 12a°b® — 9a*b* ~—12a*® 
Divide: 5 2 a 
18ab 18ab 18ab 
a 2a°b 
Se Perform each monomial division. 
2b 3 


Long division can be used to divide a polynomial 
by a polynomial (other than a monomial). The long- 
division method is a series of four steps that are 
repeated: Divide, multiply, subtract, and bring down 
the next term. 


When the division has a remainder, write the answer 


: . remainder 
NS torn OOo = ———— 
divisor 


Divide 4x* — 4x + 5 by 2x + 1. 


2x — 3 
2x + 1)4x? — 4x + 5 


The first division: 4 = 2x, 


—(4x° + 2x) 
= ar S The second division: se = —3. 
(Ga ONES) 
8 The remainder is 8. 
an - 8 
The mesa ise 2p = 3) sr oe 


The long division method works best when the terms 
of the divisor and the dividend are written in 
descending powers of the variable. 


When the dividend has missing terms, insert such 
terms with a coefficient of 0, or leave a blank space. 


REVIEW EXERCISES 


Divide. Do not use negative exponents in the answer. 
16° 
8n° 


—14x7y 


105. zi 
21xy 


106. 


a’ — 24a® 


107. 


15a°b + ab? — 25b 


Set up each long division. 
x-9 
Xa 


The dividend is missing a term. 


5x +x° +3 + 3x 
gear Il 


The terms of the dividend are 
not in descending powers of x. 


x — 3)x? + Ox — 9 


x + 1x8 + 3x7 + 5x +3 


. (15x? — 8x — 8) + (3x + 2) 
. Divide 25y” — 9 by 5y + 3. 
oat) eo 
2x — 16x? +x? +1 


. Use multiplication to show that (3y? + lly + 6) + (v + 3) is 


5a°b 


6a!” 


2x? +3 + 7x 
x+3 


109. x — Ix? — 6x + 5 


110. 


3p ae 2, 

. BEDDING The area of a rectangular-shaped bed sheet is repre- 
sented by the polynomial (4x7 + 12x? + x — 12) in.. If the 
width of the sheet is (2x + 3) inches, find a polynomial that 
represents its length. 
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CHAPTER 5 
Test 


1. Fill in the blanks. 


a. In the expression y'°, the is y and the is 
10. 

b. We call a polynomial with exactly one term a : 
with exactly two terms a , and with exactly three 
terms a : 

c. The ____ of a term of a polynomial in one variable is the 


value of the exponent on the variable. 
d. (x + y)*, (« — yy’, and (x + y)\(v — y)are called 
products. 
2. Use exponents to rewrite 2xxxyyyy. 


Simplify each expression. Do not use negative exponents in the 
answer. 


1 5) 
3. yoy") 4. Gr) (ey 
5, 3a" 6. 2y °y* 
7. Sue 8 Cae 
(x + 1)° 
on re ill 3 
b 
| wee 10. (4 =) 
yy 4a°b 
See —6a 
11. (=) 12. 7 


13. Find an expression that represents the volume of a cube that has 
sides of length 10y* inches. 

14. ELECTRICITY One ampere (amp) corresponds to the flow 
of 6,250,000,000,000,000,000 electrons per second past any 
point in a direct current (DC) circuit. Write this number in 
scientific notation. 

15. Write 9.3 X 10 ° in standard notation. 

16. Evaluate (2.3 x 10'%)(4.0 x 107 '>). Write the answer in 
scientific notation and standard notation. 

17. Identify wa = Dasa monomial, binomial, or trinomial. 
Then complete the table. 


Term | Coefficient | Degree 


Degree of the polynomial 


18. Find the degree of the polynomial 3x°y + 2x?y° — 5xy* — 6y. 


19. 


20. 


Complete the table of solutions for y = x? + 2 and then graph 
the equation. 


FREE FALL A visitor standing on the rim of the Grand 
Canyon drops a rock over the side. The distance (in feet) that 
the rock is from the canyon floor ¢ seconds after being dropped 
is given by the polynomial —16¢* + 5,184. Find the position of 
the rock 18 seconds after being dropped. Explain your answer. 


Rim 
000 ft ——— 
4,000 ft —— | 
3,000 ft —— 
2,000 ft —— 
1,000 ft —— 


Canyon floor 


we 


Simplify each polynomial. 


21. 


225 


3 2 1 len al 
5 4 2 3 
4a’b + 5 — 6a°b — 3a°b + 2a°b 


Perform the operations. 


23. 


24. 


25: 


26. 


(12.1h? — 9.9h? + 9.5) + (7.3h> — 1.2h? — 10.1) 


Subtract b°c — 3bc + 12 from the sum of 6b°c — 3bc and 
b’c — 2be. 


Subtract: 
sy ae 8 
—(—2y' — 14y* + 17y — 32) 
Find a polynomial that represents the perimeter of the 


rectangle. 


(5a* + 3a — 1) in. 


(a—9) in. 


Multiply. 

27. (2x*y*)(5x°y*) 
28. 9b°(8b*)(—b) 
29. 3y°(y" — 2y + 3) 
30. (x — 5)(3x + 4) 


n (4 io~3) 


32. (2x — 3)(x* — 2x + 4) 
33. (1 + 10c)(1 — 10c) 
34. (7b* — 3¢) 

35. (2.2a)(a + 5)(a — 3) 
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Divide. 
2 2 2 
Sy +x- 
37, 06 ee Ge ee © 
24ab x+3 


39. 2x — 11 + x7 + 6° 


40. Find a polynomial that represents the width of a rectangle if its 
area is represented by the polynomial (x* — 6x + 5) ft’ and the 
length is (x — 1) ft. 

41. Use a check to determine whether 
(5m? — 29m — 6) + (5m + 1) =m-—6. 


42. Is (a + b)* = a® + b?? Show why or why not. 


36. Perform the operations: (x + y)(x — y) + (x + y)? 


BINOMIAL 
MULTIPLICATION 
AND THE AREA 
OF RECTANGLES 


GROUPIPROJECT 


Overview: |n this activity, rectangles are used to visualize binomial multiplication. 

Instructions: Form groups of 2 or 3 students. Study the figure. The area of the large rectangle is 
given by (x + 2)(x + 3). The area of the large rectangle is also the sum of the areas of the four 
smaller rectangles: x° + 3x + 2x + 6. Thus, 


(x 2x + 3) =x? + Bx + 2x +6 = + x +6 


x+3 


x x 2x 
x 2 
a! 
x+2 


Draw three similar models to represent the following products. 

1. (+ Ale +5) 2 & +8) 3. x46) 4 (2x +1)? 
Determine the missing number so that the rectangle has the given area. 
5. Arearx? + 9x+14 6. Area: x* + 16x + 55 


x a a 5 
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1. Use exponents to write the prime factorization of 270. 
[Section 1.2] 


2. a. Use the variables a and b to state the commutative property 
of addition. [Section 1.4] 


b. Use the variables x, y, and z to state the associative property 


of multiplication. [Section 1.6] 


Evaluate each expression. 
|-45|-2(-5) + 1° 
B= Os 
[Section 1.7] 


3. 3 — 4[-10 — 4(-5)] 4. 
[Section 1.7] 


Simplify each expression. 


2 
by 2(2x) [Section 1.9] 
6. 3x7 + 2x? — 5x” [Section 1.9] 


Solve each equation. 
7. 2 — (4x + 7) = 3 + 2(x + 2) [Section 2.2] 


2 

8. =y+3=9 
57 

9. CANDY SALES The circle graph shows how $6.3 billion in 
seasonal candy sales for 2005 was spent. Find the candy sales 
for Halloween. [Section 2.3] 


[Section 2.2] 


Valentine's Day 
Easter — 99% 


33% — Halloween 


di 


Source: National Confectioners Association 


3% 
Winter Holidays 


10. AIR CONDITIONING _ Find the volume of air contained in 
the duct. Round to the nearest tenth of a cubic foot. 
[Section 2.4] 


Kx 6 ft >| 


11. ANGLE OF ELEVATION Find x. [Section 2.5) 


12. LIVESTOCK AUCTION A farmer is going to sell one of her 
prize hogs at an auction and would like to make $6,000 after 
paying a 4% commission to the auctioneer. For what selling 
price will the farmer make this amount of money? 

[Section 2.5] 

13. STOCK MARKET An investment club invested part of 
$45,000 in a high-yield mutual fund that earned 12% annual 
simple interest. The remainder of the money was invested in 
Treasury bonds that earned 6.5% simple annual interest. The 
two investments earned $4,300 in one year. How much was 
invested in each account? 

[Section 2.6] 

14. Solve —4x + 6 > 17 and graph the solution set. Then describe 
the graph using interval notation. 
[Section 2.7] 


Graph each equation. 


15. y = 3x [Section 3.2] 16. x = —2 [Section 3.3] 

17. Find the slope of the line passing through (6, —2) and (—3, 2). 
[Section 3.4] 

18. Find the slope and y-intercept of the line. Then write the 
equation of the line. [Section 3.5] 


19. Without graphing, determine whether the graphs of y = 3x = 


and 2x + 3y = 10 are parallel, perpendicular, or neither. 
[Section 3.5] 


20. 


21. 
22. 


23% 


24. 


25% 


26. 


27. 


28. 


Write the equation of the line that passes through (—2, 10) with 
slope —4. Write the result in slope—intercept form. 
[Section 3.6] 


Is (—2, 1) a solution of 2x — 3y = —6? [Section 3.7] 


If f(x) = 2x* + 3x — 9, find f(—5). [Section 3.8] 
2 =-3x+1 
Is (2, = 1) a solution of the system i ‘ ? 
3 3ke ap 3p = =P 
[Section 4.1] 
3x + 2y = 14 
Solve the system 1 by graphing. 
Va ye 
4 
[Section 4.1] 
2b — 3a = 18 
Solve the system . a4 oo 5 by substitution. 
[Section 4.2] 
8s + 10¢ = 24 ied ee 
Solve the system by elimination (addition). 
lls — 3t = —34 


[Section 4.3] 

VACATIONS One-day passes to Universal Studios 
Hollywood cost a family of 5 (2 adults and 3 children) $275. A 
family of 6 (3 adults and 3 children) paid $336 for their one- 
day passes. Find the cost of an adult one-day pass and a child’s 
one-day pass to Universal Studios. 


[Section 4.4] 
= ye = || 
Graph: t 
ear 3p SO 
[Section 4.5] 


Simplify. Do not use negative exponents in the answer. 


29° 
30. 
31. 


32. 


33. 


34. 


35. 


36. 


(—3x*y*? [Section 5.1] 
(°)03)* [Section 5.1] 
ab>c* - ab‘c? [Section 5.1] 
4ert\3 
Gana) [Section 5.1] 
(2y) * [Section 5.2] 


a‘? 
—xz [Section 5.2] 
a 


—5* [Section 5.2] 
aN” 10 
(<) [Section 5.2] 


x 


Chapters 1-5 Cumulative Review 


Write each number in scientific notation. 
37. 615,000 [Section 5.3] 

38. 0.0000013 [Section 5.3] 

39. Graph: y = x* [Section 5.4] 


40. MUSICAL INSTRUMENTS The amount of deflection of the 


horizontal beam (in inches) is given by the polynomial 
0.01875x* — 0.15x* + 1.2x, where x is the distance (in feet) 
that the gong is hung from one end of the beam. Find the 
deflection if the gong is hung in the middle of the support. 
[Section 5.4] 


Perform the operations. 
41. (4c? + 3c — 2) + (3c? + 4c + 2) [Section 5.5] 


42. Subtract: 17x* — 3x* — 65x — 12 
—(23x* + 14x? + 3x — 23) 
[Section 5.5] 


43. (2t + 3s)(3t — s) [Section 5.6] 
44, 3x(2x + 3)? [Section 5.7] 
45. 5x + 3)11x + 10x” + 3 [Section 5.8] 
Die —= By) 
16x 


46. [Section 5.8] 
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CHAPTER 6 


Factoring and Quadratic 
Equations 


6.1 The Greatest Common Factor; 
Factoring by Grouping 

6.2 Factoring Trinomials of the Form 
x + bx + ¢ 

6.3 Factoring Trinomials of the Form 
ax’ + bx + ¢ 

6.4 Factoring Perfect-Square Trinomials 
and the Difference of Two Squares 

6.5 Factoring the Sum and Difference 
of Two Cubes 

6.6 A Factoring Strategy 

6.7 Solving Quadratic Equations by 
Factoring 

6.8 Applications of Quadratic Equations 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 
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Ele, 
from Campus to Careers eee 
Elementary School Teacher A bac ION Teach 
ek 
It has been said that a teacher takes a hand, opens a mind, and touches a heart. Ke, Poros Bree 5 
That is certainly true for the thousands of dedicated elementary school teachers 0 Slam “1 teach, Compr, 
across the country. Elementary school teachers use their training in mathematics Vy is 700 train, “Hon 
in many ways. Besides teaching math on a daily basis, they calculate student aks fom kK: 
grades, analyze test results, and order instructional materials and supplies. oc, 800 : 
They use measurement and geometry for designing bulletin board displays NNUay &A us *CEllen, 
and they construct detailed schedules so that the classroom time is used a ‘S, Meg) PNiNGs 
wisely. a vary $47 80, 
; ; : PErie, Sreaty 5 
In Problem 17 of Study Set 6.8, you will determine the maximum fo Ce, Y rege 
dimensions of a bulletin board so that it meets the fire code requirements Wi RE INE na 
of an elementary school classroom. "B0U/0¢5, PMATIOy, 
°COs06 9 5 : 
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Study Skills Workshop 
Reading the Textbook 


Rv an algebra textbook is different from reading a newspaper or a novel. Here are two 
ways that you should be reading this textbook. 


SKIMMING FOR AN OVERVIEW: This is a quick way to look at material just before it is covered in 
class. It helps you become familiar with the new vocabulary and notation that will be used by 
your instructor in the lecture. It lays a foundation. 


READING FOR UNDERSTANDING: This in-depth type of reading is done more slowly, with a 
pencil and paper at hand. Don’t skip anything—every word counts! You should do just as much 
writing as you do reading. Highlight the important points and work each example. If you become 
confused, stop and reread the material until you understand it. 


Now Try This 


Choose a section from this chapter and... 

1. ... quickly skim it. Write down any terms in bold face type and the titles of any 
properties, definitions, or strategies that are given in the colored boxes. 

2. ... work each Self Check problem. Your solutions should look like those in the 
Examples. Be sure to include your own “author notes” (the sentences in red to the 
right of each step of a solution). 


Objectives 


Success Tip 
On the game show Jeopardy! 
answers are revealed and contest- 
ants respond with the appropriate 
questions. Factoring is similar. 
Answers to multiplications are 
given. You are to respond by 
telling what factors were 
multiplied. 


@ Find the greatest common factor of a list of terms. 


® Factor out the greatest common factor. 
© Factor by grouping. 


In Chapter 5, we learned how to multiply polynomials. For example, to multiply 3x + 5 by 4x, 
we use the distributive property, as shown below. 


a 
4x(3x + 5) = 4x-3x+ 4-5 
= 12x7 + 20x 
In this section, we reverse the previous steps and determine what factors were multiplied 
to obtain 12x” + 20x. We call that process factoring the polynomial. 
Multiplication: Given the factors, we find a polynomial. —> 
4x(3x + 5) = 12x* + 20x 
+— Factoring: Given a polynomial, we find the factors. 
To factor a polynomial means to express it as a product of two (or more) polynomials. 


The first step when factoring a polynomial is to determine whether its terms have any 
common factors. 


The Greatest 
Common Factor 
(GCF) 


Success Tip 
Note that the GCF, 7, divides 21 
and 140 exactly: 


21 aso 
eSo Shao 


Success Tip 
The exponent on any factor in a 
GCF is the smallest exponent that 
appears on that factor in all of the 
numbers under consideration. 
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Find the Greatest Common Factor of a List of Terms. 


To determine whether two or more integers have common factors, it is helpful to write them 
as products of prime numbers. For example, the prime factorizations of 42 and 90 are given 
below. 


42 =2:°3-7 90 =2°3°3°5 


The highlighting shows that 42 and 90 have one factor of 2 and one factor of 3 in common. To 
find their greatest common factor (GCF), we multiply the common factors: 2 - 3 = 6. Thus, 
the GCF of 42 and 90 is 6. 


The greatest common factor (GCF) of a list of integers is the largest common factor of 
those integers. 


Recall from arithmetic that the factors of a number divide the number exactly, leaving no 
remainder. Therefore, the greatest common factor of two or more integers is the largest natural 
number that divides each of the integers exactly. 


EXAMPLE1 Find the GCF of each list of numbers: a. 21 and 140 
b. 24,60, and96 —e. (9, 10, and 30 


Strategy We will prime factor each number in the list. Then we will identify the common 
prime factors and find their product. 


Why The product of the common prime factors is the GCF of the numbers in the list. 


Solution 
a. The prime factorization of each number is shown: 
21=3-7 


140 =2+2+5+7 This can be written as 27-5 - 7. 
Since the only prime factor common to 21 and 140 is 7, the GCF of 21 and 140 is 7. 
b. To find the GCF of three numbers, we proceed in a similar way by first finding the prime 
factorization of each number in the list. 
24 =2:+2+2+3 This can be written as 2° - 3. 
60 = 2-2°3-5 This can be written as 27-3 +5, 
96 =2+2+2+2+2+3 This canbe written as 2° - 3. 
The highlighting shows that 24, 60, and 96 have two factors of 2 and one factor of 3 in 
common. The GCF of 24, 60, and 96 is the product of their common prime factors. 
GCF = 2+2+3=27+3'=12 
c. Since there are no prime factors common to 9, 10, and 30, their GCF is 1. 
9=3:+3 
10=2-5 
30 =2-3°5 
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Strategy for 
Finding the GCF 


Success Tip 
One way to identify common 
factors is to circle them: 


12x” =(2)-(2) 3 - 
20x =|2)-]2|- 5 - 
2)-(2}- 


GCF =(2)-\2)-w/= 4x 


Success Tip 
The exponent on any variable in a 
GCF is the smallest exponent that 
appears on that variable in all of 
the terms under consideration. 


a Self Check 1 | Find the GCF of each list of numbers: a. 24 and 70 
b. 22, 25, and 98 c. 45, 60, and 75 


Now Try Problems 17 and 21 


To find the greatest common factor of a list of terms, we can use the following approach. 


1. Write each coefficient as a product of prime factors. 
2. Identify the numerical and variable factors common to each term. 


3. Multiply the common numerical and variable factors identified in Step 2 to obtain the 
GCF. If there are no common factors, the GCF is 1. 


EXAMPLE 2 | Find the GCF of each list of terms: a. 12x? and 20x 
b. 9a°b*, 15a*b*, and 90a°b* 


Strategy We will prime factor each coefficient of each term in the list. Then we will 
identify the numerical and variable factors common to each term and find their product. 


Why The product of the common factors is the GCF of the terms in the list. 


Solution 
a. Step 1: We write each coefficient, 12 and 20, as a product of prime factors. Recall that 
an exponent, as in x~, indicates repeated multiplication. 
12x? = 2+2+3+x+x This canbe written as 27-3- x7. 
20x =2°:2°5:x This can be written as 27-5 - x. 
Step 2: There are two common factors of 2 and one common factor of x. 
Step 3: We multiply the common factors, 2, 2, and x, to obtain the GCF. 
GCE =2 3: e=7 s7 =a 
b. Step 1: We write the coefficients, 9, 15, and 90, as products of primes. The exponents 
on the variables represent repeated multiplication. 
9a°b* =3-3+a-a-a:a:a:b-b This can be written as 3° a°- B. 
15a°b? =3-5-a:a-a:a:beb This can be written as 3-5- a*- b. 
90a°b? = 2-3°3-5+a:a:a:b+b+b This canbe writtenas2-3?-5-a°- b. 
Step 2: The highlighting shows one common factor of 3, three common factors of a, 
and two common factors of b. 
Step 3: GCF =3-a-a-:a‘b-b =3a°b" 


a Self Check 2 | Find the GCF of each list of terms: a. 33c and 22c* 
b. 42577, 63s*t*, and 21s°#7 


Now Try Problems 29 and 35 


2 | 


The Language of Algebra 
We have expressed a sum of terms 
as a product of factors. 


12x? + 20x = 4x(3x + 5) 
Sum of terms 


Factor Factor 


Success Tip 
Always verify a factorization by 
performing the indicated multipli- 
cation. The result should be the 
original polynomial. 


Success Tip 
With practice, you will learn how 
to factor out the GCF and write 
the correct terms within the paren- 
theses in one step. 
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Factor Out the Greatest Common Factor. 


The concept of greatest common factor is used to factor polynomials. For example, to factor 
12x* + 20x, we note that there are two terms, 12x” and 20x. We previously determined that 
the GCF of 12x? and 20x is 4x. With this in mind, we write each term of 12x” + 20x as a 
product of the GCF and one other factor. Then we apply the distributive property in reverse: 
ab + ac = a(b + ¢). 


12x? + 20x = 4x+3x + 4x°5 Write 12x* and 20x as the product of the GCF, 4x, and one 


other factor. 
= 4x(3x + 5) Write an expression so that the multiplication by 4x 
distributes over the terms 3x and 5. 


We have found that the factored form of 12x? + 20x is 4x(3x + 5). This process is called 
factoring out the greatest common factor. 


EXAMPLE 3 Factor: a. 8m +24 


c. 3x4 — 5x? + x? 


b. 35a°b* — 14a7b? 


Strategy — First, we will determine the GCF of the terms of the polynomial. Then we will 
write each term of the polynomial as the product of the GCF and one other factor. 


Why We can then use the distributive property to factor out the GCF. 


Solution 
a. Since the GCF of 8m and 24 is 8, we write 8m and 24 as the product of 8 and one other 
factor. 


8m + 24=8:mt+ 8-3 
el 


= 8(m + 3) Factor out the GCF, 8. 


To check, we multiply: 8(m + 3) = 8+m + 8+3 = 8m + 24. Since we obtain the orig- 
inal polynomial, 8m + 24, the factorization is correct. 


Caution Remember to factor out the greatest common factor, not just a common factor. 
If we factored out 4 in the previous example, we would get 


8m + 24 = 4(2m + 6) 


However, the terms in red within parentheses have a common factor of 2, indicating that 
the factoring is not complete. 


b. First, find the GCF of 35a°b* and 14a°b”. 
35a°b° = 5+7T-a-a-a+b-b 
14a°b? =2-7-a-a+b-b-b 

Now, we write 35a°b* and 14a7b° as the product of the GCF, 7a°b*, and one other factor. 


35a°b* — 14a°b* = Ta*b? + 5a — Ta*b’ + 2b 


The GCF is 7a*b*. 


= 7a*b*(5a — 2b) Factor out the GCF, 7a°b’. 


We check by multiplying: 7a*b?(Sa — 2b) = 35a°b” — 14a7b°. 
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Caution 
If the GCF of the terms of a poly- 
nomial is the same as one of the 
terms, leave a 1 in place of that 
term when factoring out the GCF. 


Success Tip 
This result suggests a quick way to 
factor out — 1. Simply change the 
sign of each term of 


—a? + 2a” — 4andwritea — 


symbol in front of the parentheses. 


c. We factor out the GCF of the three terms, which is x”. 
3x4 — 5x? + x? = x7(3x7) — x*(5x) + x7(1) 
= x7(3x* — 5x + 1) 


Write the last term, x*, as (1). 
Factor out the GCF, x. 


We check by multiplying: x7(3x7 — 5x + 1) = 3x* — 5x? + x?. 


a Self Check 3 i Factor: a. 6f + 36 b. 485717 — 845°¢ 
ce. yo — 10° - 


Now Try Problems 41, 51, and 53 


EXAM PLE 4 Factor —1 from each polynomial: a. —a°? + 2a” — 4 


b. 6—-—x 


Strategy We will write each term of the polynomial as the product of —1 and one other 
factor. 


Why We can then use the distributive property to factor out the —1. 


Solution 
a. —a° + 2a” — 4 = (—1)a® + (—1)(—2a”) + (-14 


—1(a’ — 2a’ + 4) 
= —(a° — 2a + 4) 
We check by multiplying: —(a? — 2a* + 4) = —a? + 2a° — 4. 
bi 6 — 24 1-6) + fie 
=1(-6 +2) 
= —(x — 6) 


Factor out —1. 


The 1 need not be written. 


Factor out —1. 


The 1 need not be written. Within the parentheses, write the 
binomial with the x-term first. 


a Self Check 4 j Factor —1 from each polynomial: 
. AO eee 
Now Try Problems 63 and 69 


b. 9 -t 


EXAMPLE 5 


Factor out the opposite of the GCF in —20m + 30. 


Strategy First, we will determine the GCF of the terms of the polynomial. Then we will 
write each term of the polynomial as the product of the opposite of the GCF and one 
other factor. 


Why We can then use the distributive property to factor out the opposite of the GCF. 


Solution Since the GCF is 10, the opposite of the GCF is —10. We write each term of the 
polynomial as the product of —10 and another factor. Then we factor out — 10. 


Success Tip 
It is standard practice to factor in 
such a way that the lead coeffi- 
cient of the polynomial within the 
parentheses is positive. 


The Language of Algebra 
We say that the terms have the 
common binomial factor x + 4. 
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~20m + 30 = (—10)(2m) + (—10)(—3) 


—10Qm — 3) Note that the leading coefficient of the 
t polynomial within the parentheses is positive. 


We check by multiplying: —10(2m — 3) = —20m + 30. 


a Self Check 5 i Factor out the opposite of the GCF in —44c + 55. 
Now Try Problem 75 


EXAMPLE 6 | Factor: x(x + 4) + 3(x + 4) 


Strategy We will identify the terms of the expression and find their GCF. 
Why We can then use the distributive property to factor out the GCF. 
Solution The expression has two terms: x(x + 4) + 3(x + 4) 
ee See 
The first term The second term 
The GCF of the terms is the binomial x + 4, which can be factored out. 


x(x + 4) + 3@ + 4) = «+ 4)x +(x + 4)3 Write each term as the product of (x + 4) 
and one other factor. 


= (x + 4x + 3) Factor out the common factor, (x + 4). 


a Self Check 6 4 Factor: 2y(y — 1) + 7(y — 1) 
Now Try Problem 81 


Factor by Grouping. 


Although the terms of many polynomials don’t have a common factor, other than 1, it is pos- 
sible to factor some of them by arranging their terms in convenient groups. This method is 
called factoring by grouping. 


EXAMPLE 7 _ Factor by grouping: a. 2x2 + x7 + 12x + 6 
bi So = Sah = 


Strategy We will factor out a common factor from the first two terms and a common 
factor from the last two terms. 


Why This will produce a common binomial factor that can then be factored out. 


Solution 

a. Except for 1, there is no factor that is common to all four terms. However, the first two 
terms, 2x* and x, have a common factor, x*, and the last two terms, 12x and 6, have a 
common factor, 6. 
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Caution 
Factoring by grouping can be 
attempted on any polynomial with 
four or more terms. However, not 
every such polynomial can be 
factored in this way. 


Caution 
Don’t think that 
Ae = a) ap de = ais ite 
factored form. It is a sum of two 
terms. To be in factored form, the 
result must be a product. 


Factoring a 
Four-termed 
Polynomial 
by Grouping 


2x? + x? + se se © 


| | 


x’(2x +1) + 6(2x +1) 


We now see that 2x? + x? and 12x + 6 have a common binomial factor, 2x + 1, which 
can be factored out. 


2x7 +x? + 12x + 6 = x7°(2x + 1) + 6(2x +1) Factor 2x° + x and 12x + 6. 


| 


(2x + 1)(x* + 6) Factor out 2x + 1. 


We can check the factorization by multiplying. The result should be the original 
polynomial. 
i 
(2x + 1)(x? + 6) = 2x7 + 12x +x° + 6 
<x” = 2x3 +x? + 12x +6 Rearrange the terms to get the original 


polynomial. 


b. The first two terms have a common factor, 5, and the last two terms have a common 
factor, d. 


5c -—5d + cd—d* =5(c—d)+d(ce—d) Factor out 5 from 5c — Sdandd 
from cd — d’. 


=(c — d)(5 +d) Factor out the common binomial 
factor, c — d. 


We can check by multiplying: 
(c — d\(5 + d) = 5c + cd — 5d — d? 
= Se — Sd + cd — d* 


a Self Check 7 | Factor by grouping: a. 3° + 2n? + 9n + 6 
b. 7x — Ty tay-y 


Now Try Problems 85 and 87 


1. Group the terms of the polynomial so that the first two terms have a common factor and 
the last two terms have a common factor. 


2. Factor out the common factor from each group. 


3. Factor out the resulting common binomial factor. If there is no common binomial factor, 
regroup the terms of the polynomial and repeat steps 2 and 3. 


By the multiplication property of 1, we know that | is a factor of every term. We can use 
this observation to factor certain polynomials by grouping. 


Success Tip 
When we factor out —1 from the 
last two terms, 


| 


x>—ax —-xta 
= x(x — a) - lw-a) 


the signs of those terms change 
within the parentheses. The 
binomials within both sets of 
parentheses are then identical. 
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EXAMPLE 8 i Factor: a. x° + 6x7 +x+6 b. x7 -—ax-xt+a 


Strategy We will follow the steps for factoring a four-termed polynomial. 


Why Since the terms of the polynomials do not have a common factor (other than 1), the 
only option is to attempt to factor these polynomials by grouping. 


Solution 
a. The first two terms, x° and 6x”, have a common factor of x*. The only common factor of 
the last two terms, x and 6, is 1. 


xt 6x7 + x +6 =x*(x + 6) + I(x + 6) Factor out x from x® + 6x’. 
Factor out 1 from x + 6. 


= (x + 6)(x? + 1) Factor out the common binomial 
factor, x + 6. 


Check the factorization by multiplying. 


b. Since x is a common factor of the first two terms, we can factor it out and proceed as 
follows. 


x —ax —x+a=x(x-—a)—xta_ Factor outx from — ax. 


When factoring four terms by grouping, if the coefficient of the 3rd term is negative, we 
often factor out a negative coefficient from the last two terms. If we factor —1 from 
—x + a,acommon binomial factor x — a appears within the second set of parentheses, 
which we can factor out. 

2 


xo -— ax -—xta =x(x—a)— 1(*— a) To factor out —1, change the sign of —x 
and a, and write —1 in front of the 
parentheses. 

= (x — a\(x — 1) Factor out the common factor, x — a. 
Check by multiplying. 


a Self Check 8 j Factor: a. a+ llat+a+1l 
b. b? — be —bt+e 


Now Try Problems 93 and 95 


The next example illustrates that when factoring a polynomial, we should always look for 
a common factor first. 


EXAMPLE 9 Factor: 10k + 10m — 2km — 2m? 


Strategy Since all four terms have a common factor of 2, we factor it out first. Then we 
will factor the resulting polynomial by grouping. 


Why Factoring out the GCF first makes factoring by any method easier. 


Solution After factoring out 2 from all four terms, notice that within the parentheses, the 
first two terms have a common factor of 5, and the last two terms have a common factor 
of —m. 
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Success Tip 10k + 10m — 2km — 2m? = 2(5k + 5m — km — m*) Factor out the GCF, 2. 


Since the quantities within paren- = 2[5(k + m) — m(k + m)] Factor out 5 from 5k + 5m. 
theses in the second step must be Factor out —m from 
the same, we factor out —m —km — m*. This causes the 


r 2 
instead of m from —km — m*. signs of —km and —m* to 


change within the second set 
of parentheses. 


= 2[(k + m)(5 — m)] Factor out the common 
binomial factor, k + m. 

= 2(k + m)(5 — m) Drop the unnecessary 
brackets. 


Check by multiplying. 


oT Self Check 9 7 | Factor: 4¢ + 45 + 4tz + 4sz 
Now Try Problem 101 


ee | ibth® [hil ih Peep ke [lee che G7 oO) 
b. 12s°(4t — 7s) « y°Q°2- 10y—1) 4. a. —(b* + 367-2) b. —(t- 9) 5. —11(4c — 5) 


6. (vy — DQyt+7) 7. a Bn t+ 2)(n? +3) b.  —yl7+y) 8. a. (at 11)(a* + 1) 
b. (b-c\(b-1) 9 4(¢+s)(1 +2) 


VOCABULARY 6. a. Find the GCF of 30x” and 105x°. 
Fill in the blanks. 30x7 =2+3+Sexex 
1. To ______ a polynomial means to express it as a product of two 105x2 =3°5*7ex-x°x 
(or more) polynomials. ; ae ; — 
2. Ch aan foe Aiea quis b. Find the GCF of 12a“b~, 15a°b, and 75a°b’. 
2x + 4 as 2(x + 2), we say that we have out the 12a2b7 =2-2°3-a-a-b-b 
eer l5aeb = 3-5 b 
3. To factor m*? + 3m* + 4m + 12 by ____, we begin by ‘ ‘ 7 ioeg 
writing m*(m + 3) + 4(m + 3). sab =3+5+5+a:a-:a-a:b-b 
4. The terms x(x — 1) and 4(x — 1) have the common _____ 7. a. Write a binomial such that the GCF of its terms is 2. 
factor x — 1. 
CONCEPTS b. Write a trinomial such that the GCF of its terms is x. 
5. Complete each factorization. 8. Check to determine whether each factorization is correct. 
a. 6x = 2+T-x b. 3547 =5- che 


a. Oy + 5y? — 15y = 3y(3)* + 2y — 5) 
3 
c. 18yz2=2-—-3-By Bz b. 35° + 2s* + 65 + 4 = (39 + 2)(s* + 2) 
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Fill in the blanks to complete each factorization. 53. 14x77 — 7x —7 54. 27a7 — 9a + 9 
9. 2x7 + 6x = 2x+x + 2x3 
l 55. +P 4 27 56, b* — b? — 387 
= ) 
: 57. ab + ac — ad 58. rs — rt + ru 
10. 30° — f° + 15t -— 5 = (34 — 1) + 5(3t- 1) 
59. 21x? + 3x) 60. 3x°y? — 9x47 
= ( ) ) 
11. Consider the polynomial 2k — 8 + hk — 4h. Factor out —1 from each polynomial. See Example 4. 
a. How many terms does the polynomial have? 61. -a—b 62. —x — 2y 


b. Is there a common factor of all the terms, other than 1? 


c. What is the GCF of the first two terms and what is the GCF 63. —2x +5 64. —3x + 8 
of the last two terms? 


12. What is the first step in factoring 8y° — 16yz — 6y + 122? 65. —3r + 2s — 3 66. —6yz + 12xz + 5xy 
NOTATION 67. —x7 —x+ 16 68. —1° — 9 + 1 
Complete each factorization. 69.5 —x 70.10 —m 
13. 8m? — 32m + 16 = (m* — 4m + 2) 
14. 10a* — 15a? = 5a (2a — 3) 71. 9 — 4a 72. 7 — 8b 
15. — 66° +2b-12= (b-6)+ (b-6) 
=( \(b? + 2) Factor each polynomial by factoring out the opposite of the GCF. 
16. 12 + 87 — 3m — 2mn = 4(33 + 2n) m(3 + 2n) See Example 5. 
= (3 + 2n\(4_ _m) 73. —3x* — 6x 74. —4a* — 6a 
GUIDED PRACTICE 75. —4a*b + 120° 76. —25x* + 30x” 
Find the GCF of each list of numbers. See Example 1. 
17. 6,10 18. 10, 15 77. —24x* — 48x73 + 36x? 78. —28a° — 42a* + 14a° 
19. 18, 24 20. 60, 72 
21. 14,21, 42 22. 16, 24, 48 79. —4a°b* + 14a°b” — 10ab*> 80. —30x*y* + 24°? — 60x7y 
23. 40, 32, 24 24. 28, 35, 21 
Find the GCF of each list of terms. See Example 2. Factor each expression. See Example 6. 
8. wi We 26. 2, c’ 81. v(x + 2) + 3(x + 2) 
27. 15x, 25 28. 9a, 21 Be TE ey alk ay) 
29. 20c?, 12¢ 30. 187, 277° Boy TE a) — 4) 
31. 18a*, 947, 270° 32. 33m, 22m®, 11m? 84. ab(c — 7) — 12(c — 7) 
33. 24a”, 16a°b, 40ab 34. 127°, 15rs, 9r°s* Factor by grouping. See Example 7. 
4 és er 32.3) 254 2. 393) 
35. 6m'n, 12m-n-, 9m~-n 36. 15c“d", 10c“d, 40c°d 85. 2x + 2y + ax + ay 86. bx + be + 5x + 5z 
37. A(x + 7), 9x + 7) 38. 2(y — 1), 5(v — 1) 
39. 4(p — 1), p(p — 2) 40. a(b + c), 3(b + c) 87. rs — ru + 8sw — 8uw 88. 12ab — 4ac + 3db — dc 
Factor out the GCF. See Example 3. : ; : . 
4; Be ag 42. 2y — 10 89. 7m” — 2m” + 14m — 4 90. 9s° — 2s° + 36s — 8 
43, 18x + 24 44, 15s — 35 ae es 
91. 5x° — x° + 10x — 2 92. 6a — a + 18a — 3 
45. 18m — 9 46. 245 + 8 
47. d> — 7d 48. a’ + 9a 
49, 15c3 + 25 50. 3344 — 22 Factor by grouping. See Example 8. 


51. 24a — 16a” 52. 187 — 3077 93. abt+act+b+c 94. xy + 3y? +x + 3y 
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95. rs + 4s* — r — 45 96. x +iz—x—-Zz 


97. 2ax + 2bx — 3a — 3b 98. rx + sx — ry — sy 


99. mp — np — mq + nq 100. 9p — 9q — mp + mq 


Factor by grouping. Remember to factor out the GCF first. See 
Example 9. 


101. ax? — 2ax” + Sax — 10a 
102. x7)? — 2x77 + 3xy* — 67 
103. 6x? — 6x* + 12x — 12 
104. 3x° — 6x? + 15x — 30 


TRY IT YOURSELF 


Factor. 


105. W°(14 + r) + 5(14 +7) 
106. x(y + 9) — 2197+ 9) 
107. 22a° — 33a* 

108. 397° + 267? 

109. ax + bx —a-—b 

110. 2xy + y — 2x - yp 

111. 157° — 18r° — 30r° 

112. 24cm — 12cn + 16c 

113. 27mp + 9mq — 9np — 3nq 
114. 4abe + 4ac? — 2be — 2c? 
115. —60p’t* — 80pr? 

116. —25x°y’ + 75x37 

117. 6x? — 2xy — 15x + Sy 
118. m+ 5m*7+m4+5 

119. 2x°z — 4x7z + 32xz — 642 
120. 4a°b + 12a” — 8ab — 24a 
121. 12uvw? — 54uv*w? 

122. l4xyz — 16x*y*z 

123. x +27 +x41 

124. m* + m? + 2m + 2 


APPLICATIONS 


125. GEOMETRY The dimensions of the rectangle shown below 
can be found by factoring the polynomial that represents its 
area. Find the polynomials that represent the length and the 
width of the rectangle. 


Area = (x3 + 4x? + 5x + 20) ft? 


126. INTERIOR DECORATING The expression wrs + 7Rs can 
be used to find the amount of material needed to make the 
lamp shade shown. Factor the expression. 


WRITING 
127. Explain how to find the GCF of 32a° and 16a”. 
128. Explain this diagram. 
Multiplication ——> 


3x7(5x? — 6x + 4) = 15x* — 18x73 + 12x? 


+— Factoring 


129. Explain how factorizations of polynomials are checked. Give 
an example. 


130. Explain the error. 


Factor out the GCF: 30a* — 12a* = 6a(5a° — 2a) 


REVIEW 


131. INSURANCE COSTS A college student’s good grades 
earned her a student discount on her car insurance premium. 
What was the percent of decrease, to the nearest percent, if her 
annual premium was lowered from $1,050 to $925? 

132. CALCULATING GRADES A student has test scores of 
68%, 75%, and 79% in a government class. What must she 
score on the last exam to earn a B (80% or better) in the 
course? 


CHALLENGE PROBLEMS 
133. Factor: 6x?”y" + 21x39" — 15x7"y*" 


134. Factor ab — b? — be + ac — be — c’ by grouping. 
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Objectives e the GCF. 


The Language of Algebra 
Recall that when a polynomial in 
one variable is written in descend- 
ing powers of that variable, the 
coefficient of the first term is 
called the leading coefficient. 


oO 


The Language of Algebra 
Ifa term of a trinomial is a 
number only, it is called a constant 
term. 


x? + 10x + 24 
= 
Constant term 


@ Factor trinomials of the form x? + bx + ¢. 


Factor trinomials of the form x* + bx + c after factoring out 


© Factor trinomials of the form x* + bx + ¢ using the grouping 
method. 


In Chapter 5, we learned how to multiply binomials. For example, to multiply x + 1 and 
x + 2, we proceed as follows. 


, a 


(x + 1x +2) =27+2x+x4+2 
=x*+3x+2 


To factor the trinomial x° + 3x + 2, we will reverse the multiplication process and 
determine what factors were multiplied to obtain this result. Since the product of two binomi- 
als is often a trinomial, many trinomials factor into two binomials. 


Multiplication: Given the binomial factors, we find a trinomial. —> 
(x + IQ + 2) =x? + 3x42 


+— Factoring: Given a trinomial, we find the binomial factors. 


To begin the discussion of trinomial factoring, we consider trinomials of the form 
x? + bx + c, such as 


xt+8xt15, y—13y+12, a@t+a-—20, and 2 - 202-21 


In each case, the leading coefficient—the coefficient of the squared variable—is 1. 


Factor Trinomials of the Form x2 + bx + c. 


To develop a method for factoring trinomials, we will find the product of x + 6 and x + 4 and 
make some observations about the result. 
(x + 6x +4) =x-x+x°44+6°x+6°4 Use the FOIL method. 
=x? + Ax + 6x + 24 
=x* + 10x + 24 


First term — Middle term ‘— Last term 
The result is a trinomial, where 


® the first term, x’, is the product of x and x 
e the last term, 24, is the product of 6 and 4 
e the coefficient of the middle term, 10, is the sum of 6 and 4 


These observations suggest a strategy to use to factor trinomials that have | as the leading 
coefficient. 
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Notation 
By the commutative property of 
multiplication, the order of the 
binomial factors in a factorization 
does not matter. Thus, we can 
also write: 


x? + 8x + 15 = (x + 5)(x + 3) 


EXAMPLE 1 | Factor: x? + 8x + 15 


4 


Strategy We will assume that x* + 8x + 15 is the product of two binomials and we will 
use a systematic method to find their terms. 


Why | Since the terms of x” + 8x + 15 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is x”, we enter x and x as the first terms of its binomial factors. 


x? + 8x + 15 = (x J x ) Because x - x will give x”. 


The second terms of the binomials must be two integers whose product is 15 and whose sum 
is 8. Since the integers must have a positive product and a positive sum, we consider only 
pairs of positive integer factors of 15. The only such pairs, 1 + 15 and 3 - 5, are listed in the 
table. Then we find the sum of each pair and enter each result in the table. 


Positive factors of 15 | Sum of the positive factors of 15 


1-15 = 15 1+ 15.= 16 

3*5 = 15 3+5=8 
List all of the pairs of positive | = Add each pair of 
integers that multiply to give 15. factors. 


The second row of the table contains the correct pair of integers 3 and 5, whose product is 15 
and whose sum is 8. To complete the factorization, we enter 3 and 5 as the second terms of 
the binomial factors. 


x? + 8x + 15 = (x + 3)(x + 5) 
We can check the factorization by multiplying: 
(x + 3)(x + 5) =x? + 5x + 3x + 15 


=x? + 8x + 15 This is the original trinomial. 


a Self Check 1 j Factor: y? + 7y + 10 
Now Try Problem 15 


EXAMPLE 2 | Factor: y° — 13y + 12 


Strategy We will assume that y° — 13y + 12 is the product of two binomials and we 
will use a systematic method to find their terms. 


Why Since the terms of y> — 13y + 12 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is y”, the first term of each binomial factor must be y. 


x — 13y + 12= (y (v ) Because y- y will give y’. 


The Language of Algebra 
Make sure you understand this 
vocabulary: Many trinomials factor 
as the product of two binomials. 


Product of 
Trinomial two binomials 
ceer>-——+ SS 


y? — 13y + 12 = (y— 1)(y - 12) 
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The second terms of the binomials must be two integers whose product is 12 and whose sum 
is — 13. Since the integers must have a positive product and a negative sum, we only consider 
pairs of negative integer factors of 12. The possible pairs are listed in the table. 


Negative factors of 12 | Sum of the negative factors of 12 
-1(-12) = 12 = + (-1) = —15 
—2(—6) = 12 —2 + (-6) = -8 You can stop listing the 
factors after finding the 
—3(-4) = 12 = lcd correct combination. 


The first row of the table contains the correct pair of integers —1 and —12, whose 
product is 12 and whose sum is — 13. To complete the factorization, we enter —1 and —12 as 
the second terms of the binomial factors. 


y — By + 12=(—- Dy - 12) 
We check the factorization by multiplying: 


(vy — Ivy — 12) =? — 12y —y + 12 
=y — 13y4+ 12 


This is the original trinomial. 


ay Self Check 2 i Factor: p> — 6p + 8 
Now Try Problem 19 


EXAMPLE 3 


Factor: a” + a — 20 
Strategy We will assume that a~ + a — 20 is the product of two binomials and we will 
use a systematic method to find their terms. 


Why Since the terms of a* + a — 20 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is a’, the first term of each binomial factor must be a. 


a t+a-20=(a (a 


A * 2 
) Because a: awill give a’. 


To determine the second terms of the binomials, we must find two integers whose product is 
—20 and whose sum is |. Because the integers must have a negative product, their signs 
must be different. The possible pairs are listed in the table. 


Factors of —20 | Sum of the factors of —20 
It is wise to follow an order 1(=20) = —20 1 + (—20) = —19 
when listing the factors in 2(-—10) = —20 2+ (-10) = -8 
the table so that you don’t 4(—5) = —20 4+(-5)=-1 
skip the correct combination. 
Here, the first factors 1, 2, 4, 5(—4) = —20 S+(-)) = 1 
5,10, and 20, are listed from 10(—2) = —20 10 + (—2) = 8 
least to greatest. 20(-1) = —20 20 + (-1) = 19 
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The fourth row of the table contains the correct pair of integers 5 and —4, whose 
product is —20 and whose sum is |. To complete the factorization, we enter 5 and —4 as the 
second terms of the binomial factors. 


a+a-—20=(at+5\(a-4) 
Check the factorization by multiplying. 


i Self Check 3 ] Factor: m? + m — 42 


Now Try Problem 27 


EXAMPLE 4 | Factor: z7 — 4z — 21 


Strategy We will assume that z* — 4z — 21 is the product of two binomials and we will 
use a systematic method to find their terms. 


Why Since the terms of z* — 4z — 21 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is z’, the first term of each binomial factor must be z. 


27-42-21 = (z \(z ) Because z- z will give z°. 


To determine the second terms of the binomials, we must find two integers whose product is 
—21 and whose sum is —4. Because the integers must have a negative product, their signs 
must be different. The possible pairs are listed in the table. 


Factors of —21 | Sum of the factors of —21 
1(—21) = —21 1 + (-21) = —20 
3(-7) = -21 3 + (-7) = -4 
7(-3) = —21 7+ (-3)=4 

21(-1) = —21 21 + (-1) = 20 


The second row of the table contains the correct pair of integers 3 and —7, whose 
product is —21 and whose sum is —4. To complete the factorization, we enter 3 and —7 as 
the second terms of the binomial factors. 


2 — 42-21 =(¢ + 3\(z—7) 
Check by multiplying. 


a Self Check 4 ] Factor: g* — 2q — 24 


Now Try Problem 33 


Factoring 
Trinomials Whose 
Leading 
Coefficient is 1 
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The following guidelines are helpful when factoring trinomials. 


To factor a trinomial of the form x* + bx + c, find two numbers whose product is c and 
whose sum is b. 
1. Ifc is positive, the numbers have the same sign. 


2. Ifc is negative, the numbers have different signs. 
Then write the trinomial as a product of two binomials. You can check by multiplying. 


+ bxtc=(x J(x ) 
(Sees it 

The product of these numbers must 
be c and their sum must be b. 


EXAMPLE 5 i Factor: —h? + 2h + 63 


Strategy We will factor out —1 and then factor the resulting trinomial. 
Why It is easier to factor trinomials that have a positive leading coefficient. 
Solution After factoring out —1, we factor the trinomial within the parentheses. 


—h? + 2h + 63 = -1(h? — 2h — 63) Factor out -1. 
= —(h* — 2h — 63) The 1 need not be written. 
= —(h + 7)(h — 9) Factor h* — 2h — 63. 


Check: —(h + 7)(h—- 9) 


—(h* — 9h + 7h — 63) Multiply the binomials first. 
= —(h? — 2h — 63) Combine like terms. 


= —f? + 2h+ 63 Drop the — sign and change the sign 
of every term within the parentheses. 


The result is the original trinomial. 


PT Self Check 5 | Factor: —x? + 1lx — 28 


Now Try Problem 37 


We can factor trinomials in two variables in a similar way. 


EXAMPLE 6 _ Factor: x? — 4xy — 5y* 
Strategy We will assume that x” — 4xy — 5y° is the product of two binomials and we 
will use a systematic method to find their terms. 


Why Since the terms of x* — 4xy — Sy’ do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 
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The Language of Algebra 
The trinomial x? — 4xy — 5y” is 
in two variables, x and y. It is 
written in descending powers of x 
and ascending powers of y. 


Caution 
When prime factoring 30, for 
example, you wouldn’t stop here 
because 6 can be factored: 


30 
aN 
S © 


When factoring polynomials, make 
sure that no factor can be factored 
further. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is x*, the first term of each binomial factor must be x. Since the third 
term contains y”, the last term of each binomial factor must contain y. To complete the 
factorization, we need to determine the coefficient of each y-term. 


x? — 4xy — 5y? = (x y\(x y) Because x: x will give x° and y« y will give y’. 


The coefficients of y must be two integers whose product is —5 and whose sum is —4. Such 
a pair is | and —5. Instead of writing the first factor as (x + ly), we write it as (x + y), 
because ly = y. 


x7 - 4xy — sy = (x + y)(x — Sy) 


Check: (x + y)\(x — Sy) = x* — 5dxy + xy — 5y’ 


= x? = A4xy = sy’ This is the original trinomial. 


i Self Check 6 P| Factor: s* + 6st — 7t? 


Now Try Problem 45 


Factor Trinomials of the Form x” + bx + c After Factoring Out the GCF. 


If the terms of a trinomial have a common factor, it should be factored out first. A trinomial is 
factored completely when no factor can be factored further. 


EXAMPLE 7 _ Factor completely: 2x* + 26x* + 80x? 
Strategy We will factor out the GCF, 2x’, first. Then we will factor the resulting trino- 
mial. 


Why The first step in factoring any polynomial is to factor out the GCF. Factoring out the 
GCF first makes factoring by any method easier. 


Solution We begin by factoring out the GCE, 2x”, from 2x* + 26x? + 80x?. 
2x* + 26x? + 80x? = 2x7(x? + 13x + 40) 


Next, we factor x7 + 13x + 40. The integers 8 and 5 have a product of 40 and a sum of 13, 
so the completely factored form of the given trinomial is 


2x* + 26x? + 80x? = 2x7(x + 8) + 5) The complete factorization must include 2x”. 


Check: 2x7(x + 8)(x + 5) = 2x7(x? + 13x + 40) 


= 2x* + 26x? + 80x? This is the original trinomial. 


a Self Check 7 j Factor completely: 4m° + 8m* — 32m? 
Now Try Problem 51 


Caution 
For multistep factorizations, don't 
forget to write the GCF in the final 
factored form. 


The Language of Algebra 
When a trinomial is not factorable 
using only integers, we say it is 
prime and that it does not factor 
over the integers. 
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EXAMPLE 8 Factor completely: —13g* + 36g + ¢° 


Strategy We will write the terms of the trinomial in descending powers of g. 


Why It is easier to factor a trinomial if its terms are written in descending powers of one 
variable. 


Solution 
—139? + 36¢ + g? = 2 — 13g" + 36g Rearrange the terms. 


= eg — 13g + 36) Factor out the GCF, g. 
= 9(g — 9\(g — 4) Factor the trinomial. 


Check the factorization by multiplying. 


a Self Check 8 i Factor completely: —12¢ + t? + 4¢7 
Now Try Problem 63 


If a trinomial with integer coefficients cannot be factored using only integers, it is called 
a prime trinomial. 


EXAM PLE9 Factor x° + 2x + 3, if possible. 


Strategy We will assume that x7 + 2x + 3 is the product of two binomials and we will 
use a systematic method to find their terms. 


Why Since the terms of x* + 2x + 3 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution To factor the trinomial, we must find two integers whose product is 3 and 
whose sum is 2. The possible factorizations are shown in the table. 


Factors of 3 | Sum of the factors of 3 
1(3) = 3 1+3=4 
1(—3) = 3 1 + (-3) = -4 


Since there are no two integers whose product is 3 and whose sum is 2, the trinomial 
x” + 2x + 3 cannot be factored and is a prime trinomial. 


a Self Check 9 j Factor x* — 4x + 6, if possible. 
Now Try Problem 71 
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Factoring 
Trinomials of the 
Form x’ + bx + ¢ 
Using Grouping 


© Factor Trinomials of the Form x? + bx + c Using the Grouping Method. 


Another way to factor trinomials of the form x* + bx + c is to write them as equivalent four- 
termed polynomials and factor by grouping. To factor x7 + 8x + 15 using this method, we 
proceed as follows. 


1. First, identify 5 as the coefficient of the x-term, and c as the last term. For trinomials of the 
form x* + bx + c, we call c the key number. 


xvrt+bxet+e 
| + 7b =8ande = 15 
x? + 8x + 15 


2. Now find two integers whose product is the key number, 15, and whose sum is b = 8. 
Since the integers must have a positive product and a positive sum, we consider only 
positive factors of 15. 


Key number = 15 b=8 

Positive factors of 15 | Sum of the positive factors of 15 
1-15 = 15 1+ 15 = 16 
3°35 = 15 3+5=8 


The second row of the table contains the correct pair of integers 3 and 5, whose 
product is the key number 15 and whose sum is b = 8. 
3. Express the middle term, 8x, of the trinomial as the sum of two terms, using the integers 3 
and 5 found in step 2 as coefficients of the two terms. 


x7 + 8x t+ 15 =x7 4+ 3x4 5x4 15 Express 8x as 3x + 5x. 


4. Factor the equivalent four-term polynomial by grouping: 
x? + 3x + 5x + 15 = x(x + 3) + 5(v + 3) Factor x out of xX + 3x and 5 out of 
5x + 15. 
= (x + 3)a + 5) Factor out x + 3. 


Check the factorization by multiplying. 


The grouping method is an alternative to the method for factoring trinomials discussed 
earlier in this section. It is especially useful when the constant term, c, has many factors. 


To factor a trinomial that has a leading coefficient of 1: 


1. Identify b and the key number, c. 
2. Find two integers whose product is the key number and whose sum is b. 


3. Express the middle term, bx, as the sum (or difference) of two terms. Enter the two 
numbers found in step 2 as coefficients of x in the form shown below. Then factor the 
equivalent four-term polynomial by grouping. 


x + x+ x+e 
(at 
The product of these numbers must 
be c, and their sum must be b. 


4. Check the factorization using multiplication. 


Success Tip 
We could also express the middle 
term as —4a + 5a. We obtain the 
same binomial factors, but in 
reverse order. 


a’ — 4a + 5a — 20 
= a(a — 4) + S(a — 4) 
= (a — 4)(a + 5) 
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EXAMPLE 10 _ Factor by grouping: a” + a — 20 


Strategy We will express the middle term, a, of the trinomial as the difference of two 
carefully chosen terms. 


Why We want to produce an equivalent four-term polynomial that can be factored by 
grouping. 


Solution Since a? + a — 20 = a’ + la — 20, we identify b as 1 and the key number c 
as —20. We must find two integers whose product is —20 and whose sum is |. Since the 
integers must have a negative product, their signs must be different. 


Key number = —20 b=1 

Factors of —20 Sum of the factors of — 20 
1(—20) = —20 1 + (—20) = -19 
2(-10) = —20 2 + (—10) = —8 
4(—5) = —20 4+(-5)=-1 
5(—4) = —20 5+(-4)=1 
10(—2) = —20 10 + (-2)=8 
20(-1) = —20 20 + (-1) = 19 


The fourth row of the table contains the correct pair of integers 5 and —4, whose product is 
—20 and whose sum is |. They serve as the coefficients of 5a and —4a, the two terms that we 
use to represent the middle term, a, of the trinomial. 

a +a-—20=a’ +5a—4a— 20 — Express the middle term, a, as 5a — 4a. 
a(a + 5) — 4(a + 5) Factor a out of a® + 5aand —4 out of —4a — 20. 
(a + 5)(a — 4) Factor out a + 5. 


Check the factorization by multiplying. 


a Self Check 10 i Factor by grouping: m* + m — 42 
Now Try Problem 27 


EXAMPLE 11 Factor by grouping: x* — 4xy — 5y* 


Strategy We will express the middle term, —4xy, of the trinomial as the sum of two care- 
fully chosen terms. 


Why We want to produce an equivalent four-term polynomial that can be factored by 
grouping. 


Solution In x* — 4xy — 5y’, we identify 5 as Key number = —5 b= —4 
—4 and the key number c as —5. We must find Sun 
two integers whose product is —5 and whose 
sum is —4. Such a pair is —5 and 1. They we at 
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serve as the coefficients of —Sxy and Ixy, the two terms that we use to represent the 
middle term, —4xy, of the trinomial. 


x? — 4xy — 5y? = x? — 5xy + Ixy — 5y” Express the middle term, —4xy, as 
—5xy + Ixy. (Ixy — Sxy could also be used.) 


x(x — Sy) + y(x — Sy) Factor x out of x* — Sxy and y out of 
Ixy — By’. 
(x — 5y)(x + y) Factor out x — 5y. 


Check the factorization by multiplying. 


a Self Check 11 j Factor by grouping: q? — 2qt — 24t? 
Now Try Problem 45 


EXAMPLE 12 | Factor completely: 2x° — 20x? + 18x 
Strategy We will factor out the GCF, 2x, first. Then we will factor the resulting trinomial 
using the grouping method. 
Why The first step in factoring any polynomial is to factor out the GCF. 


Solution We begin by factoring out the GCE, Key number = 9 b= 10 
2x, from 2x? — 20x? + 18x. Factors Sum 


2x* — 20x? + 18x = 2x(x? — 10x + 9) y= 3 y= 


To factor x7 — 10x + 9 by grouping, we must find two integers whose product is the key 
number 9 and whose sum is b = —10. Such a pair is —9 and —1. 


x7 — 10x + 9 =x* — 9x -— Ix + 9 Express —10x as —9x — 1x. 
(-1x — 9x could also be used.) 


= x(x — 9) — 1 — 9) Factor x out of x* — 9x and —1 out of —1x + 9. 
= (x — 9 — 1) Factor out x — 9. 
The complete factorization of the original trinomial is 
2x? — 20x? + 18x = 2x(x — 9)(x — 1) Don’t forget to write the GCF, 2x. 


Check the factorization by multiplying. 


ta Self Check 12 i Factor completely: 3m? — 27m? + 24m 
Now Try Problem 51 


Bag nsurs TO SELF CHECK Us GaP Arse S)) 72 (@=Dio—a) sh tar Wii = ©) 
4. (q+ 4)\(q—6) 5. : (x — 4)(x — 7) 6 (s+ 7s — 1) 7. 4m3(m + 4)(m — 2) 
8. et — 2)(t + 6) 9. Primetrinomial 10. (m+ 7)(m— 6) 11. (¢ + 4t)(q — 6f) 
12. 3m(m — 8)(m — 1) 
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VOCABULARY 
Fill in the blanks. 


1. The trinomial x7 — x — 12 
binomials: (x — 4)(x + 3). 


as the product of two 


2. A trinomial cannot be factored by using only integers. 
3. The coefficient of x? — 3x + 2is 1. 
4. A trinomial is factored when no factor can be 
factored further. 
CONCEPTS 
Fill in the blanks. 


5. a. Before attempting to factor a trinomial, be sure that it is 
written in powers of a variable. 
b. Before attempting to factor a trinomial into two binomials, 
always factor out any factors first. 
6. x7 +x — 56=(x | J(x ) 
en, 


The product of these numbers must be , 
and their sum must be 


7. x° + 5x + 3 cannot be factored because we cannot find two 
integers whose product is — and whose sum is 


8. Complete the following table. 


Factors | Sum of the 
of 8 factors of 8 


1(8) 
2(_) 

—1(-8) 
(—4) 


9. Check to determine whether each factorization is correct. 
a. x* — x — 20 = (x + 5\(x — 4) 
b. 4a? + 12a — 16 = 4(a — 1)(a + 4) 

10. Find two integers whose 


a. product is 10 and whose sum is 7. 
b. product is 8 and whose sum is —6. 
c. product is —6 and whose sum is 1. 
d. product is —9 and whose sum is —8. 


11. Consider a trinomial of the form x? + bx + c. 


a. Ifc is positive, what can be said about the two integers that 
should be chosen for the factorization? 


b. If c is negative, what can be said about the two integers that 
should be chosen for the factorization? 


12. Fill in each blank to explain how to factor x7 + 7x + 10 by 


grouping. 
We express the middle term, 7x, as the sum of terms: 
x? + 7x +10 =x? 4 x4 x + 10 
OO 


The product of these numbers must be ‘ 
and their sum must be 


NOTATION 


13. To factor a trinomial, a student made a 
Factors | Sum 


table and circled the correct pair of 
integers, as shown. Complete the 


factorization of the trinomial. 


(x Ye) 


14. To factor a trinomial by grouping, a Key number = 16 


student made a table and circled the Factors Suri 
correct pair of integers, as shown. Enter -———] 
the correct coefficients. 1: 16 17 
* (2:8 10) 
x” + x + Bx + 16 
4-4 8 
GUIDED PRACTICE 
Factor each trinomial. See Examples 1 and 2 or Example 10. 
15. x7 +3x+2 16. y+ 4y +3 


7.2472+ 12 18. x7 + 7x + 10 


19. m* —5m+6 20. n* — 7n + 10 


21. 17 — 11f + 28 22. c? — 9c + 8 
23. 7° — Or + 18 24. y — 17y+ 72 


25. a’ — 46a + 45 26. r° — 37r + 36 
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Factor each trinomial. See Examples 3 and 4 or Example 10. 


27. x7 + 5x — 24 
29. 17 + 13t — 48 
31. a — 6a — 16 


33. b* — 9b — 36 


28. uw +u— 42 


30. m? + 2m — 48 


32. a~ — 10a — 39 


34. x* — 3x — 40 


Factor each trinomial. See Example 5. 


35. —x* — 7x — 10 


37. —¢° — t+ 30 


39. —r? — 3r + 54 


41. —m + 18m — 77 


36. —x? + 9x — 20 


38. —f° — 15t + 34 


40. —d* — 2d + 63 


42. —n* + 14n — 33 


Factor each trinomial. See Example 6 or Example 11. 


43. a’ + 4ab + 36° 
45. x° — 6xy — Ty" 
47. r? + sr — 28? 


49. a~ — 5ab + 6b* 


44, a? + 6ab + 5b” 
46. x* + 10xy — 11y” 
48. m? + mn — 6n 


50. p* — 7pq + 10q? 


Factor completely. See Example 7 or Example 12. 


51. 2x7 + 10x + 12 


53. 6a” — 30a + 24 


55. 5a’ — 25a + 30 


57. —z + 2927 — 100z 


59. —n* + 28n° + 60n7 


61. 4x7 + 16x? + 16x 


Write each trinomial in descending powers of one variable and 


factor. See Example 8. 
63. 80 — 24x + x* 


65. l0y+9+y/° 


67. 7° — 16 + 6r 


52. 3y° — 2ly + 18 
54. 4b? + 12b — 16 
56. 2b> — 20b + 18 
58. —m> + m* + 56m 
60. —c> + 16c* + 80c? 


62. 3a* + 30a° + 75a" 


64. > + 100 + 25y 
66. x7 — 13 — 12x 


68. uw — 12 —u 


69. 4rx + 7? + 3x? 70. a’ + 5b” + 6ab 
Factor each trinomial, if possible. See Example 9. 


71. uw? + 10u + 15 72. + 9v 4+ 15 
73. 7° +2r-4 74. r*> — 9r — 12 


TRY IT YOURSELF 


Choose the correct method from Section 6.1 or Section 6.2 to 


factor completely each of the following. 


75. 5x + 15 + xy + 3y 76. ab+b+2a+2 
77. 26n — 8n 78. 40c* — 12¢ 

79. a —4a—5 80. f° — 5t — 50 

81. —x* + 21x + 22 82. —r? + 14r — 45 
83. 4xy — 4x + 28y — 28 84. 3xy — 3x + 15y — 15 
85. 24b* — 48b° + 367 86. 28n° — 42n* + 28n° 
87. x? + 4xy + 4° 88. m> — 8mn + 16n? 
89. a? — 4ab — 1267 90. p* + pq — 6¢° 

91. 7° — 2r+4 92. m> + 3m — 20 

93. (x + 2) + 7(x + 2) 94, r(t — v) + 10(¢ — v) 
95. s* + 11s? — 26s? 96. x4 + 14x3 + 45x° 
97. 158° + 75 98. 33g — 99 

99. —13y+y — 14 100. —3a +a’? +2 
101. 2x7 — 12x + 16 102. 6f? — 18t — 24 
APPLICATIONS 


103. PETS The cage shown on the next page is used for trans- 
porting dogs. Its volume is (x? + 12x” + 27x) in.*. The 
dimensions of the cage can be found by factoring. If the cage 
is longer than it is tall and taller than it is wide, find the poly- 
nomials that represent its length, width, and height. 
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108. In the partial solution shown below, a student began to factor 
the trinomial. Write a note to the student explaining his 


et mistake. 
2 ual Height 
+ a a 6 Factor: x7 — 2x — 63 
tae | | @— )@—s) 
Width 109. Explain the error in the following factorization. 
Length 


x? + 8x* + 15x = x(x? + 8x + 15) 
= (w+ 3) + 5) 


104. PHOTOGRAPHY A picture cube is a clever way to display 


6 photographs in a small amount of space. Suppose the 110. Explain why the factorization is not complete. 
surface area of the entire cube is given by the polynomial r ; 
(6s* + 12s + 6) in.?. Find the polynomial that represents the 2y" — 12y + 16 = 20" — by + 8) 
length of an edge of the cube. 
REVIEW 
Simplify each expression. Write each answer without negative 
exponents. 
12-7 4-2 
xx aa 
wm 111. 12; 
xex4 aa 
ieee 
oe 113. (63x72? 114, (so 
3a “be 
CHALLENGE PROBLEMS 
Factor completely. 
WRITING fis eee 
xe Seb 
5 25 


105. Explain what it means when we say that a trinomial is the 116. x2 — 0.5x + 0.06 
product of two binomials. Give an example. : ; : 


106. Are 2x? — 12x + 16 and x? — 6x + 8 factored in th eee ee 
le €LZx = xX and x — OX actored in the same 2 : ; : 
way? Explain. 118. x°(v + 1) — 3x(7 + 1) — 700 + 1) 


3 ue - 2 
107. When factoring x? — 2x — 3, one student got (x — 3\(x + 1), 119. Find all positive integer values of c that make n~ + 6n + c 


and another got (x + 1)(x — 3). Are both answers acceptable? factorable. : 
Explain. 120. Find all integer values of b that make x° + bx — 44 
factorable. 


@ Factor trinomials using the trial-and-check method. 
@® Factor trinomials after factoring out the GCF. 
© Factor trinomials using the grouping method. 


Objectives 


In this section we will factor trinomials with leading coefficients other than 1, such as 
2x7 + 5x+3, 6a°-17a+5, and 4b* + 8be — 45c* 


We can use two methods to factor these trinomials. With the first method, we make educated 
guesses and then check them using multiplication. The correct factorization is determined 
through a process of elimination. The second method is an extension of factoring by grouping. 


494 CHAPTER 6 Factoring and Quadratic Equations 


@ Factor Trinomials Using the Trial-and-Check Method. 


The Language of Algebra 
To interchange means to put each 
in the place of the other. We create 
all of the possible factorizations by 
interchanging the second terms of 
the binomials. 


(ese INGe 4> 3) 


(se se Byeese Il) 


EXAM PLE 1 Factor: 2x7 + 5x + 3 


Strategy We will assume that 2x* + 5x + 3 is the product of two binomials and we will 
use a systematic method to find their terms. 


Why Since the terms of 2x” + 5x + 3 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is 2x*, we enter 2x and x as the first terms of the binomial factors. 


(2x We ) Because 2x - x will give 2x”. 


The second terms of the binomials must be two integers whose product is 3. Since the coef- 
ficients of the terms of 2x* + 5x + 3 are positive, we only consider pairs of positive integer 
factors of 3. Since there is just one such pair, | - 3, we can enter | and 3 as the second terms 
of the binomials, or we can reverse the order and enter 3 and 1. 


(2x + 1)(x + 3) or (2x + 3) + 1) 


The first possibility is incorrect, because when we find the outer and inner products and 
combine like terms, we obtain an incorrect middle term of 7x. 


Outer: 6x 
2x + 1)(x + 3) Multiply and add to find the middle term: 6x + x = 7x. 
F 
or 
Inner: x 


The second possibility is correct, because it gives a middle term of 5x. 


Outer: 2x 


(2x + 3)(¢ + 1) Multiply and add to find the middle term: 2x + 3x = 5x. 
eg 
Inner: 3x 
Thus, 
2x? + 5x +3 = (2x + 3)(x + 1) 
Check the factorization by multiplying: 
(2x + 3)(x + 1) = 2x7 + 2x + 3x 4+ 3 


= 2x7 + 5x +3 This is the original trinomial. 


a Self Check 1 j Factor: 2x” + 5x + 2 
Now Try Problem 19 


EXAMPLE Z j Factor: 6a* — 17a + 5 


Strategy We will assume that 6a” — 17a + 5 is the product of two binomials and we 
will use a systematic method to find their terms. 
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Why Since the terms of 6a” — 17a + 5 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
is 6a’, the first terms of the factors must be 6a and a or 3a and 2a. 


(6a Y(a ) or (3a (2a 1) Because Ga: aor 3a° 2a will 
give Ga’. 


The second terms of the binomials must be two integers whose product is 5. Since the last 
term of 6a* — 17a + 5 is positive and the coefficient of the middle term is negative, we only 
consider negative integer factors of the last term. Since there is just one such pair, —1(—5), 
we can enter —1 and —S, or we can reverse the order and enter —5 and —1 as second terms 
of the binomials. 


—30a —6a 
eo a.” 
(6a —1)(a-—5) -30a-a=-3Bla (6a —5)a-—1) -Ga-5a= —-ta 
> 
—a —5a 
—15a =a 
ee 
(3a —1)2a-—5) -15a—- 2a= -17a (3a —5)\Qa-—1) -3a-10a = —-13a 
LF Not 
= Oy —10a 
Only the possibility shown in blue gives the correct middle term of —17a. Thus, 
6a’ — 17a + 5 = (3a — 1)(2a — 5) 
We check by multiplying: (3a — 1)(2a — 5) = 6a* — 17a + S. 


a Self Check 2 i Factor: 6b? — 19b + 3 
Now Try Problem 27 


EXAMPLE 3 | Factor: 3y° — 7y — 6 


Strategy We will assume that 3y° — Ty — 6 is the product of two binomials and we will 
use a systematic method to find their terms. 


Why Since the terms of 3y* — 7y — 6 do not have a common factor (other than 1), the 
only option available is to try to factor it as the product of two binomials. 


Solution Since the first term is 3y”, the first terms of the binomial factors must be 3y 
and y. 


(3y (v ) Because 3y- y will give 3y’. 


The second terms of the binomials must be two integers whose product is —6. There are four 
such pairs: 1(—6), —1(6), 2(—3), and —2(3). When these pairs are entered, and then 
reversed as second terms of the binomials, there are eight possibilities to consider. Four of 
them can be discarded because they include a binomial whose terms have a common factor. 
If the terms of 3y° — 7y — 6 do not have a common factor (other than 1), neither can any of 
its binomial factors. 
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Success Tip 
If the terms of a trinomial do not 
have a common factor other than 
1, the terms of each of its 
binomial factors will not have a 
common factor other than 1. 


Success Tip 
Reversing the signs within the 
binomial factors reverses the sign 
of the middle term. For example, 
the factors 2 and —3 give the 
middle term —7y, while —2 and 3 
give the middle term 7y. 


Success Tip 
All eight possible factorizations 
are listed. In practice, you will 
often find the correct factorization 
without having to examine the 
entire list of possibilities. 


Notation 
The trinomial is in two variables, b 
and c. It is written in descending 
powers of b and ascending 
powers of c. 


—18y 


| aie 
(3y + ly — 6) or 
YF 


¥ 
-—18y + y= —17y 


For 1and —6: GBy — 6) + 1) 


3y — 6 has a common factor of 3. 


18y 
er 
For —-1land6: (Gy — 1) + 6) or (3y + 6) — 1) 
ea 
md 
18y — y= 17y 3y + 6 has a common factor of 3. 
. ie 
For2and-3: (y +2)y—3) or Gy—3)y +2) 
ce 
2y 


—-9y + 2y = —Ty 3y — 3 has acommon factor of 3. 


9y 


, 
(3y — 2)(y + 3) or 
KF 
—2y 
9y — 2y = 7y 


For —2 and 3: (3y + 3)Q — 2) 


3y + 3 has a common factor of 3. 


Only the possibility shown in green gives the correct middle term of —7y. Thus, 


3y° — Ty — 6 = By + 2Yy — 3) 
Check the factorization by multiplying. 


a Self Check 3 | Factor: 547 — 23¢ — 10 


Now Try Problem 35 


EXAM PLE 4 ] Factor: 4b” + 8bhe — 45c” 


Strategy We will assume that 4b° + 8be — 45c° is the product of two binomials and we 
will use a systematic method to find their terms. 


Why Since the terms of 4b* + 8hc — 45c? do not have a common factor (other than 1), 
the only option available is to try to factor it as the product of two binomials. 


Solution — Since the first term is 45”, the first terms of the binomial factors must be 4b and 
b or 2b and 2b. Since the last term contains c’, the second terms of the binomial factors 
must contain c. 


(4b cl(b 


The coefficients of c must be two integers whose product is —45. Since the coefficient of the 
last term is negative, the signs of the integers must be different. If we pick factors of 4b and 
b for the first terms, and —1 and 45 for the coefficients of c, the multiplication gives an 
incorrect middle term of 179bc. 


c) or (20 


0)(2 [e) 


Because 4b: b or 2b- 2b gives 
Ab’, and because c+ ¢ gives ie 


Success Tip 
When using the trial-and-check 
method to factor ax* + bx + c, 


here is one suggestion: if b is rela- 


tively small, test the factorizations 
that use the smaller factors of a 
and c first. 


Factoring 
Trinomials with 
Leading 
Coefficients 
Other Than 1 
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180be 


(4b — c)(b + 45c) 180be — be = 179be 
Mee 
—be 


If we pick factors of 4 and b for the first terms, and 15 and —3 for the coefficients of c, 
the multiplication gives an incorrect middle term of 3bc. 


—12be 
(4b + 15c)(b — 3c) -12be + 15bc = Sbe 
SF 


15be 


If we pick factors of 2b and 26 for the first terms, and —5 and 9 for the coefficients of c, 
we have 


18be 
(2b — 5c)(2b + 9c) 18be — 10be = Bbe 
ot 
—10be 
which gives the correct middle term of 8bc. Thus, 
4b* + 8hc — 45c* = (2b — 5c)(2b + 9c) 
Check the factorization by multiplying. 


a Self Check 4 i Factor: 4x7 + 4xy — 3y° 


Now Try Problem 43 


Because guesswork is often necessary, it is difficult to give specific rules for factoring tri- 
nomials with leading coefficients other than 1. However, the following hints are helpful when 
using the trial-and-check method. 


To factor trinomials with leading coefficients other than 1: 


1. Factor out any GCF (including —1 if that is necessary to make a positive in a trinomial 
of the form ax” + bx + c). 


2. Write the trinomial as a product of two binomials. The coefficients of the first terms of 
each binomial factor must be factors of a, and the last terms must be factors of c. 


The product of these numbers must be a. 


ax? + bx +c =( x )( x ) 


The product of these numbers must be c. 
3. Ifc is positive, the signs within the binomial factors match the sign of b. If c is negative, 
the signs within the binomial factors are opposites. 


4. Try combinations of first terms and second terms until you find the one that gives the 
proper middle term. If no combination works, the trinomial is prime. 


5. Check by multiplying. 


498 CHAPTER 6 Factoring and Quadratic Equations 


© Factor Trinomials After Factoring Out the GCF. 


The Language of Algebra 
When asked to factor a polyno- 
mial, that means we should factor 
completely. 


Caution 
For multistep factorization, don’t 
forget to write the GCF (or its 
opposite) in the final factored 
form. 


If the terms of a trinomial have a common factor, the GCF (or the opposite of the GCF) should 
always be factored out first. 


EXAMPLE 5 j Factor: 2x7 — 8x? + 3x 
Strategy We will write the trinomial in descending powers of x and factor out the 
common factor , —x. 
Why It is easier to factor trinomials that have a positive leading coefficient. 
Solution Write the trinomial in descending powers of x: —8x* + 2x” + 3x. 
—8x? + 2x? + 3x = —x(8x7 — 2x — 3) Factor out the opposite of the GCF, —x. 


We now factor 8x” — 2x — 3. Its factorization has the form 


(8x N(x ) or (2x (4x ) Because 8x * x or 4x» 2x gives 8x. 


The second terms of the binomials must be two integers whose product is —3. There are 
two such pairs: 1(—3) and — 1(3). Since the coefficient of middle term —2x is small, we pick 
the smaller factors of 8x*, which are 2x and 4x, for the first terms and 1 and —3 for the 
second terms. 


— 6x 
oer —6x + 4x = -—2x 
So 
4x 
This factorization gives the correct middle term of —2x. Thus, 
8x7 — 2x — 3 = (2x + 1)(4x — 3) 
We can now give the complete factorization of the original trinomial. 
—8x3 + 2x* + 3x = —x(8x? — 2x — 3) 
= —x(2x + 1)(4x — 3) 
Check the factorization by multiplying. 


a Self Check 5 P| Factor: 12y — 2y° — 2y” 
Now Try Problem 53 


Factoring Trinomials Using the Grouping Method. 


Another way to factor a trinomial of the form ax” + bx + c is to write it as an equivalent 
four-termed polynomial and factor it by grouping. For example, to factor 2x” + Sx + 3, we 
proceed as follows. 


1. Identify the values of a, b, and c. 


ax? + bx +e 
| | | ta=2,6=5,ande=3 
2x? + 5x +3 


Factoring 
Trinomials by 
Grouping 
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Then, find the product ac, called the key number: ac = 2(3) = 6. 

2. Next, find two integers whose product is ac = 6 and whose sum is b = 5. Since the 
integers must have a positive product and a positive sum, we consider only positive 
factors of 6. 


Key number = 6 b=5 
Positive factors of 6 | Sum of the positive factors of 6 
1-6=6 1+6=7 
Ze3= 6 Z#S=5 


The second row of the table contains the correct pair of integers 2 and 3, whose 
product is 6 and whose sum is 5. 


3. Express the middle term, 5.x, of the trinomial as the sum of two terms, using the integers 2 
and 3 found in step 2 as coefficients of the two terms. 
2x? + 5x +3 = 2x7 + 2x + 3x43 Express 5x as 2x + 3x. 
4. Factor the equivalent four-term polynomial by grouping: 
2x? + 2x + 3x + 3 = 2x(x + 1) + 3(x +1) Factor 2x out of 2° + 2x and 3 out 
of 3x + 3. 
= (x + 12x + 3) Factor out x + 1. 


Check by multiplying. 


Factoring by grouping is especially useful when the leading coefficient, a, and the con- 
stant term, c, have many factors. 


To factor a trinomial by grouping: 

1. Factor out any GCF (including —1 if that is necessary to make a positive in a trinomial 
of the form ax? + bx + c). 

2. Identify a, b, and c, and find the key number ac. 

3. Find two integers whose product is the key number and whose sum is b. 


4. Express the middle term, bx, as the sum (or difference) of two terms. Enter the two 
numbers found in step 3 as coefficients of x in the form shown below. Then factor the 
equivalent four-term polynomial by grouping. 


ax? + 36 Sr eae 


The product of these numbers must be ac 
and their sum must be b. 


5. Check the factorization by multiplying. 


EXAMPLE 6 j Factor by grouping: 10x + 13x — 3 
Strategy We will express the middle term, 13x, of the trinomial as the sum of two care- 
fully chosen terms. 


Why We want to produce an equivalent four-term polynomial that can be factored by 
grouping. 
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Notation 
The middle term, 13x, may be 
expressed as 15x — 2x or as 
—2x + 15x when using factoring 
by grouping. The resulting factor- 
izations will be equivalent. 


Solution In 10x? + 13x — 3, we have a = 10, b = 13, andc = —3. The key number is 
ac = 10(—3) = —30. We must find a factorization of —30 such that the sum of the 
factors is b = 13. The possible factor pairs are listed in the table. Since the factors must 
have a negative product, their signs must be different. 


Key number = —30 b = 13 
Factors of —30 Sum of the factors of —30 
It is wise to follow an order when 1(-30) = —30 1+ (—30) = —29 
listing the factors in the table so 2(-15) = —30 2 + (-15) = -13 
that you don’t skip the correct 
combination. Here, the first factors 3(— 10) = —30 a eae) nen | 
1, 2, 3, 5, 6, 10, 15, and 30 are listed 5(-—6) = —30 5 +(-6)=—-1 
from least to greatest. 6(—5) = —30 6+(-5)=1 
10(—3) = —30 10 + (-3) =7 
15(—2) = —30 15. + (=—2) = 13 
30(-1) = —30 30 + (-1) = 29 


The seventh row contains the correct pair of numbers 15 and —2, whose product is —30 
and whose sum is 13. They serve as the coefficients of 15x and —2x, the two terms that we 
use to represent the middle term, 13x, of the trinomial. 


10x? + 13x — 3 = 10x? + 15x — 2x — 3 Express 13x as 15x — 2x. 
Finally, we factor by grouping. 


10x? + 15x — 2x — 3 = 5x(2x + 3) — 1(2x + 3) Factor out 5x from 10x* + 15x. 
Factor out —1 from —2x — 3. 


= (2x + 3)(Sx — 1) Factor out 2x + 3. 


So 10x? + 13x — 3 = (2x + 3)(Sx — 1). Check the factorization by multiplying. 


a Self Check 6 | Factor by grouping: 15a” + 17a — 4 
Now Try Problems 19, 27, and 35 


EXAM PLE 7 j Factor: 12x° — 17x* + 6x° 


Strategy We will factor out the GCF, x°, first. Then we will factor the resulting trinomial 
using the grouping method. 


Why The first step in factoring any polynomial is to factor out the GCF. 
Solution The GCF of the three terms of the trinomial is x°. 
12x° — 17x* + 6x? = x°(12x? — 17x + 6) 


To factor 12x* — 17x + 6, we must find 
two integers whose product is 12(6) = 72 and Key number = 72 b= ~17 
whose sum is — 17. Two such numbers are —8 Factors | Sum 
and —9. They serve as the coefficients of —8x 8(—9) = 72 8+(-9)=—-17 
and —9x, the two terms that we use to represent 
the middle term, — 17x, of the trinomial. 
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12x? — 17x + 6 = 12x” — 8x — 9x + 6 Express —17x as — 8x — 9x. 
(—9x — &x could also be used.) 


= 4x(3x — 2) — 3(3x — 2) Factor out 4x and factor out —3. 
= (3x — 2)(4x — 3) Factor out 3x — 2. 


The complete factorization of the original trinomial is 
12x° — 17x* + 6x? = x°(3x — 2)(4x — 3) Don’t forget to write the GCF, x”. 


Check the factorization by multiplying. 


a Self Check 7 4 Factor: 21a* — 13a° + 2a” 
Now Try Problem 53 


Bag nsurs TO SELF CHECKSIN) 1. (2x + 1)@+2) 2. (6b — 1)(b—3) 3. (St + 2)(t — 5) 


4, (2x + 3y)(2x —y) 5. —2v(y + 3) — 2) 6. Ba+4)(S5a-1) 7. a(Ja — 2)3a — 1) 


VOCABULARY 7. a. Fill in the blanks. When factoring a trinomial, we write it in 
aan _____— powers of the variable. Then we factor out any 

Fill in the blanks. (including —1 if that is necessary to make the lead 

1. The coefficient of 3x* — x — 12 is 3. positive). 

2. Given 5y* + l6y + 3 = (Sy + 1)(y + 3). We say that b. What is the GCF of the terms of 6s* + 335° + 3687? 
5y° + 16y + 3 factors as the product of two. c. Factor out —1 from —2d2 + 19d — 8. 

3. The first terms of the binomial factors (Sy + I)(v + 3) are __ 8. Check to determine whether (3¢ — 1)(5t — 6) is the correct 
and __. The second terms of the binomial factors are ___ and factorization of 1512 — 191 + 6. 

2 To fact or 2m? + 11m + 12 by we Wile lias A trinomial has been partially factored. Complete each statement 
tie Ray i & 18 ; that describes the type of integers we should consider for the 

. blanks. 
CONCEPTS 9. 5° — 13y + 6 = (5y \(v ) 

5. If 10x? — 27x + 5 is to be factored as the product of two Since the last term of the trinomial is positive and the middle 
binomials, what are the possible first terms of the binomial term is negative, the integers must be ________ factors of 6. 
factors? 10. 5y° + yt+6= (5y Vv ) 

6. Complete each sentence. Since the last term of the trinomial is positive and the middle 

" ’ ro term is positive, the integers must be factors of 6. 
e product of these De pe 
numbers must be AN oY y= 6 (sy . Jv | ) 
| Since the last term of the trinomial is negative, the signs of the 
5x2 + 6x -8 = ( Ly N( Ly ) integers will be : 
t n 12. 5y? + Ty — 6 = (5y \(v | ) 
The product of these Since the last term of the trinomial is negative, the signs of the 


numbers must be F integers will be 
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13. Complete the key number table. 
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Negative factors of 12 
—1(-12) 
—2() 
(—4) 


14. Complete the sentence to explain how to factor 3x7 + 16x + 5 


by grouping. 


NOTATION 


xT 


XFS 


{= _f 
The product of these numbers must be 
and their sum must be 


15. a. Suppose we wish to factor 12h + 20b — 9 by grouping. 
Identify a, b, and c. 


b. What is the key number, ac? 


16. To factor 6x* + 13x + 6 by group- 


ing, a student made a table and 
circled the correct pair of integers, as 
shown. Enter the correct coefficients. 


6x7 + 


xe se 


x +6 


ac = 36 b= 13 


Factors Sum 
1:36 37 
2°18 20 
3*12 15 

@-9 | 13) 
6:6 12 


Complete each step of the factorization of the trinomial by 


grouping. 
17. 1207 + 17¢ + 6 = 1247 + 9¢ + 8 + 6 

= (4t+3)+ (4t+ 3) 

= ( \(3t + 2) 
18. 354° — 11t — 6 = 35¢7 + 10¢ — 21t- 6 

= 571+ 2) 3(7t + 2) 

=( (St — 3) 
GUIDED PRACTICE 
Factor. See Example 1 or Example 6. 
19. 2x7 + 3x +1 20. 3x7 + 4x + 1 
21. 3a7 + 10a + 3 22. 2b> + 7b +3 
23. 5x7 + Ix +2 24. 747 + 12t+5 
25. 7x7 + 18x + 11 26. 5n7 + 12n +7 


Factor. See Example 2 or Example 6. 


27. 4x? — 8x + 3 


28. 
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29. 8x7 — 22x + 5 30. 15a* — 28a + 5 
31. 15t7 — 26 +7 32. 10x? — 9x + 2 
33. 6 — 13y +2 34, 6y — 43y +7 


Factor. See Example 3 or Example 6. 


35. 3x7 — 2x — 21 36. 3u? — 44u — 15 
37. 5m? — Tm — 6 38. 5° — 18y — 8 
39. Ty + 55y — 8 40. 7x? + 33x — 10 
41. lly? + Ty — 4 42. 13y° + 9y — 4 


Factor. See Example 4. 


43. 6r? + rs — 2s” 44, 3m* + 5mn + 2n 


45. 4x° + 8xy + 3° 46. 4b7 + 15be — 4c? 


47. 8m* + 91mn + 33n?7 48. 2m* + 17mn — 9n* 


49. 15x* — xy — 6y" 50. 4a* — 15ab + 9b* 


Factor. See Example 5 or Example 7. 


51. —26x + 6x* — 20 52. —28 + 6a” — 2a 


53. 15a + 8a° — 26a? 54. 16r — 4077 + 257° 


55. 2u? — 6 — w 56. 6a* + 6b* — 13ab 


57. 36)" — 88y + 32 58. 70a — 95a + 30 


59. 13077 + 20r — 110 60. 170h7 — 210h — 260 


61. —y? — 13y° — 12y 62. —2xy* — 8xy + 24x 
63. —6x? + 15x> + 9x? 64. —9y* — 3° + 6° 
65. 16m°n + 20m?n? + 6mn> 66. —28u°v + 26u°v* — 6uv? 


TRY IT YOURSELF 


Factor each polynomial completely. If an expression is prime, so 
indicate. 


67. 6t7 — 7t — 20 68. 6w* + 13w +5 


69. 15p* — 2pq - 70. 8c? — 10cd + 3d? 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


4° — 16 +7 72. 9x? — 32x + 15 

8y — 2y- 1 74. 14y° + lly +2 
18x? + 31x — 10 76. 20y? — 93y — 35 
10u? — 13u — 6 78. 8m? + 5m — 10 

3x7 +x+6 80. 2u* + 3u + 25 
30r° + 637r* — 30r° 82. 65° — 26s* — 20s° 
op’ + pq- 84. 12m* — 11lmn + 2n* 


—12y* — 12 + 25y 86. —10t7 + 1+ 3¢ 


Choose the correct method from Sections 6.1, 6.2, or 6.3 to factor 
completely each of the following. 


87. m? + 3m — 28 88. —b* — 5b + 24 

89. 6a? + 15a? 90. 9x* + 27x° 

91. x° — 2x7 + 5x — 10 92. x3 —x° +2x-2 

93. 5y + 3 — By 94. 30° + 7 — 10f 

95. —2x* — 10x — 12 96. 4y° + 36) + 72 

97. 12x°y7 — 18x7y? + 115x798. 1507d? — 25c3d? — 10c4d* 
99. a> — Tab + 1057 100. x? — 13xy + 12° 

101. 9u° — 71u° — 8u* 102. 25n® — 49n’ — 2n® 
APPLICATIONS 

103. FURNITURE The area of a desktop is represented by the 


trinomial (4x? + 20x — 11) in.*. Factor it to find the 
polynomials that represent its length and width. 
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104. STORAGE The volume of an 8-foot-wide portable storage 
container is represented by the trinomial 
(72x? + 120x — 400) ft*. Its dimensions can be determined 
by factoring the trinomial. Find the polynomials that represent 
height and the length of the container. 


WRITING 


105. Two students factor 2x7 + 20x + 42 and get two different 
answers: (2x + 6)(x + 7) and (x + 3)(2x + 14). 
Do both answers check? Why don’t they agree? Is either 
answer completely correct? Explain. 

106. Why is the process of factoring 6x* — 5x — 6 more 


complicated than the process of factoring x7 — 5x — 6? 
107. Suppose a factorization check of (3x — 9)(5x + 7) gives a 
middle term —24x, but a middle term of 24x is actually 
needed. Explain how to quickly obtain the correct 
factorization. 
108. Suppose we want to factor 2x* + 7x — 72. Explain why 


(2x — 1)(x + 72) is not a wise choice to try first. 
REVIEW 
Evaluate each expression. 


109. —7° 
111. 7° 


110. (—7) 
112357." 


114.2-7 


CHALLENGE PROBLEMS 

Factor completely. 

115. Ga" > Sa = 21 

116. 3x4)* — 29x*y + 56 

117. 8x°(C? + ¢ — 2) — 2x? +e — 2) - (Ce +e - 2) 


118. Find all integer values of b that make 2x* + bx — 5 
factorable. 
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@ Recognize perfect-square trinomials. 
@® Factor perfect-square trinomials. 
© Factor the difference of two squares. 


Objectives 


In this section, we will discuss a method that can be used to factor two types of trinomials, 
called perfect-square trinomials. We also develop techniques for factoring a type of binomial 
called the difference of two squares. 


@ Recognize Perfect-Square Trinomials. 


We have seen that the square of a binomial is a trinomial. We have also seen that the special- 
product rules shown below can be used to quickly find the square of a sum and the square of a 
difference. The terms of the resulting trinomial are related to the terms of the binomial that 
was squared. 


Success Tip (A+ BY = x ~ 2AB ~ B? 
To prepare for this section, it i t 
would be helpful to review This is the square _ This is twice the This is the square 
Section 5.7 Special Products. of the first term product of the terms of the last term 
of the binomial. of the binomial. of the binomial. 
| ae) Bee | 
(4 -— BY = Aa? = 2AB + B 


Trinomials that are squares of a binomial are called perfect-square trinomials. Some 
examples are 

yr + 6y+9 Because it is the square of (y + 3): (y+ 3)* = y+ Gy+ 9 

t? — 14¢ + 49 Because it is the square of (t — 7): (t — 7)* = t? — 14t + 49 

4m? — 20m + 25 Because it is the square of (2m — 5): (2m — 5)* = 4m* — 20m + 25 


EXAM PLE 1 j Determine whether the following are perfect-square trinomials: 
a. x* + 10x + 25 b. c& = 12c — 36 
ce. 25y° — 30v +9 ~— d. 4¢7 + 184 + 81 


Strategy We will compare each trinomial, term-by-term, to one of the special-product 
forms discussed in Section 5.7. 


Why If a trinomial matches one of these forms, it is a perfect-square trinomial. 


Solution 
a. To determine whether this is a perfect-square trinomial, we note that 
eo 10e 25 
The first term is The middle term is twice The last term is 
the square of x. the product of x and 5: the square of 5. 
2+x:5 = 10x. 


Thus, x” + 10x + 25 is a perfect-square trinomial. 
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b. To determine whether this is a perfect-square trinomial, we note that 


c’ — 12c — 36 
t__, 


The last term, —36, is not 
the square of a real number. 


Since the last term is negative, c*> — 12c — 36 is not a perfect-square trinomial. 


The Language of Algebra ©: T° determine whether this is a perfect-square trinomial, we note that 


D 
The expressions 25y° and 9 are 25)" — 30y +9 
called perfect squares because 
252 = 2 = 
>Y yeand =e The first term is The middle term is twice The last term is 
the square of 5y. the product of 5yand —3: the square of —3. 


2(5y)(—3) = —30y. 
Thus, 25y* — 30y + 9 is a perfect-square trinomial. 


d. To determine whether this is a perfect-square trinomial, we note that 


At? + 184+ 81 


The first term is The middle term is not The last term is 
the square of 2t. twice the product of 2t and9, the square of 9. 
because 2(2t)(9) = 36t. 


Thus, 4¢* + 18¢ + 81 is not a perfect-square trinomial. 


i Self Check 1 ij Determine whether the following are perfect-square trinomials: 
ay t+4y+4 b. b* — 6b — 9 
c. 427 + 42 +4 d. 49x7 — 28x + 16 


Now Try Problems 13 and 17 


2) Factor Perfect-Square Trinomials. 


We can factor perfect-square trinomials using the methods previously discussed in Sec- 
tions 6.2 and 6.3. However, in many cases, we can factor them more quickly by inspecting 
their terms and applying the special-product rules in reverse. 


Factoring A’ +2AB+ B= (A + By Each of these trinomials factors as the square of a binomial. 
Perfect-Square A? — 2AB + B? =(A — BY 
Trinomials 


When factoring perfect-square trinomials, it is helpful to know the integers that are perfect 
squares. The number 400, for example, is a perfect-integer square, because 400 = 20°. 


1=1° 25 = 5? $1 = 9° 169 = 137 289 = 177 
f= 2° 36 = 6° 100 = 10° 196 = 147 324 = 187 
9 = 3? 49 =7' 121 = 11? 225 = 157 361 = 19° 


16 = 4 64 = 8° 144 = 12° 256 = 16° 400 = 20° 
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Success Tip 
The sign of the middle term of a 
perfect-square trinomial is the 
same as the sign of the second 
term of the squared binomial. 


A? + 2AB + B? 
A? — 2AB + B? 


(A + BY? 
(4 — BY 


EXAMPLE 2 Factor: a. x7 + 20x +100 —_b. 9x7 — 30xy + 2577 


Strategy The terms of each trinomial do not have a common factor (other than 1). We 
will determine whether each is a perfect-square trinomial. 


Why [fit is, we can factor it using a special-product rule in reverse. 


Solution 
a. x° + 20x + 100 is a perfect-square trinomial, because: 
¢ The first term x * is the square of x. 
e The last term 100 is the square of 10. 
e The middle term is twice the product of x and 10: 2(x)(10) = 20x. 


To find the factorization, we match x” + 20x + 100 to the proper rule for factoring a 
perfect-square trinomial. 


A’ +2 A B+ B=(A+ BY 
| +4 4 { + + 
x? + 20x + 10? = x7 +2+-x-10 + 10? = (x + 109 
Therefore, x* + 20x + 10* = (x + 10). Check by finding (x + 10)’. 
b. 9x? — 30xy + 25y” is a perfect-square trinomial, because: 
e The first term 9x7 is the square of 3x: (3x)? = 9x°. 
© The last term 25y” is the square of —Sy: (—5y)” = 25y”. 
e The middle term is twice the product of 3x and —Sy: 2(3x)(—5y) = —30xy. 


We can use these observations to write the trinomial in one of the special-product forms that 
then leads to its factorization. 


9x? — 30xy + 25y? = (3x)? — 2(3x)(5y) + (—Sy)? —2(3x)(Sy) = 2(3x)(—5y). 
= (3x — Sy)’ 
Therefore, 9x7 — 30xy + 25y? = (3x — 5y)°. Check by finding (3x — Sy)’. 


a Self Check 2 j Factor: a. x° + 18x + 81 
b. 16x? — 8xy + y” 
Now Try Problems 21 and 31 


EXAM PLE 3 i Factor completely: 4a° — 4a* + a 


Strategy We will factor out the GCF, a, first. Then we will factor the resulting perfect- 
square trinomial using a special-product rule in reverse. 


Why The first step in factoring any polynomial is to factor out the GCF. 


Solution The terms of 4a* — 4a* + a have the common factor a, which should be fac- 
tored out first. Within the parentheses, we recognize 4a” — 4a + 1 as a perfect square 
trinomial of the form A” — 24B + B’, and factor it as such. 
4a? — 4a? + a = a(4a* — 4a +1) Factor out a. 


a(2a — 1) 4a° = (2a)",1 = (-1)", and —4a = 2(2a)(—1). 
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a Self Check 3 | Factor completely: 49x* — 14x? + x 
Now Try Problem 37 


© Factor the Difference of Two Squares. 


The Language of Algebra 
The expression A* — B? isa 
difference of two squares, whereas 
(A — BY’ is the square of a 
difference. They are not equivalent 
because (A — B)* # A” — B?. 


Factoring a 
Difference of Two 
Squares 


Notation 
By the commutative property of 
multiplication, the factors of a 
difference of two squares can be 
written in either order. For 
example, we can write: 


x? — 9 = (x — 3)(x + 3) 


Recall the special-product rule for multiplying the sum and difference of the same two terms: 
(A + B\(A — B) = A? — B? 


The binomial A” — B? is called a difference of two squares, because A” is the square of 
A and B? is the square of B. If we reverse this rule, we obtain a method for factoring a differ- 
ence of two squares. 


Factoring —> 
A? — BP =(A + BYA — B) 


This pattern is easy to remember if we think of a difference of two squares as the square 
of a First quantity minus the square of a Last quantity. 


To factor the square of a First quantity minus the square of a Last quantity, multiply the First 
plus the Last by the First minus the Last. 


P-L? =(F+L)\(F-L) 


EXAMPLE 4 i Factor, if possible) a.x7-9 b. 16— 3° 
ew -45 da +8 


Strategy The terms of each binomial do not have a common factor (other than 1). The 
only option available is to attempt to factor each as a difference of two squares. 


Why If a binomial is a difference of two squares, we can factor it using a special-product 
rule in reverse. 


Solution 
a. x” — 9 is the difference of two squares because it can be written as x7 — 3°. We can 
match it to the rule for factoring a difference of two squares to find the factorization. 


F’ -L?=(F + LF - L) 
| | of 4 4 
x — 3? =(x + 3\(x — 3) Disa perfect-integer square: 9 = 3°. 
Therefore, x7 — 9 = (x + 3)(x — 3). 
Check by multiplying: (x + 3)(x — 3) =x? - 9. 
b. 16 — b’ is the difference of two squares because 16 — b* = 4° — b?. Therefore, 
16 — b° = (4+ b\(4— bd)  16isa perfect-integer square: 16 = 47. 
Check by multiplying. 


c. Since 45 is not a perfect-integer square, n” — 45 cannot be factored using integers. It is 
prime. 
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Success Tip 
Remember that a difference of two 
squares is a binomial. Each term is 


a square and the terms have differ- 


ent signs. The powers of the vari- 
ables in the terms must be even. 


d. a’ + 81 can be written a” + 97, and is, therefore, the sum of two squares. We might 
attempt to factor a” + 81 as (a + 9)(a + 9) or (a — 9)(a — 9). However, the following 
checks show that neither product is a* + 81. 


(a+ 9a +9) =a + 18a+ 81 (a — 9a — 9) =a? — 18a + 81 


In general, the sum of two squares (with no common factor other than 1) cannot be fac- 
tored using real numbers. Thus, a~ + 81 is prime. 


a Self Check 4 ij ae if possible: 


—4 b. 121 -—# 
my d. s* + 36 


Now Try Problems 45 and 53 


Terms containing variables such as 25x” and 4y* are perfect squares, because they can be 
written as the square of a quantity. For example: 


25x° = (x and 47°=()°/ 


EXAMPLE5 — Factor: a. 25x7- 49 —b. 4y* — 1212” 


Strategy In each case, the terms of the binomial do not have a common factor (other 
than 1). To factor them, we will write each binomial in a form that clearly shows it is a 
difference of two squares. 


Why We can then use a special-product rule in reverse to factor it. 


Solution 
a. We can write 25x” — 49 in the form (5x)” — 7° and match it to the rule for factoring the 
difference of two squares: 
FP -L?=(F +L)\(F -L) 
| | $ +t 4 
(5x) — 7 = (5x + 7)(5x — 7) 
Therefore, 25x” — 49 = (5x + 7)(Sx — 7). Check by multiplying. 
b. We can write 4y* — 1212” in the form (2y*)? — (11z)” and match it to the rule for factor- 
ing the difference of two squares: 


FP - 2 =(F + L)\F-L) 
| | | } 4 | 
(2y’)? — (112)? = (2y” + 11z)(2y” — 112) 


Therefore, 4y* — 121z? = (2y* + 11z)(2y” — 11z). Check by multiplying. 


a Self Check 5 F | Factor: a. l6y* -9 


b. 9m? — 64n* 
Now Try Problems 57 and 61 


Caution 
Factoring a polynomial is 
complete when no factor can be 
factored further. 
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EXAMPLE 6 _ Factor completely: 8x? — 8 


Strategy We will factor out the GCF, 8, first. Then we will factor the resulting difference 
of two squares. 


Why The first step in factoring any polynomial is to factor out the GCF. 


Solution 
8x? — 8 = &(x* — 1) The GCF is 8. 
= 8 + 1) — 1) Think of % — 1a5 x* — 1? and factor the difference of two 
squares. 


Check: 8(x + 1)(x — 1) = 8(7 — 1) Multiply the binomials first. 
= 8x7 — 8 Distribute the multiplication by 8. 


a Self Check 6 ] Factor completely: 2p” — 200 
Now Try Problem 65 


Sometimes we must factor a difference of two squares more than once to completely 
factor a polynomial. 


EXAMPLE 7 __ Factor completely: x* — 16 


Strategy The terms of x* — 16 do not have a common factor (other than 1). To factor 
this binomial, we will write it in a form that clearly shows it is a difference of two 
squares. 


Why We can then use a special-product rule in reverse to factor it. 
Solution 
x4 -16=(°) - 4 Write x* as (x°)* and 16 as 4°. 
= (x? + A)(x? — 4) Factor the difference of two squares. 


= (x7 + 4)(Qx + 2)(x — 2) Factor x* — 4, which is itself a difference of two 
squares. The binomial x + 4 is a sum of two squares 
and does not factor further. 


a Self Check 7 i Factor completely: a* — 81 
Now Try Problem 75 


Bag onsurs TO SELF CHECKS | 1. a. Yes b. No c.No d.No 2a (7 +9) b. (x —y/ 
3. x(x —1P 4. a (c+ 2)(c—2) b. (11 +A(11—2) c. Prime d. Prime 
5. a. (4y + 3)(4y — 3) b. (3m + 8n7)(m — 8n7) 6. 2(p + 10)(p — 10) 
7. (a? + 9)\(a + 3)(a — 3) 


510 CHAPTER 6 Factoring and Quadratic Equations 


VOCABULARY 
Fill in the blanks. 

1.x? + 6x + 9isa_____-square trinomial because it is the 
square of the binomial x + 3. 

2. The binomial x* — 25 is called a of two squares 
and it factors as (x + 5)(x — 5). The binomial x7 + 25 isa 
_____ of two squares and since it does not factor using 
integers, it is 


CONCEPTS 
Fill in the blanks. 


3. Consider 25x* + 30x + 9. 

a. The first term is the square of 

b. The last term is the square of 

c. The middle term is twice the product of and 
4. Consider 49x* — 28xy + 4y. 

a. The first term is the square of 

b. The last term is the square of 

c. The middle term is twice the product of and 


5.axrtyty=( + Vf 
b.x?-2xyt+y=( yy 
cx -y=¢ Eng -B 

6. a. 36.7 =( YP b. 100x* = ( y 


« 4°-9=( Y-( 
7. List the squares of the integers from | through 20. 


8. Use multiplication to determine if each factorization is correct. 
a. 9° — 12y + 4 = Gy — 2) 
b. n°? — 16 = (n + 8)(n — 8) 


NOTATION 
Complete each factorization. 

9. x7 + 10x + 25 = (x +5) 

10. 96> — 126+ 4=(3b  2/ 
Wx? - 64=(x 8)(x_— 8) 

12. 16t7 — 49 = (4t+ )(4t ) 


GUIDED PRACTICE 


Determine whether each of the following is a perfect-square 
trinomial. See Example 1. 


13. x7 + 18% + 81 14. x7 + 14x + 49 
15. y+ 2y+4 16. y + 4y + 16 


17. 9n* — 30n — 25 
19. 4° — 12y +9 


Factor. See Example 2. 


21. 
23. 
25. 
27. 
29. 
31. 
33. 


35. 


Factor completely. See Example 3. 
37. 


39. 
41. 


43. 


x 6x + 9 
be +2b+1 
c’ — 12c + 36 
9y* — 24y + 16 


9 + 4x? + 12x 


36m? + 60mn + 25n7 


81x? — 72xy + 16y” 


49¢7 — 28ts + 4s” 


3u* — 18u + 27 


36x? + 12x7 +x 


18a° + 84a*h + 98a°b? 


—100¢7 + 20t — 1 


18. 
20. 


26. 


32. 


9a? — 48a — 64 
Oy? — 30y + 25 


. x7 + 10x + 25 


. m+ 12m + 36 


d*? — 10d + 25 


. 4927 — 147 + 1 


. 121 + 4x7 + 44x 


25a~ + 30ab + 9b? 


. 9x? — 48xy + 64,7 


. 81p* — 36pq + 4q° 


. 3 — 42v + 147 
. 4xt — 20x73 + 25x? 
. 32b° + 80b°c + 50b%c* 


. —81r? — 18r-1 


Factor completely. If a polynomial can't be factored, write 
“prime.” See Example 4. 


45. x7 —4 
47. x° — 16 
49. 36-—y 
51. -25+ 27 
53. a + be 
55. y° — 63 


Factor. See Example 5. 
57, 2507 = 64 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


7-9 
x? — 25 
49 — w* 


—144 +2? 


12la? +b 


x? — 27 


49d* — 16 
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59. 8ly — 1 60. 40027 — 1 
61. 9x* — 1° 62. 4x* — 24 
63. 16c? — 49d* 64. 36a° — 121b* 


Factor completely. See Example 6. 


65. 8x* — 32)” 66. 2a” — 20057 
67. 63a" — 7 68. 20x? — 5 

69. x° — 144x 70. g? — 12lg 
71. 6x4 — 6x7y" 72. 4b*y — 16c*y 


Factor completely. See Example 7. 


73. 81—s* 74. yt — 625 

75. b* — 256 76. m'‘n* — 16 

77. 16t* — 16s* 78. 2p* — 32q* 

79, 25m* — 25 80. 9 — 9n* 

TRY IT YOURSELF 

Factor completely. 

81. a* — 144b° 82. 81y* — 1002” 
83. 9x7)" + 30xy + 25 84. s°1* — 20st + 100 
85. 27 — 20 + 100 86. 7° + 24r + 144 
87. 2 — 64 88. 25 + B? 

89. 3m* — 3n* 90. 5a* — 80b* 

91. 25m> + 70m + 49 92. 25x7 + 20x + 4 


Choose the correct method from Section 6.1, Section 6.2, 


Section 6.3, or Section 6.4 to factor completely each of the following: 


93. x7 +x—- 42 94. rx — sx +r—s 


95. x7 —9 96. 3a° — 4a — 4 


97. 24a°b — 16a7b 98. 20ns* — 60nu + 100n 


99. —27° + 28r — 80 100. 10s — 39 + s° 
101. x° + 3x7 + 4x + 12 102. 2? — 1282* 
103. 4b° — 20b + 25 104. a* — 4ab — 126° 
APPLICATIONS 

105. GENETICS The Hardy—Weinberg equation, one of the funda- 
mental concepts in population genetics, is p> + 2pq + g* = 1, 
where p represents the frequency of a certain dominant gene 
and q represents the frequency of a certain recessive gene. 
Factor the left side of the equation. 

106. SIGNAL FLAGS The |x—____— y >| 
maritime signal flag for the 
letter X is shown. Find the 
polynomial that represents the 
area of the shaded region and 
express it in factored form. 

107. PHYSICS The illustration 
shows a time-sequence picture of 
a falling apple. Factor the expres- 
sion, which gives the difference in 
the distance fallen by the apple © 
during the time interval from 7, to © 
ty seconds. 

This distance is © 
0.5gt; - 0.5gt> © 
108. DARTS A circular dart board has a series of rings around a 


solid center, called the bullseye. To find the area of the outer 
grey ring, we can use the formula A = aR* — mr’. Factor the 
expression on the right side of the equation. 
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WRITING 


109. When asked to factor x” — 25, one student wrote 
(x + 5)(x — 5), and another student wrote (x — 5)(x + 5). 
Are both answers correct? Explain. 


110. Explain the error that was made in the following factorization: 
x” — 100 = (x + 50)(x — 50) 

111. Explain why the following factorization isn’t complete. 
x* — 625 = (x7 + 25)(x* — 25) 


112. Explain why a* + 2a + 1 isa perfect square trinomial and 
why a* + 4a + 1 isn’t a perfect square trinomial. 


REVIEW 
Perform each division. 

5x* + 10y? — 15xy 

, 5xy 
30¢7d? 


113 


15c°d — 10cd? 


—10cd 
115. 2a — lla -2 + 6a 


116. 4b + 3)4b> — 5b? — 2b + 3 


114. 


CHALLENGE PROBLEMS 


117. For what value of c does 80x” — c factor as 
5(4x + 3)(4x — 3)? 

118. Find all values of b so that 0.16x7 + bxy + 0.25y* isa 
perfect square trinomial. 


Factor completely. 


1 
119. 81x° + 36x*y* + 4y* 120. P+ pt : 
121. c? + 1.6c + 0.64 122, 2" = 4" 
2 2 1 5 
123. (« + 5) —y 124, = — 2a 
I 9 
125, ee 16.7 =— 
C6 os 


Objective @ Factor the sum and difference of two cubes. 


In this section we will discuss how to factor two types of binomials, called the sum and the dif- 


ference of two cubes. 


1) 


Factor the Sum and Difference of Two Cubes. 


We have seen that the sum of two squares, such as x* + 4 or 25a” + 9b’, cannot be factored. 
However, the sum of two cubes and the difference of two cubes can be factored. 


The sum of two cubes 


x +8 
7 9 
This is This is 2 cubed: 


x cubed. o = 6; 


The difference of two cubes 


a — 64b° 

t I 
This is This is 4b cubed: 
a cubed. (4b)? = 646°. 


To find rules for factoring the sum of two cubes and the difference of two cubes, we need 


The Language of Algebra 
The expression x° + y* is asum 
of two cubes, whereas (x + y)? is 
the cube of a sum. If you expand 

(x + y)?, you will see that 

(xt yp #xty?, 


term of the binomial. 


=, % 


to find the products shown below. Note that each term of the trinomial is multiplied by each 


+ VC? -—xaytY)=P-—xeyptxtxrypi-xw’ty 
aay 


Combine like terms: —y a xy = Oand xy” i xy? =0. 


Factoring the 
Sum and 
Difference 
of Two Cubes 


Caution 
A common error is to try to factor 
x? — 2x + 4. It is not a perfect 
square trinomial, because the 
middle term needs to be —4x. 
Furthermore, it cannot be factored 
by the methods of Section 6.2. It is 
prime. 
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(x= y)(x? + xy + y’) Haxt+ xy ar xy” = xy a xy” = y 
=x - y Combine like terms. 
These results justify the rules for factoring the sum and difference of two cubes. They 


are easier to remember if we think of a sum (or a difference) of two cubes as the cube of a First 
quantity plus (or minus) the cube of the Last quantity. 


To factor the cube of a First quantity plus the cube of a Last quantity, multiply the First plus 
the Last by the First squared, minus the First times the Last, plus the Last squared. 


Fo +L? =(F + L\(F* — FL + L’) 
To factor the cube of a First quantity minus the cube of a Last quantity, multiply the First 
minus the Last by the First squared, plus the First times the Last, plus the Last squared. 


F? — 1? = (F — L\(F* + FL + L’) 


To factor the sum or difference of two cubes, it’s helpful to know the cubes of integers 
from 1 to 10. The number 216, for example, is a perfect-integer cube, because 216 = 6°. 

=f => 125 = 5° 343 = 7° 729 =9° 

8=2 64 = 4 216 = 6° 512 = 8° 1,000 = 10° 


EXAMPLE 1 j Factor: x° + 8 


Strategy We will write x° + 8 in a form that clearly shows it is the sum of two cubes. 
Why We can then use the rule for factoring the sum of two cubes. 


Solution x°> + 8 is the sum of two cubes because it can be written as x° + 2°. We can 
match it to the rule for factoring the sum of two cubes to find its factorization. 


Fo+ 13 =(F+ L\(F?—F L +L’)  Towrite the trinomial factor: 


| | | | | | | | * Square the first term of the binomial factor. 
* Multiply the terms of the binomial factor. 
e+ 2 = (x + 2)? -—x+24+ 27) - Square the last term of the binomial factor. 
=(x + 2)(x? — 2x + 4) x — 2x + 4 does not factor. 


Therefore, x° + 8 = (x + 2)(x? — 2x + 4). We can check by multiplying. 


ee 


(x + 2)(x? — 2x + 4) = x? + 2x? — 2x7 — 4x + 4x + 8 


=x° +8 © This is the original binomial. 


i Self Check 1 dj Factor: h? + 27 


Now Try Problem 17 


Terms containing variables such as 64b° and m® are also perfect cubes, because they can 
be written as the cube of a quantity: 


64b° = (4b = and-—s m° = (mm)? 
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EXAMPLE 2 i Factor: a? — 640° 


Strategy We will write a° — 645° ina form that clearly shows it is the difference of two 
cubes. 


Why We can then use the rule for factoring the difference of two cubes. 


Solution a® — 64b° is the difference of two cubes because it can be written as 
a’ — (4b). We can match it to the rule for factoring the difference of two cubes to find 
its factorization. 

P-L =(F-L)\(F+F L+ LL’) 
| { + $+ + Fd | 
a — (4b) = (a — 4b)[a? + a+ 4b + (4b) 
= (a — 4b)(a’ + 4ab + 16b?) a? + 4ab + 166? does not factor. 


Therefore, a® — 64b* = (a — 4b)(a* + 4ab + 16”). Check by multiplying. 


ta Self Check 2 ,| Factor: 8c? — 1 


Now Try Problem 37 


You should memorize the rules for factoring the sum and the difference of two cubes. 
Note that the right side of each rule has the form 


(a binomial)(a trinomial) 


and that there is a relationship between the signs that appear in these forms. 


The Sum of Two Cubes The Difference of Two Cubes 
The same sign The same sign 
v v ,..tC<SY 
F+D=(F + L(F — FL +L’) Fe - LD = (F — LF? + FL + L’) 
— i rn t 
Opposite Always plus Opposite Always plus 
signs signs 


If the terms of a binomial have a common factor, the GCF (or the opposite of the GCF) 
should always be factored out first. 


EXAMPLE 3 Factor: —2r° + 25017 


Strategy We will factor out the common factor, — 277. We can then factor the resulting 
binomial as a difference of two cubes. 


Why The first step in factoring any polynomial is to factor out the GCF, or its opposite. 


Solution 
—21° + 250%? = —227¢¢* — 125) Factor out the opposite of the GCF, —2¢*. 


= —27°(t — 5)(° + 5t + 25) Factor t® — 125. 
Therefore, —2t° + 250t7 = —217(t — 5)(t? + 5t + 25). Check by multiplying. 
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“a Self Check 3 | Factor: 4c? + 4d? 


Now Try Problem 43 


Bag nsurrs TOSELFCHECKSNN 1. (1 + 3)(A? — 3h +9) 2. (2c — 1)(4c? + 2c + 1) 
3. 4(c + dc? — cd + d’) 


VOCABULARY NOTATION 
Fill in the blanks. Complete each factorization. 
1. x° + 27 is the of two cubes and a® — 125 is the VW. a +8 = (a+ We + 4) 
iff ft 
cieetenee Obie ee : 12.8 -1=@-1(x2+ +1) 
2. The factorization of x° + 8 is (x + 2)(x 2x + 4). The first 
factor is a binomial and the second isa___. 13. b° + 27 = ( \r — 3b + 9) 
3 = n 1 
CONCEPTS 14,.2-125=(¢-5( +52+  ) 
Fill in the blanks. Give an example of each type of expression. 
30aF+ P= ( } \F? FL L’) 15. a. the sum of two cubes 
bE feats (F 1)( +FL+ ) b. the cube of a sum 
4 16. a. the difference of two cubes 
ms rm = . b. the cube of a difference 
— 2 GUIDED PRACTICE 
cubed. cubed. 
Factor. See Example 1. 
3 
5. a. ~ - 17. y> + 125 18. b° + 216 
This is This is 3 3 
cubed. cubed. Tee 68 20. n° +1 
Bax t+64y=( Pre 21. n° + 512 22. 1° + 729 
b. 8? -27=( y-( fp 
3 3 
7. List the first ten positive integer cubes. 23.9% ¢ 24,27 + y 
3 
8. (x — 2)(x? + 2x + 4) is the factorization of what binomial? 25. a° + 1,000b° 
26. 8u° + w° 
9. Use multiplication to determine if the factorization is correct. 27.. 125e° + 27d? 


28. 64m? + 343n7 


b? + 27 = (b + 3)(b* + 3b + 9) 
Factor. See Example 2. 


10. The factorization of y> + 27 is (y + 3)(* — 3y + 9). Is this ‘ ' 
factored completely, or does y* — 3y + 9 factor further? 29. a — 27 30. — 8 


31. m? — 343 32. vy’ — 216 


33. 216 -v 34. 125-7 
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35. 88 — 8 36. 27a — b° 
37. 1,000a° — w° 

38. s° — 644° 

39. 64x° — 27)° 

40. 27x* — 1,000)° 

Factor completely. See Example 3. 

41. 2x7 +2 42. 8° + 8 
43. 3d° + 81 44, 2x7 + 54 
45. x* — 216x 46. x° — 125x? 


47. 64m>x — 8n?x 
48. 16r* — 128rs° 


TRY IT YOURSELF 


Choose the correct method from Section 6.1 through Section 6.5 
and factor completely. 


49. x7 + 8x + 16 50. 64p° — 27 

51. 97? — 16s” 52. —63 — 13x + 6x7 
53. xy — t+ sx — st 54. 12p* + 14p — 6 
55. 4p° + 329° 56. 56a* — 15a* + a 
57. 16c*t? + 20c*t? + 6ct* 58. —17 —9t + 1 

59. 36e7 — 36 60. 3(z + 4) — a(z + 4) 
61. 35a°b” — 14a°b*? + 14°? 62. —y — 15y + 34 
63. 36r° + 60rs + 25s? 64. 16u — 16 
APPLICATIONS 


65. MAILING BREAKABLES _ Write a polynomial that 
describes the amount of space in the larger box that must be 
filled with styrofoam chips if the smaller box containing a glass 
tea cup is to be placed within the larger box for mailing. Then 
factor the polynomial. 


10 in. 


66. MELTINGICE In one hour, the block of ice shown below 
had melted to the size shown on the right. Write a polynomial 
that describes the volume of ice that melted away. Then factor 
the polynomial. 


9 in. 


~ Qin. x in. 


WRITING 
67. Explain why x? — 25 is not a difference of two cubes. 


68. Explain this diagram. Then draw a similar diagram for the 
difference of two cubes. 


The same 
Fo+D=(F + L)\(F* — FL 
4 


+ 17) 
4 
Opposite Always plus 


REVIEW 


69. When expressed as a decimal, is j a terminating or a repeating 
decimal? 

70. Solve: x + 20 = 4x — 1 + 2x 

71. Write the set of integers. 

72. Solve: 2x + 2 = 4x —2 

73. Evaluate 2x* + 5x — 3 forx = —3. 


74. Check to determine whether 4 is a solution of 
3(m — 8) + 2m = 4 — (m + 2). 


CHALLENGE PROBLEMS 
75. Consider: x° — 1 


a. Write the binomial as a difference of two squares. Then 
factor. 


b. Write the binomial as a difference of two cubes. Then factor. 


76. What binomial multiplied by (a7b” + Jab + 49) gives a 
difference of two cubes? 


Factor completely. 
77. x° — y 
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Steps for 
Factoring a 
Polynomial 


The Language of Algebra 
Recall that to factor a polynomial 
means to express it as a product 
of two (or more) polynomials. 


The Language of Algebra 
Remember that the instruction to 
factor means to factor completely. 
A polynomial is factored completely 
when no factor can be factored 
further. 


The factoring methods discussed so far will be used in the remaining chapters to simplify 
expressions and solve equations. In such cases, we must determine the factoring method—it 
will not be specified. This section will give you practice in selecting the appropriate factoring 
method to use given a randomly chosen polynomial. 

The following strategy is helpful when factoring polynomials. 


1. Is there a common factor? If so, factor out the GCF, or the opposite of the GCF so that 
the leading coefficient is positive. 


2. How many terms does the polynomial have? 
If it has two terms, look for the following problem types: 
a. The difference of two squares 
b. The sum of two cubes 
c. The difference of two cubes 
If it has three terms, look for the following problem types: 
a. A perfect-square trinomial 


b. If the trinomial is not a perfect square, use the trial-and-check-method or the 
grouping method. 


If it has four or more terms, try to factor by grouping. 
3. Can any factors be factored further? If so, factor them completely. 
4. Does the factorization check? Check by multiplying. 


EXAMPLE Factor: 2x* — 162 


Strategy We will answer the four questions listed in the Steps for Factoring a Polynomial. 
Why The answers to these questions help us determine which factoring techniques to use. 
Solution Is there a common factor? Yes. Factor out the GCE, which is 2. 

2x* — 162 = 2(x* — 81) 


How many terms does it have? The polynomial within the parentheses, x* — 81, has two 
terms. It is a difference of two squares. 


2x* — 162 = 2(x* — 81) Think of x* — 81 as (x7)? — 97. 
= 2(x* + 9)\(x? — 9) 


Is it factored completely? No. x° — 9 is also the difference of two squares and can be 
factored. 


2x* — 162 = 2(x* — 81) 


= 2(x? + 9)? - 9) Think of x* — 9 as x* — 37. 
= 2(x? + 9x + 3)(x — 3) + 9isasumoftwo squares and does not 
factor. 


Therefore, 2x* — 162 = 2(x? + 9)(x + 3)(x — 3). 
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Does it check? Yes. 
2(x* + Ox + 3) — 3) = A(x? + 9)? — 9) Multiply (x + 3)(x — 3) first. 
= 2(x* — 81) Multiply (x* + 9)(x” — 9). 


= 2x* — 162 This is the original polynomial. 


a Self Check 1 | Factor: 1la° — 11a? 


Now Try Problem 21 


EXAMPLE 2 Factor: —4c°d” — 12c*d? — 9c3d* 


Strategy We will answer the four questions listed in the Steps for Factoring a Polynomial. 
Why The answers to these questions help us determine which factoring techniques to use. 
Solution Is there a common factor? Yes. Factor out the opposite of the GCE, —c*d’, 
so that the leading coefficient is positive. 
—40°d* — 12c*d? — 9c3d* = —c3d*(4c? + 12cd + 9d’) 


How many terms does it have? The polynomial within the parentheses has three terms. It 
is a perfect-square trinomial because 4c* = (2c)*, 9d* = (3d)’, and 12cd = 2+ 2c - 3d. 


—4ce°d? — 12c*d? — 9e8d* = —c3d?(4c? + 12cd + 9d’) 
= —c'd*(2c + 3d)” 
Ts it factored completely? Yes. The binomial 2c + 3d does not factor further. 
Therefore, —4c°d* — 12c*d? — 9c?d* = —c3d?(2c + 3d)’. 
Does it check? Yes. 


—Cd’?(Q2c + 3d)? = —c3d7(4c? + 12cd + 9d”) Usea special-product rule. 


= —4c°d? — 12c*d? — 9c%d* This is the original polynomial. 


a Self Check 2 , Factor: —32h* — 80h* — 50h° 
Now Try Problem 33 


EXAM PLE3 ) Factor: y*- 3y + y-3 


Strategy We will answer the four questions listed in the Steps for Factoring a Polynomial. 
Why The answers to these questions help us determine which factoring techniques to use. 
Solution Is there a common factor? No. There is no common factor (other than 1). 


How many terms does it have? Since the polynomial has four terms, we will try factoring 
by grouping. 
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y -3y + y-— 3 =yy — 3) + 1(y — 3) Factor out y from y* — By”. Factor out 1 
from y — 3. 


=(y — 30° + 1) 
Is it factored completely? No. We can factor y° + 1 as a sum of two cubes. 
yo 3y ty Ss = yy - 3) 416-3) 
= (y — 3)" + 1) Think of y> + tas y? + 1°. 
=(y—-3)\v+ DO" -—y+1) ~-y +1 does not factor further. 
Therefore, y* — 3y° +y —-3 =(y-3)yv + DO’ —y + J). 
Does it check? Yes. 
y-3¢04+ DV -ytD=0-30°+D) Multiply the last two factors. 
=y'+y—3y —3 Use the FOIL method. 
= y* — 3y? + y —3 This is the original polynomial. 


a Self Check 3 ,| Factor: 64 + 6° + 8b + 8 
Now Try Problem 37 


EXAMPLE 4 | Factor: 32n — 4n? + 4n° 


Strategy We will answer the four questions listed in the Steps for Factoring a Polynomial. 
Why The answers to these questions help us determine which factoring techniques to use. 


Solution Is there a common factor? Yes. When we write the terms in descending 
powers of n, we see that the GCF is 4n. 


4n® — 4n? + 32n = 4n(n? — n + 8) 


How many terms does it have? 


The polynomial within the Negative factors of 8 | Sum of the negative factors of 8 
parentheses has three terms. It —1(—8) = 8 =F (8) =<9 

is not a perfect-square trino- 

mial because the last term, 8, is 72(-4) = 8 —2. + (8) = —10 


not a perfect-integer square. 
To factor the trinomial n* — n + 8, we must find two integers whose product is 8 and 
whose sum is — 1. As we see in the table, there are no such integers. Thus, n” — n + 8 is prime. 


Is it factored completely? Yes. 


Therefore, 4n? — 4n* + 32n = 4n(n* —n-+t 8). Remember to write the GCF, 4n, 
t_ from the first step. 


Does it check? Yes. 


4n(n? — n + 8) = 4n? — 4n? + 32n This is the original polynomial. 


a Self Check 4 P| Factor: 6m? — 54m + 6m? 
Now Try Problem 45 
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EXAM PLE 5 | Factor: 3y° — 4y* — 4y 


Strategy We will answer the four questions listed in the Steps for Factoring a Polynomial. 
Why The answers to these questions help us determine which factoring techniques to use. 
Solution Is there a common factor? Yes. The GCF is y. 

3y" — 4y? — 4y = yy’ — 4y — 4) 


How many terms does it have? The polynomial within the parentheses has three terms. It 
is not a perfect-square trinomial because the first term, 3y”, is not a perfect square. 
If we use grouping to factor 3y* — 4y — 4, the key number is ac = 3(—4) = —12. We 


must find two integers whose product is — 12 and whose sum is b = —4. 
Key number = —12 b= —-4 
Factors of —12 Sum of the factors of —12 
2(-6) = -12 2 +(-6) = —-4 


From the table, the correct pair is 2 and —6. They serve as the coefficients of 2v and —6y, the 
two terms that we use to represent the middle term, —4y, of the trinomial. 


3y — dy — 4 = 3 + 2p — by — 4 Express —4y as 2y — Gy. 


= y(3y + 2) — 2(3y + 2) Factor y from the first two terms and factor 
—2 the last two terms. 


= By + 2)(y — 2) Factor out 3y + 2. 
The trinomial 3) — 4y — 4 factors as (3y + 2)(v — 2). 
Is it factored completely? Yes. Because 3y + 2 and y — 2 do not factor. 


Therefore, 3y° — 4y* — 4y = yp(3y + 2)(y — 2). Remember to write the GCE, y, from the 
t first step. 


Does it check? Yes. 


yBy + 2)(y — 2) = y(By? — 4y — 4) Multiply the binomials. 
= 3y° = 4y* — 4y This is the original polynomial. 


ba Self Check 5 j Factor: 6y? + 21y* — 12y 
Now Try Problem 67 


ec | 1. lla*(a? + 1a + 1a-— 1) 2. —2h7(4h + 5)? 
3. (b + 1)(b + 2)(b? — 2b +4) 4. 6m(m? +m—9)_ 5. 3yQ2y — 1G + 4) 


6.6 A Factoring Strategy 


521 


VOCABULARY 
Fill in the blanks. 
1. To factor a polynomial means to express it as a of 
two (or more) polynomials. 


2. A polynomial is factored when each factor is 


prime. 


CONCEPTS 


For each of the following polynomials, which factoring method 
would you use first? 


3. 2x°y — 4x3 y 4. 9b + 12y — 5 


5. x7 + 18v + 81 6. ax +ay—-—x-y 


7.x° +27 8. y — 64 


9. m? + 3mn + 2n* 10. 16 — 252” 


11. What is the first question that should be asked when using the 
strategy of this section to factor a polynomial? 


12. Use multiplication to determine whether the factorization is 


correct. 
5c°d* — 40c?d? + 35cd* = Scd?(c — Td\(c — d) 
NOTATION 
Complete each factorization. 
13. 6m? — 28m? + 16m = 2m(3m* — + 8) 


= 2m(3m — 2)( 4) 
14, 2a? + 3a? — 2a — 3 


= (2a+3)-1( +3) 

= ( ya — 1) 

= (2a + 3)(a + 1)( ) 
TRY IT YOURSELF 


The following is a list of random factoring problems. Factor each 
expression completely. If a expression is not factorable, write 
“prime.” See Examples 1-5. 


15. 2b7 + 8b — 24 16. 32 — 214 


17. 8p°q' + 4p°¢° 18. 8m?n? — 24mn* 


19. 2 + 24y + 40)? 20. 6r? + 3rs — 185° 


59. 


61. 


. 8x — 8 22. 
. 4c - 147 4+-° 24. 
+741 26. 
. —2x° + 128x? 28. 
. ac + ad? + be + bd? 30. 
. 9x7? + 6xy -— 1 32. 


. —20m? — 100m? — 125m 


. Sx Veet + 25x27 yte? — 35x72? 
. 2c? — Sed — 3d? 36. 
. p' — 2p? — 8p + 16 38. 
. a(x — a) — D(x — a) 40. 
. ab? — 144 
. 16x42 + 24x° 324 — 15x7y327 
. 2x7 + 10x? +x45 44, 
8-14 414 46. 
. x4 — 13x? + 36 48. 
. Sax? — 2b*x 50. 
. 6x7 — 14x + 8 52. 
: 4x7? + Axy* + y 54. 
. 4m? + 500m? 56. 
. x4 — 2x7 — 8 58. 
Ax? + 9y7 60. 
16a? — 54a° 62. 


t-90+ 7? 

ab” — 4a + 3b? — 12 
3a° + 240° 

16 — 40z + 252" 

6t* + 146° — 407 


ry — 2x? -y +2 


125p* — 64y° 
a +8a+3 


10p4¢° = 35p'q° + 49p°q° 


uw — 18u + 81 

28 — 3m — m 
81r* — 256 

12x? + 14x — 6 
12x? — 12 

81rts? — 247s? 

ae + bf + af + be 
6x* — x — 16 

xy + 216xy4 


25x? — 167 
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63. 27x — 27y — 27z 

65. xy — ty + xs — ts 

67. 35x® — 2x” — x° 

69. 5(x — 2) + 10y(x — 2) 
71. 49p* + 28pq + 4q° 
73. 417 + 36 


75. mn? — 9m? + 3n? — 27 


WRITING 


77. Which factoring method do you find the most difficult? Why? 


64 


66. 


68. 


70. 


72 


74. 


76. 


. 12x7 + 52x + 35 
.bo+tb+cdt+d 


x? — 25 


. xy? — bxy — 16 
rP+3e°4+2r+6 


2 + by + O27" 


78. What four questions make up the factoring strategy for 
polynomials discussed in this section? 


16x? — 40x? + 25x4 


79. What does it mean to factor a polynomial? 
80. How is a factorization checked? 


REVIEW 


81. Graph the real numbers —3, 0, 2, and 3 on a number line. 
82. Graph the interval (—2, 3] on a number line. 


1 
83. Graph: y = ra +1 84. Graph: y <2 — 3x 


CHALLENGE PROBLEMS 
Factor completely using rational numbers. 
9 4 = 12 


86. x(x — vy) — vy — x) 
87. 24 — x? + 8x? — 3x 


4 

88. 25b7 + 145 + aid 

25 

89. x° + y® 
1 


90. 


Objectives 


Quadratic 
Equations 


@ Define quadratic equations. 


The factoring methods that we have discussed have many applications in algebra. In this 
section, we will use factoring to solve quadratic equations. These equations are different from 
those that we solved in Chapter 2. They contain a term where the variable is raised to the 
second power, such as x? or f?. 


@® Solve quadratic equations using the zero-factor property. 
Solve third-degree equations by factoring. 
gree eq y & 


Define Quadratic Equations. 


In a linear, or first degree equation, such as 2x + 3 = 8, the exponent on the variable is an 
unwritten 1. A quadratic, or second degree equation, has a term in which the exponent on the 


variable is 2, and has no other terms of higher degree. 


A quadratic equation is an equation that can be written in the standard form 


ax’ + bx +c=0 


where a, b, and c represent real numbers, and a # 0. 


The Language of Algebra 
Quadratic equations involve the 
square of a variable, not the 4th 
power as quad might suggest. 
Why is this? Because the origin of 
the word quadratic is the Latin 
word quadratus, meaning square. 


2 | 


The Zero-Factor 
Property 


Caution 
It would not be helpful to multiply 
(4x — 1) and (x + 6). We want 
the left side of the equation to be 
in factored form so that we can 
use the zero-factor property. 


The Language of Algebra 
In the zero-factor property, the 
word or means one or the other or 
both. If the product of two 
numbers is 0, then one factor is 0, 
or the other factor is 0, or both 
factors can be 0. 
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Some examples of quadratic equations are 


x? -2x-63=0, x-25=0, and 2x7+3x=2 


The first two equations are in standard form. To write the third equation in standard form, 
we subtract 2 from both sides to get 2x* + 3x — 2 = 0. 


Solve Quadratic Equations Using the Zero-Factor Property. 


To solve a quadratic equation, we find all values of the variable that make the equation true. 
The methods that we used to solve linear equations in Chapter 2 cannot be used to solve a 
quadratic equation, because we cannot isolate the variable on one side of the equation. 
However, we can often solve quadratic equations using factoring and the following property 
of real numbers. 


When the product of two real numbers is 0, at least one of them is 0. 
If a and b represent real numbers, and 


ifab=0,then a=0 or b=0 


EXAMPLE] 


| Solve: (4x — 1)(x + 6) = 0 
Strategy We will set 4x — 1 equal to 0 and x + 6 equal to 0 and solve each equation. 


Why If the product of 4x — 1 and x + 6 is 0, then, by the zero-factor property, 4x — 1 
must equal 0, or x + 6 must equal 0. 


Solution 
4x -1=0 or 


If (4x — 1) + 6) = Ois to be a true statement, then either 
x+6=0 


Now we solve each of these linear equations. 


4x-1=0 or x+6=0 
4x = 1 Add1to both sides. x = —6 Subtract 6 from both sides. 
x= 4 Divide both sides by 4. 


The results must be checked separately to see whether each of them produces a true state- 


ment. We substitute i and then —6 for x in the original equation and evaluate the left side. 


Check : Check —6: 
(4x — 1\(x + 6) =0 (4x — I(x + 6) =0 
(4) (4 a 6) 2% [4(—6) — 1](-6 + 6) ; 0 
4 af (-24 — 10) 0 
a - (2) ies ~25(0) 2 0 
4 0=0 _ True 
(28) 20 


0=0 


True 
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Success Tip 
When you see the word solve in 
this example, you probably think 
of steps from Chapter 2 such as 


combining like terms, distributing, 


or doing something to both sides. 
However, to solve this quadratic 
equation, we begin by factoring 
x? — 2x — 63. 


The resulting true statements indicate that (4x — 1)(x + 6) = 0 has two solutions: i 
and —6. Recall from Chapter 2 that the solution set of an equation is the set of all numbers 


that make the equation true. Thus, the solution set is {-6, i} 


a Self Check 1 | Solve: (x — 12)(5x + 6) =0 
Now Try Problem 15 


In Example 1, the left side of (4x — 1)(x + 6) = 01s in factored form and the right side 
is 0, so we can immediately use the zero-factor property. However, to solve many quadratic 
equations, we must factor before using the zero-factor property. 


EXAMPLE 2 Solve: x? — 2x — 63 = 0 
Strategy We will factor the trinomial on the left side of the equation and use the zero- 
factor property. 


Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


Solution 
x? — 2x —- 63 = 0 This is the equation to solve. 
(x + 7)\(x —-9)=0 Factor the trinomial, x* — 2x — 63. 


x+7=0 or x—9=0 Set each factor equal to O. 


x=-—7 | x =9 — Solve each linear equation. 


To check the results, we substitute —7 and then 9 for x in the original equation and eval- 
uate the left side. 


Check —7: Check 9: 
x? — 2x —- 63 =0 x — 2x — 63 =0 
(-7) — 2-7) - 68 +0 (9)? — 2(9) — 68 £0 
49 — (-14) — 63 0 81 — 18 — 63 20 
63 — 63 = 0 63 — 63 £0 
0=0 True 0=0 True 


The solutions of x7 — 2x — 63 = 0 are —7 and 9, and the solution set is {—7, 9}. 


a Self Check 2 d Solve: x7 + 5x +6 =0 


Now Try Problem 27 


The previous examples suggest the following strategy to solve quadratic equations by 
factoring. 


The Factoring 
Method for Solving 
a Quadratic 
Equation 


Notation 
Although x” — 25 = 0 is missing 
a term involving x, it is a quadratic 
equation in standard form 
ax? + bx + c = 0, wherea = 1, 
b =0,ande = —25. 
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. Write the equation in standard form: ax? + bx +c =0 or O=ax? +b +c. 
. Factor completely. 
. Use the zero-factor property to set each factor equal to 0. 


. Solve each resulting linear equation. 


aA FB WN 


. Check the results in the original equation. 


With this method, we factor expressions to solve equations. 


EXAMPLE 3 j Solve: x? — 25 =0 


Strategy We will factor the binomial on the left side of the equation and use the zero- 
factor property. 


Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


Solution We factor the difference of two squares on the left side of the equation and 
proceed as follows. 
x? —25=0 This is the equation to solve. 
(x + 5)\(x — 5) =0 Factor the difference of two squares, x° — 25. 
x+5=0 or x—5=0 Set each factor equal to 0. 


x=—5 | x =5 Solve each linear equation. 


Check each result by substituting it into the original equation. 


Check —5: Check 5: 

x -—25=0 x -25=0 

(-—5) — 2540 5? 2520 

25-2520 25-2520 
0=0 True 0=0 _ True 


The solutions of x* — 25 = 0 are —5 and 5, and the solution set is {—5, 5}. 


eT Self Check 3 dj Solve: x* — 49 = 0 


Now Try Problem 35 


EXAMPLE 4 j Solve: 6x? = 12x 


Strategy We will subtract 12x from both sides of the equation to get 0 on the right side. 
Then we will factor the resulting binomial and use the zero-factor property. 


Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


Solution The equation is not in standard form, ax* + bx + c = 0.To get 0 on the right 
side, we proceed as follows. 
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Caution 


A creative, but incorrect, approach 
to solve 6x? = 12x is to divide 
both sides by 6x. 


6x2 12 
6x 6x 


You will obtain x = 2; however, you 
will lose the second solution, 0. 


6x" = 12x This is the equation to solve. 
6x? — 12x = 


~ 
Y? 
| 
— 
es 


Use the subtraction property of equality to get O on the right 
side: Subtract 12x from both sides. 


6x7 — 12x 


II 
—) 


Combine like terms: 12x — 12x = O. 
This equation is in standard form. 


To solve this equation, we factor the left side and proceed as follows. 


6x(x — 2) = 0 Factor out the GCF, 6x. 
6x = 0 or x—2=0 Set each factor equal to 0. 
0 
x= 6 x = 2 Solve each equation. 
x=0 


The solutions are 0 and 2 and the solution set is {0, 2}. Check each solution in the original 
equation, 6x* = 12x. 


a Self Check 4 j Solve: 5x? = 25x 


Now Try Problem 47 


EXAMPLE 5 | Solve: 2x? — 2 = —3x 


Strategy We will add 3x to both sides of the equation to get 0 on the right side. Then we 
will factor the resulting trinomial and use the zero-factor property. 


Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


Solution The equation is not in standard form, ax” + bx + c = 0. To get 0 on the right 
side, we proceed as follows. 


2x7 — 2 = —3x This is the equation to solve. 
2x? + 3x — 2 = —3x + 3x Use the addition property of equality to get O on the 
right side: Add 3x to both sides. 
2x7 + 3x-2=0 Combine like terms: —3x + 3x = O. 
This equation is in standard form. 
(2x — I)x + 2) =0 Factor the trinomial. 
2x-1=0 or x+2=0 Set each factor equal to O. 
2x = 1 x = —2 Solve each equation. 
il 
*=5 


The solutions are 5 and —2 and the solution set is {—2, sh. Check each solution in the 
original equation, 2x7 — 2 = —3x. 


a Self Check 5 i Solve: 3x7 — 8 = —10x 


Now Try Problem 51 


Caution 
To use the zero-factor property, 
one side of the equation must be 
0. In this example, it would be 
incorrect to set each factor equal 
to —4. 


x = —4 ore 9x12 = —4 


If the product of two numbers is 
—4, one of them does not have to 


be —4. For example, 2(—2) = —4. 
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Unlike linear equations, quadratic equations have two solutions. In some cases, however, 
the two solutions are the same number. 


EXAMPLE6 Solve: x(9x — 12) = —4 


Strategy To write the equation in standard form, we will distribute the multiplication by 
x and add 4 to both sides. Then we will factor the resulting trinomial and use the zero- 
factor property. 


Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


Solution 
x(9x — 12) = -—4 This is the equation to solve. 
9x? — 12x = —4 Distribute the multiplication by x. 
9x? — 12x +4=-444 To get O on the right side, add 4 to both sides. 
9x? — 12x +4 =0 Combine like terms: —4 + 4 = O. 
This equation is in standard form. 
(3x — 2)3x — 2) =0 Factor the trinomial, 9x* — 12x + 4. 
3x —2=0 or 3x —2=0 Set each factor equal to O. 
3x = 2 3x = 2 Solve each equation. 
2 2 
x= x= > 
3 3 


After solving both equations, we see that gj is a repeated solution. Thus, the solution set 
is {5}. Check this result by substituting it into the original equation. 


PT Self Check 6 P| Solve: x(4x + 12) = —9 
Now Try Problem 59 


Solve Third-Degree Equations by Factoring. 


Some equations involving polynomials with degrees higher than 2 can also be solved by using 
the factoring method. In such cases, we use an extension of the zero-factor property: When 
the product of two or more real numbers is 0, at least one of them is 0. 


EXAMPLE 7 Solve: 6x? + 12x = 17x? 


Strategy This equation is not quadratic, because it contains a term involving = 
However, we can solve it by using factoring. First we get 0 on the right side by subtract- 
ing 17x* from both sides. Then we factor the polynomial on the left side and use an 
extension of the zero-factor property. 
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Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


The Language of Algebra Solution Te ee 7 . 

Since the highest degree of any X x = L/x This is the equation to solve. 
term in 6x? + 12x = 17x? is 3, it 
is called a third-degree equation. 
Note that it has three solutions. 


6x? — 17x? + 12x = 17x — 17x" To get. 0 on the right side, subtract 17% from both 
9 9g 
sides. 


6x? — 17x* + 12x =0 Combine like terms: 17x* — 17x = O. 
x(6x” — 17x + 12) =0 Factor out the GCF, x. 
x(2x — 3)(3x — 4) = 0 Factor the trinomial, 6x” — 17x + 12. 


If x(2x — 3)(3x — 4) = 0, then at least one of the factors is equal to 0. 


x=0 or 2x -3=0 or 3x —4=0 Set each factor equal to O. 


2x = 3 3x =4 — Solve each equation. 
3 4 

x=t x= 
2 3 


The solutions are 0, 3, and $ and the solution set is {0, ;, 3}. Check each solution in the 
original equation, 6x? + 12x = 17x’. 


a SelfCheck7 | Solve: 10x? + x? = 2x 


Now Try Problem 67 


ee | 1. 12,-$ 2. -2,-3 3.-7,7 40,5 5.3,-4 6 -3 
7. 0,2, -5 


VOCABULARY CONCEPTS 

Fill in the blanks. 5. Which of the following are quadratic equations? 

1. 2x? + 3x — 1 = O and x* — 36 = 0 are examples of a. x’ + 2x—-10=0 b. 2x — 10 = 0 

equations. c. x? = 15x dx +37 + 2x =0 

2. ax? + bx + c = Ois called the form of a quadratic 6. Write each equation in the standard form ax” + bx + c = 0. 
equation. a. x7 + 2x =6 b. x? = 5x 

3. The property states that if the product of two 
numbers is 0, at least one of them is 0: Ifab = 0,thena = or c. 3x(x — 8) = -9 d. 4x2 = 25 
b= 

4. Since the highest degree of any term in x* — 5x7 — 6x = 0 is 3, 


7. Set 5x + 4 equal to 0 and solve for x. 


it is call - tion. 
deisel degtes equation 8. What step should be performed first to solve x7 — 6x — 16 = 0? 


9. What step (or steps) should be performed first before factoring 


is used to solve each equation? 
a. x° + 7x = —6 
b. x(x + 7) = 3 


10. Check to determine whether the given number is a solution of 


the given quadratic equation. 
a. x? — 44 = 0; 4 
be 2-7 HS 2 


NOTATION 


Complete each solution to solve the equation. 
11. (x — Ix + 7) = 0 


x-l= or =0 
x=1 | x= 
12. 7y? + 14y =0 
(y+ 2)=0 
iy =0 yt2= 
y= | y=-2 


13. p—-p-6=0 
( —3)\p + 2)=0 


=0 or pt2= 
p= | p= 
14. 4y° — 25 =0 
Qy+ )Qy- )=0 
2yv+5= or =0 
2y = ay =5 
os 5 2 
yrra y= 


GUIDED PRACTICE 


Solve each equation. See Example 1. 


15. (x — 3)(x — 2) =0 16. (x + 2)(x + 3) = 
17. (x + 7)(x — 7) =0 18. (x — 8)(x + 8) = 
19. 6x(2x — 5) = 0 20. 5x(5x + 7) = 0 

21. —7a(3a + 10) = 0 22. —64(2t — 9) =0 

23. (t — 6)(t + 8) =0 24. n(n + 1)(n — 6) = 0 


25. (x — 1)(x + 2)(x 


3)=0 26. (x + 2)(x 


3)(x 


6.7 Solving Quadratic Equations by Factoring 


Solve each equation. See Example 2. 


27. x? — 13x + 12 =0 28. 
29. x? — 4x — 21 =0 30. 
31. x7 — 9x +8 =0 32. 
33. a + 8a + 15=0 34, 


Solve each equation. See Example 3. 


35. x7 — 81 =0 36. 
37. 7° —25=0 38. 
39. 4x7 -1 =0 40. 
41. 9” — 49 = 0 42. 
Solve each equation. See Example 4. 

43. w = 7w 44, 
45. s° = l6s 46. 
47. 4y° = 12y 48. 
49, 3x°* = —8x 50. 


Solve each equation. See Example 5. 


51. 3x7 + 5x =2 52. 
53. 2x7 +x =3 54. 
55. 5x7 + 1 = 6x 56. 
57. 2x7 — 3x = 20 58. 


Solve each equation. See Example 6. 


59. 4r(r + 7) = —49 60. 
61. 9a(a — 3) = 3a — 25 62. 
63. 2(z — 7) = —12 64. 
65. (n + 8)(n — 3) = —30 66. 


Solve each equation. See Example 7. 


67. x° + 3x7 + 2x =0 68. 
69. k> — 27k — 6k? = 70. 
71. x° — 6x? = —9x 72. 


73. 2x? = 2x(x + 2) 74. 


x +7x+6=0 


x7 +2x-15=0 


x* — 14x + 45 = 


a — 1l7a+ 60= 


x? — 36 =0 
m — 49 =0 
9° -1=0 
1627 — 25=0 
x? = 5x 

p’ = 20p 

5m = 15m 
3s° = —4s 


3x7 + 14x = -8 


2x? — 5x = -2 
6x° + 1 = 5x 
2x* — 3x = 14 


5m(5m + 8) = —16 


529 


3x(3x + 10) = 6x — 16 


pPp+1)=6 


(2s + 5s + 1) = -1 


x? — 7x7 + 10x = 0 


yp? — 227 - 977 =0 


m> — 8m? + 16m = 0 


x? + Tx? = x? — 9x 
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TRY IT YOURSELF 

Solve each equation. 

75. 4x7 = 81 76. 9y° = 64 

77. x? — lox + 64 =0 78. Wh? + 2h+1=0 

79. (2s — 5s + 6) = 0 80. h(3h — 4\(h + 1) =0 
81. 3b° — 30b = 6b — 60 82. 2m? — 8m = 2m — 12 
83. ko +k? — 20k = 0 84. n° — 6n* + 8n = 0 
85. x7 — 100 = 0 86. 2 — 25 =0 

87. 3y — 14y -—5 =0 88. 4y° — lly -—3 =0 
9.6-DEe—k&e D0 90.G@=— 1G +5246) =0 
91. 4a° +1 =8a+1 92. 3b°> — 6 = 12b-6 
93. 2b(6b + 13) = —12 94. 5f(5f — 16) = —15 

95. 3a° + 4a? +a = 0 96. 10b° — 15b* — 255 = 0 
7.1 +24 RH 0 98. —8x° + 3 — 10x = 0 
99. 4p* — 121 =0 100. g-7=0 

101. d(8d — 9) = -1 102. 6n° — 6n = 0 


WRITING 
103. Explain the zero-factor property. 
104. Find the error in the following solution. 


x(x + 1) = 6 


x=6 or 


The solutions are 6 and 5. 


105. A student solved x7 — 5x + 6 = 0 and obtained two 
solutions: 2 and 3. Explain the error in his check. 


Check: x -— 5x+6=0 
2? — 53) +620 
415 +640 

-5=0 False 


2 is not a solution. 3 is not a solution. 


106. In this section, we solved quadratic equations by factoring. 
Did we always obtain two different solutions? Explain. 


107. What is wrong with the step used to solve x* = 2x shown 


below? 
x? = 2 
xy 2x 
x 
x=2 


The solution is 2. 
108. Explain the error in the following solution. 
Factor: x” — 5x + 6 
(@=.2)(x — 3) = 0 
x-2=0 or 


x=2 | x=3 


The solutions are 2 and 3. 


REVIEW 


109. EXERCISE A doctor advises a patient to exercise at least 
15 minutes but less than 30 minutes per day. Use a 
compound inequality to express the range of these times ¢ in 
minutes. 


110. SNACKS A bag of peanuts is worth $0.30 less than the 
same size bag of cashews. Equal amounts of peanuts and 
cashews are used to make 40 bags of a mixture that is worth 
$1.05 per bag. How much is a bag of cashews worth? 


CHALLENGE PROBLEMS 
Solve each equation. 
111. x* — 625 =0 
112. 2a* + a? — 32a 
113. (x — 3 =2x +9 
114, (x + 3)? = (2x - 1° 


16=0 


Objectives 


© Morgan Art Foundation Limited/Art Resource, NY/ARS 


The Language of Algebra 
When solving real-world applica- 
tion problems, we discard or reject 
any solutions of equations that do 
not make sense, such as a 
negative width of a painting. 
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@ Solve problems involving geometric figures. 
® Solve problems involving consecutive integers. 
© Solve problems using the Pythagorean theorem. 


© Solve problems given the quadratic equation model. 


In Chapter 2, we solved mixture, investment, and uniform motion problems. To model those 
situations, we used /inear equations in one variable. We will now consider situations that are 
modeled by quadratic equations. 


Solve Problems Involving Geometric Figures. 


We can use the five-step problem solving strategy and the factoring method for solving quad- 
ratic equations to find the dimensions of certain figures, given their area. 


EXAMPLE 1 j Painting. In 2002, the pop art painting 

: American Sweetheart, by artist Robert 

Indiana, sold for $614,500. The area of the rectangular painting is 

32 square feet. Find the dimensions of the painting if it is twice as 

long as it is wide. an 
Analyze the Problem 

¢ The area of the painting is 32 ft’. 

e The length is twice as long as the width. 

e Find the length and width. 


Form an Equation _ Since the length is related to the width, let w = the width of the 
painting in feet. Then 2w = the length of the painting. To form an equation, we use the 
formula for the area of a rectangle, A = /w, where A = 32. 


The area of the rectangle equals thelength times the width. 


32 = 2w : w 
Solve the Equation 
32 = 2w:w 
32 = ow" Multiply 2w and w. Note that this is a quadratic 
equation. 
0 = 2w’ — 32 To get O on the left side, subtract 32 from both sides. 
0 = 2(w* — 16) Factor out the GCF, 2. 


0 = 2(w + 4)(w — 4) Factor the difference of two squares, w — 16. 
wt+4 


II 
—) 


or w-4=0 Since 2 cannot equal O, discard that possibility. Set 
each factor that contains a variable equal to O. 


w= -4 w=4 Solve each equation. 
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State the Conclusion The solutions of the equation are —4 and 4. Since w represents 
the width of the picture, and the width cannot be negative, we discard —4. Thus, the 
width of the picture is 4 feet and the length is 2 - 4 = 8 feet. 


Check the Result A rectangle with dimensions 4 feet by 8 feet has an area of 32 ft’, 
and the length is twice the width. The answers check. 


La Now Try Problem 13 


EXAMPLE 2 | Windmills. The height of a triangular 
canvas sail of a windmill is 1 foot less than 
twice the length of its base. If the sail has an area of 22.5 ft’, find 
the length of the base and the height. 
Analyze the Problem 
e The height is 1 ft less than twice the length of the base. 
© The area is 22.5 ft’. 
e Find the length of the base and the height. y 
Form an Equation _ Since the height is related to the length of the base, we let b = the 
length of the base of the sail in feet. Then 2b — | = the height of the sail. To form an 


equation, we use the formula for the area of a triangle: A = Sbh, where A = 22.5. 


© Nicholas Pitt/Alamy 


Th if the length 
i ani equals one-half times hs times the height. 
the triangle of the base 
1 
22.5 = 5 . b : (2b — 1) 
Panton Solve the Equation 
A common error is to incorrectly 1 
“distribute” the 2 on the right side 22.5 = 3 ob =A) 


of the equation. 


iT ; , ; 
2-225 =2:- 5 b(2b =f) To clear the equation of the fraction, multiply both 


] sides by 2. 
2 +225 Seb — 1 
2 ) 45 = b(2b — 1) Multiply: 2 + 22.5 = 45 and2-3 = 1. 
45 = 2b° —b Distribute the multiplication by b. Note that this is 


a quadratic equation. 


0 = 2b*> —b — 45 To get O on the left side, subtract 45 from both 


sides. 
0 = (2b + 9)(b — 5) Factor the trinomial. 
2b+9= or b-5=0 Set each factor equal to O. 
2b= —-9 b=5 Solve each equation. 
9 
ba 
2, 


State the Conclusion The solutions of the equation are -° and 5. Since b represents 
the length of the base of the sail, and it cannot be negative, we discard at The length 
of the base is then 5 feet, and the height is 2(5) — 1 = 9 feet. 


> 

= 
ss 
<x 
=~ 
S 
= 
S 
2 
oc 
o 
a 
a 
S 
im 
© 


Success Tip 
The prime factorization of 272 is 
helpful in determining that 


272 = 17° 16. 
2|272 
2/136 
16 2168 
17 
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Check the Result A triangle with height 9 feet and base 5 feet has area 
$(9)(5) = 22.5 ft’, and the height is 1 foot less than twice the base. The answers check. 


La Now Try Problem 19 


Solve Problems Involving Consecutive Integers. 


Consecutive integers are integers that follow one another, such as 15 and 16. When solving 
consecutive integer problems, if we let x = the first integer, then: 

© two consecutive integers are x and x + 1 

© two consecutive even integers are x and x + 2 


© two consecutive odd integers are x and x + 2 


EXAM PLE 3 j Women's Tennis. In the 1998 Australian Open, sisters Venus 
and Serena Williams played against each other for the first time as 

professionals. Venus was victorious over her younger sister. At that time, their ages were 
consecutive integers whose product was 272. How old were Venus and Serena when 
they met in this match? 

Analyze the Problem 
e Venus is older than Serena. 
e Their ages were consecutive integers. 
e The product of their ages was 272. 
e Find Venus’ and Serena’s age when they played this match. 

Form an Equation Let x = Serena’s age when she played in the 1998 Australian Open. 


Since their ages were consecutive integers, and since Venus is older, we let x + 1 = 
Venus’ age. The word product indicates multiplication. 


Serena’sage times Venus’ age was 272. 


x : (x + 1) = 272 
Solve the Equation 
x(x + 1) = 272 
x +x = 272 Distribute the multiplication by x. Note that this 
is a quadratic equation. 
x°>+x—272=0 Subtract 272 from both sides to make the right 
side O. 
(x + 17) — 16) = 0 Factor x° + x — 272. Two numbers whose product 


is —272 and whose sum is 1 are 17 and —16. 
x+17=0 or x- 16=0 Set each factor equal to O. 
po il | x = 16 Solve each equation. 
State the Conclusion The solutions of the equation are —17 and 16. Since x repre- 
sents Serena’s age, and it cannot be negative, we discard —17. Thus, Serena Williams 


was 16 years old and Venus Williams was 16 + 1 = 17 years old when they played 
against each other for the first time as professionals. 
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Check the Result Since 16 and 17 are consecutive integers, and since 16 - 17 = 272, 
the answers check. 


La Now Try Problem 23 


© Solve Problems Using the Pythagorean Theorem. 


Caution 
It doesn’t matter which leg of the 
right triangle is labeled a and 
which is labeled b. However, the 
hypotenuse must be labeled c. 


The Pythagorean 
Theorem 


Pythagoras 


The Language of Algebra 
A theorem is a mathematical state- 
ment that can be proved. The 
Pythagorean theorem is named 
after Pythagoras, a Greek 
mathematician who lived about 
2,500 years ago. He is thought to 
have been the first to prove the 
theorem. 


A right triangle is a triangle that has a 90° (right) angle. The 
longest side of a right triangle is the hypotenuse, which is the 
side opposite the right angle. The remaining two sides are the 
legs of the triangle. The Pythagorean theorem provides a 
formula relating the lengths of the three sides of a right triangle. 


If a and b are the lengths of the legs of a right triangle and c is the length of the hypotenuse, 
then 


G+P=ac 


In a right triangle, the sum of the squares of the lengths of the two legs is equal to the 
square of the length of the hypotenuse. 


EXAM PLE 4 i Right Triangles. The longer leg of a right triangle is 3 units 
longer than the shorter leg. If the hypotenuse is 6 units longer than 
the shorter leg, find the lengths of the sides of the triangle. 


Analyze the Problem We begin by drawing a 
right triangle and labeling the legs and the 
hypotenuse. a 


&, a+6 
J Pore, ”n 
UWSe 


Form an Equation Let a = length of the shorter 
leg. Then the length of the hypotenuse is a + 6 
and the length of the longer leg is a + 3. By the 
Pythagorean theorem, we have 


Shorter leg 


Longer leg 
a+3 


( The length of ) ( the length of ) ie length of ae) 
1 equals 
the shorter leg the longer leg hypotenuse 


iv + (a + 3 = (a + 6 
Solve the Equation 
a t+(a+3y=(a+ 6) 
at+at+b6at9=a’ + 12a + 36 Find (a + 3)* and (a + 6)*. 
2a* + 6a +9 =a" + 12a + 36 On the left side: a* + a° = 2a”. 


a’ — 6a —-27=0 To get O on the right side, subtract a’, 12a, and 
36 from both sides. This is a quadratic equation. 
(a — 9a + 3) =0 Factor the trinomial. 


a-9=0 or a+3=0 Set each factor equal to O. 


a=9 | a=—3 Solve each equation. 
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State the Conclusion Since a side cannot have a negative length, we discard the solu- 
tion —3. Thus, the shorter leg is 9 units long, the hypotenuse is 9 + 6 = 15 units long, 
and the longer leg is 9 + 3 = 12 units long. 


Check the Result The longer leg, 12, is 
3 units longer than the shorter leg, 9. The 
hypotenuse, 15, is 6 units longer than the 
shorter leg, 9, and the side lengths satisfy the 
Pythagorean theorem. So the results check. 

oe 12 
81 + 144 = 225 
225 = 225 


15 units 
9 units 


152 12 units 


Iho [he 


La Now Try Problem 31 


4.) Solve Problems Given the Quadratic Equation Model. 


A quadratic equation can be used to describe the height of an object that is projected upward, 
such as a ball thrown into the air or an arrow shot into the sky. 


EXAMPLE5 College Pranks. A student 
~ uses rubber tubing to launch 
a water balloon from the roof of his dormitory. 
The height / (in feet) of the balloon, t seconds 
after being launched, is given by the formula 
h = —16t? + 48t + 64. After how many seconds 
will the balloon hit the ground? 


Analyze the Problem When the water balloon 
hits the ground, its height will be 0 feet. To find the 
time that it takes for the balloon to hit the ground, 
we set / equal to 0, and solve the quadratic equation 
for t. 


Form an Equation h = —16t7 + 484 + 64 


0 = —16t* + 481 + 64 Substitute O for the height, h. 
This is a quadratic equation. 


Success Tip Solve the Equation 
Note that the common factor, 0 = —16t7 + 487 + 64 
eee Fests pac 0=- 16(t? — 3t — 4) Factor out the opposite of the GCF, —16. 
164 48 _ 3 0 = —16(¢ + 1)(t — 4) Factor the trinomial. 
Te 6A ae t#+1=0 or t—4=0 Since —16 cannot equal O, discard that possibility. Set 
AG apa each factor that contains a variable equal to O. 


t=-l t= 4 Solve each equation. 
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State the Conclusion The equation has two solutions, —1 and 4. Since ¢ represents 
time, and, in this case, time cannot be negative, we discard —1. The second solution, 4, 
indicates that the balloon hits the ground 4 seconds after being launched. 


Check the Result Check this result by substituting 4 for ¢ inh = —16t7 + 48¢ + 64. 
You should get h = 0. 


La Now Try Problem 37 


VOCABULARY 8. Fill in the blanks. 
Fill'in the blanks a. If the length of the hypotenuse of a right triangle is c and the 
lengths of the oth 1 th =¢. 
1. Integers that follow one another, such as 6 and 7, are called ee eg two legs are a and 6, then c 
integers. b. Ina right triangle, the sum of the ____ of the lengths of 
2A danaliciademangledhat tava ol ande the two legs is equal to the square of the length of the 
3. The longest side of a right triangle is the : . The 6. /a. What adel winnald tadtiayen? 
remaining two sides are the of the triangle. 
4. The _________ theorem is a formula that relates the lengths i Wwiginrs Hic Inne ices (x +9) ft 
of the three sides of a right triangle. , . 8 8 x ft 
of the triangle? 
CONCEPTS c. How much longer is the 
hypotenuse than the shorter @+ 1) ft 


5. A rectangle has an area of 40 in.”. The length is 3 inches 


i than the width. Which rectangle bel ts th ; : : : : 
Benne SnD WE a stave ee nny ance ee 10. A ball is thrown into the air. Its height / in feet, ¢ seconds after 
: being released, is given by the formula h = —16¢7 + 24t + 6. 


i | | . ii. | When the ball hits the ground, what is the value of h? 
4 in. Sin. 


10 in. NOTATION 


leg? 


a Complete the solution to solve the equation. 
= 2 
6. A triangle has an area of 15 ft”. The height is 7 feet less than 11. 0 = —16t" + 327 + 48 
twice the length of the base. Which triangle below meets these 0= (? — 2t — 3) 
itions? 
Fonmidons - 0 = -16¢ — 3X + 
is ii. 
i= | i= 
10 ft 
6 ft 12. Fill in the blanks. 


a. Consecutive integers can be represented by x and 


7. Multiply both sides of the equation by 2. Do not solve. 


1 b. Consecutive odd integers can be represented by x and 
10 = 5b(6 + 5) 


c. Consecutive even integers can be represented by x and 


APPLICATIONS 
Geometry Problems 


13. FLAGS The length of 
the flag of Australia is 
twice as long as the width. 
Find the dimensions of an 
Australian flag if its area 
is 18 ft’. 


14. BILLIARDS Pool tables are rectangular, and their length is 
twice the width. Find the dimensions of a pool table if it 
occupies 50 ft* of floor space. 

15. X-RAYS. A rectangular-shaped x-ray 
film has an area of 80 square inches. The 
length is 2 inches longer than the width. 
Find its width and length. 


16. INSULATION _ The area of | 
the rectangular slab of foam 
insulation in the illustration 
is 36 square meters. Find 
the dimensions of the 
slab. 


17. from Campus to Careers 
Bulletin Boards 


Suppose you are an elementary 
school teacher. You want to order a 
rectangular bulletin board to mount 
on a classroom wall that has an area 
of 90 square feet. Fire code require- 
ments allow for no more than 30% 
of a classroom wall to be covered by 
a bulletin board. If the length of the 
board to be three times as long as 
the width, what are the dimensions 
of the largest bulletin board that meets fire code? 


2 
B 
S 
& 

£ 
S 

# 
a 
=) 

2 

= 
S 
Ss 

2 

2) 
o 
= 
& 
= 
& 
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18. TUBING Refer to the diagram in the next column. A piece of 


cardboard in the shape of a parallelogram is twisted to form the 
tube. The parallelogram has an area of 60 square inches. If its 
height / is 7 inches more than the length of the base b, what is 
the length of the base? (Hint: The formula for the area of a 
parallelogram is A = bh.) 


19. 


20. 


21. 


22. 
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JEANS The height of 
the triangular-shaped 
logo on a pair of jeans is 
1 centimeter less than 
the length of its base. If 
the area of the logo is 

15 square centimeters, 
find the length of the 
base and the height. 


SHUFFLEBOARD The area of 
the numbered triangle on a shuffle 
board court is 27 ft’. Its height is 
3 feet more than the length of the 
base. Find the length of the base 
and the height. 


SAILBOATS | Refer to the 
diagram of a sail shown here. 
The length of the Juffis 3 times 
longer than the length of the foot 
of the sail. Find the length of the 
foot and the length of the luff. 


DESIGNING TENTS | The length of the base of the triangular 
sheet of canvas above the door of a tent is 2 feet more than 
twice its height. The area is 30 square feet. Find the height and 
the length of the base of the triangle. 
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Consecutive Integer Problems 30. WIND DAMAGE A tree was blown over in a wind storm. 
23. NASCAR The car numbers of drivers Kasey Kahne and Scott F ind x. Then find the height of the tree when it was standing 
Riggs are consecutive positive integers whose product is 90. If upright. 


Kahne’s car number is the smaller, what is the number of each 
car. 

24. BASEBALL Catcher Thurman Munson and pitcher Whitey 
Ford are two of the sixteen New York Yankees who have had 
their uniform numbers retired. Their uniform numbers are 
consecutive integers whose product is 240. If Munson’s was 
the smaller number, determine the uniform number of each 


player. 
25. CUSTOMER SERVICE Ata pharmacy, customers take a 
ticket to reserve their turn for service. If the product of the 31. MOTO X Find x, the height of the landing ramp. 


ticket number now being served and the next ticket number to 
be served is 156, what number is now being served? 


PLEASE 


take a 
| NOW SERVING number 


32. GARDENING TOOLS The dimensions (in millimeters) of 
the teeth of a pruning saw blade are given in the illustration. 
Find each length. 


26. HISTORY Delaware was the first state to enter the Union and 
Hawaii was the 50th. If we order the positions of entry for the 
rest of the states, we find that Kentucky entered the Union right 
after Vermont, and the product of their order-of-entry numbers 
is 210. Use the given information to complete these statements: 


Kentucky was the th state to enter the Union. 


Vermont was the th state to enter the Union. 


27. PLOTTING POINTS The x-coordinate and y-coordinate of a 33. BOATING The inclined ramp of the boat launch is 
point in quadrant I are consecutive odd integers whose product 8 meters longer than the rise of the ramp. The run is 7 meters 
is 143. Find the coordinates of the point. longer than the rise. How long are the three sides of the 

28. PRESIDENTS George Washington was born on 2-22-1732 ramp? 


(February 22, 1732). He died in 1799 at the age of 67. The 
month in which he died and the day of the month on which he 


died are consecutive even integers whose product is 168. When 
did Washington die? 


Pythagorean Theorem Problems 


29. HIGH-ROPES ADVEN- 
TURES COURSES A 
builder of a high-ropes 
adventure course wants to 
secure a pole by attaching 
a support cable from the 
anchor stake 8 yards from 6 yards 
its base to a point 6 yards 
up the pole. How long 
should the cable be? 


Support cable 
Zz 


8 yards 


34. 


CAR REPAIRS _ To create some space to work under the front 
end of a car, a mechanic drives it up steel ramps. A ramp is 

1 foot longer than the back, and the base is 2 feet longer than 
the back of the ramp. Find the length of each side of the ramp. 


Back " 


Base 


Quadratic Equation Model Problems 


35. 


36. 


37. 


38. 


39. 


THRILL RIDES At the peak ofa roller coaster ride, a 

rider’s sunglasses fly off his head. The height / (in feet) of 

the glasses, t seconds after he loses them, is given by 

h = —16t? + 64t + 80. After how many seconds will the 
glasses hit the ground? (Hint: Factor out — 16.) 

PARADES A celebrity on the top of a parade float is tossing 
pieces of candy to the people on the street below. The height h 
(in feet) of a piece of candy, ¢ seconds after being thrown, is 
given by h = —16¢? + 16t + 32. After how many seconds will 
the candy hit the ground? (Hint: Factor out — 16.) 
SOFTBALL A pitcher can throw a 
fastball underhand at 63 feet per second 
(about 45 mph). If she throws a ball into 
the air with that velocity, its height / in 
feet, t seconds after being released, is 
given by h = —167? + 63 + 4. After the 
ball is thrown, in how many seconds will 
it hit the ground? (Hint: Factor out 
—16.) 


OFFICIATING Before a football game, 
a coin toss is used to determine which 
team will kick off. The height / (in feet) 
of a coin above the ground t seconds 
after being flipped up into the air is given 
by h = —16t* + 22¢ + 3. How long 
does a team captain have to call heads 

or tails if it must be done while the 

coin is in the air? (Hint: Factor out 


DOLPHINS Refer to the illustration. The height / in feet 
reached by a dolphin ¢ seconds after breaking the surface of the 
water is given by h = —16t7 + 32t. How long will it take the 
dolphin to jump out of the water and touch the trainer’s hand? 


40. 


41. 


42. 


6.8 Applications of Quadratic Equations 539 


16 ft 


EXHIBITION DIVING In Acapulco, Mexico, men diving 
from a cliff to the water 64 feet below are quite a tourist 
attraction. A diver’s height h above the water (in feet), 

t seconds after diving, is given by h = —16¢? + 64. How long 
does a dive last? 

CHOREOGRAPHY For the finale of a musical, 36 dancers 
are to assemble in a triangular-shaped series of rows, where 
each row has one more dancer than the previous row. The 
illustration shows the beginning of such a formation. The 
relationship between the number of rows r and the number of 


dancers d is given by d = irr + 1). Determine the number of 


rows in the formation. 


CRAFTS The illustration shows how a wall hanging can be 
created by stretching yarn from peg to peg across a wooden 
ring. The relationship between the number of pegs p placed 
evenly around the ring and the number of yarn segments s that 


F aa eae = 3 
criss-cross the ring is given by the formula s = pip) How 


many pegs are needed if the designer wants 27 segments to 
criss-cross the ring? (Hint: Multiply both sides of the 
equation by 2.) 
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WRITING 
43. A student was asked to solve the following problem: The length 


CHALLENGE PROBLEMS 


53. POOL BORDERS The owners of a 10-meter wide by 25- 


of a rectangular room is 2 feet more than twice the width. If the 
area of the room is 60 square feet, find its dimensions. Here is 
the student’s solution: 


meter long rectangular swimming pool want to surround the 
pool with a crushed-stone border of uniform width. They have 
enough stone to cover 74 square meters. How wide should they 


make the border? 


Since 10 +6 = 
the width is 6 feet. 


60, the length of the room is 10 feet and 


Explain why his solution is incorrect. 
44. Suppose that to find the length of the base of a triangle, you 
write a quadratic equation and solve it to find b = 6 or 
b = —8. Explain why one solution should be discarded. 
45. What error is apparent in the 


following illustration? 35 
12 


37 


46. When naming the legs of a right triangle, explain why it doesn’t 
matter which leg you label a and which leg you label b. 


54. Find h. 
REVIEW 
Find each special product. 
47. (5b — 2)° 48. (2a + 39° 
49. (s? + 4) 50. (m* — 1) 


14 in. 


51. (9x + 6)(9x — 6) 52. (5b + 2)(5b — 2) 


Summary Review | 


EXAMPLES 


Multiplication: Given the factors, we find a polynomial. —> 
2x(Sx + 3) = 10x? + 6x 


DEFINITIONS AND CONCEPTS 


Factoring is multiplication reversed. To factor a 
polynomial means to express it as a product of two 
(or more) polynomials. 


+— Factoring: Given a polynomial, we find the factors. 


A natural number is in prime-factored form when it | The prime-factored form of 28 is 2-2-7 = 27-7. 


is written as the product of prime numbers. 
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EXAMPLES 
Find the GCF of 35x*, 63x, and 42 x. 


To find the greatest common factor, GCF, of a list 


of terms 4 
SON SD oY see se ope ogg 


63x° =3-°3-7:x-x-x ¢ GCF =7-x-x = Tx" 
40x? =2-3-7+x-x 


1. Write each coefficient as a product of prime 
factors. 


2. Identify the numerical and variable factors 


common to each term. 


3. Multiply the common numerical and variable 
factors identified in Step 2 to obtain the GCF. If 
there are no common factors, the GCF is 1. 


Factor: 35x* + 63x° — 42x? 
= 7x7(5x* + 9x — 6) Factor out the GCF, 7x*. 


The first step of factoring a polynomial is to see 
whether the terms of the polynomial have a common 
factor. If they do, factor out the GCF. 

Use multiplication to check the factorization: 


ye 


Tx? (5x? a7 Dy = ) = 35x74 + 63x° — 42x? This is the original polynomial. 


If a polynomial has four terms, try factoring by 
grouping. 


actions ax — bx iene ay — by 


=x(a — b) + (a — b) Factor out x from ax — bx and y from 


1. Group the terms of the polynomial so that the first ay — by. 
two terms have a common factor and the last two = (a— bx +y) Eactorout the conumentinomlalfactor 
terms have a common factor. (a — b). 


2. Factor out the common factor from each group. 


3. Factor out the resulting common binomial factor. 
If there is no common binomial factor, regroup 
the terms of the polynomial and repeat steps 2 
and 3. 


REVIEW EXERCISES 
Find the prime-factorization of each number. 
Ib 38 2. 96 11. —S5ab” + 10a7b — 15ab . A(x — 2) — x(x — 2) 
Find the GCF of each list. 
3. 28 and 35 4. 36a‘, 54a°, and 126a° Factor out —1. 
13. -a-—7 . —447 + 3t- 1 
Factor. 


5. 3x + Oy 6. Sax? + 15a 
Factor. 


7. 78° + 14s? 8. mab — mac eb Bese Dela ae ap ote! b oegv ar Icke = Sy —= 30) 


9. 24x? + 60x* — 48x 10. x9y32? + xy°2? — xy? 17. 2a° + 2a” -a-1 . 4m?n + 12m? — 8mn — 24m 
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P 2 2 5 ae) 
Many trinomials factor as the product oF two binomi- | Factor: p~ + 7p + 12 Positive factors | Sum of positive 
als. To factor a trinomial of the form x“ + bx + c, = (p \(p ) of 12 factors of 12 
whose leading coefficient is 1, find two integers on eS 
whose product is c and whose sum is b. =(p + 3)p + 4) = = 
3 2:6=12 2+6=8 
P+bxtc=(x N(x ) G-4=2 344=7) 
The product of these numbers must Page , 
be c and their sum must be b. Check: (p + 3)(p + 4) =p’ + 4p + 3p + 12 
= 72 
Use the FOIL method to check the factorization. aed Pana 
Before factoring a trinomial, write it in descending Factor: 7g — ¢° — 6 
powers of one variable. Also, factor out —1 if that is =-¢ +1q-6 Write the terms in descending powers of q. 
necessary to make the leading coefficient positive. 4 
=—-(q —7q +6) Factor out —1. 
=—-(q —- 1)q@- 6) Factor the trinomial. 


If a trinomial cannot be factored using only integers, 
it is called a prime trinomial. 


t? + 2t — 5 isa prime trinomial because there are no two integers whose product 
is —5 and whose sum is 2. 


The GCF should always be factored out first. A trino- 
mial is factored completely when no factor can be 
factored further. 


Use multiplication to check the factorization. 


Factor completely: 3m*> — 6m? — 24m 
= 3m(m — 2m — 8) 
= 3m(m — 4)(m + 2) 


Factor out the GCF, 3m, first. 


Factor the trinomial. 


To factor a trinomial of the form x* + bx + c by 
grouping, write it as a equivalent four-term 
polynomial: 


x + Se Sp 


a 
The product of these numbers must 


be c, and their sum must be b. 


are 


Then factor the four-term polynomial by grouping. 
Use the FOIL method to check the factorization. 
REVIEW EXERCISES 


19. What is the leading coefficient of x* + 8x — 9? 
20. Complete the table. 


Factor by grouping: p* + 7p + 12 


We must find two numbers whose product is c = 12 and whose sum is b = 7. Two 
such numbers are 4 and 3. They serve as the coefficients of 4p and 3p, the two 
terms that we use to represent the middle term, 7p, of the trinomial. 


Dp ar tar 2 = jr + 4p+3p +12 Express 7pas4p + Sp. 


= p(p + 4) + 3(p + 4) Factor p out of p> + 4p and 3 out 
of 3p + 12. 
= (p + 4)\(p + 3) Factor out (p + 4). 


23. x? — 14x + 45 WL, 7 Se Oe =e 15 


25. —y’ + 15y — 56 26. 1l0v+9+ ° 


Factors of 6 | Sum of the factors of 6 


1(6) 


27. c* + 3cd — 10d? 28. —3mn + m> + 2n* 


2(3) 


29. Explain how we can check to determine whether (x — 4)(x + 5) is 


216) 


the factorization of x* + x — 20. 


3) 


30. 


Explain why x* + 7x + 11 is prime. 


Factor each trinomial, if possible. 


21. x7 + 2x — 24 22. x? — 18x — 40 


Completely factor each trinomial. 


31. 5a? + 45a* — 50a° 32. —4x°y — 4x7 + 24x77 


DEFINITIONS AND CONCEPTS 
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EXAMPLES 


We can use the trial-and-check method to factor 
trinomials with leading coefficients other than 1. 
Write the trinomial as the product of two binomials 
and determine four integers. 


The product of these 


numbers must be a. 


ax? + bx +e= (LJ on) (a: Lh 
——Et 


The product of these 
numbers must be c. 


Use the FOIL method to check the factorization. 


Factor: 2x7 — 5x — 12 
Since the first term is 2x*, the first terms of the binomial factors must be 2x and x. 


(2x )(x 


The second terms of the binomials must be two integers whose product is —12. 
There are six such pairs: 


) Because 2x - x will give 2x 


A=), C2), 4, AK BD, 2HO), ainel (= 11) 


The pair in blue gives the correct middle term when we use the FOIL method to 
check: 


Outer: —8x 


| 


(2x + 3)@ — 4) Combine like terms: —8x + 3x = —5x. 
a 


Inner: 3x 


Thus, 2x* — 5x — 12 = (2x + 3)(x — 4). 


To factor ax* + bx + c by grouping, write it as an 
equivalent four-term polynomial: 


ax? + Niels 


jae ee ah 
The product of these numbers must 
be ac, and their sum must be b. 


Gc 


Then factor the four-term polynomial by grouping. 


Use the FOIL method to check your work. 


REVIEW EXERCISES 
Factor each trinomial completely, if possible. 
33. 2x? — 5x — 3 

35. —3x? + 13x + 30 


37. 4b? — 17be + 4c? 


38. 7y° + Ty — 18 


Factor by grouping: 2x” — 5x — 12 


We must find two numbers whose product is ac = 2(—12) = —24 and whose sum 
is b = —5. Two such numbers are —8 and 3. They serve as the coefficients of —8x 
and 3x, the two terms that we use to represent the middle term, —5x, of the 
trinomial. 
2x? — 5x — 12 = 2x? — 8x + 3x — 12 
2x(x — 4) + 3@ — 4) 
= (x — 4)(2x + 3) 


Express —5x as —8x + 3x. 


Factor out (x — 4). 


34, 35y° + 1ly — 10 


36. —33p? — 6p + 18p° 


39. ENTERTAINING The rectangular-shaped area occupied by a 
table setting is (12x* — x — 1) square inches. Factor the 


polynomial to find the binomials that represent the length and 


width of the table setting. 


40. In the following work, a student began to factor 5x” — 8x + 3. 
Explain his mistake. 


Gs—= Neeser }) 
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EXAMPLES 


Trinomials that are squares of a binomial are called 
perfect-square trinomials. We can factor perfect- 
square trinomials by applying the special-product 
rules in reverse. 


B=(4 + BY 
B’ =(A — BY 


Factor: g + 8g¢+16 and m* — 18mn + 81n* 


We match each trinomial to a special-product form shown in the left column. 


gt+8gt+1l6=2°+2-4-g+ 4 =(g +4) 
m — 18mn + 81n? = m? — 2+m-+9n + (—9n)* = (m — 9n? 


To factor the difference of two squares, use the rule 
FP -L=(F+L\(F-L) 


It will be helpful to review the table of squares of 
integers shown on page 507. 


Factor: 2567 — 36 
= (5b — & 
= (5b + 6)(5b — 6) 


This is a difference of two squares. 


In general, the sum of two squares (with no 
common factor other than 1) cannot be factored 
using real numbers. 


REVIEW EXERCISES 
Factor completely, if possible. 
Al. x? + 10x + 25 


43. -7 +2z-1 


45. x7 —9 


DEFINITIONS AND CONCEPTS 


To factor the sum and difference of two cubes, use 
the following rules. 


Fo+L? =(F + LF — FL+L’) 
F- L? =(F -L\F + FL+L’) 


It will be helpful to review the table of cubes of 
integers shown on page 515. 


REVIEW EXERCISES 


Factor each polynomial completely. 
le tal 
Se SIG 


42. 97 + 16 — 24y 
44, 25a* + 20ab + 4b? 


46. 4927 — 121y* 


x +100 and 36)* + 49 are prime polynomials. 


47. x°y? — 400 48. 8at? — 32a 


49. c+ — 256 50. h? + 36 


EXAMPLES 
Factor: p> +64 and 125a* — 276° 
We match each binomial to a factoring rule shown in the left column. 
D + 64 = P +43 This is a sum of two cubes. 
= (p+ 4p? — p-44+ 4) 
(p + 4)\(p* — 4p + 16) 
125a° — 27b* = (5a) — (36° 
= (5a — 3b)[(5a)? + 5a+ 3b + (36)"] 
= (5a — 3b)(25a* + 15ab + 277) 


This is a difference of two cubes. 


53. p> + 125¢° 
54. 16x° — 54x77 


DEFINITIONS AND CONCEPTS 


To factor a random polynomial, use the factoring 
strategy discussed in Section 6.6 on page 519. 


Remember that the instruction to factor means to 
factor completely. A polynomial is factored com- 
pletely when no factor can be factored further. 


REVIEW EXERCISES 


Factor each polynomial completely, if possible. 
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EXAMPLES 


Factor: a> + 8a7 + 4a°* + 32 


factoring by grouping. 


a + 8a + 4a° + 32 = aa’ + 8) 


ar +b Gor +e Ale? 4b 3p 
= (a + 8)(a 
=(a+2@ 


55. 14y° + 6)" — 40° 56. 5s°t + S5s*u? + Stv + Su’v 61. 24? + 10 


57. j* — 16 58. —37° — 24 


63. x°z + 64y7z + l6xyz 


59. 400x + 400 — m?x — m? 60. 12w* — 36w> + 27W" 


DEFINITIONS AND CONCEPTS 


A quadratic equation is an equation that can be 
written in the standard form ax~ + bx + c = 0, 
where a, b, and c are real numbers and a # 0. 


EXAM 


Examples of quadratic equations are: 


EP Oe =O, dur =O =, 


Does it check? Use multiplication to check. 


Is there a common factor? No. There is no common factor (other than 1). 


How many terms does it have? Since the polynomial has four terms, try 


+ 4(a° + 8) Factor a? from a® + Ba? 
and 4 from 4a” + 32. 


=(a + 8)(a’ + 4) Factor out a° + 8. 


Is it factored completely? No. We can factor a° + 8 as a sum of two cubes. 


2 + 4) a + 4is prime. 


—2at+4)(a +4) a -2at+4is 
prime. 


62. 121p* + 3647 


64. 18c°d? — 12¢°d — 24c7d 


PLES 


and y — l3y=6 


The Zero-Factor Property 


If the product of two or more numbers is 0, then at 
least one of the numbers is 0. 


If (x + 2) — 3) = 0 then, 


x+2=0 or x-3=0. 


To use the factoring method to solve a quadratic 
equation: 


1. Write the equation in standard form: 
ae t+bxt+c=0 or 0=ax*+ bx +e 
2. Factor completely. 


3. Use the zero-factor property to set each factor 
equal to 0. 


4. Solve each resulting linear equation. 


5. Check each result in the original equation. 


Solve: 5x* + 25x = 0 
5x(x + 5) = 0 
w= 0 or pe ae Sy (0) 
x=0 | x=-5 


The solutions are 0 and —5. 


Check each result in the original equation. 


Solve: 4a°-9 =0 
(2a + 3)(2a — 3) =0 
2a+3=0 or 2a —-3 =0 


2a = 3 Wee 
B 3 
ame ae 
ie ay 2 


The solutions are -3 and 3. 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


To use the zero-factor property to solve a quadratic 
equation, we need one side of the equation to be 
factored completely and the other side to be 0. 


REVIEW EXERCISES 


Solve each equation by factoring. 
65. &x(x — 6) = 0 

67. x° + 2x =0 

69. 144x7 — 25 = 0 


DEFINITIONS AND CONCEPTS 


To solve application problems, use the five-step 
problem solving strategy: 

1. Analyze the problem 

2. Form an equation 

3. Solve the equation 

4. State the conclusion 

5. Check the result 


66. (4x — 7)(x + 1) =0 
68. x7 -9 =0 
70. a —7a+12=0 


Solve: 5y° — 13y = 6 
5y° — 13y -6 =6—6 TogetO onthe right side, subtract 6 from 
both sides. 
sy — 1l3y -6=0 
(5y + 2) — 3) =0 
5y+2=0 or y-3=0 
Sy = —2 y=3 
2 
as 


The solutions are -2 and 3. Check each result in the original equation. 


72. 2x — x* = —24 
74, 2p* = 2p(p + 2) 


71. 27 + 28t + 98 =0 
73. 5a’ — 6a +1 =0 


EXAMPLES 


Find two consecutive positive integers whose product is 72. 


Analyze the Problem — Consecutive integers are integers that follow each other. 
The word product indicates multiplication. 


Form an Equation 
larger integer. 


Let x = the smaller positive integer. Then x + 1 = the 


The smaller integer _ times the larger integer equals qs 
3 3 (Gear 1) = We 
Solve the Equation 
see ae Il) = 72 
vr +tx-72=0 Remove parentheses. To get O on the right side, 
subtract 72 from both sides. 
(x + 9)\(x — 8) = 0 
De aes) 0) or 


2 = = | 


Factor the trinomial. 


x—8=0 Set each factor equal to O. 


x=8 Solve each linear equation. 


State the Conclusion Since we are looking for positive integers, the solution 
—9 must be discarded. Thus, the smaller integer is 8 and the larger integer is 
sear l=), 


Check the Result The integers 8 and 9 are consecutive positive integers and 
their product is 72. 


Appli 
DEFINITIONS AND CONCEPTS 


The Pythagorean Theorem: 
If a and b are the lengths of the legs of a right 
triangle and c is the length of the hypotenuse, then 


a+Pac 


REVIEW EXERCISES 

75. CONSTRUCTION The face of the triangular concrete panel has 
an area of 45 square meters, and its base is 3 meters longer than 
twice its height. Find the length of its base. 


76. ACADEMY AWARDS. Meryl Streep has now surpassed 
Katherine Hepburn as the most-nominated actress for Oscars. The 
number of times Streep has been nominated and the number of 
times Hepburn has been nominated are consecutive even integers 
whose product is 168. How many times was each actress nomi- 
nated? 
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EXAMPLES 


To show that a triangle with sides of 5, 12, and 13 units is 
a right triangle, we verify that Se = iB, 


GP ak 1s? 
25 + 144 = 169 
169 = 169 ‘True 


77. TIGHTROPE WALKERS A circus performer intends to walk up 
a taut cable shown in the illustration to a platform at the top of a 
pole. How high above the ground is the platform? 


x meters 


(x + 7) meters 


78. BALLOONING A hot-air balloonist accidentally dropped his 
camera overboard while traveling at a height of 1,600 ft. The height 
h in feet of the camera ¢ seconds after being dropped is given by 
h = —16t* + 1,600. In how many seconds will the camera hit the 
ground? 


CHAPTER 6 
Test 


1. Fill in the blanks. 
a. The letters GCF stand for 


b. To factor a polynomial means to express it as a of 
two (or more) polynomials. 
Caulihe theorem provides a formula relating the 


lengths of the three sides of a right triangle. 


d. y — 25isa of two squares. 
e. The trinomial x” + x — 6 factors as the product of two 
S esr Dee = 


2. a. Find the prime factorizations of 45 and 30. 


b. Find the greatest common factor of 45x* and 30x". 


Factor completely. If an expression cannot be factored, write 
“prime.” 


3. 4x + 16 4. ¢ — 81 

5. 30a°b* — 20a°b* + Sab 6.7 +9 

7. x(x + 1) + 3x + 1) 8.x +4 +3 

9, —x? + Ox + 22 10. 60x? — 32x? + x* 
11. 9a — 9b + ax — bx 12. 2a” + 5a — 12 


13. 18x7 + 60xy + 50% VA, we ER 
xy + SOy 
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15. 20m® — 15m° 16. 3a — 81 


17. 16x* — 81 18.a + 5a +at+5 


19. CHECKERS The area of a square checkerboard is 
represented by (25x* — 40x + 16) in.?. Find the polynomial that 
represents the length of a side of the checkerboard. 


20. Factor x* — 3x — 54. Show a check of your answer. 


Solve each equation. 


21. (x + 3) — 2) =0 22. x° — 25=0 


23. 36x” — 6x = 0 24. x? + 6x = —9 


25. 6x +x -1=0 26. a(a — 7) = 18 
27. x° + Tx? = —6x 


28. DRIVING SAFETY All cars have a blind spot where it is 
difficult for the driver to see a car behind and to the right. The 
area of the rectangular blind spot shown is 54 ft’. Its length is 
3 feet longer than its width. Find its dimensions. 


w+3 


29. ROCKETRY The height A, in feet, of a toy rocket ¢ seconds 
after being launched is given by h = —16t? + 80r. After how 
many seconds will the rocket hit the ground? 

30. ATV’S The area of a triangular-shaped safety flag on an all- 
terrain vehicle is 33 in.*. Its height is 1 inch less than twice the 
length of the base. Find the length of the base and the height of 
the flag. 


31. Find two consecutive positive integers whose product is 156. 


32. Find the length of the hypotenuse of the right triangle 
shown. 


33. What is a quadratic equation? Give an example. 


34. If the product of two numbers is 0, what conclusion can be 
drawn about the numbers? 
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GROUP PROJECT 


FACTORING MODELS Overview: In this activity, you will construct geometric models to find factorizations of several 
trinomials. 


Instructions: Form groups of 2 or 3 students. 


1. Copy and cut out each of the following figures. On each figure, write its area. 


Write a trinomial that represents the sum of the areas of the eight figures by combining any 
like terms: ap ap 


2. Now assemble the eight figures to form the large rectangle shown below. 


Write an expression that represents the length of the rectangle: oP 


Write an expression that represents the width of the rectangle: ar 


Express the area of the rectangle as the product of its length and width: 


( )( ) 


3. The set of figures used in step 1 and the set of figures used in step 2 are the same. Therefore, 
the expressions for the areas must be equal. Set your answers from steps 1 and 2 equal to find 
the factorization of the trinomial x* + 4x + 3. 


Answer from step 1 — Answer from step 2 


4. Make a new model to find the factorization of x* + 5x + 4. (Hint: You will need to make 
one more 1-by-x figure and one more 1-by-1 figure.) 


5. Make a new model to find the factorization of 2x* + 5x + 2. (Hint: You will need to make 
one more x-by-x figure.) 


This page intentionally left blank 


CHAPTER 7 


Rational Expressions 
and Equations 


7.1 Simplifying Rational Expressions 

7.2 Multiplying and Dividing Rational 
Expressions 

7.3 Adding and Subtracting with Like 
Denominators; Least Common 
Denominators 


7.4 Adding and Subtracting with Unlike 
Denominators 


7.5 Simplifying Complex Fractions 

7.6 Solving Rational Equations 

7.7 Problem Solving Using Rational 
Equations 

7.8 Proportions and Similar Triangles 
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Study Skills Workshop 
Study Groups 
tudy groups give students an opportunity to ask their classmates questions, share ideas, 


compare lecture notes, and review for tests. If something like this interests you, here are some 
suggestions. 


GROUP SIZE: A study group should be small—from 3 to 6 people is best. 


TIME AND PLACE: You should meet regularly in a place where you can spread out and talk 
without disturbing others. 


GROUND RULES: The study group will be more effective if, early on, you agree on some rules to 
follow. 


Now Try This 
Would you like to begin a study group? If so, you need to answer the following 
questions. 


Who will be in your group? Where will your group meet? How often will it meet? For 
how long will each session last? Will you have a group leader? What will be the leader’s 
responsibilities? What will you try to accomplish each session? How will the members 
prepare for each meeting? Will you follow a set agenda each session? How will the 
members share contact information? When will you discuss ways to improve the study 
sessions? 


Objectives 


Rational 
Expressions 


@ Evaluate rational expressions. 

@® Find numbers that cause a rational expression to be undefined. 
© Simplify rational expressions. 

© Simplify rational expressions that have factors that are opposites. 


Fractions that are the quotient of two integers are rational numbers. Examples are j and 2. 
Fractions such as 
3 x 2a” — 8a 


i - and =. 
2y x+2 a —6at8 


that are the quotient of two polynomials are called rational expressions. 


A rational expression is an expression of the form 4 where A and B are polynomials and 
B does not equal 0. 
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a Evaluate Rational Expressions. 


Rational expressions can have different values depending on the number that is substituted for 
the variable. 


2x — 1 
EXAMPLE 1 Evaluate a for x = —3 and for x = 0. 
7 . x 


Strategy We will replace each x in the rational expression with the given value of the 
variable. Then we will evaluate the numerator and denominator separately, and simplify, 
if possible. 


Why Recall from Chapter | that to evaluate an expression means to find its numerical 
value, once we know the value of its variable. 


Solution 
Forx = -3: Forx =0: 
2x-1  2(-3)-1 2x-1 2(0)-1 
+1 (37 +1 etl (Of +1 
_-6-1 0-1 
9+) ~ O+1 
ae: =-|] 
~ 10 


a Self Check 1 i Evaluate = worse = 7, 
Now Try Problem 13 


@ Find Numbers that Cause a Rational Expression to be Undefined. 


The fraction bar in a rational expression indicates division. Since division by 0 is undefined, 
we must make sure that the denominator of a rational expression is not equal to 0. 


EXAMPLE 2 _ Find all real numbers for which the rational expression is 
: - 7x 3x2 8 

b. 3 Cc. 351 Ge 
x—5 Xe = 6 x +1 


undefined: a. 


Strategy To find the real numbers for which each rational expression is undefined, we 
will find the values of the variable that make the denominator 0. 


Why We don’t need to examine the numerator of the rational expression; it can be any 
value, including 0. It’s a denominator of 0 that makes a rational expression undefined, 
because a denominator of 0 indicates division by 0. 

Solution 

a. The denominator of : th 5 will be 0 if we replace x with 5. 


Ix _ 1(5) _ 35 
x-5 5-5 0 


ees 
x= 5 


Since 2 is undefined, the rational expression is undefined for x = 5. 
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b. ee will be undefined for values of x that make the denominator 0. To find these 


values, we set x7 — x — 6 equal to 0, and solve for x. 


The Language of Algebra x7 —-x-6=0 Set the denominator of gt? equal to O. 
Another way that Example 2 could (x — 3)\(x + 2) =0 To solve the quadratic equation, factor the trinomial. 
BE phrased aes Une es eas x-3=0 or x+2=0 Set each factor equal to O. 
on the variable. For =, we | 

x=3 x = —2 Solve each equation. 


can state the restrictions by writing 


x #3andx # —2. : : ; : 3x -2 . 
Since 3 and —2 make the denominator 0, the rational expression =2-_— ¢ is undefined 


for x = 3 andx = —2. 
For x = 3: Forx = -2: 
38 = 2 3(3) — 2 32 3(=2) = 2 
¢-x-6 FF -3-6 x =82=-6 (Tf = GR =6 
O=2 . =6=2 
~ 9-3-6 "442-6 

7 This expression _ 78 This expression 
0 is undefined. 0 is undefined. 


c. No matter what real number is substituted for x, the denominator, x* + 1, will not be equal 
to 0. (A number squared plus | cannot equal 0.) Thus, no real numbers make ty 


undefined. 


a Self Check 2 7 | Find all real numbers for which the rational expression is 
; ‘ ng Ono 7 Age 
undefined: a. EEO b. = OS c. wae 


Now Try Problems 25 and 33 


© Simplify Rational Expressions. 


: In Section 1.2, we simplified fractions by removing a factor equal to 1. For example, to sim- 
Success Tip 
Unless otherwise stated, we will 
now assume that the variables in é 2-3 23 2 2 
rational expressions represent real = -l= 
numbers for which the denomina- 15 5°3 5 3 5 5 
tor is not zero. 


plify ree we factor 6 and 15, and then remove the factor 3. 


To streamline this process, we can replace 3 in an with the equivalent fraction i 


l 

ae ing > =1 

15 543 5.2 5 vere Tene . 
l 


We can simplify rational expressions in a similar manner using a procedure that is based 
on the following property. 


The Fundamental If A, B, and C are polynomials, and B and C are not 0, 


Property of Rational Guna 
Expressions BC B 


Simplifying 
Rational 
Expressions 
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A rational expression is simplified if its numerator and denominator have no common 
factors other than 1. To simplify a rational expression, follow these steps. 


1. Factor the numerator and denominator completely to determine their common factors. 

2. Remove factors equal to 1 by replacing each pair of factors common to the numerator 
and denominator with the equivalent fraction i 

3. Multiply the remaining factors in the numerator and in the denominator. 


EXAMPLE3 |) simply: 7"? 
xy 


Strategy We will write the numerator and denominator in factored form and then 
remove pairs of factors that are equal to 1. 


Why The rational expression is simplified when the numerator and denominator have no 
common factor other than 1. 


Solution 
Qixsy 3+ Texexexey 
727 Factor the numerator and the denominator. 
14x“y 2 Tet yoy 
tla 1 ¥ F 
3°7-X-X-x-Hf Simplify by replacing 7, and : with the equivalent fraction ; . 
2°7-X°xX-H+y This removes the factor 75, which is equal to 1. 
I tod 1 
Multiply the remaining factors in the numerator: 
_ 3x Br1-1-1-x-1= 3x, 
2y Multiply the remaining factors in the denominator: 
281 td st ye oy; 


21x3y : 3 
We say that ia simplifies to on 
An alternate approach is to use rules for exponents to simplify the rational expression. 


d13 Su 7 : 22 1-2 3x! “4 3¢ To divide exponential expressions with the 
vo M4 = y = same base, keep the base and subtract the 


14x°y? 22 7 2 2y exponents. 


a SelfCheck3 | Simplify: 320% 
Now Try Problem 39 


To simplify rational expressions, we often make use of the factoring methods discussed in 
Chapter 6. 


30t — 6 x7 + 13x + 12 


EXAMPLE4 Simplify: a. rF ere 


Strategy We will begin by factoring the numerator and denominator. Then we will 
remove any factors common to the numerator and denominator. 


556 


The Language of Algebra 
Sometimes, a common factor of 
the numerator and denominator 
has two or more terms. Here, we 
remove the common binomial 
JOGO, 6 =P WW, 


The Language of Algebra 
When a rational expression is sim- 
plified, the result is an equivalent 
expression. This means that 


2. = = 
Se has the same value 


Sree i 
aS 3@ 4 3) for all values of x, 


except those that make either 
denominator 0. 
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Why We need to make sure that the numerator and denominator have no common factor 
other than 1. When this is the case, the rational expression is simplified. 


Solution 
30t — 6 6(5t — 1) Factor the numerator: The GCF is 6. 
a 46 66 Factor the denominator. 
1 
a= on o4 
= b z Simplify by removing a factor equal to 1. Replace 6 with t 
1 
_ St 1 Multiply the remaining factors in the numerator: 1+ (5t — 1) = 5t — 1. 
~ 6 Multiply the remaining factors in the denominator: 1+ 6 = 6. 


go sg 2 ee ie DD) 


Factor the numerator. 


2 + 12x x(x + 12) Factor the denominator: The GCF is x. 
! +12 
(x + 1)\@+142) — Simplify by replacing ae with the equivalent 
~ a fraction i. This removes the factor wer = 1. 
x +1 
= This rational expression cannot be simplified further. 
x 
: a A220) 32 = 3 = 6 
a Self Check 4 | Simplify: a. 5 ice er ae 


Now Try Problems 43 and 47 


Caution When simplifying rational expressions, we can only remove factors common to 
the entire numerator and denominator. /t is incorrect to remove any terms common to the 
numerator and denominator. 


1 1 1 

tal a —3a +72 y¥ — 36 
x atZ Gy 
1 1 1 


2is aterm of a° — 3a +2 
and aterm ofa + 2. 


xis aterm of x + 1. y is aterm of ¥ — 36 


and aterm of ¥ — y — 7. 


3x? — 8x — 3 
2x> — 18x? 


(@ — y)" 
7? = Qxy + y? 


EXAMPLE5 simplify: a. 


Strategy We will begin by factoring the numerator and denominator using the methods 
discussed in Chapter 5. Then we will remove any factors common to the numerator and 
denominator. 


Why We need to make sure that the numerator and denominator have no common factor 
other than 1. When this is the case, then the rational expression is simplified. 


Solution 
3x7 — 8x —3 (3x + 1) — 3) Factor the trinomial in the numerator. 
> — 183 2x3(x7 — 9) Factor the denominator: The GCF is 2x”. 


— (x + Ia — 3) 
2x7(x + 3)\(x — 3) 


In the denominator, factor the difference of two 
squares, ~- 9, 


Notation 
It is not necessary to find (x — y)?. 
The result can be presented in 
factored form. 


The Language of Algebra 
Some rational expressions cannot 
be simplified. For example, to 
attempt to simplify the following 
rational expression, we factor its 
numerator and denominator. 
Since there are no common 
factors, we say it does not simplify 
or that it is in simplest form. 


x tx-2 (x + 2)x-1) 
52 tke ae ae Il) 
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1 
(3x + Dg-3) Simplify by replacing : = 5 with the equivalent fraction 
WwW(x + 3)\(x=3) i. This removes the factor Z = : = 1. 
1 
3x +1 It is not necessary to perform the multiplication 
= w(x + 3) 2x°(x + 3) in the result. It is usually more convenient 
ax to leave the denominator in factored form. 
(x= yy" = yy" In the denominator, factor the perfect 
= \g 


b. x2 — 2xy + y~ (x — yy square trinomial — 2xy iy 
_ & — y)@ — ya — YX — Y)  Writethe repeated multiplication indi- 
(x — y)(x — y) cated by each exponent. 


1 1 
_ B= VNEHWNE = V& = Y) 
DED 


Simplify by replacing each — with i. 


2 ; 
= (x — y) Use an exponent to write the repeated 
multiplication in the numerator. 


a SelfCheck5 | Simplify: a. “5515 


b (a + 3b) 
* a? + 6ab + 9b? 


Now Try Problems 51 and 53 


EXAMPLE 6 | simplify: SP —— 


Strategy We will begin by simplifying the numerator, 5(x + 3) — 5, and the denomina- 
tor, 7(x + 3) — 7, separately. Then we will factor each result and remove any common 
factors. 


Why We cannot immediately remove x + 3 because it is not a factor of the entire 
numerator and the entire denominator. 


Solution 


S5@@+3)-—5 Sx +15 —5 Use the distributive property in the numerator and in the 
T(x +3)-—7 Ix +21 —7 denominator. 


5x + 10 
a rr Combine like terms: 15 — 5 = 10 and 21 — 7 = 14. 
Tx + 14 
_ 5(x + 2) Factor the numerator: The GCF is 5. 
~ T(x + 2) Factor the denominator: The GCF is 7. 
: Ee 1 
5a~+7) Simplify by replacing ae with the equivalent fraction ;. 
- T(x +72) This removes the factor : = é =1. 
1 
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a SelfCheck6 | Simplify: “= 2+ 4 
Now Try Problem 55 


4.) Simplify Rational Expressions That Have Factors That Are Opposites. 


Success Tip 
When a difference is reversed, the 
original binomial and the resulting 
binomial are opposites. Here are 
some pairs of opposites: 


la = il and iil = 2) 
x -4 and 4-—x? 


Success Tip 
The result would have been the 
same if, instead, we had factored 
out —1 from the denominator, 
i] = Be, 


The Quotient 
of Opposites 


If the terms of two polynomials are the same, except that they are opposite in sign, the poly- 
nomials are opposites. For example, the following pairs of polynomials are opposites. 


2a— 1 and 1 — 2a —3x7 —x4+5 and 3x7 ++x—-—5 
Compare terms: 2a and —2a; —1 and 1. Compare terms: —3x° and 3x°; —x, and x; 5 and —5. 


We have seen that the quotient of two real numbers that are opposites is always — |: 


2.4 2824 2 
-2 78 =3.5 


=] 


Likewise, the quotient of two binomials that are opposites is always —1. 


2a — 1 
1 — 2a 


EXAMPLE7 Simplify: 


Strategy We will rearrange the terms of the numerator, 2a — 1, and factor out —1. 


Why This step is useful when the numerator and denominator contain factors that are 
opposites, such as 2a — | and 1 — 2a. It produces a common factor that can be 


removed. 
Solution 
2a-—1  —l+2a Think of the numerator, 2a — 1, as 2a + (—1). Then change the 
1 —2a 1 — 2a order of the terms: 2a + (—1) = —1+ 2a. 
—1d1 — 2a) 
= pea Factor out —1 from the two terms of the numerator. 
— £a 


1 
_ 1(.=2a) Simplify by replacing ji with the equivalent fraction 1 This 


= 24 
a removes the factor ;~—5, = 1. 
=] 
-_ rn Multiply the remaining factors in the numerator. 
=-l Any number divided by 1 is itself. 


a Self Check 7 P| Simplify: ve 
Now Try Problem 59 


In general, we have this fact. 


The quotient of any nonzero polynomial and its opposite is — 1. 


Caution 


Don't incorrectly apply the rule for 


opposites to a rational expression 


such as ++ This is the quotient 


of a number and itself. The result 
is Il, (not = il. 


il 
cea apap eral bee 
lise ct 
il 
Caution 


A — symbol in front of a fraction 
may be applied to the numerator 
or to the denominator, but not to 
both: 


vo e—() 
ja =e 
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For each of the following rational expressions, the numerator and denominator are oppo- 

sites. Thus, each expression is equal to — 1. 
C=O 2a — 9b 
6= x 9b — 2a 


—3x7 —x4+5 
3x7 +x —5 


=] 


This fact can be used to simplify certain rational expressions by removing a factor equal 
to —1. If a factor of the numerator is the opposite of a factor of the denominator, we can 


replace them with the equivalent fraction a as shown in the following example. 


t+ 8 
b. 
t—8 


2. 
HH) sy one. . -— 1 
EXAMPLE 8 Simplify, if possible: a. - 3 
& = — yy 
Strategy We will begin by factoring the numerator and denominator. Then we look for 
common factors, or factors that are opposites, and remove them. 


Why We need to make sure that the numerator and denominator have no common factor 
(or opposite factors) other than 1. When this is the case, then the rational expression is 
simplified. 


Solution 
yl Yt D0 — 1) Factor the numerator. 

~ 3 -— 3y 3(1 — y) Factor the denominator. 

“a4 me Since y — 1 and 1 — y are opposites, simplify by replacing i 

Y \o=T) with the equivalent fraction a This removes the factor 
301-9) y-to 
1 1-y : 
_ - +1) 
3 


This result may be written in several other equivalent forms. 


—QY+1)_ yt The — symbol in —(y + 1) can be written in the front of the fraction, 
3 3 and the parentheses can be dropped. 

—(vt+1) —-y— 1 The — symbol in —(y + 1) represents a factor of —1. Distribute the 
3 ~ 3 multiplication by —1 in the numerator. 

-yvtl1) ytl The — symbol in —(y + 1) can be applied to the denominator. However, 
3 ~ =3 we don’t usually use this form. 


b. The binomials ¢ + 8 and ¢ — 8 are not opposites because their first terms do not have 
tt 
= 


opposite signs. Thus, : does not simplify. 


la SelfCheck8 | Simplify, if possible: a, ™ 108 
b de 3 
O ke ae 3 


Now Try Problem 63 


| 1.8 24-9 b.-5,5 «None 3.45 4a 455 b, 2+? 


4 eae I) 


Seopa 98) eg ye Rae ob Mocenot amplify 
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VOCABULARY 
Fill in the blanks. 


1. A quotient of two polynomials, such as 


xwtx 


x? — 3x? 


is called a 
expression. 


2. To simplify a rational expression, we remove common 
of the numerator and denominator. 


3. Because of the division by 0, the expression is 


4. The binomials x — 15 and 15 — x are called , because 
their terms are the same, except that they are opposite in sign. 


CONCEPTS 


24 
x + 20° 
expressions have the same value for all real numbers, except 


5. When we simplify ae the result is a These equivalent 


x = —5. Show that they have the same value for x = 1. 
6. Determine whether each pair of polynomials are opposites. 
Write yes or no. 
a. y+ 7andy—7 
b. b — 20 and 20 — b 


ex + 2¢'= and =3° = 2¢ = 1 
7. Simplify each expression, if possible. 
x-8 x-8 
Ga P 8-x 
+ = 
- x +8 a. x+8 
8+x x 
8. Simplify each expression. 
a et Me Y 24 
"@+ Dea +2) "92 -y) 
(2m + 7)(m — 5) Dales 
(2m + 7) “x +x(x — 30) 
NOTATION 


Complete the solution to simplify the rational expression. 


gan &w+1 (+1 +1) 
"P+ aet+3 &+3x4+. ) 


1 
_ @ + Der) 
c+ 


eA 


10. In the following table, a student’s answers to three homework 
problems are compared with the answers in the back of the 
book. Are the answers equivalent? 


Answer | Book’s answer | Equivalent? 
33 _ 3 
x +3 x +3 
—x +4 —(x — 4) 
x + 1 be 1 
aT x+7 
(x — 4)(x + 2) (x + 2)(x — 4) 


GUIDED PRACTICE 


Evaluate each expression for x = 6. See Example 1. 


x= 2 3x — 2 
11. 12. 
LSD Pee 
x — 4x — 12 x-1 
13, ————— 14.5 
KO we 2: x = 1 
pre ic i¢ 3 
“3? — 5x —6 “ x¥-6 
Evaluate each expression for y = —3. See Example 1. 
+5 2v+9 
ae 13. = 
Sy 2 yo + 25 
P49 -y-11 
19 20, =? ——— 
9-y y + 2y—3 
=, 3 
a a 22, > — 
y-yt+6 3y + 1 


Find all real numbers for which the rational expression is unde- 
fined. See Example 2. 


x+5 4x -1 
23. 24. 
8x 6x 
15 5x 
25. 26. 
XH 2 x+5 
15x +2 24 
27, > 23, *, 
x EO x +4 
rT —6x 
2x = 1 3x — 1 
2x — 1 
i a 
x” — 36 x” — 49 
LS — 20 
33, = 34, 
x Fx 2 x + 2x — 8 


45 48 
eek Cy ae 
9a l6y 
ys 
9 
37, 39," 


39. 


41. 


Simplify each expression, if possible. See Examples 4-5. 


43. 


45. 


47. 


49. 


51. 


53. 


42c7d 
18cd? 
36a°bS 
44ab° 


6x + 3 
3y 
x+3 
3x +9 


x+2 
4b? + 4b +1 
(2b + 1° 


2 
m — 2mn +n 


Tm — Tn? 


40. 


42. 


44, 


46. 


48. 


50. 


52. 


54. 


49m*n? 
35mn° 
45x73 
20xy* 


4x + 12 
2y 
2x — 14 
x= 7 
y —25 


5 7 


yt5 


Gy — 2y° 


1c? — 11d? 
C-—2cd+d 


Simplify each expression. See Example 6. 


55. 


57. 


10(c — 3) + 10 
3(c — 3) + 3 
6(x + 3) — 18 
3x — 18 


56. 


58. 


6(d + 3) — 6 

"d+ 3) —7 

A(t — 1) +4 
4t + 4 


Simplify each expression. See Examples 7-8. 


60. 


62. 


64. 


66. 


68. 


70. 


72. 


74. 


DH = 7 
59. 
7 i, 
3 — 4t 
61. 
8t — 6 
63, "4 
“@-a-2 
255 
65. ——" 
m= 25 
TRY IT YOURSELF 
Simplify each expression, if possible. 
a =, a 
67. > 
4- x 
6, ———_ 
=H Z 
71. 6x — 30 
5. = % 
x ox 2 
73. ——— 
pa ee 
1 2. 
as 


5xy* 


76. 


18 —d 
d—18 
5t—1 
3 = 19t 
4—b 
b—5b+4 
36 — 6h 
hr — 36 
2c+ + 2c 
4c? + 4c* 
81-7 
y+ 10v +9 
6t — 42 
Tt 
xrtx-6 
x —x-2 
12xz 
4x2” 


y —3y— 10 


9” — lay +4 
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=8)+1 Pe Se 
77, x(x — 8) : 6 78. x 3( : 3) 
16 —x 9-x 
4c + 4d at+b 
79. 80. 
ot ae 5b + 5a 
ay = 27 2 = 8 
81. = 32, — —— 
2y° = 3x = 3 3x = Sx = 2 
—3x? + 10x + 77 2x7 + 5x +3 
a= = oe a 
x = 4K 21 x 2x — 15 
16a? — 1 25m? — 1 
. 86. ——— 
si 4a+4 5m + 5 
8u> — 2u — 15 6n — In +2 
37. ne 38. —— 
4u" + Su 3n° — 2n 
2x + 3)" 3y — 2° 
ie 99, 2 A 
Ax? + 12x + 9 97 — 12y +4 
+ 3(a + 2) + 12 2y +4 -1)-2 
pj, ee) Oe soe seal) Soa 2 
a+2 y-1 
58 15x — 3x? sid 18¢ — 2c* 
* 25y — 5xy * 81d — 9ed 
APPLICATIONS 
95. ORGAN PIPES The number of vibrations n per 7 


96. 


97. 


second of an organ pipe is given by the formula 


512 
n= TL where L is the length of the pipe in feet. 


a 


How many times per second will a 6-foot pipe 


vibrate? 


RAISING TURKEYS The formula 7 = 2°" 


gives the number 7 of turkeys on a poultry farm m months after 
the beginning of the year. How many turkeys will there be on 
the farm by the end of July? 


MEDICAL DOSAGES The formula c = 2" gives the 
concentration c (in milligrams per liter) of a certain dosage of 
medication in a patient’s blood stream ¢ hours after the medica- 
tion is administered. Suppose the patient received the medica- 
tion at noon. Find the concentration of medication in his blood 
at the following times later that afternoon. 
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98. MANUFACTURING _ Ifa company produces x child car seats, 


the average cost c (in dollars) to produce one car seat is given by 


50x_+ 50,000 
x 


the formula c = . Find the company’s average 


production cost if 1,000 are produced. 


WRITING 
99. Explain why $— = -1. 
100. Explain why > i is undefined for x = —4 but defined for 
x =3. 


101. Explain the error in the following work: 


1 
x x 1 


xt2 ~+2. 3 
1 


102. Explain why there are no values for x for which 3h is 
undefined. 


REVIEW 
State each property using the variables a, b, and when necessary, c. 


103. a. The associative property of addition 


b. The commutative property of multiplication 
104. a. The distributive property 
b. The zero-factor property 


CHALLENGE PROBLEMS 
Simplify each expression. 
(x? + 2x + IQ? 

@ =1F 
2x? + 2x — 12 
x? + 3x? — 4x — 12 
x — 27 


107. | 108. 
x” — Ox 


2x 1 
105. ) 


106. 


@ Multiply rational expressions. 
Objectives @ Divide rational expressions. 
3) Convert units of measurement. 


In this section, we will extend the rules for multiplying and dividing fractions to problems 
involving multiplication and division of rational expressions. 


oO 


Multiply Rational Expressions. 


Recall that to multiply fractions, we multiply their numerators and multiply their denomina- 


tors. For example, 


4 3. 4:3 
75 Tas 
12 
35 


Multiply the numerators and multiply the denominators. 


We use the same procedure to multiply rational expressions. 


Multiplying 
Rational 
Expressions 


Ae ioeAG 


BD BD 


To multiply rational expressions, multiply their numerators and their denominators. Then, if 
possible, factor and simplify. 


For any two rational expressions, 4 and C 


Caution 
When multiplying rational expres- 
sions, always write the result in 
simplest form by removing any 
factors common to the numerator 
and denominator. 
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+1 9 cs 
EXAMPLE 1 Multiply: a. . a b. aS 
: al x 4x 17y 5x 
Strategy To find the product, we will use the rule for multiplying rational expressions. In 
the process, we must be prepared to factor the numerators and denominators so that any 
common factors can be removed. 


Why We want to give the result in simplified form, which requires that the numerator 
and denominator have no common factors other than 1. 


Solution 
x+1 9 9 + 1) Multiply the numerators. 

a. x : 4x2 a 4x3 Multiply the denominators. 
Since the numerator and denominator do not share any common factors, ee cannot 
be simplified. We can leave the numerator in factored form, or we can distribute the mul- 
tiplication by 9 and write the result as ae 7 


35x° py 35x? +y Multiply the numerators. 
17Ty : 5x ~~ 17v° 5x Multiply the denominators. 


. . : 35x3 - 
It is obvious that the numerator and denominator of iy : = have several common factors, 


such as 5, x and y. These common factors become more apparent when we factor the 
numerator and denominator completely. 
35x°+y Se Texexexry 


= Factor 35x”. 
ITy + 5x IT+y+ Sex einer een 


1 1 1 
TX *xexe Simplify by replacing =, 7 and = with the equivalent 
p P 5 x and | 4 
17° y: Bex fraction i. This removes the factor 2 - : = = 1. 
1 1 1 
Tx? Multiply the remaining factors in the numerator. 
— ‘V7 Multiply the remaining factors in the denominator. 


a Self Check 1 j Multiply and simplify the result, if possible: 
VEecesl2 b at | 24b 
o SPO pad > Ah ° Mee 


Now Try Problems 11 and 17 


EXAMPLE 29) Mutipy: a. 273. 


8x2 — 8x 3x2 — 22x +7 


“+x -— 56 x—x? 


Strategy To find the product, we will use the rule for multiplying rational expressions. In 
the process, we need to factor the monomials, binomials, or trinomials that are not 
prime, so that any common factors can be removed. 


Why We want to give the result in simplified form, which requires that the numerator 
and denominator have no common factor other than 1. 
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Notation 
It is not necessary to multiply 
(x + 2)(x — 3) in the denomina- 
tor. When we add and subtract 
rational expressions in the next 
section, it is usually more conven- 
ient to leave the denominator in 
factored form. 


Notation 
We could distribute in the numera- 


—24x + 8 


tor and write the result as —" 3 
Check with your instructor to see 
which form of the result he or she 
prefers. 


Solution 
x3 6 (x + 3)6 Multiply the numerators and multiply the 
a. . A 
x+4 727-9 (2x + A)(x? — 9) denominators. 
_ (x + 3)+3+2 Factor 6. Factor out the GCF, 2, from 2x + 4. 
= Factor the difference of two squares, x — 9. 
Q(x + 2)(x + 3)(x — 3) 4 
: : xt 3 2 1 
(x+3)-3-2 Simplify by replacing ;—-3 and 5 with ;. This 
2x =F ah he — 3) removes the factor ZG 4 3) : aes = 1 


Multiply the remaining factors in the 
= 3 numerator. 
(x + 2)(x — 3) Multiply the remaining factors in the 
denominator. 


See Br eT 
“yy +x — 56 x-x? 
Or = BGs = 2 7) 
(x* + x — 56)(x — x”) 
— 8x(x — 13x — 1)@ — 7) 
(x + 8)(x — 7)x(1 — x) 


Multiply the numerators and multiply the 
denominators. 


Factor all four polynomials. 


1 = 1 
8x(x =1)(3x — 1)(x=7) Simplify. Since x — 1 and 1 — x are opposites, replace 
~ (x + 8)(x=7)X(1-%) = t with as This removes the factor j— i =-1. 
1 1 1 
a —8(3x — 1) Multiply the remaining factors in the numerator. 
~ x+8 Multiply the remaining factors in the denominator. 
The result can also be written as — Sar 


a Self Check 2 , Multiply and simplify the result, if possible: 
B= 9 Gad 
a 3n+2° 6 
b | i a 
2 RSE 37 


Problems 25 and 33 


Now Try 


a 


EXAMPLE3 |) Mutiny: a. 6(2) — . so(*4=") 


Strategy We will write each of the monomials, 63x and 5a, as rational expressions with 
denominator 1. (Remember, any number divided by | remains unchanged.) Then we 
will use the rule for multiplying rational expressions. 


Why Writing 63x and Sa over | is helpful during the multiplication process when we 
multiply numerators and multiply denominators. 


Solution 
1 63x/ 1 
a. (2) = (2) Write 63x as a fraction: 63x = oe 
7x 1 \7x 
_, 03431 


Multiply the numerators and multiply the denominators. 


1+ 7ex 


Dividing Rational 
Expressions 
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1 1 
9-7-x%-1 Write 63x in factored form as 9 + 7 * x. Then simplify by removing a 
1°-7-x factor equal to 1: ae 


1 1 
=9 Because 2 =10: 
3a —- 1 S5a[3a— 1 
b. Sal ) = ( ) Write 5a as a fraction: 5a = 22 
a 1 a 
1 
5d(3a — 1) Multiply the numerators and multiply the denominators. Then 
= aoe of simplify by removing a factor equal to 1: e. 
1 
= §(3a — 1) 


Note that 5(3a — 1) can be written as 15a — 5. 


a Self Check 3 j Multiply and simplify the result, if possible: a. 36(4) 
b. 4x(2+3 3) 


Now Try Problems 37 and 41 


2) Divide Rational Expressions. 


Recall that one number is the reciprocal of another if their product is 1. To find the reciprocal 
of a fraction, we invert its numerator and denominator. We have seen that to divide fractions, 
we multiply the first fraction by the reciprocal of the second fraction. 


4.3 45 " 
ZT THT IZ iInvert = and change the division to a multiplication. 
7 & 7 3 
20 
= 1 Multiply the numerators and multiply the denominators. 


We use the same procedure to divide rational expressions. 


To divide two rational expressions, multiply the first by the reciprocal of the second. Then, if 
possible, we factor and simplify. 


4 ; A G € 
For any two rational expressions, % and 5, where 5 # 0, 


AG A De AD 
2 © B CC” Be 


f- a 17 9x 15x? 
EXAMPLE4 Divide: a. —— + b. + 
: - 13 26 35y 14 
Strategy We will use the rule for dividing rational expressions. After multiplying by the 
reciprocal, we will factor the monomials that are not prime, and remove any common 
factors of the numerator and denominator. 


Why We want to give the result in simplified form, which requires that the numerator 
and denominator have no common factor other than 1. 
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Caution 
When dividing rational expres- 
sions, always write the result in 
simplest form, by removing any 
factors common to the numerator 
and denominator. 


The Language of Algebra 
2 
To find the reciprocal of 222, 
we invert it. To invert means to 
turn upside down: ae Some 
amusement park thrill rides have 
giant loops where the riders 
become inverted. 


Rational Expressions and Equations 


Solution 
ge! Multiply by th lof #2 
a. x = : ulti the reciprocal of 55. 
13° 26 13 17 roe E 26 
a:2:+13 
a "3-17 Multiply the numerators and denominators. Then factor 26 as 2 : 13. 
1 
a-2-B Simplify by removing common factors of the numerator and 
~ WB-17 denominator. 
1 
24 2a Multiply the remaining factors in the numerator. 
= — P g 
17 Multiply the remaining factors in the denominator. 


Multiply by the reciprocal of ex 


b. = = : 
35y 14. 35y_— 15x? 

3*3°xs2"7 Multiply the numerators and denominators. Then 

5+ Tey+3+S5ex+x factor 9, 35, 14, and 15x*. 
1 1 1 

3B X-2-7 

= Simplify by removing factors equal to 1. 
ST y BS +Xx 

1 1 1 
= 6 Multiply the remaining factors in the numerator. 
> 25xy Multiply the remaining factors in the denominator. 


a Self Check 4 | Divide and simplify the result, if possible: Sa = 16g" 
Now Try Problems 45 and 49 


| io wee Gt 
EXAMPLE 5 i Divide: mae aaa 


Strategy To find the quotient, we will use the rule for dividing rational expressions. 
After multiplying by the reciprocal, we will factor the binomials that are not prime, and 
remove any common factors of the numerator and denominator. 


Why We want to give the result in simplified form, which requires that the numerator 
and denominator have no common factor other than 1. 


Solution 
xr+x _ @t ie 
3x — 15 6x — 30 
x +x 6x — 30 
3x -—15 (x +1/ 


2. 
Multiply by the reciprocal of ety. 


Multiply the numerators and multiply the denominators. 
Then factor the binomials. Write (x + 1)? as repeated 
multiplication. 


x(x + 1)+2+3(x — 5) 
3 — 5x t D+) 


if 1 1 
_ x4) + 2+ 35>) 
He= Sx Mex + 1) 


Simplify by removing common factors of the numerator 
and denominator. 


Success Tip 


Remember that unit conversion 
factors are equal to 1. Some exam- 
ples are: 

12 in. 60 min | 


=1 =1 
Itt 1 hr 
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2x Multiply the remaining factors in the numerator. 
x+1 Multiply the remaining factors in the denominator. 


a Self Check 5 j Divide and simplify the result, if possible: 
2=9 2 = 
PEE aE ac 1? 


Now Try Problem 59 


Oe et. ial ee 
EXAMPLE 6 Divide: + (4 — x°) 
: ax+y 


Strategy We begin by writing 4y* — x” asa rational expression by inserting a denomi- 
nator |. Then we will use the rule for dividing rational expressions. 


Why Writing 4y° — x7 over 1 is helpful when we invert its numerator and denominator 
to find its reciprocal. 


Solution 
oy = oxy = 2 
x xy Y = 4? = x) 
2x +y 
ee ee Ay? — x? 
== 5) . = > : 1 : Write 4y* — x* as a fraction with a denominator of 1. 
XT y 
2x7 = Bey = 247 1 
= 5 i id : aye 3 Multiply by the reciprocal of ane 
x+y ly — Xx 
= (2x ot y\(x = 2y)° 1 Multiply the numerators and denominators. Then 
(2x + y)(2y + x)(2y — x) factor 2x° — 3xy — 2y° and 4y* — &. 
1 ll 
(2x-+p)\(x = 27) aay Since x — 2y and 2y — x are opposites, simplify by 
= F =e i = 
(2x-+7p)(2y +4 x)(2y-—x) replacing ayes with are 
1 1 
_ ol 
2y+x 
Note that re ; can be written as — y in re 


az — b2 


a Self Check 6 j Divide and simplify the result, if possible: (b — a) + “>~ 
Now Try Problem 67 


Convert Units of Measurement. 


We can use the concepts discussed in this section to make conversions from one unit of 
measure to another. Unit conversion factors play an important role in this process. A unit con- 
version factor is a fraction that has a value of 1. For example, we can use the fact that | square 
yard = 9 square feet to form two unit conversion factors: 


1 yd? Read as “1 square yard 9 ft? Read as “9 square 


9 fi? ~ per 9 square feet.” ly & > feet per 1 square yard.” 
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Since a unit conversion factor is equal to 1, multiplying a measurement by a unit conversion 
factor does not change the measurement, it only changes the units of measure. 


EXAMPLE 7 j Carpeting. A roll of carpeting is 12 feet wide and 150 feet long. 
; Find the number of square yards of carpeting on the roll. 


Strategy We will begin by determining the 
number of square feet of carpeting on the roll. 
Then we will multiply that result by a unit con- 
version factor. 


Why A properly chosen unit conversion factor 
can convert the number of square feet of car- 
peting on the roll to the number of square 
yards on the roll. 


Solution When unrolled, the carpeting forms a rectangular shape with an area of 
12 - 150 = 1,800 square feet. We will multiply 1,800 ft? by a unit conversion factor 
such that the units of ft? are removed and the units of yd? are introduced. Since 


1 yd? = 9 ft”, we will use ye 
1,800 ft? 1,800 ft*_ 1 yd? 
1 roll lroll 9 f¢? 


Multiply by a unit conversion factor that relates yd? to ft. 


_ 1,800 fe ? 1 yd Remove the units of ft* that are common to the numerator 
1 roll 9 fF and denominator. 

_ 200 yd? 
1 roll 


Divide 1,200 by 9 to get 200. 


There are 200 yd? of carpeting on the roll. 


a Self Check 7 | Convert 5,400 ft* to square yards. 
Now Try Problem 71 


EXAMPLE 8 { The Speed of Light. The speed with which light moves through 
- space is about 186,000 miles per second. Express this speed in 
miles per minute. 


186,000 mi 


see We will multiply that fraction 


Strategy The speed of light can be expressed as 
by a unit conversion factor. 


Why A properly chosen unit conversion factor can convert the number of miles traveled 
per second to the number of miles traveled per minute. 


Solution We will multiply {S600 by a unit conversion factor such that the units of 
seconds are removed and the units of minutes are introduced. Since 60 seconds = 1 
: : 60 sec 
minute, we will use [~~ 


186,000 mi 186,000 mi 60sec = Multiply by a unit conversion factor that relates 
; 1 min seconds to minutes. 


1 sec 1 sec 
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186,000 mi 60sec Remove the units of seconds that are common to the 
— 1 sec ° 1 min numerator and denominator. 


_ 11,160,000 mi 
1 min 


Multiply 186,000 and GO to get 11,160,000. 


The speed of light is about 11,160,000 miles per minute. 


a Self Check 8 j A mosquito flaps it wings about 600 times per second. How 
many times is that per minute? 


Now Try Problem 75 


Bag nsurrs Rs as 8 ee 


Shen by ches 1) Ze 2 Eb _ L Be Th Gi yd’ 8. 36,000 flaps per minute 


VOCABULARY 8. Use the fact that 1 tablespoon = 3 teaspoons to write two unit 
Fill in the blanks. conversion factors. 
626: Ell 10x 
1. The___ sof 10x IS 2 y 6x 4 1° NOTCH 
2A conversion factor is a fraction that is equal to 1, such 
4s ae 9. What units are common to the numerator and denominator? 
y 
45 ft lyd 
CONCEPTS 1 3f 
Fill in the blanks. ee k : 1 day 
10. a. What fact is indicated by the unit conversion factor 347 5416? 
3. a. To multiply rational expressions, multiply their 
and multiply their . To divide two rational vs ._tday 
expressions, multiply the first by the of the ie ll init DIRE oA haa 
second. In symbols, GUIDED PRACTICE 
AC A SC A 
b. a and a aR Multiply, and then simplify, if possible. See Example 1. 
3 y 2 2 
Simplify each expression. 11. 72 12. 73 
(x + 7)+2+5 yry:yU5 — y) 13, 222.3 Oe ee 
5(x + L(x + 7)\(x — 9) wy — 15)yv + 1) oy ~ “Bae 7 
15, 3", 16 16, Lim, 14 
6. a. Write 3x + 5 in fractional form. “120 "21 55m3 
b. What is the reciprocal of 18x? 7 2x*y : 3x" 18 2x7z . Sx 
7. Find the product of the rational expression and its reciprocal. 3xy 2 Bk 
% Bio Multiply, and then simplify, if possible. See Example 2. 
x42 3 ig 235, 3 gg BOO Be 


>) xe S 9 a-9 
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7 cee 22, 2—3.._¥ 
x 2X y 3-y 
2x + - 
aoe 2 
x+3 4 y-—3 3y 
+1) 4 — 2/2 an 
a Pe 26, Y— 9) YS 
x+2 x+1 Poo, was 
97, 2 ae a6 23, 2210, 3 
x 3:= 3x z+2 6-32 
99, XT #— 6 Sx — 10 30, 21 42 = 5, 5z 
5x Hoe 3 5z—5 25 
31 m — 2m —3 m—A4 
: 2m +4 m +3m+4+2 
32 Pp =p 6 27 = ip =3 
“3p -—9 p — 3p 
6a° (a + 3)4 
33.5 a 9s 
a+6at+9 4a 
9b° (b — 4)' 
34, 7 7 : g 
5 8b + 16 15b 


Multiply, and then simplify, if possible. See Example 3. 


5 10 
a5, im( 2) 36. op( 2) 
m Pp 
+ 1 
a7. 15° : 38. 20, =") 
5x 10t 
~ + 
39, 125{ 2 *) 40. 16(** *) 
6y 4x 
4]. 24( * = ;) 
2a 


Divide, and then simplify, if possible. See Example 4. 


2.4 
43. -+- 44, 2 + Z 
y 3 a 5 
3a 3y 3 
45. —+-— 46. — 
25 5 8 2 
3 3 
x x 21%. 1% 
47. > 48. —- + — 
18y 6y 2 Zz 
27p* . 9 12 10 
a9, 22 2. P 0.— +, 
35q = 2Iq 25s 15s 
Divide, and then simplify, if possible. See Example 5. 
51, 2218, 9a? 52, x t6 , 3x" 
28 35 40 24 
sy F 442-8 ee ae ee 
“Seb 6 22 “See 15: 4>3 
m+m—20 4-m w+4n-—21 3-n 
55. ; 56. : 
m m n n 


e+5t-14 +¢-2 P+1art+il rt 
57. : 58. : 
E £ r F 
x? — 2x —35 9 3x7 + 17x + 10 
59. 5 5 
3x + 27x 18x* + 12x 
x7 -x—-6 x? — 25 
60. —| Pag 
2x7 + 9x +10 2x7 + 15x + 25 
36c? — 49d? 12c + 14d 
61. 5 : 5 
3d d 
on 25° — 162° _ loy 7 8 
2yz y 
Divide, and then simplify, if possible. See Example 6. 
x1 x? — 16 
63. +(«+1) 64. + (Gx + 12) 
3x — 3 
n —10n+9 r? — 11r + 18 
65. =(n7 = 1) 66. >(*— 2) 
n-9 r—-9 
2r — 3 
67, ——— = (4 — 1245 + 98%) 
12 
3m + 
68. ae (9m? + 6mn + 7”) 
18 
187° 16m" 
6 a one = 
n—-1 mt+4 


Complete each unit conversion. See Examples 7 and 8. 
150 yards <3 feet _ ‘ 60 inches i feet 


71. ? 72 = 
1 1 yard 1 12 inches 
73. 6 pints — gallon = 74, 4 cups - lgallon _ 
1 8 pints 1 16 cups 
75 30miles  lhour _ ‘i 300 meters 12 months _ ‘i 
* Lhour 60minute ~ 3 months 1 year ; 
77, 30 meters 60 peooads 9 
l seconds 1 minutes 
73, 288 inches” _1 feet” 
“1 year 144 inches* | 
TRY IT YOURSELF 
Perform the operations and simplify, if possible. 
- b—5b+6 bh +2b 
"P-10b+16 Bb — 6b- 16 
mt+m—6 m —4 
80. i 
m —6m+9 m —9 
5x +5 a) Tt —7 4 
81. 7 ——— 82. : 5 
25. (tl) 28 1) 
5h —3 5r +4 
3. 10h 4. 
ws. of 4-3) sa suf 4) 


2 ~ Fab. F —2b 
eo 86. a 
n=-3n nm—n b+2 b-4 
g7, 1ors | 3x gg, 20d, Sed? 
* 6rs*— 2rs " 25cd> 6ab 
7 pt2 5? Ot 
89. 3p? “ 90. qT. i pos 
pp ~p 
oi 5x? + 13x-6 | 5x7 - 17x + 6 
. x+3 , x-2 
3p + 5p—-2 . 6p + 13p —5 
92. 3 2 3 3 2 
p + 2p 2p + 5p 
93 4x? — 12xy + 97 . xy 
: xy 4x? — oy" 
ij ab* 25a° — 40ab + 16b7 
” 25a? — 16b? ab* 
APPLICATIONS 


95. GEOMETRY Find the 
area of the rectangle. 


x 7x 


ft 


5 
96. MOTION The table contains algebraic expressions for the 
rate an object travels and the time traveled at that rate. Com- 
plete the table. 


Rate (mph) | Time (hr) | Distance (mi) 
Rtk=6| 9 


k-3 k-4 


97. TALKING According to the Sacramento Bee newspaper, the 
number of words an average man speaks a day is about 
12,000. How many words does an average man speak in 
l year? (Hint: 365 days = 1 year.) 

98. CLASSROOM SPACE The recommended size of an ele- 
mentary school classroom in the United States is approxi- 
mately 900 square feet. Convert this to square yards. 

99. NATURAL LIGHT According to the University of Georgia 
School Design and Planning Laboratory, the basic classroom 
should have at least 72 square feet of windows for natural 
light. Convert this to square yards. 

100. TRUCKING A cement truck holds 9 cubic yards of con- 
crete. How many cubic feet of concrete does it hold? (Hint: 
27 cubic feet = 1 cubic yard.) 

101. BEARS The maximum speed a grizzly bear can run is about 
30 miles per hour. What is its maximum speed in miles per 
minute? 

102. FUEL ECONOMY | Use the information that follows to 
determine the miles per fluid ounce of gasoline for city and 
for highway driving for the Dodge Dakota Pickup. (Hint: 

1 gallon = 128 fluid ounces.) 
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103. 


104. 


2007 Dodge Dakota Pickup 
Fuel Economy 


Fuel Type Regular 
MPG (city) 16 
MPG (highway) 20 


TV TRIVIA On the comedy television series Green Acres 
(1965-1971), New York socialites Oliver Wendell Douglas 
(played by Eddie Albert) and his wife, Lisa Douglas (played 
by Eva Gabor), move from New York to purchase a 160-acre 
farm in Hooterville. Convert this to square miles. (Hint: 

1 square mile = 640 acres.) 
CAMPING The capacity of back- 
packs is usually given in cubic inches. 
Convert a backpack capacity of 5,400 
cubic inches to cubic feet. (Hint: 

1 cubic foot = 1,728 cubic inches.) 


WRITING 


105. 
106. 


107. 


108. 


Explain how to multiply rational expressions. 

To divide rational expressions, you must first know how to 
multiply rational expressions. Explain why. 

Explain why 60 miles per hour and 1 mile per minute are the 


same speed. 
1 ft 
12 in. 


Explain why the unit conversion factor is equal to 1. 


REVIEW 


109. 


110. 


HARDWARE A brace has a Shelf 
length that is 2 inches less than 
twice the width of the shelf that it 


8 in. 


supports. The brace is anchored to Wall Y/ 


~ Aluminum 


the wall 8 inches below the shelf. ie 
race 


Find the width of the shelf and the f 
length of the brace. | 


Solve A = 4h(b + d) for b. 


CHALLENGE PROBLEMS 
Perform the operations. Simplify, if possible. 


111. 


112. 


113. 


114. 


O-27?+5¢e-10 C+e-—5ce-5 
C-c-2 cf — 25 


ri . xe+xy tx 


cay : ry +y 
= 4° + O& - (44 et it) 
38+ 21xr?  \ 3? 9 x? - 3x 


ry-y (is x+y ) 
2x4 — 2x3  \ a? § P+ ay ty¥ 
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© 


The Language of Algebra 


We can describe 3 and as 
having the same denominator, 
common denominators, or like 
denominators. 


Adding and 
Subtracting 
Rational 
Expressions That 
Have the Same 
Denominator 


Caution 
We do not add rational expres- 
sions by adding numerators and 
adding denominators! 


eens aides 
8 


The same caution applies when 
subtracting rational expressions. 


@ Add and subtract rational expressions that have the same 
denominator. 


Objectives @® Find the least common denominator. 
© Build rational expressions into equivalent expressions. 


In this section, we extend the rules for adding and subtracting fractions to problems involving 
addition and subtraction of rational expressions. 


Add and Subtract Rational Expressions That Have the Same Denominator. 


Recall from Chapter | that to add (or subtract) fractions that have the same denominator, we 
add (or subtract) their numerators and write the sum (or difference) over the common denom- 
inator. For example, 


3S . 2. SZ 18 9 18 — 9 
ie et and _ = 
1. F 7 25 25 25 
_35 ae 
7 25 


We use the same procedure to add and subtract rational expressions with like denom- 
inators. 


To add (or subtract) rational expressions that have same denominator, add (or subtract) their 
numerators and write the sum (or difference) over the common denominator. Then, if possi- 
ble, factor and simplify. 


A B : : 
If 5 and ;, are rational expressions, 


Al i} Al sp 8} A Be AS B 


+ = 
Dp = oD nd a 
ag 49-9 7 
EXAMPLE 1 Ada: =, : +— 
. i eg | Oe 


Strategy We will add the numerators and write the sum over the common denominator. 
Then, if possible, we will factor and simplify. 


Why This is the rule for adding rational expressions, such as these, that have the same 
denominator. 


Solution 

a. The given rational expressions have the same denominator, 8. 
x 3x x+3x 
8 68 8 


4x Combine like terms in the numerator: x + 3x = 4x. 
8 This result can be simplified. 
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1 
A-x 
= Factor & as 4 - 2. Then simplify by removing a factor equal to 1. 


2:A 
i 


x 


Z 


b. The given rational expressions have the same denominator, 9f. 


4s -—9 4 Pi 4s —9+ 7 Add the numerators. Write the sum over the common 


Notation Ot Or Or denominator, 9t. 
The numerator of the result may 4s — 2 
be written two ways: -_ ry Combine like terms in the numerator: -9 + 7 = —2. 


Not factored Factored 


Ag = 9 22s = 1) To attempt to simplify the result, we factor the pnueen get aes) Since the numer- 
ot ot ator and denominator do not have any common factors, ~ 7 cannot be simplified. Thus, 
Check with your instructor to see 4s — 9 7 Ae D 
which form he or she prefers. +—= 


ot ot ot 


ta Self Check 1 | Add and simplify the result, if possible: a. x + 


am = 8 2 
b. Dae ax 


Now Try Problems 17 and 21 


+21 +1 ? + Ox — 7 
PXAMPUEOME aca a 22, & p00 es 
: 2 5x +10 5x + 10 2x(x — 6) (x — 6)2x 


Strategy We will add the numerators and write the sum over the common denominator. 
Then, if possible, we will factor and simplify. 


Why This is the rule for adding rational expressions that have the same denominator. 


Solution 
3x + 21 8x + 1 3x +21 + 8x +1 Add the numerators. Write the sum over the 
a. 5x + 10 5x + 10 = 5x + 10 common denominator, 5x + 10. 
11x + 22 Combine like terms in the numerator: 
~ 5x + 10 3x + 8x = 11x and 21 +1 = 22. 
Caution 1 Factor the numerator: The GCF is 11. Factor 
When adding or subtracting = N@+?2) the denominator: The GCF is 5. Then simplify 
rational expressions, always write S(x +72) by removing a factor equal to 1. 
the result in simplest form by 1 
removing any factors common to 11 


the numerator and denominator. 


5 


b. By the commutative property of multiplication, 2x(x — 6) = (x — 6)2x. Therefore, the 
denominators are the same. We add the numerators and write the sum over the common 
denominator. 
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Caution x7 +9x -—7 x? — 9x x7 + 9x —74+ x7 — 9x 


Don’t make the mistake of remov- 2x(x — 6) (x — 6)2x 2x(x — 6) 
ing the 2’s in the result. This is 

incorrect because 2 is not a factor - 
of the entire numerator. ~ 2x(x — 6) 


9x2 ~ 7 Combine like terms in the 
numerator: xX + x* = 2x* 
and 9x — 9x = O. 


. 2 23. . . . 
Since the numerator, 2x” — 7, does not factor, eee is in simplest form. 


a Self Check 2 j Add and simplify the result, if possible: a. 37, a + et 
b. Cid By arene 
“(= Ne += B) 7 @s Re = 0) 


Now Try Problems 25 and 27 


+ 6 1 
EXAMPLE3 Subtract: — 
. x +4x-5 x +4x—-—5 
Strategy We will subtract the numerators and write the sum over the common denomi- 
nator. Then, if possible, we will factor and simplify. 


Why This is the rule for subtracting rational expressions that have the same denominator. 
Solution 
x+6 1 x+6-1 Subtract the numerators. Write the 


difference over the common 
denominator, x* + 4x — 5. 


x7 +4 —5 et+4e—-5 x2 4+ 4x—5 
_ x+5 Combine like terms in the numerator: 
x? + 4x —5 ae a 


1 
a5. Factor the denominator. Then simplify 


= (x +S)(x — 1) by removing a factor equal to 1. 
1 


1 


x-1 


2 Self Check 3 j Subtract and simplify the result, if possible: 


p= 3 1 


aie en oe 
Now Try Problem 37 


7410 4x -—9 
EXAMPLE 4 Subtract: a. = ie aa 
! x+3 x+3 
x? —x? + 14x 


Db: (x+7)(x—8) («+ 7)\(x — 8) 


Strategy We will use the rule for subtracting rational expressions that have the same 
denominators. In both cases, it is important to note that the numerator of the second 
fraction has two terms. 


Why We must make sure that entire numerator (not just the first term) of the second frac- 
tion is subtracted. 


Caution 


Don't make this common error by 


forgetting to write 4x — 9 within 
parentheses. 
x? + 10x — 2e— 
sear 3 


Notation 
A fraction bar is a grouping 
symbol. Think of parentheses 
around the terms of the numera- 
tor and the denominator. 


dbp 2) _ (Gee 9) 
gear 3) (ea 3) 


Success Tip 
—(—x* + 14x) means 
—1(—x? + 14x). The multiplica- 
tion by —1 changes the signs of 


each term within the parentheses: 


—(—x* + 14x) = x7 — 14x 
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Solution 
a. To subtract the numerators, each term of 4x — 9 must be subtracted from x* + 10x. 


This — symbol applies to 
the entire numerator 4x — 9. 


This numerator is written within parentheses 
to make sure that we subtract both of its terms. 


Subtract the numerators. Write the 
difference over the common 
denominator. 


x + 10x 4x — 9 
x+3 x +3 


x? + 10x — (4x — 9) 
Ds es) 


x2 AG dye de® In the numerator, use the distributive 
= property: —(4x — 9) = —1(4x — 9) = 


x +3 —4x + 9. 
= x? + 6x +9 Combine like terms in the numerator: 
~ x +3 10x — 4x = 6x. 
_ (x + 3)(x + 3) To see if the result simplifies, factor 
x+3 the numerator. 


1 
_ @ASx + 3) 


x43 
1 


Simplify by removing a factor equal to 1. 


=x+3 


b. We subtract the numerators and write the difference over the common denominator. 


x? —x? + 14x 


(x+7(x—-8) (e+7(x—-8) («+ 7)(x—-8) 


x? — (—x* + 14x) Write the second numerator 
within parentheses. 


x2 + x? — 14x Use the distributive 


property: 


+e — 8) ~(-8 + 14x) = 2 - tx. 
2x? — 14x In the numerator, combine 
~ G+ Ge — 8) _ like terme: x* + x? = 2x7. 


In an attempt to simplify, we can factor 2x7 — 14x as 2x(x — 7). However, the numerator 
and denominator have no common factors. The result is in simplest form. 


a Self Check 4 F | Subtract and simplify the result, if possible: 


x7 +3x 5x —-—1 
tb Fel aml 
b 3y" ey 


"OF3D0-—3I °° O+30—3) 
Now Try Problems 41 and 47 


2) Find the Least Common Denominator. 


We will now discuss two skills that are needed for adding and subtracting rational expressions 
that have unlike denominators. To begin, let’s consider 


11 7 
— + 
8x 18x? 


To add these expressions, we must express them as equivalent expressions with a common 
denominator. The least common denominator (LCD) is usually the easiest one to use. The 
least common denominator of several rational expressions can be found as follows. 
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Finding the LCD 


Success Tip 


The factorizations can be written: 


eS Dog 
Ih? Dog ox 
Note that the highest power of 


each factor is used to form the 
LCD. 


UCD) S Pa os? = Te 


1. Factor each denominator completely. 


2. The LCD is a product that uses each different factor obtained in step | the greatest 
number of times it appears in any one factorization. 


; EXAMPLE 5 i Find the LCD of each pair of rational expressions: 
: 11 7 20 4x 


Strategy We will begin by factoring completely the denominator of each rational expres- 
sion. Then we will form a product using each factor the greatest number of times it 
appears in any one factorization. 


Why Since the LCD must contain the factors of each denominator, we need to write each 
denominator in factored form. 


Solution 
a 8x =2°2°-2°:x Prime factor 8. 


18x7 =2°3+3+x-°x Prime factor 18. Factor <. 


The factorizations of 8x and 18x* contain the factors 2, 3, and x. The LCD of = and 7m 


should contain each factor of 8x and 18x the greatest number of times it appears in any 
one factorization. 


The greatest number of times the factor 2 appears is three times. 
The greatest number of times the factor 3 appears is twice. 
[ r The greatest number of times the factor x appears is twice. 


LCD =2°-2°2°3°-3-x°x 
= 72x 
The LCD for = and 73 is 72x?. 


b. Since the denominators of 2 and > as 9 are completely factored, the factor x appears 


once and the factor x — 9 appears once. Thus, the LCD is x(x — 9). 


a Self Check 5 P| Find the LCD of each pair of rational expressions: 
pak Be a-3 21 
a. “63 and 75y b. 773 and Z 


Now Try Problems 53 and 59 


EXAMPLE 6 { Find the LCD of each pair of rational expressions: 


; x g2== 6-x 15x 
. an e an 
Ix +7 5x +5 x? + 8x + 16 x? — 16 


Strategy We will begin by factoring completely each binomial and trinomial in the 
denominators of the rational expressions. Then we will form a product using each factor 
the greatest number of times it appears in any one factorization. 


Why Since the LCD must contain the factors of each denominator, we need to write each 
denominator in factored form. 


7.3 Adding and Subtracting with Like Denominators; Least Common Denominators 577 


Solution 

a. Factor each denominator completely. 
Tx +7 = 7(x +1) The GCF is 7. 
5x +5 =5(¢ +1) The GCFis5. 


The factorizations of 7x + 7 and 5x + 5 contain the factors 7,5, and x + 1. The LCD of 


= and 2 should contain each factor of 7x + 7 and 5x + 5 the greatest number 


Notation of times it appears in any one factorization. 
Rather than performing the multi- 


plication, it is often better to leave 
an LCD in factored form: [ The greatest number of times the factor 5 appears is once. 


The greatest number of times the factor 7 appears is once. 


LCD = 35 + 1) 7 The greatest number of times the factor x + 1 appears is once. 


LCD =7:5:-(« + 1) = 35@ + 1) 
b. Factor each denominator completely. 


x? + 8x + 16= (x + 4) + 4) Factor the trinomial. 


x? — 16 = (x + 4)(x — 4) Factor the difference of two squares. 


The factorizations of x7 + 8x + 16 and x* — 16 contain the factors x + 4 andx — 4. 


The greatest number of times the factor x + 4 appears is twice. 
The greatest number of times the factor x — 4 appears is once. 


LCD = (« + 4x + 4)@ -— 4) = «+ 47x - 4) 


a Self Check 6 j Find the LCD of each pair of rational expressions: 
: He di 25x 
ae 3? — 6x ANC 5, — 12 
Macca 6m 
b. a 5 Od = Gn 


Now Try Problems 63 and 69 


3) Build Rational Expressions into Equivalent Expressions. 


Recall from Chapter | that writing a fraction as an equivalent fraction with a larger denomi- 
nator is called building the fraction. For example, to write i as an equivalent fraction with a 
denominator of 35, we multiply it by | in the form of a 


3 E 7 _ 21 Multiply the numerators. 


5 a 5 7 ~ a5 Multiply the denominators. 


To add and subtract rational expressions with different denominators, we must write them 
as equivalent expressions having a common denominator. To do so, we build rational expres- 
sions. 


Building Rational To build a rational expression, multiply it by 1 in the form of = where c is any nonzero 
Expressions number or expression. 
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The Language of Algebra 


7 14n? 
We say that 75, and 39,3 are 


equivalent expressions because 
they have the same value for all 
values of n, except those that 
make either denominator 0. 


EXAMPLE 7 j Write each rational expression as an equivalent expression with 


7 
the indicated denominator: a. sn’ denominator 30n° 
n 
6x : 
b. ———.,, denominator (x + 4)(x — 4) 
x+4 


Strategy We will begin by asking, “By what must we multiply the given denominator to 
get the required denominator?” 


Why The answer to that question helps us determine the form of | to be used to build an 
equivalent rational expression. 

Solution 

a. We need to multiply the denominator of ine by 2n’ to obtain a denominator of 30n’. It 


follows that an is the form of | that should be used to build an equivalent expression. 


2 7 av ae 
15n ce 15n : on? Multiply the given rational expression by 1, in the form of 5/2. 
n n 2n 
_ 14n? Multiply the numerators. 
~~ 30n3 Multiply the denominators. 
b. We need to multiply the denominator of ~ es q by x — 4 to obtain a denominator of 


x- 
x- 


(x + 4)(x — 4). It follows that 


equivalent expression. 


; is the form of 1 that should be used to build an 


6x 6x x-4 4 


Multiply the given rational expression by 1, in the form of ~—. 
Pp 9g P x-4 


x+4 x+4 x-4 


6x(x — 4) Multiply the numerators. 
7 (x + A)(x — 4) Multiply the denominators. 


6x7 — 24x In the numerator, distribute the multiplication by 6x. 
~ (x + 4\(x — 4) Leave the denominator in factored form. 


Notation To get this answer, we multiplied the factors in the numerator to obtain a poly- 
nomial in unfactored form: 6x* — 24x. However, we left the denominator in factored 
form. This approach is beneficial in the next section when we add and subtract rational 
expressions with unlike denominators. 


a Self Check 7 j Write each rational expression as an equivalent expression with 
the indicated denominator: a. Spat» denominator 60m? 


b. = = ;> denominator (c + 1)(c + 3) 


Now Try Problem 77 


tae ed 
EXAMPLE 8 | Write Pate as an equivalent expression with a denominator 
= Xx IX 


of x(x + 6)(x + 2). 


Strategy We will begin by factoring the denominator of 3 + * Then we will compare 


the factors of x7 + 6x to those of x(x + 6)(x + 2). 
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Why This comparison will enable us to answer the question, “By what must we multiply 
x? + 6x to obtain x(x + 6)(x + 2)?” 


Solution 
x+1 x+1 
x7 + 6x x(x + 6) 


It is now apparent that we need to ene the denominator by x + 2 to obtain a denomina- 
tor of x(x + 6)(x + 2). It follows that * 


equivalent expression. 


x+1 x+1 


We factor the denominator to determine what factors are missing. 


Factor out the GCF, x, from x + Gx. 


x2 
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=. 3 is the form of | that should be used to build an 


Multiply the given rational expression by 1, in the form of 


2 
: + 
Notation e oe 


When building rational expres- 


x(x + 6) "#42 
_ Sr De +2) 


sions, write the numerator of the 
result as a polynomial in unfac- 
tored form. Write the denominator 


x(x + 6)(x + 2) 


x +3x4+2 


in factored form. 


a Self Check 8 7 Wiite 3 = - 7 as an equivalent expression with a denominator 
of x(x — 4)(x + 8). 
Now Try Problem 83 


Lad onswers TO SELF CHECKS | 1. a. 


- x(x + 6)(x + 2) 


ia 
K+ 2° 


Multiply the numerators. 
Multiply the denominators. 


In the numerator, use the FOIL method to multiply 
(x + 1)(x + 2). 
Leave the denominator in factored form. 


Oxi a =) 3(m — 2) 2 ae = ie (exe = ail) 
5 OD. ap 23n 2a3 b Cope sD %C-DeEtD 
1 6 —y 3 
thea 4b tha= ll - G+ D0 —=3) es IO bear 3) Gs Ey Ales — %)) 
a? 21m 2c? + 6c (Ce = Slee see) 
b. (m + 3)m — 3Y 7. & Sons b GEES 8 eS AE 8) 


VOCABULARY 
Fill in the blanks. 
1. The rational expressions — “. 
6n. 
2. The denominator of ss and oa is 
x(x + 6). 
3. To a rational expression, we multiply it by a form of 1. 
For example: = 8 = # 
2 


16 : 
72 and gp are expressions. They have the same 


value for all values of n, except for n = 0. 


CONCEPTS 
Fill in the blanks. 
5. 


y e - Ax + 
. The sum of two rational expressions is 5 + 1) 


To add or subtract rational expressions that have the same 
denominator, add or subtract the , and write the sum 


or difference over the common . In symbols, 
A,B _ B 
D'D D 


A 
and 5 


. To find the least common denominator of several rational expres- 


sions, each denominator completely. The LCD is a 
product that uses each different factor the number of 
times it appears in any one factorization. 


a Factor the 


numerator and then simplify the result. 
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8. Factor each denominator completely. 
17 x + 25 
a. — > a 
40x 2x° — 6x 
9. Consider the following factorizations. 
18x — 36 = 2°3+3+(@-— 2) 
3x — 6 = 3(x — 2) 
a. What is the greatest number of times the factor 3 appears in 


any one factorization? 


b. What is the greatest number of times the factor x — 2 
appears in any one factorization? 
10. Fill in the blanks. To write > = 9 as an equivalent rational 


expression with a denominator of 3x(x — 9), we need to multi- 


ply the denominator by __ . It follows that is the form of 1 


that should be used to build = a 


NOTATION 


Complete the solution. 
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a+a ee: 


"Ad — 8a 4a? — 8a 


BF 16h, TP = 5 


27 ; tS 
6b° + 9b 6b” + 9b 


Subtract and simplify the result, if possible. See Example 3. 


11. 


5 x-1_5-( ) 


12. The type of multiplication that is used to build rational expres- 
sions is shown below. Fill in the blanks. 


4x 2 3 t=2 

a? = b. —- = 
> 2 10 t €=2 Kt— 2) 
m+1lm—-5 _ 


in —-3 m—5 (m—3)\m—5) 


GUIDED PRACTICE 
Add and simplify the result, if possible. See Examples 1 and 2. 


9 2 4 4 
B.-4+5 14,-4+- 
x x AY S 
x § 7 3y 
15. —+— 16. — += 
18 18 10. 10 
x 2X 
i += ge" 
9° 9 7 7 
a-5 5 b —8 8 
19. oes 20. 4. 
3a 3a? 106* ~—-1064 
+ + + y + 
423,245 99, Yt2,244 
2y 2y 10z 10z 
23 2 r 
"P-3r-10 PF —3r—10 
24 : A 
"WP -4h—-5 P—4h—5 
95, 225, &A13 og, 7 e387 
p= 2 x-2 x+3 x3 


2x =x l6c 4c 
29: = 30. ——- - — 
25 25 11 11 
iS ye ee 
99 99 72 72 
m= 1 5 ct+7 3 
33. = 34. = 
6m 6m 4c* 4c* 
1 
35, 174___Ta 36, 10 4b 
2a+4 2a+4 3b-18 3b-18 
37 t 1 
“P+t-2 P+1-2 
r 3 
38. 
P-w-3 P-2w-3 
llw+ 6 llw 
39. 
3ww- 9) = 3w(w - 9) 
y+ 8 
40. = 
2vyvy - 14) 2 - 14) 
Subtract and simplify the result, if possible. See Example 4. 
3y-2 2Bwy-5 5x +8 3 = 2 
41. = 42. 
2y+6 2y+6 3x13. 3x 15 
6x” 11x + 10 8a 4a +: 25 
43. 44, 
3x + 2 3x +2 2at+5 2a+5 
6x—-5 3x—5 Tx+7 x+7 
45. = 46. = 
3xy 3xy Sy Sy 
2 = =p +2 2], = (nk 2 
47,52 _? 4g, 7 - —** 
P-p pr-p n+5 nt+5 
8 —6x + 8 5 —15t+5 
49. 5 5 50. 5 5 
9 — 3x 93x 10 — St 10 — St 
—Ax =3N = 2 
51. 5 3 
ak eZ: Bx Te 2 
=36 =2¢ =3 
52). 5 
se = be 3: SCS bet 3 
Find the LCD of each pair of rational expressions. See Examples 5 
and 6. 
1 4 11 
335 5 a 54,35 
2x” 6x dy 3y 
33 9 m—21 m+1 
55. oo aa 56. > 
15a*> 10a 12m? 18m 
35. 23 58 27 17 
3a°b’ ab? “8d? 2d? 
8 8-c¢ = 8 @= 3 
9. >, 5 —— 
2 c ct2 0 d+9 d 
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3x + 1 3% b+1 b 
ls 2s 
. 3x - 1? 3x +1 6 b-1?> b+1 
gg =? SD - rob Wp 
“4b + 8° 6 * 10b — 15’ 10 
6—-—k 11 5m+6 7 
65. — i 
2k+4 8k 4m +12 6m 
—2x 5 T= y= 49 
i ea. — = 
x-—1Txtil y-4 yt2 
4x — +1 44 +9 
eee ie 70. >=, =~ 
R= 4 = Fx = 25 s = 9 ss —s- = 6 
2 2 
— 16 
71. = = 3n 
2n° + 13n +20 no + 8n + 16 
4y + 25 PF 
a Z 


y + 10y + 25” 2y? + 17y + 35 


Build each rational expression into an equivalent expression with 
the given denominator. See Examples 7 and 8. 


5 4 
73. pe 10r 74. —; Ty 
75. . x’y 76. 2 xy 
x y 
9 7 
Wy — > ar 73. —; 30e" 
4b’ a ao 
3x 2 Sy 2 
79, ——; «+1 . =;  -2 
i ee 80. 5: 2) 
- i) ome 
81. ——; x(x + 3) 82. ~—: (yp — 9) 
t+ 5 x+7 
3. ; 20(¢ + 2 4. ; a 
pee “eee 
yt3 
85. >; 4yy — 2 3 
Pus 46 vy — 2)(y — 3) 
3x — 4 
86. ; 8 + 1)\(x + 2 
x 3x 2 me M ) 
12 —-h 
87. 5 3(h + 9N(h - 9 
Bl ( ) ) 
2 
88. —" —-- 9(m + 10)(m — 10) 
m — 100° 
TRY IT YOURSELF 
Perform the operations. Then simplify, if possible. 
t 
89. — é 7 s 
t~ 8t +7 t 8t +7 
10. 1 
90. 2 
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c d 
2 =P a C-€ 
ee 
P-4 b-4 
lln 4n — 1 
(n+ 4) —2) (n-2)n+ 4) 
il 6-t 
(t¢-1t+1) (¢+De- 1) 
11 9 13 17 
—+ : +— 
36y = 36y 24w = 24w 
6 ae oe? 8h + 4 
x+1 x+1 * 3b-2 3b—-2 
S¢=27 4r 
99. + 
3r° — Or 37? — Or 
+ 
100. 9a - 50 
5a + 25a 


91. 


92. 


93. 


94. 


95. 


97. 


Sa’ + 25a 


APPLICATIONS 


101. GEOMETRY What is the difference of the length and width 
of the rectangle? 


3x+5 
ft 
x+2 


5x+11 


ft 
x+2 


102. GEOMETRY What is the perimeter of the rectangle in 
Problem 101? 


WRITING 
103. Explain how to add fractions with the same denominator. 
104. Explain how to find a least common denominator. 
105. Explain the error in the following solution: 


2x+3 x+2 MW+3-xtwH 
xD x+5 x+5 
Kick Ds 

x té 

1 


106. Explain the error in the following solution: 


yt4 1 ypr4—A 
y ¥ yry 


107. Explain why the LCD of 3 and 2 is h° and not h°. 


108. Explain how multiplication by 1 is used to build a rational 
expression. 
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REVIEW CHALLENGE PROBLEMS 
Give the formula for... Perform the operations. Simplify the result, if possible. 
109. a. simple interest 111. 3xy x3y—x) xe y) 
b. the area of a triangle x—~y x—~y x—y 
c. the perimeter of a rectangle 112. 91° — 1277 —3t+4 


27° — 64 270° — 64 
2+2 ata 
a+8 @+8 
114. Find the LCD of these rational expressions. 


110. a. the slope of a line 


b. distance traveled 113. 


c. the area of a circle 


2 a 2at+ 5 
G+8a-4Va-s8 


@ Add and subtract rational expressions that have unlike 
Objectives denominators. 


@® Add and subtract rational expressions that have denominators 
that are opposites. 


We have discussed a method for finding the least common denominator (LCD) of two 
rational expressions. We have also built rational expressions into equivalent expressions 
having a given denominator. We will now use these skills to add and subtract rational expres- 
sions with unlike denominators. 


@ Add and Subtract Rational Expressions That Have Unlike Denominators. 


The following steps summarize how to add or subtract rational expressions that have different 


denominators. 

Adding and 1. Find the LCD. 
Subtractin 2. Rewrite each rational expression as an equivalent expression with the LCD as the 

8 
Rational denominator. To do so, build each fraction using a form of 1 that involves any 
Expressions That factor(s) needed to obtain the LCD. 
Have Unlike 3. Add or subtract the numerators and write the sum or difference over the LCD. 
Denominators 4. Simplify the result, if possible. 


9x 3x 
EXAMPLET Add: = + = 


Strategy We will use the procedure for adding rational expressions that have unlike 
denominators. The first step is to determine the LCD. 


Caution 


A Step 2, don’t simplify = and 
3, because that will take you 


back to the original problem. 


7.4 Adding and Subtracting with Unlike Denominators 583 


Why If we are to add (or subtract) fractions, their denominators must be the same. Since 
the denominators of these rational expressions are different, we cannot add them in their 
present form. 


9x 3x 
sevenths 7 + 5 fifths 


Not the same number 


Solution 
Step 1: The denominators are 7 and 5. The LCD is 7-5 = 35. 
Step 2: We need to multiply the denominator of sas by 5 and we need to multiply the 
denominator of 3: by 7 to obtain the LCD, 35. It follows that 2 and g are the forms of 1 that 
should be used to write the equivalent rational expressions. 

9x Ff 3x 9x ; 2 


3x 7 Build the rational expressions so that each has a 
7 5 - 9 & 5 7 denominator of 35. 


_ 45x a 21x Multiply the numerators. 
~ 35 35 Multiply the denominators. 
Step 3 _ 45x + 21x Add the numerators. Write the sum over the common 
tep 3: i 35 denominator. 
_ 66x 


Combine like terms in the numerator: 45x + 21x = GGx. 


35 


Step 4: Since 66 and 35 have no common factor other than 1, the result cannot be sim- 
plified. 


a SelfCheck1 | Add: 2 + © 


Now Try Problem 13 


EXAMPLE 2 Subtract: 5 - 


Strategy We will use the procedure for subtracting rational expressions that have unlike 
denominators. The first step is to determine the LCD. 


Why If we are to subtract fractions, their denominators must be the same. Since the 
denominators of these rational expressions are different, we cannot subtract them in 
their present form. 


Solution 
Step 1: To find the LCD, we form a product that uses each different factor of 18h and 245 
the greatest number of times it appears in any one factorization. 
18b° =2+3-3-b-b 
24b=2-+2-2-3-b 
Step 2: We need to multiply 18h? by 4 to obtain 72b*, and 24b by 34 to obtain 72b7. It 


follows that we should use ¢ and x to build the equivalent rational expressions. 


buep = 2+2+2+3+3+b+ = 126" 
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Notation 
When checking your answers with 
those in the back of the book, 
remember that the results can 
often be presented in several 
equivalent forms. For example, this 
result can also be expressed as 


—3b + 52 
72b7 


Success Tip 
To build the first rational expres- 
sion, we use the distributive prop- 
erty to multiply the numerators: 
Note that we don’t multiply out 
the denominators. 


Zo 
3 229 
We+9) x—9 


The result is gaan: 


13 1 13 4 1 3b Build the rational expressions so that each has a 
= i= Apa P 
18h2 2A4b 1852 4 24b 3b denominator of 72b", 
= 52 3b Multiply the numerators. 
~~ 72h 7 72h Multiply the denominators. 
_ 92:30 Subtract the numerators. Write the difference over 
Step 3: = 7p the common denominator. 


Step 4: Since 52 — 36 does not factor, the result cannot be simplified. 


a Self Check 2 | Subtract: si = x 


Now Try Problem 29 


EXAMPLE 3 | Add: —>— + —~" 
. - 2x+ 18 x°- 81 


Strategy We use the procedure for adding rational expressions when the denominators 
are binomials. The first step is to find the LCD. 


Why _ Since the denominators are different, we cannot add these rational expressions in 
their present form. 


Solution After factoring the denominators, we see that the greatest number of times each 
of the factors 2, x + 9, and x — 9 appear in any one of the factorizations is once. 


2x + 18 = Ax + 9) 
x? — 81 = (x + 9x — 9) 


Since we need to multiply 2(x + 9) by x — 9 to obtain the LCD and (x + 9)(x — 9) by 2 


hep = 2x + 9\(x — 9) 


to obtain the LCD, : = 3 and 5 are the forms of | to use to build the equivalent rational 
expressions. 
3 27 3 27 Write each denominator in 
+ = + 
2xt+18 x7-81 2xt+9) (x + 9x - 9) factored form. 
Build the expressions so 
_ 3 - 9 ea 27 ; 2 that each has a 
2x+9) x-9 (x + 9)~—9) 2 denominator of 
2(x + 9)(x — 9). 
= 3x — 27 54 Multiply numerators. 
2x + 9\x- 9) 2x + 9\x - 9) Multiply denominators. 


Although it is not required, the factors of 
each denominator are written in the same order. 


3x — 27 + 54 Add the numerators. Write 
= the sum over the common 
2(x 3 D(x 9) denominator. 


3x +27 Combine like terms in the 


— numerator: 
aor a) —27 + 54 = 27. 


Caution 
Always write the result in simplest 
form by removing any factors 
common to the numerator and 
denominator. 


Success Tip 
To build the second rational 
expression, we use the FOIL 
method to multiply the numera- 
tors: Note that we don’t multiply 
out the denominators. 


a =) oe el 
——— 
5 pl 


. x27 —- Ix +6 
The result is =e = oy 
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1 Factor the numerator. 
= 3a+9) Then simplify the 
2x4 9)\(x — 9) expression by removing a 
1 factor equal to 1. 
7 3 
2(x = 9) 


ta Self Check 3 i Add: ae ar orig 
Now Try Problem 37 


x _x—6 
y= 1 x—-4 


EXAMPLE 4 i Subtract: 


Strategy We use the same procedure for subtracting rational expressions when the 
denominators are binomials. The first step is to find the LCD. 


Why Since the denominators are different, we cannot subtract these rational expressions 
in their present form. 


x-— 6 


~— and = are completely factored. The factor x — 1 


x-1 


Solution The denominators of 


appears once and the factor x — 4 appears once. Thus, the LCD = (x — 1)(x — 4). 
We need to multiply the first denominator by x — 4 to obtain the LCD and the 


x¥=— 1] 
ye d 


second denominator by x — 1 to obtain the LCD. It follows that : : and are the 


forms of | to use to build the equivalent rational expressions. 


. e=% 2 oud oo hg a Build the rational expressions so that 
i — 4 — i . 4 _ 4 : 1 each has a denominator of 
x x x x * a (x — 1)(x — 4). 
x? — 4x x? — Tx +6 


Multiply the numerators. 
Multiply the denominators. 


~(e-Da-4) @-4O-1 


By the commutative property of multiplication, 
these are like denominators. 
x2 — 4x — (x? — Tx + 6) Subtract the numerators. Remember 
= the parentheses. Write the difference 


(x ~ es ~ 4) over the common denominator. 
x2 Ay x2 she i as In the numerator, use the distributive 
= a7 =a property: -(¢ -— 7x + 6) = 
(« — I — 4) 1 — 7x + 6) = — + 7x - 6. 
a 3x — 6 Combine like terms in the numerator: 
(x — 1)(x — 4) x — * = Oand —4x + 7x = 3x. 


The numerator factors as 3(x — 2). Since the numerator and denominator have no 
common factor, the result is in simplest form. 


ta SelfCheck4 Subtract: —*, —*>2 
Now Try Problem 45 
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| 2 
EXAMPLE5 Subtract: ——™" — 
: = m+5m+6 m +3m-+ 2 


Strategy We use the same procedure for subtracting rational expressions when the 
denominators are trinomials. The first step is to find the LCD. 

Why Since the denominators are different, we cannot subtract these rational expressions 
in their present form. 

Solution Factor each denominator and form the LCD. 
m + 5m + 6 =(m + 2)(m + 3) 


m + 3m+2=(m+2)(m+ Lop = (m + 2)(m + 3)(m + 1) 


Examining the factored forms, we see that the first denominator must be multiplied by 
m + 1, and the second pee be a by m + 3 to obtain the LCD. To build the 


expressions, we will use“ ae 1 + and ™ - mes 3° 
m 2 
m+ sn+6 m+ 3mt2 
m 2 


Write each denominator in factored form. 


~(m+2)(m +3) (m+2)\(m + 1) 
m mt+1 _ 2 m+ 3 Build each expression, so that it has a denominator 
(m+2)(m+3) m+1 (m+2)\mt1) mt+3 lm + 2)(m + 3)(m + 1). 


= m +m _ 2m + 6 Multiply numerators. 
(m + 2)(m ES 3)(m + 1) (m a 2)(m a 1)(m 4 3) Multiply denominators. 


By the commutative property of multiplication, 
these are like denominators. 


m + m— (2m + 6) Subtract the numerators. Remember the parentheses. Write the difference over the 
7 (m + 2)(m + 3)(m +1) common denominator. 


m+m—2m—6 
~ (m + 2)(m + 3\(m + 1) 


Use the distributive property: —(2m + 6) = —1(2m + 6) = —2m — 6, 


m’ —m— 6 


~ (m + 2)(m + 3m + 1) 


Combine like terms in the numerator. 


1 
_ (m3) +2) 
eee + 3)\(m + 1) 


Factor the numerator and simplify the expression by removing a factor equal to 1. 


_ m— 3 
(m + 3)(m + 1) 


La Self Check 5 j Subtract: 7 fe S$ a 4 20 
Now Try Problem 57 


EXAMPLE6 | Add: 


+b 


Strategy We will begin by writing the second addend, b, as é and then find the LCD. 


Success Tip 
Since the denominator of 7 w 5 IS 


the LCD, we do not need to build it 
by multiplying by it a form of 1. 
The step below is unnecessary. 


aa 


Multiplying by 
=| 
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b : : ; 
q@ — 5° we must rewrite bas a rational expression. 


Why To add b to the rational expression, 


Solution The LCD of - 7 5 and ; is l(a — 5), or simply a — 5. Since we must multiply 


the denominator of é by a — 5 to obtain the LCD, we will use 4 


5 : ; 
a= 5 to write an equiv- 


alent rational expression. 


4b 4b b a5 ‘ 
+b= + —* Build ; so that it has a denominator of a — 5. 
a-5 a-5 lL @=—s5 

_ 4b ab — 5b Multiply numerators: b(a — 5) = ab — 5b. 
a-5 at a-5 Multiply denominators: 1(a — 5) = a — 5. 

_ 4b + ab — 5b Add the numerators. Write the sum over the common 

> a—5 denominator. 
ab —b 

= 5 Combine like terms in the numerator: 4b — 5b = —b. 
“= 


Although the numerator factors as b(a — 1), the numerator and denominator do not have a 
common factor. Therefore, the result is in simplest form. 


i Self Check 6 | Add: = Gey 


Now Try Problem 65 


Add and Subtract Rational Expressions That 
Have Denominators That Are Opposites. 


Recall that two polynomials are opposites if their terms are the same but they are opposite in 
sign. For example, x — 4 and 4 — x are opposites. If we multiply one of these binomials by 
—1, the subtraction is reversed, and the result is the other binomial. 


-I@-4)=-x+4 -1(44-x)=-4+4x 
=4-x Write the =x—-4 Write the 

expression expression 

with 4 first. with x first. 


These results suggest a general fact. 


When a polynomial is multiplied by —1, the result is its opposite. 


This fact can be used when adding or subtracting rational expressions whose denominators 
are opposites. 


1 


x=7 Tx 


EXAMPLE 7 ] Subtract: 


Strategy We note that the denominators are opposites. Either can serve as the LCD; we 


will choose x — 7. To obtain a common denominator, we will multiply aS by =. 


Why When 7 — x is multiplied by — 1, the subtraction is reversed, and the result is x — 7. 
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Solution We must multiply the denominator of 7 


that “ should be the form of | that is used to write an equivalent rational expression. 


Success Tip = = 


A ; by —1 to obtain the LCD. It follows 


1 —-1 Build gh so that it has a denominator of 


Either denominator can serve as x—7 pe: x-— 7 


the LCD. However, it is common 


7T—-x -1 x-¥7 


to have a result whose denomina- = 
tor is written in descending 
powers of the variable. Therefore, 


we chose x — 7, as opposed to — 
We = oe, eS laa ED), 


x7 


The result does not simplify. 


a SelfCheck7 | Add: .” 


Now Try Problem 71 


—]l Multiply the numerators. 
—74+x Multiply the denominators. 
—1 Rewrite the second denominator: 
x—7 —7T+x= x= 7. 


Subtract the numerators. Remember the 
parentheses. Write the difference over the 
common denominator. 


Simplify the numerator. 


(= ie 


“ Wa 2 6x + 63 pista 
| Dap 3 bee Cee Sos 


6 ny + l4y 7 i= 
n+4 ares 


VOCABULARY 


Fill in the blanks. 


+ 
1. 7 and > 4 7 have like denominators. x*3 and 4 = 7 have 


x 


se rorninitors 
2. Two polynomials are if their terms are the same, but 


are opposite in sign. 


CONCEPTS 
3. Write each denominator in factored form. 
x+1 3x? — 
a 2 a ee 
20x x” + 4x — 12 


. What is the LCD for =, ere L and —. 


8. To build =—— 


. The factorizations of the denominators of two rational expres- 
sions are given. Find the LCD. 


a. 12a=2:°2°-3:-a 
18a7 =2:+3+3-a-a 


b. x* — 36 = (x + 6)(x — 6) 
dx — 18 = 36 — 6) 


ree 


. The LCD for 54s and “a is3-3°5¢nen-n = 45n. 


15n3 
If we want to add these rational expressions, what form of 1 
should be used 


a. to build 5-2? b. to build ;5.5? 
Fill in the blanks. 
7. To build > 2 3 So that it has a denominator of 5(x + 2), we 


multiply it - 1 in the form of 


— so that it has a denominator of x — 2, we multi- 


ply it by 1 in the form of 


NOTATION 
Complete the solution. 
" 2 7 _2) Z. 
> 3% S 3x 3x 5 
_ 6x 35 
6x + 
"15x 


10. Are the student’s answers and the book’s answers equivalent? 


Student’s answer | Book’s answer | Equivalent? 
m? + 2m m? + 2m 
(m — 1)(m — 4) (m — 4)(m — 1) 
—5x? — 7 — Se 7 
Ax(x + 3) Ax(x + 3) 
=2% ae 
sm y x—y 


GUIDED PRACTICE 


Perform the operations. Simplify, if possible. See Example 1. 


x 2x 
11+ 
3 7 
13, 
6 3 
7 4 
15.2 
8 t 
4b b 
Woe 
3 12 


Perform the operations. Simplify, if possible. See Example 2. 


7 2 
19. => -— 
m m 
3 17 
21. > +— 
x x 
3 5 
23. — - — 
5p  10p 
So 
“ 6t 8 
11 5 
27... > 
Sx 6x 
1 8 
29. +75 
6c 9c 


Perform the operations. Simplify, if possible. See Example 3. 


| 5 
31. Sear 
2a+4 a’ —4 
2, 5 
33. 5 
3a=2 9a" — 4 


18: == 
12 


6 
20. = - = 


22, => + 


24, —— 


26. —— 


2ly _ Ty 


2 
n 


28, — - — 


30. 


5 3 
32. = 
p-9 3p + 9 
ye 2 
“55-3 ° 2562-9 
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4 7 9 2 
35. 5 36. — 
at+2 a+4a+4 b-—-2b+1 b-1 
6 3 9 5 
37. 38. 
5m — 5m Sm-—5 2c? —2c 2-2 


Perform the operations. Simplify, if possible. See Example 4. 


8 2 

19 40. rae 
t+3 t+2 m— 3 m—4 

ys 2 2 

Pec ai 2," sa 


x—1 oe +3 


1 1x 10h 7 
43. —+ 44, — 
5x xt+5 h-3 Oh 
x | t=2 t 
45. 46. —— + —— 
x+1 x t t+3 
= t+ Pe 
7 fe seal Fee ee 
st+3 st+7 FHS PS 
49. 3m _m—3 50. 2x _xtil 
m-2 mt+5 xt+2 .x-3 


51 4 ; S 
“P45e¢4 st 49944 
d 3 
52. S ; 
d~+6d+5 d°+5d+4 
5 3 
53. S - 
x —9x+8 x — 6x —- 16 
3 1 
54. { 
rP+t-6 7 +3t-10 
2 | 
55. 
at+4a+3 at3 
56 1 ; 4 
"e+6) 24+8c4+12 
8 7 
57. 2 oe 
y 16 y-y-12 
6 5 
58. — > 
Ss 9 s s= 6 


Perform the operations. Simplify, if possible. See Example 6. 


2 
59. 2 46 60.—+7 
x y 
61 + 62. +9 
. x . 
x-4 m+4 


590 CHAPTER 7 Rational Expressions and Equations 


3 5 
63. b-— oe 
42 y+8 

65. =) 66. = -—4 
xt+1 = 8 


Perform the operations. Simplify, if possible. See Example 7. 


7 5 4 b 
7. at : + 
: a-4 4-a aa 6-5 
c d a b 
69 = 70. 
Tea (de —Te Sa—-3b 3b-5Sa 
~ + 
t= te yo, +2 _ _ 2 
d-9 9-d 42 2—x 
2 h 7 
73" ee 74. — ; 
g-4 4-¢ r—-49 49—h 
TRY IT YOURSELF 
Perform the operations and simplify, if possible. 
4 
5. =— ; 
Pp+ot2 P+H4+12 
r 2 
76. — ; 
rekopk6 re arr 2 
10 3 
77. oe 78. +t 
c= 1 * o =a 
b b-1 x x+2 
79, —— — —__ - 
b+1 b6+2 ee x +3 
y 4 1 t 
1 — oe 82, = = 
yor l=y t=] T=t 
rn n=2 m m+) 
3, - 4, — — 
: 5 15 . 9 27 
y+t2 yt4 x+3 x+5 
85. = Sa 86. 
sy 15y x 2x 
4+ 2x 2y — 6 
87, —— + re 
x-2 x-4 yt3 y-9 
7 1 5 4 
9s. Se 90:2 + 
. 3a a-2 OX 6 


Perform the operations and simplify, if possible. Be careful to 
apply the correct method because these problems involve addition, 
subtraction, multiplication, and division. 


oa fa ee 
oe “Oe 15 
92 a t+ 9 » 2at4 9 
= 4 a+2 “3 at2 
93 t t t t 
a = = = 
t-5 727-25 t-5 72-25 


1 2 1 2 
94. a. 5 i a) 
m+2 m+4m+4 m+2 m+4m+4 
APPLICATIONS 
95. Find the total height of the funnel. 
96. What is the difference between Len 
the diameter of the opening at 3x 
the top of the funnel and the 
diameter of its spout? 
10 
— cm 
3x 
3 
oe cm 
oe cm | |<— 


WRITING 
97. Explain the error: 


3,8 348 


XX YY gy Ray 


98. Explain how to add two rational expressions with unlike 
denominators. 


99. When will the LCD of two rational expressions be the product 
of the denominators of those rational expressions? Give an 
example. 


100. Explain how multiplication by xt is used in this section. 


REVIEW 
101. Find the slope and y-intercept of the graph of y = 8x + 2. 


102. Find the slope and y-intercept of the graph of 3x + 4y = —36. 

103. What is the slope of the graph of y = 2? 

104. Is the graph of the equation x = 0 the x-axis or the y-axis? 
CHALLENGE PROBLEMS 

Perform the operations and simplify the result, if possible. 


a 2 3(a — 2) 
“a-1 at2  @t+a—2 


106 2x _ 2x x 
Pe ae on ae 


say. hg ga Tat ls  2¢ = 50 
a+1  2a-—2a-—4 a®* + 10a + 25 

G@=2y 

(x + 2° 


108. 1 — 
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@ Simplify complex fractions using division. 


Objectives ieeaenes 
® Simplifying complex fractions using the LCD. 


A rational expression whose numerator and/or denominator contain fractions is called a 
complex rational expression or a complex fraction. The expression above the main fraction 
bar of a complex fraction is the numerator, and the expression below the main fraction bar is 
the denominator. Two examples of complex fractions are: 

5x 1 


— +«— Numerator of complex fraction —> — — 


— <= Main fraction bar — 


2x x 
— <+— Denominator of complex fraction —> — + — 


5 


- 
x 
1 


In this section, we will discuss two methods for simplifying complex fractions. To 
simplify a complex fraction means to write it in the form 4, where A and B are polynomials 


that have no common factors. 


@ Simplify Complex Fractions Using Division. 


One method for simplifying complex fractions uses the fact that the main fraction bar indi- 
cates division. 


Simplifying Complex 1. Add or subtract in the numerator and/or denominator so that the numerator is a single 
Fractions fraction and the denominator is a single fraction. 

Method 1: 2. Perform the indicated division by multiplying the numerator of the complex fraction by 
Using Division the reciprocal of the denominator. 


3. Simplify the result, if possible. 


5x7 


EXAMPLE simplify: 


a 


9 


Strategy We will perform the division indicated by the main fraction bar using the pro- 
cedure for dividing rational expressions from Section 7.2. 


Why We can skip the first step of method 1 and immediately divide because the numer- 
ator and the denominator of the complex fraction are already single fractions. 


Solution 
Sx? 
3 = Ls ses 2x* Write the division indicated by the main fraction bar using a + 
233 3 ° 9 symbol. 


9 
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The Language of Algebra 
The second step of this method 
could also be phrased: Perform 
the division by inverting the 
denominator of the complex frac- 
tion and multiplying. 


= 5x? 9 To divide rational expressions, multiply the first by the reciprocal of 
3 2x3 the second. 
_ 5x7 +9 Multiply the numerators. 
3+ 2x3 Multiply the denominators. 
1 1 1 
_ Shh: B+3 a ; 
= errr Factor 9 as 3 - 3. Then simplify by removing factors equal to 1. 
1 1 1 
-_ 15 Multiply the remaining factors in the numerator. 
2x Multiply the remaining factors in the denominator. 
. 1? 
Self Check 1 j Seni 
feces eli 
20 


Now Try Problem 19 


EXAMPLE 2 Simplify: ———- 


Strategy We will simplify the expressions above and below the main fraction bar sepa- 
rately to write ; = i and : a - as single fractions. Then we will perform the indicated 
division. 

Why The numerator and the denominator of the complex fraction must be written as 
single fractions before dividing. 


Solution To write the numerator as a single fraction, we build ; and l to have an LCD 
of 2x, and then subtract. To write the denominator as a single fraction, we build 7 and i 
to have an LCD of 15, and then add. 


1 1 1 x 1 2 The LCD for the numerator is 2x. Build each fraction so that 
= — -— < 
Ox 2x x2 each has a denominator of 2x. 
x i I x ; 5 ae I : 3 yee The LCD for the denominator is 15. Build each fraction so that 
3 5 3 5 5 3 each has a denominator of 15. 
x 2 
2x 2x 
= Sx 3) Multiply the numerators and multiply the denominators. 
xX 
—— + == 
15 IS 
n= 2 
_ 2x Subtract in the numerator and add in the denominator of the 
5x + 3 complex fraction. 
15 


Now that the numerator and the denominator of the complex fraction are single frac- 
tions, we perform the indicated division. 


The result after simplifying a 
complex fraction can often have 
several equivalent forms. The 
result for Example 2 could be 


written: 


Notation 


(spe = 30) 
Ded(ee sp 33) 
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eS 2 
2x x—2 | 5x +3 — Write the division indicated by the main fraction bar using a 
x43. x 15 + eymbol. 
15 
ae = : . — 3 Multiply by the reciprocal of oe 2. 
- 15(x = 2) Multiply the numerators. 
2x(5x + 3) Multiply the denominators. 


Since the numerator and denominator have no common factor, the result does not simplify. 


1 1 


1 
5 2B 
Now Try Problem 27 
6 
EXAM PLE 3 _ Simplify: 
= Arie 


y: 

Strategy We will simplify the expressions above and below the main fraction bar sepa- 
rately to write & + y and + x as single fractions. Then we will perform the indicated 
division. 

Why The numerator and the denominator of the complex fraction must be written as 
single fractions before dividing. 


Solution To write 8 + yasa single fraction, we build y into a fraction with a denomina- 
tor of x and add. To write $ +x as a single fraction, we build x into a fraction with a 
denominator of y and add. 


6 6 yx Write y as Y The LCD for the numerator is x. Build ¥ so that it has 
—+ y —+7-— <— 1 1 
x ae 1 x a denominator of x. 
6 6 x y Write x as *. The LCD for the denominator is y. Build * so that it 
—+x —+—-> <— 1 1 

y ly has a denominator of y. 

6 x 

6 wy 

x Ba 

= Multiply in the numerator and multiply in the denominators. 

6 xy 

—, + pa ia 

y y 


Add in the numerator and in the denominator of the complex fraction. 


a lon 
Si tye] + 
S| is 


Now that the numerator and the denominator of the complex fraction are single fractions, we 
can perform the division. 
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Success Tip 
Simplifying using division 
(method 1) works well when a 
complex fraction is written, or can 
be easily written, as a quotient of 
two single rational expressions. 


6 + xy 
x _ 6 + xy a 6 +Xy Write the division indicated by the main fraction bar using a 
6 + xp x : y + symbol. 
y 
6+x 
= a4 sd Multiply by the reciprocal of = ay 
x 6+ xy - 
_ y(6 + xy) Multiply the numerators. 
x(6 + xy) Multiply the denominators. 
1 
6 
= WO-+-xy) Simplify the result by removing a factor equal to 1. 
ae) 


y 
x 


2 
a Self Check 3 j Saptee z 


2 
ip @ 


Now Try Problem 39 


2) Simplify Complex Fractions Using the LCD. 


Simplifying Complex 
Fractions 

Method 2: Multiplying 
by the LCD 


A second method for simplifying complex fractions uses the concepts of LCD and multipli- 
cation by a form of 1. The multiplication by 1 produces a simpler, equivalent expression, 
which will not contain fractions in its numerator or denominator. 


1. Find the LCD of all fractions within the complex fraction. 


2. Multiply the complex fraction by | in the form i. 


. Perform the operations in the numerator and denominator. No fractional expressions 
should remain within the complex fraction. 


4. Simplify the result, if possible. 


We will use method 2 to rework Example 2. 


1 1 
EXAMPLE 4 Simplify: —— 
a 5 


Strategy Using method | to simplify this complex fraction, we worked with 5 = - and 
A + ; separately. With method 2, we will use the LCD of all four fractions within the 


complex fraction. 


Why Multiplying a complex fraction by 1| in the form of Tan clears its numerator and 


denominator of fractions. 


Success Tip 
With method 2, each term of the 
numerator and each term of the 
denominator of the complex frac- 
tion is multiplied by the LCD. 
Arrows can be helpful in showing 


this. a 


Success Tip 
When simplifying a complex frac- 
tion, the same result will be 
obtained regardless of the method 
used. See Example 2. 
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Solution The denominators of all the fractions within the complex fraction are 2, x, 3, 
and 5. Thus, their LCD is 2+x-3+5 = 30x. 


We now multiply the complex fraction by a factor equal to 1, using the LCD: ae = 1 
1 1 1 1 
2x 2x 30 
x. 1 x 1 30x 
+ + 
3° 5 3° 3 
1: A 
— — — }30x +— Multiply the numerators. 
—= 2 x 
x 1 
(3 + + sax <— Multiply the denominators. 
1 


1 
78%) - 5, BO) +— In the numerator, distribute the multiplication by 30x. 


x 1 
Pas) + Pass +— In the denominator, distribute the multiplication by 30x. 


15x — 30 Perform each of the four multiplications by 30x. Notice 


eS that no fractional expressions remain within the complex 
10x* + 6x F 
fraction. 


To attempt to simplify the result, factor the numerator and denominator. Since they do not 
have a common factor, the result is in simplest form. 

15x — 30 — 15( — 2) 

10x? + 6x -2x(5x + 3) 


al 
a Self Check 4 j Use method 2 to simplify: 4 


Now Try Problem 49 


<l[e 


1 
EXAMPLES simplify: = 


x 


4y* 
8-y 


Strategy Using method 1, we would work with 7 = : and yz 
method 2, we use the LCD of all three fractions within the complex fraction. 


separately. With 


Why Multiplying a complex fraction by | in the form of eB clears its numerator and 
denominator of fractions. 

Solution The denominators of all fractions within the complex fraction are 8, y, and 4y”. 
Therefore, the LCD is 8y* and we multiply the complex fraction by a factor equal to 1, 
using the LCD: ~ = 1, 


1 1 1 1 
8 y 8 y 8 
8-—y 8-y 8 
4y° 4y* 
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1 
The Language of Algebra (2 = *)ey2 +— Multiply the numerators. 
After multiplying a complex _ 8 YY 
fraction by fem and performing 8-y)\., ; 
the multiplications, the numerator Ay 8y <—~ Multiply the denorilnapans: 
and denominator of the complex 
fraction will be cleared of fractions. Aca) _ ve) 
= a Distribute the multiplication by By’. 
—Yy 2 
8 
( 4y? r Vm) 
2 
= yoy Perform each of the three multiplications by By’. 
(8 — y)2 
=] 
Wy=8) In the numerator, factor out the GCF, y. Since y — 8 and 
a (8=7y)2 & — y are opposites, simplify by replacing = with a 
1 
aes 
2 
a IQ) 72 
2 
Self Check 5 j Simplify: i Sn ; 
10° 7 
Now Try Problem 55 
1 
EXAMPLE6 Simplify: ; 
1+ 
Xa l 


Strategy Although either method can be used, we will use method 2 to simplify this 
complex fraction. 


Why Method 2 is often easier when the complex fraction contains a sum or difference. 


Solution The only fraction within the complex fraction has the denominator x + 1. 
Therefore, the LCD is x + 1. We multiply the complex fraction by a factor equal to 1, 


using the LCD: : = : = 1. 


: 1 1 x+1 
Success Tip Sa pe is 
Simplifying using the LCD a 1 {4 1 x+1 
(method 2) works well when the x+1 xt+1 
complex fraction has sums and/or lw + 1) ; 
differences in the numerator _ tks Multiply the numerators. 
and/or denominator. Multiply the denominators. 
1+ (x + 1) 
x+1 
_ le + 1) In the denominator, distribute the 
> multiplication by x + 1. 
l@~+i1)t+ (x + 1) 
x +1 
x+1 Perform each of the three multiplications by 


“e241 xe 1, 
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ee! 
x+2 


Combine like terms in the denominator. 


The result does not simplify. 


a Self Check 6 gj Simplify: == 


weer 2 


Now Try Problem 63 


Caliisvs 10 a 1.2 2 HetD 34 4 BERD 5, -2 6, HD 


4x(3x + 5) n 2x) 


VOCABULARY NOTATION 
Fill in the blanks. Fill in the blanks to simplify each complex fraction. 
2 1 
Bg 12 
1. The expression = - : is called a rational expression <3 D 4 
4 7. a ae = 
ora fraction. . y y 
2. In a complex fraction, the numerator is above the fraction y 
bar and the is below it. (3 _ 1) 1 (= - a 
5 a 20a 5 
CONCEPTS BT 2) a a a 
Fill in the blanks. aa + 
3. Method 1:To____—aa complex fraction, write its numerator _ 4a — 
and denominator as single fractions. Then perform the indicated + 
by multiplying the numerator of the complex fraction 
by the of the denominator. GUIDED PRACTICE 
4, Method 2: To a complex fraction, find the LCD of Simplify each complex fraction. See Example 1. 
fractions within the complex fraction. Multiply the complex > 3 
fraction by 1 in the form . Then perform the operations. 3 5 
= Fama 10. — 
£=3 9 3 2 
5. Consider: — 4 7 
12 6 
a. What is the numerator of the complex fraction? Is it a single x 9 
fraction? 7 2 i 4 
b. What is the denominator of the complex fraction? Is it a : a . ca 
single fraction? 5 x 
1 1 
y 3 
6. Consider the complex fraction: - 7 a y 
= 4.5 y x 
6 y ; 13. — 14. — 
a. What is the LCD of all fractions in the complex fraction? i x 
b. To simplify the complex fraction using method 2, it should x xy 


be multiplied by what form of 1? 
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n I Simplify each complex fraction. See Examples 3 or 5. 
ise 16. —— 244 a 
i m 3 5 
we 15 37. 1 38. 7 
~+1 “_2 
4a 14 3 5 
ll 15 ! u 
17. 18. mn, i 3 > +3 
ne ap 39. — 40. 
5 25m nari) ney) 
x y 
= _ 5x" 2 3 
30 24 ee ae. 
er 20. — a ja 
es = "4 "9 
15 56 oo poe 
10x 18a 3 _ y + 3y 
i, 2 rs 43. — 44, — 
6 12 gee oo? 
a3 a-4 "x x 
1 1 
4t — 8 9m — 27 4 oars 
2 6 45. 46. 
7 on “4. Fae mes 
8t = 16 2m us 6 Ah Rr 
t m e 9 nc 16 
2 2 
Simplify each complex fraction. See Examples 2 or 4. 47. “ 48. a 
1 3 2 5 2 a — > 3 
25 2 4 26 3 2 
"3° 4 ies | Simplify each complex fraction. See Examples 4 and 5. 
274 302 2 3,1 
11 ae 49, 7 50. — , 
4 3 ie are 
2, —= 28. — 6 x 6 y 
ae es 4 9 
5 2 a: 5 — tae 
ee oe 
1.3 ts os Ty 
2 6 
9. 30. : a 7 t 9 
2 2 min 2a _b 
y 5 nom boa 
53. 54. 5 b 
4c 101 = ae 
e 6 ae nom i a 
31; 32. — d+2 @ Ad 
= a 2 4 5 
¢ 55. 56. ————— 
d_d d+ 
a ae 3 4 2 
2: i} 
ee 7. 2 a 
s a ina 4 + 8 om a 
15 3 6 — a 
ah ab Pe ab Z 4y 
35, ———_ 36. 7 3 
Bip aes 59. — 60. ——— 
ab ab? a wf 2_4 ay _ 8 
y x 3 y 


Simplify each complex fraction. See Example 6. 


61 ee 1 
: 1 
1+ 
x+1 
x 
x+2 
63. 
+x 
x+2 
__3 
Dane 
65. 
3 
x—- 1 
1 
m— 
2m + 1 
67. ——————_- 
om 
2m + 1 
TRY IT YOURSELF 
Simplify each complex fraction. 
1 1 
= + -—t 
Ps 
69. ——— 
1 
Pp 
A0x2 
A, 
20x 
9 
1 1 
nae + =, 
¢ 2 
73. ———_ 
iud 
c 4 
1 
+1 
r+1 
75. 3 
+1 
r-1 
b? - 81 
18a? 
77. 
4b — 36 
9a 
6 8 
Lf +5 
t t 
79. 
ae he 
t 
1 
81. 
1 1 
i + a 
xy 
_ 25 
16x? 
83. ——— 
15 
32x° 


64. 


66. 


68. 


70. 


72. 


74. 


76. 


78. 


80. 


82. 


84. —=_— 
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APPLICATIONS 
85. SLOPE We can use the slope formula to find the slope of a 


line that passes through G. ‘) and 3, 2). 


Simplify the complex fraction to find m. 
86. PITCHING The earned run average (ERA) is a statistic that 
gives the average number of earned runs a pitcher allows. For a 


softball pitcher, this is based on a six-inning game. The formula 
for ERA is 


earned runs 
ERA = ——————_ 
innings pitched 


6 


Simplify the complex fraction on the right side of the formula. 


87. ELECTRONICS In electronic circuits, resistors are tiny com- 
ponents that limit the flow of an electric current. An important 
formula about two resistors in a circuit is 


1 (Recall that R, is read as R 
1 1 sub one.) 


a 
RK, R, 


Total resistance = 


Simplify the complex fraction on the right side of the formula. 


Resistor | 


Current > + Total resistance? 


Resistor 2 


88. DATA ANALYSIS _ Use the data in the table to find the 
average measurement for the three-trial experiment. 


a a re] 
k k k 


Measurement i 


WRITING 
89. What is a complex fraction? Give several examples. 
i++ 
x 
1 
x 


90. Explain how to use method 1 to simplify: 


91. Explain how to use method 2 to simplify the expression in 
Problem 90. 
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92. a. List an advantage and a disadvantage of using method | to CHALLENGE PROBLEMS 
Senplty a complex facton- Simplify. 
b. List an advantage and a disadvantage of using method 2 to 
simplify a complex fraction. h 2. __ 3 
2 2 b- 
97. ho + 3h +2 98. b loa a 
REVIEW 4 4 3 9 
Simplify each expression. Write each answer without using paren- h+2 h+l ab-a P-1 
theses or negative exponents. =5 
" 99 a y+] 
3r . at 100. —; 
93. (8x)° 94. | -— ee. yor 
4r 
at 


Objectives 


Rational 
Equations 


Strategy for 
Solving Rational 
Equations 


@ Solve rational equations. 


@ Solve for a specified variable in a formula. 


In Chapter 2, we solved equations such as ix + 2 = 5 by multiplying both sides by the LCD. 


With this approach, the equation that results is equivalent to the original equation, but easier 
to solve because it is cleared of fractions. 

In this section, we will extend the fraction-clearing strategy to solve another type of equa- 
tion, called a rational equation. 


A rational equation is an equation that contains one or more rational expressions. 


Rational equations often have a variable in a denominator. Some examples are: 


2x x 3 2 1 5 11x 55. 
—=—+ > —- = — =6+ 
3 6 2 x 4 2x x—5 x= 5 


+ 


Solve Rational Equations. 


To solve a rational equation, we find all the values of the variable that make the equation 
true. Any value of the variable that makes a denominator in a rational equation equal to 0 
cannot be a solution of the equation. Such a number must be rejected, because division by 0 is 
undefined. 

The following steps can be used to solve rational equations. 


1. Determine which numbers cannot be solutions of the equation. 


2. Multiply both sides of the equation by the LCD of all rational expressions in the equa- 
tion. This clears the equation of fractions. 


3. Solve the resulting equation. 
4. Check all possible solutions in the original equation. 


Caution 
Always enclose the left and right 
sides of an equation within paren- 
theses when multiplying both 
sides by the LCD. 


(3-49 


Notation 
Here is an alternate way to remove 
common factors when multiplying 
by the LCD: 


ACs) eA(3) 


1 1 
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2 3 
Solve: > =24+= 


EXAMPLE 1 
. _ S. 6 2 


Strategy We will use the multiplication property of equality to clear this rational equa- 
tion of fractions by multiplying both sides by the LCD. 


Why Equations that contain only integers are usually easier to solve than equations that 
contain fractions. 


Solution There are no restrictions on x, because no value of x ever makes a denominator 
0. Since the denominators are 3, 6, and 2, we multiply both sides of the equation by the 
LCD, 6. 


2x x 3 
—=—-+4+ > 
3 6 2 
6 =) _ (3 Multiply both sides of the equation by the LCD of &, ai 
3 6 2 and g, which is 6. 


Distribute the multiplication by 6. 


Perform the three multiplications by 6 by first removing 
common factors of the numerator and denominator. Try 
1 to do this step in your head. 


4x =x+9 Simplify. Note that the fractions have been cleared. 
3x = To eliminate x on the right side, subtract x from both sides. 
i= To undo the multiplication by 3, divide both sides by 3. 


To check, we replace each x with 3 in the original equation. 


eS This is the original equati 
3 6 2 15 15 e origina equa Ion. 
MO AF 2 giewenaes 
3 6.2 ubstitute 3 for x. 
I. 3 
gi—4- Simplify: °©) = 2 and 3 = } 
2 2 a 
/ 
2=9 s4+3at=2, 


Since we obtain a true statement, 3 is the solution of a = ; + 3. The solution set is {3}. 


a Self Check 1 i Solve: x =5+ = 


Now Try Problem 15 


2 1 5 

EXAMPLE 2 Solve: — + — = — 

- x 4 2x 
Strategy This equation contains two rational expressions that have a variable in their 


denominator. We begin by asking, “What value(s) of x make either denominator 0?” 
Then we will clear the equation of fractions by multiplying both sides by the LCD. 
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Caution 
After multiplying both sides by the 
LCD and simplifying, the equation 
should not contain any fractions. 
If it does, check for an algebraic 
error, or perhaps your LCD is 
incorrect. 


Success Tip 
Don't confuse procedures. To 
simplify the expression = ap i, we 
build each fraction to have the 
LCD 4x, add the numerators, and 
write the sum over the LCD. To 
solve the equation = + ; = x, we 
multiply both sides by the LCD 4x 
to eliminate the denominators. 


Caution 
By the multiplication property of 
equality, each term on both sides 
of the equation must be multiplied 
by the LCD. Here, it would be 
incorrect to only multiply the 


second term, os by the LCD. 
12 


Why 


If a number makes the denominator of a rational expression 0, that number cannot 
be a solution of the equation because division by 0 is undefined. 


Solution If x is 0, the denominators of 2 and 2. are 0 and the expressions would be 


undefined. Therefore, 0 cannot be a solution. 
Since the denominators are x, 4, and 2x, we multiply both sides of the equation by 
the LCD, 4x, to clear the equation of fractions. 


Write each side of the equation within parentheses, 
and then multiply both sides by 4x. 


Distribute the multiplication by 4x. 


1/9 1/y 1 If 5 On the right side, factor 4x as 2 + 2 - x. Perform the 

4 2) + a) =2-7 (5) three multiplications by 4x by first removing 
A 2s common factors of each numerator and 
l denominator. Try to do this step in your head. 

Simplify. Note that the fractions have been cleared. 
To solve the resulting equation, subtract & from 
both sides. 
The solution of ; + i = = is 2. The solution set is {2}. Check by substituting 2 for each x 


in the original equation. 


ta Self Check 2 j Solve: : + aa = 2 


Now Try Problem 23 


EXAMPLE 3 Solve: y~ “= 4 


Strategy Since the only denominator is y, we will multiply both sides of the equation 
by y. 


Why Multiplying both sides by y will clear the equation of the fraction, - 


Solution If y is 0, the denominator of . is 0 and the fraction would be undefined. There- 


fore, 0 cannot be a solution. 


Write each side of the equation within parentheses and then multiply 
both sides by the LCD, y. 


Distribute the multiplication by y. 


1 
Simplify: VF) = 12. Note that the fraction has been cleared. 
1 


Caution 
Even if you do not make an 
arithmetic or algebraic error when 
solving a rational equation, a 
possible solution may not check. 


The Language of Algebra 
Extraneous means not a vital part. 
Mathematicians speak of 
extraneous solutions. Rock groups 
don’t want extraneous sounds (like 
feedback) coming from their 
amplifiers. Artists erase extraneous 
marks on their sketches. 
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We can solve the resulting quadratic equation using the factoring method. 


y —4y-12=0 Subtract 4y from both sides to get O on the right side. 


(v ~ 6)(y F 2) =0 Factor the trinomial. 
y—-6=0 or yt+t2=0 Set each factor equal to O. 
y=6 | y = —2 — Solve each equation. 


There are two possible solutions, 6 and —2, to check. 


Check y = 6: Check y = —2: 
12 12 

y-—=4 y — = =4 This is the original equation. 
J x 
12 , 12 , 

6-—-—=4 =.= = 4 
6 =2 

6-224 -2 — (-6) 4 

4=4 True 4= True 


The solutions of y — - = 4 are 6 and —2. 


a Self Check 3 j Solve: x — a = —5 


Now Try Problem 29 


| Solve: 11x es 55 
i x—5 


Strategy Since both denominators are x — 5, we multiply both sides by the LCD, x — 5. 


EXAMPLE 4 


Why This will clear the equation of fractions. 


. Lx 55 
Solution ae erm 


undefined. Therefore, 5 cannot be a solution of the equation. 


If x is 5, the denominators of are 0, and the expressions are 


x 


—, S 


-5(45)- -5)(6+ aD 
@- J = &- 5 x5 
5S 


1 1 
w-9( 275) = (« — 5)6 + wn 95 


llx = & — 5)6 + 55 


parentheses and then multiply both 


) Write each side of the equation within 
sides by x — 5. 


Remove the common binomial factor 
(x — 5) of the numerator and 
denominator. 


) Distribute the multiplication by x — 5. 


Simplify. Note that the fractions 
have been cleared. 


11x = 6x — 30 + 55 


To solve the resulting equation, 
distribute the multiplication by 6. 


11x = 6x + 25 Combine like terms: —30 + 55 = 25. 
5x = 25 To eliminate Gx on the right side, 
subtract Gx from both sides. 
x=5 To undo the multiplication by 5, divide 


both sides by 5. 
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We have determined that 5 makes both denominators in the original equation 0. Therefore, 5 


cannot be a solution. Since 5 is the only possible solution, and it must be rejected, it follows 


Lx 
that = 


gOS 35 5 has no solution. The solution set is written as { } or ©. 


When solving an equation, a possible solution that does not satisfy the original equation 
is called an extraneous solution. In this example, 5 is an extraneous solution. 


a Self Check 4 j Solve ~ aN =3+; at , if possible. 
Now Try Problem 39 


EXAMPLE5 — Solve: ** > +--+ = 1 
; xs at ae - 3 


Strategy We will multiply both sides by the LCD of the two rational expressions in the 
equation. But first, we must factor the second denominator. 


Why To determine the restrictions on the variable and to find the LCD, we need to write 
x? + 2x — 3 in factored form. 


Solution Since the trinomial x* + 2x — 3 factors as (x + 3)(x — 1), we can write the 
given equation as: 


eS 1 If x is —3, the first denominator is O. If x is —3 or 1, the 
x+3  @&t+3)@- 1) second denominator is O. 


We see that —3 and 1 cannot be solutions of the equation, because they make rational 
expressions in the equation undefined. 

Since the denominators are x + 3 and (x + 3)(x — 1), we multiply both sides of the 
equation by the LCD, (x + 3)(x — 1), to clear the fractions. 


@43e-n| 7 : 


443 G2 DG=D = (x + 3) — 1)[1] Write each side within brackets [_ ]. 


1! x+5 1! 1 1 Distribute the multiplication by 
(+3) — or, + C4 DE- Vea = (x + 3)\e—- Dl . + 3)(x — 1) and remove common 
1 1 1 actors. 


(x —- Det 5) +4+1=64+3)«-D) Simplify. 


To solve the resulting equation, we multiply the binomials on the left side and the right side, 


aii ti elle rte and proceed as follows. 
eco a rational equation of e+ 4x—-54+1=x7+2x —3 > Find (x —1)(x + 5) and (x + 3)(x — 1). 
x? + 4x —4 =x%+2x —3 Combine like terms: -5 +1 = —4. 
4x —4 = 2x -—3 Subtract x” from both sides. 
2x -4= -3 To eliminate 2x on the right side, subtract 2x from both 
sides. 
2x = 1 To undo the subtraction of 4, add 4 to both sides. 
5 : To undo the multiplication by 2, divide both sides by 2. 


A check will show that ; is the solution of the original equation. 


> 
E 
& 
=< 
< 
3 
S 
S 
2 
S 
g 
& 
= 
® 
2& 
SI 
gz 
3 
=_ 
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a Self Check 5 dj Solve: = ! ea ! 5 = a 5 


Now Try Problem 47 


® Solve for a Specified Variable in a Formula. 


Many formulas are expressed as rational equations. To solve such formulas for a specified 
variable, we use the same steps, in the same order, as we do when solving rational equations 
having only one variable. 


EXAMPLE6 _ Determining a Child's Dosage. The formula C = 742; is 


called Young’s rule. It is a way to find the approximate child’s 
dose C of a medication, where A is the age of the child in years and D is the recom- 
mended dosage for an adult. Solve the formula for D. 


Strategy As we have done in the previous examples, we will begin by multiplying both 
sides of the equation by the LCD to clear it of the fraction. 


Why To isolate D on the right side of the equation, we must first isolate the term AD on 
that side. That calls for clearing the right side of the denominator A + 12. 


Solution 


_ AD 
A+12 


(4+ 122)(Q = (A+ 12( 


C 


Write each side of the formula within parentheses, 
A+ 12 and then multiply both sides by the LCD, A + 12. 


1 
(A + 12)C = AD Simplify the right side: (A +42)( 447). 
1 
AC + 12C = AD Distribute the multiplication by C. 
AC + 12C =p To undo the multiplication by A on the right side and 
A isolate D, divide both sides by A. 


Solving Young’s rule for D, we have D = os 


i Self Check 6 i Solve R = eg for S. 
Now Try Problem 61 


EXAM PLE 7 _ Photography. The design of a camera lens uses the formula 


7 = + - , where f is the focal length of the lens, p is the distance 


from the lens to the object, and g is the distance from the lens to the image. Solve the 
formula for g. 
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Strategy We will begin by multiply- lag pP sa — >| 
ing both sides of the equation by the Pa 
LCD. 
Why It will be easier to isolate g if $ 
there are no fractions. Focus 
Solution 
Object Lens Image 
> 1 1 1 
Caution —=—4+-— 
A common error, is to divide both f Pp 4@ 
sides of pq = fq + fp by pto 1 1 1 Write each side of the formula within parentheses and 
solve for q: Spq = fpq\— + i i 
f qd then multiply both sides by the LCD, fpq. 
qt 
Cis fh I = ip 1 +f 1! 1 Distribute the multiplication by fpq and then remove the 
oe vA q - common factors of each numerator and denominator. 
The formula is not solved for q 1 1 1 


because q appears on both sides of ee 
the equation. pa =fa+ fp Simplify. 


If we subtract fq from both sides, all terms that contain qg will be on the left side. 
pa — fa = fp Subtract fq from both sides. 
ap — f) = fp Factor out the GCF, q, from the two terms on the left side. 
q(p — f) fp To undo the multiplication by (p — f) and isolate q, divide both sides by 
pep gg HS 


-_ i Simplify the left side: 


p—f 


pet) _ 
poFt ~ 4% 
1 


_fp_ 


Solving the formula for g, we have g = oF 


a Self Check 7 i Solve the formula in Example 7 for p. 
Now Try Problem 63 


gg = RE = 10k 


VOCABULARY 2. To solve a rational equation we find all the values of the variable 
we that make the equation 
Fill in the blanks. : . : : ; 
; ; 3. To clear a rational equation of fractions, both sides by 
1. Equations that a one or more rational expressions, such as the LCD of all rational expressions in the equation. 
x = ——— 1 . . . . . 
yaa 4+ 545, are called ______ equations. 4. When solving a rational equation, if we obtain a number that 


does not satisfy the original equation, the number is called an 
solution. 


CONCEPTS 
5. Is 5 a solution of the given rational equation? 
1 
a. =1 z 
x- 1 xo 
x 5 
b. =3+4 
x= 5 X= 


6. A student was asked to solve a rational equation. The first step 
of his solution is as follows: 


2 
(2 + 2) = (7) 
x 3 4x 


a. What equation was he asked to solve? 


b. What LCD is used to clear the equation of fractions? 
2. 


; 7 ‘ x eel 
7. Consider the rational equation o=3i- a 


a. What values of x make a denominator 0? 
b. What values of x make a rational expression undefined? 
c. What numbers can’t be solutions of the equation? 

8. A student solved a rational equation and found 8 to be a possi- 
ble solution. When she checked 8, she obtained 2 = ; + z. 
What conclusion can be drawn? 


By what should both sides of the equation be multiplied to clear it 
of fractions? 


1 c 4 
9. a,—-=20-> b. =—— = 
y y =4. LS 2 
a) 7 2. 1 
1a = 4 b= Saat 
5 10. 2x x—6 x— 6 


11. Perform each multiplication. 
( ) 
a. 4x| — 
4x 


12. Fill in the blanks. 


3 
b. (x + 6)(x — a(—,) 


SS —a—— ——— 
NOTATION 
Complete the solution to solve the equation. 
2 1 
13. ee 
a 2 2a 
(+a)- (i) 
—+4+-—-)= ma 
a 2 2a 
(J+ GG) 
a) 2 2a 
+a= 
44+a-4=7=- 
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14. Can 5x(2 ++ ) be written as 5x - 2 + 49 Explain. 


GUIDED PRACTICE 


Solve each equation and check the result. If an equation has no 
solution, so indicate. See Examples 1 and 2. 


ye ae 7 x 5 
b..2 16. -= 242 
42° 6 4 8 2 
gece go tee 
mo 2° 4 i & 3 
ae ees 
ee 2 4 2 20 
ae! 4. 2 
Py. od 22, —+==1 
3k Ok 4h h 
1 1 11 
Bee Meas 
4 6 a 9 3 
1.2 1 i 2 2 
5. 422-8) 26. —+2-+=0 
8 b 12 14 n 21 


Solve each equation and check the result. If an equation has no 
solution, so indicate. See Example 3. 


8 16 
27.x+—=6 28. z-— =6 
x Z 
10 7 
29. —-1=3 30. --p=-6 
t P 
20 21 
31. —+ce=-9 32.d=44+— 
Cc 
15 8 
33.4+—=3p 34, 2x =6+— 
Pp x 


Solve each equation and check the result. If an equation has no 
solution, so indicate. See Example 4. 


2 12 3 gf 
35. +5= 36. -2= 

yt chal pt+6 pt6 
fic Foe y 

x-5 x-5 
38. z t1= a 

pd po 2 

a 4 
39. -az= 

a+2 a+2 

2 1 
40. +2= 

zt+1 z+1 

5a 3 4 b+5 
41. 4= 42. —— = —~— 5 

at+1 at+l1 b-3 b-3 

— z+2 at+2 a- 
43. ——_ = 44, = 

2-3 2+ 1 a+8 a-2 

2 —t n 6 
45. ——— = ——— 46. = 

3-t t+3 n+l on+7 
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Solve each equation and check the result. If an equation has no 
solution, so indicate. See Example 5. 


2% 2 
a7, =1 
xe +x-2 x2 
4x 3 
48. t =1 
x +2x-3 x+3 

4 1 1 
49, =—— = ! 
y 4 y 2 yr? 
2w 1 4 
50, —"— = 


we —9 wt 3 w-3 
3 1 6x+4 


51. + 
e=2 x x7-2 
x 12 —1 
52. = 
1 x—-x x-l 
53 2 m+1 _ m 
“A4m+12 3m+9 2m+6 
5 —2 
54, pS 


4y—4° 2y-2 5y—5 


Solve each formula for the indicated variable. See Examples 6 
and 7. 


F 
56. — =a forF 


m 


P 
55. —=rt forP 
n 


ale pe _t 
57. bd for d 58. F : forc 
2A 3R 
9 h= for A . T= for R 
5 bad or 60 =a or 
61. [= = forr 62 = E fork 
: Ris or? : pay or 
1 1 1 1 
63. —+—=1 fora 64. —— —=1 forb 
a b a b 
4 2.2 
ees ie 66. —+ —=-— fore 
x y 2 c dih 
1 1 1 1 1 1 
67. —+—=-— forr 68. — — — = — forx 
r S t x yp 2 
vod Je. ie 
9. F =— + — for L’ 70. H = —— — for s? 
6 aS or 0 cd d or J 
TRY IT YOURSELF 


Solve each equation and check the result. If an equation has no 
solution, so indicate. 
1 2 3 7 


. =1 12, + =2 
3 x=3 5 x+2 


7 1 3 
73.5 + == 
q q-2 qt1l q-2 
3 1 18 
74. = 
x-1l x+9 374+ 8-9 
1 2 1 1 7 4 1 11 
75. -+-=-4+— 76. -+7-= — 
8 y yp 10 10 ec ec 15 
ee oe pea 
Fae | x+1 
i. “Sy 
“xy-2 x-2 
79. Qo Dy ee 
x+1 x+1 2 
2 S22. 4 
eet a x-—1 
2, 
81. 24+2= 82. —+ 9 = 11 
x x 
3 4 9 2 1 id 
3. —+5>=-— 4.—-4+—-=— 
Sd 3 10d 3d 4° 6d 
n n+8 n-8 
85. } = 
nw—-9 nt+3 n-3 
7 40 3 
86. =g } 
HS HOH Bs KD 
2 2y- 12 3 —8b 
87. y+ > = 88. 1 —-—= 
¥™ 3° 3y—9 b b+ 3b 
gg =! a-2 1 
7 14 2 


90. — ee 


For each expression, perform the indicated operations and then 
simplify, if possible. Solve each equation and check the result. 


ao oe 
3 > 15 3 5 15 
1 2 1 2 
92. = ij = 
* Gx x6 MG a6 
1 1 
a eae =] 
x-2 x-3 x-2 x-3 
a cae u » “+t! u 1 
: w—-u u-ti “wa-u u-l ou 
APPLICATIONS 


95. MEDICINE Radioactive tracers are used for diagnostic work 
in nuclear medicine. The effective half-life H of a radioactive 


material in an organism is given by the formula H = oS 
where R is the radioactive half-life and B is the biological 
half-life of the tracer. Solve the formula for R. 


96. CHEMISTRY  Charles’s law describes the relationship 
between the volume and temperature of a gas that is kept at a 
constant pressure. It can be expressed as 7 = aD where V,; and 
V> are variables representing two different volumes, and 7, and 
T> are variables representing two different temperatures. 
(Recall that the notation V; is read as V sub one.) Solve for V3. 


97. ELECTRONICS Most electronic circuits require resistors to 
make them work properly. Resistors are components that limit 


current. An important formula about resistors in a circuit is 
1 


-l,tl 
a eer Solve for r. 


Resistor | 


Current > Total resistance? 


Resistor 2 


98. MATHEMATICAL FORMULAS _ To quickly find the sum 


1 1 ne 
5 + i + F + 1 + 9 + 64 + qpg» mathematicians use the 


formula S = wo Solve the formula for a. 


WRITING 


99. Explain how the multiplication property of equality is used to 
solve rational equations. Give an example. 
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100. When solving rational equations, how do you know whether a 
solution is extraneous? 

101. What is meant by clearing a rational equation of fractions? 
Give an example. 


102. Explain the difference between the procedure used to simplify 


+ ; and the procedure used to solve i + ; = 5. 


REVIEW 


103. UNIFORMS A cheerleading squad had their school mascot 
embroidered on the front of their uniform sweaters. They were 
charged $18.50 per sweater plus a one time set up fee of $75. 
If the project cost $445, how many sweaters were embroi- 
dered? 

104. GEOMETRY The vertex angle of an isosceles triangle is 
46°. Find the measure of each base angle. 


CHALLENGE PROBLEMS 


105. Solve:x 7+ 2x '+1=0 


106. ENGINES A formula that is used in the design and testing 
ta = Ty 


a(T; — T>)* Solve the formula 


of diesel engines is EF = | — 
for 7. 


@ Solve number problems. 


Objectives 


@ Solve investment problems. 


@® Solve uniform motion problems. 
© Solve shared-work problems. 


We will now use the five-step problem-solving strategy to solve application problems from a 
variety of areas, including banking, petroleum engineering, sports, and travel. In each case, 
we will use a rational equation to model the situation. We begin with an example in which we 


find an unknown number. 


@ Solve Number Problems. 


EXAM PLE 1 j Number Problem. If the same number is added to both the 
numerator and the denominator of the fraction 2, the result is z. 


Find the number. 
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Analyze the Problem 


e Begin with the fraction 2. 
e Add the same number to the numerator and to the denominator. 
e The result is z. 
e Find the number. 
Form an Equation Let n= the unknown number. To form an equation, add the unknown 


number to the numerator and to the denominator of 2. Then set the result equal to z. 


34+n 4 


Stn 5 


Solve the Equation To solve this rational equation, we begin by clearing it of fractions. 


3+n 4 
Stn 5 
P (64) oe re ra, 4\ Multiply both sides by the LCD, 5(5 + 1). Then remove 
5ST B common factors of the numerator and denominator. 
1 1 
5(3 + n) = (5 + n4 Simplify. 
15 + 5n = 20 + 4n Distribute the multiplication by 5 and by 4. 
15 + n = 20 To isolate the variable term of the left side, subtract 
4n from both sides. 
n=5 To undo the addition of 15, subtract 15 from both 


sides. 
State the Conclusion The number is 5. 


Check the Result When we add 5 to both the numerator and denominator of 2, we get 


3+5 8 4 


5+5 10 5 


The result checks. 


La Now Try Problem 13 


@) Solve Uniform Motion Problems. 


Recall that we use the distance formula d = rt to solve motion problems. The relationship 
between distance, rate, and time can be expressed in another way by solving for f. 


d=rt Distance = rate - time. 


The Language of Algebra 

In uniform motion problems, the d 

word speed is often used in place r 

of the word rate. For example, we 

can say a car travels at a rate of 50 d 
mph or its speed is 50 mph. Fe 


rt 
= -_ To undo the multiplication by r and isolate t, divide both sides by r. 


1 
=f Simplify the right side: “5° = t. 
1 


2 
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This result suggests an alternate form of the distance formula, Time = distance that is used to 


solve the next example. 


EXAM PLE 2 j Runners. A coach can run 10 miles in the same amount of time 

as his best student-athlete can run 12 miles. If the student runs 
1 mile per hour (mph) faster than the coach, find the running speeds of the coach and the 
student. 


Analyze the Problem 


e The coach runs 10 miles in the same time that the student runs 12 miles. 


™ 
o 
8 
£ 
bc 
o 
a 
5 
D 
S 
3s 
BS 
fa} 
= 
2 
2 
> 
os 
4 
= 
a 


e The student runs | mph faster than the coach. 
e Find the speed that each runs. 

Form an Equation Since the student’s speed is 1 mph faster than the coach’s, let r = 
the speed that the coach can run. Then, 7 + | = the speed that the student can run. The 


expressions for the rates are entered in the Rate column of the table. The distances run 
by the coach and by the student are entered in the Distance column of the table. 


Using t = a we find that the time it takes the coach to run 10 miles, at a rate of r 


mph, is 0 hours. Similarly, we find that the time it takes the student to run 12 miles, at 


arate of (r + 1) mph, is > — ; hours. These expressions are entered in the Time column 
of the table. 
Rate - Time = Distance 
Coach r 10 10 
Student | r+ 1 | -24 12 
z ri ri Divide the distance by the 
ot : rate to obtain an expression 
Enter this information i a 
for the time: t = —. 
first. 
The time it takes the : the time it takes the 
: is the same as : 
coach to run 10 miles student to run 12 miles. 
10 7 12 
r r+1 


Solve the Equation To solve this rational equation, we begin by clearing it of fractions. 


10s 12 
r red 
A 41) 10 = 1 : ) 12 Multiply both sides by the LCD, r(r + 1). Then remove 
P bf eae ret common factors of the numerator and denominator. 
Caution / ! 
Check the result in the words of the (r + 1)10 = 12r Simplify. 
problem, not by substituting it into 
the equation. Why? The equation 10r + 10 = 12r Distribute the multiplication by 10. 
may have been solved correctly, 10 = 2r To isolate the variable term on the right, subtract 10r 
but the danger is you may have Fon hath ctdee. 
formed it incorrectly. 
5=r To undo the multiplication by 2, divide both sides by 2. 


Ifr = 5,thenr + 1 = 6. 
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Rate of Work 


State the Conclusion The coach’s running speed is 5 mph and the student’s running 
speed is 6 mph. 


Check the Result The coach will run 10 miles in ae = 2 hours. The student will 


12 miles 


run 12 miles in Sap 2 hours. The times are the same; the results check. 


La Now Try Problem 23 


Solve Shared-Work Problems. 


Problems in which two or more people (or machines) work together to complete a job are 
called shared-work problems. To solve such problems, we must determine the rate of work 


for each person (or machine) involved. For example, suppose it takes you 4 hours to clean 
your house. Your rate of work can be expressed as i of the job is completed per hour. If 
someone else takes 5 hours to clean the same house, they complete i of the job per hour. In 


general, a rate of work can be determined in the following way. 


If a job can be completed in ¢ units of time, the rate of work can be expressed as: 


1 of the job is completed per unit of time. 


To solve shared-work problems, we must also determine what fractional part of a job is 
completed. To do this, we use the formula 


Work completed = rate of work - time worked or W = rt 


EXAMPLE 3 | Payroll. At the end of a pay period, it takes the president of a 
: company 15 minutes to sign all of her employees’ payroll checks. 
What fractional part of the job is completed if the president signs checks for 10 
minutes? 


Strategy We will begin by finding the president’s check-signing rate. Then we can use 
the formula W = rt to find the part of the job that is completed. 


Why We know the time worked is 10 minutes. To use the work formula to find what part 
of the job is completed, we also need to know the president’s work rate. 


Solution If all of the checks can be signed in 15 minutes, the president’s work rate is a 
g Pp 15 
job per minute. Substituting into the work formula, we have 
W=rt 
1 ti 
= 15 *10 Substitute 6 for r, the work rate, and 10 for t, the time worked. 
10 


a 15 Multiply. 


== Simplify by removing a common factor of 5. 


In 10 minutes, the president will complete 7 of the job of signing the payroll checks. 


Success Tip 
The tables and the formulas used 
to solve uniform motion problems 
and shared-work problems are 
similar: 


Work: 
W=rt 


Motion: 
ad=Trt 
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a Self Check 3 dj It takes a farmer 8 days to harvest a wheat crop. What part of 
the job is completed in 6 days? 


Now Try Problem 5 


EXAMPLE 4 


j Filling a Tank. An inlet pipe can fill an oil storage tank in 7 
days, and a second inlet pipe can fill the same tank in 9 days. If 
both pipes are used, how long will it take to fill the tank? 
Analyze the Problem 
e The first pipe can fill the tank in 7 days. 


e The second pipe can fill the tank in 9 days. 


e How long will it take the two pipes, working 
together, to fill the tank? 


Pipe 1 


Form an Equation Let x = the number of days 
it will take to fill the tank if both pipes are used. It 
is helpful to organize the facts of the problem in a table. Since the pipes will be open for 
the same amount of time as they fill the tank, enter x as the time worked for each pipe. 


The first pipe can fill the tank in 7 days; its rate working alone is ; of the job per 
day. The second pipe can fill the tank in 9 days; its rate working alone is ; of the job per 
day. To determine the work completed by each pipe, multiply the rate by the time. 


Rate - Time = Work completed 
Ist pipe 7 x = 
2nd pipe 4 x 5 
a 
Enter this Multiply to get each of 


information first. these entries: W = rt. 


In shared-work problems, the number | represents one whole job completed. So we have 


The part of job part of job aca 1 job 
done by Ist pipe done by 2nd pipe a completed. 
x x 
bie + ae = 1 
7 9 
Solve the Equation 
tr 5 =1 This is a rational equation. 
x x - Clear the equation of fractions by multiplying both sides by the 
ae +f :) 63(1) LCD, 63. 
x x 
(=) + (2) = 63 Distribute the multiplication by 63. 
1 1 
9x + Tx = 63 Simplify the left side: 7- (5) = 9x and7 - AS) es 
1 


1 
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16x = 63 Combine like terms. 
= To undo the multiplication by 16 and isolate x, divide both sides 
~ 46 by 16. 
Notation State the Conclusion If both pipes are used, it will take 8 or 332 days to fill the tank. 
For thi licati blem, th : 
ee hee tea Check the Result To check, we use the work formula and multiply each rate by the 
34¢ days, is preferable to the time. In i days, the first pipe fills , . $3 = iz : the tank and the second pipe fills 


improper fraction form, 2 days. 1 63) 


9°16 = iE of the tank. The sum of these efforts + aR is i or | full tank. The result 


? 6 
checks. 


La Now Try Problem 31 


Strategy for Equations that model shared-work problems involving two people (or machines) have the 
Solving Work form 
Problems les 

~4+5=] 

ab 


where x represents the time they work together on the job, and a and 6 represent the respec- 
tive times each worker needs to complete the job alone. 


Example 4 can be solved in a different way by considering the amount of work done by 
each pipe in | day. As before, if we let x = the number of days it will take to fill the tank if 


both inlet pipes are used, then together, in 1 day, they will complete i of the job. If we add 


what the first pipe can do in | day to what the second pipe can do in | day, the sum is what they 
can do together in | day. 


What the first inlet what the second inlet 1 what they can do 
us equals 
pipe can do in | day : pipe can do in | day : together in | day. 
1 1 1 
— + = = pues 
7 9 x 


To solve the “ve begin by clearing it of fractions. 


a 
7 


+5 
oax( 2+ 1) = aax(2 ) Multiply both sides by the LCD, 63x. 


9x + 7x = 63 Distribute the multiplication by 63x and simplify. 
16x = 63 Combine like terms. 
63 
x= 16 To isolate x, divide both sides by 16. 


This is the same answer as the one obtained in Example 4. 
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4.) Solve Investment Problems. 


We have used the interest formula / = Prt to solve investment problems. The relationship 
between interest, principal, rate, and time can be expressed in another way, by solving for P. 


I = Prt Interest = principal - rate - time. 
I Prt 
re = ae To undo the multiplication by rt and isolate P, divide both sides by rt. 
r r 
114 

aN Simplify the right side: °-*-# = p 
rt . . ¢ ; 

I 
P= - Reverse the sides of the equation so that P is on the left. 

r 

: . boi _ _Interest. .- 

This alternate form of the interest formula, Principal = - 1. time 18 used to solve the 


next example. 


EXAMPLE 5 _ Comparing Investments. An amount of money invested for 
one year in bonds will earn $120. At a bank, that same amount of 
money will only earn $75 interest, because the interest rate paid by the bank is 3% less 
than that paid by the bonds. Find the rate of interest paid by each investment. 


Analyze the Problem 
e The investment in bonds earns $120 in one year. 
e The same amount of money, invested in a bank, earns $75 in one year. 
e The interest rate paid by the bank is 3% less than that paid by the bonds. 


Find the bond’s rate of interest and the bank’s rate of interest. 


Form an Equation _ Since the interest rate paid by the bank is 3% less than that paid by 
the bonds, let r = the bond’s rate of interest, and r — 0.03 = the bank’s interest rate. 
(Recall that 3% = 0.03.) 


If an investment earns $120 interest in 1 year at some rate r, we can use P = f to 
find that the principal invested was Le dollars. Similarly, if another investment earns 
$75 interest in 1 year at some rate r — 0.03, the principal invested was — is dollars. 


We can organize the facts of the problem in a table. 


Principal: Rate + Time=Interest 
Bonds | 22 r 1 120 
15 
Bank 7 = 0.03 r — 0.03 1 75 
ooo 
Divide to get each of Enter this 
these entries: P = =a information first. 
The amount invested 1 the amount invested 
, equals ; 
in the bonds q in the bank. 
120 75 


r r — 0.03 
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Solve the Equation 


120 75 
a = r— 003 This is a rational equation. 
l 120 75 1 Multiply both sides by the LCD, 
Kr = 0.03 ) = ( re =-0:3) r(r — 0.03). Then remove common 
r at factors of the numerator and 


(r — 0.03)120 = 75r 
120r — 3.6 = 75r 


45r — 3.6 =0 
45r = 3.6 
r = 0.08 


Ifr = 0.08, then r — 0.03 = 0.05. 
State the Conclusion The bonds pay 0.08, or 8%, interest. The bank’s interest rate is 


5%. 


Check the Result The amount invested at 8% that will earn $120 interest in 1 year is 


120 
(0.08)1 
75 
(0.05)1 


results check. 


La Now Try Pro 


= $1,500. The amount invested at 5% that will earn $75 interest in 1 year is 


= $1,500. The amounts invested in the bonds and the bank are the same. The 


blem 41 


Bag onswer TO SELF CHECKIN 3. 5 


denominator. 
Simplify. 
Distribute the multiplication by 120. 


To isolate the variable term on the left 
side, subtract 75r from both sides. 


Add 3.6 to both sides. 


To undo the multiplication by 45 and 
isolate r, divide both sides by 45. 


VOCABULARY 
Fill in the blanks. 
1. In this section, problems that involve: 
* moving vehicles are called uniform problems. 
¢ depositing money are called problems. 
* people completing jobs are called shared- problems. 


In the formula W = rt, the variable W stands for the 
completed, 7 is the ,andtisthe 


CONCEPTS 
3. 


Choose the equation that can be used to solve the following 
problem: If the same number is added to the numerator and the 


denominator of the fraction 3, the result is 5. Find the number. 


a) _2 .. St+x_ 2 
ie =; (ii) 8 3 
wa So _ 2 », 2 _2+%x 
(il) ax 3 eee 


. Fill in the blank: Ifa job can be completed in ¢ hours, then the 


rate of work can be expressed as | of the job is completed per 
hour. 


5. It takes a night security officer 45 minutes to check each of the 
doors in an office building to make sure they are locked. What 
is the officer’s rate of work? 

6. It takes an elementary school teacher 4 hours to make out the 
semester report cards. What part of the job does she complete 
in x hours? 

7. a. Solve d = rt fort. 

b. Solve J = Prt for P. 

8. Complete the table. 

r t =d 
Snowmobile r + 
4X 4truck | r—5 3 
9. Complete the table. 
Rate - Time = Work completed 
Ist printer é x 
2nd printer ; x 
10. Complete the table. 
P r t= 7 
City savings bank i 1 | 50 
Credit union r—0.02 | 1 | 75 
NOTATION 
11. Write s days using a mixed number. 
12. a. Write 9% as a decimal. 


b. Write 0.035 as a percent. 


GUIDED PRACTICE 


Solve each of these number problems. See Example 1. 


13. 


14. 


15. 


16. 


If the same number is added to both the numerator and the 
denominator of 2, the result is Z Find the number. 

If the same number is subtracted from both the numerator and 
the denominator of oe the result is 2. Find the number. 


If the denominator of 7 is increased by a number, and the 
numerator is doubled, the result is 1. Find the number. 
If a number is added to the numerator of q and the same 


number is subtracted from the denominator, the result is 2. Find 
the number. 
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17. 


18. 


19. 


20. 
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If a number is added to the numerator of i, and twice as 


much is added to the denominator, the result is ;. Find the 
number. 

If a number is added to the numerator of 2, and twice as much 
is subtracted from the denominator, the result is 8. Find the 
number. 

The sum of a number and its reciprocal is B. Find each 
number. 

The sum of the reciprocals of two consecutive even integers is 
a. Find each integer. 


APPLICATIONS 


21. 


22. 


23. 


24. 


25. 


COOKING _ If the same number is added to both the numera- 
tor and the denominator of the amount of butter used in the fol- 
lowing recipe for toffee, the result is the amount of brown sugar 
to be used. Find the number. 


Toffee 


2 
3 


cup pecans, chopped 


= cup brown sugar (packed) 


a 


3 package (6-0z size) semisweet chocolate 


= 


q cup butter 


TAPE MEASURES If the 
same number is added to both 
the numerator and the denom- 
inator of the first measure- 
ment, the result is the second 
measurement. Find the 


number. Cee 


First —> 


TOUR DE FRANCE Maurice Garin of France won the first 
Tour de France bicycle road race in 1903. In 2005, American 
Lance Armstrong won his seventh consecutive Tour de France. 
Armstrong’s average speed in 2005 was 10 mph faster than 
Garin’s in 1903. In the time it took Garin to ride 80 miles, 
Armstrong could have ridden 130 miles. Find each cyclist 
average speed. 

PHYSICAL FITNESS A woman can bicycle 28 miles in the 
same time as it takes her to walk 8 miles. She can ride 10 mph 
faster than she can walk. How fast can she walk? 


PACKAGING FRUIT The diagram on the next page shows 
how apples are processed for market. Although the second con- 
veyor belt is shorter, an apple spends the same amount of time 
on each belt because the second conveyor moves | foot per 
second slower than the first. Determine the speed of each 
conveyor belt. 
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Rate - Time =Distance 


Downwind | 255 + x 300 


Upwind 255 = % 210 


30. BOATING A boat that travels 18 mph in still water can travel 
22 miles downstream in the same time as it takes to travel 
14 miles upstream. Find the speed of the current in the river. 
(See problem 29.) 


Unloaded Washed Boxed 


26. COMPARING TRAVEL A plane can fly 300 miles in the 
same time as it takes a car to go 120 miles. If the car travels 


90 mph slower than the plane, find the speed of the plane. (18 + r) mph, 22 mi 


27. BIRDS IN FLIGHT Although flight speed is dependent upon Current Shave tine 
the weather and the wind, in general, a Canada goose can fly rmph 
about 10 mph faster than a great blue heron. In the same time : 
that a Canada goose travels 120 miles, a great blue heron ee a 
travels 80 miles. Find their flying speeds. 

28. FAST CARS The top speed of a Dodge Charger SRT8 is 
33 mph less than the top speed of a Chevrolet Corvette Z06. At 
their top speeds, a Corvette can travel 6 miles in the same time 31. ROOFING HOUSES A homeowner estimates that it will take 
that a Charger can travel 5 miles. Find the top speed of each her 7 days to roof her house. A professional roofer estimates 
car. that he could roof the house in 4 days. How long will it take if 


the homeowner helps the roofer? 

32. HOLIDAY DECORATING One crew can put up holiday 
decorations in the mall in 8 hours. A second crew can put up 
the decorations in 10 hours. How long will it take if both crews 
work together to decorate the mall? 


33. from Campus to Careers 
Recreation Director 


Suppose you are a recreation director 
at a summer camp. The water in the 
camp swimming pool was drained out 
for the winter and it is now time to 
refill the pool. One pipe can fill the 
empty pool in 12 hours and another 
can fill the empty pool in 18 hours. 
Suppose both pipes are opened at 
8:00 a.m. and you have scheduled a 
swimming activity for 2:00 p.m. that 
29. WIND SPEED When a plane flies downwind, the wind day. Will the pool be filled by then? 

pushes the plane so that its speed is the sum of the speed of the 

plane in still air and the speed of the wind. Traveling upwind, 

the wind pushes against the plane so that its speed is the 

difference of the speed of the plane in still air and the speed of 
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the wind. Suppose a plane that travels 255 mph in still air can 34. GROUNDSKEEPING It takes a groundskeeper 45 minutes to 
travel 300 miles downwind in the same time as it takes to travel prepare a softball field for a game. It takes his assistant 
210 miles upwind. Complete the following table and find the 55 minutes to prepare the same field. How long will it take if 


speed of the wind, represented by x. they work together to prepare the field? 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


FILLING A POOL One inlet pipe can fill an empty pool in 

4 hours, and a drain can empty the pool in 8 hours. How long 
will it take the pipe to fill the pool if the drain is left open? 
SEWAGE TREATMENT A sludge pool is filled by two inlet 
pipes. One pipe can fill the pool in 15 days, and the other can 
fill it in 21 days. However, if no sewage is added, continuous 
waste removal will empty the pool in 36 days. How long will it 
take the two inlet pipes to fill an empty sludge pool? 
GRADING PAPERS On average, it takes a teacher 

30 minutes to grade a set of quizzes. It takes her teacher’s aide 
twice as long to do the same grading. How long will it take if 
they work together to grade a set of quizzes? 

DOG KENNELS _It takes the owner/operator of a dog kennel 
6 hours to clean all of the cages. It takes his assistant 2 hours 
more than that to clean the same cages. How long will it take if 
they work together? 

PRINTERS | It takes a printer 6 hours to print the class sched- 
ules for all of the students enrolled in a community college. A 
faster printer can print the schedules in 4 hours. How long will 


it take the two printers working together to print 3 of the class 
schedules? 


OFFICE WORK _ In 5 hours, a secretary can address 

100 envelopes. Another secretary can address 100 envelopes in 
6 hours. How long would it take the secretaries, working 
together, to address 300 envelopes. (Hint: Think of address- 
ing 300 envelopes as three 100-envelope jobs.) 

COMPARING INVESTMENTS An amount of money 
invested for | year in tax-free bonds will earn $300. In a certain 
credit union account, that same amount of money will only earn 
$200 interest in a year, because the interest paid is 2% less than 
that paid by the bonds. Find the rate of interest paid by each 
investment. 


COMPARING INVESTMENTS An amount of money 
invested for | year in a savings account will earn $1,500. That 
same amount of money, invested in a mini-mall development 
will earn $6,500 interest in a year, because the interest paid is 
10% more than that paid by the savings account. Find the rate 
of interest paid by each investment. 


COMPARING INVESTMENTS _ Two certificates of deposit 
(CDs) pay interest at rates that differ by 1%. Money invested 
for 1 year in the first CD earns $175 interest. The same princi- 
pal invested in the second CD earns $200. Find the two rates of 
interest. 


COMPARING INTEREST RATES _ Two bond funds pay 
interest at rates that differ by 2%. Money invested for | year in 
the first fund earns $315 interest. The same amount invested in 
the second fund earns $385. Find the lower rate of interest. 
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WRITING 
45. In Example 4, one inlet pipe could fill an oil tank in 7 days, and 


46. 


another could fill the same tank in 9 days. We were asked to 
find how long it would take if both pipes were used. Explain 
why each of the following approaches is incorrect. 


The time it would take to fill the tank 


* is the swum of the lengths of time it takes each pipe to fill the 

tank: 7 days + 9 days = 16 days. 

is the difference in the lengths of time it takes each pipe to fill 

the tank: 9 days — 7 days = 2 days. 

* is the average of the lengths of time it takes each pipe to fill 
the tank: 


7days + 9days — 16 days _ 
2 2 


8 days. 


Write a shared-work problem that can be modeled by the 
equation: 


REVIEW 


47. 


48. 


49. 


50. 
51. 
52. 


+y=4 
Solve using substitution: , fl 
y = 3x 
5x — 4y = 19 
Solve using elimination (addition): { * J 
3x + 2y=7 
Use a check to determine whether = is a solution of: 
x + 20 = 4x — 14+ 2x 
Solve: 4x7 + 8x = 0 
Evaluate 2x* + 5x — 3 forx = —3. 


Solve T — R = ma for R. 


CHALLENGE PROBLEMS 


53. 


54. 


55. 


56. 


RIVER TOURS _ A river boat tour begins by going 60 miles 
upstream against a 5-mph current. There, the boat turns around 
and returns with the current. What still-water speed should the 
captain use to complete the tour in 5 hours? 

TRAVEL TIME A company president flew 680 miles one 
way in the corporate jet, but returned in a smaller plane that 
could fly only half as fast. If the total travel time was 6 hours, 
find the speeds of the planes. 


SALES A dealer bought some radios for a total of $1,200. 
She gave away 6 radios as gifts, sold the rest for $10 more than 
she paid for each radio, and broke even. How many radios did 
she buy? 

FURNACE REPAIRS _ A repairman purchased several 
furnace-blower motors for a total cost of $210. If his cost per 
motor had been $5 less, he could have purchased one additional 
motor. How many motors did he buy at the regular rate? 
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: Ratios 


Objectives 


CHAPTER 7 Rational Expressions and Equations 


@ Write ratios and rates in simplest form. 
® Solve proportions. 
© Use proportions to solve problems. 


© Use proportions to solve problems involving similar triangles. 


In this section, we will discuss a problem-solving tool called a proportion. A proportion is a 
type of rational equation that involves two ratios or two rates. 


Write Ratios and Rates in Simplest Form. 
Ratios enable us to compare numerical quantities. Here are some examples. 


e To prepare fuel for a lawnmower, gasoline is mixed with oil in a 50-to-1 ratio. 
e Inthe stock market, winning stocks might outnumber losers by a ratio of 7 to 4. 


e Gold is combined with other metals in the ratio of 14 to 10 to make 14-karat jewelry. 


A ratio is the quotient of two numbers or the quotient of two quantities that have the same 
units. 


There are three ways to write a ratio: as a fraction, using the word fo, or with a colon. For 
example, the comparison of the number of winning stocks to the number of losing stocks 
mentioned earlier can be written as 


7 
ae 7 to 4, 7:4 
4 oO or 


Each of these forms can be read as “‘the ratio of 7 to 4.” 


EXAM PLE 1 j Translate each phrase into a ratio written in fractional form: 
- a. The ratio of 5 to 9 b. 12 ounces to 2 pounds 


Strategy To translate. we need to identify the number (or quantity) before the word to 
and the number (or quantity) after it. 


Why The number before the word fo is the numerator of the ratio and the number after it 
is the denominator. 


Solution 
a. The ratio of 5 to 9 is written 2. 


b. To write a ratio of two quantities with the same units, we must express 2 pounds in terms 
of ounces. Since | pound = 16 ounces, 2 pounds = 32 ounces. The ratio of 12 ounces to 
32 ounces can be simplified so that no units appear in the final form. 
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: 1 1 
Notation 12 ounces 3-Aounees 3 

A ratio that is the quotient of two 32 ~ A€+Sounees 8 

quantities having the same units ne 1 1 


should be simplified so that no 
units appear in the final answer. 


a Self Check 1 j Translate each phrase into a ratio written in fractional form: 
a. The ratio of 15 to 2 b. 12 hours to 2 days 


Now Try Problem 25 


A quotient that compares quantities with different units is called a rate. For example, if 
the 495-mile drive from New Orleans to Dallas takes 9 hours, the average rate of speed is the 
quotient of the miles driven and the length of time the trip takes. 


1 
495 miles 9+55miles 55 miles 


9hours 9%+lhours 1 hour 
1 


Average rate of speed = 
[] Rates A rate is a quotient of two quantities that have different units. 


2) Solve Proportions. 


If two ratios or two rates are equal, we say that they are in proportion. 
[i Proportion A proportion is a mathematical statement that two ratios or two rates are equal. 


Some examples of proportions are 


The Language of Algebra 


The word proportion implies a 1 3 3 waiters 9 waiters a_c 


comparative relationship in size. 
For a picture to appear realistic, 2 6 7 tables 21 tables b d 


the artist must draw the shapes in fA £8 oer : os 

the proper proportion. Remember ¢ The proportion 5 = & can be read as “I is to 2 as 3 is to 6. 

the Y2K scare? The massive com- 2. BS eaitans - <OCwaiters : . . 
puter failures predicted by some ¢ The proportion “Fiobies = 21 tables CaN be read as “3 waiters 1s to 7 tables as 9 waiters 
experts were blown way out of is to 21 tables.” 

proportion. 


e The proportion . = : can be read as “a is to b asc is to d.” 


Each of the four numbers in a proportion is called a term. The first and fourth terms are 
called the extremes, and the second and third terms are called the means. 


First term —> a C <— Third term 


a = aand d are the extremes. b and c are the means. 
Secondterm —> b ~~ d «— Fourthterm 


For the proportion 5 = 5, we can show that the product of the extremes, ad, is equal to 


the product of the means, bc, by multiplying both sides of the proportion by bd, and observ- 
ing that ad = be. 


622 CHAPTER 7 Rational Expressions and Equations 


The Fundamental 
Property of 
Proportions 


Caution 
We cannot remove common 
factors “across” an = symbol. 


a 


When this is done, the original 
proportion, 3 = a which we 


found to be true, is made false: 


ac 
b od 
Py FL i eS To clear the fractions, multiply both sides by the LCD, bd. Remove common 
b d__ factors of the numerator and denominator. 
1 1 
ad = be Simplify: 7 = 1 and 4 = 1, 


Since ad = bc, the product of the extremes equals the product of the means. 


The same products ad and bc can be found by multiplying diagonally in the proportion 


i = q- We call ad and bc cross products. 


ad be 


In a proportion, the product of the extremes is equal to the product of the means. 


= 5, then ad = be and 


a = @—€ 
a if ad = be, then; = 4. 


EXAMPLE 2 Determine whether each equation is a proportion: 
; 3. 9 b 8 13 
i ee’ | “3S 3 


Strategy We will check to see whether the product of the extremes is equal to the 
product of the means. 


Why If the product of the extremes equals the product of the means, the equation is a 
proportion. If the cross products are not equal, the equation is not a proportion. 


Solution 
a. The product of the extremes is 3 - 21 = 63. The product of the means is 7-9 = 63. 
Since the cross products are equal, 3 = a is a proportion. 


3-21=63 7-9=63 
3 


= Each cross product is 63. 


Py 


b. The product of the extremes is 8-5 = 40. The product of the means is 3 - 13 = 39. 
Since the cross products are not equal, the equation is not a proportion: : # B 


6-5=40 3:13=39 
8 13 


3 5 One cross product is 40 and the other is 39. 


Self Check 2 Determine whether the equation & = 24 is a proportion. 
| 13 a3) 
Now Try Problems 29 


Caution 
Remember that a cross product is 
the product of the means or 
extremes of a proportion. It would 
be incorrect to try to compute 
cross products to solve 


D4 4 i : 
1g = x + 2 because there is more 


than one term on the right side of 
the equation. It is not a proportion. 


Success Tip 
Since proportions are rational 
equations, they can also be solved 
by multiplying both sides by the 
LCD. Here, an alternate approach 
is to multiply both sides by 
2a — 2): 


a 4 
2(a = (2) = 2(a = (+) 
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The fundamental property of proportions provides us with a way to solve proportions. 


EXAMPLE 3 


3 9 
Solve: . = 


Strategy To solve for x, we will set the cross products equal. 


Why This equation is a proportion, and in a proportion the product of the means equals 
the product of the extremes. 


Solution 
2 = 2 This is the gi ti 
2 Y IS: 1S. e given propor lon. 
3*x =2:+9 Find each cross product and set them equal. 
3x = 18 Do the multiplications. 
3x 18 
3 = 3 To isolate x, divide both sides by 3. 
=6 
Check: To check the result, we substitute 6 for x in 3 = 2 and find the cross products. 
3:6=18 2-9=18 
rn d 18 
fe, ach cross product is 18. 
2 6 ' 


Since the cross products are equal, the solution of 3 = 2 is 6. The solution set is {6}. 


ta Self Check 3 | Solve: 2 - o 


Now Try Problem 35 


EXAMPLEMEN Solve: 2-—* 
7 2 a-2 


Strategy To solve for a, we will set the cross products equal. 


Why Since this equation is a proportion, the product of the means equals the product of 
the extremes. 


Solution 
a 4 
laa This is the given proportion. 
2 a-2 
aa —2)=2-4 Find each cross product and set them equal. Don't forget to write 
the parentheses. 
a’ — 2a= On the left hand side, distribute the multiplication by a. This is a 


quadratic equation. 


To get O on the right side of the equation, subtract & from both 
sides. 


(a + 2a - 4) =0 


Factor a” — 2a — 8. 
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The Language of Algebra 
Remember that the word to 
separates the numerator and 
denominator of a ratio. If the units 
are written outside the ratio, we 
can write 6 apples is to $1.38 as 


ae 
1.38 


a+2=0 or a-—4=0 Set each factor equal to 0. 


a=-2 | a=A4 — Solve each equation. 


The solutions are —2 and 4. Verify this using a check. 


a Self Check 4 | Solve: 8 =< : 


Now Try Problem 47 


Use Proportions to Solve Problems. 


We can use proportions to solve many problems. If we are given a ratio (or rate) comparing 
two quantities, the words of the problem can be translated into a proportion, and we can solve 
it to find the unknown. 


EXAMPLE 5 | Grocery Shopping. If 6 apples cost $1.38, how much will 16 
apples cost? 


Analyze the Problem We know the cost of 6 apples; we are to find the cost of 16 
apples. 


Form a Proportion Let c = the cost of 16 apples. If we compare the number of apples 
to their cost, the two ratios must be equal. 
6 apples is to $1.38 as 16 apples is to $c. 
Number of apples—> 6 — 16+—Number of apples 
Cost — 1.38 Cc <«—Cost 


Solve the Proportion We drop the units, find each cross product, set them equal, and 
then solve the resulting equation for c. 


6+c = 1.38(16) Ina proportion, the product of the extremes equals the product 
of the means. 


6c = 22.08 Multiply: 1.38(16) = 22.08. 
6c _ 22.08 To undo the multiplication by 6 and isolate c, divide both sides 
6 6 by 6. 
c = 3.68 Recall that c represents the cost of 16 apples. 


State the Conclusion — Sixteen apples will cost $3.68. 


Check the Result We can use estimation to check the result. 16 apples are about 
3 times as many as 6 apples, which cost $1.38. If we multiply $1.38 by 3, we get an esti- 
mate of the cost of 16 apples: $1.38 - 3 = $4.14. The result, $3.68, seems reasonable. 


a Self Check 5 j If 9 tickets to a concert cost $112.50, how much will 15 tickets 
cost? 


Now Try Problem 71 


The Language of Algebra 
Architects, interior decorators, 
landscapers, and automotive engi- 
neers are a few of the profession- 
als who construct scale drawings 
or scale models of the projects 
they are designing. 
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CAUTION When solving problems using proportions, we must make sure that the units 
of both numerators are the same and the units of both denominators are the same. In 
Example 5, it would be incorrect to write 


Cost of 6 apples —> 1:38 _.16 <— 16 apples 
6 apples —> 6 Cc, «— Cost of 16 apples 


EXAMPLE 6 ] Miniatures. A scale is a ratio (or rate) that compares the size of 
: a model, drawing, or map with the size of an actual object. The 
scale indicates that | inch on the model carousel is equivalent to 160 inches on the 
actual carousel. How wide should the model be if the actual carousel is 35 feet wide? 


Analyze the Problem = We are asked to 
determine the width of the miniature 
carousel if a ratio of 1 inch to 160 inches 
is used. We would like the width of the 
model to be given in inches, not feet, so 
we will express the 35-foot width of the 
actual carousel as 35 + 12 = 420 inches. 


Carousel ratio 
1 inch:160 inches 


Forma Proportion Let w = the width 
of the model. The ratios of the dimen- 
sions of the model to the corresponding 
dimensions of the actual carousel are 
equal. 


1 inch is to 160 inches as w inches is to 420 inches. 
Model—> 1 _ W <— Model 


Actual size —> 160 420 — Actual size 


Solve the Proportion We drop the units, find each cross product, set them equal, and 
then solve the resulting equation for w. 


420 = 160w Ina proportion, the product of the extremes is equal to the product of the 


means. 
420 160w 
— =~ _ Toundo the multiplication by 160 and isolate w, divide both sides by 160. 
160 160 

2.625 = w Recall that w represents the width of the model. 


State the Conclusion The width of the miniature carousel should be 2.625 in., or 23 in. 


Check the Result A width of 22 in. is approximately 3 in. When we write the ratio of 
the model’s approximate width to the width of the actual carousel, we get 4 = a 


which is about a The answer seems reasonable. 


La Now Try Problem 85 


When shopping, unit prices can be used to compare costs of different sizes of the same 
brand to determine the best buy. The unit price gives the cost per unit, such as cost per ounce, 
cost per pound, or cost per sheet. We can find the unit price of an item using a proportion. 
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The Language of Algebra 
A unit price indicates the cost of 

1 unit of an item, such as 1 ounce 
of bottled water or 1 pound of 
hamburger. In advanced mathe- 
matics, we study unit circles— 
circles that have a radius of 1 unit. 


Property of 
Similar Triangles 


EXAMPLE 7 ] Comparison Shopping. Which size of toothpaste is the better 
; buy? 


Natural 
tart a 


tartar control 
& whitening 
toothpaste 


NET WT. 6 OZ 


$2.19 $2.79 


Solution To find the unit price for each tube, we let x = the price of 1 ounce of tooth- 
paste. Then we set up and solve the following proportions. 


For the 4-ounce tube: For the 6-ounce tube: 
Ounces—> 4 — 1  <— Ounce Ounces-—> 6 — 1  <— Ounce 
Price —> 2.19 x +— Price Price —> 2.79 x +— Price 
4x = 2.19 6x = 2.79 
2.19 2.79 
x = — x= 
4 6 
x = 0.55 The unit price is x = 0.47 ~The unit price is 
approximately approximately 
$0.55. $0.47. 


The price of 1 ounce of toothpaste from the 4-ounce tube is about 55¢. The price for | ounce 
of toothpaste from the 6-ounce tube is about 47¢. Since the 6-ounce tube has the lower unit 
price, it is the better buy. 


a Self Check 7 | Which is the better buy: 3 pounds of hamburger for $6.89 or 
5 pounds for $12.49? 


Now Try Problem 89 


Use Proportions to Solve Problems Involving Similar Triangles. 


If two angles of one triangle have the same measures as two angles of a second triangle, the 
triangles have the same shape. Triangles with the same shape, but not necessarily the same 
size, are called similar triangles. In the following figure, AABC ~ ADEF. (Read the symbol 
~ as “is similar to.”) 


A B 


If two triangles are similar, all pairs of corresponding sides are in proportion. 


Success Tip 
Similar triangles do not have to be 
positioned the same. When they 
are placed differently, be careful to 
match their corresponding letters 
correctly. Here, ARST ~ AMNO. 


5 O 
ea) ye 


R 
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For the similar triangles previously shown, the following proportions are true. 


AB = BC BC 2 CA wail CA = AB Read AB as “the length of 
DE EF EF FD FD DE segment AB.” 


EXAMPLE 8 j Finding the Height of a Tree. A tree casts a shadow 18 feet 
long at the same time as a woman S feet tall casts a shadow 1.5 feet 
long. Find the height of the tree. 


Analyze the Problem The figure shows the similar triangles determined by the tree 
and its shadow and the woman and her shadow. Since the triangles are similar, the 
lengths of their corresponding sides are in proportion. We can use this fact to find the 
height of the tree. 


Each triangle has a right angle. Since the 
sun's rays strike the ground at the same 
angle, the angles highlighted with a tick 
mark have the same measure. Therefore, 
two angles of the smaller triangle have 
the same measures as two angles of the 
larger triangle; the triangles are similar. 


1.5 ft 


Forma Proportion If we let / = the height of the tree, we can find h by solving the fol- 
lowing proportion. 


h = 18 Height of the tree _ Length of shadow of the tree 
5 1.5 Height of the woman ™ Length of shadow of the woman 


Solve the Proportion 
1.5h = 5(18) Ina proportion, the product of the extremes equals the product of the means. 


1.5h = 90 Multiply. 


1.5h 90 
rs -_ 15 To undo the multiplication by 1.5 and isolate h, divide both sides by 1.5. 
h = 60 Do the decimal division, 1.5)90, to get GO. 


State the Conclusion The tree is 60 feet tall. 


Check the Result is = 12 and 2 = 12. Since the ratios are the same, the result 
checks. 


La Now Try Problems 55 and 97 


| la b.G 2.No 3.24 4, -5,6 5. $187.50 
7. 3 Ib for $6.89 
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VOCABULARY 
Fill in the blanks. 


WA is the quotient of two numbers or the quotient of two 
quantities with the same units. A is a quotient of two 
quantities that have different units. 


2. A is a mathematical statement that two ratios or 


two rates are equal. 
3. In 2 = 5, the terms 50 and 9 are called the and the 
terms 3 and x are called the 


4. The 


of the proportion. 


products for the proportion 5 = 8 are 5x and 12. 


5. Examples of 
$50 per foot. 


6. Two triangles with the same shape, but not necessarily the same 


prices are $1.65 per gallon, 17¢ per day, and 


size, are called triangles. 
CONCEPTS 
7. Fill in the blanks: In a proportion, the product of the extremes 
is to the product of the means. In symbols, 
fe =< th = 
ae 
8. Is 45 a solution of 3 = Bo 


9. SNACKS Ina sample of 25 bags of potato chips, 2 were 
found to be underweight. Complete the following proportion 
that could be used to find the number of underweight bags that 
would be expected in a shipment of 1,000 bags of potato chips. 

Number of bags —> 


+— Number of bags 


Number underweight — <— Number underweight 

10. MINIATURES A model 
of the Seattle Space Needle 
is to be made using a scale 
of 2 inches to 35 feet. Com- 
plete the following propor- 
tion to determine the height 
h of the model. FTL 


ae 
35 


ass == — 
i 


11. KLEENEX Complete the following proportion that can be 


used to find the unit price of facial tissue if a box of 85 tissues 
sells for $2.19. 


Price —> x <— Price 


Number of sheets —+ 85 <«— Number of sheets 


12. The two triangles shown in the following illustration are 
similar. Complete the proportion. 


xi 


10 ft 25 ft 


NOTATION 


Complete the solution. 
12 x 


13. Solve for x: 7g = 34 
12:24 = 18: 
= 18x 


288 _ 18x 


16=x 


14. Write the ratio of 25 to 4 in two other forms. 


15. Fill in the blanks: The proportion #2 = = can be read: 20 is to 


1.6____ 100 is__ 8. 


16. Fill in the blank: We read AXYZ ~ AMNO as: triangle XYZ is 
to triangle MNO. 


GUIDED PRACTICE 


Translate each ratio into a fraction in simplest form. See Example 1. 


17. 4 boxes to 15 boxes 18. 2 miles to 9 miles 

19. 18 watts to 24 watts 20. 11 cans to 121 cans 
21. 30 days to 24 days 22. 45 people to 30 people 
23. 90 minutes to 3 hours 24. 20 inches to 2 feet 

25. 8 quarts to 4 gallons 26. 6 feet to 12 yards 

27. 6,000 feet to 1 mile 28. 5 tons to 4,000 pounds 


(Hint: 1 mi = 5,280 ft) (Hint: 1 ton = 2,000 Ib) 


Determine whether each equation is a true proportion. See 
Example 2. 


7_ 14 te 
29. -=— 30, — = = 
sae ° 1677 
5 12 4.5 
31, S— 32, — = —— 
8 19.4 32.1 


Solve each proportion. See Example 3. 


2 x eee 
33, 2 =< 34, = == 
3. 6 6 8 
35, 2 = 2 36, = 7 
g 2 x 4 
- + 1 —— 
37. a ig 
5 IS 7 21 
(6,22 ee dO oe 
17 34 13 26 
1 
a 42. ee 
7b+5 2b+1 3n+6 3n-—3 
~ - 
43, = tt" 44, 2 =X 4? 
3 4 16 5 
Solve each proportion. See Example 4. 
2 
45. —- =~ Pe aa 
3x 6 4 y 
b=-5 2 = 
PY eal a == 
3 b q 2, 
a-—4 15 S s+5 
49. = ; = 
a a+4 she s=5 24 
ies =] Sh 1 
1, —— = — 2. ah 
? tS 2t ° 14h+3 h 
Each pair of triangles is similar. Find the missing side length. See 
Example 8. 
53. 54. 
4 12 4 > 8 10 e ea 20 
55. 56. 


er An 


TRY IT YOURSELF 
Solve each proportion. 
ee 

xr 3x 

xt+1l 3x 
59. ‘| ce 
Ae ee 

y+l yr6 


2 _ —2x 
x+6 5. 
x1 2x 

9 3 
r-6 r+] 
r-8 r—-4 
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(a 10 ad r 
6365 64, — = — 

10 Cc 1 —6 
goa pen 

3 mt+1 “2 n+3 

3 2 2 3 

a5 eA 5b — 6 gi 2d +1 
APPLICATIONS 


a. The number of teeth of 
the larger gear to the 


69. GEAR RATIOS Write each ratio in two ways: as a fraction in 
number of teeth of the 
smaller gear 


simplest form and using a colon. 
4 
4 dens 
« vy 
< @ 
b. The number of teeth of @ 
a 
the smaller gear to the yn & 
number of teeth of the | v 


larger gear 


70. FACULTY-STUDENT RATIOS At acollege, there are 
300 faculty members and 2,850 students. Find the rate of faculty 
to students. (This is often referred to as the faculty-to-student 
ratio, even though the units are different.) 

71. SHOPPING FOR CLOTHES If shirts are on sale at two for 
$25, how much do five shirts cost? 

72. COMPUTING A PAYCHECK Billie earns $412 fora 
40-hour week. If she missed 10 hours of work last week, how 
much did she get paid? 

73. COOKING A recipe for spaghetti sauce requires four 
16-ounce bottles of ketchup to make 2 gallons of sauce. How 
many bottles of ketchup are needed to make 10 gallons of 
sauce? 

74. MIXING PERFUME A perfume is to be mixed in the ratio of 
3 drops of pure essence to 7 drops of alcohol. How many drops 
of pure essence should be mixed with 56 drops of alcohol? 


75. CPR A first aid handbook states that when performing 
cardiopulmonary resuscitation on an adult, the ratio of chest 
compressions to breaths should be 5:2. If 210 compressions 
were administered to an adult patient, how many breaths should 
have been given? 

76. COOKING A recipe for wild rice soup follows. Find the 
amounts of chicken broth, rice, and flour needed to make 
15 servings. 


( Wild Rice Soup | 


| A sumptuous side dish with a nutty flavor 


3 cups chicken broth 1 cup light cream 


5 cup uncooked rice 


1 3 5 
z cup sliced onions 


4 cup shredded carrots 


2 tablespoons flour 


; teaspoon pepper 


Serves: 6 
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77. NUTRITION _ The table shows the nutritional facts about a 
10-o0z chocolate milkshake sold by a fast-food restaurant. Use 
the information to complete the table for the 16-0z shake. 
Round to the nearest unit when an answer is not exact. 


Fat | Protein 


Calories | (gm) | (gm) 
10-0z chocolate 355 8 9 
milkshake 
16-0z chocolate 
milkshake 


78. ENGINEERING A portion 
of a bridge is shown. Use the 


fact that aa is in proportion to 
FE 
ED to find FE. 


79. QUALITY CONTROL Out of a sample of 500 men’s shirts, 
17 were rejected because of crooked collars. How many 
crooked collars would you expect to find in a run of 15,000 
shirts? 

80. PHOTO ENLARGEMENTS |The 3-by-5 photo is to be blown 
up to the larger size. Find x. 


5 in. 6;in. 


3 in. 


81. MIXING FUEL The instructions on a can of oil intended to 
be added to lawnmower gasoline are shown below. Are these 
instructions correct? (Hint: There are 128 ounces in 
1 gallon.) 


| Recommended | Gasoline Oil | 
50 to | 16 0z 


6 gal 


82. DRIVER’S LICENSES Of the 50 states, Alabama has one 
of the highest ratios of licensed drivers to residents. If the 
ratio is 399:500 and the population of Alabama is about 
4,500,000, how many residents of that state have a driver’s 
license? 

83. CAPTURE-RELEASE METHOD To estimate the ground 
squirrel population on his acreage, a farmer trapped, tagged, 
and then released a dozen squirrels. Two weeks later, the farmer 
trapped 35 squirrels and noted that 3 were tagged. Use this 
information to estimate the number of ground squirrels on his 
acreage. 


84. CONCRETE A 2:3 concrete mix means that for every two parts 
of sand, three parts of gravel are used. How much sand should be 
used in a mix composed of 25 cubic feet of gravel? 

85. MODEL RAILROADS An HO scale model railroad engine is 
6 inches long. If the HO scale is 1 to 87, how long is a real 
engine, in inches? In feet? 

86. MODEL RAILROADS AnN scale model railroad caboose is 
4.5 inches long. If the N scale is 1 to 160, how long is a real 
caboose, in inches? In feet? 

87. BLUEPRINTS The scale for the drawing shown means that a 
j-inch length (;’) on the drawing corresponds to an actual size 
of 1 foot (1'-0"). Suppose the length of the kitchen is 5 inches 
on the drawing. How long is the actual kitchen? 


BATH 
KITCHEN BEDROOM 


LIVING ROOM 


4” aon 
SCALE: 3 = 1'-0 


88. THE TITANIC A 1:144 scale model of the Titanic is to be 
built. If the ship was 882 feet long, find the length of the 
model. 


For each of the following purchases, determine the better buy. See 

Example 7. 

89. Trumpet lessons: 45 minutes for $25 or 60 minutes for $35 

90. Memory for a computer: 128 megabytes for $26 or 512 
megabytes for $110 

91. Business cards: 100 for $9.99 or 150 for $12.99 

92. Dog food: 20 pounds for $7.49 or 44 pounds for $14.99 

93. Soft drinks: 6-pack for $1.50 or a case (24 cans) for $6.25 


94. Donuts: A dozen for $6.24 or a baker’s dozen (13) for $6.65 


95. | AQUACLEAR WATER 
an 


oe] 


12 8-OZ BOTTLES 


AQUACLEAR WATER 
(ne 


24 12-OZ BOTTLES 


FAT-FREE PEACH YOGURT 


4 4-OZ CARTONS 


96. | paT-FREE PEACH YOGURT 


44791 09265 


Le +7] [ 


6 4-OZ CARTONS 


97. HEIGHT OF ATREE A tree casts a shadow of 26 feet at the 
same time as a 6-foot man casts a shadow of 4 feet. Find the 
height of the tree. 


98. HEIGHT OF A BUILDING A man places a mirror on the 
ground and sees the reflection of the top of a building, as 
shown. The two triangles in the illustration are similar. Find the 
height, 4, of the building. 


|~ 6 ft -|- 30 ft >| 


99. SURVEYING To find the width of a river, a surveyor laid out 
the following similar triangles. Find w. 
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100. FLIGHT PATHS An airplane ascends 100 feet as it flies a 
horizontal distance of 1,000 feet. How much altitude will it 
gain as it flies a horizontal distance of 1 mile? (Hint: 
5,280 feet=1 mile.) 


WRITING 
101. Explain how to solve the equation Z = 2 and how to simplify 
the expression i : 2 
102. Explain why the concept of cross products cannot immedi- 


ately be used to solve the equation: 


3x 


* 
3. 4 12 


103. What are similar triangles? 
104. What is a unit price? Give an example. 


REVIEW 
105. Change a to a percent. 
106. Change 335% to a fraction. 


107. Find 30% of 1,600. 


108. SHOPPING Maria bought a dress for 25% off the original 
price of $98. How much did the dress cost? 


CHALLENGE PROBLEMS 
109. Suppose ‘ = ai Write three other proportions using a, b, c, 


and d. 


110. Verify that 2 = 7 = 3 + a Is the following rule always true? 


Explain. 
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Summary & 


DEFINITIONS AND CONCEPTS 


CHAPTER 7 


Review 


EXAM PLES 


A rational expression is an expression of the form Rational expressions: s. ot and AS 
4 , where A and B are polynomials and B does not 
equal 0. 
To evaluate a rational expression, we substitute the | Evaluate a a z for x = 5. 
values of its variables and simplify. 

ssesr il 3G) ar 1 16 eee 

ubstitute 5 for x. 

= 2 S=2 3 

To find the real numbers for which a rational For which real numbers is 5~ i 3 undefined? 


expression is undefined, find the values of the 


arab lotiie mimalcenherenonninaron)) 2x —3=0 Set the denominator equal to O and solve for x. 
2x = 3 
_ 3 . . — 
2S > The expression is undefined for x = 5. 
To simplify a rational expression: , 1 
anlar ge =a (Gear eee) Loreg 

1. Factor the numerator and the denominator Simplify: = 0 | CSG) Factor and simplify. 

completely. 1 
2. Remove factors equal to 1. Lear 
3. Multiply the remaining factors in the numerator x—5 

and denominator and simplify, if possible. 
The quotient of any nonzero expression and its Pi = 3) ; 

Ayn A =—l1 Because 2t — 3and3 — 2t are opposites. 

opposite is —1. B= Dy 


REVIEW EXERCISES 


1. Find the values of x for which the rational expression ao) 


=a6 05 


undefined. 
ve 
jit 8) 


2. Evaluate *—# for x = —2. 


Simplify each rational expression, if possible. Assume that no 
denominators are zero. 


a2 


5xy" 
2x2)? 
a—4 
“at+2 

i} =" 3 
"x? — 5x — 24 
xrt+x—-—2 


3. 4 


yr 4x 

Jae 2B 

"2 = Bp 
2x” — 16x 


—————— 10. 
2x? — 18x + 16 


x7—-x-2 


x? — Ixy + y? 
(& — yy 


4(t + 3) + 8 


12. 
ena 


1 
. Explain the error in the following work: See: 
1 


. DOSAGES Cowling’s rule is a formula that can be used to 


determine the dosage of a prescription medication for children. If 
C is the proper child’s dosage, D is an adult dosage, and A is the 
child’s age in years, then C = Be Find the daily dosage of 
an antibiotic for an 11-year-old child if the adult daily dosage is 
300 milligrams. 


To multiply rational expressions, multiply their 
numerators and multiply their denominators. 
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EXAMPLES 


4b 7 _ 4b+7 
b+2 b (b+2)b 


Multiply: 


AC _AC 1 
~ BD Ap +7 
eee aces = ae Simplify. 
Then simplify, if possible. ee 
_ 2B 
ine 2 
To find the reciprocal of a rational expression, invert | The reciprocal of ~ = 7 is € * i” 
its numerator and denominator. 
To divide rational expressions, multiply the first -_ t 8 t +t 
expression by the reciprocal of the second. Divide: pen” Peay Seo 2a 
AoC Ae AD i 
BD 8B C BC t+ A(t 
= va) Factor and simplify. 
Then simplify, if possible. co 
2 
~ 
A unit conversion factor is a fraction that has a 1 yd 1 mi 


value of 1. 


REVIEW EXERCISES 
Multiply and simplify, if possible. 


16. 56. (2) 
» 56x) 


xr +x 


Oe = 3h) 


21. Determine whether the given fraction is a unit conversion factor. 
1 ft 
a. ; 
12 in. 
2,000 Ib 
c 


60 min 
1 day 
1 gal 


18 


Divide and simplify, if possible. 


a6 aes 


* 4 qt 
22. TRAFFIC SIGNS Convert the speed limit on the 
sign from miles per hour to miles per minute. 


1 ton 


3x7 6x 


i 5x*y a 15xy? 


To add (or subtract) rational expressions that have 
the same denominator, add (or subtract) their numer- 
ators and write the sum (or difference) over their 
common denominator. 


_B_A+B 


A 
DD D 


A B_A-B 
ie) 1) © Ge) 


2 . »b 


Factor and simplify. 


— 3) 
1 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


Then simplify, if possible. a se= il svar il as = Il 
eee Subtract: = 6 ) Don’t forget the parentheses. 
x x 
_ dsr Ile ar I 
eG 
= eS Combine like terms. 
To find the LCD of several fractions, factor each Find the LCD of —— and => _ I: 
denominator completely. Form a product using each , : 
different factor the greatest number of times it ae ge peoseo (by = Il) 


appears in any one factorization. 


x -1l=e+1(«-1) 


brep=x-xee- Det D 


To build an equivalent rational expression, multi- vf 

ply the given expression by 1 in the form of = where 4t 4t 

c#0. 21t 
Pie 


REVIEW EXERCISES 
Add or subtract and simplify, if possible. 


24. 


Find the LCD of each pair of rational expressions. 


ae) 

a, = 
2x?” 8x 

AG OX 


30. 
9 5x+ 15x -1 


3t bare eee all eel 

3t i a Sa 
_ ese Wee = 1) 
 @-Ne-1 
- x= 1 
ST 


2, 
a 


ates 
a—-25a-5 
4t + 25 r?-—7 


f+ 107 + 25° 25? + 178 + 35 


Build each rational expression into an equivalent fraction having 
the denominator shown in red. 


§) 


Dee 
330 9a as 
a 


1 
-9 
ma ) 


34. 


la ar 
B55 
3 3b — 15° 
semen aes 
r+ 6r +5 


6(b — 5) 


36. (r+ I(r - 4" + 5) 
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DEFINITIONS AND CONCEPTS EXAMPLES 


4x 2 4x x—-1 2 a8 
Add: — + =—: 4 *— The LCD is x(x — 1). 
3 = Il Be pe Sel Be 


To add (or subtract) rational expressions with 
unlike denominators: 


1. Find the LCD. = AXO= I) 2x 
2. Write each rational expression as an equivalent xe%- Do xe- DV 
expression whose denominator is the LCD. 4x? — 4x + 2x 
: =— Sa Distribute the multiplication by 4x. 
3. Add (or subtract) the numerators and write the x(x — 1) 
sum (or difference) over the LCD. Ax? — 2x 
= ae Combine like t: . 
4. Simplify the resulting rational expression if ace = Il) corse merge 
possible. Hl 
LEG) ee ees 
ea) ‘actor and simplify. 
1 
_ 22x — 1) 
eS 
When a polynomial is multiplied by —1, the result is c 1 @ 1 =I 


its opposite. This fact is used when adding or sub- 
tracting rational expressions whose denominators 
are opposites. 


REVIEW EXERCISES 


Add or subtract and simplify, if possible. 47. Working on a homework assignment, a student added two rational 


37. dod 38. at expressions and obtained ae The answer given in the back 
qo & 5n3 + 7 
op) 1 ee, 
bs 40. 48. DIGITAL VIDEO CAMERAS Find the perimeter and the area of 
pear Diese il eae Il 
the LED screen of the camera. 


of the book was — . Are the answers equivalent? 
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DEFINITIONS AND CONCEPTS EXAMPLES 


Complex fractions contain fractions in their numer- 2 3 ne! 
ators and/or their denominators. ; t m 4 
Complex fractions: — and 
m 
t 2 
To simplify a complex fraction: 2 3.2, mm 
iD rae 
Method 1 Simply, m _ im m sae numerator, build to have an LCD 
Write the numerator and the denominator as single eh us ees 
rational expressions and perform the indicated 4 4 
division. aie 
2m 2m 
a —————— The main fraction bar indicates division. 
m 
4 
6 + m 
2m 
a Add the fractions in the numerator. 
m 
4 
: 1 
_ © a) 2-2 Multiply by the reciprocal of me 
2m+m Factor and simplify. 
12 + 2m? eae ane 
a ea Distribute the multiplication by 2. 
m 
Method 2 3 # 3 it 
Determine the LCD of all the rational expressions in St a m 2 Am The LCD for all the rational 
the complex fraction and multiply the complex Simplify: ia = Ge expressions is 4m. 
fraction by 1, written in the form 2 4 nn 
ies LCD: 4 4 
3 
—:4m +—-4m 
_ i 2 In the numerator, distribute the 
m multiplication by 4m. 
—:4m 
sb ae 
= a Perform each multiplication by 4m. 
m 


REVIEW EXERCISES 


Simplify each complex fraction. 


4 
n 


30 


49. —— 
2 Tn 


15 


r?— 81 
185° 
4r — 36 
9s 
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DEFINITIONS AND CONCEPTS EXAMPLES 


To solve a rational equation we use the multiplica- y 1 Since no denominators can be O 
: : : Solve: Someesiase! hans : 
tion property of equality to clear the equation of pa 2 y y#2andy#0. 
fractions. Use these steps: 
. . . 1 
1. Determine which numbers cannot be solutions. Oo = 2 Mv A 1) =y(y- 2(+) The LCD is y(y — 2). 
pe 


2. Multiply both sides of the equation by the LCD of 
the rational expressions contained in the equation. 1 y 1 1 

é : ah —2)1= = 2) = implify. 

3. Solve the resulting equation. ye-2 nf | yy = PO i ‘| as ds 

1 1 

4. Check all possible solutions in the original equa- 

tion. A possible solution that does not satisfy the 
original equation is called an extraneous 


solution. 


yop = My = Doze ll 
ap tay 
2y=y-2 Combine like terms. 
Vos 
REVIEW EXERCISES 


Solve each equation and check the result. If an equation has no solution, so indicate. 
3 2 61. ENGINEERING The efficiency E of a 
eee x-1 ae a Carnot engine is given by the following 
formula. Solve it for 7,. 


KS a2 
sear Il 


62. Solve for y: 1 = 


DEFINITIONS AND CONCEPTS EXAMPLES 
To sol licati blems, follow th teps: : ‘ : 
rey eee See eia tase w er eee WASHING CARS Working alone, Carlos can wash the family SUV in 

30 minutes. Victor, his brother, can wash the same SUV in 20 minutes working 
alone. How long will it take them if they wash the SUV together? 


. Analyze the problem. 


. Form an equation. 
Analyze the Problem Let x = the number of minutes it will take Carlos and 


Victor, working together, to wash the SUV. Enter the data in a table. 
. State the conclusion. 


1 
Zz 
3. Solve the equation. 
4 
5 


eCheck the result Rate - Time=Work Completed 


Rate of Work: Ifa job can be completed in ¢ units Casein a zz 
of time, the rate of work can be expressed as i of the aU 20 
job is completed per unit of time. Victor oa os a 


Shared work problems: 


Work completed = rate of work - time worked Form an equation The part of the job done by Carlos plus the part of the job 


done by Victor equals 1 job completed. 
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Fr > R fo} , conti. 4 


DEFINITIONS AND CONCEPTS EXAMPLES 


Solve the equation 


oo 2 se =) = 60(1) Multiply both sides by the LCD, 6O. 


30 =. 20 
By se On the left side, distribute the multiplication 
60| — } + 60| — } = 600 
5 5) () by 6o. 
Be ae aie = (J) Perform each multiplication by GO. 

5x = 60 Combine like terms. 
60 

x= 5 Divide both sides by 5. 

23 = 7) 


State the Conclusion Working together, it will take Carlos and Victor 

12 minutes to wash the family SUV. 

Check the Result In 12 minutes, Carlos will do i = a of the job and Victor 
will do 3 = 2 of the job. Together they will do a ar 2 = a or | whole job. The 


result checks. 


: : ; distance ; ; 
Uniform motion problems: Time = ; See Example 2 in Section 7.7. 
rate 
af Interest : : 
Investment problems: Principal = ———_— See Example 5 in Section 7.7. 
rate - time 


REVIEW EXERCISES 
63. NUMBER PROBLEM Ifa number is subtracted from the denom- 67. INVESTMENTS In 1 year, a student earned $100 interest on 
inator of and twice as much is added to the numerator, the result money she deposited at a savings and loan. She later learned that 
is 5. Find the number. the money would have earned $120 if she had deposited it at a 
. EXERCISE A woman can bicycle 30 miles in the same time that credit union, because the credit union paid 1% more interest at the 
it takes her to jog 10 miles. If she can ride 10 mph faster than she time. Find the rate she received from the savings and loan. 
can jog, how fast can she jog? . WIND SPEED A plane flies 400 miles downwind in the same 
. HOUSE CLEANING A maid can clean a house in 4 hours. What amount of time as it takes to travel 320 miles upwind. If the plane 
is her rate of work? can fly at 360 mph in still air, find the velocity of the wind. 
. HOUSE PAINTING _ Ifa homeowner can paint a house in 14 days 
and a professional painter can paint it in 10 days, how long will it 
take if they work together? 


DEFINITIONS AND CONCEPTS EXAMPLES 


A ratio is the quotient of two numbers with the same | Ratios: cs a and 3) 

units. 3 50 

m Hein F f ne ith diff R _40z 525 mi $1.95 
rate is the quotient of two quantities with different ates: 6 1b’ Shr’ Ib 


units. 


Proportia 


DEFINITIONS AND CONCEPTS 
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Triangles 


EXAMPLES 


A proportion is a statement that two ratios or two 4 28 Extremes: 4 and 63 


rates are equal. In the proportion 5 = 9, a and d are 


the extremes and 4 and c are the means. 


In any proportion, the product of the extremes is 
equal to the product of the means. (The cross prod- 


ucts are equal.) 


To solve a proportion, set the product of the 
extremes equal to the product of the means and solve 


the resulting equation. 


A proportion: — = — 


4 
A proportion: — = 


3) x, 
Ive th tion: — = —— 
Solve the proportion 5 10 


9 63 Means: 9 and 28 


28 Cross product: 4 - 63 = 252 
9 63 Cross product: 9 - 28 = 252 


3°10 =2-+x Setthe cross products equal. 


30 = 2x 


15 =x Solve for x. 


Triangles with the same shape but not necessarily the 


same size are called similar triangles. The lengths 
of the corresponding sides of two similar triangles 


are in proportion. 


b 


saad 3 pace 
In these similar triangles: | = > ze 


A scale is a ratio (or rate) that compares the size of a_ | See Example 6 in Section 7.8. 


model to the size of an actual object. 


Unit prices can be used to compare costs of different 
sizes of the same brand to determine the best buy. 


REVIEW EXERCISES 


Determine whether each equation is a 
true proportion. 


_ 20 
34 


Solve each proportion. 


71. 


72. 


BR Wilk Rl[wW 
Il 
LS) tense “Nei ien 


| 


Usk, 


74. 


Example 7 in Section 7.8. 


75. DENTISTRY The diagram below was 
displayed in a dentist’s office. According 
to the diagram, if the dentist has 340 
adult patients, how many will develop 
gum disease? 


tt 


3 out of 4 adults will develop gum disease. 


$1.99 
11 


For the same item, a cost of aes is a better buy than a cost of 77. See 


76. UTILITY POLES A telephone pole 


casts a shadow 12 feet long at the same 
time that a man 6 feet tall casts a shadow 
of 3.6 feet. How tall is the pole? 


. PORCELAIN FIGURINES A model 


of a flutist, standing and playing at a 
music stand, was made using a 1/12th 
scale. If the scale model is 5.5 inches 
tall, how tall is the flutist? 


. COMPARISON SHOPPING Which is 


the better buy for recordable compact 
discs: 150 for $60 or 250 for $98? 
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CHAPTER 7 
Test 


1. Fill in the blanks. 
a. A quotient of two polynomials, such as 


xe ari 
2) 


aa souls called a 


expression. 
b. Two triangles with the same shape, but not necessarily the 
same size, are called triangles. 
c A is a mathematical statement that two ratios 
or two rates are equal. 


d. To a rational expression, we multiply it by a form of 


2S 16 
1. For example, 5+ § = a;- 
4 : ues) 
e. To simplify @ + De — 3° We Temove common ____ of 


the numerator and denominator. 


2. MEMORY The formulan = © = ad approximates the 
number of words v that a certain person can recall d days after 
memorizing a list of 50 words. How many words will the 
person remember in 1 week? 


For what real numbers are each rational expression undefined? 
Gr = 9 
3. z . —_— 
5x Yar ae = © 
5. THE INTERNET A dial-up modem transmits up to 56K bits 


per second (K is an abbreviation for one thousand). Convert 
this to bits per minute. 


6. Explain the error: * = a= 


Simplify each rational expression. 


48x7y 5 7m — 49 

” 54xy? * T= 

2x? —x —3 ip 3(x + 2) —3 
4x? — 9 ” 6x + 5 — (3x + 2) 


Find the LCD of each pair of rational expressions. 
19 6 4n + 25 6n 
3cd' ed° “WP —4n— 5° vn? — 25 


Perform the operations. Simplify, if possible. 
12x?y 25y” x? +3xt+2 x+3 
I5xy 16x 3x +9 ea 


14. 


she = 3} a — 


3x3 + 6x? 


x x ‘ 
* 3x? + 6x 


15 y + (6a + 24) 


+7 -3y-2 2 
7 ee ee o—— 
Dyyap 3 Dip se 3} Sm 2 
ae ol é +4 
i + Weaes oe 
ag Senate a= Il I= @ 
g) 6 5 
21. ar © 22. 
c—4 oe 6 
Simplify each complex fraction. 
3m — 9 Be 
2 2 
rig mall 7 Nec na 
Si = Is) © 9 
32 as 


. Solve for B: H = 


. HEALTH RISKS A medical newsletter 


1 4 4 
ee i a 
3 Sep = 6 i = 6 
7 aoe 3 
f=g]2 Gti @— 2 
2 Be= iB 
== =C¢ 
3 3c 9. 
oe ge 
y= il y 


RET SB, 


states that a “healthy” waist-to-hip ratio 
for men is 19:20 or less. Does the patient 
shown in the illustration fall within the 
“healthy” range? 


32. CURRENCY EXCHANGE RATES | Preparing for a visit to 


33. 


London, a New York resident exchanged 3,500 U.S. dollars for 
British pounds. (A pound is the basic monetary unit of Great 
Britain.) If the exchange rate was 100 U.S. dollars for 51 
British pounds, how many British pounds did the traveler 
receive? 

TV TOWERS A television tower casts a shadow 114 feet long 
at the same time that a 6-foot-tall television reporter casts a 
shadow of 4 feet. Find the height of the tower. 


4 ft 114 ft 


34. 


35. 


36. 


37. 


38. 
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COMPARISON SHOPPING Which is the better buy for 
fabric softener: 80 sheets for $3.89 or 120 sheets for $6.19? 


CLEANING HIGHWAYS One highway worker can pick up 
all the trash on a strip of highway in 7 hours, and his helper can 
pick up the trash in 9 hours. How long will it take them if they 
work together? 

PHYSICAL FITNESS A man roller-blades at a rate 6 miles 
per hour faster than he jogs. In the same time it takes him to 
roller-blade 5 miles he can jog 2 miles. How fast does he jog? 


NUMBER PROBLEM 
numerator of : and twice as much is added to the denominator, 


If a number is subtracted from the 


the result is i Find the number. 


Explain what it means to clear the following equation of 
fractions. 


Le el 


2 
uo—u 


u el 


n= il u 


Why is this a helpful first step in solving the equation? 


642 CHAPTER 7 Rational Expressions and Equations 


GROUPPROJECT 


WHAT IS z? Overview: — |n this activity, you will discover an important fact about 
the ratio of the circumference to the diameter of a circle. Diameter 


Instructions: Form groups of 2 or 3 students. With a piece of string 
or a cloth tape measure, find the circumference and the diameter of 
objects that are circular in shape. You can measure anything that is 
round: for example, a coin, the top of a can, a tire, or a wastepaper 
basket. Enter your results in a table, as shown below. Convert each 
measurement to a decimal, and then use a calculator to determine 
a decimal approximation of the ratio of the circumference C to 
diameter d. 


Circumference 


Object Circumference Diameter ‘ (approx.) 


Aquarter 22 in. = 2.9375in. Zin. = 0.9375 in. «3.13333 


Since early history, mathematicians have known that the ratio of the circumference to the diame- 
ter of a circle is the same for any size circle, approximately 3. Today, following centuries of study, 
we know that this ratio is exactly 3.141592653589. . . . 


S = 3141592653589... 
The Greek letter ar (pi) is used to represent the ratio of circumference to diameter: 
T= 7 where 7 = 3.141592653589... 


Are the ratios in your table numerically close to 7? Give some reasons why they aren’t exactly 
3.141592653589. . . in each case. 


CUMULATIVE REVIEW 
Chapters 1-7 


1. Determine whether each statement is true or false. [Section 1.3] 7. Solve: 2 — 3(¢ — 5) = 4(x — 1) [Section 2.2] 
a. Every integer is a whole number. 


8. GRAND KING SIZE BEDS Because Americans are taller 
compared to 100 years ago, bed manufacturers are making larger 
models. Find the percent of increase in sleeping area of the new 

d. The set of integers is the set of whole numbers and their grand king size bed compared to the standard king size. 
opposites. [Section 2.3] 


2. Insert the proper symbol, < or >, in the blank to make a true 


b. 0 is not a rational number. 


c. 7 is an irrational number. 


statement. Standard king: 
78 by 80 inches ———~ 
|2—4| —(—6) [Section 1.5) 6.240 in2 
3. Evaluate: 9° — 3[45 — 3(6 + 4)] [Section 1.7] 
4. Find the average (mean) test score of a student in a history class 
; ; Grand king: 
me Bete of 80, 73, 61, 73, and 98. [Section 1.7] a by 98 ae 
. Simplify: 8(¢ + 7) — 2(c — 3) [Section 1.9] 7,840 in.2 
. Solve: ed = —4 [Section 2.1] 


12. 


Us 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 
22. 


23. 


. Solve A — c = 2B + r for B. [Section 2.4] 
. Change 40°C to degrees Fahrenheit. [Section 2.4] 
11. 


Find the volume of a pyramid that has a square base, measuring 
6 feet on a side, and whose height is 20 feet. 

[Section 2.4] 

BLENDING TEA One grade of tea (worth $6.40 per pound) 
is to be mixed with another grade (worth $4 per pound) to 
make 20 pounds of a mixture that will be worth $5.44 per 
pound. How much of each grade of tea must be used? 
[Section 2.6] 

SPEED OF A PLANE _ Two planes are 6,000 miles apart and 
their speeds differ by 200 mph. If they travel toward each other 
and meet in 5 hours, find the speed of the slower plane. 
[Section 2.6] 

Solve 7x + 2 = 4x — 1. Write the solution set in interval 
notation and graph it. 

[Section 2.7] 

Graph: y = 2x — 3 [Section 3.2] 

Find the slope of the line passing through (— 1, 3) and (3, —1). 
[Section 3.4] 

CUTTING STEEL The graph shows the amount of wear (in 
millimeters) on a cutting blade for a given length of a cut (in 
meters). Find the rate of change in the length of the cutting 
blade. [Section 3.4] 


Blade wear (mm) 


Cutting distance (m) 


What is the slope of a line perpendicular to the line 

y= —tr — 6? [Section 3.5] 

Write an equation of the line that has slope 3 and passes 
through the point (1, 5). Write the answer in slope-intercept 
form. [Section 3.6] 

Graph: 3x — 2y = 6 

[Section 3.7] 

If f(x) = —3x? — 6x, find f( — 2). [Section 3.8] 

Fill in the blanks. The set of all possible input values for a func- 
tion is called the and the set of all output values is 
called the . [Section 3.8] 


x+y=1 : 
Solve the system by graphing. [Section 4.1] 
y= ae se S 
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== il 
24. Solve the system: {3 - [Section 4.2] 
2% = sy 4 
wear p= 
5 [Section 4.3] 


2. 
25. Solve the system: { 
3x + Sy = 


26. POKER After a night of cards, a poker player finished with 
some red chips (worth $5 ech) and some blue chips (worth $10 
each). He received $190 when he cashed in the 23 chips. How 
many of each colored chip did he finish with? [Section 4.4] 


Simplify each expression. Write each answer without using nega- 
tive exponents. 


27. x‘x? [Section 5.1] 


BN 
29% ( ut x) [Section 5.1] 
2yy 


28. (x°x°)° [Section 5.1] 
—2a\° 
30. Si [Section 5.1] 


Sed oe, 9b°b? 

Siem (Giebs) mealoections:2] 32. 3p [Section 5.2] 

33. Write 290,000 in scientific notation. [Section 5.3] 

34, What is the degree of the polynomial 5x* — 4x + 16 
[Section 5.4] 

35. Graph: y = —x°? [Section 5.4] 

36. CONCENTRIC CIRCLES The 
area of the ring between the two 
concentric circles of radius r and R 
is given by the formula 


A=n(Rt+n(R-1) 


9 


Do the multiplication on the right- 
hand side of the equation. 
[Section 5.7] 


Perform the operations. 
37. (3x7 — 3x — 2) + (Bx? + 4x 


(Leste +1) (Ze +20 1) 
16 D 6 16 4 12 


[Section 5.5] 
39. (2x*y*)(3x7y”) [Section 5.6] 
40. y — 5)Gy + 7) [Section 5.6] 
Al. —4x7z(3x? — z) [Section 5.6] 
42. (3a — 4) [Section 5.7] 

O72 ap @) 


3) [Section 5.5] 


43. [Section 5.8] 


44, 2x + 3)2x> + 7x? + 4x — 3 [Section 5.8] 


Factor each polynomial completely, if possible. 


45. k°t — 3k*t 46. 2ab + 2ac + 3b + 3c 
[Section 6.1] [Section 6.1] 


AS 7e 
[Section 6.2] 


47. uw? — 18u + 81 
[Section 6.2] 
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50. 6x? — 63 — 13x 
[Section 6.3] 


49. uw? + 10u + 15 
[Section 6.2] 


52. b° + 125 
[Section 6.5] 


51. 2a” — 20057 
[Section 6.4] 


Solve each equation by factoring. 


53. 5x7 +x=0 
[Section 6.7] 


54. 6x7 — 5x = —1 
[Section 6.7] 


55. COOKING The electric griddle shown has a cooking surface 
of 160 square inches. Find the length and the width of the 
griddle. [Section 6.7] 


wt+6 


fo? 
7. 
on 


56. For what values of x is the rational expression oe 
undefined? [Section 7.1] 


Perform the operations. Simplify, if possible. 


2x* — 8 2716 3x4 12 
1) mie —— 
i = or ae & 4-x x 
[Section 7.1] [Section 7.2] 
8m? 4m? + 25 4 5 
cL eee = 60. en 
2m + 5 A ae DS ees 2a 
[Section 7.3] [Section 7.4] 


D 
61. — A 5 [Section 7.4] 
de =P aa) ee ae Sar A 
2 
) — 
62. Simplify: [Section 7.5] 
Dae = 
x 


Solve each equation. 


Ryedale en ep 
Se eae p leeecletise 


4e fl 

64. P= [Section 7.6] 
ill u Vie — 4h 

65. DRAINING A TANK If one outlet pipe can drain a tank in 
24 hours, and another pipe can drain the tank in 36 hours, 
how long will it take for both pipes to drain the tank? 
[Section 7.7] 

66. HEIGHT OF A TREE A tree casts a shadow of 29 feet at the 
same time as a vertical yardstick casts a shadow of 2.5 feet. 
Find the height of the tree. [Section 7.8] 
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Webmaster ATION 
Ce Ss) 
f you use the Internet, then you have seen firsthand what webmasters do. They wo he *Sters a 
design and maintain websites for individuals and companies on the World Wide J eC. oe “Oleg. 
Web. The job of webmaster requires excellent computer and technical skills. A é 7 OUR 6 Oleg i have On| 
background in business, art, and design is also helpful. Since webmasters are oy lent, Ping 7 
often called on to be troubleshooters when technical difficulties arise, those ee Ge, Ca 
considering entering the field are encouraged to study math to strengthen aN, * throug," ae es S are 
heir problem-solving abilities. A NUAy ane he yea 3° 180. 
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Study Skills Workshop 
Maintaining a Positive Attitude 


S ince a student's level of effort is significantly influenced by his or her attitude, you should 
strive to maintain a positive mental outlook for the entire term. Here are three suggestions to 
help you do that: 


PERSONAL REMINDERS: From time-to-time, remind yourself of the ways in which you will 
benefit by passing the course. 


DON’T DWELL ON THE NEGATIVE: Counterproductive feelings of stress and math anxiety can 
often be overcome with extra preparation, support services, and even relaxation techniques. 


ACCOMPLISH GOALS AND EARN REWARDS: Reward yourself after studying, learning a difficult 
concept, or completing a homework assignment. The reward can be small, like listening to 
music, reading a novel, playing a sport, or spending some time with friends. 


Now Try This 

1. List six ways in which you will benefit by passing this course. For example, it will 
get you one step closer to a college degree or it will improve your problem-solving 
abilities. 

2. List three ways in which you can to respond to feelings of stress or math anxiety, 
should they arise during the term. 

3. List some simple ways that you can reward yourself when you complete one of the 
class goals that you set for yourself. 


Objectives 


@ Use properties of equality to solve linear equations. 
@ ldentify identities and contradictions. 
© Solve formulas for a specified variable. 


© Solve linear inequalities. 


© Use linear equations and inequalities to solve application 
problems. 


In this section, we will review how to solve equations and formulas. We will then extend our 
review to include inequalities. 


Use Properties of Equality to Solve Linear Equations. 


Recall that an equation is a statement indicating that two expressions are equal. The set of 
numbers that satisfy an equation is called its solution set, and the elements in the solution set 
are called solutions of the equation. To solve an equation, we must find all of its solutions. 


Linear Equations 


Success Tip 
You may want to review the 
properties of equality on 
pages 110, 111, 113, and 115. 
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In this section we will solve linear equations in one variable. 


A linear equation in one variable can be written in the form ax + b = c, where a, b, and c 
are real numbers, anda # 0. 


Some examples of linear equations in one variable are 


7 
5a + 2 = 8, 3y = —28, and 3(2x — 1) = 2x +9 
We can solve a linear equation in one variable by using the following properties of 
equality to replace it with simpler equivalent equations that have the same solution set. We 
continue this process until the variable is isolated on one side of the = symbol. 


1. Adding the same number to, or subtracting the same number from, both sides of an 
equation does not change its solution. 

2. Multiplying or dividing both sides of an equation by the same nonzero number does not 
change its solution. 


EXAMPLET Solve: 3(2x — 1) = 2x + 9 


al 


Strategy First, we will use the distributive property to remove parentheses on the left 
side of the equation. Then, to eliminate 2x from the right side, we will subtract 2x from 
both sides. 


Why To solve for x, all the terms containing x must be on the same side of the equation. 


Solution 
3(2x — 1) = 2x + 9 This is the equation to solve. 
6x —-3 = 2x +9 Distribute the multiplication by 3. 
6x — 3 — 2x = 2x +9 — 2x _ Toeliminate 2x from the right side, subtract 2x from both 
sides. 
4x —-3 =9 Combine like terms. 
4x-3+3=9+4+3 To isolate the variable term 4x, undo the subtraction of 3 
on the left side by adding 3 to both sides. 
4x = 12 Combine like terms. 
x=3 To isolate x, undo the multiplication by 4 by dividing both 
sides by 4. 


Check: We substitute 3 for x in the original equation to see whether it satisfies the equation. 


Evaluate the 
expression 
on the left 
side. 


3(Qx -1l)=2x+9 Evaluate the 
3(2+3 — 1) 22.349 expression 


3(5) =6+9 
15 = 15 True 


Since 3 satisfies the original equation, it is the solution. The solution set is {3}. 
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Strategy for 
Solving Linear 
Equations in 
One Variable 


Success Tip 
Before multiplying both sides of 
an equation by the LCD, frame the 
left side and frame the right side 
with parentheses or brackets. 


eT Self Check 1 i Solve: 2x - 2) = 3x — 13 
Now Try Problem 21 


In general, we will follow these steps to solve linear equations in one variable. Not every 
step is needed to solve every equation. 


1. Clear the equation of fractions or decimals: Multiply both sides by the LCD to clear 
fractions or multiply both sides by a power of 10 to clear decimals. 

2. Simplify each side of the equation: Use the distributive property to remove 
parentheses and combine like terms on each side. 

3. Isolate the variable term on one side: Add (or subtract) to get the variable term on one 
side of the equation and a number on the other using the addition (or subtraction) prop- 
erty of equality. 

4. Isolate the variable: Multiply (or divide) to isolate the variable using the multiplication 
(or division) property of equality. 

5. Check the result: Substitute the possible solution for the variable in the original equa- 
tion to see if a true statement results. 


EXAMPLE 2 j Solve: (6x +15) = = ro) 


Strategy We will follow the strategy for solving equations. 

Why This is the most efficient way to solve a linear equation in one variable. 

Solution 

Step 1: We can clear the equation of fractions by multiplying both sides by the least common 
denominator (LCD) of 5 and 2. The LCD of these fractions is the smallest number that can 
be divided by both 2 and 3 exactly. That number is 6. 


1 3 
3 + 15)= a& +2)-—2 This is the equation to solve. 


1 = Ke) To eliminate the fractions, multiply both sides by 
656 + 15) = 65 + 2) 2| the LCD, 6. 


3 On the left side, perform the multiplication: 
2(6x + 15) =6- ze + 2)-6+2 6-5 =2.Onthe right side, distribute the 
multiplication by 6. 


2(6x + 15) = 9(x + 2) — 12 Multiply on the right side. 


Step 2: Use the distributive property to remove parentheses and combine like terms on the 
right side. 


12x + 30 = 9x + 18 — 12 Distribute the multiplication by 2 and the 
multiplication by 9. 


12x + 30 = 9x + 6 


Step 3: To get the variable term on the left side and the constant on the right side, subtract 
9x and 30 from both sides. 
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12x + 30 — 9x — 30 = 9x + 6 — 9x — 30 
3x = —24 On each side, combine like terms. 


Step 4: The coefficient of the variable is 3. To isolate x, we undo the multiplication by 3 by 
dividing both sides by 3. 


3x _ —24 
3 3 
x= —-8 


Step 5: Check by substituting —8 for x in the original equation and evaluating each side. 


1 3 
—(6x + 15) ==(~ + 2)-2 
get 1s) = 5 er 2) 
l ae 
=[6(-8) + 15] 2 =(-8 + 2) - 2 
3 2 
1 23 
=(—48 + 15) = =(-6) - 2 
gah ay 8) 
ee ee 
3 
-ll=-1l1 True 


The solution is —8 and the solution set is {—8}. 


ey Self Check 2 j Solve: }(2x — 2) = 4(5x + 1) +2 
Now Try Problem 29 


Identify Identities and Contradictions. 


The equations discussed so far are called conditional equations. For these equations, some 
numbers satisfy the equation and others do not. An identity is an equation that is satisfied by 
every number for which both sides of the equation are defined. A contradiction is an equation 
that is never true. 


EXAMPLE 3 Solve: a. —2(x — 1) -—4 = —4(1 + x) + 2x +2 
; ~ b. —6.2(—x — 1) — 4 = 4.2x — (—2x) 


Strategy In each case, we will follow the strategy for solving equations. 
Why This is the most efficient way to solve a linear equation in one variable. 


Solution 
a. Since there are no fractions to clear, we will begin by using the distributive property to 
remove the parentheses on the left and right sides of the equation. 
—2a~ —- 1)-4 = —4(1 + x) + 2x + 2 © This is the equation to solve. 
—2x +2-4=—-4—-4%4+2x+2 Use the distributive property. 
—2x —2 = -—2x -—2 On each side, combine like terms. 


—2x —2 + 2x = —2x —2 + 2x To attempt to isolate the variable on one 
side of the equation, add 2x to both sides. 


—2=-2 True 


650 CHAPTER 8 Transition to Intermediate Algebra 


The terms involving x drop out. The resulting true statement indicates that the original 
equation is true for every value of x. The solution set is the set of real numbers denoted R. 
The equation is an identity. 


b. —6.2(—x — 1) — 4 = 4.2x — (—2x) This is the equation to solve. 
—6.2(-x — 1) — 4 = 4.2x + 2x Simplify: —(—2x) = 2x. 
10[—6.2(—x — 1) — 4] = 10(4.2x + 2x) To remove the decimals, multiply both sides 
by 10. 

—62(—x — 1) — 40 = 42x + 2 Distrib h Itiplicati 10. 
The Language of Algebra 62(—x ) 0 x Ox istribute the multiplication by 
Contradiction is a form of the word 62x + 62 — 40 = 42x + 20x On the left side, remove parentheses. 
contradic, meaning conflicting 62x + 22 = 62x On each side, combine like terms. 
ideas. During a trial, evidence 
might be introduced that contra- 62x + 22 — 62x = 62x — 62x To attempt to isolate the variable on one side of 
dicts the testimony of a witness. the equation, subtract 62x from both sides. 


22=0 False 


The terms involving x drop out. The resulting false statement indicates that no value for 
x makes the original equation true. The solution set contains no elements and can be 
denoted as the empty set { } or the null set ©. The equation is a contradiction. 

a Self Check 3 j Solve: a. 3(a + 1) — (20 + a) = 5(a — 1) — 3(a + 4) 


b. Solve: 0.3(a + 4) + 0.2 = 0.2(a — 1) + 0.la + 1.9 


Now Try Problems 31 and 35 


© Solve Formulas for a Specified Variable. 


Real-world applications sometimes call for a formula solved for one variable to be solved for 
a different variable. 7o solve a formula for a specified variable means to isolate that variable 
on one side of the formula and write all other quantities on the other side. 


EXAMPLE 4 _ For simple interest, the formula A = P + Prt gives the amount of 
money in an account at the end of a specific time f. A represents 
the amount, P the principal, and r the rate of interest. Solve the formula for f. 


Strategy To solve for r, we treat it as if it were the only variable in the equation. To 
isolate f, we will use the same strategy that we used to solve linear equations in one 
variable. 


Why We can solve this formula as if it were an equation in one variable because all the 
other variables, A, P, and r, are treated as if they were numbers (constants). 


Solution 
i To solve for t, we will isolate t on this side of the equation. 
A=P+ Prt 
A — P= Prt To isolate the term involving t, subtract P from both sides. 
A-P = Prt 


To isolate t, divide both sides by Pr (or multiply both sides by x): 


Pr ~ Pr 


by 


Trapezoid 
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1 

AP. ; ; rt 

=f On the right side, remove the common factors: Pr 
1 


Write the equation with t on the left side. 


a Self Check 4 , | Solve A = P + Prt forr. 
Now Try Problem 39 


EXAMPLE 5 | The formula for the area of a trapezoid is A = Sh(b, + bp). Solve 
the formula for b,. 


Strategy To solve for b,, we will treat it as if it were the only variable in the equation. To 
isolate b,, we will use the same strategy that we used to solve linear equations in one 
variable. 


Why We can solve the formula as if it were an equation in one variable because all the 
other variables, A, h, and b5, are treated as if it they were numbers (constants). 


Solution 
 —_—— To solve for b,, we will isolate b, on this side of the equation. 


1 
A= ith + bp) 


1 
2°*A=2> zits +b.) Multiply both sides by 2 to clear the equation of the fraction. 


2A = h(b, + bo) Simplify each side of the equation. 

2A = hb, + hb Distribute the multiplication by h. 
2A — hbz = hb, Subtract hb from both sides to isolate the variable term hb, 

on the right side. This step is done mentally. 
2A — hb, _ hb, To isolate b,, undo the multiplication by h by dividing both 
h h sides by h. 
24 — boh he, 
—— - =b, On the right side, remove the common factor of h: ~'. 
1 
2A — hb, 
b, = ——— Reverse the sides of the equation so that b, is on the left. 


h 


When solving formulas for a specified variable, there is often more than one way to 


express the result. In this case, we could perform the division by / on the right side term-by- 
24 hb, 


term: b} = 7 — >.After removing the common factor of / in the numerator and denomi- 
nator of the second fraction, we obtain the following equivalent form of the result: 


b, = 4 b,. 


Caution Do not try to simplify the result in the following way. It is incorrect because h is 
not a factor of the entire numerator. 


1 
24.= by 


h 
I 


by 
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Inequality 
Symbols 


Linear 
Inequalities 


Success Tip 
You may want to review the 
properties of inequality on 
pages 176 and 177. 


eT Self Check 5 dj Solve § = tea 2) for f. 
Now Try Problem 47 


Solve Linear Inequalities. 


Inequalities are statements indicating that two quantities are unequal. They usually contain 
one or more of the following symbols. 


< is less than > is greater than # is not equal to 
<= is less than or equal to = is greater than or equal to 


In this section, we will work with linear inequalities in one variable. 


A linear inequality in one variable (say, x) is any inequality that can be expressed in one of 
the following forms, where a, b, and c represent real numbers and a + 0. 


Gee ar ln < © Gis a lb S © Gee =F lp > © Ge =P ly = © 


Some examples of linear inequalities are 
3x = 0, 3(2x — 9) < 9, and —12x — 8= 16 


To solve a linear inequality means to find all values that, when substituted for the vari- 
able, make the inequality true. The set of all solutions of an inequality is called its solution 
set. The solution set of an inequality can be graphed as an interval on the number line. We can 
also write a solution set using interval notation and set-builder notation. We use the follow- 
ing properties to solve inequalities. 


1. Adding the same number to, or subtracting the same number from, both sides of an 
inequality does not change the solutions. 

2. Multiplying or dividing both sides of an inequality by the same positive number does not 
change the solutions. 

3. If we multiply or divide both sides of an inequality by a negative number, the direction of 
the inequality symbol must be reversed for the inequalities to have the same solutions. 


After applying one of these properties, the resulting inequality is equivalent to the origi- 
nal one. Like equivalent equations, equivalent inequalities have the same solution set. 


EXAM PLE 6 j Solve 3(2x — 9) < 9. Write the solution set in interval notation 
: and graph it. 


Strategy We will use the properties of inequalities and the same strategy for solving 
equations to isolate x on one side of the inequality. 


Why Once we have obtained an equivalent inequality, with the variable isolated on one 
side, the solution set will be obvious. 


Success Tip 
We must remember to reverse the 
inequality symbol every time we 
multiply or divide both sides by a 
negative number. 
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Solution 
3(2x —9) <9 This is the inequality to solve. 


6x — 27 <9 Distribute the multiplication by 3. 


6x < 36 = To isolate the variable term Gx, undo the subtraction of 27 on the left 
side by adding 27 to both sides. 


x<6 To isolate x, undo the multiplication by 6 by dividing both sides by 6. 


The solution set is the interval (—, 6), whose graph is shown. We can 
also write the solution set using set-builder notation: {x|x < 6}. We read 5 6 7 
this notation as “the set of all real numbers x such that x is less than 6.” 

Since the solution set contains infinitely many real numbers, we cannot check all of 
them to see whether they satisfy the original inequality. However, as an informal check, we 
can pick one number in the graph, near the endpoint, such as 5, and see whether it satisfies 
the inequality. We can also pick one number not in the graph, but near the endpoint, such as 
7, and see whether it fails to satisfy the inequality. 


Check a value in the graph: x = 5 Check a value not in the graph: x = 7 
3(2x — 9) <9 3(2x — 9) <9 
3[2(5) — 9] <9 3[2(7) — 9] <9 
3(10 — 9) <9 3(14 — 9) <9 
3(1) <9 3(5) <9 
3<9 True 15<9 False 


Since 5 satisfies 3(2x — 9) < 9 and 7 does not, the solution set appears to be correct. 


a Self Check 6 ,| Solve 2(3x + 2) > —44. Write the solution set in interval 
; notation and graph it. 


Now Try Problem 53 


EXAMPLE 7 j Solve —12x — 8 = 16. Write the solution set in interval notation 
and graph it. 


Strategy We will use the properties of inequalities and the same strategy for solving 
equations to isolate x on one side of the inequality. 


Why This will give the solution set of the inequality. 


Solution Once we have obtained an equivalent inequality, with the variable isolated on 
one side, the solution set will be obvious. 


—12x-8= 16 
—12x =24 ~~ Toundo the subtraction of 8, add & to both sides. 


x 2-2  Toundo the multiplication by —12, divide both sides by —12. Because we 
are dividing by a negative number, we reverse the = symbol. 


The solution set is {x|x = —2} or the interval [—2, ©), whose 
graph is shown. 3 -2 -1 
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Success Tip 
If the variables drop out when 
solving an inequality and the 
result is false, the solution set 
contains no elements and is 
denoted by @. 


> 
= 
og 
=x 
a.” 
o 
a 
c= 
2 
a 
2 
2 
= 
3 
= 


a Self Check 7 P| Solve: —6x + 6=0 


Now Try Problem 59 


EXAMPLE8 Solve 3a — 4 < 3(a + 5). Write the solution set in interval 
H| 
notation and graph it. 


Strategy We will use the properties of inequalities and the same strategy for solving 
equations to isolate a on one side of the inequality. 


Why To solve for a, all the terms involving a need to be on one side of the inequality. 


Solution 
3a -—4< 3(a + 5) 
3a -—4<3a+ 15 Distribute the multiplication by 3. 
3a —-4—3a<3a+ 15 —3a Subtract 3a from both sides. 


—-4< 15 True 


The terms involving a drop out. The resulting true statement indicates 

that the original inequality is true for all values of a. Therefore, the solu- a 
tion set is the set of real numbers, denoted (—%, ©) or R, and its graph 1 001 

is as shown. 


a Self Check 8 j Solve: —8n + 10 = 1 — 2(4n — 2) 
Now Try Problem 67 


Use Linear Equations and Inequalities to Solve Application Problems. 


We can use equations and inequalities to solve real-world problems. 


EXAM PLE 9 | Travel Promotions. The price of a 7-day Alaskan cruise, 
: normally $2,752 per person, is reduced by $1.75 per person for 
large groups traveling together. How large a group is needed for the price to be $2,500 
per person? 


Analyze the Problem For a group of 20 people, the cost is reduced by $1.75 for each 
person and the $2,752 price is reduced by 20($1.75) = $35. 


The per-person price of the cruise = $2,752 — 20($1.75) 
For a group of 30 people, the $2,752 cost is reduced by 30($1.75) = $52.50. 
The per-person price of the cruise = $2,752 — 30($1.75) 


Form an Equation If we let x = the group size necessary for the price of the cruise to 
be $2,500 per person, we can form the following equation: 


Th - th ber of 
; poe ats $2,752 minus : ae a times $1.75. 
price of the cruise people in the group 


2,500 = 2,752 - x : 1.75 


ee 
n 
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Solve the Equation 
2,500 = 2,752 — 1.75x 
2,500 — 2,752 = 2,752 — 1.75x — 2,752 Subtract 2,752 from both sides. 
—252 = —1.75x Simplify each side. 
144 =x To isolate x, divide both sides by —1.75. 


State the Conclusion _ If 144 people travel together, the price will be $2,500 per person. 


Check the Result For 144 people, the cruise cost of $2,752 will be reduced by 
144($1.75) = $252. If we subtract, $2,752 — $252 = $2,500. The answer checks. 


La Now Try Problem 103 


To determine whether to use an equation or an inequality to solve a problem, look for key 
words and phrases. For example, phrases like does not exceed, is no more than, and is at least 
translate into inequalities. 


EXAMPLE 10 _ Communication. A satellite phone is a mobile phone that sends 
5 and receives calls using satellites instead of landlines or cellular 
broadcasting towers. The advantage of a satellite phone is that it can complete calls 
from anywhere, such as the Sahara desert, the top of Mount Everst, or an African jungle. 
If a satellite telephone company charges callers $5.50 for the first three minutes and 
88¢ for each additional minute, for how many minutes can a call last if the cost is not to 
exceed $20? 


Analyze the Problem We are given the rate at which a call is billed. Since the cost of 
a call is not to exceed $20, the cost must be /ess than or equal to $20. This phrase indi- 
cates that we should write an inequality to find how long a call can last. 


Form an Inequality We will let x = the total number of minutes that a call can last. Then 
the cost of a call will be $5.50 for the first three minutes plus 88¢ times the number of 
additional minutes, where the number of additional minutes is x — 3 (the total number of 
minutes minus the first 3 minutes). With this information, we can form an inequality. 


The cost of the the cost of the . 
first three minutes oe additional minutes isnotto exceed RIE 
5.50 + 0.88(x — 3) < 20 
Solve the Inequality To simplify the computations, we first clear the inequality of 
decimals. 
5.50 + 0.88% — 3) = 20 Write 88¢ as $0.88. 
550 + 88 — 3) = 2,000 To eliminate the decimals, multiply both sides 
by 100. 
550 + 88x — 264 S 2,000 Distribute the multiplication by 88. 
88x + 286 = 2,000 Combine like terms. 
88x S 1,714 Subtract 286 from both sides. 


x S 19.47727273 ... Divide both sides by 88. 
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State the Conclusion Since the phone company doesn’t bill for part of a minute, the 
longest time a call can last is 19 minutes. If a call lasts for x = 19.47727273 ... 
minutes, it will be charged as a 20-minute call, and the cost will be 
$5.50 + $0.88(17) = $20.46. 


Check the Result If the call lasts 19 minutes, the cost will be 
$5.50 + $0.88(16) = $19.58. This is less than $20. The result checks. 


La Now Try Problem 109 


eer | 1. -3 2. —5 3. a. Allreal numbers, R; identity b. No solution, 2; 
AP 


contradiction 4. r = —, Det 180 6. (—8, ~) t , 


VOCABULARY 10. If we multiply both sides of an inequality by a negative number, 
‘ll in the blank the direction of the inequality must be for the 
Farum tne planks; inequalities to have the same solutions. 
1, Aa | is a statement indicating that two expressions are 11. Determine whether —5 is a solution of the following equation 
—— ; and inequality. 
2. Any number that makes an equation true when substituted for its a, 50x 4+ = Oe —4 bop pee 
variable is said to the equation. Such numbers are . . . Sees tok 
: 12. The solution set of a linear inequality in x is ao 
called____——_ of the equation. : : 
graphed on the right. Determine whether a 4 -3 2 


3. 2x + 1 = 4and 5(y — 3) = 8 are examples of ____ 


: : ; true or false statement results when 
equations in one variable. 


a. —4 is substituted for x. 
b. —3 is substituted for x. 
c. 0 is substituted for x. 


4. If two equations have the same solution set, they are called 
equations. 
5. An is an equation that is satisfied by every number for 


which both sides of the equation are defined. NOTATION 


6. An equation that is never true is called a ; | 
13. Match each interval with its graph. 


7. <, >, S,and =are_ symbols. ; ; 
en = ; 
8. To an inequality means to find all values of the variable ee a am ee 
that make the inequality true. : 
b. (—%, 1) ii. f = 
CONCEPTS 2-1 0 
Fill in the blanks. c. [-1, ~) iii. 
9. a. Adding the number to, or subtracting the same number 2-1 0 
from, both sides of an equation does not change its solution. 14. a. Suppose that when solving a linear inequality, the variable 
b. Multiplying or dividing both sides of an equation by the drops out, and the result is 6 = 10. Write the solution set in 
nonzero number does not change its solution. interval notation and graph it. 


b. Suppose that when solving a linear inequality, the variable 
drops out, and the result is 7 < —1. What symbol is used to 
represent the solution set? 
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GUIDED PRACTICE 


Solve each equation. Check the result. See Example 1. 


15. 4x + 1= 13 16. 4x — 8 = 16 
17. 3(x + 1) = 15 18. —2(x + 5) = 30 
19. 2x + 6(2x + 3) = —10 20. 3(2y — 4) — 6 = 3y 
21. 7(a + 2) = 4a + 17 22. 5(5 — a) = 37 — 2a 
Solve each equation. See Example 2. 
ee ee ee je RS 
2 3 
5, 2-224 26. ~+~=10 
2. ~3 22° 3 
ra ae,’ cae 20-—y 
27. e+ 12) +1 =3 28. 5 + 4) ; 
4 7 
29. 5 + 5) g ox + 23) — 7 
30. 2 (2x 4 DN+4= (bic + 29) 
3 6 


Solve each equation. If an equation is an identity or a 
contradiction, so indicate. See Example 3. 

31. 2x — 6 = —2x + 4 — 2) 

32. —3x = —2x + 1 — (54+ x) 

33. 2y + 1 = 5(0.2y + 1) — (4 — y) 

34. 4(2 — 3t) + 6f = —6t + 8 


Se eee eee 
2 a 3 
6 te = 3= Go aes 
2 5 


37. 0.3(x — 4) + 0.6 = —0.2(x + 4) + 0.5x 


38. 0.5(y + 2) +0.7 


0.3y = 0.2(y + 9) 


Solve each formula for the specified variable. See Examples 4 and 5. 


39. P= 21 + 2w forw 40. P = 21 + 2w for/ 


1 1 
41. V= Pe for B 42. A = —bh for b 


“2 


43. T— W=ma forW 44. G=U-—TS+ PV forS 


45, 2="—” for x 46. P=L + Tifors 
+7 
47. S= Me ) toed 


1 
48. h = 48t + zat fora 


49./!=a+(n-1)d ford 
50. P=2(w+h+/) forh 


Solve each inequality. Write the solution set in interval notation 
and then graph it. See Example 6. 


51. 5x -—3 >7 52. xe 95 


53. 9a + 11 S$ 29 54. 3b — 26=4 
55. 3(z — 2) S$ 2(z + 7) 


56. 5(3 + z) > —3(z + 3) 


57. 2x +4 + 6x >2-—3x +2 


58. 5x +6+2x=>2-x+4 


Solve each inequality. Write the solution set in interval notation 
and then graph it. See Example 7. 


59. —3x —1=5 60. —2x + 6= 16 


61. —St+3=5 62. —9t + 6= 16 


63. —7y + 5>—Sy—1 64.8 —9y= —y 


65.¢+ 1— 3t=t-— 20 66.a+4- 10a>a-— 16 


Solve each inequality. Write the solution set in interval notation 
and then graph it. See Example 8 and the Success Tip in the 
margin. 


67. 2(5x — 6) > 4x — 15 + 6x 
68. 3(4x — 2) > 14x — 7 — 2x 


3b T 2b=-9 
= 


69. < 

3 2 

Dh. SSK 
TRY IT YOURSELF 


Solve each equation. If an equation is an identity or a 
contradiction, so indicate. 


WN. 2r=3SS1—r 72. S58 = 13. = 5 = 1 


73. 0.2(a — 5) — 0.13a + 1) =0 
74. 0.8(3a — 5) — 0.4(2a + 3) = 12 
4 9 
75. —-s =2 76. ——s =3 
5 8 
1 5 3 3 7 19 
77. + 2 = 7y 78. 4 = 
had ) ioe 8 ra c — 3) eo = ae 


79. 8x + 3(2 — x) = 5x + 6 
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80. 22a + 1)-1=4a+1 

81. 12 + 3(x — 4) — 21 = S[5 — 4(4 — x)] 

82. 1 + 3[-2 + 6(4 — 2x] = —(@ + 3) 

3p pti7 

83. 4p = 1 

3 . 2 
4-t 3t t+1 
4. =2+4 

2 5 3 

85. 5x + 10 = 5x 

86. 4(¢ — 2) —t = —(9 — 30) 

87. 9.8 — lor = —-15.7 —r 

88. 15s + 8.1 —-2s=8.1-—s 

89. —4[p — (3 — p)] = 3(6p — 2) 

90. 2[5(4 — a) + (a - 1] =3-a 
Solve each inequality. Write the solution set in interval notation 
and then graph it. 

91. —3(a + 2) > 2(a + 1) 

92. —4(y — 1) <y +8 

93 KS 7 Ke 1 __* 

“2 5 4 
3a + 1 4— 3a 1 
94, < 
3 5 15 
95. 5(2n + 2) —n > 3n — 3(1 — 2n) 


96. 


97. 


98. 


99. 


100. 


101. 


1 
L + My — 1) + 2y = 5 (12y — 30) + 15 


0.4x + 0.4 = 0.1x + 0.85 
0.05 + 0.8x = 0.5x — 0.7 
1 1 
-y+2=>-y-4 
- a 
1 1 
—yolaxe +? 
4 3 

5 
T<za-3 

3 


7 
102. 5>5a—9 


APPLICATIONS 
103. SPRING TOURS A group of junior high students will be 


touring Washington, D.C. Their chaperons will have the 
$1,810 cost of the tour reduced by $15.50 for each student 
they supervise. How many students will a chaperon have to 
supervise so that his or her cost to take the tour will be 
$1,500? 
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104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


MACHINING _ Each pass through a lumber plane shaves off 
0.015 inch of thickness from a board. How many times must a 
board, originally 0.875 inch thick, be run through the planer if 
a board of thickness 0.74 inch is desired? 

MOVING EXPENSES | To help move his furniture, a man 
rents a truck for $41.50 per day plus 35¢ per mile. If he 

has budgeted $150 for transportation expenses, how many 
miles will he be able to drive the truck if the move takes 

1 day? 

COMPUTING SALARIES A student working for a delivery 
company earns $57.50 per day plus $4.75 for each package 
she delivers. How many deliveries must she make each day to 
earn $200 a day? 

FENCING PENS A man has 150 feet of fencing to build the 
two-part pen shown in the illustration. If one end is a square 
and the other a rectangle, find the outside dimensions of the 
pen. 


x ft (x+ 5) ft 


FENCING PASTURES A farmer has 624 feet of fencing to 

enclose a pasture. Because a river runs along one side, fencing 
will be needed on only three sides. Find the dimensions of the 
pasture if its length is double its width. 


FUND-RAISING A school PTA wants to rent a dunking 
tank for its annual school fund-raising carnival. The cost is 
$85.00 for the first 3 hours and then $19.50 for each addi- 
tional hour or part thereof. How long can the tank be rented if 
up to $185 is budgeted for this expense? 

AVERAGING GRADES A student has scores of 70, 77, 
and 85 on three government exams. What score does she 
need on a fourth exam to give her an average of 80 or 
better? 

WORK SCHEDULES A student works two part-time jobs. 
He earns $8 an hour for working at the college library and 
$15 an hour for construction work. To save time for study, he 
limits his work to 25 hours a week. If he enjoys the work at 
the library more, how many hours can he work at the library 
and still earn at least $300 a week? 
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112. SCHEDULING EQUIPMENT An excavating company 

charges $300 an hour for the use of a backhoe and $500 an 
hour for the use of a bulldozer. (Part of an hour counts as a 
full hour.) The company employs one operator for 40 hours 
per week to operate the machinery. If the company wants to 
bring in at least $18,500 each week from equipment rental, 
how many hours per week can it schedule the operator to use a 
backhoe? 


113. VIDEO GAME SYSTEMS A student who can afford to 
spend up to $1,000 sees the ad shown in the illustration. If she 
decides to buy the video game system, find the greatest 
number of video games that she can also purchase. (Disregard 
sales tax.) 


VIDEO GAME SYSTEM 
only $449” 


YOUR FAVORITE GAMES 
only $4522 each 


114. INVESTMENTS | Ifa woman has invested $10,000 at 8% 
annual interest, how much more must she invest at 9% so that 
her annual income will exceed $1,250? 


WRITING 


115. Explain why the equation x = x + 1 doesn’t have a real- 
number solution. 


116. Explain what is wrong with the following statement: 


When solving inequalities involving negative numbers, 
the direction of the inequality symbol must be reversed. 


REVIEW 


Simplify each expression. Write answers using only positive 


exponents. 

err ° =3 a -b’a’b * —4 
a Ce) aa eae 
CHALLENGE PROBLEMS 


119. Find the value of & that makes 4 a solution of the following 
linear equation in x. 


k + 3x 


6 = 3kx —k + 16 


120. Solve: 0.75( — 5) 


1 
3x + 1) + 3.2 
5 grt) 
121. Consider the following “solution” of the inequality ; > z 


where it appears that the solution set is the interval (3, ~). 


a. Show that x = —1 makes the original inequality true. 


b. If x = —1 makes the original inequality true, there must be 
an error in the “solution.” Where is it? 


122. MEDICAL PLANS A college provides its employees with a 
choice of the two medical plans shown in the following table. 
For what size hospital bills is Plan 2 better for the employee 
than Plan 1? (Hint: The cost to the employee includes both 
the deductible payment and the employee’s coinsurance 
payment.) 


Plan 2 
Employee pays $200 


Plan 1 
Employee pays $100 
Plan pays 70% of the rest | Plan pays 80% of the rest 
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@ Find the intersection and the union of two sets. 


Objectives @® Solve compound inequalities containing the word and. 


© Solve double linear inequalities. 


© Solve compound inequalities containing the word or. 


A label on a first-aid cream warns the user about the temperature at which the medication 
should be stored. A careful reading reveals that the storage instructions consist of two parts: 


The storage temperature should be at least 59°F 
and 


the storage temperature should be at most 77°F 


When the word and or the word or is used to connect pairs of inequalities, we call the 
statement a compound inequality. To solve compound inequalities, we need to know how to 
find the intersection and union of two sets. 


@ Find the Intersection and the Union of Two Sets. 


Just as operations such as addition and multiplication are performed on real numbers, opera- 
tions can also be performed on sets. The operation of intersection of two sets produces a new 
third set that consists of all of the elements that the two given sets have in common. 


The Intersection The intersection of set A and set B, written A M B, is the set of all elements that are 
of Two Sets common to set 4 and set B. 


The operation of union of two sets produces a third set that is a combination of all of the 
elements of the two given sets. 


The Union of Two The union of set A and set B, written A U B, is the set of elements that belong to set A or 
Sets set B or both. 


The Language of Algebra 
The union of two sets is the 
collection of elements that belong 
to either set. The concept is 
similar to that of a family reunion, 
which brings together the 
members of several families. 


The Language of Algebra 
The intersection of two sets is the 
collection of elements that they 
have in common. When two 
streets cross, we call the area of 
pavement that they have in 
common an intersection. 


2 | 


The Language of Algebra 
Compound means composed 

of two or more parts, as in 
compound inequalities, chemical 
compounds, and compound 
sentences. 
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Venn diagrams can be used to illustrate the intersection and union of sets. The area 
shown in purple in figure (a) represents 4 ™ B and the area shown in both shades of red in 
figure (b) represents A U B. 


ANB 
(a) (b) 


EXAMPLE 1 j Let A = {0, 1, 2, 3, 4, 5, 6} and B = {—4, —2, 0, 2, 4}. 
: a. FindAMB.  b. Find A UB. 


Strategy In part (a), we will find the elements that sets A and B have in common, and in 
part (b), we will find the elements that are in one set or the other. 


Why The symbol M means intersection, and the symbol U means union. 


Solution 
a. Since the numbers 0, 2, and 4 are common to both sets A and B, we have 


AM B= {0, 2, 4} 
b. Since the numbers in either or both sets are —4, —2, 0, 1, 2, 3, 4, 5, and 6, we have 


AUB = {-4, —2, 0, 1, 2, 3, 4, 5, 6} 


HT Self Check 1 F | let C = (8.9. 10) land D = 13.6, 9. 12.15): 
a. Find CQ D. b. Find C U D. 


Now Try Problems 17 and 21 


Solve Compound Inequalities Containing the Word And. 


When two inequalities are joined with the word and, we call the statement a compound 
inequality. Some examples are 


ve =3 and x=6 


x 
~+1>0 d 
5 an 


x+352x-1 and 


2H = 3-5 


3x —-2<5x-4 


The solution set of a compound inequality containing the word and includes all numbers 
that make both of the inequalities true. That is, it is the intersection of their solution sets. We 
can find the solution set of the compound inequality x = —3 and x = 6, for example, by 
graphing the solution sets of each inequality on the same number line and looking for the 
numbers common to both graphs. 

In the following figure, the graph of the solution set of x = —3 is shown in red, and the 
graph of the solution set of x < 6 is shown in blue. 
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Success Tip 
Check with your instructor to see 
his or her preferred way (or ways) 
to present solutions of compound 
inequalities. 


Notation 
When graphing on a number line, 
(—2, 4) represents an interval. 
When graphing on a rectangular 
coordinate system, (—2, 4) is an 
ordered pair that gives the 
coordinates of a point. 


The figure below shows the graph of the solution of the compound inequality x = —3 and 
x = 6. The purple shaded interval, where the red and blue graphs intersect, represents the 
numbers that are common to the graphs of x = —3 andx = 6. 


5 4 3 2 -l 0 1 2 3 4 5 6 7 8 


The solution set of x = —3 and x = 6 is the bounded interval [—3, 6], where the brack- 
ets indicate that the endpoints, —3 and 6, are included. It represents all real numbers between 
—3 and 6, including —3 and 6. Intervals such as this, which contain both endpoints, are called 
closed intervals. 

Since the solution set of x = —3 and x = 6 is the intersection of the solution sets of the 
two inequalities, we can write 

[35 (6) = [= 350) 


The solution set of the compound inequality x = —3 and x = 6 can be expressed in 
several ways: 


1. Asa graph: ~— foe} > 
a! 6 


2. In words: all real numbers between —3 and 6, including —3 and 6 
3. In interval notation: [—3, 6] 


4. Using set-builder notation: {x | x = —3 and x = 6} 


EXAM PLE 2 | Solve +1>0 and 2x — 3 <5. Graph the solution set and 
write it using interval notation and set-builder notation. 


Strategy We will solve each inequality separately. Then we will graph the two solution 
sets on the same number line and determine their intersection. 


Why The solution set of a compound inequality containing the word and is the intersec- 
tion of the solution sets of the two inequalities. 


Solution In each case, we can use properties of inequality to isolate the variable on one 
side of the inequality. 


+1>0 and 2x —3<5__ Thisis the compound inequality to solve. 
x 
—>-]1 2x <8 
2 
x =2 x<4 


Next, we graph the solutions of each inequality on the same number line and determine their 
intersection. 


432-1012 3 4 «5 6 


We see that the intersection of the graphs is the set of all real numbers between —2 and 
4. The solution set of the compound inequality is the interval (—2, 4), whose graph is shown 
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below. This bounded interval, which does not include either endpoint, is called an open 
interval. Written using set-builder notation, the solution set is {x |x > —2 andx < 4}. 


4 3 2-1 0 1 2 3 4 5 +6 


a Self Check 2 | Solve 3x > —18 and  — 1 = 1. Graph the solution set and 


write it using interval notation. 
Now Try Problem 27 


The solution of the compound inequality in the Self Check of Example 2 is the interval 
(—6, 10]. A bounded interval such as this, which includes only one endpoint, is called a half- 
open interval. The following chart shows the various types of bounded intervals, along with 
the inequalities and interval notation that describe them. 


Intervals Open intervals The interval (a, b) includes all real <> 
numbers x such that a < x < b. a b 
Half-open intervals The interval [a, b) includes all real —— 
numbers x such thata = x < Db. a b 
The interval (a, b] includes all real — ea 
numbers x such thata <x Sb. a b 
Closed intervals The interval [a, b] includes all real ————— ae 
numbers x such thata = x Sb. a b 


EXAMPLE 3 j Solve x + 3 S 2x — 1 and 3x — 2 < 5x — 4. Graph the solution 
set and write it using interval notation and set-builder notation. 


Strategy We will solve each inequality separately. Then we will graph the two solution 
sets on the same number line and determine their intersection. 


Why The solution set of a compound inequality containing the word and is the intersec- 
tion of the solution sets of the two inequalities. 


Solution In each case, we can use properties of inequality to isolate the variable on one 
side. 


x+3=2x-1 and 3x-—2<5x —4  Thisis the compound inequality to solve. 


4=x 2<2x 
x24 ee 
x>1 


The graph of x = 4 is shown below in red and the graph of x > 1 is shown below in 
blue. 


Only those values of x where x = 4 and x > 1 are in the solution set of the compound 
inequality. Since all numbers greater than or equal to 4 are also greater than 1, the solutions 
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Notation 
The graphs of two linear inequali- 
ties can intersect at a single point, 
as shown below. The interval 
notation used to describe this 
point of intersection is [3, 3]. 


are the numbers x where x = 4. The solution set is the interval [4, ©), whose graph is shown 
below. Written using set-builder notation, the solution set is {x |x = 4}. 


a Self Check 3 j Solve 2x + 3 < 4x + 2 and 3x + 1 < 5x + 3. Graph the 
solution set and write it using interval notation. 


Now Try Problem 29 


EXAMPLE 4 | Solve x — 1 > —3 and 2x < —8, if possible. 


Strategy We will solve each inequality separately. Then we will graph the two solution 
sets on the same number line and determine their intersection, if any. 


Why The solution set of a compound inequality containing the word and is the intersec- 
tion of the solution sets of the two inequalities. 


Solution In each case, we can use properties of inequality to isolate the variable on one 
side. 
x-1>-3 and 2x < —8 This is the compound inequality to solve. 
x > =2 | x<-4 
The graphs of the solution sets shown below do not intersect. Since there are no numbers 


that make both parts of the original compound inequality true, x — 1 > —3 and 2x < —8 
has no solution. 


The solution set of the compound inequality is the empty set, which can be written as ©. 


a Self Check 4 i Solve 2x — 3 < x — 2 and 0 < x — 355, if possible. 


Now Try Problem 31 


Solve Double Linear Inequalities. 


Inequalities that contain exactly two inequality symbols are called double inequalities. An 
example is 


—3=2x+5<7 Read as “—3 is less than or equal to 2x + 5 and 2x + 5is less than 7.” 


Any double linear inequality can be written as a compound inequality containing the 
word and. In general, the following is true. 


Double Linear 
Inequalities 


Notation 
Note that the two inequality 
symbols in -3 S$ 2x +5 <7 
point in the same direction and 
point to the smaller number. 
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The compound inequality c < x < d is equivalent to c <x and x <d. 


EXAMPLE 5 j Solve —3 = 2x + 5 < 7. Graph the solution set and write it using 
interval notation and set-builder notation. 


Strategy We will solve the double inequality by applying properties of inequality to all 
three of its parts to isolate x in the middle. 


Why This double inequality —3 =2x+5<7 means that —3 =2x+5 and 
2x + 5 <7. We can solve it more easily by leaving it in its original form. 


Solution 
—-352x+5<7 This is the double inequality to solve. 
—3 —-5 52x +5-—5<7-—5  Toundo the addition of 5, subtract 5 from all three parts. 
=3 S 2¢< 2 Perform the subtractions. 
78 = 2x < 2 To isolate x, undo the multiplication by 2 by dividing all 
2 23 2 three parts by 2. 
-4=x<1 Perform the divisions. 


The solution set of the double linear inequality is the half-open interval [—4, 1), 
whose graph is shown below. Written using set-builder notation, the solution set is 
{x | -4=x< 1}. 


5 -4 3 2 -1 0 1 2 3 4 55 


a Self Check 5 | Solve —5 = 3x — 8 <7. Graph the solution set and write it 
using interval notation. 


Now Try Problem 35 


Caution When multiplying or dividing all three parts of a double inequality by a negative 
number, don’t forget to reverse the direction of both inequalities. As an example, we solve 
—15 < —5x = 25. 


=(5. =< =57.25 
715 > —5x es 25° Divide all three parts by —5 to isolate x in the middle. 
—5 —5  —5_ Reverse both inequality signs. 
32 x= =5 Perform the divisions. 
=S5=%<3 Write an equivalent double inequality with the smaller 


number, —5, on the left. 


4.) Solve Compound Inequalities Containing the Word Or. 


A warning on the water temperature gauge of a commercial dishwasher cautions the operator 
to shut down the unit if 
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Caution 


It is incorrect to write the state- 


ment x = —3 orx = 2. as the 


double inequality 2 =x = —3, 


because that would imply that 
2 = —3, which is false. 


The water temperature goes below 140° 


or 


The water temperature goes above 160° 


When two inequalities are joined with the word or, we also call the statement a compound 
inequality. Some examples are 


x < 140 or x > 160 


x= =3 or x=2 
2 
5 or —(x — 2) >3 


The solution set of a compound inequality containing the word or includes all numbers 
that make one or the other or both inequalities true. That is, it is the union of their solution 
sets. We can find the solution set of x = —3 or x = 2, for example, by drawing the graphs 
of each inequality on the same number line. 

In the following figure, the graph of the solution set of x =< —3 is shown in red, and the 
graph of the solution set of x = 2 is shown in blue. 


x<s-3 bata) 


6 5 4 3 2 -l O 1 2 3 4 5 


The figure below shows the graph of the solution set of x = —3 or x = 2. This graph is a 
union of the graph of x = —3 with the graph of x = 2. 


oe 


6 5 +4 3 2 -1 0 1 2 3 4 55 


For the compound inequality x = —3 or x = 2, we can write the solution set as the 
union of two intervals: 


(—%, —3] U [2, ~) 


We can express the solution set of the compound inequality x = —3 or x = 2 in several 
ways: 


1. Asa graph: ——_j_1_[L, 
=3 0 2 
2. In words: all real numbers less than or equal to —3 or greater than or equal to 2 


3. As the union of two intervals: (—%, —3] U [2, ~) 


4. Using set-builder notation: {x|x = —3 or x = 2} 


The Language of Algebra 
The meaning of the word or ina 
compound inequality differs from 
our everyday use of the word. For 
example, when we say, “I will go 
shopping today or tomorrow,” we 
mean that we will go one day or 
the other, but not both. With 
compound inequalities, or 
includes one possibility, or the 
other, or both. 
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2 
EXAM PLE 6 | Solve : > 3 or —(x — 2) > 3. Graph the solution set and write 


it using interval notation and set-builder notation. 


Strategy We will solve each inequality separately. Then we will graph the two solution 
sets on the same number line to show their union. 


Why The solution set of a compound inequality containing the word or is the union of 
the solution sets of the two inequalities. 


Solution To solve each inequality, we proceed as follows: 


ee 2 
5 > 3 or —(-—2)>3 This is the compound inequality to solve. 
x>2 =x+ 2 >3 
=e | 
= 1 


Next, we graph the solutions of each inequality on the same number line and determine their 
union. 


x<-l gS2 


5 -4 3 2-1 01 2 3 4 ~=55 


The union of the two solution sets consists of all real numbers less than —1 or greater than 
2. The solution set of the compound inequality is the union of two intervals: 
(—», —1) U (2, ~). Its graph appears below. Written using set-builder notation, the solu- 
tion set is {x|x > 2 or x < —l}. 


a Self Check 6 j Solve 5 > 2 or —3(x — 2) > 0. Graph the solution set and 


write it using interval notation. 
Now Try Problem 41 


EXAMPLE7 ~~ Solve x +3 = —3 or —x>0. Graph the solution set and write 
it using interval notation and set-builder notation. 


Strategy We will solve each inequality separately. Then we will graph the two solution 
sets on the same number line to show their union. 


Why The solution set of a compound inequality containing the word or is the union of 
the solution sets of the two inequalities. 


Solution To solve each inequality, we proceed as follows: 


x+32-3 or —-x>0_ Thisis the compound inequality to solve. 
x=-6 | x <0 


We graph the solution set of each inequality on the same number line and determine 
their union. 
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Since the entire number line is shaded, all real numbers satisfy the original compound 
inequality and the solution set is denoted as (-~~”, ©) or R. Its graph is shown below. 


Written using set-builder notation, the solution set is {x | x is a real number}. 


T Self Check 7 i Solve x — 1 <5 or —2x < 10. Graph the solution set and 
write it using interval notation 


Now Try Problem 43 


eee | 1. a. {9} b. {3,6,8,9, 10, 11, 12, 15} 
2. (—6, 10] ‘ r 3. (3,0) — 1 (iy 4, No solution; @ 
6 0 10 


OR 2a 
5. [155] f } 6. (—%, 2) U (4,  ————— —— 
01 5 0 2 4 


7. (— ©, 00) lala 
-l 0 il 


VOCABULARY 6. The double inequality 4 < 3x + 5 < 15 is equivalent to 
4<3x+5 3x +5 = 15. 
Fill in the blanks. ita oe, m 
‘ 7. a. When solving a compound inequality containing the word 
1. The___—————C#of two ets is the set of elements that are and, the solution set is the of the solution sets 
common to both sets and the ____ of two sets is the set of of the inequalities. 
elements that are 3 one set, or the otc an note b. When solving a compound inequality containing the word 
2.x =3 and x<4 isa___ inequality. or, the solution set is the of the solution sets of the 
3. -6<x+1=1 isa linear inequality. inequalities. 
4. (2, 8) is an example of an open___, [—4, 0] is an example 8. When multiplying or dividing all three parts of a double 
ofa interval, and (0, 9] is an example ofa half-__—_ inequality by a negative number, the direction of both 
interval. inequality symbols must be 
CONCEPTS 9. In each case, determine whether —3 is a solution of the 
compound inequality. 
Fill in the blanks. - 
i ¢ : we hi = x= 3 = 
5. a. The solution set of a compound inequality containing the “ 3 SieS ane ee m 
word and includes all numbers that make ____ inequalities b. 2x <0 or —3x < —5 
Hues 10. In each case, determine whether —3 is a solution of the double 


b. The solution set of a compound inequality containing the 
word or includes all numbers that make , or the other, or 
inequalities true. 


linear inequality. 
a. -1<—3x+4< 12 
b. -1<—-3x+4< 14 


11. Use interval notation, if possible, to describe the intersection of 
each pair of graphs. 


3 2-1 0 1 2 «3 
3 2-1 0 1 2 «3 


3 2 -1 #O 1 2 3 
12. Use interval notation to describe the union of each pair of 
graphs. 


a. oe bb tt tt 
3 2-1 0 1 2 3 
3 2 -1 0 1 2 3 


3 2-1 0 1 2 3 


NOTATION 


13. Fill in the blanks: We read U as and M as 


14. Match each interval with its corresponding graph. 


a. [2,3) ee oe 
2 3 
2 3 

c. [2,3] iii. 
2 3 


15. What set is represented by the interval notation (—~, ©)? 
Graph it. 

16. a. Graph: (—™, 2) U [3, ~) 
b. Graph: (—%, 3) MN [—2, %) 


GUIDED PRACTICE 


Let A = {0, 1, 2,3, 4,5, 6}, B = {4, 6, 8, 103, 
C = {-3, -1, 0, 1, 2}, and D = {-3, 1, 2,5, 8} 
Find each set. See Example 1. 

17,ANB 18. AND 
19. COND 20. BNC 
21. BUC 22. AUC 
23. AUD 24. CUD 


Solve each compound inequality, if possible. Graph the solution 
set (if one exists) and write it using interval notation. See 
Examples 2-4. 


25. x >-—2 and x =5 
26. x=—4 and x=~-7 
27. 2x -1>3 and x+8<=11 


28. 5x —3 =2 and 6=4x —-3 


29. 6x + 1 < 5x 


3 and ~+9=6 
ane = 
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2 
30. —x + 1>—-—9 and a 1>-10 
3 4 


31x +2< 


1 
5° and —6x < 9x 


i 
32. ort acs and 2x+1>9 


Solve each double inequality. Graph the solution set and write it 
using interval notation. See Example 5. 


33.45$x4+3857 34, 


5325-23 S —13 


35. 0.9 < 2x — 0.7 < 1.5 36. 7<3x —2< 25 


Solve each compound inequality. Graph the solution set and write 
it using interval notation. See Examples 6 and 7. 


37. x= -2 or x>6 
38. x=-l or x= -3 
39.x-3<-—4 or -x+2<0 


40. 4x <—12 or 524 


41. 3x +2<8 or 2x-3>11 
42. 3x +4<-2 or 3x +4>10 


x 
43. 2x >x+3 t1l< 
x >x Os 8 


44, (x +2)<x—I11 or =n 


TRY IT YOURSELF 


Solve each compound inequality, if possible. Graph the solution 
set (if one exists) and write it using interval notation. 


45. —4(x + 2)=12 or 3x+8<11 
46. 4.5x-1<-10 or 6—2x 212 
47. 2.2x < —-19.8 and —4x < 40 


1 
48. 3% =2 and 0.75x = —-6 


49. -2<-b+3<5 
50.2<-t-2<9 


1 
51. 4.5x —2 >2.5 or — 1 


52.0 <x or 3x -S>4x—-7 

53. 5(x —2) 20 and —3x<9 
54. x—152(x+2) and xS2x—5 
55. —x << —2x and 3x > 2x 


56. 5 >-2.5 and 9x > 2(4x + 5) 


57. —6 < —3(x — 4) < 24 
58. —4 < -2(x + 8) <8 
59. 2x +125 and —3(x+ 1)=-9 
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60. 2(—2) < 3x — 1 and 3x -1<-1-3 


4.5x — 12 
61. = or —15.3 > —3(x — 1.4) 
62. y + 0.52 < 1.05y or 9.8 — 15y > —15.7 
Ges da ee 
0.7 —0.125 
64. 5(x + 1) = 4(x + 3) and x + 12 < —3 
65. 24 < Sn 6=-15 
2 
66. a ae 
x x Ko 2 23 
67. >— or f—< 
3 4 2 3 #4 
a 7 3. a 5 
.~t+-> = 
a ade a 
4-x 
69.0< <2 
70, -2<2—™* <2 
2 
71 ey eee ‘ad yee es 
xs : y > 
2 
72; a(. ot >) = —7 and 2(x + 2) = —-2 
76. 
APPLICATIONS 


73. BABY FURNITURE Refer to the illustration. A company 
manufactures various sizes of play yard cribs having perimeters 
between 128 and 192 inches, inclusive. 


a. Complete the double 
inequality that describes 
the range of the perimeters 


of the play yard shown. 


XX] 
1 annaaaay 


Ay, Nit 
aetinnnne 
BOXXX MAXX AXYAAXYY 
PANNA 
RK 


=4s= 


. Solve the double inequal- 
ity to find the range of the 5 
side lengths of the play 
yard. 


TRUCKING The distance that a truck can travel in 8 hours, 
at a constant rate of r mph, is given by 8r. A trucker wants to 

travel at least 350 miles, and company regulations don’t allow 
him to exceed 450 miles in one 8-hour shift. 


74. 


a. Complete the double inequality that describes the mileage 
range of the truck. 


=e&rs 


b. Solve the double inequality to find the range of the average 
rate (speed) of the truck for the 8-hour trip. 


75. 


Suppose that you are an HVAC technician and that you are 
repairing a thermostat in a commercial building. During business 
hours as shown in figure (a), the Zemp range control is set at 5. 
This means that the heater comes on when the room temperature 
gets 5 degrees below the Zemp setting and the air conditioner 
comes on when the room temperature gets 5 degrees above the 
Temp setting. 

a. Use interval notation to describe the temperature range 
when neither the heater nor the air conditioner will come on 
during business hours. 

b. After business hours, the Temp range setting is changed to 
save energy. See figure (b). Use interval notation to describe 
the after business hours temperature range when neither the 
heater nor the air conditioner will be come on. 


Thermostat Thermostat 


Temp setting 


60 64 68 A 76 80 


Temp setting 


60 64 68 D 76 80 


Temp range 


v 
10--+-5+++-0 


Temp range 


10--+-5-++-0 


During business 
hours 


(a) 


TREATING FEVERS | Use the flow chart to determine what 
action should be taken for a 13-month-old child who has had a 
99.8° temperature for 3 days and is not suffering any other 
symptoms. 7 represents the child’s temperature, A the child’s 


After business 


hours 


(b) 


age in months, and S the number of hours the child has 


experienced the symptoms. 


urinary frequency, or other 
symptoms? 


yes 
Is T2101° andA <3? |-—%| See doctor now. 
u no 
Is there stiffness of the es 
neck, confusion, marked 
irritability, rapid breathing, nee Hoeton nay: 
lethargy, or a seizure? 
} no 
yes 
Is3 $A <12 and $>24? }— | Call doctor today. 
} no 
Has fever shown no yes 
improvement in last 72 |—— >| See doctor today. 
hours or is S > 120? 
y no 
Is there sore throat, ear 
pain, cough, abdominal yes See the applicable 
pains, skin rash, diarrhea, -——| article about the 


specific problem. 


} 


Apply home treatment. 


Based on information from Take Care of Yourself (Addison-Wesley, 1993) 


77. U.S. HEALTH CARE Refer to the following graph. Let P 
represent the percent of children covered by private insurance, 
M the percent covered by Medicare/Medicaid, and N the 
percent not covered. For what years are the following true? 


a. P= 65 and M= 20 
b. P > 63 or M = 25 
c M=25andN<= 10 
d. M=260rN< 11 


U.S. Health Care Coverage for Persons 
Under 18 Years of Age (in percent) 


Private insurance [7] Medicaid [7] 


2001 66.7 
2002 63.5 


2003 63: 


2004 


Source: U.S. Department of Health and Human Services 


78. POLLS For each response to the poll question shown below, 
the margin of error is +/— (read as “plus or minus”) 3.4%. 
This means that for the statistical methods used to do the 
polling, the actual response could be as much as 3.4 points 
more or 3.4 points less than shown. Use interval notation to 
describe the possible interval (in percent) for each response. 


882 high school students were asked, “which one 
of these environmental problems do you think is the 
most serious?” 


33.4% 


Source: Zogby International 


79. STREET INTERSECTIONS Refer to the illustration in the 
next column. 


a. Shade the area that represents the intersection 
of the two streets shown in the illustration. 


b. Shade the area that represents the union of the 
two streets. 
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80. TRAFFIC SIGNS | The pair of signs shown below are a real- 
life example of which concept discussed in this section? 


No No 
Stopping Stopping 
Any Any 
Time Time 


<=> == 


WRITING 


81. Explain how to find the union and how to find the intersection 
of (—~, 5) and (—2, ©) graphically. 
82. Explain why the double inequality 


2<x<8 
can be written in the equivalent form 
2<x andx<8 


83. Explain the meaning of the notation (2, 3) for each type of 
graph. 


Fa ee | | — 


3 2-101 2 #3 


84. The meaning of the word or in a compound inequality differs 
from our everyday use of the word. Explain the difference. 
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85. Describe each set in words. 
a. (—3, 3) 
b. [7, 12] 
c. (—%, 5] U (6, %) 
86. What is incorrect about the double inequality 
3<—3x+4< —3? 


REVIEW 


87. INVESTMENTS Equal amounts are invested at 6%, 7%, and 
8% annual interest. The three investments yield a total of 
$2,037 annual interest. Find the total amount of money 
invested. 


88. MEDICATIONS A doctor prescribes an ointment that is 2% 
hydrocortisone. A pharmacist has 1% and 5% concentrations in 
stock. How many ounces of each should the pharmacist use to 
make a 1-ounce tube? 

CHALLENGE PROBLEMS 

Solve each compound inequality. Graph the solution set and write 

it in interval notation. 


PD 
89. = 8 or 2x + 10 = 30 


-4 -5 
9. -2=-— =0 and “2-3 


@ Solve equations of the form |X| = k. 

@® Solve equations with two absolute values. 
© Solve inequalities of the form |X| <k. 
© Solve inequalities of the form |X| > k. 


Objectives 


Many quantities studied in mathematics, science, and engineering are expressed as positive 
numbers. To guarantee that a quantity is positive, we often use absolute value. In this section, 
we will consider equations and inequalities involving the absolute value of an algebraic 


expression. Some examples are 


|3x-—2|=5,  |2x—3|<9, and | 


3 =x 
5 


26 


To solve these absolute value equations and inequalities, we write and then solve equivalent 
compound equations and inequalities. 


@ Solve Equations of the Form |X| = k. 


Recall that the absolute value of a real number is its distance from 0 on a number line. To 
solve the absolute value equation |x| = 5, we must find all real numbers x whose distance 
from 0 on the number line is 5. There are two such numbers: 5 and —S. It follows that the solu- 
tions of |x| = 5 are 5 and —5 and the solution set is {5, —5}. 


5 units from 0 


5 units from 0 


l ! ! l l ! ! l Ps l l l |_ , 


! 
9 -8 -7 -6 


| 
4-32-1012 3 4 5 6 7 8 #9 


The results from this example suggest the following approach for solving absolute value 


equations. 


Solving Absolute 
Value Equations 


The Language of Algebra 
When we say that the absolute 
value equation and a compound 
equation are equivalent, we mean 
that they have the same 
solution(s). 
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For any positive number & and any algebraic expression X: 
To solve |X| = &, solve the equivalent compound equation 


X=Kk or X= —-k 


The statement ¥ = k or X = —k is called a compound equation because it consists of 
two equations joined with the word or. 


EXAMPLET Solve: a. |x| =8 — b. |s| = 0.003 


Strategy To solve each of these absolute value equations, we will write and solve an 
equivalent compound equation. 


Why We can use this approach because an equation of the form |x| = &, where & is 
positive, is equivalent to x = k or x = —k. 


Solution 
a. The absolute value equation |x| = 8 is equivalent to the compound equation 


x=8 or x=-8 
Therefore, the solutions of |x| = 8 are 8 and —8 and the solution set is {8, —8}. 
b. The absolute value equation |s| = 0.003 is equivalent to the compound equation 
s = 0.003 or s = —0.003 


Therefore, the solutions of |s| = 0.003 are 0.003 and —0.003 and the solution set is 
{0.003, —0.003}. 


a Self Check 1 | Solve: a. |y| = 24 b. |x| =3 


Now Try Problems 17 and 19 


The equation-solving procedure discussed in Example | can often be used when the 
expression within absolute value bars is more complicated than a single variable. 


EXAMPLE2 ~— Solve: a. |3x—-2|=5  b. [10 —x| = —40 
Strategy To solve the first equation, we will write and then solve an equivalent com- 
pound equation. We will solve the second equation by inspection. 


Why Both equations are of the form |X| = k. However, the standard method for solving 
absolute value equations cannot be applied to |10 — x| = —40 because k is negative. 


Solution 
a. The absolute value equation |3x — 2| = 5 is equivalent to the compound equation 


3x —-2=5 or 3x —-2=—-5 
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Caution 
When you see the word solve, you 
probably think of steps such as 
combining like terms, distributing, 
or doing something to both sides. 
However, to solve absolute value 
equations of the form |X| = k, 
those familiar steps are not used 
until an equivalent compound 
equation is written. 


Caution 
A common error when solving 
absolute value equations is to 
forget to isolate the absolute value 
expression first. Note: 


2 
2x43] +4=10 


does not mean 


Now we solve each equation for x: 


3x —-2=5 or 3x-2=—-—5 


3x = 7 3x = —3 
7 

x=> x=-l 
3 


The results must be checked separately to see whether each of them produces a true state- 
ment. We substitute i for x and then —1 for x in the original equation. 


7 
Check: Forx = 3 Forx=-1 
|3x — 2] =5 |3x — 2] =5 
7 5 3(-1) — 2| 2 
Oe et 
3 |-3 — 2| =5 
|7—2| 45 |-5| 25 
es ese 5=5 True 
5=5 _ True 


The resulting true statements indicate that the equation has two solutions: i and —1. 


b. Since an absolute value can never be negative, there are no real numbers x that make 
|10 — x| = —40 true. The equation has no solution and the solution set is ©. 


a Self Check 2 ,| Solve: a. |2x-3|=7 ob. |X-1| =-3 
Now Try Problems 23 and 29 


Caution When solving absolute value equations (or inequalities), isolate the absolute 
value expression on one side before writing the equivalent compound statement. 


EXAMPLE 3 | Solve: |2+ +3] +4= 10 


2 
Strategy We will first isolate Es 7 3) on the left side of the equation and then write 
and solve an equivalent compound equation. 


Why After isolating the absolute value expression on the left, the resulting equation will 
have the desired form |X| = k. 


Solution 


2 
3° + | +4= 10 © This is the equation to solve. 


& ee To isolate the absolute value expression, subtract 4 
from both sides. The equation is in the form |X| = k. 


2 
With the absolute value now isolated, we can solve |3* + 3) = 6 by writing and 


solving an equivalent compound equation: 


Z +3=6 + 3 6 
= = r = =— 
Fl 0 a” 


Success Tip 
To solve most absolute value 
equations, we must consider two 
cases. However, if an absolute 
value is equal to 0, we need only 
consider one: the case when the 
expression within the absolute 
value bars is equal to 0. 
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Now we solve each equation for x: 


2 2 
a = 8 or a ro 8 
2 2. 
37 x= -9 
2x = 2x = —27 
9 27 
ay SS 


Verify that both solutions, 3 and —2 check by substituting them into the original 
equation. 


a Self Check 3 dj Solve: |0.4x — 2| — 0.6 = 0.4 
Now Try Problem 35 


EXAMPLE 4 solve: 3[—5| Lets 


1 
2% 5| on the left side of the equation and then write 


Strategy We will first isolate 


and solve an equivalent compound equation. 


Why After isolating the absolute value expression, the resulting equation will have the 
desired form |X| = k. 


Solution 
1 
3 a = 5 — 4 = —4 | This is the equation to solve. 
1 
3 3% 5) =0 Add 4 to both sides. 
um = §| =H To isolate the absolute value expression, divide both sides by 3. The 
2 equation is in the form |X| = k. 


Since 0 is the only number whose absolute value is 0, the expression 5x — 5 must be 0, 


and we have 
a 5=0 
5% 


1 
Pal =5 Add 5 to both sides. 


x= 10 To solve for x, multiply both sides by 2. 


The solution is 10. Verify that it satisfies the original equation. 


ta Self Check 4 j Solve: —5 [3x = 4| +1=1 
Now Try Problem 41 
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2 | 


[3] = [3] 
t t 


The same number. 


Solving Equations 
with Two Absolute 
Values 


In Section 2.6 we discussed absolute value functions and their graphs. If we are given an 
output of an absolute value function, we can work in reverse to find the corresponding input(s). 


EXAM PLE 5 | Let f(x) = |x + 4|. For what value(s) of x is f(x) = 20? 


Strategy We will substitute 20 for f(x) and solve for x. 


Why In the equation, there are two unknowns, x and f(x). If we replace f(x) with 20, we 
can solve the resulting absolute value equation for x. 


Solution 
f@) = |x + 4| 
20 = |x + 4] Substitute 20 for f(x). 
To solve 20 = |x + 4], we write and then solve an equivalent compound equation: 
20=x+4 or —20=x+4 
Now we solve each equation for x: 
20=x+4 or —-20=x+4 
16 =x | -24 =x 


To check, substitute 16 and then —24 for x in f(x) = |x + 4], and verify that f(x) = 20 in 
each case. 


ta Self Check 5 dj For what value(s) of x is f(x) = 11? 
Now Try Problem 77 


Solve Equations with Two Absolute Values. 


Equations can contain two absolute value expressions. To develop a strategy to solve them, 
consider the following examples. 


or = |—3| = |-3] or |3| = |-3| or l=3| = 3 
t t t t t i 
The same number. These numbers are opposites. These numbers are opposites. 


These four possible cases are really just two cases: For two expressions to have the same 
absolute value, they must either be equal or be opposites of each other. This observation sug- 
gests the following approach for solving equations having two absolute value expressions. 


For any algebraic expressions X and Y: 


To solve |X| = | Y|, solve the compound equation X = Y or X = —Y. 


EXAMPLE6 Solve: |5x + 3| = |3x + 25| 


al 


Strategy To solve this equation, we will write and then solve an equivalent compound 
equation. 


Solving |X| < k 
and|X|Sk 
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Why  Wecan use this approach because the equation is of the form |X| = | Y|. 


Solution The equation |5x + 3| = |3x + 25|, with the two absolute value expressions, 
is equivalent to the following compound equation: 

The expressions within the The expressions within the 
absolute value symbols are equal absolute value symbols are opposites 
5x + 3 = 3x + 25 or 5x4 3 = =—(Gx + 25) 
2x = 22 Sx+ 3 = —3x%-— 25 

x=11 8x = —28 
28 
= = 
8 
7 
x 
2 


Verify that both solutions, 11 and — i check by substituting them into the original equation. 


a Self Check 6 i Solve: |2x — 3| = |4x + 9| 
Now Try Problem 49 


Solve Inequalities of the Form |X| < k. 

To solve the absolute value inequality |x| < 5, we must find all real numbers x whose dis- 
tance from 0 on the number line is less than 5. From the graph, we see that there are many 
such numbers. For example, —4.999, —3, —2.4, iz, 3, 0, 1, 2.8, 3.001, and 4.999 all 


meet this requirement. We conclude that the solution set is all numbers between —5 and 5, 
which can be written (—5, 5). 


Less than 5 units from 0 


9 8 7 65 4-32-1012 3 4 35 67 8 9 


Since x is between —5 and 5, it follows that |x| <5 is equivalent to —5 < x < 5. This obser- 
vation suggests the following approach for solving absolute value inequalities of the form 
|X| <k and |X| <k. 


For any positive number & and any algebraic expression X: 


To solve |X| < k, solve the equivalent double inequality —k <_X < k. 


To solve |X| = k, solve the equivalent double inequality -k = X Sk. 


EXAM PLE 7 | Solve |2x — 3| < 9 and graph the solution set. 
Strategy To solve this absolute value inequality, we will write and solve an equivalent 
double inequality. 


Why We can use this approach because the inequality is of the form |X| < k, and k is 
positive. 
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Solution The absolute value inequality |2x — 3| <9 is equivalent to the double 
inequality 


—9<2x-3<9 


which we can solve for x: 


-—9<2x-3<9 
—-6<2x< 12 To isolate the variable term 2x, add 3 to all three parts. 
=3<x<6 To isolate x, divide all parts by 2. 


Any number between —3 and 6 is in the solution set. This is = ~—¢—____> 
the interval (—3, 6); its graph is shown on the right. 3 «0 6 


a Self Check 7 dj Solve |3x + 2| < 4 and graph the solution set. 
Now Try Problems 57 and 61 


Because it is related to distance, absolute value can be used to describe the amount of 
error involved when measurements are taken. 


EXAMPLE 8 | Tolerances. When 


~ manufactured parts 
are inspected by a quality control engi- on 
neer, they are classified as acceptable if 


each dimension falls within a given foler- | | 
ance range of the dimensions listed on the 
blueprint. For the bracket shown in the oo <b 


figure, the distance between the two 
drilled holes is given as 2.900 inches. 
Because the tolerance is + 0.015 inch, this 
distance can be as much as 0.015 inch 
longer or 0.015 inch shorter, and the part [Unless otherwise | Bracket Assembly 
will be considered acceptable. The accept- specified, dimen- | Drawing CC14-568 
able distance d between holes can be rep- jonsaretirmehes. | Date: 8/15 
resented by the absolute value inequality [Sheet 1 | Size A 
|d — 2.900| = 0.015. Solve the inequal- 
ity and explain the result. 


Tolerances +0.015 


Strategy To solve |d — 2.900| < 0.015, we will write and solve an equivalent double 
inequality. 


Why We can use this approach because the inequality is of the form |X| < k, and k is 
positive. 
Solution The absolute value inequality |d — 2.900| = 0.015 is equivalent to the double 
inequality 
—0.015 = d — 2.900 = 0.015 


which we can solve for d: 


—0.015 = d — 2.900 = 0.015 
2.885 =d 52.915 To isolate d, add 2.900 to all three parts. 


Solving |X| > k 
and|X|= k 
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The solution set is the interval [2.885, 2.915]. This means that the distance between the 
two holes should be between 2.885 and 2.915 inches, inclusive. If the distance is less than 
2.885 inches or more than 2.915 inches, the part should be rejected. 


La Now Try Problem 103 


EXAMPLE 9 Solve: |4x — 5| < —2 


Strategy We will solve this inequality by inspection. 


Why The inequality |4x — 5| < —2 is of the form |X| < k. However, the standard 
method for solving absolute value inequalities cannot be used because k is negative. 


Solution Since |4x — 5| is always greater than or equal to 0 for any real number x, this 
absolute value inequality has no solution. The solution set is @. 


a Self Check 9 | Solve: |6x + 24| < —51 
Now Try Problem 65 


Solve Inequalities of the Form |X| > k. 

To solve the absolute value inequality |x| > 5, we must find all real numbers x whose distance 
from 0 on the number line is greater than 5. From the following graph, we see that there are many 
such numbers. For example, —5.001, —6, —7.5, and —83, as well as 5.001, 6.2, 7, 8, and 95 


all meet this requirement. We conclude that the solution set is all numbers less than —5 or greater 
than 5, which can be written as the union of two intervals: (—%, —5) U (5, ~). 


More than 5 units from 0 More than 5 units from 0 


ee | L — ee en ar 


-9 -8 -7 -6 -5 4 -3 2-10 12 3 4 5 67 8 9 


Since x is less than —5 or greater than 5, it follows that |x| > 5 is equivalent to x < —5 or 
x > 5. This observation suggests the following approach for solving absolute value inequali- 
ties of the form |X| > k and |X| = k. 


For any positive number & and any algebraic expression X: 


To solve |X| > &, solve the equivalent compound inequality X < —k or X> k. 
To solve |X| = k, solve the equivalent compound inequality X = —k or X= k. 


EXAMPLE 10 i Solve 


= | = 6 and graph the solution set. 
Strategy To solve this absolute value inequality, we will write and solve an equivalent 
compound inequality 


Why We can use this approach because the equation is of the form |X| = k, and k is 
positive. 
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Solution The absolute value inequality 2 | = 6 is equivalent to the compound 
inequality 

3 =x 3 =x 
= 


=-6 or 
5 5 


Now we solve each inequality for x: 


3-—x = -30 3 -—x = 30 To clear the fraction, multiply both sides by 5. 
—x = —33 —x 227 Subtract 3 from both sides. 
x = 33 x= -—27  Toisolate x, divide both sides by —1 and reverse the 


direction of the inequality symbol. 


The solution set is the union of two intervals: ——<—}_ > 
(—%, —27] U [33, ~). Its graph appears on the right. 27 0 33 


a Self Check 10 j Solve |? A *) = 1 and graph the solution set. 
Now Try Problems 69 and 71 


EXAMPLE T1 | soive 


2 
3e = | — 3 > 6and graph the solution set. 


Strategy We will first isolate 
solve an equivalent compound inequality. 


2 
a0 2| on the left side of the inequality and write and 


Why After isolating the absolute value expression, the resulting inequality will have the 
desired form |X| > k. 


Solution We add 3 to both sides to isolate the absolute value on the left side. 


2 
Fx _ | —3>6 This is the inequality to solve. 


3 
2 
Pai —2]| >9  Add3 to both sides to isolate the absolute value. 
To solve this absolute value inequality, we write and solve an equivalent compound inequal- 
ity: 
. 2<-9 z 2>9 
a a or 7x - 
3 3 
2 2 
aa <—-7 Pa > 11 Add 2 to both sides. 
2x < —21 2x > 33. Multiply both sides by 3. 
21 33 
x<- > x> > To isolate x, divide both sides by 2. 


The solution set is the union of two_ intervals: <1 


(-~, —41) U (2, 0°), Its graph appears on the right. 178 33/2 


Using Your Calculator 
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a SelfCheck 1] | Solve 


Now Try Problem 73 


3x ap 2| — 1 > 3 and graph the solution set. 


EXAMPLE 12 solve 


; - ] = —4 and graph the solution set. 


Strategy We will solve this inequality by inspection. 


Why The inequality F - 1 = —4 is of the form |x| = k. However, the standard 


method for solving absolute value inequalities cannot be used because & is negative. 


Solution Since F — 1 


is always greater than or equal to 0 for arty — eben 


real number x, this absolute value inequality is true for all real 
numbers. The solution set is the interval (—~, ©) or R. Its graph 
appears on the right. 


ta Self Check 12 j Solve |—x — 9| > —0.5 and graph the solution set. 
Now Try Problem 75 


The following summary shows how we can interpret absolute value in three ways. 
Assume k > 0. 


Geometric description Graphic description Algebraic description 

1. |x| = & means that <—. > x| = kis equivalent to 
xis k units from 0 << Q . x=k orx=-—k. 
on the number line. 

2. |x| <*& means that x <n} x| < kis equivalent to 
is less than k units from =k 0 k —k<x<k. 
0 on the number line. 

3. |x| > k means that x ——$_+_+> x| > k is equivalent to 
is more than k units from -k 9 k x>k orx<—k. 


0 on the number line. 


Solving Absolute Value Equations and Inequalities 


We can solve absolute value equations and inequalities with a 
graphing calculator. For example, to solve |2x — 3| = 9, we 
graph the equations y = |2x — 3| and y = 9 on the same 
coordinate system, as shown in the figure. The equation 
|2x — 3| = 9 will be true for all x-coordinates of points that 3 6 
lie on both graphs. Using the TRACE or the INTERSECT 
feature, we can see that the graphs intersect at the points 
(—3, 9) and (6, 9). Thus, the solutions of the absolute value equation are —3 and 6. 

The inequality |2x — 3| < 9 will be true for all x-coordinates of points that lie on the 
graph of y = |2x — 3| and below the graph of y = 9. We see that these values of x are 
between —3 and 6. Thus, the solution set is the interval (—3, 6). 
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The inequality |2x — 3| > 9 will be true for all x-coordinates of points that lie on the 
graph of y = |2x — 3| and above the graph of y = 9. We see that these values of x are less 
than —3 or greater than 6. Thus, the solution set is the union of two intervals: 
(—~%, —3) U (6, ~). 


. a. 5,—-2 b. No solution, © 


7 2 
tb eyes th =a Ea ih—lS i= “hall 2, J 9. No solution 
= 1 


-2 2/3 


OE 21 Gp) ee ge 
2700 6 
1 3) Oe ee ee 
ag 0 sl @ 


8/3 


VOCABULARY 9. Consider the following real numbers: 
Fill in the blank 3, —2.01, —2, —1.99, —1, 0, 1, 1.99, 2, 2.01, 3 
anks. 
pula ° a. Which of them make |x| = 2 true? 
1. The of a number is its distance from 0 on a 


b. Which of them make |x| < 2 true? 


number line. 
c. Which of them make |x| > 2 true? 


2. |2x — 1| = 10 is an absolute value and fos : ee fae oa r 
|2x — 1] > 10 is an absolute value I re ether —3 is a solution of the given equation or 
inequality. 
3. To the absolute value in |3 — x| — 4 = 5, we add 4 to aie 
: a. |x —1| =4 b. |x —1| >4 
both sides. 
c. |x — 1] =4 d. [5 —x| = |x + 12] 


4. When we say that the absolute value equation and a compound 


equation are equivalent, we mean that they have the same 11. For each absolute value equation, write an equivalent 
compound equation. 


5. When two equations are joined by the word or, such as a. |x — 7| = 8 is equivalent to 
x4 P=Sorx+1= 5, we call the statement a aS ee 2o% 
equation. 
6. f(x) = |6x — 2| is called an absolute value : b. |x + 10] = |x — 3] is equivalent to 
CONCEPTS x+10= or x+10= 
Fill in the blanks. 12. For each absolute value inequality, write an equivalent com- 
pound inequality. 


7. To solve these absolute value equations and inequalities, we ; . 
a. |x + 5| <1 is equivalent to 


write and solve equivalent equations and 
inequalities. Hog ee see 
8. For two expressions to have the same absolute value, they must ; 
either be equal or of each other. b. |x — 6| = 3 is equivalent to 


x-65 Or = oS 


13. For each absolute value equation or inequality, write an equiva- 35. 


lent compound equation or inequality. Do not solve. 


a. |x| = 8 


c. |x| =8 


b. |x| = 8 


d. [5x — 1| = |x + 3| 


14. Perform the necessary steps to isolate the absolute value 
expression on one side of the equation. Do not solve. 


a. [3x +2| -7=—5 
b. 6 + |Sx — 19] = 40 


NOTATION 
15. Match each equation or inequality with its graph. 
a. |x| =1 i, <L4_> 
-1 0 1 
b. |x| >1 ii, ~«—»—_l_»—_> 
-1 0 1 
e. |x| <1 iii, <—}—_1_{—» 


16. Describe the set graphed below using interval notation. 


35 432-10 1 


GUIDED PRACTICE 


Solve each equation. See Example 1. 


17. |x| = 23 18. 
3 

19. =— 20. 
x| ‘i 


Solve each equation. See Example 2. 


21. |x -—5| =8 22. 
23. [3x + 2| = 16 24, 
8.2 | = 16 26 

ae i 
27. |2x + 3.6] = 9.8 28. 
29. |50.4 — 3x| = -1 30. 
31. Ty +3| = —5 32. 


Solve each equation. See Example 3. 


33. |x — 3| — 19 =3 34, 


2 3 4 °5 
x| = 90 
x| = 6.95 
x—-7|=4 
5x —3| = 22 
x 

“| =2 

y 


|4x — 24.8| = 32.4 


is : 1 
ed ee 
3 


|x — 2.1] = -163 


|x — 10| + 30 = 50 
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37. 


39. 


41. 


3x —7| +8 = 22 


3 — 4x] +1=6 


1 
=x +2 
5 


43, 2|3x + 24| =0 


45. 


5|2x — 9| 4 


A7. 6 — 3|10x + 5| = 6 


14= 14 


36. 


38. 


40. 


42. 


44, 


46. 


48. 


Solve each equation. See Example 6. 


49. 


51. 


53. 


55. 


5x — 12] = |4x — 16| 


10x| = |x — 18} 


2—x| = |3x+2| 


5x — 7| = [44+ 1)| 


50. 


52. 


54. 


56. 


6x — 3) +7 =28 


8 — 5x| — 8 = 10 


1 

bx +l +25 =25 
8 |= + 10 =0 

3 

10|16x + 4| —3 = 
15 — [12x + 12| = 15 


4x — 7| = [3x — 21| 
6x| = |x + 45| 

4x + 3] = |9 — 2x| 
2x + 1| = |3@ + 1)| 


Solve each inequality. Graph the solution set and write it using 
interval notation. See Examples 7 and 9. 


57. 


59. 


61. 


63. 


65. 


67. 


x| <4 


x+9| = 12 
*+3/ <3 
i < 

3x — 2| < 10 


5x — 12| < —5 


3.4x| + 19.7 < 19.6 


58. 


60. 


62. 


64. 


66. 


68. 


|x| <9 


|x — 8| <12 


4 — 3x| = 13 


3x +2| = —-3 


1.9x| — 3.1 < —3.2 
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Solve each inequality. Graph the solution set and write it using 
interval notation. See Examples 10-12. 


69. 


71. 


73. 


75. 


x| > 3 70. |x| >7 

x — 12| > 24 72. |x +5|=7 
= 1-90 74, |6x —3| -52=0 
4x +3, =—5 76. |7x + 2| = —8 


See Examples 5, 7, and 10. 


77. 
78. 
79. 


80. 


Let f(x) = |x + 3]. For what value(s) of x is f(x) = 3? 
Let g(x) = |2 — x|. For what value(s) of x is g(x) = 2? 
Let f(x) = |2(@@ — 1) + 4|. For what value(s) of x is 
fl) < 4? 


Let h(x) = |3 — 5| . For what value(s) of x is h(x) > a? 


TRY IT YOURSELF 


Solve each equation and inequality. For the inequalities, graph the 
solution set and write it using interval notation. 


81. 


83. 


85. 


87. 


89. 


91. 


93. 


95. 


97. 


99. 


[3x +2) +1>15 82. |2x — 5| — 5 > 20 


6|*5 | = 24 a4, 3|"=2| > 32 
a9 = lise=5| 86. -1=1— |O.1x + 8| 
|2 — 3x| = -8 88. |-1 — 2x| >5 

\7x + 12] = |x — 6| 90. |8 — x| = |x +2| 
3/2 ae) A=? 92. |15x — 45| +757 
-14 = |x - 3] 94. —75 = |x +4] 

6 _ [3x x gg, LL = [2 _ 3* 

5 |5 2 2 (|3 4 
—|2x —3|<—-7 98. —|3x + 1| < —-8 
\0.5x + 1] < —23 100. 15=7— |1.4x + 9] 


APPLICATIONS 


101. 


102. 


103. 


104. 


105. 


TEMPERATURE RANGES | The temperatures on a sunny 
summer day satisfied the inequality |f — 78°| = 8°, where t 
is a temperature in degrees Fahrenheit. Solve this inequality 
and express the range of temperatures as a double inequality. 


OPERATING TEMPERATURES A car CD player has an 
operating temperature of |t — 40°| < 80°, where ¢ isa 
temperature in degrees Fahrenheit. Solve the inequality and 
express this range of temperatures as an interval. 


AUTO MECHANICS On most cars, the bottoms of the front 
wheels are closer together than the tops, creating a camber 
angle. This lessens road shock to the steering system. (See the 
illustration.) The specifications for a certain car state that the 
camber angle c of its wheels should be 0.6° = 0.5°. 


a. Express the range with an inequality containing absolute 
value symbols. 


b. Solve the inequality and express this range of camber 
angles as an interval. 


Camber 
La! 
\ angle 
\ 
A | 
co\ | 
\ | 


STEEL PRODUCTION A sheet of steel is to be 0.250 inch 

thick with a tolerance of 0.025 inch. 

a. Express this specification with an inequality containing 
absolute value symbols, using x to represent the thickness 
of a sheet of steel. 


b. Solve the inequality and express the range of thickness as 
an interval. 


ERROR ANALYSIS Ina lab, students measured the percent 
of copper p in a sample of copper sulfate. The students know 
that copper sulfate is actually 25.46% copper by mass. They 
are to compare their results to the actual value and find the 
amount of experimental error. 
Which measurements 

shown in the illustration 
satisfy the absolute 

value inequality 

|p — 25.46| = 1.00? 


Lab 4 
Title: 
"Percent copper (Cu) in 

copper sulfate (CuS04:5H0)" 


Results 


Section A 


‘% Copper 
22.91% 
26.45% 
26.49% 
24.76% 


Trial #1: 
Trial #2: 
Trial #3: 
Trial #4: 


8.4 Review of Factoring Methods: GCF, Grouping, Trinomials 685 
106. ERROR ANALYSIS See Exercise 105. Which measure- REVIEW 
ts satisfy the absolute value i li 
ip 25 aa oo ” 111. RAILROAD CROSSINGS re 
eB , a The warning sign in the illus- Fe 
WRITING tration is to be painted on the 
; street in front of a railroad 
107. Explain the error. crossing. If y is 30° more i 
Solve: |x| + 2 = 6 than twice x, find x and y. Y 
¥+2=6 or x+2==—6 
x=4 | x ees 
108. Explain why the equation |x — 4| = —5 has no solution. 
109. Explain the differences between the solution sets of |x| <8 112. STATUE OF LIBERTY From the foundation of the large 
and |x| > 8. pedestal on which it sits to the top of the torch, the Statue of 
110. Explain how to use the graph in y Liberty National Monument measures 305 feet. The pedestal 
the illustration to solve the 4 is 3 feet taller than the statue. Find the height of the pedestal 
following. 4 ye 3 and the height of the statue. 
a. |x — 2| =3 
b. |x — 2) <3 1 CHALLENGE PROBLEMS 
c. |x — 2) =3 Bel ya pny ie 113. a. For what values of & does |x| + k = 0 have exactly two 
2) solutions? 
ai b. For what values of k does |x| + k = 0 have exactly one 
solution? 
114. Solve: 2/*~3! = 64 


Objectives 


oO0008 


Factor by grouping. 


Factor trinomials. 


Factor out the greatest common factor. 


Use factoring to solve formulas for a specified variable. 


Use substitution to factor trinomials. 
Use the grouping method to factor trinomials. 


In Chapter 5, we discussed how to factor polynomials. In this section, we will review that 


material. 


Factor Out the Greatest Common Factor. 


Recall that when we factor a polynomial, we write a sum of terms as a product of factors. To 
perform the most basic type of factoring, we determine whether the terms of the given poly- 
nomial have any common factors. This process, called factoring out the greatest common 
factor, is based on the distributive property. 
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Success Tip 
Always verify a factorization by 
performing the indicated multipli- 
cation. The result should be the 
original polynomial. 


Success Tip 
It is standard practice to factor in 
such a way that the leading 
coefficient of the polynomial 
within the parentheses is positive. 


EXAMPLE 1 | Factor: 3xy°z* + 6xz” — 9xyz* 
Strategy We will determine the GCF of the terms of the polynomial. Then we will write 
each term of the polynomial as the product of the GCF and one other factor. 
Why We can then use the distributive property to factor out the GCF. 
Solution We begin by factoring each term: 
3x2? = Bexryry zzz 
6x2 = 2-3+x-z> 


Oxyz4 =3-3-x-yrsezezezZ 


GCF =3°x°z°2z 


] 
& 
N 


N 
aN 


Since each term has one factor of 3, one factor of x, and two factors of z, and there are 
no other common factors, 3xz* is the greatest common factor of the three terms. We write 
each term as the product of the GCF, 3xz*, and one other factor and proceed as follows: 


3xy°z? + 6xz* — Oxyz* = 3xz? + y°z + 3x27 +2 — 3xz” + 3yz* 


= 3x77(y°-z + 2 — 3yz’) Factor out the GCF, 3xz’. 


We can check the factorization using multiplication. 


an 


3xz7°(y°z + 2 — 3yz*) = 3xy7z? + 6xz? — Oxyz* This is the original polynomial. 


a Self Check 1 P| Factor: 6a°b* — 4ab? + 2ab? 
Now Try Problem 25 


EXAMPLE 2 j Factor the opposite of the greatest common factor from 
: —6u'v? + 8urv. 


Strategy We will determine the GCF of the terms of the polynomial. Then we will write 
each term as the product of the opposite of the GCF and one other factor. 
Why We can then use the distributive property to factor out the opposite of the GCF. 


Solution Because the greatest common factor of the two terms is 2u’v’, the opposite of 
the greatest common factor is —2u°v’. To factor out —2u°v’, we proceed as follows: 


—6uv + 8 = —2u’v’ + 3v — (—2u’v’)4u 
= —2u’v"(3v — 4u) Note that the leading coefficient of the 
polynomial within the parentheses is 
positive. 


a Self Check 2 i Factor out the opposite of the GCF: —3p°g + 6p7q* 
Now Try Problem 31 
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A polynomial that cannot be factored is called a prime polynomial or an irreducible 
polynomial. 


EXAMPLE 3 _ Factor 9x + 16, if possible. 


Strategy — First, we will determine the GCF of the terms of the polynomial. 


Why If the terms have no common factors (other than 1), this polynomial does not 
factor. 


Solution We factor each term of 9x + 16: 
9x =3+°3°x 16=2°2°-2-2 


Since there are no common factors other than 1, this polynomial cannot be factored. It is a 
prime polynomial. 


a Self Check 3 j Factor: 6a° + 7b* 
Now Try Problem 35 


A common factor can have more than one term. 


EXAMPLE 4 g Factor: ax —y + z)—- b@-—yt2z)t+3a-—yrz) 


Strategy We will factor out the trinomial x — y + z from each term. 
Why x — y + z is the GCF of each term of the given expression. 
Solution 

ax -—ytz2—-bae-ytat+3e-ytD=A-yt2a-b+t 3) 


a Self Check 4 j Factor: c°(y? + 1) + d*(y” + 1) 
Now Try Problem 41 


Factor by Grouping. 


Sometimes polynomials having four or more terms can be factored by removing common 
factors from groups of terms. This process is called factoring by grouping. 


EXAMPLE 5 Factor: 2c — 2d + cd — d? 


Strategy Since the four terms of the polynomial do not have a common factor (other 
than 1), we will attempt to factor the polynomial by grouping. We will factor out a 
common factor from the first two terms and from the last two terms. 


Why This will produce a common binomial factor that can be factored out. 
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Success Tip 
You may want to review the steps 
in the process of factoring by 
grouping on page 476. 


Caution 
The instruction “Factor” means to 
factor the given expression com- 
pletely. Each factor of a completely 
factored expression will be prime. 


Solution The first two terms have a common factor, 2, and the last two terms have a 
common factor, d. 


2c-2d + cd-—d? =2%c-—d)+d(e—d) Factor out 2 from 2c — 2dandd 
from cd — d’. 
=(c — d(2 + d) Factor out the common binomial 
factor,c — d. 
We check by multiplying: 
, 
(c — d\(2 + d) = 2c + cd — 2d - d? 
= 2c —2d+cd—d* Rearrange the terms to get the original polynomial. 


ta Self Check 5 7 Factor: 7m — 7n + mn — n° 
Now Try Problems 43 and 47 


To factor a polynomial, it is often necessary to factor more than once. When factoring a 
polynomial, always look for a common factor first. 


EXAMPLE 6 | Factor: 3x°y — 4x°y* — 6x7y + 8xy” 
Strategy Since all four terms have a common factor of xy, we factor it out first. Then we 
will attempt to factor the resulting polynomial by grouping. 
Why Factoring out the GCF first makes factoring by any method easier. 


Solution We begin by factoring out the common factor of xy. 


3x3y — 4x°y* — 6x2y + 8xy? = xy(3x? — 4xy — 6x + By) 
We can now factor 3x” — 4xy — 6x + 8y by grouping: 
3x3y — 4x*y* — 6x2y + 8xy? 
= xy(3x* — 4xy — 6x + 8y) 
xy[x(3x — 4y) — 2(3x — 4y)] Factor x from 3x* — 4xy and —2 from —6x + By. 


xy(3x — 4y)(x — 2) Factor out 3x — 4y. 


Because xy, 3x — 4y, and x — 2 are prime, no further factoring can be done; the factoriza- 
tion is complete. 


a Self Check 6 i Factor: 3a°b + 3a°b — 2a*b”? — 2ab* 
Now Try Problem 51 


Use Factoring to Solve Formulas for a Specified Variable. 


Factoring is often required to solve a formula for one of its variables. 


© Phil Degginger/Alamy 
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EXAMPLE 7 Electronics. The formula r,r, = rr> + rr, is used in electron- 
: ~ ics to relate the combined resistance, r, of two resistors wired in 
parallel. The variable 7, represents the resistance of the first resistor, and the variable 7, 
represents the resistance of the second. Solve for r5. 


Strategy To isolate on one side of the equation, we will get all the terms involving r, 
on the left side and all the terms not involving r, on the right side. 


Why To solve a formula for a specified variable means to isolate that variable on one 
side of the equation, with all other variables and constants on the opposite side. 


Solution 
—— We want to isolate this variable on one side of the equation. 
rylo = ro + rr, 
yy — rl, = rr, To eliminate rrz on the right side, subtract rr2 from both sides. 


r(r, — r) = rr, On the left side, factor out the GCF rz from nro — ro. 


To isolate rz on the left side, divide both sides by rn, — r. 


ry. = 


ey Self Check 7 j Solve fifa = ffi + ffs tor fi. 
Now Try Problem 57 


4.) Factor Trinomials. 


Success Tip 
You may want to review the proce- 
dure for factoring trinomials with 
a leading coefficient of 1 on 
page 485. 


Recall that many trinomials factor as the product of two binomials. 


EXAMPLE 8 _ Factor: x7 — 6x +8 


Strategy We will assume that this trinomial is the product of two binomials. We must 
find the terms of the binomials. 


Why Since the terms of x* — 6x + 8 do not have a common factor (other than 1), the 
only option is to try to factor it as the product of two binomials. 


Solution We represent the binomials using two sets of parentheses. Since the first term 
of the trinomial is x7, we enter x and x as the first terms of the binomial factors. 


x - 6x +8= (x [])(« [_]) Because x - x will give x”. 


The second terms of the binomials must be two integers whose product is 8 and whose 
sum is —6. We list all possible integer-pair factors of 8 in the table. 


Factors of 8 | Sum of the factors of 8 | 


1(8) = 8 1+8=9 
2(4) = 8 2+4=6 
1(-8) = 8 1+(-8) =-9 


—2(-4) =8 —2 + (-4) = -6 +— This is the pair to choose. 
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The Language of Algebra 
Make sure you understand the 
following vocabulary: Many 
trinomials factor as the product of 
two binomials. 


Product of 
Trinomial two binomials 
oO 


SSS 
x? — 6x + 8 = (x — 2)(x - 4) 


Caution 
Be sure to include all factors in 
the final answer. Here, a common 
error is to forget to write the 
GCF which is 2. 


The fourth row of the table contains the correct pair of integers —2 and —4, whose 
product is 8 and whose sum is —6. To complete the factorization, we enter —2 and —4 as the 
second terms of the binomial factors. 


x? — 6x + 8 = (x — 2)(x — 4) 
Check: We can verify the factorization by multiplication: 


(x — 2)(x — 4) = x* — 4x — 2x + 8 Use the FOIL method. 


=x — 6x +8 This is the original trinomial. 


i Self Check 8 | Factor: a” — 7a + 12 


Now Try Problem 63 


EXAMPLE 9 | Factor: 2a” + 4ab — 30b7 


Strategy We will factor out the GCF, 2, first. Then we will factor the resulting trinomial. 


Why The first step in factoring any polynomial is to factor out the GCF. Factoring out the 
GCF first makes factoring by any method easier. 


Solution Each term in this trinomial has a common factor of 2, which can be factored 
out. 


2a” + 4ab — 30b* = 2(a? + 2ab — 15h”) 


Next, we factor a + 2ab — 15b’. Since the first term of the trinomial is a’, the first term of 
each binomial factor must be a. Since the third term contains b*, the last term of each bino- 
mial factor must contain b. To complete the factorization, we need to determine the coeffi- 
cient of each b-term. 


a’ + 2ab — 15b* = (a b)(a b) Because a- awill give a* and 
b+ bwill give b?. 


The coefficients of b must be two integers whose product is —15 and whose sum is 2. 
We list the factors of —15 and find the pair whose sum is 2. 


This is the pair to choose. 


{ 
1(—15) 3(—-5) 5(—3) 15(-1) 


The only factorization where the sum of the factors is 2 (which is the coefficient of the 
middle term of a” + 2ab — 155”) is 5(—3). Thus, 


2a° + 4ab — 30b? = 2(a* + 2ab — 15b’) 
= 2(a + 5b)(a — 3b) 


Verify this result by multiplication. 


a Self Check 9 d Factor: 3p” + 6pq — 24q? 
Now Try Problem 67 


Success Tip 
You may want to review the 
procedure for factoring trinomials 
using the trial-and-check method 
on page 497. 


Notation 
By the commutative property of 
multiplication, the factors of a 
trinomial can be written in either 
order. Thus, we could also write: 


ap — Ap — 4 —(p— 2)Gpi4 2) 
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There are more combinations of coefficients to consider when factoring trinomials with 
leading coefficients other than |. Because it is not easy to give specific rules for factoring such 
trinomials, we will use a method called the trial-and-check method. 


EXAMPLE 10 j Factor: 3p" — 4p —-4 


Strategy We will assume that this trinomial is the product of two binomials. To find their 
terms, we will make educated guesses and then check them using multiplication. 


Why Since the terms of the trinomial do not have a common factor (other than 1), the 
only option is to try to factor it as the product of two binomials. 


Solution To factor the trinomial, we note that the first terms of the binomial factors must 
be 3p and p to give the first term of 3p”. 


2 


id 
— 


3p? — 4p -4 = (3p L_])(p 


The second terms of the binomials must be two integers whose product is —4. There are 
three such pairs: 1(—4), —1(4), and —2(2). When these pairs are entered, and then reversed, 
as second terms of the binomials, there are six possibilities to consider. 


1) Because 3p « p will give 3p”. 


—12p Sp 
ee , 
For 1 and —4: (3p + 1)\(p — 4) (3p — 4)(p + 1) 
ZF ae 
P ic 
—12p + p= —\\p Sp + (—4p) = —p 
12p —3p 
, , 
For-land4: (3p — 1)\p + 4) 3p + 4)\(p — 1) 
wes 7 
—p 4p 
12p + (—p) = Mp “opr ap =p 
Gp —G6p 
, a Pe. © 
For —2 and 2: (3p — 2)(p + 2) (3p + 2)(—p — 2) 
aa \F 
—2p 2p 


6p + (—2p) = 4p —Gp + 2p = —4p 
Of these possibilities, only the one in blue gives the required middle term of —4p. Thus, 


3p” — 4p — 4 = (3p + 2)(p — 2) 


a Self Check 10 d Factor: 4q? — 9q — 9 
Now Try Problem 75 
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Success Tip 
Always write the terms of a 
trinomial in descending powers of 
one variable before attempting to 
factor it. 


EXAMPLE 11 | Factor: 6y° + 13x7y> + 6x4y° 


Strategy We write the expression in descending powers of x. 


Why It is easier to factor a trinomial if its terms are written in descending powers of one 
variable. 


Solution We write the expression in descending powers of x and factor out the greatest 
common factor, y°. 


6y? + 13x27? + 6x*y? = 6x4? + 13x77? + 6y° 
= y'(6x* + 13x” + 6) 
To factor 6x* + 13x? + 6, we examine its terms. 


e Since the first term is 6x4, the first terms of the binomial factors must be either 2x* 
and 3x7 or x* and 6x”. 


6x? + 13x7 + 6 = (2x7 J)(3x? L_J) or (x? [_J)(6x? F_J) 


e Since the signs of the middle term and the last term of the trinomial are positive, the 
signs within each binomial factor will be positive. 


e Since the product of the last terms of the binomial factors must be 6, we must find 
two numbers whose product is 6 that will lead to a middle term of 13x. 


After trying some combinations, we find the one that works. 
6x4? + 13x77? + 6? = y(6x* + 13x? + 6) 
= y'(2x? + 3)(3x7 + 2) 


a Self Check 11 | Factor: 4b + 1la’b + 6a*b 
Now Try Problem 87 


Use Substitution to Factor Trinomials. 


For more complicated expressions, especially those involving a quantity within parentheses, 
a substitution sometimes helps to simplify the factoring process. 


EXAMPLE 12 Factor: (x + y? + (x + y) + 12 


Strategy We will use a substitution where we will replace each expression x + y with 
the variable z and factor the resulting trinomial. 


Why The resulting trinomial will be easier to factor because it will be in only one 
variable, z. 


Solution If we use the substitution z = x + y, we obtain 
(x + yy +7x+y)+ = o+7z,+12 Replace x + y with z. 
(z + 4)(2 + 3) Factor the trinomial. 


To find the factorization of (x + y)* + 7(x + y) + 12, we substitute x + y for each z in 
the expression (z + 4)(z + 3). 


(2+ 424+ 3)=@+y+4e+y 4 3) 


Thus, (x + y)? + 7x +y) + 12=(+ y+ 4 (x+y + 3) 
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a Self Check 12 ij Factor: (a + b)’ — 3(a + b) — 10 
Now Try Problem 95 


6) Use the Grouping Method to Factor Trinomials. 


Success Tip 
You may want to review the proce- 
dure for factoring trinomials using 
factoring by grouping (the key 
number method) on page 499. 


Another way to factor trinomials is to write them as equivalent four-termed polynomials and 
factor by grouping. 


EXAMPLE 13 _ Factor by grouping: a. x° + 8+ 15 b. 10x” + I3xy — 3y° 


Strategy 


terms. 


In each case, we will express the middle term of the trinomial as the sum of two 


Why We want to produce an equivalent four-termed polynomial that can be factored by 
grouping. 


Solution 
a. Since x? + 8x + 15 = Ix* + 8x + 15, we iden- 


tify aas 1, bas 8, and cas 15. The key number is Key mumber — 15 ase 
ac = 1(15) = 15. We must find two integers Positive Sum of the 
whose product is the key number 15 and whose factors of 15 factors of 15 
sum is b = 8. Since the integers must have a pos- 1-15 = 15 1+ 15 = 16 
itive product and a positive sum, we consider i rel Sts =8 


only positive factors of 15. 

The second row of the table contains the correct pair of integers 3 and 5, whose 
product is 15 and whose sum is 8. 

We can express the middle term, 8x, of the trinomial as the sum of two terms, using 
the integers 3 and 5 as coefficients of the two terms and factor the equivalent four-termed 
polynomial by grouping: 


x? + 8x + 15 =x? + 3x 4+ 5x + 15 
x? + 3x + 5x + 15 = x(x + 3) + 5(x + 3) 


Express 8x as 3x + 5x. 


Factor x out of x + 3x and 
5 out of 5x + 15. 


(x + 3)@ + 5) Factor out the GCF, x + 3. 


Check the factorization by multiplying. 


b. In 10x? + 13xy — 3y’, we have a = 10, 
b = 13, and c = —3. The key number is 
ac = 10(—3) = —30. We must find a 
factorization of —30 such that the sum of 
the factors is b = 13. Since the factors 
must have a negative product, their signs 
must be different. The possible factor 
pairs are listed in the table. 


b= 13 
Sum of the factors 
Factors of —30 O30 
1(—30) = —30 1 + (—30) = —29 
2(-15) = —30 2 + (-15) = -13 
3(-10) = —30 3 + (-10) = —7 


Key number = —30 


The seventh row contains the correct ae = | ; ie = =] 
pair of numbers 15 and =2, whose 10(—3) = —30 10 + (-3) =7 
product is —30 and whose sum is 13. 15(—2) = —30 15 + (—2) = 13 
They serve as the coefficients of two 30(—1) = —30 30 + (-1) = 29 


terms, 15xy and —2xy, that we place 
between 10x? and —3y*. 
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2 _ 32 _ 2 = _ 2 = 

Notation 10x° + 13xy — 3y 10x” + 15xy — 2xy — 3y° Express 13xy as 15xy — 2xy. 
The middle term, 13xy, may be We factor the resulting four-term polynomial by grouping. 
expressed as 15xy — 2xy or as 
—2xy + 15xy when using factor- 10x? + 15xy — 2xy — 3y? = 5x(2x + 3y) — y(2x + 3y) Factor out 5x from 
ing by grouping. The resulting 10x° + 15xy. Factor out 
factorizations will be equivalent. ~y from —2xy — 3y’. 

= (2x + 3y)(S5x — y) Factor out the GCF, 
2x + Sy. 


Thus, 10x? + 13xy — 3y° = (2x + 3y)(5x — y). Check by multiplying. 


a Self Check 13 | Factor by grouping: a. m? + 13m + 42 
b. 15a” + 17ab — 4b* 


Now Try Problems 63 and 75 


Bag onsurrs TO SELF CHECKS — 1. 2ab’(3a — 2b +1) 2. —3p*q(p — 2q) 3. A prime polynomial 
4, 0” ar (ce ap d’) 5. (n—n\(7 +n) 6. aba —2blat+1) 7. fr = fhe 


=F 
8. (a — 4)(a — 3) 9. 3(—) + 4q)\(p — 2g) 10. (4g + 3g — 3) 11. b(Qa? + 1)(3a* + 4) 
I2.(@ bt 2)\(a b= 5) 1B. an (mia Gna 6), bs (Ga 4.4))\Ga—)) 


VOCABULARY CONCEPTS 
Fill in the blanks. 9. The prime factorizations of three terms are shown here. Find 
1. When we write 2x + 4 as 2(x + 2), we say that we have their GCF. 
2x + 4. 2+2+3+xex pry ey 
2. When we factor a polynomial, we write a sum of terms as a 
of factors. Be Fe 3eRo pry yey 
3. The abbreviation GCF stands for . 2°3°3° Tex xi xryty 
4. Ifa polynomial cannot be factored, it is called a 10. Use multiplication to determine whether (3¢ — 1)(5t — 6) is the 
polynomial or an irreducible polynomial. correct factorization of 1542 — 191 + 6. 
5. To factor ab + 6a + 2b + 12 by , we begin by 11. Complete the table. 
factoring out a from the first two terms and 2 from the last two Sum of the 
terms. Factors of 8 | factors of 8 
6. The trinomial 4a” — 5a — 6 is written in powers 1(8) = 8 
of a. 2(4) = 8 
7. The______coefficient of x7 — 3x + 2 is 1, the —1(—8) - 8 
of the middle term is —3, and the last term is —2(-4) = 8 
8. The statement x* — x — 12 = (x — 4)(x + 3) shows that 


x? — x — 12 factors into the of two binomials. 12. Find two integers whose 
a. product is 10 and whose sum is 7. 
b. product is 8 and whose sum is —6. 
c. product is —6 and whose sum is 1. 
d. product is —9 and whose sum is —8. 
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13. Complete the key number table. 


b=-T7 
Sum of the factors of 12 


Key number = 12 


Negative factors of 12 
—1(-12) = 12 


—3(—4) = 12 


14. Use the substitution x = a + b to rewrite the trinomial 


6(a + by” — 17(a + b) — 3. 
NOTATION 
Complete each factorization. 
15. 15e8d* — 25e7d* + Sed? = (3c — 5 + cd’) 
16.x°—2? +2x-2= (x-1)+ (-) 
= \Qx? + 2) 
17. 6m? + 7m — 3 = ( 1)(2m ) 
18. 2y° + 1l0v+12= (°° + 5y4+ 6) 
=Ay+ \ +2) 
GUIDED PRACTICE 
Factor each polynomial. See Example 1. 
19. 2x* — 6x 20. 3y° + 3y° 


21. 15x?y — 10x?y? 22. 63x°y* + 81x74 


23. 272° + 122° + 3z 24. 25¢° — 1007 + 527 


25. 24s° — 12s*t + 6st? 26. 1872? + 1272? — 24y%2 


Factor each polynomial by factoring out the opposite of the GCF. 
See Example 2. 


27. —8a — 16 28. —6b — 30 
29. —6x" — 3xy 30. —15y° — 25y° 
31. —18a7b + 12ab* 32. —21° + 28° 


33. —8a'c® + 28a°c® — 20a7c? =. 34. — 30x!°y? + 24x°)7 
Factor each polynomial, if possible. See Example 3. 


35. llx® — 12y 36. 145° + 15¢° 


37. 23a°b* + 4x°y" 38. 18p°q° — 5° 
Factor. See Example 4. 


39. (x t+ yu + (x + yyy 40. 4x + y) + tx + y) 


60x°y* 


41. S(a-—b+c)-ta-b+c) 
42. (a-b-c)yr-—(a-—b-c)s 


Factor by grouping. See Example 5. 


43. ax + bx + ay + by 44. ar — br + as — bs 


45. x° +yx—-x-y 46. d>+cd+ct+d 


47. t? — 347 — 7t+ 21 48. b> — 4b*> — 3b + 12 


49. a’ — 4b + ab — 4a 50. 3c —cd + 3d-¢* 


Factor. See Example 6. 
51. 6x? — 6x? + 12x — 12 
52. 3x° — 6x* + 15x — 30 
53. 28a°b'c + l4are — 4b°c — 2c 
54. 12x°z + 12xy7z 


8x°yz — By%z 


Solve for the specified variable or expression. See Example 7. 
55. 2g = ch + dh forh 

56. dd, = fd, + fd, for f 

57. rio = 1r. + rr, forr; 

58. rx — ty = by for y 


59. bx? + ay’ = ab” for a® 


60. b°x? + ay? = a’b* for b* 
61. Sn = (n — 2)180 forn 
62. S1 — r) =a-—l/r forr 


Factor. See Example 8 or 13. 
C.x = 5e + 6 


65. x7 + x — 30 


Factor. See Example 9. 


67. 3x° + 12xy — 63)" 68. 2y° + 4yz — 482° 
69. 6a” — 30ab + 2467 70. 4b + 12be — 16c? 
71. n* — 28n°t — 60n7t? 72. c* — 16c%d — 80c7*d? 
73. —3x* + 15xy — 18)" 74. —2y* — loyt + 4027 


Factor. See Example 10 or 13. 


75. 5x7 + 13x + 6 76. 5x7 + 18x + 9 


77. Ja’ + 12a +5 78. Ja” + 36a +5 
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79. 11y* + 32y —3 80. 2y° — 9y — 18 121. 14(¢ — n° — 17q —r) — 6 
122. 8(h +s) + 34(h + s) + 35 
81. Bx? = 22x +5 82. 42° — 13z + 3 
APPLICATIONS 
83. 6) — 13y + 6 84. 6x? — 1lx + 3 123. CRAYONS The amount of colored wax used to make the 
crayon shown in the illustration can be found by computing its 
85. 15b2 + 4b — 4 86. 8a2 + 6a — 9 volume using the formula 


1 
V= arhy + —ar-hy 
Factor each expression. See Example 11. 3 


87. 30x* — 25x* — 20 88. 14x* + 77x* + 84 Factor the expression on the right side of this equation. 
89. 32x* — 96x? + 72 90. 20a* + 60a* + 45 
—<<—{(( <a> = (()" 
91. 64h? — 4h + 24h° 92. 9x° — 24x + 30x° 
bk : 
93, 40° — 52h? — 58" 94, —2x4 + 3x2)? + Sy4 ms 
. , 124. PACKAGING The amount of cardboard needed to make the 
Factor by using a substitution. See Example 12. following cereal box can be found by finding the area A, 
95. (a + by — 2(a + b) — 24 which is given by the formula 
2 
96. & — yy + 3@ — y) — 10 A = 2wh + 4wl + 2th 
97. (x tay’ +2%xtat+1 
98. (a + bY — 2%a+b) +1 where w is the width, h the height, and / the length. Solve the 
equation for the width. 
TRY IT YOURSELF 
Factor completely. Factor out all common factors first including : : 
—1 if the first term is negative. If an expression is prime, so wW se w 
indicate. = 
wy ae Lu cky 
99. 3(m +n + p)+x(mt+n-+t p) Lucky ee S 
100. xx —y-—z)+yx-y-Z) ; Snaps ies 
101. —63u3v° + 28v2v? — 2103 ; Delicious 
4.3 3.4 2 Light 
102. —56x"y 72x°y" + 80xy Crispy pee 
ight 
103. b4x? — 12b7x? + 35x ca Coy 
104, o'x* + 1le*x? — 42° w w 
105. 1 —m+mn-—n 106. a°x? — 10 — 2x? + 5a* n Fi 
2 2: 2 2 
107. —x* + 4xy + 21y 108. —a° — 4ab + 5b 125. ICE The surface area of the ice cube 
is represented by the expression 
109. a’x + bx — a? — b 110. x*y — ax —xy +a 6x”? + 36x + 54. Use factoring to 
find the length of an edge of the cube. 
1. 4° + 4y 4+ 1 112. 9x7 + 6x + 1 
113. 6? + 8b + 18 114. x7 + 4x — 28 126. CHECKERS The area of the 
checkerboard is represented by the 
115. 137 + 377 — 10 116. —r + 3r2 — 10 expression is 25x” — 40x + 16. 
Use factoring to find the length of 
7. f= 1204 3p — HF each side. 
118. A — 8 +h — 8h? 
119. 2° — 26y° + 60y 120. 2y° — 26y° + 84y 
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WRITING 


127. Explain the error in the following solution. 


Solve for}: yf. = 1% + 1r; 


V\Vo Ih 3 VPy 


'2 YQ 


To —qieiPy 


r= 


130. SEARCH AND RESCUE _ Two search-and-rescue teams 
leave base at the same time looking for a lost boy. The first 
team, on foot, heads north at 2 mph and the other, on horse- 
back, south at 4 mph. How long will it take them to search a 
distance of 21 miles between them? 


CHALLENGE PROBLEMS 
Factor out the specified factor. 


131. x7 from x”*? + x"*3 


128. Explain the error. 132. y" from 2y"*? — 3y"*3 

Factor: 2x* — 4x — 6 = (2x + 2)(x — 3) Factor. Assume that n is a natural number. 
REVIEW iss. oe = 134, 2a" = 3a" = 2 
129. INVESTMENTS — Equal amounts are invested in each of 135. x4" + 2x22" + 4” 136. 6x2” + 7x” — 3 


three accounts paying 7%, 8%, and 10.5% annually. If one 
year’s combined interest income is $1,249.50, how much is 


invested in each account? 


Objectives 


oO 


Difference of Two 
Squares 


Success Tip 
To factor differences of squares, it 
is helpful to know these perfect- 
integer squares: 1, 4, 9, 16, 25, 
36, 49, 64, 81, 100, 121, 144. 


@ Factor the difference of two squares. 


® Factor the sum and difference of two cubes. 


We will now review how to factor the difference of two squares and the sum and difference of 
two cubes. 


Factor the Difference of Two Squares. 


Recall that the difference of the squares of two quantities factors into the product of two bino- 
mials. 


ee = (Cy) 


If we think of the difference of two squares as the square of a First quantity minus the 
square of a Last quantity, we have the formula 


F-L?=(F + LF -L) 


and we say: To factor the square of a First quantity minus the square of a Last quantity, we 
multiply the First plus the Last by the First minus the Last. 
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Success Tip 
Always verify a factorization by 
doing the indicated multiplication. 
The result should be the original 
polynomial. 


Caution 
The binomial x? + 1 is the sum of 
two squares. In general, after 
removing any common factor, a 
sum of two squares cannot be 
factored using real numbers. 


EXAMPLE 1 i Factor: 49x? — 16 


Strategy The terms of this binomial do not have a common factor (other than 1). The 
only option is to attempt to factor it as a difference of two squares. 


Why If a binomial is a difference of two squares, we can factor it using a special product. 


Solution 49x? — 16 is the difference of two squares because it can be written as 
(7x)° — (4)?. We can match it to the rule for factoring a difference of two squares to find 
the factorization. 


Fe - L?=(F +L\(F -L) 
| i 1 fo 
(7x)? — (4)°= (7x + 4)(7x — 4) 


We can verify this result using the FOIL method to do the multiplication. 
(7x + 4)(7x — 4) = 49x? — 28x + 28x — 16 


= 49x? — 16 This is the original binomial. 


a Self Check 1 j Factor: 8lp” — 25 


Now Try Problems 11, 17, and 23 


EXAMPLE 2 | Factor: x* — 1 


Strategy The terms of x* — 1 do not have a common factor (other than 1). To factor this 
binomial, we will write it in a form that shows it is a difference of two squares. 


Why We can then use a special-product rule to factor it. 


Solution Because the binomial is the difference of the squares of x* and 1, it factors into 
the sum of x? and | and the difference of x* and 1. 


fs PS (x)? _ (1? 
=@ +1? -1 


The factor x + 1 is the sum of two quantities and is prime. However, the factor x” — 1 is 
the difference of two squares and can be factored as (x + 1)(x — 1). Thus, 


x?-1=(? + DO’ - 1) 
= (x7 + Dw + Yi - 1) 


a Self Check 2 j Factor: a* — 81 


Now Try Problem 29 


EXAMPLE 3 Factor: (x + yf - Zt 


Strategy We will use a substitution to factor this difference of two squares. 
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Caution 
When factoring a polynomial, be 
sure to factor it completely. Always 
check to see whether any of the 
factors of your result can be 
factored further. 


Why For more complicated expressions, especially those involving a quantity within 
parentheses, a substitution often helps simplify the factoring process. 


Solution If we use the substitution a = x + y, we obtain 


ety =e =a = 2 Replace x + y with a. 


(a + 27)(a? — 7) Factor the difference of two squares. 
=(a + 27)\a+z\(a— 2) Factor a? — Z#. 


To find the factorization of (x + y)* — z*, we substitute x + y for each a in the expression 
(a + 7)\(a + za — 2). 


(a +2°)a+z(a-2z=[xKt+yP +27] e+ yt 2K4+y—-7) 


Thus, (x + y)' — 2 =[@+yP +277]e+yv+2Dae+y—-2). 
If we square the binomial within the brackets, we have 


(Qwtyf- AHP? t+@aytyt+27]Je+ytaaet+y—-2) 


a Self Check 3 ] Factor: (a — b)* — c* 


Now Try Problem 35 


EXAMPLE 4 _ Factor: 2x*y — 32y 


Strategy We will factor out the GCF of 2y and factor the resulting difference of two squares. 
Why The first step in factoring any polynomial is to factor out the GCF. 


Solution 
2x*y — 32y = 2y(x* — 16) Factor out the GCF, which is 2y. 
= 2y(x? + 4)(x? — 4) Factor x* — 16, 
= 2y(x? + 4)(x + 2)(x — 2) Factor * — 4. 


a Self Check 4 j Factor: 3a* — 3 


Now Try Problems 37 and 41 


EXAMPLE 5 _ Factor: a. vy-yte-y box? +6x+9-2 


Strategy The terms of each expression do not have a common factor (other than 1) and 
traditional factoring by grouping will not work. Instead, in part (a), we will group only 
the first two terms of the polynomial and in part (b) we will group the first three terms. 


Why Hopefully, those steps will produce equivalent expressions that can be factored. 


Solution We group the first two terms, factor them as a difference of two squares, and 
look for a common factor. 
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Sum and 
Difference 
of Two Cubes 


Success Tip 
The formulas for factoring the 
sum and difference of two cubes 
were developed on page 513. 


a x —-y +x-y=(t+yx—-—y)+(—Yy) Factor? — y*. The terms of the result- 


t ing expression have a common binomial 


factor, x — y, that can be factored out. 


=a-ypatyt 1) Factor out the GCF, x — y. 


b. We group the first three terms and factor that trinomial to get: 


r+6x+9 -7= (x + 3) + 3) - 2 x? + 6x + Qis a perfect-square 
trinomial. 
=at 3)° —2 The expression that results is a 
t t difference of two squares. 


=(+3+2z)@+3-2) Factor the difference of two squares. 


a Self Check 5 | Factor: a.a@—b?+at+b 


ba +4a+4-05° 
Now Try Problems 45 and 49 


Factor the Sum and Difference of Two Cubes. 


Recall that the sum and difference of two cubes factor as the product of a binomial and a 
trinomial. 


we +yp=atyVWO* -xt+y) 
yy ey) 


If we think of the sum of two cubes as the sum of the cube of a First quantity plus the 
cube of a Last quantity, we have the formula 


Fo +L? =(F + LF — FL +L’) 
To factor the cube of a First quantity plus the cube of a Last quantity, we multiply the sum of 
the First and Last by 

© the First squared 

e minus the First times the Last 


e plus the Last squared 
The formula for the difference of two cubes is 

Fe — L? = (F — LF’ + FL +L’) 
To factor the cube of a First quantity minus the cube of a Last quantity, we multiply the 
difference of the First and Last by 

e the First squared 

e plus the First times the Last 

e plus the Last squared 
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Caution 
In Example 6, a common error is 
to try to factor a* — 2a + 4. Itis 
not a perfect-square trinomial, 
because the middle term needs to 
be —4a. Furthermore, it cannot be 
factored by the methods of 
Section 8.4. It is prime. 


EXAMPLE 6 Factor: a? + 8 


Strategy We will write the binomial in a form that shows it is the sum of two cubes. 
Why We can then use the rule for factoring the sum of two cubes. 


Solution Since a* + 8 can be written as a> + 2°, it is a sum of two cubes, which factors 
as follows: 


F} + L? = (F + L\(F’ — FL + L’) 
{ | a 4) 4 
a+ 2? =(a+ 2/(a* — a2 + 27) 
=(a + 2)(a* — 2a +4) a - 2a + 4 does not factor. 
Therefore, a> + 8 = (a + 2)(a* — 2a + 4). We can check by multiplying. 
(a + 2)(a’ — 2a + 4) =a — 2a’ + 4a + 2a? — 4a + 8 


=a+8 This is the original binomial. 


a Self Check 6 - Factor: p> + 27 


Now Try Problem 53 


EXAMPLE 7 Factor: 27a* — 646° 


Strategy We will write the binomial in a form that shows it is the difference of two cubes. 
Why We can then use the rule for factoring the difference of two cubes. 


Solution Since 27a* — 646° can be written as (3a)* — (4b7)’, it is a difference of two 
cubes, which factors as follows: 
FE Lo =(F-L\F + F L + L 
{ | { 1 4 Lf { 
(3a) — (4b*)’ = (3a — 4b*)[(3a)” + (3a)(4b7) + (467!) 
= (3a — 4b*)(9a* + 12ab* + 16b*) 


Thus, 27a*> — 64b° = (3a — 4b7)(9a? + 12ab? + 16%). 


a Self Check 7 i Factor: 8c° — 125d? 
Now Try Problem 57 


EXAMPLE 8 Factor: a> — (c + d)> 


Strategy To factor this expression, we will use the rule for factoring the difference of 
two cubes. 


Why The terms a” and (c + dy’ are perfect cubes. 
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Success Tip 
We could also use the substitution 
x =c +d, factor a — x as 
(a — x)(a? + ax + x*), and then 
replace each x with c + d. 


Solution 
FP- WY =F- L y\(P+F L + LV ) 
| | | | yu 4 | 


a —(c+dP=[a-(ct+a][a + a(e+ d+ (c+ ad) 
Now we simplify the expressions inside both sets of brackets. 


a—(ct+dyp=(a-—c— da t+act+ad+c + 2cd +d’) 


ta Self Check 8 , Factor: (p + gy? -r° 
Now Try Problem 61 


EXAMPLE 9 j Factor: x° — 64 


Strategy This binomial is both the difference of two squares and the difference of two 
cubes. We will write it in a form that shows it is a difference of two squares to begin the 
factoring process. 


Why _Itis easier to factor it as the difference of two squares first. 


Solution 
x° — 64 = (°° — 8? 
= (x* + 8)(x° — 8) 


Each of these factors can be factored further. One is the sum of two cubes and the other is the 
difference of two cubes. 


x° — 64 = (x + 2)? — 2x + 4x — 2)? + 2x + 4) 


a Self Check 9 i Factor: 1 — x® 


Now Try Problem 65 


EXAMPLE 10 _ Factor: 2a° + 250a* 
Strategy We will factor out the GCF of 2a° and factor the resulting sum of two 
cubes. 
Why The first step in factoring any polynomial is to factor out the GCF. 
Solution We first factor out the common factor of 2a’ to obtain 
2a° + 250a* = 2a°*(a* + 125) 
Then we factor a*° + 125 as the sum of two cubes to obtain 


2a° + 250a? = 2a*(a + 5)(a? — 5a + 25) 


a Self Check 10 ] Factor: 3x° + 24x? 
Now Try Problem 71 
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Bag nsurs TO SELF CHECKS) 1. (9p + 5)(9p — 5) 2. (a” + 9)(a + 3)(a — 3) 


3. [(a-— by + c\(a-—b 


b—c) 4.3(@+ lat Ila-1) 5. a (@@t+d\(a—b+1) 


b. (a+2+b\at2—b) 6 (p+ 3)\p? —3p +9) 7. (2c? — Sd\(4c* + 10c*d + 25d") 


8. (p + q — r\(p" + 2pq 


10. 3x7(x + 2)(x* — 2x + 4) 


2 + pr+artr?) 9 (+x —x+2°\(1 — x1 +x + x’) 


VOCABULARY 
Fill in the blanks. 


1. When the polynomial 4x? — 25 is written as (2x)* — (5)", we see 
that it is the difference of two 


2. When the polynomial 8x* + 125 is written as (2x)? + (5)°, we 
see that it is the sum of two 


CONCEPTS 


3. a. Write the first ten perfect-integer squares. 
b. Write the first ten perfect-integer cubes. 


4. a. Use multiplication to verify that the sum of two squares 
x? + 25 does not factor as (x + 5)(x + 5). 


b. Use multiplication to verify that the difference of two squares 
x” — 25 factors as (x + 5)(x — 5). 


5. Complete each factorization. 


a. F —- L? = (F + Li ) 

b F2+L3 =(F+ Ly ) 

« Fo-L=(F-L) ) 
6. Factor each binomial. 

a. 5p? + 20 

b. 5p” — 20 

c. 5p? + 20 

d. 5p° + 40 
NOTATION 


7. Give an example of each. 
a. a difference of two squares 
a square of a difference 
. a sum of two squares 
. asum of two cubes 


pons 


a cube of a sum 


8. Fill in the blanks. 
a. 36° —49mt =( Y-( ¥ 
b. 125h7 -27k° =( y-( 


GUIDED PRACTICE 
Factor, if possible. See Example 1. 

9. x* — 16 10. y° — 49 
11. 9° — 64 12. 16x? — 81 
13. 144-—¢* 14, 25 — t? 
15. 100m — 1 16. 144x7 — 1 
17. 81a? — 49b° 18. 647? — 121s” 
19, x° + 25 20. & + 36 
21. 974 — 121s" 22. 81a* — 16b° 
23. 16t7 — 25w* 24, 97? — 2554 
25. 100r°s* — ¢* 26. 400x7z* — at 
27. 36x*)" — 492° 28. 4a°b* — 9d° 


Factor completely. See Example 2. 
29. x* — y" 

30. 16n* — 1 

31. 16a* — 815° 

32. 81m* — 256n* 


Factor. See Example 3. 
33. x ty -2 34. a —(b-cy 


35. (r-—sy — 24 36. (n + ny — p* 
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Factor each expression. Factor out any GCF first. See Example 4. 71. 4x° — 256x7 72. 2x° + 54x3 
37. 2x” — 288 38. 8x" — 72 
39. 3x° — 243x 40. 2x° — 32x OR OURSE 
Factor each expression, if possible. 

41. 5ab* — 5a 42. 3ac* — 243a 73. 64a° — 1256° 

74, 8x° — 27)° 
43. 64b — 4b° 44, 1,250n — 2n? 75. 288b° — 2b° 

76. 98x — 2x° 


77. x —y + 8x t+ 8 


Factor by first grouping the appropriate terms. See Example 5. 
78. 5m — 5n +m — 


45.0 —@+ct+d 464.s°-fP+s-t 3 ; 
IDX Ey 
61 6 
47. a — b? + 2a — 2b 48. m? — n° + 3m + 3n 80. x° + y 
81. 144a°t? — 1695° 
6 2.2 
49. x° + 12x + 36-j° 50. x7 —-@ +9—4/ 82. 25x° — 81y*z 
83. 100a* + 96° 
51. x? —2r + 1-97 52. x? + 10x + 25 — 162” 84, 25s" + 16r” 


85. 8ictd* — 1624 
86. 256x* — 81y* 


Fact h bes. See E le 6. 
actor each sum of cubes. See Example 87. 1282? — 232 


53. a + 125 54. b° + 64 88. 56rs°t? + Trs°v® 
89. y — (2x - 2) 
55. or ee 56. 27° + 0° 90. (15 — ny? — 2 
91. x* + 20x + 100 — 927 
Factor each difference of cubes. See Example 7. 92. 49a° — b? — 14b — 49 
57. 641° — 27° 3, = dy) +216 
58. 125m? — x° 94. 1 —(« + yy 
59. x° — 216y° 95, 1 -,A 
60. 8° — 343w" 
Factor. See Example 8. 96. at — mt 
61. (a — by +27 97. m° — 64 
98. »° — 1 
62. (b — c) — 1,000 99. (a + b)x? + 27(a + Db) 


100. (c — dr —(c-das° 
101. x? — y'z!° 
102. 7? + 51% 


63. 64 —(a + by 


64. 1—(«+y) 


APPLICATIONS 

Factor each expression completely. Factor a difference of two 103. CANDY To find the amount of chocolate used in the outer 
squares first. See Example 9. coating of the malted-milk ball shown, we can find the volume 
6. =i V of the chocolate shell using the formula 

6 6 
66. oi y : ps Pane amugpee Outer radius r, 
67. x° -—y 3 3 

UD 
sa es Factor the expression on the 
Factor each sum or difference of cubes. Factor out the GCF first. right side of the formula. Inner 
See Example 10. radius 


69. 5x° + 625 70. 2x° — 128 
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104. MOVIE STUNTS The h a 


function that gives the 
distance a stuntwoman is 
above the ground ¢ 
seconds after she falls 
over the side of a 
144-foot tall building is: 


h(t) = 144 — 16° 


Factor the right side. 


WRITING 


105. 


106. 


107. 


108. 


Explain how the patterns used to factor the sum and difference 
of two cubes are similar and how they differ. 


Explain why the factorization is not complete. 


Factor: 1 - A =(1 + 4 - ft 
Explain the error. 
Factor: 4g” — 16 = (2g + 4)(2g — 4) 


When asked to factor 81/7 — 16, one student answered 
(9t — 4)(9t + 4), and another answered (9f + 4)(9t — 4). 
Explain why both students are correct. 


REVIEW 


For 
109. 


each of the following purchases, determine the better buy. 


. Flute lessons: 45 minutes for $25 or 1 hour for $35. 


144 ft 


110. 


705 


Tissue paper: 15 sheets for $1.39 or a dozen sheets for $1.10. 


CHALLENGE PROBLEMS 


Factor. Assume all variables represent natural numbers. 


111. 
112. 
113. 
114. 
115. 


116. 


Find the error in this proof that 2 = 1. 


x=y 
2 = xy 
v-yay-y 
(x + y)& — y) = x — y) 
(x + WO=I) __ VE=T) 
Q=y) QP) 
xty=y 
yrty=y 
a=y 
ay 2 
yoy 
2=1 


@ Simplify rational expressions. 


Objectives 


© Simplify complex fractions. 
© Solve rational equations. 


® Multiply and divide rational expressions. 
© Add and subtract rational expressions. 


Recall that rational expressions are algebraic fractions with polynomial numerators and 


denominators. 


Rational 


Expressions B#0. 


A rational expression is an expression of the form 4 where A and B are polynomials and 
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Caution 
Since division by 0 is undefined, 
the value of a polynomial in the 
denominator of a rational 
expression cannot be 0. For 
example, m cannot be —2 in the 


3 5m +n 
expression gy 16 because the 


oO 


denominator would be 0. 


Simplifying 
Rational 
Expressions 


Some examples of rational expressions are 


8y°z° 3x 5m +n 6a’ — 13a + 6 
43>? , ‘ and —— 
6y Zz x= 7 8m + 16 3a° + a — 2 


To add, subtract, multiply, and divide rational expressions we use the same rules that we 
use for performing those operations with arithmetic fractions. 


Simplify Rational Expressions. 


To simplify a rational expression we use the following strategy. 


1. Factor the numerator and denominator completely to determine their common factors. 
2. Remove factors equal to 1 by replacing each pair of factors common to the numerator 
and denominator with the equivalent fraction i. 


3. Multiply the remaining factors in the numerator and in the denominator. 


3:5) 


EXAMPLE] simplify: “22, 
. - 6y'z 


Strategy We will begin by writing the numerator and denominator in factored form. 
Then we will remove any factors common to the numerator and denominator. 


Why The rational expression is simplified when the numerator and denominator have no 
common factors other than 1. 


Solution 


6y"z? Mee ea This removes the factor ee 
_ 42° 
3y 


a Self Check 1 | Simplify: 3.73 


Now Try Problem 15 


The fractions in Example | and the Self Check can also be simplified by using the rules 
of exponents: 


gyrz5 X- 4. as . 73 10k st 2. 41-2 Mis divide exponential expressions 
4a rian with the same base, keep the base 
6y'z 3 25k 1 5 and subtract the exponents. 
_4ey* +2 ek 
3 5) 
427 2 


3y 5k 


Caution 
In Example 2, do not remove the 
x's in the result ae The x in 
the numerator is not a factor of 
the entire numerator. Likewise, the 
x in the denominator is not a 
factor of the entire denominator. 


x 2 5 
aS 3 2 
The Quotient 
of Opposites 
Caution 


A — symbol in front of a fraction 
may be placed in the numerator or 
the denominator, but not to both. 
For example, 


She ae AP, she = yp 
= # 
y ay 


8.6 Review of Rational Expressions and Rational Equations 707 


2x7 + lx + 12 


EXAMPLE 2 5 
. 3x° + llx —4 


Simplify: 
Strategy We will begin by factoring the numerator and denominator completely. Then 
we will remove any factors common to the numerator and denominator. 


Why We need to make sure that the numerator and denominator have no common factors 
other than 1. If that is the case, then the rational expression is simplified. 


Solution 

1 
or ile 12 Cees 
= 5 = a A) Remove a factor equal to 1: *** = 1, 
3x° + llx — 4 (3x — 1I+4) 

1 

2x3 
= 3x] This expression does not simplify further. 


P 2s 
a SelfCheck2 Simplify: + $**3 
Now Try Problem 21 


Recall that if the terms of two polynomials are the same except that they are opposite in 
sign, the polynomials are opposites. 


The quotient of any nonzero polynomial and its opposite is — 1. 


3x? — 10xy — 8)” 


EXAMPLE 3 5 
4y" — xy 


Simplify: 
Strategy We will begin by factoring the numerator and denominator. Then we look for 
common factors, or factors that are opposites, and remove them. 


Why We need to make sure that the numerator and denominator have no common factors 
other than 1. If that is the case, then the rational expression 1s simplified. 


Solution We factor the numerator and denominator. Because x — 4y and 4y — x are 
opposites, their quotient is —1. 


Since x — 4y and 4y — x are opposites, 


= 
3x — 10xy — 8y° _ (3x + 2-4) 


: simplify by replacing =. with the equivalent 
ay ay ee) fraction 4 =-1. 
_ —@Gx + 2y) 
y 
This result can also be written as —*** 2 op —3*§— 2", 


: : 2a — 3ab — 9b? 
a Self Check 3 j Simplify: Serr ere 
Now Try Problem 25 
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2) Multiply and Divide Rational Expressions. 


Multiplying 
Rational 
Expressions 


Caution 
When multiplying rational 
expressions, always write the 
result in simplest form by 
removing any factors common to 
the numerator and denominator. 


Recall that to multiply two fractions, we multiply the numerators and multiply the denomina- 
tors. We use the same strategy to multiply rational expressions. 


To multiply rational expressions, multiply their numerators and their denominators. Then, if 
possible, factor and simplify. 


. : A 
For any two rational expressions, ‘5 and € ; 


= 6x9: 5x 


EXAMPLE 4 | Multiply: c 0x p= 5 


Strategy To find the product, we will use the rule for multiplying rational expressions. In 
the process, we must be prepared to factor the numerators and denominators so that any 
common factors can be removed. 


Why We want to give the result in simplified form. 


Solution 
x — 6x +9 : Sx” Ge — 6x + 9)5x? Multiply the numerators. 


20x xr - 9 20x(x? — 9) Multiply the denominators. 


— (& — 3)@ — 3)5+x+xX Factor the numerator. 
4+5+x(x + 3)(x — 3) Factor the denominator. 


1 1 1 
- 3) _ 3)5 +x ‘X — Simplify by removing common factors 
4-8 “x(x + 3)\(x—3) of the numerator and denominator. 
1 1 1 


_ x(x — 3) 
A(x + 3) 
i 
We could distribute in the numerator and/or denominator and write the result as ea or 


X27 =3% 
4x + 12 


. Check with your instructor to see which form of the result he or she prefers. 


4 24+ 6 9 3a3 
ta Self Check 4 j Multiply: 4 es ea 
Now Try Problem 29 


EXAMPLE5 — Multiply: (2x — x) - ad 


x? — xb — 2x + 2b 


Strategy We will write 2x — x° as a rational expression with denominator 1. (Remem- 
ber, any number divided by | remains unchanged.) Then we will use the rule for multi- 
plying rational expressions. 


Success Tip 
We would obtain the same answer 
if we had factored the numerators 
and denominators first and 
simplified before we multiplied. 


Dividing Rational 
Expressions 
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xX x 


Why Writing 2x — x” as zs i : is helpful during the multiplication process when we 


multiply numerators and multiply denominators. 


Solution 
x 
(2x — x?)+ a 
x — xb — 2x + 2b 
2x — x? x by = 52 
= ar Write 2x — ¥ as 1 
1 x” — xb — 2x + 2b 
(2x — x?)x Multiply the numerators. 
i" —xb-—2x + 2b) Multiply the denominators. 
X(2 = Hx Factor out x in the numerator. In the denominator, 
[x(x — b) — 2x — b)] begin factoring by grouping. 
x(2 — x)x In the denominator, complete the factoring by 
~ 1(@x — b)\(x — 2) grouping. The brackets [ ] are no longer needed. 
= 
_ x(2—X)x The quotient of any nonzero quantity and its 
I(x — b\(x—2) opposite is —1: 7 = -1, 
1 
2 
_ 7x 
x—b 
Since the — symbol can be written in front of the fraction, this result can also be written as 
2 
x 
x—b 


a Self Check 5 | Multiply: es ete — 4x) 
Now Try Problem 35 


Recall that to divide fractions, we multiply the first fraction by the reciprocal of the 
second fraction. We use the same strategy to divide rational expressions. 


To divide two rational expressions, multiply the first by the reciprocal of the second. Then, if 
possible, factor and simplify. 


For any two rational expressions, 4 and C where 5 # 0, 
A Cot DAD 
Be 2s BO eB. 


beer +8 x? -2x4+4 
Iv1ide: _ 
Se het A ax* — 2 


EXAMPLE 6 


3 qT —_ » . « 
Strategy We will write the division = = : = ag ae 5 4 as the equivalent multiplica- 
: x7 +8 2x? — 2 
Hon 4,4 4°32 — ae + 4° 


Why We can then perform the multiplication as in Examples 4 and 5. 
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Solution 
+8 = Oe 4 
4x+4 2x7 -2 


_ x +8 . 2x* — 2 Multiply the first rational expression by 
4x +4 x7-2x +4 the reciprocal of the second. 
_ (x? + 8)(2x? — 2) Multiply the numerators. 
caution (4x + A)(x? — 2x +4) Multiply the denominators. 
aE un _@# 2)? = 2x + DG 4 Tx = 4) Factor x° + 8, 2x* — 2, and 4x + 4. The 


polynomial x° — 2x + 4 does not factor. 


reels plese ey 2 + Der = 2x +4) Write 4 as 2 - 2. Then simplify. 
Te 1 


removing any factors common to 
the numerator and denominator. 


— (x + 2)(x — 1) 
7 2 


a Self Check 6 ] Divide: ——8 + 5% +4 
Now Try Problem 43 


a 2x* — 2 6x? + 4x — 2 
6x7 +5x+1 2x7-S5x-3 3x7 -2x-3 


EXAMPLE7 Simplify: 


Strategy We will consider the division first by multiplying the first rational expression 
by the reciprocal of the second. Then we will find the product of the three rational 
expressions. 


Why By the rules for the order of operations, we must perform division and multiplica- 
tion in order from left to right. 


Solution Since multiplications and divisions are done in order from left to right, we 
begin by focusing on the division. We introduce grouping symbols to emphasize this. To 


. . . . . . 2 = . 
divide the expressions within the parentheses, we invert site and multiply. 


(a 2x? — 2 Sek (3 RS ee? 
6x? + 5x +1 2x? —5xy-3/x?-2x-3 6x? +5xt1 2x? -2 /x?-2x-3 
Next, we multiply the three rational expressions and simplify the result. 
OF £2e = DG = Se = 3) + 4x = 2) 
(6x? + 5x + 1)(2x? — 2)(x? — 2x — 3) 


1 1 1 1 1 
_@+t Dea Nee ha s26x = NGA) 
(3x + Qe Tee 7 Vee Ge eet) 


(x + 3)(3x — 1) 
~ Bxt+ Dat) 


. Bre in = Pa Naess Xen Dye ar 3 
PI Self Check 7 P| SIMPY: geese ap a ae = 
Now Try Problem 47 


Adding and 
Subtracting 
Rational 
Expressions That 
Have the Same 
Denominator 


Caution 
When adding or subtracting 
rational expressions, always write 
the result in simplest form by 
removing any factors common to 
the numerator and denominator. 


Building Rational 
Expressions 
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Add and Subtract Rational Expressions. 


To add (or subtract) fractions with like denominators, we add (or subtract) the numerators and 
keep the same denominator. We use the same strategy to add (or subtract) rational expressions 
with like denominators. 


To add (or subtract) rational expressions that have same denominator, add (or subtract) their 
numerators and write the sum (or difference) over the common denominator. Then, if possi- 
ble, factor and simplify. 


If 4 and 2 are rational expressions, 
A B A+B AB ASB 
+== d = 


an = 
D D WD D iD iD 


2 


/ 6 
EXAMPLE8 Add 7 + 2 and simplify the result. 
| 2 2 
: a—36 a — 36 


Strategy We will add the numerators and write the sum over the common denominator. 
Why This is the rule for adding rational expressions that have the same denominator. 


Solution 
2. 


2 
a 6a a’ + 6a Add the numerators. Write the sum over 
2 + 2 9, i @ 
a — 36 a — 36 a’ — 36 the common denominator, a” — 36. 


We can factor the binomials in the numerator and the denominator. 


a 6a a(a + 6) 
+ —=] 
a—36 a—36 (at 6\(a- 6) 
1 
___aa+6) 
ev Ohe — 6) 


Simplify. 


a-6 


ta Self Check 8 , | Add: p24 + phy 
Now Try Problem 55 


To add or subtract rational expressions with unlike denominators, we build them to 
rational expressions with the same denominator. 


To build a rational expression, multiply it by 1 in the form of - , where c is any nonzero 
number or expression. 


When adding (or subtracting) rational expressions with unlike denominators, we will 
write the rational expressions with the smallest common denominator possible, called the 
least (or lowest) common denominator (LCD). To find the least common denominator of 
several rational expressions, we follow these steps. 
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Finding the LCD 


Success Tip 
Note that the highest power of 
each factor is used to form the 
LCD: 


24b = 29 -3-5 
180? = 2-32-42 
LCI) = BP 03h off? = Fay 


Success Tip 
You may want to review the 
procedure for adding and 
subtracting rational expressions 
that have unlike denominators on 
page 582. 


1. Factor each denominator completely. 


2. The LCD is a product that uses each different factor obtained in step | the greatest 
number of times it appears in any one factorization. 


lla 


| eae 


EXAMPLES | Add: Su + 7% 


Strategy We will find the LCD of these rational expressions. Then we will build the 
rational expressions so each one has the LCD as its denominator. 


Why _ Since the denominators are different, we cannot add these rational expressions in 
their present form. 


Solution To find the LCD, we write each denominator as the product of prime numbers 
and variables. 
24b =2-2-2-3-b=23-3-b 
1867 =2-3-°3°b-b=2-3°-B 
Then we form a product using each of these factors the greatest number of times it 


appears in any one factorization. 


The greatest number of times the factor 2 appears is three times. 
The greatest number of times the factor 3 appears is twice. 
[ [: The greatest number of times the factor b appears is twice. 
LCD =2:2°2°3-3:°b-b 
= 2b" 


We now multiply the numerator and denominator of each rational expression by whatever it 
takes to build their denominators to 72°. 


Sa lla 5a 3b lla 4 
a re . 7° 7 Build each rational expression. 
246 18b 24b 3b 18h 4 
_ Sab ip 44a Multiply the numerators. 
72b* 72b* Multiply the denominators. 
15ab + 44a Add the numerators. Write the sum over the 


72b7 common denominator. The result does not simplify. 


a SelfCheck9 Add: 535 + 


Now Try Problem 61 


Kote | x—4 
2 


x Sef ge =4 


EXAMPLE 10 subtract: 


Strategy We will factor each denominator, find the LCD, and build the rational expres- 
sions so each one has the LCD as its denominator. 


Why Since the denominators are different, we cannot subtract these rational expressions 
in their present form. 


Success Tip 
To build each rational expression, 
we use the FOIL method to 
multiply the numerators. Note 
that we don’t multiply out the 
denominators. For example, to 
build the second rational 
expression, we have: 


x-4 ei 
@ + D@ > =71 
The result is: 
x? -— 5x +4 


(esr yee = ee = 1) 


oO 


Success Tip 
Review Method 1 and Method 2 
for simplifying complex fractions 
on pages 591 and 594. 
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Solution We factor each denominator to find the LCD: 


The greatest number of times the factor 
x — 1 appears is twice. 
The greatest number of times the factor 
x + 1 appears is once. 


The LCD is (x — 1)°(x + 1) or (x — De — 1a + 1). 

We now write each rational expression with its denominator in factored form. Then we 
multiply each numerator and denominator by the missing factor, so that each rational expres- 
sion has a denominator of (x — 1)(x — 1)(x + 1). 


x —-%x+1=@-D)ae-1l=e@-1P% 
xr -1l=@+De-1) 


xt I x-4 
Y-w+l x-1 
_ x+1 x—4 Write each denominator in 
««-De-1l @t+Da-) factored form. 
x 1 x+1 x—-4 x —1 Build each rational 


~@—-De—-1l xt1 (+Da—-1 x-1 


expression. 


Multiply the numerators 
using the FOIL method. 
Multiply the denominators. 


x7 + 2x + 1 _ x — 5x +4 
~@-D)E-DVDeE+Y) &+FDE—-DYE-D 


within parentheses to make 
sure we subtract all three of 
its terms. 


This numerator is written 


x? + 2x + 1— (x* — 5x + 4) 
x = D)e-VYeEt+ 1) 


Subtract the numerators. 
Write the difference over the 
denominator. 
xt+ixt1—x7+5x-4 
(x — 1)(x — 1)(x + 1) 


In the numerator, subtract 
the trinomials. 


1x = 3 Combine like terms. The 
7 (x — 1)\(x — 1) + 1) result does not simplify. 
n= 3 Write (x — 1)(x — 1) as 


~ ( — 12 + 1) (« — 17% 


a Self Check 10 Subtract: >“ an ee 453 
Now Try Problem 77 


Simplify Complex Fractions. 


A rational expression whose numerator and/or denominator contain rational expressions is 
called a complex rational expression (or a complex fraction). The expression above the 
main fraction bar of a complex fraction is the numerator, and the expression below the main 
fraction bar is the denominator. Two examples are: 


3a 1 
—_ Numerator > 5) 3 
@ = 3a+ 
+— Main fraction bar —> ——_——____ 
6ac ’ 3 2 
—,_ +— _ Denominator > = 


b? a2 
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Success Tip 
Simplifying using division works 
well when a complex fraction is 
written as a quotient of two single 
rational expressions. 


The first method to simplify complex fractions uses the fact that the main fraction bar 
indicates division. With the second method, we multiply the numerator and denominator of 
the complex fraction by the LCD of all fractions in the complex fraction. 


3a 


EXAMPLE 11 __ Simplify: 


6ac 

Be 

Strategy We will perform the division indicated by the main fraction bar. 
Why We know how to divide rational expressions. 


Solution 
3a 


=——_— + The main fraction bar of the complex fraction indicates division. 


2 
3a . b To divide rational expressions, multiply the first by the 
b 6ac reciprocal of the second. 


2 
3a+b Multiply the numerators. 
b+ 6ac Multiply the denominators. 


111 

B:a:B-b Factor the numerator and denominator. Then simplify by removing 
B+2+3B+a-+c common factors of the numerator and denominator. 
1 1 


ib Multiply the remaining factors in the numerator. 
2c Multiply the remaining factors in the denominator. 


x 


y 
Now Try Problem 79 


1 


EXAMPLE 12) simplify: <—4*?_ 


e=2 got 


Strategy We will factor a’ — 3a + 2 and determine the LCD for all the fractions 
appearing in the complex fraction. Then we will use Method 2 to simplify. 


Why Method 2 works well when the complex fraction has sums and/or differences in the 
numerator or denominator. 


Solution After factoring a* — 3a + 2, we will see that the LCD of the fractions in the 
complex fraction is (a — 2)(a — 1). We multiply the numerator and the denominator by 
the LCD. 


Success Tip 
Simplifying using the LCD works 
well when the complex fraction 
has sums and/or differences in 
the numerator or denominator. 


The Language of Algebra 
After multiplying a complex 
fraction by ree and performing 
the multiplications, the numerator 
and denominator of the complex 
fraction will be cleared of 
fractions. 
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1 1 
= — 2\a-1 
7 3a +2 = Ae Ne \(a ) Factor a* — 3a + 2. 
Se 32 
a-2 a-1 a-20° aed 
1 
ig ON. Ca = = Multiply the complex 
= (a= 2)(a= 1) ‘ ic] ae ~) fraction by a factor equal 
= 2 (a — 2)(a — 1) to1in the form of t2. 
a> a-1 
a-—2)a-1 
| (a — a aa X ) Multiply the numerators. 
Multiply the denominators. 
a2 ea — 2)(a — 1) 
(a — 2)(a — 1) Perform the multiplication 
(Ga) Ga) in the numerator. In the 
— 3(a — 2)(a - 1) 2(a — 2)(a — 1) denominator, distribute 
a, p= the LCD, (a — 2)(a — 1). 
I Simplify each of the three 
= rational expressions 
3(a — 1) — 2a — 2) highlighted in blue. 
1 In the denominator, remove 
3a —-3-2a+4 parentheses. 
1 
= Combine like terms. 
at+l1 
b ad 3 
Self Check 12 4 Simplify: bt4 p43 
EP ap Tr ar 12 
Now Try Problem 87 


5) Solve Rational Equations. 


If an equation contains one or more rational expressions, it is called a rational equation. 
Recall that we use a fraction-clearing strategy to solve rational equations. 


8 3 
EXAMPLE 13 Solve: 1 +" = > 
- a+3a 4 
Strategy We will find the LCD of the rational expressions in the equation and multiply 
both sides by the LCD. 


Why This will clear the equation of fractions. 
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Solution Since the binomial a” + 3a factors as a(a + 3), we can write the given equa- 


Success Tip : 
tion as: 


You may want to review the 
procedure for solving rational 8a 


equations on page 600. — Factor a* + 3a. 


1 + ——~ = 
aa+3) a 
We see that 0 and —3 cannot be solutions of the equation, because they make rational 
expressions in the equation undefined. 
We can clear the equation of fractions by multiplying both sides by a(a + 3), which is 
the LCD of the two rational expressions. 


ee 


8 3 
a(a + 31 F —*,| =a(a + (2) Multiply both sides by the LCD. 


On the left side, distribute the 


8a 3 
me a)! aia Diy + 3) is iad (2) multiplication by a(a + 3). 


1 1 8a 1 3 
Remove common factors of the 
aera MO) sy = ala + (2) numerator and denominator. 
1 1 1 
a + 3a+8a=3a+9 Simplify each side. The resulting 
quadratic equation does not contain 
any fractions. 
a +8a-9=0 To get O on the right side, subtract 3a 
and 9 from both sides. 
(a+ 9a - 1) =0 Factor the left side. 
a+9=0 or a-—1=0 Set each factor equal to 0. 
a=-9 | a=1 Solve each equation. 


The solutions are —9 and 1. Verify that both satisfy the original equation. 


i Self Check Bi Solve: 1 + 4 = aaa 
Now Try Problem 95 


| 2 2 Bet 3, Mt oy =e 3 4 HD 5. xx + 3) 


x(x — 2) 1 b Ot ales 9a — 2 1 ay pte 12 
6. 3 7. (nin) 8. ie 9. 8423 10. (ai=27(@= 2) * 3yz b 


11 


12. 


i, =>, 1 


VOCABULARY 2. To simplify a rational expression, we remove factors 
a to the numerator and denominator. 
Fill in the blanks. : ; x-8 
; : ee 3. The quotient of _______ is —1. For example, g—. = —l. 
1. A quotient of two polynomials, such as —- , is called a 4 i. 
: 3 4. In the rational expression &+5@*—)) y + 2 is a common 
expression. . ve (x + 2)(Ax + 2)? 


of the numerator and the denominator. 
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5. The least of i= and oa is 
x(x + 6). 
6. To_____ a rational expression, we multiply it by a form of 1. 
2 8 16 


For example, 3° 3 = ,- 


CONCEPTS 
Fill in the blanks. 


7. To multiply rational expressions, multiply their 
and multiply their . To divide two rational 
expressions, multiply the first by the of the second. 
8. To add or subtract rational expressions that have the same 
denominator, add or subtract the and write the 
sum or difference over the common 


9. To find the least common denominator of several rational 


expressions, each denominator completely. The LCD is 
a product that uses each different factor the number 
of times it appears in any one factorization. 

10. The expression 4 — y must be multiplied by to obtain 


y-4. 
11. Consider the following factorizations. 
18x — 36 = 2-3-3-(x—- 2) 
3x* — 3x — 6 = 3(x — 2)(x + 1) 


a. What is the greatest number of times the factor 3 appears in 
any one factorization? 


b. What is the greatest number of times the factor x — 2 
appears in any one factorization? 


ae 3x: 
12. The LCD for >ys-¢ and 2] Is 


LCD = (« + 2)(x + 3) — 2) 


If we want to subtract these rational expressions, what form of 
1 should be used 


: 2x1 
a. to build >> 


5x + ra 
b. to build 


3x 
9 
x? —4° 


NOTATION 


13. a. Write 5x7 + 35x asa fraction. 


b. What is the reciprocal of 5x” + 35x? 


14. Fill in the blank: The fraction -¢ 1s equivalent to : a 


ale fois 


GUIDED PRACTICE 


Simplify each rational expression. See Example 1. 


15a’ 12x 
15. 16. — 
25a 16x 
24x°y4* 15a°b* 
7. 43 2 2,5 
S4x"y 2lab 


Simplify each rational expression. See Example 2. 


5x7 — 1 2+ 6x+9 
19. 2 Ox 20. ~ = 
x — 4x +4 2x" + 6x 
2 2 
C= x= +x—-2 
21. aS Tx —5 22. = x 
2x” oP Sx 2 8x" + 2x — 3 


Simplify each rational expression. See Example 3. 


4— x? 
23. >—__~ 24. 
= HH 


x? —- 2x - 15 
25 — x? 


2 


PD + Pd _ pe m> — mn 


25 
pg +pq-2p 


26. —.—.—_ 
mir? + mn — 2m? 


Perform the operations and simplify, if possible. See Example 4. 


10a? 126° l6c? 25d 
3b*  5a* * Sd? 12¢ 
3p” pp — 16 ‘4 yroyt+9 37 
“6@p+24 6p . 15y wte 
2 Oe-b Dy = De + - 
31. x : 32. at+6 3a 12 
9x 2x* —2 a-16 3a+18 
x? -x-3 x +x-2 
33. 5 <S 
x — 1 2x7 +x — 6 
ay oe Ssh 8 Jee Sn 
"pt -9 2p? + Sp+2 


Perform the operations and simplify, if possible. See Example 5. 


35. (6a —@)- é 
, a — 6a + 3a — 18 
6 
n 
36. (10n — n’)- 
7 — 10m? — 2n + 20 
2 
Xo 32 
37. (x° + x — 2ex — 2c)> 
( 4c? — x? 
38. (ax — 10. be" 
. (Zax x — at 5)> 
x — 2x? 
Perform the operations and simplify, if possible. See Example 6. 
eee eet. 
4 6 14 21 
2 


x ~16 x+4 
¢=5 x =5 
Se+1 1258 +1 


41. 


43. 


6 6c+6 
44 6m —8 , 27m> — 64 
On? 9m + 9 
45 3n° + 5n —2 n+3n+2 
"12n? —13n +3. 4n2 + 5n — 6 
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8 — l4y— 15 4 — 9 -9 
“6% -lly-10 3% —-Ty-6 


Perform the operations and simplify, if possible. See Example 7. 


6a27-Ta—3  4a*-12a+9 2a*-a-3 
47. 2 ° 2 rer | 
2a = 2 a—l 3a" — 2a - 1 
x-—-x-12 er-—6xt+8 x-—3x42 
48. — ee ar 
x PKK 2D x 3x — 10 x 2x = 15 
ie We eG eS a3 
49. r : 
x4 — 3x3 2 2 2x3 
2x? —2r -—4 3x7 + 15x 100 — 4x? 
50. — : ar 
x° +2x-8 Dea call x” —x — 20 


Perform the operations and simplify, if possible. See Example 8. 
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3 a x 5 

51. = 52. 
a+7T at+T7 x+4 x+4 

53. 5x 3 2x 54. 4 2a ; 3a 
xt+1 x+1 x41 a+4 at+4 at+4 
3x 9 9x 9 

55. - 56. _ 
x-9 37-9 x-1 x-1 
=2 y= x + c= 2 

57, _ as 58. 5x +8 3x 
2y+6 22Byt+6 ae IS. 3c IS 


Perform the operations and simplify, if possible. See Example 9. 


2 2 
eee i ee. 
4x 3x 5a 2a 
8 1 5 7 
61. 5 Toa 62. 3 tt 
oy 6y 6a 8a 
3 5 1 2 
3. 5 = 6 64.  - 5 
4ab 2a°b Sxy 15x“y 
—-7 ytT7 +5 —1 
65. > -? 66, >> —*— 
y 2y xy xy 


Perform the operations and simplify, if possible. See Example 10. 


3 5 2 6 
67. + 68. _ 
x+2 x-4 a+4 a+3 
+2 = 4 
G2 0 — 4? 
KPO ese 7 x+3 x +6 
7 x x 
“Pr 4+5x4+6 x7 -4 
= x x 
“42x41 ¥-1 
4 B 6 
73.5 5 
KH 23 2x7 = ie 6 
74, 2 = 


2x? + Tx — 30 


6 3 9 5 
75. — 76. ——— - 
5d°—5d 5d—5 = 2 22 
m 4 
77.5 ; 
m+ 9n+ 20 m + 7m + 12 
te 3 3x1 
73. —* = 
2x — Sx+2 x= x= 2 
Simplify each complex fraction. See Example 11. 
4x sr 
y 9x 
79. 80. 
i a 
y~ 18x 
t xe Se 6 
OF --.1 
81, ~—2 ws 
t x = 9 
x+y 6xy 
Simplify each complex fraction. See Example 12. 
Ae ae i 
a 5 b 
a 
83. 84. 
- ae 
a a ob 
y* bees 
x yp xy 
85. . 
1 1 86 1 1 
5 + pa es ees 
x y y x 
h 3 2 
Wr +3h+2 ee ae See 
87. 38, ——____——— 
4 4 5z 
h+2 h+1 2 —5z+6 
— oa 
y-1 y x x=1 
89. ———___—— 90. 
3 1 . 3 2 
= + = 
y-1 1-y x-1l x 
Solve each equation. See Example 13. 
3 7 2. ‘1 7 
9. -+—=13 92, —+-=— 
y 2 x 2 2x 
2 1 9 1 7 1 5 1 
93, —+—-=—-—— 94, —--=—+— 
x 2 4x 2x Sx 2 6x 3 
Pa a aap a 
“2 3a-9 3 “5 2b-16 2 
2 Eee? 4 3 HD ee) 
97. = 98. = 
5x — 5 15 se 5 2x + 4 2 2x + 4 


TRY IT YOURSELF 


In the following problems, simplify each expression by performing 


the 


99 


100. 


101. 


102. 


103. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


115. 


117. 


119. 


120. 


121. 


indicated operations and solve each equation. 


P-d. ¢+pq 
oop prretpee 
r+y wa-xwty 


ry Pty ty 
t 2 
eP+5t+6 17 4+3t4+2 
2a 3 


x -9 
4 ; 5 7 
‘ne —m—12 me —Im+ 12 
34 13 3 
+ 


m —9 
x 20x x 
2 2x x 
x1 x 4+2r41 
_ 2x—1 2 
" x2 + 3x x7 -9 
2x? — 3x — 5 
xed 


“= 
x—2 


x? — 3x 


Qe 


15x + 25) = 


w-9 


“x +3 


ae Qn? — 5x — 3 
x? + Ixypt+txty ye -3y—x* 4+ 3x 


ax + ay + bx + by x? + 3x49 
x? —27 xc + xd + yc + yd 
24n* 18m* 
Poy an WAS: a 
lon” + 24n 36m” — 9m 
3 
l+x- 116,22 = ——} 
x=5 x= 
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ax + by + ay + bx 118 3x? — 3y 
a “x? + 2y + 2x + yx 
3 s— 14 4 
} =0 
s-2 29%-39—-2 2541 
1 . 1 Lag 
y-wy-3 y~-44+3 y~-1 
1 1 -—1 
ae eet “Ate as 
x+4 x+4 3x +12 9 3x 


719 


ac—ad-ct+d ik + tp — 2x — 2y 


a 2 2 
1 te in Se 
c —2cd+d f= 8 
atatl 15x + 15y 
4 
Ce ecine ae eee 
G3 JX x-4 4-x 
APPLICATIONS 


127. PHYSICS The following table contains data from a physics 
experiment. 4, and k, are constants. Complete the table. 


Trial | Rate (m/sec) | Time (sec) | Distance (m) 
, ki? + 3k +2) &? = 3h 
Ky 3 ky +1 
ky? + Oka +5 5 
2 ky” + 11ky + 30 
ky +1 ie 


128. DRAFTING Among the tools used in drafting are 
45° — 45° — 90° and 30° — 60° — 90° triangles. Find the 
perimeter of each triangle and express each result as a rational 
expression. 


For a 45°-45°-90° triangle, these For a 30°-60°-90° triangle, this side 
two sides are the same length. is half as long as the hypotenuse. 


129. THE AMAZON The Amazon River flows in a general 
eastern direction to the Atlantic Ocean. In Brazil, when the 
river is at low stage, the rate of flow is about 5 mph. Suppose 
that a river guide can canoe in still water at a rate of r mph. 
a. Complete the table to find rational expressions that 
represent the time it would take the guide to canoe 3 miles 
downriver and to canoe 3 miles upriver. 

b. Find the difference in the times for the trips upriver and 
downriver. Express the result as a rational expression. 


Rate (mph) | Time (hr) | Distance (mi) 
Downriver r+5 3 
Upriver r=5 3 
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130. ENGINEERING | The stiffness of the shaft shown below is 134. Explain how to find the least common denominator of a set of 
given by the formula rational expressions. 
a ae Section 1 ___ Section 2 REVIEW 
a + LS — sey Write a system of two equations in two variables to solve each 
ky ky problem. 
where f, and k, are the individual stiffnesses of each section. 135. INTEGER PROBLEMS | The sum of two integers is 38, and 
Simplify the complex fraction. their difference is 12. Find the integers. 
136. INTEGER PROBLEMS _ Twice one integer plus another 
WRITING integer is 21. If the first integer plus 3 times the second is 33, 
131. A student compared his answer, ge , with the answer, Hind tiennbegere. 
oe , in the back of the text. Is the student’s work correct? CHALLENGE PROBLEMS 
Explain. a® — 64 
132. Explain the error that is made in the following work: 137. Simplify: 


(a? + 2a + 4)(e" — 2a + 4) 


3x7 +1 Fil Ot 
3y By y 


138. Add: x }+x 7 4x0 4x 44x 


139. Simplify: [a ' + 17’ +17! 
133. Write some comments to the student who wrote the following 


solution, explaining his misunderstanding. 140. Find two rational expressions, each with denominator 
x? + 5x + 6, such that their sum is ee 
Multiply: 3 &2 3B " 
vey 2 xe fx 

cen 
2x J% 

_ 6 
2x 


Graph linear equations using point plotting and the intercept 
method. 


Find the slope of a line. 


Objectives 
Write equations of lines. 

Recognize parallel and perpendicular lines. 
Write a linear equation model. 


OO000 6 


Find the midpoint of a line segment. 
Recall the definition of a Jinear equation in two variables. 


Standard A linear equation in two variables is an equation that can be written in the form 
(General) Form of An + By=C 


i uation 
te where A, B, and C are real numbers and 4 and B are not both 0. 


Success Tip 
When selecting x-values for a table 
of solutions, a rule of thumb is to 
choose a negative number, a 
positive number, and 0. Here, we 
choose x-values that are multiples 
of 2 to make the computations 
easier when multiplying x by — 7 
As a result, the corresponding 
y-values are integers, and not 
difficult-to-plot fractions. 


y= ~3x +3 

| x |y| @y) 
—2| 4 | (-2, 4) 
0)3 4} (0,3) 
2|2) (2,2) 
i ¢ 


Select x. Find y. Plot (x, y). 
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Some other examples of linear equations are 


y=4x - 7, 2x — 5y = 10, y = 3, and x=-2 


Linear equations can be graphed in several ways. Generally, the form in which an equa- 
tion is written determines the method that we use to graph it. 


Graph Linear Equations Using Point Plotting and the Intercept Method. 


The graph of a linear equation is a mathematical picture of the infinitely many solutions of the 
equation. To graph linear equations solved for y, we can select values of x and calculate the 
corresponding values of y. 


EXAMPLE 1 — 


1 
j Graph: y = ~5% +3 


Strategy We will find three solutions of the equation, plot them on a rectangular coordi- 
nate system, and then draw a straight line passing through the points. 


Why To graph an equation in two variables means to make a drawing that represents all 
of its solutions. 


Solution To find three solutions of this equation, we select three values for x that will 
make the computations easy. Then we find each corresponding value of y. For example, 
if x is —2, we have 


1 
y a* 


1 
y= = 4) +3 Substitute —2 for x. 


y=1+3 
V4 


Evaluate the right side. 


Thus, (—2, 4) is a solution. In a similar manner, we find corresponding y-values for x-values 
of 0 and 2 and enter the solutions in the table below. 

When we plot the ordered-pair solutions on a rectangular coordinate system, we see that 
they lie in a straight line. Using a straight edge or ruler, we then draw a straight line through 


the points because the graph of any solution of y = —5x + 3 will lie on this line. Further- 
more, every point of this line represents a solution. We call the line the graph of the 
equation. It represents all of the solutions of y = 3x + 3. 
y y 
A 
(-2, 4) 
e 4 
(0, 3) 


Plot the ordered pairs. Draw a straight line through the points. 


This is the graph of the equation. 
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Intercepts 
of a Line 


Success Tip 
The exponent on each variable of a 
linear equation is an understood 1. 
For example, 2x — Sy = 10 can 
be thought of as 2x’ — 5y' = 10. 


The Language of Algebra 
For any two points, exactly one 
line passes through them. We say 
two points determine a line. 


eT Self Check 1 | Graph: y = ix 25 


Now Try Problem 23 


In Example 1, the graph intersected the y-axis at the point (0, 3), called the y-intercept, 
and it intersected the x-axis at the point (6, 0), called the x-intercept. In general, we have the 
following definitions. 


The y-intercept of a line is the point (0, 6), where the line intersects the y-axis. To find 5, 
substitute 0 for x in the equation of the line and solve for y. 


The x-intercept of a line is the point (a, 0), where the line intersects the x-axis. To find a, 
substitute 0 for y in the equation of the line and solve for x. 


Plotting the x- and y-intercepts of a graph and drawing a line through them is called the 
intercept method of graphing a line. This method is useful when graphing linear equations 
written in the standard (general) form Ax + By = C. 


EXAM PLE 2 | Graph 2x — 5y = 10 by finding the intercepts. 
Strategy We will let x = 0 to find the y-intercept of the graph and then let y = 0 to find 
the x-intercept. 


Why Since two points determine a line, the y-intercept and x-intercept are enough infor- 
mation to graph this linear equation. 


Solution To find the y-intercept of the graph, we substitute 0 for x and solve for y. To 
find the x-intercept of the graph, we substitute 0 for y and solve for x. 


y-intercept: x-intercept: 
2x — 5y = 10 2x — 5y = 10 
2(0) — 5y = 10 Substitute O for x. 2x — 5(0) = 10 Substitute O for y. 
—5y = 10 2x = 10 
y=-2 x=5 


The y-intercept is (0, —2). The x-intercept is (5, 0). 

Although two points provide enough information to draw the graph of the equation, it is 
a good idea to find and plot a third point as a check. If the three points do not lie on a line, 
then at least one of them is in error. 

To find the coordinates of a third point, we can substitute any convenient number (such 
as —5) for x and solve for y: 


2x — 5y = 10 This is the equation to graph. 
2(-5) — 5y = 10 — Substitute —5 for x. 
—10 —- 5y= 10 
—Sy = 20 Add 10 to both sides. 
y= —4  Toisolate y, divide both sides by —5. 


The line will also pass through the point (—5, —4). We plot the intercepts and the check 
point, draw a straight line through them, and label the line as 2x — Sy = 10. 


The Language of Algebra 
Be careful with pronunciation: The 
point where a line intersects the 

x- or y-axis is called an intercept. 
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2x — dy = 10 : x-intercept 


0} —2}| (0,-2) |<— y-intercept Ftp a 
5} 0} (5,0) |+— x-intercept i i i 2x - Sy = 110 
5 | —4 | (—5, —4) | <— Check point 


(-5, -4) 


a Self Check 2 | Graph 5x + 15y = —15 by finding the y- and x-intercepts. 
Now Try Problem 27 


Equations such as y = 3 and x = —2 are linear equations, because they can be written in 
the general form Ax + By = C. 

y=3 is equivalent to Ox + ly = 3 

x=-2 is equivalent to Ix + Oy = —2 


EXAMPLE 3 j Graph: a. y=4 b. x= =—2 


Strategy To find three ordered-pair solutions of y = 4, we will select three values for x 
and use 4 for y each time. To find three ordered-pair solutions of x = —2, we will select 
three values for y and use —2 for x each time. 


Why The first equation requires that y = 4 and the second equation requires that 
x= -2. 
Solution 
a. Since the equation vy = 4 does not contain x, the numbers chosen for x have no effect 
on y. The value of y is always 4. 

After plotting the ordered pairs shown in the table on the next page, and drawing a 
straight line through them, we see that the graph is a horizontal line, parallel to the x-axis, 
with a y-intercept of (0, 4). The line has no x-intercept. 

b. Since the equation x = —2 does not contain y, the value of y can be any number. 

After plotting the ordered pairs shown in the table on the next page, and drawing a 
straight line through them, we see that the graph is a vertical line, parallel to the y-axis, 
with an x-intercept of (—2, 0). The line has no y-intercept. 
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Success Tip 
The graph of y = 0 is the x-axis 
and the graph of x = 0 is the 
y-axis. 


Equations of 
Horizontal and 
Vertical Lines 


Using Your Calculator 


y= 4 x=-2 
x |y| @y) x|y | @y) 
—3 | 4 | (-3, 4) —2 | —3 | (—2, —3) ,{0.4) 2, 4) 
014] (0,4) =F) a) Taw 
214] (2,4) 5) 3) 355 
ae | 1 4 
Choose Each Each Choose - 
any value of value of — any o 
number y must xmust number (-2,-3) 7 
for x. be 4. be —2. for y. 4 


a Self Check 3 ij Graph: a.x=4 db. y= -3 
Now Try Problems 35 and 37 


The results of Example 3 suggest the following facts. 


The equation y = 5 represents the horizontal line that intersects the y-axis at (0, 5). 


The equation x = a represents the vertical line that intersects the x-axis at (a, 0). 


The graph of the equation y = 0 has special significance; it is the x-axis. Similarly, the 
graph of the equation x = 0 is the y-axis. 


Generating Tables of Solutions and Graphing Lines 


If an equation in x and y is solved for y, we can use a graphing calculator to generate a table 
of solutions. The instructions in this discussion are for a TI-84 or TI-84 plus graphing calcu- 
lator. For specific details about other brands, please consult the owner’s manual. 

To construct a table of solutions for 2x — 5y = 10, we first solve for y. 


2x — 5y = 10 
—Sy = —2x +10 Subtract 2x from both sides. 
2 
y= zo i) Divide both sides by —5 and simplify. 


To enter y = 2x — 2, we press and enter (2/5)x — 2, as shown in figure (a) on the 


next page. (Ignore the subscript 1 on y; it is not relevant at this time.) 

To enter the x-values that are to appear in the table, we press | 2nd || TBLSET | and 
enter the first value for x on the line labeled TblStart =. In figure (b), —5 has been entered 
on this line. Other values for x that are to appear in the table are determined by setting an 
increment value on the line labeled ATbl =. Figure (b) shows that an increment of 1 was 
entered. This means that each x-value in the table will be 1 unit larger than the previous 
x-value. 
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The final step is to press the keys| 2nd || TABLE |. This displays a table of solutions, as 


shown in figure (c). 


GRAPH |, as shown in figure (d). 


To see the graph of y = 2x — 2, we press 


Floti Plot? Plots 
sVWiBC2/59K-2 
sYe= 


sis 
y= 
sWe= 


sa= 
size 


TABLE SETUP 
TbhlStart=-5 
Tb1l=1 


Indent! (0pm 
Automial 


Derend: 


(b) (d) 


2) Find the Slope of a Line. 


Slope of a Line 


The Language of Algebra 
The symbol A is the letter delta 
from the Greek alphabet. 


Recall that the s/ope of a line is a measure of the steepness of the line. 


The slope of a line passing through points (x1, y;) and (x2, v2) 1s 


vertical change 


changeiny y.—y; 


m= : = : where x2 # X; 
horizontal change changeinx 4X27 x, 


The change in y (denoted as Ay and read as “delta y’”) is the rise of the line between two 
points on the line. The change in x (denoted as Ax and read as “delta x’’) is the run. Using this 
terminology, we can define slope as the ratio of the rise to the run: 

DY, is 


m=—<= 
Ax run 


where Ax # 0 


EXAMPLE 4 j Find the slope of the line graphed in figure (a) below. 


y 


Pick two points on 

the line that also lie 
on the intersection 
of two grid lines. 


(a) (b) 


Strategy We will pick two points on the line, construct a slope triangle, and find the rise 
and run. Then we will write the ratio of rise to run and simplify the result, if possible. 
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Success Tip 
When drawing a slope triangle, 
movement upward or to the right 
is positive. Movement downward 
or to the left is negative. 


Success Tip 
When calculating slope, it doesn’t 
matter which point we call 
(x1, ¥1) and which point we call 
(x2, ¥2). We will obtain the 
same result in Example 5 
if we let (x1, ¥,) = (3, —4) and 
(%2, y2) = (—2, 4). 


Why The slope of a line is the ratio of the rise to the run. 


Solution We begin by choosing two points on the line, P and Q, as shown in figure (b). 
One way to move from P to Q is to start at P, move upward, a rise of 4 grid squares, and 
then to the right, a run of 8 grid squares, to reach Q. These steps create a right triangle 
called a slope triangle. 


rise 4 1 
m=——_= 7 =7 Simplify the fraction. The result is positive. 
rn 8 2 


The slope of the line is ‘. 


ta Self Check 4 j Find the slope of the line shown in the previous graph using 
two points different from those used in the solution of 
Example 4. 


Now Try Problems 39 and 41 


EXAMPLE 5 | Find the slope of the line passing through (—2, 4) and (3, —4). 


Strategy We will use the slope formula to find the slope. 
Why = We know the coordinates of two points on the line. 


Solution We can let (x,,y¥,) = (—2, 4) and 
(x2, ¥2) = (3, —4). Then we have 


= aa 2 This is the slope formula. 
Xz — X 

—4-4 Substitute —4 for y2, 4 for 
3 —(-2) 1-3 for x2, and —2 for x. 
=8 

5 


8 Write 2 with the — sign in 
= = front of the fraction. The 
5 result is negative. 


Run 
xX —- x, =5 


The slope of the line is —-§. 
The graph of the line passing through (—2, 4) and (3, —4) is shown above. Notice that 
we obtain the same result when the slope of the line is found graphically. 
rise —8 8 
run 5 B) 


eT Self Check 5 ,| Find the slope of the line passing through (—3, 6) and (4, —8). 
Now Try Problem 43 


To classify the slope of a line as positive or negative, follow the line from left to right. If 
a line rises, its slope is positive. If a line drops, its slope is negative. If a line is horizontal, its 
slope is 0. If a line is vertical, it has undefined slope. 


Caution 
Undefined and 0 do not mean the 
same thing. A horizontal line has a 
defined slope; it is 0. A vertical line 
does not have a defined slope; we 
say its slope is undefined. 
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y y Vertical 
Horizontal line 
line Ay #0 
Ax=0 
> xX > XxX 
Positive slope Negative slope Zero slope Undefined slope 


m>0O m<0O m=0 


3) Write Equations of Lines. 


Equations 
of Lines 


Success Tip 
In Example 6, either of the given 
points can be used as (x, 1) 
when writing the point-slope 
equation. Looking ahead, we 
usually choose the point whose 
coordinates will make the 
computations the easiest. 


Recall the following two forms of the equation of a line. 


Point-slope form: The equation of the line passing through (x,, y,) and with slope m is 
Y= Vi = m@& — x1) 
Slope—intercept form: The equation of the line with slope m and y-intercept (0, b) is 


y=mxtb 


EXAMPLE 6 | Find an equation of the line passing through (—5, 4) and (8, —6). 
- Write the equation in slope—intercept form. 


Strategy We will use the point-slope form, y — y, = m(x — xj), to write an equation of 
the line. 


Why We know the coordinates of a point on the line and we can calculate the unknown 
slope of the line using the slope formula. 


Solution — First we find the slope of the line. 


m= eae an This is the slope formula. 
X27 X%4 
-6 — 
= ———— _ Substitute —6 for yo, 4 for y,, & for x2, and —5 for x,. 
8 — (-5) 
10 
= “B This is the slope of the line. 


Since the line passes through (—5, 4) and (8, —6), we can choose either point and 
substitute its coordinates into the point—-slope form. If we select (—5, 4), we substitute —5 


for x,, 4 for y,, and = for m and proceed as follows. 


Yry = mx —- X,) This is the point—slope form. 


10 
y-4 “pl —(-—5)] Substitute -% for m, —5 for x,, and 4 for y,. 


Simplify the expression within the brackets. This 
equation is in point—slope form. 


iia eck fy 
y ia’ 
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To write this equation in slope—intercept form, we solve for y. 


10 50 10 
y 4= B x B To remove the parentheses, distribute 13" 
10 2 To isolate y, add 4 in the form of 52 +0 both sides and sim lify: 
i> 50 , 52_ 2 - ' 
13 13 ~“T ao B = iB 
The equation of the line in slope—intercept form is y = —ox + Z. 


a Self Check 6 | Find an equation of the line passing through (—2, 5) and (4, —3). 
Write the equation in slope—intercept form. 


Now Try Problem 51 


4.) Recognize Parallel and Perpendicular Lines. 
Recall these two facts from Chapter 3: 


e Different lines having the same slope are parallel. 


e Ifthe slopes of two lines are negative reciprocals, the lines are perpendicular. 


EXAM PLE 7 j a. Show that the lines represented by 2y = —3x + 12 and 
6x + 4y = 7 are parallel. 
b. Show that the lines represented by 3(x — 3y) = 10 and —3x = y + 5 are perpendicular. 


Strategy We will write each equation in slope—intercept form and compare their slopes. 


Why If the slopes are equal, the lines are parallel. If the slopes are negative reciprocals, 
the lines are perpendicular. 


Solution 
a. We solve each equation for y to see whether the lines are distinct (different) and whether 
their slopes are equal. 


2y = —3x + 12 6x + 4y =7 
3 3 4y = -6x +7 
yrur-yx +6 m=-Zandb=6 
2 3 7 3 7 
Le m=—jZ andb=7 


Since the values of b in these equations are different (6 and ), the lines have different 
y-intercepts and are distinct. Since the slope of each line is 3, they are parallel. 


b. We solve each equation for y to see whether the slopes of their straight-line graphs are 
negative reciprocals. 


3(x — 3y) = 10 —3x=y+5 
3x — 9y = 10 —3x-—S=y 
—9y = —3x + 10 y=-3x-5 m=-S3and 
1 10 ess 
y 37 9 m= sandb=—-. 


Since the slopes are negative reciprocals (3 and -3), the lines are perpendicular. 


Success Tip 
If this problem had called for 
the equation of a line that is 
perpendicular to y = 8x — 3, the 
slope of the desired line would be 
the negative reciprocal of 8, which 


re eee 
IS See 
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a Self Check 7 j a. Are the lines represented by 3x — 2y = 4 and 
2x = 5(v + 1) parallel? 
b. Are the lines represented by 3x + 2y = 6 and 2x — 3y = 6 
perpendicular? 


Now Try Problems 59 and 61 


EXAMPLE 8 _ Find an equation of the line that passes through (—2, 5) and is 
parallel to the line y = 8x — 3. Write the equation in slope— 
intercept form. 


Strategy We will use the point-slope form to write an equation of the line. 


Why We know that the line passes through (—2, 5). We can use the fact that the lines are 
parallel to determine the unknown slope of the desired line. 


Solution Since the slope of the line represented by y = 8x — 3 is the coefficient of x, the 
slope is 8. Since the desired equation is to have a graph that is parallel to the graph of 

y = 8x — 3, its slope must also be 8. 
We substitute —2 for x,, 5 for y,, and 8 for m in the point—slope form and simplify. 


y- Vy = mx — x1) 
y — 5 = 8[x — (—2)] Substitute 5 for y,, & for m, and —2 for x. 


y—5= 8 + 2) Simplify within the brackets. This equation is in point-slope form. To 
write the equation in slope—intercept form, we must isolate y. 


y—5 = 8+ 16 To remove parentheses, distribute 8. 
y= 8x +21 To isolate y, add 5 to both sides. 


The equation in slope—intercept form is y = 8x + 21. 


a Self Check 8 7 Write an equation of the line that is parallel to the line 
y = 8x — 3 and passes through (0, 0). 


Now Try Problem 69 


Write a Linear Equation Model. 


Linear models can be used to describe certain types of financial gain or loss. For example, 
straight-line depreciation is used when aging equipment declines in value and straight-line 
appreciation is used when property or collectibles increase in value. 
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Value ($) 
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EXAMPLE 9 


d. 


. Assuming straight-line depreciation, write an 


Accounting. After purchasing a new drill press, a machine shop 
owner had his accountant prepare a depreciation worksheet for tax 
purposes. See the illustration. 


Depreciation Worksheet 


equation that gives the value v of the drill 


press after x years of use. 
. Find the value of the drill press after 25 years 


of use. 
. What is the economic meaning of the 


Drill press... ----- 
(new) 


Salvage value...... 
(in 10 years) 


y-intercept of the line? 
What is the economic meaning of the slope of the line? 


Strategy We will read the problem with the hope that we can find information about the 
slope of the line and the coordinates of a point (or points) that lie on the line. 


Why 


Solution 


If we know the slope of the line and the coordinates of a point (or points) that lie on 
the line, we can write its equation using slope—intercept form or point—slope form. 


a. The facts presented in the worksheet can be expressed as ordered pairs of the form 


(0, 1,970) 


L (10, 270) 


0 10 


Years of use 


(x, v) 


Number of years of use ats Value of the drill press 
@ When purchased, the new $1,970 drill press had been used 0 years: (0, 1,970). 
e After 10 years of use, the value of the drill press will be $270: (10, 270). 


A sketch showing these ordered pairs and the line of depreciation is helpful in visualizing 
the situation. 


Since we know two points that lie on the line, we can write its equation. As we saw 


m 


in Example 6, the first step is to find the slope of the line. 


Wy Vv 
== t This is the slope formula using the variables x and v. 
Xz — XY 
270 — 1,970 
-_ 10-0 Let (x, 4) = (0, 1,970) and (xz, v2) = (10, 270) and substitute. 
—1,700 ils 
= implify. 
10 F 


= —170 


This is the slope of the line. 


To find the equation of the line, we substitute — 170 for m, 0 for x,, and 1,970 for v, in the 


The Language of Algebra 
In this problem, the value of the 
drill press depreciates. The value of 
an item can also appreciate, which 
means to increase in value over 
time. Certain types of art, 
antiques, and jewelry appreciate 
quickly. 


point—-slope form and simplify. 
v— vy = mx — x) 
v — 1,970 = —170( — 0) 
v = —170x + 1,970 


Substitute. 


To isolate v, add 1,970 to both sides. 


The value v of the drill press after x years of use is given by the straight-line depreciation 


model v = —170x + 1,970. 


b. To find the value of the drill press after 25 years of use, we substitute 2.5 for x in the 


depreciation equation and find v. 
v = —170x + 1,970 
= —170(2.5) + 1,970 Substitute. 


This is the straight-line depreciation equation. 


This is the point—slope form using the variables x and v. 


The Midpoint 


Formula 


Endpoint 
(-2, 5) 


a * 
>< 


Midpoint 


(7,7) 


(4, -2) 
Endpoint 
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= —425 + 1,970 
= 1,545 


In 25 years, the drill press will be worth $1,545. 


c. From the sketch, we see that the v-intercept of the graph of the depreciation line is 
(0, 1,970). This gives the original cost of the drill press, $1,970. 

d. Each year, the value of the drill press decreases by $170, because the slope of the line is 
—170. The slope of the line is the annual depreciation rate. 


La Now Try Problem 87 


Find the Midpoint of a Line Segment. Olx, ys) 


If point M in the figure on the left lies midway between M Gee eee 2) 
points P(x,, y;) and O(x2, y2), point M is called the midpoint 
of segment PQ. To find the coordinates of M, we average the 


x-coordinates and average the y-coordinates of P and OQ. 


The midpoint of the line segment with endpoints at (x, y,) and (x2, yz) is the point with 
coordinates of 


(= +X. Vy a) 
Dee 2 


EXAMPLE 10 j Find the midpoint of the line segment with endpoints (—2, 5) and 
: (4, —2). 


Strategy To find the coordinates of the midpoint, we find the average of the 
x-coordinates and the average of the y-coordinates of the endpoints. 


Why This is what is called for by the expressions “! : 2 and ©! ”2 of the midpoint 


formula. 
Solution We can let (x1,.1) = (—2, 5) and (x2, y2) = (4, —2). After substituting these 


values into the expressions for the x- and y-coordinates in the midpoint formula, we will 
evaluate each expression to find the coordinates of the midpoint. 


xy + x2 —2+4 yi + yo 5 (=2) 


2 2 2 2 


Bd 
a 


Thus, the midpoint is (1, 3). 
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HT Self Check 10 i Find the midpoint of the line segment with endpoints (—1, 8) 
and (5, 2). 
Now Try Problem 77 


Bag nsurrs TO SELF CHECKS 1. 


So 6 y=-xt4 7. a. No b. Yes 8 y = 8x 


10. (2, 5) 


VOCABULARY 
Fill in the blanks. 


1. y = 3x — 1 isa linear equation in variables, x and y. 


2. A solution of an equation in two variables is an ordered of 


numbers that makes the equation a true statement. 


3. Solutions of equations in two variables can be listed in a 
of solutions. 


4. The line that represents all of the solutions of a linear equation is 
called the of the equation. 
5. The point where a graph intersects the y-axis is called the 
and the point where it intersects the x-axis is called 


the ; 
6. is defined as the change in y divided by the change in x. 


CONCEPTS 
Fill in the blanks. 


7. The graph of any equation of the form x = aisa 
The graph of any equation of the form y = bisa 
line. 


line. 


13. 


14. 


15. 


. The formula to compute slope is m = 


. The slope of a line is 0. A line has no 
defined slope. 
. The graph of the equation y = 0 is the . The graph of 


the equation x = 0 is the 


lines have the same slope. The slopes of 
lines are negative reciprocals. 


. The point-slope form of the equation of a line is 


The slope—intercept form of the equation of a line is 


The midpoint of a line segement joining (x1, y,) and (x2, yz) is 
given by the formula 
Refer to the graph. 


a. What is the x-intercept and what 
is the y-intercept of the line? 


b. If the coordinates of point P are 
substituted into the equation of 
the line that is graphed here, will 
a true or a false statement result? 


16. Use the graph to determine three 
solutions of 2x + 3y = 9. 


NOTATION 
Fill in the blanks. 


17. The symbol x, is read as “x 


18. The symbol A is the letter 
change in x is written as 


” 


from the Greek alphabet. The 


GUIDED PRACTICE 


Graph each equation. See Example 1. 


19. y= x= 2 20. y= -x+4 

21. y=x 22. y = —2x 

23. y= 2x —3 24. y= —3x +2 

25. je ad a 
: 3 2 2 


Graph each equation using the intercept method. Label the 
intercepts on each graph. See Example 2. 


27. 3x + 4y = 12 28. 4x — 3y = 12 
29. 3y = 6x — 9 30. 2x = 4y — 10 
31. 3x + 4y —-8 = 0 32. —2y —-3x +9 =0 
33. 3x = 4y - 11 34. —5x + 3y = 11 


Graph each equation. See Example 3. 


35. x =3 
37. y-2=0 


36. y= —4 
38.x+1=0 


Find the slope of each line. See Example 4. 
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Find the slope of the line that passes through the given points, if 
possible. See Example 5. 
43. (1, 4), (3, 9) 

45. (—1, 8), (6, 1) 

47. (3, —1), (—6, 2) 

49. (—7, 5), (-—7, 2) 


44. (2, 2), (9, 6) 

46. (—5, —8), (3, 8) 
48. (0, —8), (—5, 0) 
50. (3, —5), (3, 8) 


Find the equation of the line with the given properties. Write the 
equation in slope—intercept form. See Example 6. 


51. Passes through (4, 0) and (6, —8) 

52. Passes through (—2, —5) and (1, 4) 

53. Passes through (—4, 5) and (2, —6) 

54. Passes through (3, 4) and (0, —3) 

55. Slope 5; passes through (4, —5) 

56. Slope —7; passes through (—3, —7) 

57. Slope 3; y-intercept (0, 17) 

58. Slope —2; y-intercept (0, 11) 

Determine whether the graphs of each pair of equations are 
parallel, perpendicular, or neither. See Example 7. 


59. y=3x+4,y=3x-7 


1 
60. vy = 4x 13, y = 3% + 13 


6l.x+y=2,y=x+5 
62.x=yt2,y=x+3 


1 
63. set y= Lym 5% 


64. 2x + 3y = 9, 3x 
65. y=3,x =4 
66. y=-3,y=-7 


2y=5 


Find an equation of the line that passes through the given point 
and is parallel to the given line. Write the equation in 
slope-intercept form. See Example 8. 


67. (0, 0), y = 4x — 7 

68. (0, 0), x = —3y — 12 
69. (2,5), 4x —y=7 

70. (—6, 3), y + 3x = -12 
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Find an equation of the line that passes through the given point 
and is perpendicular to the given line. Write the equation in 
slope—intercept form. See Example 8 and the Success Tip in the 
margin. 


71. (0, 0), x = —3y — 12 

72. (0, 0), y = 4x —7 

73. (2, 5),4e -—y=7 

74. (—6, 3), y + 3x = -12 

Find the midpoint of a line segment with the given endpoints. See 
Example 10. 


75. (0, 0), (6, 8) 76. (10, 12), (0, 0) 


77. (6,8), (12, 16) 78. (10; 4), 2, =2) 


79. (—2, —8), (3, —8) 80. (—5, —2), (7, 3) 


81. (7, 1), (— 10, 4) 82. (—4, —3), (4, -8) 


APPLICATIONS 


83. HIGHWAY GRADES Find the grade of the road 
shown below by expressing the slope as a percent. 
(Hint: 1 mi = 5,280 ft.) 


2.5 mi 


84. DECK DESIGNS | See the illustration. Find the slopes of the 
cross-brace and the supports. Is the cross-brace perpendicular 
to either support? 


NX re ae 
Support 2 \ \ 


85. U.S. MUSIC SALES The following line graph models the 
approximate number of CDs that were shipped for sale in the 
United States from 1980 through 2005. 

a. Find the rate of increase (the slope) in the number of 
CDs shipped from 1990-2000. 


b. Find the rate of decrease (the slope) in the number of 
CDs shipped from 2000-2005. 


U.S. Music Sales 
1980-2005 940 
(vinyl, cassettes, CDs) 


1,000 


800 


600 


440 


400 340 


320 
P Cassettes 
Vinyl 15 
records 50> 


1980 1985 1990 1995 2000 2005 
Year 


200 
110 


Millions of units shipped for sale 


Source: World Almanac 2007 


86. CRAIGSLIST _ Find the straight-line depreciation equation for 
the TV in the following ad found on Craigslist (an online 
website featuring free classified advertisements). 


46 inch SHARP high definition LCDTV - $1,000 


Reply to: _sale-001234 @saleslist.org 
Date: 2007-10-30, 7:20PM EST 


3-year-old TV with surround sound & vision, remote. 
New $3,295. Asking $1,000. 


87. SALVAGE VALUES _A truck was purchased for $19,984. Its 
salvage value at the end of 8 years is expected to be $1,600. 
Find the straight-line depreciation equation. 


88. REAL ESTATE Refer to the illustration below. 


a. Use the information given in the description of the property 
to write a straight-line appreciation equation for the house. 


b. What will be the predicted value of the home when it is 
25 years old? 


Vacation Home 


$254,000 
Only 2 years old 


¢ Great investment property! 
¢ Expected to appreciate $4,000/yr 


89. CRIMINOLOGY City growth and the number of burglaries 
for a certain city are related by a linear equation. Records show 
that 575 burglaries were reported in a year when the local 
population was 77,000 and that the rate of increase in the 
number of burglaries was | for every 100 new residents. 

a. Using the variables p for population and B for burglaries, 
write an equation (in slope—intercept form) that police can 
use to predict future burglary statistics. 

b. How many burglaries can be expected when the population 
reaches 110,000? 
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90. COLLEGE COSTS According to the College Board, in 1980, 
the average tuition and fees at a private college were $8,850 a 
year. Since then, the annual cost has increased by about $514 
per year. 


a. Write a linear model in slope—intercept form that gives the 
cost c to attend a private college ¢ years after 1980. 


b. Use the model to predict what the average tuition and fees at 
a private college will be in the year 2050. 


WRITING 

91. Explain how to graph a line using the intercept method. 

92. When graphing a line by plotting points, why is it a good 
practice to find three solutions instead of two? 


93. A student was asked to determine the slope of the graph of the 
line y = 6x — 4. His answer was m = 6x. Explain his error. 


94. Explain why a vertical line has no defined slope. 


REVIEW 
Evaluate each expression. 
6, =F =5 = 5-9) 


“10-3 
3\6 3 
|=25| — 2(-5) 
24-9 
3[-9 + 2(7 — 3)] 
8=5)(9 = 7) 
99. Solve P = 2/ + 2w for w. 


a 


97. 


98. 


100. Solve 7; = T,(1 — F) for T,,. 


CHALLENGE PROBLEMS 


1 3 

101. Graph: 5° b= 10” 

102. The line passing through (1, 3) and (—2, 7) is perpendicular to 
the line passing through points (4, 5) and (8, —1). Without 
graphing, find b. 

103. a. Solve Ax + By = C for y, and thereby show that the slope 


of its graph is -4 and its y-intercept is (0, £), 


b. Show that the x-intercept of the graph of Ax + By = C 
is (S, 0). 
104. If (6, —5) is the midpoint of segment PO and the coordinates 
of point QO are (—5, —8), find the coordinates of point P. 
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Functions 


y Isa Function 
ofx 


Objectives 


Identify functions. 

Use function notation. 

Find the domain and range of a function. 

Graph linear functions. 

Use the vertical line test. 

Find function values, domains, and ranges graphically. 
Graph nonlinear functions. 


OOO00000 


Graph functions using translations and reflections. 


In Section 3.8, we introduced the concept of function. In this section, we will review that 
material and extend it to functions that are nonlinear. 


Identify Functions. 


Recall that a relation is a set of ordered pairs and that a function is a special type of relation. 


A function is a set of ordered pairs (a relation) in which to each first component, there 
corresponds exactly one second component. 

The set of first components is called the domain of the function and the set of second 
components is called the range of the function. 


Since we will often work with sets of ordered pairs of the form (x, y), it is helpful to 
define a function using the variables x and y. 


Given a relation in x and y, if to each value of x in the domain there corresponds exactly one 
value of y in the range, then y is said to be a function of x. 


In the previous definition, since y depends on x, we call x the independent variable and 
y the dependent variable. The set of all possible values that can be used for the independent 
variable is the domain of the function, and the set of all values of the dependent variable is the 
range of the function. 


EXAM PLE 1 j In each case, determine whether the relation defines y to be a 
; function of x. 
b. c. {(=2, 3), Cae 3), (0, 3), d, 3)} 


© oo + |e 
ow 


Strategy In each case, we will determine whether there is more than one value of y that 
corresponds to a single value of x. 


Success Tip 
Every function is, by definition, a 
relation. However, not every 
relation is a function, as we see in 
part (b). 


The Language of Algebra 


We can also think of a function as 
a rule or correspondence that 
assigns exactly one range value to 
each domain value. 
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Why If to any x-value there corresponds more than one y-value, then y is not a function 
of x. 


Solution 
a. The arrow diagram defines a function because to each value of x there corresponds 
exactly one value of y: 54, 76, and 11-10. 


b. The table does not define a function, because to the x-value 8 there corresponds more 
than one y-value. In the first row, to the x-value 8, there corresponds the y-value 2. In the 
third row, to the same x-value 8, there corresponds a different y-value, 3. 

c. Since to each value of x, there corresponds exactly one value of y, the set of ordered pairs 
defines y to be a function of x. In this case, the same y-value, 3, corresponds to each 
x-value. This example illustrates an important fact: Two different ordered pairs of a 
function can have the same y-value, but they cannot have the same x-value. 


a Self Check 1 j In each case, determine whether the relation defines y to be a 
function of x. 


Ay y b. = y 
aay =I || =C0 
ae) | ss 

3 0 


Ces = nh 2) lo aaa); 
Now Try Problems 15, 17, and 19 


A function can also be defined by an equation. For example, vy = 5x + 3 sets up arule in 


which to each value of x there corresponds exactly one value of y. To find the y-value (called 
an output) that corresponds to the x-value 4 (called an input), we substitute 4 for x and eval- 
uate the right side of the equation. 


1 
=x +3 
pape 


1 
= 74) +3 Substitute 4 for x. The input is 4. 


=2+3 


=5 This is the output. 


For the function y = 5x + 3,a y-value of 5 corresponds to an x-value of 4. 


Not all equations define functions, as we will see in the next example. 


EXAMPLE 2 j Determine whether each equation defines y to be a function of x. 
: a. y= 2x — 5 bv =x 


Strategy In each case, we will determine whether there is more than one value of y that 
corresponds to a single value of x. 


Why If to any x-value there corresponds more than one y-value, then y is not a function 
of x. 
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Function 
Notation 


Success Tip 
The symbol f(x) denotes a 
function. It does not mean 
4 28 Gi iNaNES 2). 


The Language of Algebra 
In part (a), if we use 

f(x) = 4x + 3 or ff = 4t + 3 or 
f(a) = 4a + 3, the results are the 
same: f(—1) = —1. The 
independent variable is really just 
a place holder, and for this reason, 
the letter that is used is often 
referred to as a dummy variable. 


Solution 

a. To find the output value y that corresponds to an input value x, we multiply x by 2 and 
subtract 5. Since this arithmetic gives one result, to each value of x there corresponds 
exactly one value of y. Thus, y = 2x — 5 defines y to be a function of x. 


b. The equation y> = x does not define y to be a function of x, because more 


than one value of y corresponds to a single value of x. For example, if x is eee 
16, then the equation becomes y* = 16 and y can be either 4 or —4. This is - : 
because 47 = 16 and (—4)” = 16. call 


a Self Check 2 j Determine whether each equation defines y to be a function of x. 


v= =x Ll bo |=y|\)= 
a. y x ie ae 


Now Try Problems 23 and 25 


Use Function Notation. 


A special notation is used to name functions that are defined by equations. 


The notation y = f(x) indicates that the variable y is a function of x. 


Since y = f(x), the equations y = sx + 3 and f(x) = x + 3 are equivalent. We read 
f(x) = 5x + 3 as “f of x is equal to one-half of x plus 3.” 


EXAMPLE 3 Let f(x) = 4x +3. Find: a f(-1) bd. fir +1) 


Strategy We will substitute —1 and r + 1 for each x in f(x) = 4x + 3 and evaluate 
(simplify) the right side. 


Why Whatever expression appears within the parentheses in f(_) is to be substituted for 
each x in f(x) = 4x + 3. 


Solution 
a. To find f(—1), we replace x with —1: b. To find f(r + 1), we replace x with r + 1: 
F(x) = 4x + 3 f(x) = 4x +3 
f(-l) = 4-1) + 3 fr+t)=47r4+1)+3 
=-l =4r+ 443 
=4r+7 


PT Self Check 3 i Let f(x) = —2x — 1. Find: a. f(2) 
Now Try Problems 33, 45, and 51 


b. f(—1) 


3 | 


The Language of Algebra 
The last two letters in the word 
domain help us remember that it 
is the set of all inputs of a 
function. 
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If we are given an output of a function, we can find the corresponding input(s). 


EXAMPLE 4 j Let f(x) = 8x + 1. For what value(s) of x is f(x) = —23? 


Strategy We will substitute —23 for f(x) in the equation f(x) = 8x + 1 and solve for x. 


Why In the equation, there are two unknowns, x and f(x). If we replace f(x) with —23, 
we can use equation-solving techniques to find x. 


Solution 
f@&) = 8+ 1 
—23 = 8x + 1 Substitute —23 for f(x). 
—24 = 8x Subtract 1 from both sides. 
—-3=x Divide both sides by 8. 


To check, we can substitute —3 for x and verify that f(—3) = —23. 


f(x) = 8&& + 1 
f(—3) = 8(-3) + 1 
= -24+1 
= —23 


ta Self Check 4 dj For what value(s) of x is f(x) = —15? 
Now Try Problem 53 


Find the Domain and Range of a Function. 


We can think of a function as a machine that takes some input x and turns it into some output 
f(x), as shown in figure (a). The machine shown in figure (b) turns the input —6 into the 
output —11. The set of numbers that we put into the machine is the domain of the function, 
and the set of numbers that come out is the range. 


Input Input 


Output Output 
(a) (b) 


EXAMPLE 5 


Find the domain and range of each function: 


a. {(—2, 4), (0, 6), (2,8)} b. f@) =3x+1 ¢ fey=—y 


| 
_| 


Strategy To find the domain, we must find the set of all possible numbers that are per- 
missible inputs for x. To find the range, we must find the set of all possible outputs y. 
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Why The possible input set for x is the domain. The set of possible outputs y is the range. 


Solution 
a. The three ordered pairs set up a correspondence between x (the input) and y (the output), 
where a single value of y is assigned to each x. 


e The domain is the set of first components: {—2, 0, 2}. 
e The range is the set of second components: {4, 6, 8}. 
b. We can evaluate 3x + 1 for any real-number input x. So the domain of the function is the 
set of real numbers. Since the output y can be any real number, the range is the set of real 


numbers, which can be represented by the symbol R. 


c. To find the domain of f(x) = =. we must exclude any real-number inputs for which 


the fraction 5 is undefined. Since 2 would make the denominator of the fraction 0, it 
must be excluded. Since any real number except 2 can be substituted for x in the equation 
fx) = 5. the domain is the set of all real numbers except 2. 


Since a fraction with a numerator of 1 cannot be 0, the range is the set of all real 
numbers except 0. 


a Self Check 5 j Find the domain and range of each function: 
ee 2 elle ND: 


IC) ar 


Now Try Problems 57, 59, and 61 


4.) Graph Linear Functions. 


We have seen that a function assigns to each value of x a single value f(x). The input-output 
pairs that a function generates can be plotted on a rectangular coordinate system to get the 
graph of the function. 


1 
EXAMPLE 6 —— Graph the function: f(x) = ae 
Strategy To graph the function, we can think of f(x) as y and use the same methods that 
we used to graph linear equations in Section 2.2. 
Why The notation f(x) = 5x + 3 is another way to write y = ix + 3; 


Solution We begin by constructing a table of function values. To make a table, we select 


several values for x and find the corresponding values of f(x). If x = —2, we have 
1 
f(x) = 3% +3 This is the function to graph. 


1 
f(-2) = a) +3 Substitute —2 for each x. 


==1+3 Evaluate the right side. 
=2 


Thus, f(—2) = 2 and the ordered pair (—2, 2) lies on the graph of /. 


Notation 
A table of function values is 
similar to a table of solutions, 
except that the second column is 
usually labeled f(x) instead of y. 


x | f(x) xy 


The Vertical 
Line Test 


In a similar way, we find the corresponding values of f(x) for x-values of 0 and 2 and 
record them in the table. Then we plot the ordered pairs and draw a straight line through the 


points to get the graph of f(x) = 5x +3: 


f(x) = 5x + 3 


=| 2 |= (9, 9) 
0} 3 |— @,3) 
2) 4 |e 08 


:- 4 t 


Select x. Find f(x). Plot the point. -1 


a Self Check 6 | Graph: f(x) = —3x — 2 


Now Try Problem 65 
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This axis can be 
labeled y or f(x). 


fx) 
A 


(2, 4) 


fix) = +3 


The function f(x) = 5x + 3 that was graphed in Example 6 is called a linear function. 


In general, a linear function is a function that can be written in the form f(x) = mx + b. Its 
graph is a straight line with slope m and y-intercept (0, 5). 


Use the Vertical Line Test. 


Some graphs define functions and some do not. If every vertical line that intersects a graph 
does so exactly once, the graph represents a function, because to each value of x there corre- 
sponds exactly one value of y. If any vertical line that intersects a graph does so more than 
once, the graph cannot represent a function, because to one value of x there would correspond 


more than one value of y. 


If a vertical line intersects a graph in more than one point, the graph is not the graph of a 


function. 


The graph shown in red in figure 
(a) is not the graph of a function 
because the vertical line intersects the 
graph at more than one point. The 
points of intersection indicate that two 
values of y(2.5 and —2.5) correspond 
to the x-value 3. 

The graph shown in red in figure 
(b) represents a function, because no 
vertical line intersects the graph at 
more than one point. Several vertical 
lines are drawn to illustrate this. 


(a) (b) 
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6) Find Function Values, Domains, and Ranges Graphically. 


Since a graph is often the best way to describe a function, we need to know how to interpret 
graphs of functions. From the graph of a function, we can determine function values. 


EXAMPLE 7 Refer to the graph of function f in figure (a). a. Find f(—3). 
b. Find the value of x for which f(x) = —2. 


Strategy In each case, we will use the information provided by the function notation to 
locate a specific point on the graph and determine its x- and y-coordinates. 


Why Once we locate the specific point, one of its coordinates will equal the value that 
we are asked to find. 


Solution 

a. To find f(—3), we need to find the y-coordinate of the point on the graph of f whose 
x-coordinate is —3. If we draw a vertical line through —3 on the x-axis, as shown in 
figure (b), the line intersects the graph of f at (—3, 5). Therefore, 5 corresponds to —3, 
and it follows that f(—3) = 5. 

b. To find the input value x that has an output value f(x) = —2, we draw a horizontal line 
through —2 on the y-axis, as shown in figure (c) and note that it intersects the graph of f 
at (4, —2). Since —2 corresponds to 4, it follows that f(x) = —2 ifx = 4. 


Since (4, —2) 
is on the graph, 
* fA =-2. 


(3, 5h 


Since (—3,|5) 
is-on-the-graph, 


f | f-3)=5. 


a se | 


4 3 2 +1 1 4+ 3 2 -l 


(a) (b) (c) 


a Self Check 7 | Refer to the graph of function g. 
a Find (3) 
b. Find the x-value for which g(x) = 4. 


Now Try Problem 77 


We can determine the domain and range of a function from its graph. For example, to find 
the domain of the linear function graphed in figure (a) on the next page, we project the graph 
onto the x-axis. Because the graph of the function extends indefinitely to the left and to the 


The Language of Algebra 
Think of the projection of a graph 
on an axis as the shadow that the 
graph makes on the axis. 
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right, the projection includes all the real numbers. Therefore, the domain of the function is the 
set of real numbers. 

To determine the range of the same linear function, we project the graph onto the y-axis, 
as shown in figure (b). Because the graph of the function extends indefinitely upward and 
downward, the projection includes all the real numbers. Therefore, the range of the function is 
the set of real numbers. 


Project the graph onto the x-axis. Project the graph onto the y-axis. 


y y 


Range: all real numbers 


Domain: all real numbers 


(a) (b) 


Q Graph Nonlinear Functions. 


We have seen that the graph of a linear function is a line. We will now consider several exam- 
ples of nonlinear functions whose graphs are not lines. We will begin with f(x) = x’, called 
the squaring function. 


EXAM PLE 8 j Graph f(x) = x7 and find its domain and range. 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve though the plotted points, we will have the graph. 


Solution To graph the function, we select several x-values and find the corresponding 
values of f(x). For example, if we select —3 for x, we have 


fx) = x This is the function to graph. 
f(—3) = (—3)? Substitute —3 for each x. 
=9 


Since f(—3) = 9, the ordered pair (—3, 9) lies on the graph of f. In a similar manner, we 
find the corresponding values of f(x) for six other x-values and list the ordered pairs in the 
table of values. Then we plot the points and draw a smooth curve through them to get the 
graph, called a parabola. 
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The Language of Algebra 
The cuplike shape of a parabola 
has many real-life applications. For 
example, a satellite TV dish is 
called a parabolic dish. 


The Language of Algebra 
The set of nonnegative real 
numbers is the set of real 
numbers greater than or equal 

to 0. 


f@) =x’ 
x |f@) 
=3'| 9. |—» (=3;9) 
—2| 4 |— (-2,4) 
= 1 |— (1,1) 
0 0 |—+ (0,0) 
1 1 |— d,1) 
2 4 |— (2,4) 
3 9 |» (3,9) 
y. oT t 
Select x. Find f(x). Plot the point. 4 


Because the graph extends indefinitely to the left and to the right, the projection of the 
graph onto the x-axis includes all the real numbers. See figure (a). This means that the 
domain of the squaring function is the set of real numbers. 


Project the graph onto the x-axis. Project the graph onto the y-axis. 


Range: nonnegative real numbers 


Domain: all real numbers 


(a) (b) 


Because the graph extends upward indefinitely from the point (0, 0), the projection of 
the graph on the y-axis includes only positive real numbers and 0. See figure (b) above. This 
means that the range of the squaring function is the set of nonnegative real numbers. 


a Self Check 8 j Graph g(x) = x° — 2 and find its domain and range. Compare 
the graph to the graph of f(x) = x’. 


Now Try Problem 81 


Another nonlinear function is f(x) = x°, called the cubing function. 


Success Tip 
To graph a linear function, it is 
recommended that you find three 
points on the line to draw its 
graph. Because the graphs of 
nonlinear functions are more 
complicated, more work is 
required. You need to find a 
sufficient number of points on the 
graph so that its entire shape is 
revealed. 
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; EXAMPLE 9 j Graph f(x) = x° and find its domain and range. 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve though the plotted points, we will have the graph. 


Solution To graph the function, we select several values for x and find the corresponding 
values of f(x). For example, if we select —2 for x, we have 


fe) =*x 
f(—2) = (-2)> Substitute —2 for each x. 
= -8 
Since f(—2) = —8, the ordered pair (—2, —8) lies on the graph of /. In a similar manner, 


we find the corresponding values of f(x) for four other x-values and list the ordered pairs in 
the table. Then we plot the points and draw a smooth curve through them to get the graph. 


Because the graph of the function extends indefinitely to the left and to the right, the 
projection includes all the real numbers. Therefore, the domain of the cubing function is the 
set of real numbers. 

Because the graph of the function extends indefinitely upward and downward, the pro- 
jection includes all the real numbers. Therefore, the range of the cubing function is the set of 
real numbers. 


xy Self Check 9 dj Graph g(x) = x° + 1 and find its domain and range. Compare 
the graph to the graph of f(x) = x°. 


Now Try Problem 83 


A third nonlinear function is f(x) = |x|, called the absolute value function. 
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Success Tip 
To determine the entire shape of 
the graph, several positive and 
negative values, along with 0, were 
selected as x-values when 
constructing the table of values. 


Using Your Calculator 


EXAM PLE 10 j Graph f(x) = |x| and find its domain and range. 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing lines though the plotted points, we will have the graph. 


Solution To graph the function, we select several x-values and find the corresponding 
values for f(x). For example, if we choose —3 for x, we have 


f(x) = |x| 
f(—3) = |-3| Substitute —3 for each x. 
= 3 
Since f(—3) = 3, the ordered pair (—3, 3) lies on the graph of f. In a similar manner, we 


find the corresponding values of f(x) for six other x-values and list the ordered pairs in the 
table. Then we plot the points and connect them to get the following V-shaped graph. 


f(x) = |x| 
x | f(x) 

—3| 3 |—> (-3,3) 

—2| 2 |—>+ (-2,2) 

-1} 1 [> (1,0 
0| 0 |— (0,0) le 
1 1 =. (1, 1) 4+ 3 2 -l P 1 Ky 3 4 
2} 2 |— (2,2) sf fe ele 
3] 3 |— @©,3) - 


Because the graph extends indefinitely to the left and to the right, the projection of the 
graph onto the x-axis includes all the real numbers. Thus, the domain of the absolute value 
function is the set of real numbers. 

Because the graph extends upward indefinitely from the point (0, 0), the projection of 
the graph on the y-axis includes only positive real numbers and 0. Thus, the range of the 
absolute value function is the set of nonnegative real numbers. 


a Self Check 10 i Graph g(x) = |x — 2| and find its domain and range. Compare 
the graph to the graph of f(x) = |x|. 


Now Try Problem 85 


Graphing Functions 


We can graph nonlinear functions with a graphing calculator. For example, to graph 
f(x) = x? ina standard window of [—10, 10] for x and [—10, 10] for y, we first press LY = |. 
Then we enter the function by typing x “ 2 (or x followed by | x? |) and press the | GRAPH 
key. We will obtain the graph shown in figure (a) on the next page. 
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To graph f(x) = x°, we enter the function by typing x * 3 and then press the | GRAPH 
key to obtain the graph in figure (b). To graph f(x) = |x|, we enter the function by selecting 
abs from the NUM option within the MATH menu, typing x, and pressing the | GRAPH 
key to obtain the graph in figure (c). 


(a) (b) (c) (d) 


When using a graphing calculator, we must be sure that the viewing window does not 
show a misleading graph. For example, if we graph f(x) = |x| in the window [0, 10] for x 
and [0, 10] for y, we will obtain a misleading graph that looks like a line. See figure (d). This 
is not correct. The proper graph is the V-shaped graph shown in figure (c). One of the chal- 
lenges of using graphing calculators is finding an appropriate viewing window. 


3) Graph Functions Using Translations and Reflections. 


Examples 8, 9, and 10 and their Self Checks suggest that 
the graphs of different functions may be identical except 
for their positions in the coordinate plane. For example, 
the figure on the right shows the graph of f(x) = x7 + k 
for three different values of k. If k = 0, we get the graph of 
f(x) = x’. If k = 3, we get the graph of f(x) = x? + 3, 
which is identical to the graph of f(x) = x except that it 
is shifted 3 units upward. If k = —4, we get the graph of 
f(x) =x? — 4, which is identical to the graph of 
f(x) =x? except that it is shifted 4 units downward. 
These shifts are called vertical translations. 


In general, we can make these observations. 


Vertical If f is a function and k represents a positive number, then 
Translations e The graph of y = f(x) + k is identical to the graph of y = f(x) 
except that it is translated & units upward. 


e The graph of y = f(x) — k is identical to the graph of y = f(x) 
except that it is translated k units downward. 
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Horizontal 
Translations 


EXAMPLE 11 Graph: g(x) = |x| + 2 


Strategy We will graph g(x) = |x| + 2 by translating (shifting) the graph of f(x) = |x| 
upward 2 units. 


Why The addition of 2 in g(x) = |x| + 2 causes a vertical shift of the graph of the 
absolute value function 2 units upward. 


Solution Each point used to graph f(x) = |x|, which is shown in gray, is shifted 2 units 
upward to obtain the graph of g(x) = |x| + 2, which is shown in red. 


y 
g(x) = bl +2 To graph g(x) = lal + 2, 
. translate each point on the 


graph of f(x) = lal up 2 units. 


a Self Check 11 j Graph: g(x) = |x| — 3 
Now Try Problem 89 


The figure on the right shows the graph of 
f(x) = (x + hy’ for three different values of h. If 
h = 0, we get the graph of f(x) = x*. The graph of 
f(x) = (x — 3)? is identical to the graph of 
f(x) = x? except that it is shifted 3 units to the 
right. The graph of f(x) = (x + 2) is identical to 
the graph of f(x) = x? except that it is shifted 
2 units to the left. These shifts are called horizon- 
tal translations. 


5 + 3 2 -l 1 2 3 4 5 
2. 


f= EF 2) 7 fx = = 3)? 
In general, we can make these observations. 


If f is a function and h is a positive number, then 


e The graph of y = f(x — h) is identical to the graph y 
of y = f(x) except that it is translated / units to the eae 
right. 

e The graph of y = f(x + h) is identical to the graph 
of y = f(x) except that it is translated / units to the 
left. 


y=flx—h) 


Success Tip 
To determine the direction of 
the horizontal translation, find 
the value of x that makes the 


expression within the parentheses, 


in this case, x + 3, equal to 0. 
Since —3 makes x + 3 = 0, the 
translation is 3 units to the left. 
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EXAMPLE 12 j Graph: g(x) = (x + 3p 


Strategy We will graph g(x) = (x + 3)° y 
by translating (shifting) the graph of 
f(x) = x? to the left 3 units. gx) = +3) 


Why The addition of 3 to x in F 
= 3 , To graph g(x) = (x + 3)", 
g(x) = (x + 3)" causes a_ horizontal translate each point on the 
shift of the graph of the cubing function graph of f(x) = x° to the 
3 units to the left. left 3 units. 


Solution Each point used to graph 
f(x) = x°, which is shown in gray, is 
shifted 3 units to the left to obtain the 
graph of g(x) = (x + 3)°, which is 
shown in red. 


a Self Check 12 i Graph: g(x) = (x — 2)? 
Now Try Problem 91 


The graphs of some functions involve horizontal and vertical translations. 


EXAMPLE 13 | Graph: g(x) = (& — 5 -2 


Strategy To graph g(x) = (x — 5) — 2, we will perform two translations by shifting 
the graph of f(x) = x° to the right 5 units and then 2 units downward. 


Why The subtraction of 5 from x in g(x) = (x — 5)” — 2 causes a horizontal shift of the 
graph of the squaring function 5 units to the right and the subtraction of 2 causes a 
vertical shift of the graph 2 units downward. 


Solution Each point used to graph f(x) = x’, which is shown in gray, is shifted 5 units to 
the right and 2 units downward to obtain the graph of g(x) = (x — 5)’ — 2, which is 
shown in red. 


To graph g(x) = (x —5)°-2, 
translate each point on the 

graph of f(x) = x° to the right 

5 units and then 2 units downward. 


ga) = -5P-2 


750 CHAPTER 8 Transition to Intermediate Algebra 


i Self Check 13 4 Graph: g(x) = |x + 2| - 3 
Now Try Problem 97 


The following figure shows a table of values for f(x) = x* and for g(x) = —x*. We note 
that for a given value of x, the corresponding y-value in the tables are opposites. When 
graphed, we see that the — sign in g(x) = —x7 has the effect of flipping the graph of f(x) = x? 
over the x-axis so that the parabola opens downward. We say that the graph of g(x) = —x? is 
a reflection of the graph of f(x) = x? about the x-axis. 


f@=x g(x) = —x" 
x | f@) x | g(x) 
-2| 4 | (-2,4) | hy | ef 0 ay 
SH), i > Ae a es 
0) oO |» © 0) 0} 0 |— ©,0) 
1) dt ja, ay 1} -1 |> a,-1 
OA |e 2) =4 | @ 4) 
Reflection The graph of y = — f(x) is the graph of y = f(x) reflected about the x-axis. 


of a Graph 


EXAMPLE 14 Graph: g(x) = -x° 


Strategy We will graph g(x) = —x° by reflecting the graph of f(x) = x° about the x-axis. 


Why Because of the — sign in g(x) = —x°, the y-coordinate 
of each point on the graph of function g is the opposite of the I 
y-coordinate of the corresponding point on the graph 
f= 

Solution To graph g(x) = —x*, we use the graph of 
f(x) = x? from Example 9. First, we reflect the portion of the 
graph of f(x) = x° in quadrant I to quadrant IV, as shown. 
Then we reflect the portion of the graph of f(x) = x° in 
quadrant III to quadrant II. 


oy 
A 


g(x) =+x3 


a Self Check 4 Graph: g(x) = —|x| 


Now Try Problem 107 
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Bag nsurs TO SELF CHECKS) 1. a. No; (0,2),(0,3) b. Yes c. No;(4,~—1),(4,4) 2. a. Yes 


b. 
b. 
6. 


8. 


INR (Lg — A) ER ER SS) te Pa CR er hd I HS 7h UL 
D: the set of all real numbers except —3; R: the set of all real numbers except 0 

Ta) bell 
D: the set of real numbers; 9. D: the set of real numbers; 10. D: the set of real numbers; 
R: the set of real numbers R: the set of real numbers; R: the set of nonnegative real 
greater than or equal to —2; the graph has the same shape, numbers; the graph has the 
the graph has the same shape, but is 1 unit higher. same shape, but is 2 units to 
but is 2 units lower. the right. 


a 


PX 


2 -1 0 a | 


md 309) 


4 5 
x= 21 


13. 


KH yo 


-3 -2 -1 } 2 3° 455 es 


|| 8@) = @ - 2 


14. y 


g(x) == 


4-3 -2 - 
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VOCABULARY 
Fill in the blanks. 


LA is a set of ordered pairs (a relation) in which to 
each first component, there corresponds exactly one second 
component. 

2. We can think of a function as a machine that takes input x and 
turns it into some f(x). The set of numbers that we put 
into the machine is the of the function, and the set of 
numbers that come out is the is the 

3. The function f(x) = x’ is called the 
graph is a cup-like shape called a : 

4. The function f(x) = x? is called the 

5. The function f(x) = |x| is called the 

line test to determine if a graph 


function. Its 


function. 
function. 


6. We can use the 
represents a function. 


CONCEPTS 


7. The arrow diagram describes a function. 
a. What is the domain of the 
function? 


b. What is the range of the 
function? 


8. For the given input, what value will the function machine 
output? 


9. Consider the graph of the function f. 


a. Label each arrow in the 
illustration with the appropriate 
term: domain or range. 


b. Give the domain and range of f. 


10. Translate each point plotted on the y 
graph 5 units to the left and then up 4 
1 unit. + a el 
3 
1 


NOTATION 
Fill in the blanks. 
11. We read f(x) = 5x — 6 as “f x is 5x minus 6.” 
12. Since y = , the equations y = 3x + 2 and f(x) = 3x + 2 


are equivalent. 
13. The notation f(2) = 7 indicates that when the x-value is 
. This fact can be 
shown graphically by plotting the ordered pair( ,_ ). 
14. a. The graph of f(x) = (x + 4)? is the same as the graph of 
f(x) = x° except that it is shifted ___ units to the 
b. The graph of f(x) = x° — 2 is the same as the graph of 
f(x) = x° except that it is shifted ___ units 


input into a function rule, the output is 


c. The graph of f(x) = x? + 5 is the same as the graph of 
f(x) = x except that it is shifted ___ units : 


GUIDED PRACTICE 


Determine whether the relation defines y to be a function of x. If 
it does not, find two ordered pairs where more than one value of y 
corresponds to a single value of x. See Example 1. 


15. 16. 
|] 
= 


17. {(—2, 7), (1, 10), (0, 13), (1, 16)} 
18. {(—2, 4), (—3, 8), (—3, 12), (—4, 16)} 


19. x] y 20. ees 
—4| 6 1) 1 
=] 0 2|2 

Ox), =3 3/3 
2) 4 4/4 
=I 2 


Determine whether each equation defines y to be a function of x. 
If it does not, find two ordered pairs where more than one value of 
y corresponds to a single value of x. See Example 2. 


21. y=2x+3 22. y= 4x - 1 
23. y = 4x" 24. =x 


25. =x 26. y= — 
x 
27. xy =9 28. y = |x| 
1 
29. y= 30. x + 1 = |y| 
x 
31. x = |y| 32. xv = —4 


For each function, find f(3) and f(—1). See Example 3. 


33. f(x) = 5x +7 34, f(x) =3x+3 
35. f(x) =9 — 2x 36. f(x) = 12 + 3x 
For each function, find g(2) and g(t). See Example 3. 
37. g(x) = 2x7 — x 38. g(x) = 5x7 + 2x 
39, g(x) =x -— 1 40. g(x) =x° 


Find h(2) and h(—2). See Example 3. 


Al. h(x) = |x| +2 42. h(x) = |x| — 5 
43. h(x) =x* — 2 44, h(x) =x° +3 
1 3 
45. h(x) = —— 46. h(x) = —— 
@) xe 3 ©) x— 4 
x x 
47. h(x) = — 48. h(x) = 
@) = T3 8. h(x) <2 


Find g(w) and g(w + 1). See Example 3. 

49. g(x) = 3x — 5 

50. g(x) = 2x — 7 

51. g(x) =x° +9 

52. g(x) =4-—x° 

See Example 4. 

53. Let f(x) = —2x + 5S. For what value(s) of x is f(x) = 5? 
54. Let f(x) = —2x + 5. For what value(s) of x is f(x) = —7? 
55. Let f(x) = 3x — 2. For what value(s) of x is f(x) = —5? 


2 
56. Let f(x) = 3x — 2. For what value(s) of x is f(x) = a 


Find the domain and range of each function. See Example 5. 
57. {(—2, 3), (4, 5), (6, 7)} 

58. {(0, 2), (1, 2), (3, 4)} 

59. s(x) = 3x + 6 


4 
60. A(x) = 5° = 3 


1 
61. f(x) = om 
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62. f(x) => 


63. s(x) = |x —7| 


64. f(x) = x* 


Graph each linear function. See Example 6. 


65. f(x) = 2x — 1 66. f(x) = —x +2 
67. f(x) = > =2 68. f(x) = —Sx = 3 


Use the vertical line test to determine whether the given graph 
represents a function. If it does not, find two ordered pairs where 
more than one value of y corresponds to a single value of x. 

See Objective 5. 


69. 70. 


71. 


73. 
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Refer to the given graph to find each value. See Example 7. 
77. a. f(—2) 
b. f(0) 
c. The value of x for which 
f(x) = 4. 
d. The value of x for which 


f@) = -2. 


78. a. g(—2) 
b. 2(0) 
c. The value of x for which 
g(x) = 3. 
d. The values of x for which 
g(x) = —1. 


79. a. s(—3) 
b. s(3) 
c. The values of x for which 
s(x) = 0. 
d. The values of x for which 
s(x) = 3. 


80. a. h(—3) 
b. h(4) 
c. The value(s) of x for which 
A(x) = 1. 
d. The value of x for which 
h(x) = 0. 


Graph each function by creating a table of function values and 
plotting points. Give the domain and range of the function. See 
Examples 8, 9, and 10. 


81. fy =x +2 82. fa) =" -4 
83. f(x) =x? - 3 84. f(x) = x7 +2 
85. f(x) = |x - 1| 86. f(x) = |x + 4| 
87. f(x) = (x + 4) 88. f(x) = (x — 1p 


For each of the following functions, first sketch the graph of its 
associated function, f(x) = x’, f(x) = x’, or f(x) = |x|. Then 
draw the graph of function g using a translation and give its 
domain and range. See Examples 11 and 12. 


89. g(x) = |x| — 2 


90. g(x) = |x + 2| 
91. g(x) = (x + 19° 
92. g(x) =x? +5 
93. g(x) =x — 3 
94, g(x) = (x — 6) 
95. g(x) = |x| + 1 


96. g(x) =x° +4 


For each of the following functions, first sketch the graph of its 
associated function, f(x) = x’, f(x) = x’, or f(x) = |x|. Then 
draw the graph of function g using a translation. See Example 13. 


97. g(x) = |x —2| - 1 98. g(x) = (x + 2-1 
99. g(x) =(x + 1-2 100. g(x) = |x + 4| +3 
101. g(x) =(x - 27 +4 102. g(x) = (x — 47° +3 
103. g(x) = |x + 3] +5 104. g(x) = (x — 3-2 


For each of the following functions, first sketch the graph of its 
associated function, f(x) = x’, f(x) = x’, or f(x) = |x|. Then 
draw the graph of function g using a translation and/or a 
reflection. See Example 14. 


105. g(x) = —x° 106. g(x) = —|x| 

107. g(x) = —x? 108. g(x) = —(x + 1) 
109. g(x) = —|x + 5} 110. g(x) = -(x + 4) 
T11. g(x) = -x7 +3 112. g(x) = —|x| - 4 


Graph each function using window settings of [—4, 4] for x 
PEE] and [—4, 4] for y. The graph is not what it appears to be. 
CEE] Pick a better viewing window and find a better 
representation of the true graph. See Using Your Calculator: 


Graphing Functions. 


113. f(@~) =2x7 + 8 114. f(@~) = - 8 

115. f(x) = |x + 5| 116. f(x) = |x — 5| 
117. f(x) = (x — 6) 118. f(x) = (x + 97 
119. f(x) =x° + 8 120. f(x) =x? — 12 


APPLICATIONS 


7121. 


DECONGESTANTS _ The temperature in degrees Celsius 
that is equivalent to a temperature in degrees Fahrenheit is 
given by the linear function C(F) = RF — 32). Use this 
function to find the low and high temperature extremes, in 
degrees Celsius, in which a bottle of decongestant should be 
stored. 


DIRECTIONS: Adults and 
children 12 years of age and 


over: Two teaspoons every 4 
hours. DO NOT EXCEED 6 
DOSES IN A 24-HOUR 
PERIOD. Store at a controlled 
room temperature between, 
68°F and 77°F. 


122. CONCESSIONAIRES A baseball club pays a vendor $125 


123. 


per game for selling bags of peanuts for $4.75 each. 

a. Write a linear function that describes the income the 
vendor makes for the baseball club during a game if she 
sells b bags of peanuts. 

b. Find the income the baseball club will make if the vendor 
sells 110 bags of peanuts during a game. 

HOME CONSTRUCTION Ina proposal to some clients, a 

housing contractor listed the following costs: 


$12,000 
$95 


Fees, permits, miscellaneous 


Construction, per square foot 


a. Write a linear function that the clients could use to 
determine the cost of building a home having f square feet. 


b. Find the cost to build a home having 1,950 square feet. 


124. 


8.8 Functions 755 


CHEMICAL REACTIONS When students mixed solutions 
of acetone and chloroform, they found that heat was 
generated. However, as time passed, the mixture cooled down. 
The graph shows data points of the form (time, temperature) 
taken by the students. 


a. The linear function 7(#) = = + 30 models the 
relationship between the elapsed time ¢ since the solutions 
were combined and the temperature 7(t) of the mixture. 
Graph the function. 

b. Predict the temperature of the mixture immediately after 
the two solutions are combined. 

c. Is 7(180) more or less than the temperature recorded by the 
students for t = 300? 


T(t) 
Initial temperatures: 


uw 
pa 


o Acetone } 23.6°C 
LY Chloroform 
2 30 e 
e 

@ 29 SP eee, + 
Fi 
28 

A i i i i L L 


60 120 180 240 300 360. 
Elapsed time (sec) 


WRITING 


125. 
126. 
127. 
128. 


What is a function? 


Explain why —4 isn’t in the domain of f(x) = | 


x AS 
What does it mean to vertically translate a graph? 
Explain why the correct choice of window settings is 
important when using a graphing calculator. 


REVIEW 


Solve each system of equations. 


129. 


130. 


ie + 4y = —24 
5x + 12y = —72 


- +2y=11 
Tx + 6y =9 


CHALLENGE PROBLEMS 
Graph each function. 


131. f(x) = { 


x forx =0 
|x| forx <0 


|x| forx = 0 
x forx <0 


132. f(@) = { 
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Direct Variation 


Objectives 


@ Solve problems involving direct variation. 
® Solve problems involving inverse variation. 
© Solve problems involving joint variation. 


© Solve problems involving combined variation. 


In this section, we introduce four types of variation models, each of which expresses a special 
relationship between two or more quantities. We will use these models to solve problems 
involving travel, lighting, geometry, and highway construction. 


Solve Problems Involving Direct Variation. 
To introduce direct variation, we consider the formula for the circumference of a circle 
C=7D 


where C is the circumference, D is the diameter, and 7 ~ 3.14159. If we double the diameter 
of a circle, we determine another circle with a larger circumference C, such that 


C, = m(2D) = 20D = 2C 


Thus, doubling the diameter results in doubling the circumference. Likewise, if we triple the 
diameter, we will triple the circumference. 

In the formula C = 7D, we say that the variables C and D vary directly, or that they are 
directly proportional. This is because C is always found by multiplying D by a constant. In this 
example, the constant 77 is called the constant of variation or the constant of proportionality. 


The words “‘y varies directly as x” or “y is directly proportional to x” means that y = kx for 
some nonzero constant k. The constant k is called the constant of variation or the constant 
of proportionality. 


Since the formula for direct variation (y = kx) defines a linear function, its graph is 
always a line with a y-intercept at the origin. The graph of y = kx where x = 0 appears in the 
margin for three positive values of k. 

One example of direct variation is Hooke’s law from physics. Hooke’s law states that the 
distance a spring will stretch varies directly as the force that is applied to it. 

If d represents a distance and f represents a force, this verbal model of Hooke’s law can 
be expressed as 


d=kf The direct variation model can be read as “d is directly proportional to f.” 


where k is the constant of variation. Suppose we know that a 
certain spring stretches 10 inches when a weight of 6 pounds is 
attached (see the figure). We can find k as follows: 


d=kf 
10 = k(6) Substitute 10 for d and G for f. 
s ~ 


3 


Unstretched 
length 


Success Tip 
For any direct variation equation 


of the form y = kx, where k > 0: 


as x increases, y increases. 


convert 


US Dollar USD 


amount 


500 


into 


Japanese Yen JPY 


amount 


57,250 
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To find the force required to stretch the spring a distance of 35 inches, we can solve the 
equation d = kf for f, with d = 35 andk = = 


d=kf 
5 5 
35 = a! Substitute 35 for d and 3 for k. 


105 = 5f — Multiply both sides by 3. 
21=f Divide both sides by 5. 


Thus, the force required to stretch the spring a distance of 35 inches is 21 pounds. 


EXAM PLE 1 | Currency Exchange. The currency calculator shown here con- 

verts from U.S. dollars to Japanese yen. When exchanging these 

currencies, the number of yen received is directly proportional to the number of dollars to be 
exchanged. How many yen will an exchange of $1,200 bring? 


Strategy We will use a direct variation model to solve this problem. 


Why The words the number of yen received is directly proportional to the number of 
dollars to be exchanged indicate that this type of model should be used. 


Solution The verbal model can be represented by the following equation 
y=kd_ Thisis a direct variation model. 


where y is the number of yen, x is the constant of variation, and d is the number of dollars. 
From the illustration, we see that an exchange of $500 brings 57,250 yen. To find k, we sub- 
stitute 500 for d and 57,250 for y, and then we solve for k. 


y=kd 
57,250 = k(500) 
1145=k To isolate k, divide both sides by 500. 


To find how many yen an exchange of $1,200 will bring, we substitute 114.5 for & and 1,200 
for d in the direct variation model, and then we evaluate the right side. 


y = kd 
y = 114.5(1,200) 
y = 137,400 


An exchange of $1,200 will bring 137,400 yen. 


a Self Check 1 j When exchanging currencies, the number of British pounds 
received is directly proportional to the number of U.S. dollars to 
be exchanged. If $800 converts to 392 pounds, how many pounds will be received 
if $1,500 is exchanged? 


Now Try Problem 31 
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We can use the following steps to solve variation problems. 


Solving Variation To solve a variation problem: 

Problems 1. Translate the verbal model into an equation. 
2. Substitute the first set of values into the equation from step | to determine the value of k. 
3. Substitute the value of & into the equation from step 1. 
4. Substitute the remaining set of values into the equation from step 3 and solve for the 


unknown. 


2) Solve Problems Involving Inverse Variation. 


In the formula w = a w gets smaller as / gets larger, and w gets larger as / gets smaller. 


Since these variables vary in opposite directions in a predictable way, we say that the variables 
vary inversely, or that they are inversely proportional. The constant 12 is the constant of 
variation. 


for some nonzero constant k. The constant & is called the constant of variation. 


il Inverse Variation The words “y varies inversely as x” or “y is inversely proportional to x” mean that y = k 


Success Tip 8.25 square feet of floor space. To determine how much 
For any inverse variation equation floor space each person would have if 15 people were in 
of the form y = x where k > 0: the elevator, we begin by determining k. 
as x increases, y decreases. k ; 
a 
a a 
rs i 
k 
8.25 = ‘6 Substitute 8.25 for f and G for n. 


The formula for inverse variation, y = - defines a rational function whose graph will 


have the x- and y-axes as asymptotes. The graph of y = & where x > 0 appears in the margin 
for three positive values of k. 


In an elevator, the amount of floor space per person varies inversely as the number of people 


in the elevator. If f represents the amount of floor space per person and n the number of people in 
the elevator, the relationship between f and n can be expressed by the following equation. 


k This inverse variation model can also be read 
aa aia | ‘ 
n as “f is inversely proportional to n. 


The figure shows 6 people in an elevator; each has 


k = 49.5 Multiply both sides by 6 to solve for k. 7 . 


To find the amount of floor space per person if 15 people are in the elevator, we proceed 


as follows: 
Success Tip = k 
If we multiply both sides of y = k n 
by x, we get xy = k. Thus, for the 49.5 
inverse variation model, k is f = — Substitute 49.5 for k and 15 for n. 
simply the product of one pair 15 
of values of x and y. (Assume f =33 Do the division. 


a a= W)) 


If 15 people were in the elevator, each would have 3.3 square feet of floor space. 


Success Tip 
The constant of variation is usually 
positive, because most real-life 
applications involve only positive 
quantities. However, the defini- 
tions of direct, inverse, joint, and 
combined variation allow for a 
negative constant of variation. 
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EXAMPLE 2 j Photography. The intensity J of light received from a light 

: source varies inversely as the square of the distance from the light 

source. If a photographer, 16 feet away from his subject, has a light meter reading of 4 foot- 

candles of luminance, what will the meter read if the photographer moves in for a close-up 
4 feet away from the subject? 


Strategy We will use the inverse variation model of the form J = +, where J represents 
the intensity and d? represents the square of the distance from the light source. 


Why The words intensity varies inversely as the square of the distance indicate that this 
type of model should be used. 


Solution 


A This inverse variation model can also be read 
a as “I is inversely proportional to d°.” 


l= 


To find k, we substitute 4 for J and 16 for d and solve for k. 


_k 
a 
aa 
16° 
k 
4=—— 
256 
1,024 =k To isolate k, multiply both sides by 256. 


To find the intensity when the photographer is 4 feet away from the subject, we substitute 4 
for d and 1,024 for k and simplify. 


The intensity at 4 feet is 64 foot-candles. 


a Self Check 2 ,| Find the intensity when the photographer is 8 feet away from the 
subject. 


Now Try Problem 33 


Solve Problems Involving Joint Variation. 


There are times when one variable varies as the product of several variables. For example, the 
area of a triangle varies directly with the product of its base and height: 


1 
A =-—bh 
2 


Such variation is called joint variation. 


760 


Joint Variation 


— 30 ft —, 


Get Connected i 
oer” 
™ net” | 18 ft 
access | 
1-800-1234567 
= — 
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If one variable varies directly as the product of two or more variables, the relationship is 
called joint variation. If y varies jointly with x and z, then y = kxz. The nonzero constant k 
is called the constant of variation. 


EXAMPLE 3 j Force of the Wind. The force of the wind on a billboard varies 

; jointly as the area of the billboard and the square of the wind 
velocity. When the wind is blowing at 20 mph, the force on a billboard 30 feet wide and 
18 feet high is 972 pounds. Find the force on a billboard having an area of 300 square feet 
caused by a 40-mph wind. 


Strategy We will use the joint variation model f = kAv’, where f represents the force of 
the wind, A represents the area of the billboard, and v represents the square of the 
velocity of the wind. 


Why The words the force of the wind on a billboard varies jointly as the area of the bill- 
board and the square of the wind velocity indicate that this type of model should be 
used. 


Solution 
f = kAv 


The joint variation model can also be read as “f is 
directly proportional to the product of A and v.” 


Since the billboard is 30 feet wide and 18 feet high, it has an area of 30 - 18 = 540 square 
feet. We can find k by substituting 972 for f, 540 for A, and 20 for v. 
f=kAv 
972 = k(540)(20)* 
972 = k(216,000) 
0.0045 = k 


Evaluate: (20)* = 400. Then do the multiplication. 
Divide both sides by 216,000 to solve for k. 


To find the force exerted on a 300-square-foot billboard by a 40-mph wind, we use the 
formula f = 0.0045Av’ and substitute 300 for A and 40 for v. 


f = 0.0045Av* 
= 0.0045(300)(40)? 
= 9,160 


The 40-mph wind exerts a force of 2,160 pounds on the billboard. 


La Now Try Problem 37 


Solve Problems Invoving Combined Variation. 


Many applied problems involve a combination of direct and inverse variation. Such variation 
is called combined variation. 


EXAMPLE 4 j Highway Construction. The time it takes to build a highway 

- varies directly as the length of the road, and inversely as the 
number of workers. If it takes 100 workers 4 weeks to build 2 miles of highway, how long 
will it take 80 workers to build 10 miles of highway? 
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Strategy We will use the combined variation model t = - where ¢ represents the time in 
days, / represents the length of road built in miles, and w represents the number of workers. 
Why The words the time it takes to build a highway varies directly as the length of the 


road, and inversely with the number of workers indicate that this type of model should 
be used. 


Solution The relationship between these variables can be expressed by the equation 
kl 

t= — 

w 

We substitute 4 for t, 100 for w, and 2 for / to find k: 


This is a combined variation model. 


2 
12 
100 
400 = 2k Multiply both sides by 100. 
200 = k Divide both sides by 2 to solve for k. 


We now substitute 80 for w, 10 for /, and 200 for & in the equation t = u and simplify: 


Kl 
f=— 
w 
, = 200(10) 
80 
= 25 


It will take 25 weeks for 80 workers to build 10 miles of highway. 


“a Self Check 4 7 | How long will it take 60 workers to build 6 miles of highway? 
Now Try Problem 43 


Bag onsurrs TO SELF CHECKS — 1. 735 British pounds 2. 16 foot-candles 4. 20 weeks 


VOCABULARY 
Fill in the blanks. 
1. The equation y = kx defines variation: As x increases, y 3. A constant is a 
—__. 4. The equation y = kxz represents variation. 
2. The equation y = k defines variation: As x increases, y 5. The equation y = i means that y varies with x and 


with z. 
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CONCEPTS 


Determine whether direct or inverse variation applies and sketch a 
possible graph for the situation. 


6. A 7. A 


in a cylinder 


Sales tax on the item 
Volume of a gas 


a SE i. SUC CTC 


Price of an item Pressure on the gas 


fo) 
\o 
> 


Distance a spring * 
stretches 


Time to paint a room 


ooo 


Number of painters Force applied to a spring 


NOTATION 
10. Determine whether the equation defines direct variation. 
a yak bo yH=kt+x 
k 
a y= d. m = ke 
x 
11. Determine whether each equation defines inverse variation. 
k 
a y=k b. y=— 
x 
¥ k 
a yr d.d=— 
y k g 


GUIDED PRACTICE 
Express each verbal model in symbols. See Objectives 1 and 2. 
12. A varies directly as the square of p. 
13. ¢ varies directly as s. 
14. z varies inversely as the cube of f. 
15. v varies inversely as the square of r. 


Express each verbal model in symbols. See Objectives 3 and 4. 

16. C varies jointly as x, y, and z. 

17. d varies jointly as r and ¢ 

18. P varies directly as the square of a and inversely as the 
cube of j. 

19. M varies inversely as the cube of n and jointly as x and the 
square of z. 


Express each variation model in words. In each equation, k is the 
constant of variation. See Objectives 1 and 2. 


20. r = kt 
21. 4=k? 


k 
223.5 == 

h 

k 
eae = a 


Express each variation model in words. In each equation, k is the 
constant of variation. See Objectives 3 and 4. 


24. U = krs*t 
25. L = kmn 
km 
26. P= — 
n 
_ kL 
27. R=— 
APPLICATIONS 


28. Campus to Careers 
Webmaster 


The language of variation is often 
used to describe various aspects of 
the Internet and websites. Determine 
whether each statement, generally 
speaking, is true or false. 

a. The dollar amount of sales that 
an Internet website receives is 
inversely proportional to amount 
of Internet traffic that visits the 
website. 

b. The download time of an Internet website varies directly with the 
bandwidth being used. 

c. Search engines like Google place a value on a website that is 
directly proportional to the number of sites that link to it. 


© Pat LaCroix/Getty Images 


Solve each problem by writing a variation model. 


29. GRAVITY The force of gravity acting on an object varies 
directly as the mass of the object. The force on a mass of 
5 kilograms is 49 newtons. What is the force acting on a mass 
of 12 kilograms? 

30. FREE FALL An object in free fall travels a distance s that 
is directly proportional to the square of the time f. If an 
object falls 1,024 feet in 8 seconds, how far will it fall in 
10 seconds? 

31. FINDING DISTANCE The distance that a car can go varies 
directly as the number of gallons of gasoline it consumes. If a 
car can go 288 miles on 12 gallons of gasoline, how far can it 
go ona full tank of 18 gallons? 


32. FARMING The number of days that a given number of 
bushels of corn will last when feeding cattle varies inversely as 
the number of animals. If x bushels will feed 25 cows for 
10 days, how long will the feed last for 10 cows? 

33. ORGAN PIPES Refer to the illustration on the next page. The 
frequency of vibration of air in an organ pipe is inversely pro- 
portional to the length of the pipe. If a pipe 2 feet long vibrates 
256 times per second, how many times per second will a 6-foot 
pipe vibrate? 
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a! 40. STRUCTURAL ENGINEERING The deflection of a beam is 
inversely proportional to its width and the cube of its depth. If 
pA| ™ the deflection of a 4-inch wide by 4-inch deep beam is 
# 1.1 inches, find the deflection of a 2-inch wide by 8-inch deep 


| ; | beam positioned as in the illustration. 
| | 


34. GAS PRESSURE Under constant temperature, the volume 
occupied by a gas varies inversely to the pressure applied. If the 
gas occupies a volume of 20 cubic inches under a pressure of 
6 pounds per square inch, find the volume when the gas is 
subjected to a pressure of 10 pounds per square inch. 

35. REAL ESTATE The following table shows the listing price 
for three homes in the same general locality. Write the variation 
model (direct or inverse) that describes the relationship 


— ie listing price and the number of square feet of a 41. STRUCTURAL ENGINEERING Find the deflection of the 
ea are beam in Exercise 40 when the beam is positioned as in the 
illustration. 


Number of square feet | Listing price 


1,720 $180,600 
1,205 $126,525 
1,080 $113,400 


36. TRUCKING COSTS The costs of a trucking company vary 
jointly as the number of trucks in service and the number of 
hours they are used. When 4 trucks are used for 6 hours each, 
the costs are $1,800. Find the costs of using 10 trucks, each for 


42. TENSION INA STRING When playing with a Skip-It toy, a 


12 hours. child swings a weighted ball on the end of a string in a circular 
37. OIL STORAGE The number of gallons of oil that can be motion around one leg while jumping over the revolving string 
stored in a cylindrical tank varies jointly as the height of the with the other leg. See the illustration. The tension T in the 
tank and the Square of the radius of its base. The constant of string is directly proportional to the square of the speed s of the 
proportionality 1s 23.5. Find the number of gallons that can be ball and inversely proportional to the radius r of the circle. If 
stored in the cylindrical tank shown. the tension in the string is 6 pounds when the speed of the ball 


is 6 feet per second and the radius is 3 feet, find the tension 
when the speed is 8 feet per second and the radius is 2.5 feet. 


38. ELECTRONICS The voltage (in volts) measured across a 
resistor is directly proportional to the current (in amperes) 
flowing through the resistor. The constant of variation is the 
resistance (in ohms). If 6 volts is measured across a resistor 
carrying a current of 2 amperes, find the resistance. 

39. ELECTRONICS _ The power (in watts) lost in a resistor (in the 
form of heat) varies directly as the square of the current (in 
amperes) passing through it. The constant of proportionality is 
the resistance (in ohms). What power is lost in a 5-ohm resistor 
carrying a 3-ampere current? 
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43. GAS PRESSURE The pressure of a certain amount of gas is 48. Write 2.5 X 10° in standard notation. 
directly proportional to the temperature (measured on the 49. Write 2.5 X 10* in standard notation. 
Kelvin scale) and inversely proportional to the volume. A 
sample of gas at a pressure of 1 atmosphere occupies a volume CHALLENGE PROBLEMS 


of 1 cubic meter at a temperature of 273 Kelvin. When heated, 
the gas expands to twice its volume, but the pressure remains 
constant. To what temperature is it heated? 


50. As the cost of a purchase that is less than $5 increases, the 
amount of change received from a five-dollar bill decreases. Is 
this inverse variation? Explain. 


WRITING 51. You’ve probably heard of Murphy’s first law: 


44. Distinguish between a ratio and a proportion. If anything can go wrong, it will. 


45. Give examples of two quantities from everyday life that var : 

directly aaa two cents that vary ee poher of Muhsin Is: 
The chances of a piece of bread falling with the grape- 

REVIEW jelly side down varies directly with the cost of the carpet. 

46. Write 35,000 in scientific notation. 


: ace : Write one of your own witty sayings using the phrase varies 
47. Write 0.00035 in scientific notation. 


directly. 


DEFINITIONS AND CONCEPTS 


Strategy for Solving Linear Equations in One 
Variable 
1. Clear the equation of fractions or decimals. 


2. Simplify each side of the equation by removing 
all sets of parentheses and combining like terms. 


3. Isolate the variable term on one side of the 
equation. 


4. Isolate the variable. 


5. Check the result in the original equation. 


Summary & Review 
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CHAPTER 8 


| Eq 2 ya ( litie: 
EXAMPLES 

Boe. = ck Bo sep 2 

Olve: 6 x 3 6 


Multiply both sides by 6 to clear the 
fractions. 


Simplify. Don’t forget the 
parentheses. 


se = ile Gree Ch Se 
he = =D = x 
16 Nee — oe EG 


Remove parentheses. 
Combine like terms on each side. 


To eliminate —x on the right side, 
add x to both sides. 


8& —1=2 
&— 1 + 1 — 2 1 


Combine like terms on each side. 


To isolate the variable term 8x, add 1 
to both sides. 


8x = 3 Simplify each side. 
8k 3 Isolate the variable x by dividing both 
8 8 sides by 8. 
3 
x=— 
8 


The solution is . and the solution set is {3}. Check this result to verify that it 
satisfies the original equation. 


An identity is an equation that is satisfied by every 
number for which both sides are defined. 


A contradiction is an equation that is never true. 


To solve a formula for a specified variable means 
to isolate that variable on one side of the equation, 
with all other variables and constants on the opposite 
side. 


When we solve x + 5 + x = 2x + 5, the variables drop out and we obtain a true 
statement 5 = 5. All real numbers are solutions. The solution set is the set of real 
numbers denoted R. 


When we solve y + 2 = y, the variables drop out and we obtain a false statement 
2 = 0. The equation has no solutions. The solution set contains no elements and 
can be denoted as the empty set { } or the null set ©. 


mM; 
Solve F = = for M. 
Te 
Fr? = mMg To clear the fraction, multiply both sides by r’, 
Fr? = ; 
We = To isolate M, divide both sides by mg. 
Fr? 
i = —— Write M on the left side. 
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S, ai 


E 


To solve a linear inequality in one variable we use 
properties of inequality to find the values of its 
variable that make the inequality true. 


If we multiply or divide both sides of an inequality 
by a negative number, the direction of the inequality 
symbol must be reversed for the inequalities to have 
the same solutions. 


The set of all solutions of an inequality is called its 
solution set. 


REVIEW EXERCISES 


Solve each equation. If an equation is an identity or a 


contradiction, so indicate. 

ie Seer 12 = 0) 
5 she ap ee Ge ae A) — Spe 
. Ay — 1) = 28 


De Ley, 
al at: ) 


x +4=26¢ +3)-2 


> 4t+ 1 


.2-13@ - 1) =4- & 


5 che = 2) = oe See — 2) 


Solves =Sye sk 7/ DP 


—5x + 7-—7>22—7 Subtract 7 from both sides. 


oye => Ils) 
=n = AS. Divide both sides by —5 and reverse the 
5 5 direction of the inequality symbol. 

MS 3 


The solution set is: 


Set-builder notation 
alle So) 


Interval notation 


(+22, =3)) 


Graph 


—\ 3 


Solve each inequality. Give each solution set in interval notation 
and graph it. 


Usb Wise — (U4) a il) — 0) ile 


Fa +3)<20-9) 


Zige a 
3 5* 


Sn 2) a= le) 


t+5 t-3 


, —=p = 10 10. 
ae 


Solve each formula for the indicated variable. 
11. V = arh forh 


1 
12. v= ee ary) eee 


DEFINITIONS AND CONCEPTS 


The intersection of two sets A and B, written 4 M B, 
is the set of all elements that are common to set 4 
and set B. 


The union of two sets A and B, written A U B, is the 
set of all elements that are in set A, set B, or both. 


3 6 


6 . CARPENTRY A carpenter wants to cut a 20-foot rafter so that 
one piece is 3 times as long as the other. Where should he cut the 
board? 


. GEOMETRY A rectangle is 4 meters longer than it is wide. If the 
perimeter of the rectangle is 28 meters, find its length and width. 


EXAMPLES 
Let A = {—2, 0, 3, 5} and B = {—3, 0, 5, 7}. 


AM B= {0,5} The intersection contains the elements 


that the sets have in common. 


AUB = {-3, —2,0,3,5,7} The union contains the elements that 


are in one or the other set, or both. 
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EXAMPLES 
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aqualities 


When the word and or the word or is used to connect 
pairs of inequalities, we call the statement a 
compound inequality. 


The solution set of a compound inequality 
containing the word and includes all numbers that 
make both of the inequalities true. That is, it is the 
intersection of their solution sets. 


Swoillves 2 = | 25 einl Seb il S 4 


We solve each inequality separately. Then we graph the two solution sets on the 
same number line and determine their intersection. 


MiSs sil spar il 4 yee ad 
2x = 6 Sx > 3 eee eee eae 
3 ai) 0. Sa. ae 4 
So) Was 5 


The purple-shaded interval is where the red and blue graphs overlap. Thus, the 
solution set is: 


Interval notation: 3, 3] 


Inequalities that contain exactly two inequality 
symbols are called double inequalities. Any double 
linear inequality can be written as a compound 
inequality containing the word and. For example: 


c <x <d is equivalent to c <x andx <d 


Solves =) = dr = il<§ 

We apply properties of inequality to all three of its parts to isolate x in the middle. 
= sre — Ihe) 

=f or il She Il oo << Sycp dl 

—6 53x <6 
See Divide each part by 3 
—— Ss — =e ivi r b 
3 3 e each part by 

=—2 SR <2 


Add 1 to all three parts. 


The solution set is: 


Interval notation: [—2, 2) 
3 2-1 0 1 2 3 


The solution set of a compound inequality 
containing the word or includes all numbers that 
make one or the other, or both, inequalities true. That 
is, it is the union of their solution sets. 


REVIEW EXERCISES 
Let A = {—6, —3, 0, 3, 6} and B = {—5, —3, 3, 8}. 
19. Find 4M B. 20. Find A U B. 


Determine whether —4 is a solution of the compound inequality. 


Alle oe < 0) ainal a > = 5 
yy, jeap b= se = il eine doe = 3) S She 


Soles 2Qe— i 5 or —Gr = 7) = 2 


We solve each inequality separately. Then we graph the two solution sets on the 
same number line to show their union. 


— NSS Of Er ))=2 
Xe > 6 = 597 ap / = 2 
eS 3 Sse =5 

jp = ll 


The solution set is: 


Interval notation: (—~, 1] U (3, ~) 
This is the union of two intervals. 


Graph each set. 


23. (—3,3) U [1, 6] 24, (— =, 2] M1 [1, 4) 


Solve each compound inequality. Graph the solution set and write 
it using interval notation. 


7A}, We > teh flava! op qt) es — 16) 
AS, Se ae 2) Ss ACs se il) einel itil spe < © 
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2 4 
27. se Or 5 and = < =I 35. RUGS A manufacturer makes a line of decorator rugs that are 
4 feet wide and of varying lengths x (in feet). The floor area 
28. a(x Zs i) 23 i al p= a covered by the rugs ranges from 17 ft? to 25 ft?. Write and then 
@ solve a double linear inequality to find the range of the lengths of 
Solve each double inequality. Graph the solution set and write it the rugs. 


using interval notation. 


5- 
29.3 <3x+4< 10 sh 


Determine whether —4 is a solution of the compound inequality. 


Silo ae << 14) OP pe Se — 3) 
nv op ar il << Dee = Il oye Ge — 3) > Bhs 


Solve each compound inequality. Graph the solution set and write 
it using interval notation. 


36. Match each word in Column I with two associated items in 


330 i die =O eae i eS 


Column II. 

Column I Column II 

a. or ia 
ieee) 

b. and iii. intersection 
iv. union 


no 


DEFINITIONS AND CONCEPTS 


To solve absolute value equations of the form Solve: |2x + 1] =7 
|X| = k, where k > 0, solve the equivalent 


compound equation This absolute value equation is equivalent to the following compound equation, 


which we can solve: 


X=k or X= —k 
Pear ia Or Ae ae il 7/ 


If k is negative, then |X| = k has no solution. Pre Ope 8 


Ss x=-4 


This equation has two solutions: 3 and —4. The solution set is {—4, 3}. 


Solve: |4x — 5| = —3 
Since an absolute value can never be negative, there are no real numbers x that 
make |4x — 5| = —3 true. The equation has no solution and the solution set is ©. 
To solve absolute value equations of the form Solve: |3x — 2| = |2x + 4| 
|X| = | Y|, solve the compound equation ; Oe ; : F ; 
This equation is equivalent to the following compound equation, which we can 
De or Ak = =) solve: 


By 2 4 or 3% 2 = (2x 4) 


x-2=4 aye — 2 yp 
x=6 Si 2) 4 
5x = —2 
2 
ee es 
5 


This equation has two solutions: 6 and — z, The solution set is {-2, 6}. 
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DEFINITIONS AND CONCEPTS EXAMPLES 
To solve absolute value inequalities of the form Solve: |4x — 3] <9 
|X| < k, where k > 0, solve the equivalent double aw ee p eroligns ee li hich 
inequality —k < X < k. ne inequality is equivalent to the following double inequality, which we can 
solve: 


Use a similar approach to solve |X| = k. 
—W) << tbe — 3 < ©) 
-6<4x< 12 Add 3 to all three parts. 


3 
a << SB Divide each part by 4 and simplify. 


The solution set is: 


es ; 
YQ aj © 1 2 3 A Interval notation: (-3 5 3) 
3 
2 
To solve absolute value inequalities of the form Solve: |3x + 1| =7 


|X| = k, where k > 0, solve the equivalent com- 


pound inequality ¥ = —kor X= k This inequality is equivalent to the following compound inequality, which we can 


solve: 


Use a similar approach to solve X > k. 
esr = 7 @r yeqr i) a2 7/ 


se = = 8 3x = 6 
8 
NS ee ie Se 
3 
eS ! 
2 2) SS 6 il DS Interval notation: (4, -| U [2, ~) 
28) 
3 This is the union of two intervals. 
REVIEW EXERCISES 
Solve each absolute value equation. D 
47, 2|5 — 3x| = 28 43) oo 14 66 
37. |4x| = 8 38, 2|3x + 1] —1=19 3 
= il spe 
39: | 254 |= 10= <4 40. oad ae 49. |x| >1 50. = 7 
2) 3 3 

S Sb ee || 3 
41. |—4@x — 6)| = 0 425 3 | 51. |3x — 8| -4>0 52. | 5x — 14 |=0 
43. |3x + 2| = |2x — 3] 53. Explain why |0.04x — 8.8] < —2 has no solution. 
jy | 2) 2 

2 3 


54. Explain why the solution set of oe ar | = -} is the set of all 
Solve each absolute value inequality. Graph the solution set and 
write it using interval notation. 


45. |x| <3 46. |2x + 7| <3 


real numbers. 
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55. PRODUCE Before packing, freshly picked tomatoes are weighed 56. Let f(x) = 5 6x| 
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— 1. For what value(s) of x is f(x) = 5? 


on the scale shown. Tomatoes having a weight w (in ounces) that 
falls within the highlighted range are sold to grocery stores. 


a. Complete the following 
absolute value inequality that 
expresses the acceptable 
weight range: 
iw= |= 

b. Solve the inequality from 
part (a) and express the 
acceptable weight range 
using interval notation. 


evie WC ( 


0 


ounces 


acceptable 


8 


ng, Tri 


DEFINITIONS AND CONCEPTS 


The first step of factoring a polynomial is to see 
whether the terms of the polynomial have a common 
factor. If they do, factor out the GCF. 


EXAMPLES 
Factor: 14a* + 35a° — 56a” = Ta°(2a° + 5a —8) Factor out the GCF, 7a’. 


Use multiplication to check the factorization: 


ee a= 


Ta*(2a* + 5a — 8) = 14a* + 35a* — 56a” This is the original polynomial. 
If an expression has four or more terms, try to factor | Factor: ax — 2x + 3a — 6 
the expression by grouping. 
" iis (he = Oke ap yal = © ax 2% fim 3a — 0 Group the terms. 


ll 


x(a — 2) + 3(a — 2) Factor x from ax — 2x. 


Factor 3 from 3a — 6. 


(a — 2)(x + 3) Factor out the GCF, a — 2. 


Many trinomials factor as the product of two 
binomials. To factor a trinomial of the form 

x? + bx + c, whose leading coefficient is 1, find 
two integers whose product is c and whose sum is b. 


We can use the trial-and-check method to factor 
trinomials with leading coefficients other than 1. 
Write the trinomial as the product of two binomials 
and determine four integers. 


Factor: p* + 14p + 45 


We must find two integers whose product is 45 and whose sum is 14. Since 
5:9 = 45 and5 + 9 = 14, two such numbers are 5 and 9, and we have 


p+ 14p + 45 =(p + 5)(p + 9) 
9) pd 


Factor: 2x” — 5x — 12 


Check: (p + 5)(p 4 


Since the first term is 2x7, the first terms of the binomial factors must be 2x and x. 


es ) 


The second terms of the binomials must be two integers whose product is —12. 
There are six such pairs: 


(2x 


Because 2x - x will give 2x*. 


1(—12), 2(—6), 3(—4), 4(—3), 6(—2), and 12(—1) 


The pair in blue gives the correct middle term, —5x, when we use the FOIL 
method to check: 


Outer: —8x 


vies 


(2x + 3)\(% —4) —8x + 3x = —5x 
\t 


Inner: 3x 


Thus, 2x? — 5x — 12 = (2x + 3)(x — 4). 


DEFINITIONS AND CONCEPTS 


To factor ax” + bx + c by grouping, write it as an 
equivalent four-term polynomial: 


ax? + Xacls 
je sy 
The product of these numbers 


must be ac, and their sum must be b. 


aC 


Then factor the four-term polynomial by grouping. 
Use the FOIL method to check. 


REVIEW EXERCISES 
Factor, if possible. 
57.2. ite 30 


59) da — 5a 1 
60. 27x3y%z7 + 81x4*y?2? — 90x7y727 


61. 1557 + 4b — 4 


63. 15x? — 57xy — 12y° 


DEFINITIONS AND CONCEPTS 


The difference of two squares: To factor the square 
of a First quantity minus the square of a Last 
quantity, multiply the First plus the Last by the First 
minus the Last. 


F? -L?=(F+L)\F-L) 


62. —x? — 3x + 28 
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EXAMPLES 
Factor by grouping: 2x? — 5x — 12 


We must find two integers whose product is ac = 2(—12) = —24 and whose sum 
is b = —5. Two such numbers are —8 and 3. They serve as the coefficients of —8x 
and 3x, the two terms that we use to represent the middle term, —5x, of the 
trinomial. 

2x? — 5x — 12 = 2x* — 8x + 3x — 12 
= 2x(x — 4) + 3(x — 4) 
= (x — 4)(2x + 3) 


Express —5x as —8&x + Sx. 


Factor out (x — 4). 


.ry-—ar—rytatr—1_ 66. 49a° + 84a°b? + 36b* 


58. x7 + 4x? + x*y + 4y 


. 3b? + 2b+1 68. 2a* + 4a? — 6a? 
. Use a substitution to factor: (s + f° — 2(s +) +1 


. Solve mymz = mm + mm, for m,. 


64. w® — w* — 90 


EXAMPLES 


Factor: xy = OO 
xy? — 100 = (xy)* — 107 
= (xy + 10)(xy — 10) 


This is a difference of two squares. 


In general, the sum of two squares (with no 
common factor other than 1) cannot be factored 
using real numbers. 


x? +100 and 36)° + 49z* are prime polynomials. 


The sum of two cubes: To factor the cube of a First 
quantity plus the cube of a Last quantity, multiply the 
First plus the Last by the First squared, minus the 
First times the Last, plus the Last squared. 


(F + L)(F? — FL + L?) 


Factor: y + 272° 


y + 272° =y> + 32) This is a sum of two cubes. 
+130 I —y 8e + Br)" 


= (y + 32°)(Q* — 3yz? + 9z4) 


The difference of two cubes: To factor the cube of a 
First quantity minus the cube of a Last quantity, mul- 
tiply the First minus the Last by the First squared, 
plus the First times the Last, plus the Last squared. 


Fe — L? = (F— L\(F* + FL +L’) 


Factor: 125s° — 64 


125s? — 64 = (5s)? — 4 This is a difference of two 


cubes. 
= (5s — 4)[(5s)? + 55-4 + 47] 
= (5s — 4)(25s? + 20s + 16) 
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REVIEW EXERCISES 
Factor, if possible. 
Hee = Me 


80. SPANISH ROOF TILE The amount of clay used to make a roof 


72. x’y* — 642° tile is given by 


73. ab? +c? 


SP 2 
74, 2 — (a + by V= une sae 


Factor the right side of the 
formula completely. 


75. 32a‘*c — 162b%c 
76. k? + 2k +1 — 9m? 


77. —n—-m-n 


78. 1° + 64 


79. 8a> — 125b° 


DEFINITIONS AND CONCEPTS EXAMPLES 


To simplify a rational expression: 


1 
x4 Gs-Ae=2) #=2 


1. Factor the numerator and denominator Simplify: Ie LA x42 2 
completely. i 
2. Remove factors equal to 1 by replacing each pair . 1 1 
of factors common to the numerator and denomi- Simplify: ep = Sar = Wer aC ae Gay) Man se S 


nator with the equivalent fraction i. 2a°— 1la* + 12a aAQa-3\a-4) 2a -3 
1 1 
3. Multiply the remaining factors in the numerator 


and in the denominator. 


To multiply rational expressions, multiply the 
numerators and multiply the denominators. 


Multiply, and then simplify, if possible. 


Multiply the numerators. 
Multiply the denominators. 


x -4 3x+9 (x? — 4)3x 4+ 9) 
sear 3) oe ar 2 (Ge sp Byer ae 2) 


GAT — 2)-3- Gas 
Cee 


= ser = 2) 


Factor completely and then 
simplify. 


Then simplify, if possible. 


To divide rational expressions, multiply the first by 
the reciprocal of the second. 


Divide, and then simplify, if possible. 


Multiply the first rational 


xv +4x4+3 3 
> expression by the reciprocal of 


. 3 


x +4543 x 
3x 3 


AoC AD eA 


ID a feel ne 


Then simplify, if possible. 


Gee 
(x? + 3x) +3 


1 1 
(x + 1I)G-+*3) -£ 
222 


sear Il 
3 


the second. 


Multiply the numerators. 
Multiply the denominators. 


Factor completely and then 
simplify. 

Multiply the remaining factors in 
the numerator. 

Multiply the remaining factors in 
the denominator. 
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DEFINITIONS AND CONCEPTS EXAMPLES 
To add (or subtract) two rational expressions with | Add: 
like denominators, add (or subtract) the numerators a Be 1 ey ee Add the numerators. Write the sum 
and keep the common denominator. Then, if possibe, = a over the common denominator, 
factor and simplify. x¥-5 x-5 x—5 wa By, 
y= OS ae 
= Saas Combine like terms. 
ve 
1 To simplify the result, factor the 
_ (& + 5)@=5) numerator and remove the factor 
* yes common to the numerator and 
1 denominator. 
=x+5 
To add or subtract rational expressions with Subtract: 
unlike denominators, find the LCD and express Sai Senn ; 
each rational expression with a denominator that is * ! 2 es Uilaieae ae enpreners re 
the LCD. Add (or subtract) the resulting fractions Ge KES Xe oe A te) elves the LCBior na)! 
and simplify the result, if possible. 2x? x+5 Multiply the numerators. 
a xc +5) x(x + 5) Multiply the denominators. 
= (ens) Subtract the numerators. Write the 
= difference over the common 
x(x + 5) denominator. 
DE = aS fate 
= re os The result does not simplify. 
Two methods are used to simplify complex Simplify: 
fractions. 2 
4x 
Method 1: Write the numerator and denominator as a Ax? _ 4& The main fraction bar of the complex fraction 
single fractions. Then divide the fractions and cia yp De indicates division. 
simplify. cae 
BY 
This method works well when a complex fraction is 4x7 y To divide rational expressions, multiply the first 
written, or can be easily written, as a quotient of two =—5 Ve by the reciprocal of the second. 
single rational expressions. 5 
_, dhe ey Multiply the numerators. 
= y - 14x Multiply the denominators. 
Z 7) ee Po | Factor the numerator and denominator. Then 
Z PA simplify by removing common factors of the 
7 yey 1 ae A numerator and denominator. 


Multiply the remaining factors in the numerator. 
Multiply the remaining factors in the denominator. 
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Method 2: Determine the LCD of all the rational Simplify: 
expressions in the complex fraction and multiply the i i 
complex fraction by 1, written in the form a =" nee The LCD of all the rational expressions in the 
: ; zu z . complex fraction is 2x. Multiply the complex 
This method works well when the complex fraction Es ss 2x fraction by 1 in the form 
has sums and/or differences in the numerator or x De 
denominator. 1 
_& Multiply the numerators. 
— 5 Multiply the denominators. 
— pas 
Dye 
2 In the numerator, distribute the multiplication 
Fl eo by 2x. In the denominator, perform the 
oa 5 multiplication by 2x. 
_ 2 ay In the numerator, perform each multiplication 
~  & by 2x. 
To solve a rational equation: 3 1 5) 
Solve: 
2 a4 2a 8 


1. Factor all denominators. 


2. Determine which numbers cannot be solutions of 
the equation. 


3. Multiply both sides of the equation by the LCD of 
all rational expressions in the equation. 


4. Use the distributive property to remove 
parentheses, remove any factors equal to 1, and 
write the result in simplified form. 


5. Solve the resulting equation. 


6. Check all possible solutions in the original 
equation. 


All possible solutions of a rational equation must be 
checked. Multiplying both sides of an equation by a 
quantity that contains a variable can lead to 
extraneous solutions. 


If we factor the last denominator, the equation can be written as: 


3 1 5 
2 4h Na = 4h) 


We see that 4 cannot be a solution of the equation, because it makes at least one of 
the rational expressions in the equation undefined. 


We can clear the equation of fractions by multiplying both sides by 2(a — 4), 
which is the LCD of the three rational expressions. 


yo 


3 1 5 
2(a — (3 aF ey = :) =2(a — eee = 5 
3 1 5 
2(a - (2) ated (Qe (4) =2(a — eed Distribute. 


xa - (3) + 0-H) = Aaa] ie Remove common 


Multiply both 
sides by the LCD. 


factors. 


(a—4)3+2=5 Simplify. 
3a -12+2=5 Distribute. 
3a - 10 =5 Combine like terms. 
3a = 15 
a=5 


The solution is 5. Verify that it satisfies the original equation. 


REVIEW EXERCISES 
Simplify each rational expression. 
62x*y 


2m — 2n 
144xy7 . 


LE Tide 


81. 82 


Perform the operations and simplify, if possible. 

3x74 . ed? 
ea Diy 

2a” — 5a — 3 | 


a9 


83. 


2a* + 5a+2 


84. 5 
Mae ae Sy = 3) 
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2x 3x 4x 
+ + 
Das is are ba) 


92: 


Simplify each complex fraction. 
4a°b? 
OG 


= 94. 
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ue 
6pt 


p + 5p +6 


3pt 
2 3 


m+ 3m+9 


m> — 27 


x 


R—1 ab—a 


85. ° z : . : 2 
m+ mp +mr+ pr am + ar + bm + br ew ab-a b-1 
x? + 3x? + 2x 3x7 — 3x pea ae) 


86. ¢ a Solve each equation. If a solution is extraneous, so indicate. 
A 2 4 = 116 
3 2 1 


Cy 
jo ar ll 


EXAMPLES 


Graph 2x — 5y = 10 using the intercept method. 


DEFINITIONS AND CONCEPTS 


The standard or general form of a linear equation 
in two variables is Ax + By = C, where A, B, and C 
are real numbers and 4 and B are not both zero. 


To find the x-intercept, substitute 0 
for y and solve for x. 


To find the y-intercept, substitute 0 
for x and solve for y. 


The graph of an equation is the graph of all points 


: De — Sy) = il) Dye = Sy) = (0) 
on the rectangular coordinate system whose 
coordinates satisfy the equation. 2x — 5(0) = 10 2(0) — 5y = 10 
: 2x = 10 —Sy = 10 
The graph of a linear equation in two variables is a is 4 
line. 2 =D ySa2 
To find the y-intercept of a line, substitute 0 for xin | The x-intercept is (5, 0). The y 


the equation and solve for y. To find the x-intercept 
of a line, substitute 0 for y in the equation and solve 
for x. 


Plotting the x- and y-intercepts of a graph and 
drawing a line through them is called the intercept 
method for graphing a line. 


y-intercept is (0, —2). 


We can find a third point on the line 
as a check point and draw a line 
through the three points to get the 


graph. 


x-intercept 


a a 


y-intercept 


G4) 


-l 1 2 


2x -5y = 10 
(0, -2) 
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a 


EXAMPLES 


The slope m of a line is a ratio that compares the 
vertical and horizontal change as we move along the 
line from one point to another. 


vertical change _ rise Ay 


horizontal change run Ax 


The slope formula: 


_ 2 
m 
XO! ae XTi 


if x, # x2 


Horizontal lines have a slope of 0. Vertical lines have 
no defined slope. 


Find the slope of the line passing through (—5, —2) and (7, — 14). 


Voi 
m= = 
X27 X% 


=(4 (2) —10 
7-(-5) 12 


1 


Equations of a line: 
Point—-slope form: 
y— yi = mx — x) 
Slope—intercept form: 
y=mxt+b 
Standard (general) form: 
Ax + By =C 
Vertical line: 


Horizontal line: 


x=a y=b 


Find an equation of a line with slope 2 that passes through (4, 5). Write the equa- 

tion in slope—intercept form. 
y— Vr = m@ — x1) 
yes = 4e=— 25 Substitute 5 for y,, 4 for x, and 2 for m. 


To write the equation in slope—intercept form, we solve for y. 


VS = Phe — ty 
pS De iS aro) 
pa De 3 


To write the equation in standard form, we proceed as follows: 


y = 2x —3 This is slope-intercept form. 
3 =2x—y  Add3and subtract y from both sides. 
Dey 3 This is standard form. 


Slopes can be used to identify parallel and 
perpendicular lines. 


The graphs of the lines y = 7x + 5 and y = 7x — 3 are parallel because each line 
has slope 7. 


The graphs of the lines y = 6x + 1 and y = —ix are perpendicular because their 
slopes are 6 and — , which are negative reciprocals. 


The midpoint of a line segment with endpoints 
(x1, ¥1) and (x2, y2) is the point with coordinates 


(2 + X2 VW =| 
ye pe 


Find the midpoint of the segment joining (—3, 7) and (5, —8). 


We let (x;, y,) = (—3, 7) and (x, v2) = (5, —8) and substitute the coordinates 
into the midpoint formula. 


i y1 | —— | 
ih soo nae 2 


This is the midpoint. 


REVIEW EXERCISES 


Graph each equation. 


1 
Ua 104. x = —2 


Graph each equation using the intercept method. 


105. 2x +y=4 106. 3x — 4y -8 =0 
107. Find the slope of the graph of 2x — 3y = 18. 


108. Find the slope of lines /, and /, in the 
illustration. 
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Determine whether the lines with the given slopes are parallel, 
perpendicular, or neither. 


1 1 
113. m, = 4, m2 = a 114. m, = 0.5, m2 = mi 


Find an equation of the line with the given properties. Write the 
equation in slope—intercept form. 

115. Slope of 3; passing through (— 8, 5) 

116. Passing through (—2, 4) and (6, —9) 


Find an equation of the line with the given properties. Write the 
equation in slope—intercept form. 


Find the slope of the line passing through the given points. 
110. (3, —2) and (—6, 12) 


109. (2, 5) and (5, 8) 


111. (—2, 4) and (8, 4) 


AND CONCEPTS 


DEFINITIONS 


A function is a set of ordered pairs (a relation) in 
which to each first component there corresponds 
exactly one second component. 


Since we often work with sets of ordered pairs of the 
form (x, y), it is helpful to define a function using the 
variables x and y: 


y is a function of x: Given a relation in x and y, if to 
each value of x in the domain there corresponds 
exactly one value of y in the range, then y is said to 
be a function of x. Since y depends on x, we call x 
the independent variable and y the dependent 
variable. 


112. (—5, —4) and (—5, 8) 


117. Passes through (—3, —5); parallel to the graph of 
3x —-2y =7 

118. Passes through (—3, —5); perpendicular to the graph of 
3x —-2y =7 

119. ACCOUNTING A business purchases a copy machine for 
$8,700 and will depreciate it on a straight-line basis over the next 


5 years. At the end of its useful life, it will be sold as scrap for 
$100. Find its depreciation equation. 


120. Find the midpoint of the line segment joining (—3, 5) and (6, 11). 


EXAMPLES 


The arrow diagram does not define y as a function of x because to the x-value 4 
there corresponds more than one y-value: 2 and 6. 


The equation x = || does not define y as a function of x because more than one 
value of y corresponds to a single value of x. If x is 2, for example, the equation 
becomes 2 = |y| and y can be either 2 or —2. 


The function notation y = f(x) indicates that the 
variable y is a function of x. It is read as “f of x.” 


Think of a function as a machine that takes some 
input x and turns it into some output f(x), called a 
function value. 


If f(x) = 2x + 1, find f(—2) and f(n + 1). 


f(x) =2x+4+ 1 WED) = 2x2 SF Il 

f(—2) = 2(-2) + 1 f(at1)=2M+1)+1 
=-4+1 =2n+2+1 
= =3 = 2p ae 3) 


TS, jf(— 2) = = 3; Thus, f(m + 1) = 2n + 3. 
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DEFINITIONS AND CONCEPTS EXAMPLES 


The input-output pairs that a function generates can Graph the linear function f(x) = —4x — 2. 
be written as ordered pairs and plotted on a 
rectangular coordinate system to give the graph of 
the function. 


We make a table of values, plot the points, and draw the graph. 


A linear function is a function that can be written in x || FG) 
the form f(x) = mx + b. The graph of a linear 

Aner : , = BD \l—=s (il, 9) 
function is a straight line. aoe 3 
i | =6 |=> (lL, =o) 
dl t 


Select x. Find f(x). Plot the point. 


10 
xe ap 3) 


The domain of a function is the set of input values. Find the domain of: f(x) = 


The range is the set of output values. ‘ 
The number —3 cannot be substituted for x, because that would make the 


denominator equal to 0. Since any real number except —3 can be substituted for x, 
the domain is the set of all real numbers except —3. 


The vertical line test: If a vertical line intersects a 
graph in more than one point, the graph is not the 
graph of a function. 


| 
| 
| 
\ 


The graph of a function 


These three basic functions are used so often in 
algebra that you should memorize their names and 
their graphs. They are called nonlinear functions 
because their graphs are not lines. 


The squaring function The cubing function The absolute value function 


We can find the domain and range of a function from | Find the domain and range of function f. 
its graph. The domain of a function is the projection 
of its graph onto the x-axis. The range of a function 
is the projection of its graph onto the y-axis. 


Range 


Domain R: The set of nonpositive 
real numbers 
D: The set of real numbers 
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EXAM PLES 


A vertical translation shifts a graph upward or 
downward. A horizontal translation shifts a graph 
left or right. A reflection “flips” a graph about the 
X-axis. 


ge(x) =(x- 3) 


4-3 2 -1 2 a4: 
-l1 


To graph g(x) =x +4, 
translate each point on 
the graph of f(x) =x 
up 4 units. 


REVIEW EXERCISES 
121. Fill in the blanks. 


a. A________is a set of ordered pairs (a relation) in which to 
each first component there corresponds exactly one second 
component. 

b. Given a relation in x and y, if to each value of x in the domain 
there corresponds exactly one value of y in the range, y is said 
to bea of x. We call x the independent 
and y the ______ variable. 

122. Determine whether the relation defines y as a function of x. If it 

does not, find two ordered pairs where more than one value of y 

corresponds to a single value of x. 


a. x y b. x ly 
a, “1/8 
== Os 

4/1 
=] | © 


c. {(14, 6), (1, 14), (6, 0), (—3, 8)} 


Determine whether each equation determines y to be a function 
of x. If it does not, find two ordered pairs where more than one 
value of y corresponds to a single value of x. 


123. y = 6x — 4 124. |y| =x 

Let f(x) = 3x + 2 and g(a) = eae t Find each function 
value. 

153) 126. 2(8) 

127. 2(—2) 128. f(0) 


129. Let f(x) = —5x + 7. For what value x of is f(x) = —8? 
130. Let g(x) = 3x — 1. For what value of x is g(x) = 0? 


To graph g(x) = (x -3)%, 
translate each point on 
the graph of f(x) =x° 

to the right 3 units. 


Find the domain and range of each function. 
131. f(x) = 4x -1 


132. f(x) = 


A) = 5 


Determine whether each graph represents a function. If it does 
not, find two ordered pairs where more than one value of y 
corresponds to a single value of x. 


133. 134. 


Saye 


2 
135. Graph: f(x) = ao 2D) 


136. Use the graph in the illustration to 
find each value. 


a. f(—2) 
b. f(3) 
c. The value(s) for which f(x) = —1 
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137. Fill in the blanks. 


a. The graph of f(x) = x° + 6 is the same as the graph of 141. 
f(x) = x? except that it is shifted __units___. 


b. The graph of f(x) = (x + 6)* is the same as the graph of 
f(x) = x? except that it is shifted ___ units to the 


138. Graph f(x) = |x + 2], g(x) = |x|—3, and h(x) = 


same coordinate system. 


Graph each function. 
139. f(x) = x? — 3 


Variatio 


DEFINITIONS AND CONCEPTS 


— |x| on the 


140. f(x) = (x - 27 +1 
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Give the domain and range of each function. 
142. 


4 = 


EXAMPLES 


The words y varies directly as x or y is directly 
proportional to x mean that y = kx for some 
nonzero constant k, called the constant of variation. 


The words y varies inversely as x or y is inversely 
proportional to x mean that y = & for some nonzero 
constant k. 


The distance d that a spring stretches varies directly as the force f attached to the 
spring: d = kf. 


If the voltage in an electric circuit is kept constant, the current J varies inversely 
as the resistance R: 


Strategy for Solving Variation Problems 


1. Translate the verbal model into an equation. 


2. Substitute the first set of values into the equation 
from step 1 to determine the value of k. 


3. Substitute the value of k into the equation from 
step 1. 


4. Substitute the remaining set of values into the 
equation from step 3 and solve for the unknown. 


Suppose d varies inversely as h. If d = 5 when h = 4, find d when h = 10. 


1. The words d varies inversely as h translate to d = f 


2. If we substitute 5 for d and 4 for h, we have 


Fat 
4 
20 =k To find k, multiply both sides by 4. 


3. Since k = 20, the inverse variation equation is d = a. 


4. To answer the final question, we substitute 10 for / in the inverse variation 
model: 
20 
d===2 
10 


Joint variation: One variable varies as the product 
of several variables. For example, y = kuz (kis a 
constant). 


The number of gallons g of oil that can be stored in a cylindrical tank 
varies jointly as the height h of the tank and the square of the radius r of its base: 
g= khr. 


Combined variation: A combination of direct and 
inverse variation. For example, 


kx 
y =— (kis aconstant) 
Zz 


The gravitational force F' between two objects with masses m, and my 
varies directly as the product of their masses and inversely as the square of the 
distance d between them: 


kmymy 


if= 2 
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REVIEW EXERCISES 
143. PROPERTY TAX The property tax in a certain county varies 147. Does the graph below show direct or inverse variation? 
directly as assessed valuation. If a tax of $1,575 is charged on a 
single-family home assessed at $90,000, determine the property 
tax on an apartment complex assessed at $312,000. 
. ELECTRICITY For a fixed voltage, the current in an electrical 
circuit varies inversely as the resistance in the circuit. If a certain 


circuit has a current of 25 amps when the resistance is 150 ohms, 


find the current in the circuit when the resistance is doubled. 


Time it takes to get 
a certain job done 


. Assume that y varies jointly with x and z. Find the constant of 
variation if x = 24 when y = 3 andz = 4. Ratciatenichithe 

. HURRICANE WINDS The wind force on a vertical surface work is done 
varies jointly as the area of the surface and the square of the 
wind’s velocity. If a 10-mph wind exerts a force of 1.98 pounds on 148. Assume that x, varies directly with the third power of ¢ and 


the sign shown here, find the force on the sign when the wind is inversely with x>. Find the constant of variation if x; = 1.6 when 
blowing at 80 mph. f= Sand x5 — 64, 


<—— 1.5 ft ——>] 


CHAPTER 8 
TEST 


1. Fill in the blanks. Solve each equation. 
a. To an equation means to find all of the values of the cy oe (I eae 3h oy 
variable that make the equation true. 2 1 
nh, =, Ss =, cil = ae symbols. 4. Ales + 2)= 60s + 29) — 4 
c. The statement x” — x — 12 = (x — 4)(x + 3) shows that 5. 6 = (= yi oe = SI — 2) 
the trinomial x* — x — 12 factors as the product of two 
d. The Pep alll geese 6. Solve n = a ; for a. 


is § 

2 oh sear il ee , 

e. Given a relation in x and y, if to each value of x in the us ALOU TOS ne ae elt abe Selonlnioy Line - 
domain there corresponds exactly one value of y in the perimeter of 26 centimeters and is 5 centimeters longer than it 
range, y is said to be a eee call tHe is wide. Find the dimensions of the window. 
independent_______ and y the _____ variable. 


2. Use a check to determine whether 6.7 is a solution of 
1.6y + (—3) =y + 1.02. 
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8. AVERAGING GRADES | Use the information from the grade- 


book to determine what score Karen Nelson-Sims needs on the 
fifth exam so that her exam average exceeds 80. 


Sociology 101 ele 
8:00-10:00 pm MW 3 3 


Exam 3 
Exam 4 
Exam 5 


Nelson-Sims, Karen 70 |79 | 85|6E 


Solve each inequality. Write the solution set in interval notation 
and graph it. 


9, —2(2x +3) = 14 
—4 
a 
3 
Ullo She 2 he SPS) Gavel 7 ee abe = 
12. 3x <—9 or Se =2 
13,12, 4) 22 
14, 2/3 —2)| <4 
Solve each equation. 
15. |2x + 3| — 19 =0 16. [3x + 4| = |x + 12| 


Factor, if possible. 
17. 12a°b*c — 3a°b*c? + 6abc? 


18. 4)" — 64 

19. b> + 125 20. 6u> + 9u — 6 

21. ax —xy + ay-y 22. 25m* — 60m*n + 36n* 
23. 144b* + 25 24.0°° + 6x +9-¥ 


25. 64a°> — 125b° 
26. (x — y)’ + 3(x — y) — 10 


Simplify each rational expression. 
3 (Oy 


2 — WN) 


2x? + Txy + 3)? 


27. 5 
4xy + 12y 


28. 


Perform the operations and simplify, if possible. 


erty xr-wty 


4 2x + 2y 
xu + du + 3x + 6— ln = 39) 
uw -9 x7 + 3x42 
31. pa Se see 
(iP apf = 2) i se = 2D) 
Ghar 3} a-4 


a’ — 2a — 3 


29% 


30. 


2s 


a—a-2 


Simplify each complex fraction. 


Qu-w 4 bn k 
33. v 34, cp ea 
Auw* k 3 
uv hese Il > k 


35. Find an equation of the line that passes through (—2, 1) and is 
parallel to the graph of y = — 3x — 7. Write the equation in 


slope—intercept form. 
36. Find the slope and the y-intercept of the graph of 
eae O) = oN, 
37. Find the slope of the line passing through (—3, 5) and 
(4, —6). 
38. ACCOUNTING After purchasing a new color copier, a busi- 


ness owner had his accountant prepare a depreciation work- 
sheet for tax purposes. (See the illustration.) 


a. Assuming straight-line depreciation, write an equation that 
gives the value v of the copier after x years of use. 


b. If the depreciation equation is graphed, explain the signifi- 
cance of its v-intercept. 


Depreciation Worksheet 


Color copier. . +--+ $4,000 ai 
(new) ' A 
Salvage value...... $400 © E = 3 
(in 6 years) 


39. Find the x- and y-intercepts of the graph of 2x — 5y = 10. 
Then graph the equation. 


40. Graph: y = —2 
41. Does the table define y 


as a function of x? 


42. Determine whether 
the graph represents 


a function. 
ss || 
=3 4 
Al || = 3} 
1 4 
2 5 
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43. Let g(x) = x? — 2x — 1. Find: (0) Refer to the graph of function f. 
44, Let f(x) = —$x — 12. For what value of x is f(x) = 4? 47. Find: f(—2) 

48. Find the value of x for which 
45. Graph: g(x) = —|x + 2| Go) = ob: 


46. Give the domain and range of 
function f graphed on the right. 


49. Assume that y varies directly with x. If x = 30 when y = 4, 


find y when x = 9. 

50. SOUND Sound intensity (loudness) varies inversely as the 
square of the distance from the source. If a rock band has a 
sound intensity of 100 decibels 30 feet away from the amplifier, 
find the sound intensity 60 feet away from the amplifier. 


GROUP PROJECT 


VENN DIAGRAMS Overview: _ |n this activity, we will discuss several of the fundamental concepts of what is known 
as set theory. 


Instructions: Venn diagrams are a convenient way to visualize relationships between sets and 
operations on sets. They were invented by the English mathematician John Venn (1834-1923). To 
draw a Venn diagram, we begin with a large rectangle, called the universal set. Ovals or circles are 
then drawn in the interior of the rectangle to represent subsets of the universal set. 


Form groups of 2 or 3 students. Study the following figures, which illustrate three set operations: 
union, intersection, and complement. 


A B A B A B 
AUB ANB A 
The shaded region is the The shaded region is the The shaded region is the 
union of set A and set B. intersection of set A and set B. complement of set A. 


For each of the following exercises, sketch the following blank Venn diagram and then shade the 
indicated region. 


A B 
C 
1 AUB 2, ANB ee Wane! AAC 
SAU RUC 6 ANBNC TABOO) AA 8. CU(ANB) 


9, A 10, BU C iL BAG 12. AUB 
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CUMULATIVE REVIEW 
Chapters 1-8 


1. Determine whether each statement is true or false. [Section 1.3] 
a. All whole numbers are integers. 
b. 7 is a rational number. 


c. A real number is either rational or irrational. 
=) 4 Dy = (=) 


2. Evaluate: 17—| —22| [Section 1.7] 
3. Simplify: 3p — 6(p + z) + p [Section 1.9] 
4. Solve: 2 — (4x + 7) = 3 + 2(x + 2) [Section 2.2] 


5. BACKPACKS Pediatricians advise that children should not 
carry more than 20% of their own body weight in a backpack. 
According to this warning, how much weight can a fifth-grade 
girl who weighs 85 pounds safely carry in her backpack? 
[Section 2.3] 

6. SURFACE AREA The total 
surface area A of a box with dimen- 
sions /, w, and / is given by the 
formula A = 2/w + 2wh + 21h, 

If A = 202 square inches, / = 9 
inches, and w = 5 inches, find A. l 
[Section 2.4] 

7. SEARCH AND RESCUE __ Two search and rescue teams leave 
base at the same time, looking for a lost boy. The first team, on 
foot, heads north at 2 mph and the other, on horseback, south at 
4 mph. How long will it take them to search a distance of 
21 miles between them? [Section 2.6] 

8. BLENDING COFFEE A store sells regular coffee for $8 a 
pound and gourmet coffee for $14 a pound. Using 40 pounds of 
the gourmet coffee, the owner makes a blend to put on sale for 
$10 a pound. How many pounds of regular coffee should he 
use? [Section 2.6] 


9. Solve: 3 — 3x = 6 + x. Graph the solution set. Then describe 
the graph using interval notation. [Section 2.7] 


10. Is (—6, —7) a solution of 4x — 3y = —4? [Section 3.1] 


Graph each equation. 
1 
We P= Be [Section 3.2] 


13. x = 5 [Section 3.3] 14. y= 2x? — 3 [Section 5.4] 


15. SHOPPING On the graph in the next column, the line 
approximates the growth in retail sales for U.S. shopping 
centers during the years 1994-2005. Find the rate of increase in 
sales by finding the slope of the line. [Section 3.4] 


12. 3x — 4y = 12 [Section 3.3] 


$ billions 


Sales at U.S. Shopping Centers 


2,200 " 
2,000 | 
1,800 
1,600 


$1,360 


2,000 
billion $ 


billion 


1,400 |}— a 
1,200 =n we —. 
1,000 +4 i 


98 99 00 01 02 


‘03 '04 '05 


94.95 96 97 


Based on data from International Council of Shopping Centers 


16. 


17. 


18. 
nig: 


20. 


What is the slope of the line defined by each equation? 

[Section 3.5] 

Eb jy she 7 bb eae 3 =) 

Find the equation of the line passing through (—2, 5) and (4, 8). 
Write the answer in slope—intercept form. [Section 3.6] 


If f(x) = 2x? — 3x + 1, find f(—3). [Section 3.8] 
BOATING The graph shows the vertical distance from a 
point on the tip of a propeller to the centerline as the propeller 
spins. Is this the graph of a function? [Section 3.8] 


ea 
= 30 4r 


4 
6 by graphing. [Section 4.1] 


EG 
Solve the system ie 


Solve each system of equations. 


=y+4 + 4t = 
oF, { x=y as ee 4t = 5 
Ds ar I) = 5) = 3 = 8 
[Section 4.2] [Section 4.3] 
23. FINANCIAL PLANNING In investing $6,000 of a couple’s 


money, a financial planner put some of it into a savings account 
paying 6% annual interest. The rest was invested in a riskier 
mini-mall development plan paying 12% annually. The com- 
bined interest earned for the first year was $540. How much 
money was invested at each rate? Use two variables to solve 
this problem. [Section 4.4] 


Sear Zip = 


6 
P= 6 [Section 4.5] 


24. Graph: { 


Simplify. Use only positive exponents in your answers. 


3h 5) 
25. (x5)°(x7)? [Section 5.1] 26. (2) [Section 5.1] 
(G 


27. 4-7-4°?+4° [Section 5.2] 28. (2a *b*) * [Section 5.2] 


29. ASTRONOMY The parsec, a unit of distance used in astron- 
omy, is 3 X 10'° meters. The distance to Betelgeuse, a star in 
the constellation Orion, is 1.6 X 107 parsecs. Use scientific 
notation to express this distance in meters. [Section 5.3] 


30. Write 0.0000000043 in scientific notation. [Section 5.3] 


Perform the operations. 
31. (3a* — 2a + 4) — (a —3a + 7) 32. 0.3p°(0.4p* — 6p’) 


[Section 5.5] [Section 5.6] 
33. (—3¢ + 2s)(2t — 3s) 34. (4b — 8) 
[Section 5.6] [Section 5.7] 


1 1 
35. (« + a - i) eG, edb De ee =D 


) 

[Section 5.7] [Section 5.8] 

Factor completely, if possible. 

37. 12x*y — 6xy* + Oxy? 38. 2x7 + Ixy — 3x — 3y 
[Section 6.1] [Section 6.1] 

Be), a> sb ike +e IC 40. 6a* — 7a — 20 
[Section 6.2] [Section 6.3] 

Al. 6 + 3x7 +x 42. 25a” — 70ab + 4967 
[Section 6.3] [Section 6.4] 

43. a + 8b AA — 32% 
[Section 6.5] [Section 6.6] 


Solve each equation. 


Ajax bor 2 =O 46. Sx* = 10x 
[Section 6.7] [Section 6.7] 

47. 6x* —x = 2 48. a — 25=0 
[Section 6.7] [Section 6.7] 


49. CHILDREN’S STICKERS A | ee 
rectangular-shaped sticker has an area [A| 
of 20 cm”. The width is 1 cm shorter = 
than the length. Find the length of the 8 Pneeaas 
sticker. [Section 6.8] 
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x + Ox + 


1 
50. Simplify: a ee [Section 7.1] 
w= 


Pe. 


51. 


BYE 


55. 


57. 


58. 


59. 


60. 


So 


form the operations. Simplify, if possible. 


po-p-6 p+opt+9 es eal 
3p-9 p-9 i 20 
[Section 7.2] [Section 7.2] 
ce yy ee ee 
Sa 15a ar esr 7 
[Section 7.3] [Section 7.4] 
i dl 
ee xy 
Eee aers Sh ——} 
6b* — 9b7 to 
ae 
[Section 7.4] [Section 7.5] 
7 1 3} 
Solve: 5 = [Section 7.6] 
a a=2 @o ill @=2 


FILLING A POOL An inlet pipe can fill an empty swimming 
pool in 5 hours, and another inlet pipe can fill the pool in 

4 hours. How long will it take both pipes to fill the pool? 
[Section 7.7] 

ONLINE SALES A company found that, on average, it made 
9 online sales transactions for every 500 hits on its Internet 
Web site. If the company’s Web site had 360,000 hits in one 
year, how many sales transactions did it have that year? 
[Section 7.8] 

The triangles shown below are similar. 

Find x. [Section 7.8] 


8 10 


Ive each compound inequality. Graph the solution set and write 


it using interval notation. 


61 
62 


So 


63 
64 


So 


- 36 +2 <8 or 2x —3 > II! [Section 6.2] 
. 3x +4 < —2 or 3x + 4> 10 [Section 8.2] 


Ive each equation. 
. 2|4x — 3| + 1 = 19 [Section 8.3] 
. [2x — 1] = |3x + 4] [Section 6.3] 


Ive each inequality. Graph the solution set and write it using 


interval notation. 


65. 


66 


67. 


68. 


69. 
70. 


|3x — 2| = 4 [Section 8.3] 

. |2x + 3| — 1 > 4 [Section 8.3] 

Use the substitution to factor (x + yy ap (Ge sey) a 12, 
[Section 8.4] 


Factor: (a — b)* — ct [Section 8.5] 


Factor: a —b>+at+b [Section 8.5] 
Factor: a’ + 4a + 4 — b* [Section 6.5] 
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71. 


72. 


73. 


74. 


75. 
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Multiply, and then simplify if possible: 


(Qax — 10x . ae [Section 8.6] 


5 
Add: eae [Section 8.6] 
Nia Ae eG 


Perform the operations and simplify, if possible: 


100 — 4x7 


Dx? = 2% = 4 3x7 15x 
0 ; 50 [Section 8.6] 


x + 2x —8 x+1 9 =x 


Determine whether the graphs of 2x + 3y = 9 and 3x — 2y = 5 
are parallel, perpendicular, or neither. [Section 8.7] 


Find the domain and range of the relation 
{(, —12), (—6, 8), (5, 8), (0, 0), (1, 4)}. [Section 8.8] 


76. 


77. 


78. 


79. 


80. 


Let f(x) = a + 4. For what value of x is f(x) = 2? 
[Section 8.8] 


Find the domain of the function f(x) = 5. [Section 8.8] 


Graph f(x) = |x| — 2 and give its domain and range. 
[Section 8.8] 


Suppose w varies directly as x. If w = 1.2 when x = 4, find w 
when x = 30. [Section 8.9] 

FARMING _ The number of days a given number of bushels of 
corn will last when feeding chickens varies inversely with the 
number of animals. If a certain number of bushels will feed 
300 chickens for 4 days, how long will the feed last for 1,200 
chickens? [Section 8.9] 


CHAPTER 9 


Radical Expressions 
and Equations 


9.1 Radical Expressions and Radical 
Functions 

9.2 Rational Exponents 

9.3 Simplifying and Combining Radical 
Expressions 

9.4 Multiplying and Dividing Radical 
Expressions 

9.5 Solving Radical Equations 

9.6 Geometric Applications of Radicals 

9.7 Complex Numbers 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 

Group Project 


© Tetra Images/Alamy 


/ 
108 TI7L¢. d & U 
ee i 
from Campus to Careers ae "Contracts 
General Contractor Oy. 
op oulses pes 
The growing popularity of remodeling has created a boom for general contractors. is ating TE ee 
ie ii "Blisp “Sines "tics. 
If it’s an additional bedroom you need or a makeover of a dated kitchen or bath- Proprs 8 ing, SS agp,” SCleng 
room, they can provide design and construction expertise, as well as knowledge of Jor ets Be atant @ ang ~° 
local building code requirements. From the planning stages of a project through ts UrL0¢y, =o vailay Mate 
its completion, general contractors use mathematics every step of the way. toy, Nera es aa 
; Creag, , Pl 
In Problem 135 of Study Set 9.2, you will use concepts from this chapter to Broun, S* bey, meng ; 
examine the movement of construction materials through a tight hall A the yon, oP 99g | pe 
gn a tight hallway. NNUay Year 20,4 6 to eS Cteg 
. (eo) 


787 


Study Skills Workshop 
Don't Just Memorize 


M™ students attempt to learn algebra by rote memorization. Unfortunately, as the term 
progresses, they find that does not work. When they encounter problem types slightly 
different from those that they have memorized, they experience great difficulty. Remember, 
memorization only provides a superficial grasp of the concepts. When learning a new algebraic 
procedure, it is most important that you: 


UNDERSTAND “WHY”: Be able to explain the purpose for each step in the procedure and why 
they are applied in that order. 


UNDERSTAND “WHEN”: Be able to explain what types of problems are solved using the 
procedure and what types are not. 


Now Try This 


1. Choose five problems in the Guided Practice section of a Study Set to solve. Write a 
Strategy and Why statement for each solution in your own words. 

2. Select a procedure that is introduced in this chapter and explain when it should be 
used. Write a Caution statement that warns of a possible pitfall when using it. Give an 
example of an application problem that can be solved using the procedure. 


Objectives 


@ Find square roots. 

® Find square roots of expressions containing variables. 
© Graph the square root function. 

@ Find cube roots. 

© Graph the cube root function. 

@ Find nth roots. 


In this section, we will reverse the squaring process and learn how to find square roots of 
numbers. Then we will generalize the concept of root and consider cube roots, fourth roots, 
and so on. We will also discuss a new family of functions, called radical functions. 


Find Square Roots. 
When we raise a number to the second power, we are squaring it, or finding its square. 


© The square of 5 is 25 because 5* = 25. 
© The square of —5 is 25, because (—5)” = 25. 


i Square Root of a 


The Language of Algebra 


We can read V9 as “the square 
root of 9” or as “radical 9.” 


Square Root 
Notation 
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We can reverse the squaring process to find square roots of numbers. For example, to 
find the square roots of 25, we ask ourselves “What number, when squared, is equal to 25?” 
There are two possible answers. 

e 5 isa square root of 25, because 52 S95: 

e —5 is a square root of 25, because (—5)” = 25. 


In general, we have the following definition. 


The number b is a square root of the number a if b* = a. 


Every positive number has two square roots, one positive and one negative. For example, 
the two square roots of 9 are 3 and —3, and the two square roots of 144 are 12 and —12. The 
number 0 is the only real number with exactly one square root. In fact, it is its own square root, 
because 0° = 0. 


A radical symbol ve represents the positive or principal square root of a number. 
Since 3 is the positive square root of 9, we can write 


V9 =3 


The symbol — VO represents the negative square root of a number. It is the opposite of 
the principal square root. Since — 12 is the negative square root of 144, we can write 


—V 144 = -12 Read as “the negative square root of 144 is —12” or 
“the opposite of the square root of 144 is —12.” 


If a is a positive real number, 

1. Va represents the positive or principal square root of a. It is the positive number we 
square to get a. 

2. —Va represents the negative square root of a. It is the opposite of the principal square 


root of a: —Va = —1- Va. 
3. The principal square root of 0 is 0: V0 — 0 


The number or variable expression under a radical symbol is called the radicand. 
Together, the radical symbol and radicand are called a radical. An algebraic expression con- 
taining a radical is called a radical expression. 


Radical symbol 


V81 + Radicand 


— 


Radical 


To evaluate square root radical expressions, it is helpful to memorize the whole numbers 
that are perfect squares. 
i=(. #35" 81=9° 169 = 13% 289 = 17° 
4=2 36=6 100=107 196=14% 324 = 18° 
9=3? 49=7 121=11° 225=157 361 = 19 
16=4 64=8 144=127 256=16 400 = 207 
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A table of square roots 


1.000 
1.414 
1.732 
2.000 
2.236 
2.449 
2.646 
2.828 
3.000 
3.162 


SCO ANDMMBPWNHr 


— 


Caution 
Although they look similar, these 
radical expressions have very 
different meanings. 


-V9 = -3 
V —9 is not a real number. 


EXAM PLE 1 | Evaluate each square root: 
49 
a. V81 b. —V225 ec. \/— d. V/0.36 


4 


Strategy In each case, we will determine what positive number, when squared, produces 
the radicand. 


Why The symbol VV indicates that the positive square root of the number written 
under it should be found. 


Solution 
a 
a. V81 =9 Because 9? = 8&1. b. —V 225 = —-15 Because —\V 225 = -1- V225. 
49 7 
c. 7 = A Because (2) = #. d. V 0.36 = 0.6 Because (0.6)* = 0.36. 


a Self Check 1 j Evaluate each square root: a. V/64 b -V1 


i al 
c. 16 d. V 0.09 


Now Try Problems 21, 25, and 27 


A number such as 81, 225, i and 0.36, that is the square of some rational number, is 
called a perfect square. In Example 1, we saw that the square root of a perfect square is a 
rational number. 

If a positive number is not a perfect square, its square root is irrational. For example, 
V/5 is an irrational number because 5 is not a perfect square. Since V5 is irrational, its 
decimal representation is nonterminating and nonrepeating. We can find an approximate value 


of V5 using the square root key V__| ona calculator or from the table of square roots 
found in Appendix I. 


V5 = 2.236067978 


Caution Square roots of negative numbers are not real numbers. For example, V9 
is not a real number, because no real number squared equals —9. Square roots of 
negative numbers come from a set called the imaginary numbers, which we will discuss 
later in this chapter. If we attempt to evaluate V-9 using a calculator, we will get an error 
message. 


ERR: HONREAL AWS 
Error Quit 
— — ?Gotea 


Scientific calculator Graphing calculator 


Square Roots 


Definition of x” 
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We summarize three important facts about square roots as follows. 


1. Ifaisa perfect square, then Va is rational. 
2. If ais a positive number that is not a perfect square, then Va is irrational. 


3. If ais a negative number, then Va is not a real number. 


Find Square Roots of Expressions Containing Variables. 


If x # 0, the positive number x* has x and —x for its two square roots. To denote the positive 


square root of Ve, we must know whether x is positive or negative. 
If x is positive, we can write 


Ve =x VF represents the positive square root of x*, which is x. 
If x is negative, then —.x is positive and we can write 


Ve = =x VE represents the positive square root of x’, which is —x. 


If we don’t know whether x is positive or negative, we can use absolute value symbols 
to guarantee that V¥ is positive. 


For any real number x, 


ae =| 


We use this definition to simplify square root radical expressions. 


EXAMPLE2 Simplify: a. V16x" b Vx + 2x41 
L 4 
ce. Vim" d. V497* 


Strategy In each case, we will determine what positive expression, when squared, 
produces the radicand. 


Why The symbol VV indicates that the positive square root of the expression written 
under it should be found. 


Solution Ifx,, m, andr can be any real number, we have 


a. l6e = 4y (4x) Write the radicand 16x" as (4x)*. 


= |4x| Because (|4x|)* = 16x*. Since x could be negative, 
absolute value symbols are needed. 


4 |x| Since 4isa positive constant in the product 4x, 
we can write it outside the absolute value symbols. 


b Ve +2x+1= Vx + 1)? Factor the radicand: x° + 2x +1 = (x +1). 


-_ |x +1 | Since x + 1 can be negative (for example, when x = —5,x + 1 
is —4), absolute value symbols are needed. 


\/ 4 2 F 
c. m=m Because (m?)? = m’*. Since m* = O, no absolute value symbols are needed. 


d. V49r* = 7r* Because (7r)? = 49r°. Since r* = O, no absolute value symbols are needed. 
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f@) = Vx 

x | f@) 

0} 0 |+(€,0) 
1} 1 Joa, 
4| 2 |+ (42) 
9} 3 |+@,3) 
16} 4 |—+ (16,4) 
t 


Select values of x 


that are perfect squares. 


a Self Check 2 P| Simplify: a. V25a* b. V 16a" 
Ve = SEG d. V/100d" 


Now Try Problems 37, 39, 43, and 45 


If we know that x is positive in parts (a) and (b) of Example 2, we don’t need to use 
absolute value symbols. For example, if x > 0, then 


16x? = 4x If x is positive, 4x is positive. 


Vxr+2x+1=x4+1~= Ixis positive, x + 1is positive. 


Graph the Square Root Function. 


Since there is one principal square root for every nonnegative real number x, the equation 


f(x) = Vx determines a function, called a square root function. Square root functions 
belong to a larger family of functions known as radical functions. 


EXAMPLE 3 | Graph f(x) = Vx and find the domain and range of the function. 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve though the plotted points, we will have the graph. 


Solution To graph the function, we select several values for x and find the corresponding 


values of f(x). We begin with x = 0, since 0 is the smallest input for which Vx is 
defined. 


f(x) = Vx 
f(0) = V0 Substitute 0 for x. 
LO =) 


We enter 0 for x and 0 for f(x) in the table. Then we let x = 1, 4, 9, and 16, and list each 
corresponding function value in the table. After plotting the ordered pairs, we draw a smooth 
curve through the points to get the graph shown in figure (a). Since the equation defines a 
function, its graph passes the vertical line test. 

We can use a graphing calculator to get the graph shown in figure (b). From either 
graph, we can see that the domain and the range are the set of nonnegative real numbers. 
Expressed in interval notation, the domain is [0, ©), and the range is [0, ). 


(16, 4) 


(9, 3) fiy= Vi 


-1 1 2 30064 5 6 7 8 d 0 th bk B Ww BH 6 


(0, 0) Domain 


(a) (b) 


Select values of x that 
make x + 3 a perfect square. 
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a Self Check 3 d Graph: g(x) = Vx + 2. Then give its domain and range and 
compare it with the graph of f(x) = Vx. 


Now Try Problem 53 


EXAM PLE 4 | Consider the function g(x) = Vx + 3. 


a. Find its domain. b. Graph the function. ce. Find its range. 
Strategy We will determine the domain algebraically by finding all the values of x for 
which x + 3 = 0. 
Why Since the expression Vx + 3 is not a real number when x + 3 is negative, we 


must require that x + 3 = 0 


Solution 
a. To determine the domain of the function, we solve the following inequality: 
x+320 Because we cannot find the square root of a negative number. 
x = -—3 To solve for x, subtract 3 from both sides. 
The x-inputs must be real numbers greater than or equal to —3. Thus, the domain of 
g(x) = Vx + 3 is the interval [—3, ©). 
b. To graph the function, we construct a table of function values. We begin by selecting 
x = —3, since —3 is the smallest input for which Vx + 3 is defined. 


g(x) = Vx +3 
g(-3) = V-3 +3 
= V0 
=0 
We enter —3 for x and 0 for g(x) in the table. Then we let x = —2, 1, and 6 and list each 


corresponding function value in the table. After plotting the ordered pairs, we draw a smooth 
curve through the points to get the graph shown in figure (a). In figure (b), we see that the 


graph of g(x) = Vx + 3 is the graph of f(x) = Vx, translated 3 units to the left. 


(a) (b) 


c. From the graph, we see that the range of g(x) = Vx + 31s [0, ©). 
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a Self Check 4 i Consider h(x) = Vx — 2. a. Find its domain. 


b. Graph the function. c. Find its range. 
Now Try Problem 55 


EXAMPLE 5 i Pendulums. The period of a pendulum is the time required for 
the pendulum to swing back and forth to complete one cycle. The 
period (in seconds) is a function of the pendulum’s length LZ (in feet) and is given by 


L 
j= 2m |E 


Find the period of the 5-foot-long pendulum of a clock. Round the result to the nearest tenth. 
Strategy To find the period of the pendulum we will find f(5). 


Why The notation f(5) represents the period (in seconds) of a pendulum whose length L 
is 5 feet. 


Solution 


L 
f(L) = 27 32 


15 
Notation f6) = 27 32 Substitute 5 for L. 


oe [= means one - = 2.483647066 Use a calculator to find an approximation. 
The period is approximately 2.5 seconds. 


a Self Check 5 i Find the period of a pendulum that is 3 feet long. Round the 
result to the nearest hundredth 


Now Try Problem 105 


Using Your Calculator Evaluating A Square Root Function 


To solve Example 5 with a graphing calculator, we graph the function f(x) = 27 oe as 
in figure (a). We then trace and move the cursor toward an x-value of 5 until we see the 
coordinates shown in figure (b). The pendulum’s period is given by the y-value shown on the 


screen. By zooming in, we can get better results. 


After entering Y; = 27 2 , we can also use the TABLE mode to find f (5). See figure (c). 


VSS TRICE SED 


H=S.0ei2766 Y=2.4BB9258 


(a) 


I Cube Root of a 


Cube Root 
Notation 


Notation 
For the square root symbol 


V_ , the unwritten index is 
understood to be 2. 


Va = Wa 
Definition of \/x? 


Success Tip 
Since every real number has 
exactly one real cube root, 
absolute value symbols are not to 
be used when simplifying cube 
roots. 
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Find Cube Roots. 


When we raise a number to the third power, we are cubing it, or finding its cube. We can reverse 
the cubing process to find cube roots of numbers. To find the cube root of 8, we ask “What 
number, when cubed, is equal to 8?” It follows that 2 is a cube root of 8, because Oe 

In general, we have this definition. 


The number b is a cube root of the real number a if 5° = a. 


All real numbers have one real cube root. A positive number has a positive cube root, a 
negative number has a negative cube root, and the cube root of 0 is 0. 


The cube root of a is denoted by Wa. By definition, 
Va=b if DS 


Earlier, we determined that the cube root of 8 is 2. In symbols, we can write: V8 = 2. 
The number 3 is called the index. 


Index 


Va 
A number such as 125, a —27, and —8, that is the cube of some rational number, is 


called a perfect cube. To simplify cube root radical expressions, we look for perfect cubes 
and apply the following definition. 


For any real number x, 
3 
iy as 


To simplify cube root radical expressions, it is helpful to memorize the whole numbers 
that are perfect cubes. 


1=1 7= 3° 125=57 343 = 7° 729 = 9° 
g=2° 644=4 216=6 512=8° 1,000 = 10° 


[1 
EXAMPLE6 Simplify: a. W125 b. ta © W-27x d. W—8ab° 
Strategy In each case, we will determine what number or expression, when cubed, 
produces the radicand. 


Why The symbol W indicates that the cube root of the number written under it should 
be found. 


Solution 
a. W125 =5 Because 5° =5-+5-5 = 125. 


1 
= = Ata Mi MD ee, 
b. 3 a Because (3) = 39° 2 = ep 
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c. W-278 = —3x Because (—3x)® = (—3x)(—3x)(—3x) = —27%°. 
d. W/—8a°b° = —2ab* Because (—2ab*)® = (—2ab*)(—2ab*)(—2ab*) = —Ba°b®. 


ake 3 i wil 
ba Self Check 6 dj Simplify: a. W/64 b. 3 1,000 


ce. V/-125a° d. W/27m°n? 


Now Try Problems 59, 61, and 67 


5) Graph the Cube Root Function. 


Since there is one cube root for every real number x, the equation f(x) = /x defines a func- 
tion, called the cube root function. Like square root functions, cube root functions belong to 
the family of radical functions. 


EXAM PLE 7 j Consider f(x) = Wx. a. Graph the function. 
b. Find its domain and range. c. Graph: g(x) = Wx — 2 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve though the plotted points, we will have the graph. 
The answers to parts (b) and (c) can then be determined from the graph. 


Solution 
a. To graph the function, we select several values for x and find the corresponding values of 
f(x). We begin with x = —8. 


fx) = Wx 
f(—8) = W/—8 Substitute —8 for x. 
f(-8) = -2 


We enter —8 for x and —2 for f(x) in the table. Then we let x = —1, 0, 1, and 8, and list 
each corresponding function value in the table. After plotting the ordered pairs, we draw 
a smooth curve through the points to get the graph shown in figure (a). 


8| -2 | + (-8, -2) 
1] -1 | + (-1,-1) 
0} 0 |+ 0,0) 
1 
8 


t |+@.p 
2 | + (8,2) 


Select values of x that 
are perfect cubes. 


b. From the graph in figure (a), we see that the domain and the range of function f are the 
set of real numbers. Thus, the domain is (—™, ~) and the range is (— ©, ©). 

c. Refer to figure (b). The graph of g(x) = Wx — 2 is the graph of f(x) = Vx, translated 
2 units downward. 
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rT Self Check 7 | Consider f(x) = Vx + 1. a. Graph the function. 


b. Find its domain and range. 
Now Try Problem 69 


6) Find nth Roots. 


Just as there are square roots and cube roots, there are fourth roots, fifth roots, sixth roots, 
and so on. In general, we have the following definition. 


nth Roots of a The nth root of a is denoted by Va, and 
Va=b if b= 4 


The number 7 is called the index (or order) of the radical. If is an even natural number, a 
must be positive or zero, and b must be positive. 


When n is an odd natural number, the expression Wx, where n > 1, represents an odd 
root. Since every real number has just one real nth root when n is odd, we don’t need absolute 
value symbols when finding odd roots. For example, 


W/243 = W/3° = 3 Because 3° = 243. 
WV =128x’ = V (—2x)’ = —2x Because (—2x)’ = —128x’. 


When v is an even natural number, the expression Vx, where x > 0, represents an even 
root. In this case, there will be one positive and one negative real nth root. For example, the 
real sixth roots of 729 are 3 and —3, because 3° = 729 and (—3)° = 729. When finding even 
roots, we can use absolute value symbols to guarantee that the nth root is positive. 


V (-3)* = |-3| =3 We could also simplify this as follows: 
W(-3)* =Wa1=3. 


7129? = N/Gxy = |3x| = 3|x| The absolute value symbols guarantee 


that the sixth root is positive. 


In general, we have the following rules. 


Rules for We” If x is a real number and n > 1, then 


If 7 is an odd natural number, Wx" = x. 


. n 
If n is an even natural number, W/x” = |x|. 


EXAMPLE 8 ] Evaluate each radical expression, if possible: a. 625 
1 
b. V-1 c. W-32 d. ty e. 10’ 


Strategy In each case, we will determine what number, when raised to the fourth, fifth, 
sixth, or seventh power, produces the radicand. 
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Caution 
When nis even (n > 1) and 
x < 0, Vx is not a real number. 


Why The symbols .) an an vs and V/ _ indicate that the fourth, fifth, sixth, or 


seventh root of the number written under it should be found. 


Solution 
a. 1/625 = 5, because 5F = 625, Read W625 as “the fourth root of 625.” 
b. W/—1 is not a real number. An even root of a negative number is not a real number. 


c. \V/—32 = —2, because (—2)? = —32. Read Y/—32 as “the fifth root of —32.” 


For example, W—81 is not a real l 1 e) 1 
number, because no real number d. ,/— = x, because| =] =—. Read \/ as “the sixth root of 1.” 
raised to the fourth power is —81. 64 2 2 64 " 

e. V10' = 10, because 10’ = 10’. Read V/10’ as “the seventh root of 10’.” 

1 
a Self Check 8 P| Evaluate, if possible: a. Vien bey 10° 
c. W—64 
Now Try Problems 73, 77, and 79 
Using Your Calculator Finding Roots 


The square root key V__|ona scientific calculator can be used to evaluate square roots. 


To evaluate roots with an index greater than 2, we can use the root key Vy . For example, 


the function r(V) = cee gives the radius of a sphere with volume JV. To find the radius of 
the spherical propane tank shown on the left, we substitute 113 for V to get 


AN =o 
r(113) = 3 eu) 
4a 


To evaluate a root, we enter the radicand and press the root key Wy followed by the 
index of the radical, which in this case is 3. 


3b BEN 4 Koa) ET aad] % [3 [CE 2.999139118 


3(113) 
4a 


To evaluate the cube root of with a graphing calculator, we enter 


MATH |4/(]30X%1113[) |= 1[C)4 12nd J 2— |p ]CENTER 


BYP CCS#EL1S9 404m 
2.999139118 


The radius of the propane tank is about 3 feet. 


The Language of Algebra 
Another way to say that x can be 
any real number is to say that the 
variable is unrestricted. 


Summary of the 
Definitions of W/x 
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i EXAMPLE 9 j Simplify each radical expression. Assume that x can be any real 


number, a. WO ob. Wlox? os WO + 49° od. W808 


Strategy When the index n is odd, we will determine what expression, when raised to the 
nth power produces the radicand. When the index 7 is even, we will determine what 
positive expression, when raised to the nth power produces the radicand. 


Why This is the definition of nth root. 


Solution 
a. We =x Since nis odd, absolute value symbols aren’t needed. 


4/ ; ; 
b. V16x* = |2x| = 2|x| Since nis even and x can be negative, absolute value symbols 
are needed to guarantee that the result is positive. 


6/7. 4. Ao 
ec V(x + 4)° = |x + 4| Absolute value symbols are needed to guarantee that the 
result is positive. 


d. W81x® = 3x? Because (3x*)* = 81x®. Since 3x° = O for any value of x, no absolute 
value symbols are needed. 


i Self Check 9 j Simplify. Assume all variables are unrestricted. a. W/x° 
b V (a + 5) c. V16a® 


Now Try _ Problems 81, 83, 85, and 87 


If we know that x is positive in parts (b) and (c) of Example 9, we don’t need to use 
absolute value symbols. For example, if x > 0, then 


W 16x* = 2x If x is positive, 2x is positive. 
V (x +4 =x+4 IFxis positive, x + 4 is positive. 


. Ap . n 
We summarize the definitions concerning Vx as follows. 


If is a natural number greater than | and x is a real number, 


If x > 0, then Wx is the positive number such that (Wx)" =X 
Ifx = 0, then Wx = 0. 


and n is odd, then Vx is the negative number such that (Wx)" =x. 


lhize < © : : 
ei n is even, then Vx is not a real number. 


800 


ee | Ina 8 bet c, 


Dy 


3. 


@(x) = Vx +2 


Se 
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eh a 1h, -+ c. —5a d.3m’n 7. a. 


b. D: (—9%, %); R:(—%, ©) 8. a. i 


b. 10 c. Nota real number 


d. 0.3 2. a. 5|a| b. 4a” c.|x—9| d. 10d 
D: [0, %); 4. a. [2,%) b. y c. [0, ~) 
R: [2, ©); 
the graph is hye vata 
2 units higher 


9. a. |x| bo at+5 c. 2a” 


VOCABULARY 
Fill in the blanks. 
1. 5x7 is the root of 25x* because (5x)* = 25x*. The 
root of 216 is 6 because 6 = 216. 

2. The symbol V iscalleda symbol or a root 
symbol. 

3. In the expression W27K, the is 3 and 27x° is the 

4. When we write Vb* = b*, we say that wehave___—————_the 
radical expression. 

5. When nis an odd number, Vx represents an root. When 


nis an number, Wx represents an even root. 
6. f(x) = Vx and g(x) = Wx are functions. 
CONCEPTS 
Fill in the blanks. 


7. bis a square root of aif b? = 

8. V0 = and W/0 = 

9. The number 25 has 
root of 25 is 


square roots. The principal square 


10. V —4 is not a real number, because no real number 
equals —4. 


VW. We=y if y= 


12. 
13. 


14. 


15. 


16. 


and W/x> = 
The graph of g(x) = Vx + 3 is the graph of f(x) = Vx 
translated 


units. 
The graph of g(x) = Vx + 5 is the graph of f(x) = Vx 


translated unitstothe___. 


The graph of a square root function f is shown. Find each of 
the following. 


a. f(11) b. f(2) 
c. The value(s) of x for which f(x) = 2 
d. The domain and range of f 


The graph of a cube root function f is shown on the next page. 
Find each of the following. 


a. f(—8) b. f(0) 
c. The value(s) of x for which f(x) = —2 
d. The domain and range of f 


8 7 6 5 -4 3 2 -1 1 2 3004 5 6 7 8 


NOTATION 
Translate each sentence into mathematical symbols. 


17. The square root of x squared is the absolute value of x. 
18. The cube root of x cubed is x. 
19. f of x equals the square root of the quantity x minus five. 


20. The fifth root of negative thirty-two is negative two. 


GUIDED PRACTICE 


Evaluate each square root, if possible, without using a calculator. 
See Objective 1 and Example 1. 


21. V/100 22. V/49 
23. —V/64 24. -V1 
25. ./+ 26. ./- 

9 25 
27. V'0.25 28. V/0.16 
29. V—-81 30. —\V/—49 
a1. 0/221 32. V144 


Use a calculator to find each square root. Give each answer to four 
decimal places. See Objective 1. 


33. V12 34. \/340 
35. V679.25 36. 0.0063 


Simplify each expression. Assume that all variables are 
unrestricted and use absolute value symbols when necessary. See 
Example 2. 


37. V4 38. V64e 
39. V81h* 40. \/36y* 
41. V36s° 42. V9y° 
43. V'144m° 44. \V/4n® 
45. Vy? —2yt1 46. Vb? — 14b + 49 


47. Vai + 6a° +9 48. Vx" + 10x° + 25 
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49. Let f(x) = Vx — 4. Find each function value. See Example 3. 
a. f(8) b. f(29) 
50. Let f(x) = V x + 1. Find each function value. Use a 


calculator to approximate each answer to four decimal places. 
See Example 3. 


a. f(4) b. (2.35) 
51. Let g(x) = \/x — 4. Find each function value. See Example 7. 
a. 2(12) b. 2(—23) 


52. Let g(x) = \/x? + 1. Find each function value. Use a 
calculator to approximate each answer to four decimal places. 
See Using Your Calculator: Finding Roots. 


a. 2(6) b. g(21.57) 


Complete each table and graph the function. Find the domain 
and range. See Example 3. 


53. f(x) = —Vx 
LJ | 


54. f(x) = Vx +2 
Ly | 


s 


DORK SO 
nO fr CO 


Find the domain of each function, graph it, and find its range. 
See Example 4. 


55. fix) = Vx +4 56. f(x) = Vx -1 


Simplify each cube root. See Example 6. 


57, V1. 58. W/8 
59. W/—125 60. \/—27 
61. ft 62. 312° 
27 64 
63. V/64 64. V/1,000 
65. W/—216a° 66. V/—512x° 
67. V/—1,000p°¢? 68. \/—3430°D° 


Complete each table and graph the function. Give the domain 
and range. See Example 7. 


69. f(x) = Vx - 3 70. f(x) = —Wx 
ees (eee | 

-8 -8 

-1 -1 

0 0 

1 1 

8 8 
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Graph each function. Give the domain and range. See Example 7. 106. PENDULUMS Find the period of a pendulum with length 


1 foot. See Example 5. 


71. f(x) = Vx -3 


Evaluate each radical expression, if possible, without using a 
calculator. See Example 8. 


72. f(x) = We +3 107. SHOELACES The formula 


S= 2|H +L+(p—-1)VH+ V’| can be used to calculate 
the correct shoelace length for the criss-cross lacing pattern 
shown in the illustration, where L 

p represents the number of 


73. Wel 714, \/6A pairs of eyelets. Find the 

ae oe correct shoelace length if <— Eyelet 
75. —V 243 76. —V 625 H (horizontal distance) = 
77. W/—256 78. W/—729 


; oJ | 24 
79. 7] -—~ 80. 45 oe 
128 32 


Simplify each radical expression. Assume all variables are 
unrestricted. See Example 9. 


50 millimeters, Z (length of 

end) = 250 millimeters, and tv 
V (vertical distance) = 

20 millimeters. (Source: Ian’s 
Shoelace Site at 
www.fieggen.com) 


A 
faa as 45/_anes 

Bh Vane 82. es 108. BASEBALL The length of a diagonal of a square is given 

4/ 8 
83. V81a" 84, W/1* by the function d(s) = V 2s”, where s is the length of a side 
85. V/;)? 86. \/64b° of the square. Find the distance from home plate to second 

ij5—— a8 4B base on a softball diamond and on a baseball diamond. The 
Phe, Eee) ie illustration gives the dimensions of each type of infield. 
TRY IT YOURSELF 


Simplify each radical expression, if possible. Assume all variables 


fricted Softball Baseball 
CIE UNTESPICheG: 60 feet between pnaiiaee 90 feet between 
39. \/645° 90. \/1,000a°b° bases bases 
91. —V/4958 92. —V 1444 
1 
93. —.5/-— 94. —W/—243 
32 3rd Ist 
95. \/—125m5 96. \/—216 62 ba ee 
97. W/64a°b° 98. V/169p%¢7 
99. V(x + 2)’ 100. W/(x + 4)° 
101. W—81 102. W/-1 
103. Vn? + 12n + 36 104. V/s* — 20s + 100 
109. PULSE RATES _ The approximate pulse rate (in beats per 
APPLICATIONS 


Use a calculator to solve each problem. Round answers to the 
nearest tenth. 


105. EMBROIDERY The 
radius r of a circle is 
given by the formula 


where A is its area. Find 
the diameter of the 
embroidery hoop if there 
are 38.5 in.” of stretched 
fabric on which to 
embroider. 


minute) of an adult who is ¢ inches tall is given by the 
function 


( 590 
p(t) = — 
Vi 
The Guinness Book of World Records 2008 lists Leonid 
Stadnyk of Ukraine as the tallest living man, at 8 feet, 


5.5 inches. Find his approximate pulse rate as predicted by the 
function. 


110. 


111. 


112. 


113. 


114. 


THE GRAND CANYON The time ¢ (in seconds) that it takes 
for an object to fall a distance of s feet is given by the formula 


In some places, the Grand Canyon is one mile (5,280 feet) 
deep. How long would it take a stone dropped over the edge of 
the canyon to hit bottom? 

BIOLOGY _ Scientists will place five rats inside a clear 
plastic hemisphere and control the environment to study the 
rats’ behavior. The function 


AV) = 3 2) 


gives the diameter of a hemisphere with volume V’. Use the 
function to determine the diameter of the base of the hemisphere, 
if each rat requires 125 cubic feet of living space. 


AQUARIUMS | The function 


& 

2) = Wa 
determines how long (in feet) an edge of a cube-shaped tank 
must be if it is to hold g gallons of water. What dimensions 
should a cube-shaped aquarium have if it is to hold 
1,250 gallons of water? 
COLLECTIBLES | The effective rate of interest r earned by 
an investment is given by the formula 


A 
rala-u 
P 


where P is the initial investment that grows to value A after n 
years. Determine the effective rate of interest earned by a 
collector on a Lladro porcelain figurine purchased for $800 
and sold for $950 five years later. 

LAW ENFORCEMENT The graphs of the two radical 
functions shown in the illustration can be used to estimate the 
speed (in mph) of a car involved in an accident. Suppose a 
police accident report listed skid marks to be 220 feet long but 
failed to give the road conditions. Estimate the possible speeds 
the car was traveling prior to the brakes being applied. 


Dry pavement 


Wet pavement 
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WRITING 
115. Ifx is any real number, that is, if x is unrestricted, then 
Vx? = x is not correct. Explain. 
116. Explain why V6 is just 6, and not —6. 


117. Explain what is wrong with the y 
graph in the illustration if it is A 
supposed to be the graph of 4 
fix) = Vx. : 

1 


118. Explain how to estimate the domain and range of the radical 
function shown below. 


REVIEW 


Perform the operations and simplify when possible. 


vr —x-6 x1 


119. 
vr -we-3 YP t+x-2 
120 x — 3xy — 4 x — Ixy - 3 
, +o — 2x -—2cy) + cx — 4yx — dey 
3 3m 
121. + 
m+1lem-1 
122 +3 x74 
eh Dee 
CHALLENGE PROBLEMS 


123. Graph f(x) = —Vx — 2 + 3 and find the domain and range. 


124. Simplify V9a'® + 12a®b?> + 46° and assume that a > 0 
and b > 0. 
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Objectives 


oO 


The Language of Algebra 
Rational exponents are also called 
fractional exponents. 


The Definition of x!” 


@ Simplify expressions of the form a”. 


m/n 


® Simplify expressions of the form a 
© Convert between radicals and rational exponents. 

© Simplify expressions with negative rational exponents. 
© Use rules for exponents to simplify expressions. 


© Simplify radical expressions. 


In this section, we will extend the definition of exponent to include rational (fractional) expo- 
: : 3/4 = hs 
nents. We will see how expressions such as 9'”, (4) , and (—32x°) */° can be simplified 


by writing them in an equivalent radical form using two new rules for exponents. 


Simplify Expressions of the Form a’”. 


It is possible to raise numbers to fractional powers. To give meaning to rational exponents, 
we first consider V7. Because V7 is the positive number whose square is 7, we have 


(a= 
We now consider the notation 7’. If rational exponents are to follow the same rules as integer 
exponents, the square of 7\? must be 7, because 
(7"*y a Te Keep the base and multiply the exponents. 
= 7 Do the multiplication: ; “2=1. 
=7 
Since the square of 7’ and the square of V7 are both equal to 7, we define 7'” to be V7. 
Similarly, 


eee ag) Gea] and Pee 


In general, we have the following definition. 


A rational exponent of 1 indicates the nth root of its base. 
If n represents a positive integer greater than 1 and Vx represents a real number, 


We can use this definition to simplify exponential expressions that have rational expo- 
nents with a numerator of 1. For example, to simplify 8'°, we write it as an equivalent expres- 
sion in radical form and proceed as follows: 


Index 
[4 
oo = V/8 = 2 The base of the exponential expression, 8, is the radicand of the radical 
expression. The denominator of the fractional exponent, 3, is the index of the 
Radicand radical. 


Thus, 3!" = 2. 
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EXAMPLE 1 


1 1/5 
Evaluate: a. 9'? pb. (-64)'% oc. 16'4 sd. -(4) 


Strategy — First, we will identify the base and the exponent of the exponential expression. 
Then we will write the expression in an equivalent radical form using the rule for 


In _ 


rational exponents x x: 


Why We can then use the methods from Section 9.1 to evaluate the resulting square root, 
cube root, fourth root, and fifth root. 


Solution 

i ee V9 = 3 Because the denominator of the exponent is 2, 
find the square root of the base, 9. 

b. (-64)'8 = W-64 = -4 Because the denominator of the exponent is 3, 
find the cube root of the base, —64. 

c. 1614 = W16 =2 Because the denominator of the exponent is 4, 
find the fourth root of the base, 16. 

1\" 1 1 Because the denominator of the exponent is 5, 
d. = = —45 == P 
wh 55 2 find the fifth root of the base, a5. 


V3 
ta Self Check 1 | Evaluate: a. 16!” b. (2) 


ce. —(81)!4 aa. 


Now Try Problems 17, 21, 23, and 25 


: F : 7 7 1/ 
As with radicals, when n is an odd natural number in the expression x”, where n > 1, 


there is exactly one real nth root, and we don’t need to use absolute value symbols. 

When n is an even natural number, there are two nth roots. Since we want the expression 
to represent the positive nth root, we must often use absolute value symbols to guarantee 
that the simplified result is positive. Thus, if 7 is even, 


ay" = |x| 


xin 


i 


: 7 : e l/n 
When n is even and x is negative, the expression x ’” is not a real number. 


EXAMPLE 2 _ Simplify each expression, if possible. Assume that the variables 
can be any real number. a. (—27x°)'? b. (256a*)'8 


c. [vy a Ay” d. (25b*)"? e. (—256x*)!4 


Strategy We will write each exponential expression in an equivalent radical form using 
the rule for rational exponents x!” = Wx. 


Why We can then use the methods of Section 9.1 to simplify the resulting radical expression. 


Solution 
a. (—27x°)!9 = 27x? = —3x Because (—3x)® = —27x*. Since nis odd, no absolute value 
symbols are needed. 


b.. (256a°)"* = \/256a® = 2\al Because (2|a|)” = 256a”. Since nis even and a can be any 
real number, 2a can be negative. Thus, absolute value 
symbols are needed. 
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ce. [(v + a hie =V(iy+ 4) = ly + 4| Because|y + 4|* = (y + 4)*. Since nis even and y 
can be any real number, y + 4 can be negative. Thus, 
absolute value symbols are needed. 


d. (25b*)'? = V/25b* = 5b* Because (5b?) = 25b*. Since = O, no absolute value symbols 
are needed. 


e. (—256x*)'4 = \/ —256x*, which is not areal number Because no real number raised to 
the 4th power is —256. 


a Self Check 2 i Simplify each expression, if possible. Assume that the variables 
can be any real number. 
a. (—8n°)'? b. (625a‘*)'4 
c. Ce d. (—645'7)"° 
Now Try Problems 27, 35, 37, and 39 


If we were told that the variables represent positive real numbers in parts (b) and (c) of 
Example 2, the absolute value symbols in the answers would not be needed. 


(256a*)"8 = 2a If a represents a positive real number, then 2a is positive. 
[vy + 4°)" =y+4 ify represents a positive real number, then y + 4 is positive. 


We summarize the cases as follows. 


Summary of the If 7 is a natural number greater than | and x is a real number, 


ws 1/ 
Definitions of x” If x > 0, then x'”” is the real number such that (x!/”)" = x. 


i= Or thesa. <0: 


ee and n is odd, then x!” is the negative number such that (x'/”)" = x. 
x : : 
and n is even, then x'”” is not a real number. 


2) Simplify Expressions of the Form a’””. 


We can extend the definition of x'” to include fractional exponents with numerators other 
than 1. For example, since 87° can be written as (8'”*)”, we have 


923 — ay 
= (W/8) Write 8" in radical form. 


2° Find the cube root first: ¥/8 = 2. 
=4 Then find the power. 
Thus, we can simplify 87° by finding the second power of the cube root of 8. 


The numerator of the rational 
exponent is the power. 


2 
aie a (ws) The base of the exponential expression is the radicand. 


The denominator of the rational exponent 
is the index of the radical. 


The Definition 
of x” 


Caution 


We can also evaluate x” using 
ae P 
Vx", however the resulting 


radicand is often extremely large. 


For example, 
g1°4 = Wi? 
= V531,441 
= 27 


9.2 Rational Exponents 807 


We can also simplify 87° 


92/3 = ey 
= 6412 Find the power first: 8" = 64. 


by taking the cube root of 8 squared. 


=¥%¥ 64 Write 64° in radical form. 
=4 Now find the cube root. 


In general, we have the following definition. 


If m and n represent positive integers (n # 1) and Wx represents a real number, 


n m n 
ee = (Wx) and a ae 


m/n 


Because of the previous definition, we can interpret x””” in two ways: 


1. x””” means the nth root of the mth power of x. 
2. x””” means the mth power of the nth root of x. 

We can use this definition to evaluate exponential expressions that have rational expo- 
nents with a numerator that is not 1. To avoid large numbers, we usually find the root of the 


base first and then calculate the power using the rule x””” = (Wx). 


3/2 
EXAMPLE 3 _ Evaluate: a. 327° b. 81°47 ec. (-64)"° -(+) 


Strategy — First, we will identify the base and the exponent of the exponential expression. 
Then we will write the expression in an equivalent radical form using the rule for 
: m/n n me 
rational exponents x" = (Wx) : 


Why We know how to evaluate square roots, cube roots, fourth roots, and fifth roots. 


Solution 

a. To evaluate 32°, we write it in an equivalent radical form. The denominator of the 
rational exponent is the same as the index of the corresponding radical. The numerator of 
the rational exponent indicates the power to which the radical base is raised. 


2/5 
2 


Power 
Root 
[4 
437 = ( 132 ig =(Oy = Because the exponent is 2/5, find the fifth root of the 
base, 32, to get 2. Then find the second power of 2. 
Power 


3 
b. 8194 = (81) = (3)? =27 Because the exponent is 3/4, find the fourth root of the 
base, 81, to get 3. Then find the third power of 3. 


c. For (-64)73, the base is —64. 


(-64)?7 = ( /— 64) = (—4)? = 16 Because the exponent is 2/3, find the cube root 
of the base, —64, to get —4. Then find the 
second power of —4. 
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1 3/2 1 
d. For -() , the base is 35° not 


Power 


Because the exponent is 3/2, find the 
square root of the base, — to get z. 


a Self Check 3 F| Evaluate: a. 16°? 


ce. (—216) 


EXAMPLE 4 


1 \45 
ee | oe 
(3) 


Now Try Problems 43, 47, and 49 


Simplify each expression. All variables represent positive real 
numbers. a. (36m*)*? 


Then find the third power of — 


b. 125°" 


b. (—8x7)*2 


— (dy)? 


Strategy We will write each exponential expression in an equivalent radical form using 
the rule for rational exponents x” = (Wa)”. 


Why We can then use the methods of Section 9.1 to simplify the resulting radical 


expression. 


Solution 


Power 
Root 
[4 
(W/36m7)* = (6m)? = 216m° 


Power 
Root 
4 

b. ( 8x°)"3 = ( / — 8x? ) = (—2x)* = 16x* Because the exponent is 4/3, find the cube 
root of the base, —8x”, to get —2x. Then find 
the fourth power of —2x. 

Power 
Root 
2 
c. =O yy = —( Y xy) = —(xyy = xy Because the exponent is 2/5, find the fifth 


a Self Check 4 F| 


Now Try 


numbers. a. (4c*)*” 
C2 =G2a- 
Problems 51 and 53 


Simplify each expression. All variables represent positive real 


Because the exponent is 3/2, find the square 
root of the base, 36m’, to get Gm*. Then find 
the third power of 6m". 


root of the base, x°y”, to get xy. Then find 
the second power of xy. 


b. (—27n 7)? 


9.2 Rational Exponents 809 


Using Your Calculator 


Rational Exponents 


We can evaluate expressions containing rational exponents using the exponential key 


xX 


y* ]or |x’ ]ona scientific calculator. For example, to evaluate 10°, we enter 


10 [2] 3p IE 4.641588834 


Note that parentheses were used when entering the power. Without them, the calculator 
would interpret the entry as 10° = 3. 

To evaluate the exponential expression using a graphing calculator, we use the key, 
which raises a base to a power. Again, we use parentheses when entering the power. 


10/4 ][()2 C213]) |DENTER ig" C273) 
4.641588834 


Ss 


To the nearest hundredth, 107 ~ 4.64. 


© Convert Between Radicals and Rational Exponents. 


We can use the rules for rational exponents to convert expressions from radical form to expo- 
nential form, and vice versa. 


EXAMPLE 5 j Write V5xyz as an exponential expression with a rational 
exponent. 


Strategy We will use the first rule for rational exponents in reverse: Vx = x'””. 


Why We are given a radical expression and we want to write an equivalent exponential 
expression. 


Solution The radicand is 5xyz, so the base of the exponential expression is Sxyz. The 
index of the radical is an understood 2, so the denominator of the fractional exponent 
is 2. 


V Sxyz = (Sxyz)"/? Recall: W/Sxyz = V Sxyz. 


PT Self Check 5 j Write \/7ab as an exponential expression with a rational 


exponent. 
Now Try Problem 59 


Rational exponents appear in formulas used in many disciplines, such as science and 
engineering. 
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EXAMPLE 6 Satellites. The formula 
GMP2\"3 
(28) 
Air 
gives the orbital radius (in meters) of a satellite circling Earth, where G and M are con- 


stants and P is the time in seconds for the satellite to make one complete revolution. 
Write the formula using a radical. 


Strategy We will use the first rule for rational exponents: x” = Vx. 


Why We are given an exponential expression involving a rational exponent with a 
numerator of | and we want to write an equivalent radical expression. 


Solution The fractional exponent + with a numerator of | and a denominator of 3, 


indicates that we are to find the cube root of the base of the exponential expression. So 
we have 


|GMP? 
r= 
4a? 


La Now Try Problem 63 


4.) Simplify Expressions with Negative Rational Exponents. 


—m/n 


To be consistent with the definition of negative integer exponents, we define x as follows. 


I/n 


—m/n 


Definition of x is a real number, then 


If m and v are positive integers, & is in simplified form, and x 
il 1 
vm and 7 

a a 


Su 


EG et ai ice 10) 


™m, 


From the definition, we see that another way to write x ””” is to write its reciprocal and 


change the sign of the exponent. 


EXAMPLE 7 Simplify each expression. Assume that x can represent any 


nonzero real number. a. 64— b. (—16) >4 
“: z 1 
ce. —625° 74 d. (—32x°) 7° e. ——5 
25 
= 1 . 
Strategy We will use one of the rules x7” = —_ or =x” to write the 


xn 


reciprocal of each exponential expression and change the exponent’s sign to positive. 


Why If we can produce an equivalent expression having a positive rational exponent, we 
can use the methods of this section to simplify it. 


Caution 
A negative exponent does not 
indicate a negative number. For 
example, 


1 
=e 
Gea 
Caution 


A base of 0 raised to a negative 


power is undefined. For example, 


= 4 is undefined because 
we cannot divide by 0. 
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Solution 
Reciprocal 
a. 64712 1 1 1 Because the exponent is negative, write the reciprocal 
: 6412 64 8 of 64~"?, and change the sign of the exponent. 
Change sign 


1/4 


b. (—16) ° is not a real number because (— 16)!“ is not a real number. 


c. In —625 >, the base is 625. 


ng I 1 1 1 
-625- 34 = — =- =-—=- 
625°" (W625) (5)° 125 
l 1 1 1 


d. (—32x°)-*? = = = = 
(—32x°)?  (W/=32x8)? (2x)? 4x? 


Because the exponent is negative, write the recipro- 
cal of ee and change the sign of the exponent. 


1 


ioe 253? = (25) = (5) = 125 


e 


ta Self Check 7 j Simplify. Assume that a can represent any nonzero real number. 
a. 9 1? b. (36) *? 
(pee d. —3230 


Now Try Problems 67, 73, and 79 


Use the Rules for Exponents to Simplify Expressions. 


We can use the rules for exponents to simplify many expressions with fractional exponents. If 
all variables represent positive real numbers, absolute value symbols are not needed. 


EXAMPLE 8 


Simplify each expression. All variables represent positive real 


numbers. Write all answers using positive exponents only. 
8/3, 1/3 


a. 52/753/7 


b. (ey? c. (op)? d. 5 
a 
Strate We will use the product, power, and quotient rules for exponents to simplif 
sy plity 
each expression. 


Why The familiar rules for exponents discussed in Chapter 5 are valid for rational 
exponents. 


Solution 
a. 57/7597 = 57/7+3/7 Noe the rule xx" = x"*”, 


— 5/7 2 a 3B 
=5 Add: 5 +5 =3. 


b. (ie = 1112/2? 


Use the rule (x”)"” = x", 


= 11% Multiply: (3) = $. 
ec. (a730")® = (a77)°(b'7)® Use the rule (xy)” = x"y’. 
agp Use the rule (x”)" = x” twice. 


=a Simplify the exponents. 
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a3 1/3 
d. = gor Use the rules xx" = x"*" and 7, = x". 
a 
= g83*13—63 1 establish an LCD, write —2 as -%. 
=a" Simplify: 2+ 4-$ = 3. 
= Simplify: 3 = 1. 
a Self Check 8 i Simplify. All variables represent positive real numbers. 
z a 21/59 2/5 b (2 
5/3 5-2/3 
c. Cy og <i 
Now Try Problems 83, 87, and 91 
EXAMPLE 9 | Perform each multiplication and simplify when possible. 
Assume all variables represent positive real numbers. Write all 
answers using positive exponents only. 
a. a Qi 4 a”) b. ae ale _ xl? 
Strategy We will use the distributive property and multiply each term within the paren- 
theses by the term outside the parentheses. 
Why The first expression has the form a(b + c) and the second has the form a(b — c). 
Solution 
a. a (al? + a) = aa’? + aa? Use the distributive property. 
Se ee Use the rule xx" = x"*", 
=@? +a’? Add the exponents. 
=at ee We cannot add these terms because 
they are not like terms. 
b. eu = x) ag i? = gi)? Use the distributive property. 
= xl2tCl) _ yW2+l2 ee the rulex™x” = x71", 
= x°—,! Add the exponents. 
=1-x Simplify: x° = 1. 
ry Self Check 9 dj Simplify: °(e% — ¢-*). Assume tf represents a positive real 
number. 
Now Try Problem 97 
6) Simplify Radical Expressions. 
We can simplify many radical expressions by using the following steps. 
Using Rational 1. Change the radical expression into an exponential expression. 
Exponents to 2. Simplify the rational exponents. 


Simplify Radicals 


3. Change the exponential expression back into a radical. 
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EXAMPLE 10 Simplify: a. V3? ob. Wx. W278 ds Vt 


Strategy We will write each radical expression as an equivalent exponential expression 
and use rules for exponents to simplify it. Then we will change that result back into a 
radical. 


Why When the given expression is written in an equivalent exponential form, we can use 
rules for exponents and our arithmetic skills with fractions to simplify the exponents. 


Solution 


4 
a. W/3? = 3°)" Change the radical to an exponential expression. 
= 32/4 


Use the rule (x”)” = x”, 


1/2 
= 3 1 


Simplify the fractional exponent: i =. 


= V3 Change back to radical form. 


8 . F ‘ 
b. Wx° = (x°)!8 Change the radical to an exponential expression. 


= x Use the rule (x”)" = x”. 
ae Simplify the fractional exponent: é = 5. 
= (x°)"4 Write 3 as 3(4). 
4 
= x Change back to radical form. 


« V 21 y = Oxryry” Write 27 as 3° and change the radical to an exponential expression. 


/9 ‘ re ‘ 
= 3° er Raise each factor to the : power by multiplying the fractional 
exponents. 
= ta ak Simplify each fractional exponent. 


=(G7'" Use the rule (xy)" = x"y”. 


= 3x°y Change back to radical form. 
ad. W/W = WH? Change the radical ©/t to exponential notation. 


1/3) 1/5 ; F ; 
= (t'3)' Change the radical ¥/t"" to exponential notation. 


=i Use the rule (x”)” = x”. Multiply: : oe = zs 


15 
=V1 Change back to radical form. 


a Self Check 10 j Simplify: a. V/3? b. W49x7y7 
ce. VWn 


Now Try Problems 99, 105, and 107 


| a4 b-2 «-3 dl 2a —2n b Slal oP 


d. Notareal number 3. a. 64 b. 625 €.36 d.—7g 4. a. 8c° b. 9m7n? c. —8a° 5. (Tab)! 


Pairs) Bs Gigaeds 27 fea? abd cant da Sof ly 10, aa 


Db, Wika Vm 
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VOCABULARY 
Fill in the blanks. 


1. The expressions 4” and (—8) ** have 
exponents. 


2. In the exponential expression 27*°, 27 is the and 4/3 is the 


3. In the radical expression /16x*, 4 is the , and 16x* is the 


4. 32° means the fourth of the fifth of 32. 


CONCEPTS 


5. Complete the table by writing the given expression in the 
alternate form. 


Radical form | Exponential form 


S25 
(7 
(Wi6) ° 
8132 
_,/o 
64 


6. In your own words, explain the three rules for rational exponents 
illustrated in the diagrams below. 


a. (—32)'° = VW/—-32 


[ 
bs =i 


Lt 
1 

c 8 8 =—. 
gis 


7. Graph each number on the number line. 


= (-125)!3 ~ 1671/4. 432 -(3) } 
’ ’ > > 100 


8. a. Evaluate 25°” by writing in the form (25'”)°. 
b. Evaluate 25°” by writing in the form (25°)'”. 
c. Which way was easier? 


Complete each rule for exponents. 


9. xin = 10. xin a = Wyn 
—m/n 1 
1435.:% = 12. ere: = 
x 
NOTATION 


Complete each solution. 
13. Simplify: 


Coody? =(Vo YY 


= 1,000a° 
14. Simplify: 
(m!3n12)6 = ( ai 
=m n°? 
=n 


GUIDED PRACTICE 


Evaluate each expression. See Example 1. 


15. 125" 16. 3? 
17:81" 18. 625"4 

19. 32! 20. 0! 

21. (—216)'* 22. (—1,000)'" 
23. —16!4 24. —125' 


1\!2 1\12 
253.2 26. | — 
() (is) 


Simplify each expression, if possible. Assume that the variables 
can be any real number, and use absolute value symbols when 
necessary. See Example 2. 


27. (4x*)"? 28. (25a°*)'” 
29. ej” 30. @3)'3 
31. (m')!? 32. (a4 
33. (—64p%)'? 34, (—16q*)'7 
35. (-27n’)'? 36. (—647)'9 
37. (16x*)"4 38. (—x*)!4 
39. (—64x°)"8 40. (243x!°)"° 


41. [x + 1°] 42. [(x + 59°]! 


Evaluate each expression. See Example 3. 


43. 36°? 44, 27°? 
45. 16°4 46. —100°7 


gi Ck) is (3) 
“\ 216 “\9 


49, —4°7 50: (=125)"" 

Simplify each expression. All variables represent positive real 
numbers. See Example 4. 
51. (25x*)*? 

53. (—&x*y)"" 


52. (27a by? 
54, (—32x1 >)" 


55. (81x84 


5\ 4/5 
57 -(3) 
: 32 


Change each radical to an exponential expression. See Example 5. 


59. V/8abe 60. W7p°q 

sk VeHe 62. Vx? + 7 

Change each exponential expression to a radical. See Example 6. 
64. (7a°b*)'° 

66. @ + yy” 


63. (6x'y)'4 
65. (287 — Py"? 


Simplify each expression. All variables represent positive real 
numbers. See Example 7. 


67. 417 68. 49°"? 

69. 125" 70. 81° 
M16 72. (16) °" 
73. —(1,000)°) *7 74. —(81c*) >? 


27\-43 25\~3/2 
35. (22) x. (22) 
8 49 
16 \~34 gx3\ ~ 13 
77. ( :) 78:. |=-_= 
8ly 27 


19a 


81. 82. 


Simplify each expression. Write the answers without negative 
exponents. All variables represent positive real numbers. See 
Example 8. 


33. 93/7927 
85. 6 236-43 


87. (n?3m'3)° 


84, 4?/342/5 
86. 5135-53 


88. (Pops 
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89. (a!2p"3)3? 90. (mn~23)-35 
343313 75/69 1/3 

91. es 92. “ae 
bg! Bsps 

93. 2 94. ps 


Perform the multiplications. All variables represent positive real 
numbers. See Example 9. 


95. ylFqr8 + 3) 96. Pry +) 


97. P57 — x4 1) 98. A 323 4.353 — 4) 


Use rational exponents to simplify each radical. All variables 
represent positive real numbers. See Example 10. 


99, \/5? 100. W/7? 
101, WIL 102 
103. V/p> 104 


V3 
We 
105. Vx" 106. V/ xy 
107. VV 108. W Vx 
109. WW/7m 110. VW W21x 


Use a calculator to evaluate each expression. Round to the nearest 
hundredth. See Using Your Calculator: Rational Exponents. 


11. 15" 112. (50.5)!4 
113. (1.045)°° 114. (—1,000)*° 


TRY IT YOURSELF 


Simplify each expression. All variables represent positive real 
numbers. 


115. (25y7)'” 116. (-27x)'" 
a 3/4 bs 3/4 
117. -(<) 118. -(2,) 
81 625 
8/5_.7/5 2/3 2/3 
119, 22 120, — 
P (or 
121. (—27x°) "9 122. (16a*) 
123. nn? = n') 124. ae (la + fy 
1 1 
125. = 126. 162 
127. W/25b" 128. V/8x° 
129. —(8a°b°) ~8 130. —(25s4#°) 3? 
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APPLICATIONS 134. LOGGING The width w and height h of the strongest 
rectangular beam that can be cut from a cylindrical log of 


131. BALLISTIC PENDULUMS | The formula . : 
radius a are given by 


mt M in 2a g\12 
vee on (2gh) w= 56) and h= (3) 
gives the velocity (in ft/sec) of a bullet wie weight m fired Find the width, height, and cross-sectional area of the 
PESO RIOEE, Nelly ete Decl False ie Helene OH We: olDEle strongest beam that can be cut from a log with diameter 4 feet. 


h feet after the collision. The letter g represents a constant, 32. Routid te thie tiearest hundredth, 
Find the velocity of the bullet to the nearest ft/sec. 


IN \ 
AN AN 
NN N 
\ IN 
AN \ 
\ NN 
\ 
N NN 
AS AN 
AN NN 
NN \ 
NN IN 
AN IN 
N NN 
iN NN 
AN \ 
> > 
peas, 
L | 
-oP | 
bso 4 


m= 0.0625 lb 
——>| M=601b | ba0o tt 135. from Campus to Careers 


General Contractor 


The length L of the longest board 


132. GEOGRAPHY The formula { 
that can be carried horizontally 


A = [s(s — al(s — bys — o)]'? around the right-angle corner of two 
: : hatiat intersecting hallways is given by the 
gives the area of a triangle with sides of length a, b, and c, Lorrntilcl 
where s is one-half of the perimeter. Estimate the area of 
Virginia (to the nearest square mile) using the data given in I = (@? + GP 


the illustration. 
where a and b represent the widths 


of the hallways. Find the longest 
shelf that a carpenter can carry 
around the corner if a = 40 in. and b = 64 in. Give your result in 
inches and in feet. In each case, round to the nearest tenth. 


© Tetra Images/Alamy 


Virginia 


133. RELATIVITY One concept of relativity theory is that an 
object moving past an observer at a speed near the speed of 
light appears to have a larger mass because of its motion. If 
the mass of the object is mp when the object is at rest relative 
to the observer, its mass m will be given by the formula 


<——  ——_ 


y\712 
m = Mo | arr 
fa ~<—_—— |» 


when it is moving with speed v (in miles per second) past the 
observer. The variable c is the speed of light, 186,000 mi/sec. 
Ifa proton with a rest mass of | unit is accelerated by a 
nuclear accelerator to a speed of 160,000 mi/sec, what mass 
will the technicians observe it to have? Round to the nearest 
hundredth. 


136. CUBICLES The area of the base of a cube is given by the 


function A(V) = V~°, where V is the volume of the cube. In a 
preschool room, 18 children’s cubicles like the one shown are 
placed on the floor around the room. Estimate how much floor 
space is lost to the cubicles. Give your answer in square inches 
and in square feet. 


Storage 
capacity 


WRITING 


137. What is a rational exponent? Give some examples. 


138. Explain how the root key 


Vy 


on a scientific calculator can 


be used in combination with other keys to evaluate the 
expression 16°". 


9.3 Simplifying and Combining Radical Expressions 
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REVIEW 


139. 


140. 


COMMUTINGTIME The time it takes a car to travel a 
certain distance varies inversely with its rate of speed. Ifa 
certain trip takes 3 hours at 50 miles per hour, how long will 
the trip take at 60 miles per hour? 

BANKRUPTCY After filing for bankruptcy, a company was 
able to pay its creditors only 15 cents on the dollar. If the 
company owed a lumberyard $9,712, how much could the 
lumberyard expect to be paid? 


CHALLENGE PROBLEMS 


141. 


142. 


The fraction 7 is equal to ;. Is 16°* equal to 167? Explain. 


Explain how would you evaluate an expression with a 
1 
mixed-number exponent? For example, what is 8'3 2 
1 
What is 257? ? 


@ Use the product rule to simplify radical expressions. 


Objectives 


© Add and subtract radical expressions. 


@® Use prime factorization to simplify radical expressions. 
© Use the quotient rule to simplify radical expressions. 


In algebra, it is often helpful to replace an expression with a simpler equivalent expression. 
This is certainly true when working with radicals. In most cases, radical expressions should be 
written in simplified form. We use two rules for radicals to do this. 


Use the Product Rule to Simplify Radical Expressions. 


To introduce the product rule for radicals, we will find V4 +25 and V4V/25 , and compare 


the results. 


Square root of a product 


V4+25 = 


= 10 


V 100 


Product of square roots 


VAV 25 =2°5 


= 10 


In each case, the answer is 10. Thus, V4+25 = V4V25. 
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Notation Similarly, we will find W8 +27 and W/8V/27 and compare the results. 
he products V4V25 and Cube root of a product Product of cube roots 
W/8\/27 can also be written W027 _ W216 W327 = 7.3 


using a raised dot: 


= 6 =6 


V4-V25 0 (W827 


In each case, the answer is 6. Thus, W8 +27 = W/8/27. These results illustrate the product 
rule for radicals. 


The Product Rule The nth root of the product of two numbers is equal to the product of their nth roots. 
for Radicals If Va and V/b are real numbers, 


Vab = Va’ 


Caution — The product rule for radicals applies to the nth root of a product. There is no such 
property for sums or differences. For example, 


V9+44V94+V4 V9-44V9-V4 
V13#3+2 V5 43-2 
V13 #5 V5 #1 


Thus, Va +b # Va + Vb and Va — b # Va — Vb. 


The product rule for radicals can be used to simplify radical expressions. When a radical 
expression is written in simplified form, each of the following is true. 


Simplified Form 1. Each factor in the radicand is to a power that is less than the index of the radical. 
of a Radical 2. The radicand contains no fractions or negative numbers. 
Expression 3. No radicals appear in the denominator of a fraction. 


To simplify radical expressions, we must often factor the radicand using two natural- 
number factors. To simplify square-root, cube-root, and fourth-root radicals, it is helpful to 
memorize the following lists. 

Perfect squares: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225,... 
Perfect cubes: 1, 8, 27, 64, 125, 216, 343, 512, 729, 1,000, ... 
Perfect-fourth powers: 1, 16, 81, 256, 625,... 


EXAMPLE1 Simplify: a. Vi2_ ob. V98_— oe. W54 a, —W/8 


Strategy We will factor each radicand into two factors, one of which is a perfect square, 
perfect cube, or perfect-fourth power, depending on the index of the radical. Then we 
can use the product rule for radicals to simplify the expression. 


Why Factoring the radicand in this way leads to a square root, cube root, or fourth root 
of a perfect square, perfect cube, or perfect-fourth power that we can easily simplify. 


Success Tip 
In Example 1, a radical of a 
product is written as a product of 
radicals: 


Vab = Var’ 
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Solution 


a. To simplify V12, we first factor 12 so that one factor is the largest perfect square that 
divides 12. Since 4 is the largest perfect-square factor of 12, we write 12 as 4 + 3, use the 
product rule for radicals, and simplify. 


av ay = V4:3 ~~ Write12as12 =4-3. 
to 


Write the perfect-square factor first. 
= V4V3 The square root of a product is equal to the product of the square roots. 
= 2V3 Evaluate V/4. Read as “2 times the square root of 3” or as “2 radical 3.” 
We say that 2V3 is the simplified form of V12. 
b. The largest perfect-square factor of 98 is 49. Thus, 
V98 = V49+2 — Write 98 in factored form: 98 = 49 - 2. 


= V49vV/2 The square root of a product is equal to the product 
of the square roots: V49-2 = V49V 2. 


= 71V2 Evaluate V 49. 


c. Since the largest perfect-cube factor of 54 is 27, we have 


W/54 = W/27+2 Write 54.46 27-2. 


= W27V/2 The cube root of a product is equal to the product 
of the cube roots: ©/27- 2 = ¥/27¥/2. 


=9v Evaluate W/27. 
d. The largest perfect-fourth power factor of 48 is 16. Thus, 


—-W48 = -W16-3 Write 48.08 16-3. 


=> W163 The fourth root of a product is equal to the product 
of the fourth roots: W16-3 = V/16- W/3. 


-2W3 Evaluate ‘16. 


ta Self Check 1 ] Simplify: a. V/20 b. V24 
ce. W128 


Now Try Problems 13, 17, and 19 


Variable expressions can also be perfect squares, perfect cubes, perfect-fourth powers, 
and so on. For example, 
Perfect squares: x”, x*, x°, x8, x1", ... 
3 9 .AjA2 15 
Perfect cubes: x°, x°, x”, x'7,.x'5,... 


Perfect-fourth powers: x*, x®, x12, x19, x79)... 


EXAMPLE2 Simplify: a. Vm? b. V'128a° ¢. V—24x° d. Wa’b 


All variables represent positive real numbers. 


Strategy We will factor each radicand into two factors, one of which is a perfect nth power. 
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The Language of Algebra 


Perfect-fifth powers of a are 
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Why We can then apply the rule the nth root of a product is the product of the nth roots to 
simplify the radical expression. 


Solution 
a. The largest perfect-square factor of m’ is m*. 
Vim? = m>+m Write m? in factored form as m® + m. 
a Vin Vn Use the product rule for radicals. 
= m'V/m Simplify Vm. 
b. Since the largest perfect-square factor of 128 is 64 and the largest perfect-square factor of 


a> is a’, the largest perfect-square factor of 128a° is 64a*. We write 128a° as 64a‘ + 2a 
and proceed as follows: 


V128a° = V64a*+2a Write 128a° in factored form as 64a" « 2a. 
= V64a'V2a Use the product rule for radicals. 
= 8a°V 2a Simplify 64a". 


c. We write —24x° as —8x° + 3x7 and proceed as follows: 


W/—24x° = W— 8x5 » 3x7 8x is the largest perfect-cube factor of 24°. Since 
the radicand is negative, we factor it using —8x°. 


= W-8x°VW/3x" Use the product rule for radicals. 
= -2xV3x" Simplify ¥/—8x°. 


d. The largest perfect-fifth power factor of a” is a°, and b° is a perfect-fifth power. 


Wab = Ward -a’ a°b’ is the largest perfect-fifth power factor of a°b?. 
=¥ aba Use the product rule for radicals. 
abWa* Simplify ©/a°b. 


a Self Check 2 F | Simplify. All variables represent positive real numbers. 
a. V98b° b. W—54y° 


Now Try Problems 21, 29, and 31 


Use Prime Factorization to Simplify Radical Expressions. 


When simplifying radical expressions, prime factorization can be helpful in determining how 
to factor the radicand. 


EXAMPLE 3 | Simplify. All variables represent positive real numbers. 


a. V150 sb. W/29784 se. W/2245° 7” 


Strategy In each case, the way to factor the radicand is not obvious. Another approach is 
to prime-factor the coefficient of the radicand and look for groups of like factors. 


Why Identifying groups of like factors of the radicand leads to a factorization of the 
radicand that can be easily simplified. 
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Solution 
a. V/150 _ V2 °3°5°5 Write 150 in prime-factored form. 


= V2-:3V5-5 Group the pair of like factors together 


and use the product rule for radicals. 


= 2 + 3\/5? Write 5-5 as 5°. 


6°5 Evaluate V/5?. 
_ 5V6 Write the factor 5 first. 


b. W/297b4 = W/3 -3°3-11°b°+b Write 297In prime-factored form. The largest 
perfect-cube factor of b* is b”. 


= W3 oes ors BWI 1b Group the three like factors of 3 together and use the 
product rule for radicals. 


= Wr W116 Write 3-3-3as3° 
= 3bVW/11b Simplify ¥/3°D*. 


c. W224s8? = W2-2-2-2-2-7+s8- AP Write 224in prime-factored form. The largest 
perfect-fourth power factor of t’ is t*. 


= W2-2-2-2-s8§ -AW2-7-8 Group the four like factors of 2 together 
and use the product rule for radicals. 


= VPP 2275r Write 2-2-2+2as 2%. 
= 291140? Simplify W/2*6°¢*. 


a Self Check 3 i Simplify: a. V275 b. V189¢"d° 


Now Try Problems 33 and 39 


Use the Quotient Rule to Simplify Radical Expressions. 


“ and uy 
4 V4 


To introduce the quotient rule for radicals, we will find 


and compare 
the results. 
Square root of a quotient Quotient of square roots 
100 =10 
100 V5 ve 
V4 = 2 
=5 =5 
100 V 100 
V4 


Since the answer is 5 in each case, “a = 


64 y 
Similarly, we will find .3/— ee oe W64 
V3” 


Cube root of a quotient Quotient of cube roots 


64 /64 4 
33 — = 8 == 
as We 2 


and compare the results. 
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The Quotient 
Rule for Radicals 


Sucess Tip 


In Example 4, a radical of a 
quotient is written as a quotient of 


radicals: 
ao Va 
b Wb 


a 64 W64 : 
Since the answer is 2 in each case, 3 — we: These results illustrate the quotient rule for 


radicals. 


The nth root of the quotient of two numbers is equal to the quotient of their nth roots. 
If Wa and Wb are real numbers, then 


ava 
De We (b # 0) 


7 15 10x? 
EXAMPLE 4 Simplify each expression: a. ,/— Db. c. 3 
| Simplify enegacs V64 — V4ox2 ~~ V 2798 


All variables represent positive real numbers. 


Strategy In each case, the radical is not in simplified form because the radicand contains 
a fraction. To write each of these expressions in simplified form, we will use the 
quotient rule for radicals. 


Wa 


Ah 


cube roots of perfect cubes that we can easily simplify. 


Why Writing these expressions in form leads to square roots of perfect squares and 


Solution 
a. We can use the quotient rule for radicals to simplify each expression. 


ef _ vi The square root of a quotient is equal to the quotient 
64 \/64 of the square roots. 


V7 
a “3. Evaluate V 64. 
b 15 -_ V15 The square root of a quotient is equal to the quotient 
“ V 49x 49x2 of the square roots. 
V15 
a ae Simplify the denominator: V 49x = 7x. 
x 
By 3 2 
3[ 10x" _ V10x" The cube root of a quotient is equal to the quotient 
ay W/27y9 of the cube roots. 
7 10x" 
= 3 3 Simplify the denominator. 
y 


a Self Check 4 | Simplify. All variables represent positive real numbers. 


a vey alae F {2 
Nea * V 36a" P\ig25)1- 


Now Try Problems 41, 43, and 51 


Success Tip 
In Example 5, a quotient of 
radicals is written as a radical of a 
quotient. 


Va _,fa 
We Nb 
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EXAM PLE5 j Simplify each expression. All variables represent positive real 


: V 45xy" ‘ W—432x° 


V5x / 8x 
wa = of 
Ve Vb 


Why When the radicands are written under a single radical symbol, the result is a 
rational expression. Our hope is that the rational expression can be simplified. 


numbers. 


Strategy We will use the quotient rule for radicals in reverse: 


Solution 
a. We can write the quotient of the square roots as the square root of a quotient. 


4/ 2 2 
45xy = 45xy" Use the quotient rule for radicals. Note that the 
V5x = VO OSx 


resulting radicand is a rational expression. 


1 
= Voy Simplify the radicand: ‘exe = ag = oy. 
1 


= 3y Simplify the radical. 
b. We can write the quotient of the cube roots as the cube root of a quotient. 


3 5 a) 
V- 432x 3 _ 432x Use the quotient rule for radicals. Note that 


W/8x 8x the resulting radicand is a rational expression. 


= W-54x4 Simplify the radicand: — #82 = —54x*, 
= W-27x3+2x 27% is the largest perfect cube that divides 54x*. 


y 27x W/2x Use the product rule for radicals. 
= —3xW2x Simplify: W/—27x° = —3x. 


a Self Check 5 | Simplify each expression. All variables represent positive real 
P V'50ab? re W—2,000x°v7 

; V2a ; / 2x 

Now Try Problems 55 and 59 


numbers. 


4.) Add and Subtract Radical Expressions. 


Success Tip 
Combining like radicals is similar 
to combining like terms. 


v | | 
3V2 +2V2 =5V2 
v I | 


3x + 2x = 5x 


Radical expressions with the same index and the same radicand are called like or similar 
radicals. For example, 3 V2 and 2V2 are like radicals. However, 

e 3/5 and 4V2 are not like radicals, because the radicands are different. 

© 3/5 and 2/5 are not like radicals, because the indices are different. 


For an expression with two or more radical terms, we should attempt to combine like 
radicals, if possible. For example, to simplify the expression 3V2 + nyo. we use the dis- 
tributive property to factor out V2 and simplify. 
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Adding and 
Subtracting 
Radicals 


3V2 +2V2=(3+2)V2 
=5V2 
Radicals with the same index but different radicands can often be written as like radicals. 


For example, to simplify the expression V5 - Af 37, we simplify both radicals first and 
then combine the like radicals. 


VI75 = AJ 27 = V25 3 V9 3 Write 75 and 27 in factored form. 
= V25V3 — V9V3 Use the product rule for radicals. 


= 5V3 -3V3 Evaluate \/25 and V9. 
= (5 — 2)V3 Factor out V3. 


= 3V3 


As the previous examples suggest, we can add or subtract radicals as follows. 


To add or subtract radicals, simplify each radical, if possible, and combine like radicals. 


EXAMPLE6 Simplify: a. 2V/12-3V48 ob. W16 + W/54 — V/24 


Strategy Since the radicals in each part are unlike radicals, we cannot add or subtract 
them in their current form. However, we will simplify the radicals and hope that like 
radicals result. 


Why Like radicals can be combined. 
Solution 
a. We begin by simplifying each radical expression: 
2V 12 — 3V48 = 2V4-3 -3V 16-3 
= 2V4V3 - 3V16V3 
= 2(2)V3 - 3(4)V3 


= 4V3 _ 122V3 Both expressions have the 
same index and radicand. 
=(4- 12)V3 Combine like radicals. 


= -3V3 


b. We begin by simplifying each radical expression: 
V16 + W54 — W24 = W8-2+ VW27-2 - VW8-3 
= W8W2 + W27V2 - V8V3 
= 2W2 + 3W2 -2V3 
Now we combine the two radical expressions that have the same index and radicand. 
W16 + W/54 - W/24= (2 + 3)W/2 —2\/3 Combine like radicals. 
= 5W2 -2W3 
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Caution Even though the expressions 5\/2 and 2\/3 have the same index, we cannot 
combine them, because their radicands are different. Neither can we combine radical 
expressions having the same radicand but a different index. For example, the expression 


W/2 + W/2 cannot be simplified. 


a Self Check 6 i Simplify: a. 3/75 — 2V/12 + 2V/48 
b. W/24 — W16 + W/54 
Now Try Problems 67 and 71 


EXAMPLE7 Simplify: V/16x* + V/54x* — V/—128x* 
Strategy Since the radicals are unlike radicals, we cannot add or subtract them in their 
current form. However, we will simplify the radicals and hope that like radicals result. 
Why Like radicals can be combined. 
Solution We begin by simplifying each radical expression. 
Wi6x* + W/54x4 — W/—128x4 
= W8x + 2x + W278 + 2x — W—64x3 + 2x 
= W9PW 2x + W27E W 2x — W— 64° W2x 
= 2xW2x + 3xW2x + 4xW2x All three radicals have the same index and radicand. 


= (2x + 3x + 4x) W/2x Combine like radicals. 
_ 9x W/2x Within the parentheses, combine like terms. 


a Self Check 7 i Simplify: V/32x° + V'50x° — V/18x° 
Now Try Problems 81 and 83 


eer | 1a 2V5 b. 2V3 6 2W4 2. a. 7bV2b b. —3yW/2y7 
ead a 3 W/25 Vii y ao 
« POW 3. a. SVIL ob. 3cdW7e 4. a. 3 b. 6 (% a0 
a yy 
6. a. 193 b. 23+ W2 7. 6xV2x 


5. a. 5b b. —10xv Wx 
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VOCABULARY 
Fill in the blanks. 


1. Radical expressions such as W/4 and 6/4 with the same index 
and the same radicand are called radicals. 
2. Numbers such as 1, 4, 9, 16, 25, and 36 are called perfect 
. Numbers such as 1, 8, 27, 64, and 125 are called 
. Numbers such as 1, 16, 81, 256, and 625 are 
called perfect-fourth 


perfect 


3. The largest perfect-square of 27 is 9. The largest 


-cube factor of 16 is 8. 


4. To \/24 means to write it as 2/6. 
CONCEPTS 
Fill in the blanks. 


5. The product rule for radicals: Wab = 
nth root of the 
of their nth : 


. In words, the 
of two numbers is equal to the product 


a 
6. The quotient rule for radicals: ff = . In words, the nth root 


ofthe______—_—sof two numbers is equal to the quotient of their 
nth 


7. Consider the expressions 


V4+5 and V4V/5 


Which expression is 


a. the square root of a product? 
b. the product of square roots? 


c. How are these two expressions related? 
8. Consider the expressions 


3 
Wa d 3 a 
srs «an er 
3 2 x2 


Which expression is 

a. the cube root of a quotient? 

b. the quotient of cube roots? 

c. How are these two expressions related? 


9. a. Write two radical expressions that have the same radicand 
but a different index. Can the expressions be added? 


b. Write two radical expressions that have the same index 
but a different radicand. Can the expressions be added? 


10. Fill in the blanks. 
a 5V64+3V6=( + 
b. 9Wn — 2Wn = ( 
NOTATION 


Complete each solution. 
11. Simplify: 


W320 =W + 4k 
= VR: 
= oe 


yVo= V6 
Wn =7 


12. Simplify: 
V80sf* | 805714 
V5s7 


= 4° 


GUIDED PRACTICE 
Simplify each expression. See Example 1. 
13. V'50 14. V28 
15. V45 16. V/54 


17, Vs 18. \/40 
19. /48 20, </32 


Simplify each radical expression. All variables represent positive 
real numbers. See Example 2. 


21. V75a" 22. V/50x7 
23. 32b 24. V/80c 
25. V128a°b> 26. V75b%c 
27. V’300xy 28. V/200x7y 
29. W/—54x° 30. V/—-81a° 
31. W/32x!7)4 32. W/64x!% 


Simplify each radical expression. All variables represent positive 
real numbers. See Example 3. 


33. 242 34. 363 
35. V/112a° 
37. —W/96a4 38. — 
39. W/405x'2)4 40. V/280a°b° 
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Simplify each radical expression. All variables represent positive Simplify by combining like radicals. All variables represent positive 
real numbers. See Example 4. real numbers. See Example 7. 
“3 fir - ne 77. 4\V/2x + 6V/2x 78. 6W/5y + 3W/5y 
“V9 4 
ie rae ae 79. 8W/ Ta" — 7W/Ta* 80. 10W 12xy — W/12xy 


lon 
& 
fo 
NIN 
Nn 


81. V18¢ + V300t — V243t 
82. V’80m — V128m + V/288m 
83. 2V/16 — W54 — 3V/128 

84. V/250 — 4V/5 + V/16 


» 
a 
an 


lon 
N 
Nn 
NO 
& 
we 


Ww 
s 
fet 
“a 
N 


» 


Ww 
NO 
lon 
& 


2 ht 
ON 6 70 aa? 85. 2V/64a + 2V'8a 86. 3W/xy — 2W'y 
= Ne y 4 4 4 4 4 
a ies 52. I 558 87. W/64 + 5W/4 — W324 38. W/48 — W/243 — W768 


Simplify each expression. All variables represent positive real 
numbers. See Example 5. 


TRY IT YOURSELF 
53, 500 54, 128 Simplify each expression. All variables represent positive real 
“4/5 “ \V/n numbers. 
“i 98x° ee Vi5y 39. Vm'! 90. Wn'3 
© V2x " V3y 
“4 7 48x! _ /64y8 91. V8y! + V32y7 — V2y7 92. VP — Voy? — V/25y° 
3 5 W/243x8 [125n° 72q’ 
59. 189a 60. 243x 93. n 94. T 
Ta 3/9 64n 254 
Simplify by combining like radicals. All variables represent positive 
real numbers. See Objective 4 and Example 6. 95. Wx? + V/32x°7 + Wx? 
61. 5V7+3V7 62. 11V3 + 2V3 96. Wxy? + W8xy7 — VW27xy7 
97. \/208m*n 98. V/128p*q° 
63. 20/4 — 15W/4 64. 30/6 — 10W/6 
a’ bck 
99. 3/—— 100. 3 
65. V8 + V2 66. V/45 + V/20 64a 125¢° 
67. V98 — V'50 — V72 68. V/20 + V125 — V80 101. W649"! 102. V/2437°? 
69. V/32 — V/108 70. ¥/80 — V/10,000 103. W/24x + W/3x 104. W/16y + V/128y 
71. 2/125 — 5/64 72. 3/27 + 12/216 
73. 141/32 — 15/2 74, 23V/3 + W48 


75. V80 + V45 — V27 76. V63 + V72 — V28 
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APPLICATIONS 


First give the exact answer, expressed as a simplified radical 
expression. Then give an approximation, rounded to the nearest 
tenth. 


105. UMBRELLAS The surface area of a cone is given by the 


formula S = mrV/1* + h*, where r is the radius of the base 


and / is its height. Use this formula to find the number of 
square feet of waterproof cloth used to make the umbrella 


shown. 


106. STRUCTURAL ENGINEERING _ Engineers have deter- 
mined that two additional supports need to be added to 
strengthen the truss shown. Find the length L of each new 
support using the formula 


a=20ft “ Joins at the 
midpoint of 
this segment 


107. BLOW DRYERS The current / (in amps), the power P 
(in watts), and the resistance R (in ohms) are related by the 


formula J = ae What current is needed for a 1,200-watt 
hair dryer if the resistance is 16 ohms? 


108. COMMUNICATIONS SATELLITES — Engineers have deter- 
mined that a spherical communications satellite needs to have 


a capacity of 565.2 cubic feet to house all of its operating 


systems. The volume V of a sphere is related to its radius r by 
the formula r = \} oa . What radius must the satellite have to 


meet the engineer’s specification? Use 3.14 for 7. 


109. DUCTWORK _ The following pattern is laid out on a sheet 
of galvanized tin. Then it is cut out with snips and bent 
to make an air conditioning duct connection. Find the 
total length of the cut that must be made with the tin snips. 
(All measurements are in inches.) 


110. OUTDOOR COOKING The diameter of a circle is given 
by the function d(A) = 74, where 4 is the area of the 
circle. Find the difference between the diameters of the 
barbecue grills. 


Cooking area 

1470 in 

2a Cooking area 
48m in.? 


WRITING 


111. Explain why each expression is not in simplified form. 


[24 View 
a. W9x4 ba er 7 
Pn) 16 


112. How are the procedures used to simplify 3x + 4x and 


3Vx + 4Vx similar? 
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113. Explain the mistake in the student’s solution shown below. REVIEW 


Simplify; W/54 


Perform each operation. 


Blaq— Xi/5a cae, 

Ws4 = V27 + 27 115. 3x2y?(—5x3y~4) 116. (2x? — 9x — 5)-—> 
=W/27 8/27 20 =F 
=3+3 

2 xy 
= 117. 2p — 5)6p? — Tp — 25 118. 7 4 
114. Explain how the graphs of Y; = 3VV 24x + V 54x (on the xy 


left) and Y; = 9V/ 6x (on the right) can be used to verify the 


simplification 3V 24x + V54x = 9V 6x. In each graph, set- 


CHALLENGE PROBLEMS 


tings of [—5, 20] for x and [—5, 100] for v were used. 


119. Can you find any numbers a and b such that 


Vatb= Vat Vb? 


120. Find the sum: 
V3 4+ V3? + V33 + W344 -V39 


The Product Rule 
for Radicals 


Multiply radical expressions. 


Find powers of radical expressions. 


Rationalize denominators that have two terms. 


O 
{2 
© Rationalize denominators. 
4) 
5 


Rational numerators. 


In this section, we will discuss the methods we can use to multiply and divide radical 
expressions. 


Multiply Radical Expressions. 


We have used the product rule for radicals to write radical expressions in simplified form. We 
can also use this rule to multiply radical expressions that have the same index. 


The product of the nth roots of two nonnegative numbers is equal to the mth root of the 
product of those numbers. 


If Va and Wb are real numbers, 
Va- Wb = Va-b 
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Success Tip 
Here we use the product rule for 
radicals in two ways: to multiply 
and to simplify the result. 


Caution 
Note that to multiply radical 
expressions, they must have the 
same index. 


EXAM PLE 1 | Multiply and then simplify, if possible: 
a V5VI0  b. 3V6(2V3) oe. -2W Tx 6 W497 


Strategy In each expression, we will use the product rule for radicals to multiply factors 
of the form V/a and Wb. 


Why The product rule for radicals is used to multiply radicals that have the same index. 


Solution 
a. V5V10 = V5-10 Use the product rule for radicals. 


= V'50 Multiply under the radical. Note that \/50 can be simplified. 
= V25+2 Prepare to simplify: factor 50. 
=5V2 Simplify: V25 +2 = V25V2 = 5V2. 


b. We use the commutative and associative properties of multiplication to multiply the 
integer factors and the radicals separately. Then we simplify any radicals in the product, 
if possible. 


3V6(2V3) = 3(2) VoV’3 Multiply the integer factors, 3 and 2, and 


multiply the radicals. 
= 6V18 Use the product rule for radicals. 
=6V9V2 Simplify: V18 = V9-2 = V9V2. 
6(3)V2 Evaluate: V9 = 3. 

= 19/2 Multiply. 


c. —2W Ix + 6W/49x7 = —2(6)W/7x 49x" Write the integer factors together and the 


radicals together. 


—12W 7x + 49x? Multiply the integer factors, —2 and 6, and 
multiply the radicals. 


= —12W 7x + 7x? Write 49 as 7°. 


= -2WV PS Prepare to simplify: write 7x + 7°x" as 7°x°. 
= —12(7x) Simplify: W/7°x? = 7x. 
= —84x Multiply. 


ta Self Check 1 j Multiply. All variables represent positive real numbers. 
a. V7V14 
b. -2V/2(5V/12) c. Wax - 9W/8x7 


Now Try Problems 11, 19, and 21 


Recall that to multiply a polynomial by a monomial, we use the distributive property. We 
use the same technique to multiply a radical expression that has two or more terms by a radical 
expression that has only one term. 


EXAMPLE 2 Multiply and then simplify, if possible: 3V/3(4V/8 — 5/10) 


Strategy We will use the distributive property and multiply each term within the paren- 
theses by the term outside the parentheses. 
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Why The given expression has the form a(b — c). 
Solution 


po. 


3V3(4V'8 — 5V'10) 
= 3V3 ° 4V8 — 3V3 : 5V/10 Distribute the multiplication by 3V3. 


= 12/24 — 15/30 Multiply the integer factors and use the product 
rule to multiply the radicals. 

= 12V4V6 — 15/30 Simplify: V24 = V/4-6 = Vave. 

= 12(2) V6 — 1530 Evaluate: \/4 = 2. 

= 24V'6 — 1530 


a Self Check 2 j Multiply and then simplify, if possible: 4/2(3/5 — 2V8) 


Now Try Problems 31 and 33 


Recall that to multiply two binomials, we multiply each term of one binomial by each 
term of the other binomial and simplify. We multiply two radical expressions, each having two 
terms, in the same way. 


EXAMPLE 3 _ Multiply and then simplify, if possible: 
a. (V7 + V2)(V7 - 3V2) 


b. (Wa? - 4W/5)(Va + W/2) 


Strategy As with binomials, we will multiply each term within the first set of parenthe- 
ses by each term within the second set of parentheses. 


Why This is an application of the FOIL method for multiplying binomials. 
Solution 


gg a, 
a. (V7 + V2)(V7 - 3V2) 


eed 


F 0 l L 
= VIVT — 3VIV2 + V2V7- 3V2V2 Use the FOIL method. 
=7-3V14+ V14- 3(2) Perform each multiplication. 
=F =2V14 =6 Combine like radicals. 
=1-2V14 Combine like terms. 


b. (Wi — 4W5 (Vx + V2) 
= WPWx + WPW2 — 45a — AW5SW/2 Use the FOIL method. 
= Wx + W 2x — 4V/5x — 40/10 Perform each multiplication. 
=x + W2x* — 4W5x — 4V/10 Simplify the first term. 
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a Self Check 3 | Multiply and then simplify, if possible: 
a. (V5 + 2V3 (V5 — V3) 


b. (Wa + 9W/2)(Wa? — V3) 
Now Try Problems 37 and 41 


2) Find Powers of Radical Expressions. 


The nth Power 
of the nth Root 


Success Tip 
Since ( Wii sr ll ar 2) has the 


form (x + y)?, we could also use a 


special-product rule to find this 
square of a sum quickly. 


To find the power of a radical expression, such as (V5) or (W2)°, we can use the definition 
of exponent and the product rule for radicals. 


(Vay = Vv5Vs (W2) = W2-VW2-W2 
= 9/25 = Ws 
=5 =2 


These results illustrate the following property of radicals. 


If Va is a real number, 


(va) =« 


EXAMPLE 4 — Find: a. (V5) b. (2W7x7) oe. (Wm +142)" 
Strategy In part (a), we will use the definition of square root. In part (b), we will use a 


power rule for exponents. In part (c), we will use the FOIL method. 


Why Part (a) is the square of a square root, part (b) has the form (xy)”, and part (c) has 
the form (x + y)’. 


Solution 


2 
a. (Vs) = 5 Because the square of the square root of 5is 5. 
3 


b. We can use the power of a product rule for exponents to find (2 V Tx) 


(2W/7x7)° = 23(W7x7)* Raise each factor of 20/74" to the 3rd power: 
= 8(7x’) Evaluate: 2° = 8.Use(V/a)" =a. 
= 56x" 
c. We can use the FOIL method to find the product. 
(Vm +1+ 2? =(Vm +14 2)(Vm +1 + 2) 
=(Vm +1) +2Vm+1+2Vm+1+4+2-2 
m+1t+2Vm+1+2Vm+1+4 ~~ Use(Wa)"=a. 
m+4Vm+1+5 Combine like terms. 


The Language of Algebra 
Since V3 is an irrational number, 
M5 has an irrational denominator. 


Ne Vi5 


Since 3 is a rational number, ~3~ 
has a rational denominator. 


Success Tip 
As an informal check, we can use 
a calculator to evaluate each 
expression. 


=~ 1.290994449 


=~ 1.290994449 


lS sis 
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a Self Check 4 d Find: a. (Vin y 
ce. (Vx— 8-5)" 


Now Try Problems 43, 49, and 51 


b. (3/4y) 


Rationalize Denominators. 


We have seen that when a radical expression is written in simplified form, each of the follow- 
ing statements is true. 


1. Each factor in the radicand is to a power that is less than the index of the radical. 
2. The radicand contains no fractions or negative numbers. 


3. No radicals appear in the denominator of a fraction. 


We now consider radical expressions that do not satisfy requirements 2 or 3. We will 
introduce an algebraic technique, called rationalizing the denominator, that is used to write 
such expressions in an equivalent simplified form. 

To divide radical expressions, we rationalize the denominator of a fraction to replace 
the denominator with a rational number. For example, to divide A/5 by 3, we write the divi- 
sion as the fraction 


a5 This radical expression is not in simplified form, 


V3 because a radical appears in the denominator. 


We want to find a fraction equivalent to Y that does not have a radical in its denominator. 
If we multiply ve - the denominator becomes V3 + V3 = 3, a rational number. 


Be - 


To build an equivalent fraction, multiply by v2 =1. 


Multiply the numerators: V5-V3 = V5. 
; Multiply the denominators: V3 . V5 = (v3) = 3, 


; wm ~~. These equivalent fractions represent the same number, but have different 


forms. Since there is no radical in the denominator, and V15 is in simplest form, the 


expression are is in simplified form. 


F ; ; 20 4 
Rationalize the denominator: a. ,/— 


| 

bi 
; TM 
Strategy We look at each denominator and ask, “By what must we multiply it to obtain 


a rational number?” Then we will multiply each expression by a carefully chosen form 
of 1. 


EXAMPLE 5 


Why We want to produce an equivalent expression that does not have a radical in its 
denominator. 
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Solution 
a. This radical expression is not in simplified form, because the radicand contains a frac- 
tion. We begin by writing the square root of the quotient as the quotient of two square 


roots: 
20 V20 - og wg 
<2 earv a Use the division property of radicals: \'/2 = WE 
Caution To rationalize the denominator, we proceed as follows: 
Do not attempt to remove a 4/20 V20- VI 


common factor of 7 from the 


numerator and denominator of V7 V7 Vi 


To build an equivalent fraction, multiply by = =1. 


ue 
. The numerator, 2V35, V 140 Multiply the numerators. 
tee not have a factor of 7. 7 Multiply the denominators: Aft T= (v7) = 
2V35__ 2+V5-+7 RUE 
7 7 a Simplify: V140 = V4-35 = V4V/35 = 2V35. 
b. This expression is not in simplified form because a radical appears in the denominator of 
a fraction. Here, we must rationalize a denominator that is a cube root. We multiply the 
numerator and the denominator by a number that will give a perfect cube under the radical. 
Since 2 + 4 = 8 is a perfect cube, W/4 is such a number. 
: y To build I fi Itiply b: pe 1 
ae aa 0 build an equivalent fraction, multiply by == = 1. 
Caution V2 Wi Wa = 
Multip| by 2 d 4v/4 i F F 
plying sz ye Yo, oes not Multiply the numerators. Multiply the denominators. 
rationalize the denominator. ~ We +—— This radicand is now a perfect cube. 
3 3 
4 3 
MOE _ 4w2 _ 44 
Wa = a Evaluate the denominator: \/8 = 2. 
| 
Since 4 is not a perfect cube, this 
radical does not simplify. = 2/4 Simplify the fraction: - _ 2.2% — =274 
. 
a Self Check 5 | Rationalize the denominator: a. ve b. 


Now Try Problems 57, 59, and 63 


V 5xy 


Vix? 


EXAMPLE 6 | Rationalize the denominator: 


Va _ n 
Wo Vb 
Why When the radicands are written under a single radical symbol, the result is a 


rational expression. Our hope is that the rational expression can be simplified, which 
could possibly make rationalizing the denominator easier. 


Caution 
We will assume that all of the 
variables appearing in the 
following examples represent 
positive numbers. 


Success Tip 
We usually simplify a radical 
expression before rationalizing the 
denominator. 
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Solution There are two methods we can use to rationalize the denominator. In each 
method, we simplify the expression first. 


Method 1 Method 2 
5xy" 5xy? 5xy” _ 5xy? 
Var Va" Var Vy" 


= V5 _ fs) al Multiply within 
= Vy ~~ y y the radical. 


_ A/S Vy Multiply outside = V5y 

7 ne a the radical. Vy 

_ V5y _ V5y 
y iM 


a Self Check 6 | Rationalize the denominator: Vaab* 
V2? 
Now Try Problems 67 and 73 


EXAMPLE 7 Rationalize the denominator: 


11 
V 209° 
Strategy We will simplify the radical expression in the denominator before rationalizing 
the denominator. 


: : ‘ V 204° i 
Wh I eS L 
y We could begin by multiplying Vogt by Vig However, to work with smaller 


numbers and simpler radical expressions, it is easier if we simplify \V20q° first, and 
then rationalize the denominator. 


Solution 
= O prepare to simpli q’, factor 204° as 4q* - 5q. 
V209° V4q" * 5q 
11 
ae Simplify: V'4q* + 5q = V4q*V5q = 2q°V5q, 


ll V5q 


V5q 
= — = * = _Torationalize the denominator, multiply by —= = 1. 
2¢°V5q V5q V5q 


il V5q Multiply the numerators. 
2q°(5q) Multiply the denominators: V5q + V5q = ( V 54) = 5q. 
11V5q 
= 3 Multiply in the denominator. 
10g 


a Self Check 7 j Rationalize the denominator: 
Now Try Problems 75 and 81 


i 
V 18¢3 
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5 wW2 


b. 
/ 6n- /9a 


; EXAMPLE 8 j Rationalize each denominator: a. 


Strategy In part (a), we will examine the radicand in the denominator and ask, “By what 
must we multiply it to obtain a perfect cube?” In part (b), we will examine the radicand 
in the denominator and ask, “By what must we multiply it to obtain a perfect-fourth 
power?” 


Why The answers to those questions will determine what form of | we use to rationalize 
each denominator. 


Solution 
a. To rationalize the denominator W/6n7, we need the radicand to be a perfect cube. 
Since 6n* = 6+ n-~n, the radicand needs two more factors of 6 and one more factor of n. 


It f V36n 
ollows that we should multiply the given expression by — Ae 
V nn 


5 _ 5 W36n 
Won? Won? V/36n 
_ 5 V 36n Multiply the numerators. Multiply the denominators. 


W/216n7 <«<——— This radicand is now a perfect cube. 


_ 5V36n 


6n 


Multiply by a form of 1 to rationalize the denominator. 


Simplify the denominator: \/216n> = Gn. 


b. To rationalize the denominator Woa, we need the radicand to be a perfect-fourth power. 
Since 9a = 3 +3 a, the radicand needs two more factors of 3 and three more factors 


Wo,3 
of a. It follows that we should multiply the given expression by ie 
a 


W2 W2 ~W9a° 
VW9a W9a W9a° 
4/79,3 
- 18a Multiply the numerators. Multiply the denominators. 
W/81qa* <—— This radicand is now a perfect-fourth power. 
W18a° — 
= 3 Simplify the denominator: V 61a" = 3a. 
a 


Multiply by a form of 1 to rationalize the denominator. 


a Self Check 8 ] Rationalize each denominator: 
eee W3 
” W/100a a 4y" 


Now Try Problems 83 and 87 


4.) Rationalize Denominators That Have Two Terms. 


So far, we have rationalized denominators that have only one term. We will now discuss a 
method to rationalize denominators that have two terms. 


One-termed denominators Two-termed denominators 
V5 i 4 1 Vx + V2 
V3" V'209¢° W2 V24+1' Ve- V2 


Success Tip 
In the denominator, we can use 
the special-product rule 
(A + B\(A — B) = 4? — B? to 
multiply V2 + land V2-1 
quickly. 
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To rationalize the denominator of oo for example, we multiply the numerator and 
denominator by V2 1, because the product (v2 + 1)(V2 — 1) contains no radicals. 
(V2 + 1)(V2 - 1) =(V2? — ()? Use a special-product rule. 
=2-1 
=1 
Radical expressions that involve the sum and difference of the same two terms, such 
as V2 + Land V2 — 1, are called conjugates. 


1 ‘ Vx + V2 
A. —— 
V24+1 Vx - V2 
Strategy In each part, we will rationalize the denominator by multiplying the numerator 
and the denominator by the conjugate of the denominator. 


EXAMPLE 9 | Rationalize the denominator: 


Why Multiplying each denominator by its conjugate will produce a new denominator 
that does not contain radicals. 


Solution 
a. To find a fraction equivalent to Tee that does not have a radical in its denominator, 


we multiply Biz by a form of | that uses the conjugate of V2 +1. 


1 1 oe em | 
Vot4 WIS) Weed 


_ A/ —1 Multiply the numerators. 
vey = (ly Multiply the denominators using a 
ial-product rule. 
/2 = Specia 
— 2-1 


V5— 4 
1 
=V2-1 


b. We multiply the numerator and denominator by Vx + vee which is the conjugate of 


Vx = ve and simplify. 
Vet V2 _ Vat V2 Vet V2 
Vx- V2 Vx-V2 Vx4+ V2 
_* + Vox + V2x +2 Multiply the numerators. 


(vx) = (v2) Multiply the denominators. 
xt V2x 4+ V2x 42 


xa 2D 
er IV Ie +9 
= In the numerator, combine like radicals. 
x= 2 
a Self Check 9 j Rationalize the denominator: Vx = V2 
Vx + V2 


Now Try Problems 91 and 99 
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5 Rationalize Numerators. 


In calculus, we sometimes have to rationalize a numerator by multiplying the numerator and 
denominator of the fraction by the conjugate of the numerator. 


; EXAMPLE 10 ; Rationalize the numerator: “3 


Strategy To rationalize the numerator, we will multiply the numerator and the denomi- 
nator by the conjugate of the numerator. 


Why After rationalizing the numerator, we can simplify the expression. Although 
the result will not be in simplified form, this nonsimplified form is often desirable in 
calculus. 


Solution We multiply the numerator and denominator by Vx + 3, which is the 
conjugate of the numerator. 


Ve=3_ Ve-3 Vet3 


Vx Vx Vx43 


Multiply by a form of 1 to rationalize the numerator. 


2 2 
= (Vx) = (3) Multiply the numerators using a special-product rule. 
Peer: \V/x Multiply the denominators. 
£=9 


x+3Vx 


a Self Check 10 dj Rationalize the numerator: Vx +3 
Now Try Problem 105 


ec a. 7V2 b. -20V/3 c. 18xW/2x 2. 12/10 — 32 
3.a,-1+ VI5 bo a- W3a+9W/20?-9W6 4. a. 11 b. 108y « x-10Vx-—84+17 


<4 2V10 b 5Vv9 6, V2ab 7 1V2¢ ee 27W10a? b Vi2y? 9 x—-2V2x +2 10 =? 
Beh “3 vara age &b tb id: Dy, 2 pao DES aE 


VOCABULARY 3. The denominator of the fraction ye is an number. 
Fill in the blanks. 4. The sof Vx + Lis Vx — 1. 
< 3 

1. To multiply (V3 + V2\(V3 ~ 2V2), we can use the ____ 5. To obtain a -cube radicand in the denominator of wal ; 

method. jadply fie fac b W752 Vin 

we multiply the fraction by : 
2. To multiply 2V5(3V8 + V3), use the property. V 250" 5 
6. To____————_s the denominator of — =, we multiply the fraction 
We V5 


by ve 


CONCEPTS 
7. Perform each operation, if possible. 


a. 4V6 + 2V6 b. 4V/6(2V6) 


c. 3V2 -2V3 d. 3V/2(-2V3) 


8. Perform each operation, if possible. 


a. 5 +66 b. 5(66) 


30/15 S15 
c. —— d. 
5 5 


NOTATION 
Fill in the blanks. 
9. Multiply: 
5V8-7V6 = 5(T)V8 

=3VE 
= 35/3 
= 35(B)V3 
= 140V3 


10. Rationalize the denominator: 


9 9 /2a 


GUIDED PRACTICE 


Multiply and simplify, if possible. All variables represent positive 
real numbers. See Example 1. 


11. V3V15 12. V5V/15 
13. 2V3V6 14. -3V11V33 


15. (3W/9)(21/3) 16. (2/16)(—/4) 


17, 4428/2 18. V/3- W118 


19. 6Vab°(8VVab) 20. 3V8x(2V/2x"y) 
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21. Wsa°W/125a° 22. V2 V/8/ 


23. —4W/51°s(5W/2r) 24. —W3xy7°(- Vx) 


5. Vx(x + 3) V(x + 3) 26. Vix + y)V(x + yp 


N 


Multiply and simplify, if possible. All variables represent positive 
real numbers. See Example 2. 


27. 3V/5(4 — V5) 28. 2V7(3 - V7) 


29. V2(4V6 + 2V7) 30. -V3(V7 - V'15) 


31. -2V5x(4V2x —3V3) 32. 3 V7e(2V 74 + 3:37) 


33. W/2(4W4 + W/12) 34. W/3(2W9 + W/18) 


Multiply and simplify, if possible. All variables represent positive 
real numbers. See Example 3. 


35, (V2 + 1\(V2 -3) 
. (2V3 + 1)(V3 - 1) 
37. (V3x — V2y)(V3x + V2y) 
-( 
-( 


V3m + V2n)(V3m = V2n) 
2W4 — 3V/2)(3W/4 + 2V/10) 


40. (4\/9 — 3W/3)(4V/3 + 2W6) 


41, (W/5z + V/3\(W/5z + 2V/3) 
42. (\/3p — 2\/2)(W/3p + W2) 


Square or cube each quantity and simplify the result, if possible. 
See Example 4. 


43. (V7) 44, (V11) 

45. (W/12)° 46. (W/9)° 

47. (32) 4g, (2/5) 

49, (—2V/2x7)° 50. (—3V/10y°)” 
51. (3V/2r — 2)" 

52. (2V3r + 5) 

53. (V3x + V3) 


Rationalize each denominator. See Example 5. 


2 5 

55. \/—> 56. \/> 
Vj nF 

8 8 

= 58. 4 /= 

3 E 
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59, 4 60. 
V6 10 
ss a 
V2 /6 
es ry ae 
Wo Wa 
65. 66. — 
W4 ave) 


Rationalize each denominator. All variables represent positive real 
numbers. See Example 6. 


67. Voy" 68. Vi1Se" 
V2" V5 
69. Vex" 70. Vxy 
Vary V3xy 
” 11218 55 /15m*4 
15417 12m 
" 3 4a® -" S} 9x°y4 
/2a°b War 


Rationalize each denominator. All variables represent positive real 
numbers. See Example 7. 


23 11 
75. 76. 
50p° 758° 
7 13 
77. 78. 
V 246° 32n° 
5 [2 
79. 3/— . 3/— 
16 a6 81 
4 fi 
1. 3/— 2. 3/— 
§ 81 . 16 


Rationalize each denominator. All variables represent positive real 
numbers. See Example 8. 


19 1 
83. — 84, — 
5c 4m 
3 3 
3 7 
85. us 86. afl 
V/2r W/100s 
4 4 
2 3 
a7, 2 ss, 2 
3r 5b 
2 4 
89. - 90. = 
8a ot 


Rationalize each denominator. All variables represent positive 
real numbers. See Example 9. 


V2 V3 
V5 +3 


91. 


—— _—- 
V1 “Af = 9 
gs, VI = V2 og, V3 V2 
A/D EAST as 
a 3V2 —5V3 a 3V6 +5V5 
“ONS 2372 “2V5 —-3V6 
Vx - Vy Vxt+ Vy 
99. iG 100. EV 
2-1 ore fi 


(Hint: Do not perform 
the multiplication 
of the numerators.) 


(Hint: Do not perform 
the multiplication 
of the numerators.) 


Rationalize each numerator. All variables represent positive real 
numbers. See Example 10. 


103. Vx +3 10n 2 
x 5x 

sng, WEY 106, V2=_VY 
Vx Ve t+ Vy 

TRY IT YOURSELF 


The following problems involve addition, subtraction, and multi- 
plication of radical expressions, as well as rationalizing the 
denominator. Perform the operations and simplify, if possible. All 
variables represent positive real numbers. 


107. Vx(V14x + V2) 108. 2¥/16 — 3V/128 — V/54 


V3 


98x" 


109. (10\72x)” 110. 


111. (3p + V5) 


8 

113. ee 
25m 

114. (V14x + V3)(V/14x - V3) 
115. W31r?W270* im 


112. V2887 + V'80r — V1287 


« Vy=2 
“Vy +3 


rs 
118. 5j/—— 
8. 543 


117. = 
VW 
APPLICATIONS 
119. STATISTICS An example 
of a normal distribution curve, 
or bell-shaped curve, is shown. 
A fraction that is part of the 
equation that models this curve 
is a where a is a letter 
o 7 
from the Greek alphabet. Rationalize the denominator of the 
fraction. 
120. ANALYTIC GEOMETRY The length of the perpendicular 
segment drawn from (—2, 2) to the line with equation 
2x — 4y = 4 is given by 
ie |2(=2) + (~4)@) + (-4)| 
Vi2y + (-4) 
Find L. Express the result in simplified radical form. Then 
give an approximation to the nearest tenth. 
121. TRIGONOMETRY In trigonometry, B 
we must often find the ratio of the 
lengths of two sides of right triangles. 
Use the information in the illustration 2 
to find the ratio 1 
length of side AC 
length of side AB A ; Cc 
Write the result in simplified 
radical form. 
122. ENGINEERING Refer to the illustration in the next column 


that shows a block connected to two walls by springs. A 
measure of how fast the block will oscillate when the spring 
system is set in motion is given by the formula 


ky + ky 
ee 
m 
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where k, and k, indicate the stiffness of the springs and m is 
the mass of the block. Rationalize the right side and restate 


the formula. 


| ky ; ky 


WRITING 


ise 8 SN 
123. Consider WA a a 
the left side and the right side of ae ation are equal. 


. Explain why the expressions on 


12 
Nee 


multiply the numerator and denominator by 


124. 


To rationalize the denominator of why wouldn’t we 


4 


Wo 
WV 
M1 


125. Explain why “e is not in simplified form. 


Explain why \/ i is not in simplified form. 
Explain why Vm + Vm = m but m+ W/m # m. Assume 
that m represents a positive number. 


Explain why the product of Vm + 3 and Vm — 3 does not 
contain a radical. 


126. 
127. 


128. 


REVIEW 
Solve each equation. 
8 3 1 


x-2 xt+1 (4 


I(x — 2) 


CHALLENGE PROBLEMS 


131. Multiply: V2+W2. (Hint: Keep in mind two things. The 
indices (plural for index) must be the same to use the product 
rule for radicals, and radical expressions can be written using 


rational exponents.) 


the denominator of 


132. can be used to rationalize 


Show that 


1 
Ya Vb 
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@ Solve equations containing one radical. 
Objectives ® Solve equations containing two radicals. 
© Solve formulas containing radicals. 


When we solve equations containing fractions, we clear them of the fractions by multiplying 
both sides by the LCD. To solve equations containing radical expressions, we take a similar 
approach. The first step is to clear them of the radicals. To do this, we raise both sides to a 
power. 


@ Solve Equations Containing One Radical. 


Radical equations contain a radical expression with a variable in the radicand. Some exam- 
ples are 


Vx+3=4 We +7 =x4+1 Vx+Vx+2=2 


To solve equations containing radicals, we will use the power rule. 


The Power Rule If we raise two equal quantities to the same power, the results are equal quantities. 
If x, y, and n are real numbers and x = y, then 


x= y" 


If both sides of an equation are raised to the same power, all solutions of the original 
equation are also solutions of the new equation. However, the resulting equation might 
not be equivalent to the original equation. For example, if we square both sides of the 
equation 


(1) x =3 
with a solution set of {3}, we obtain the equation 
Q) <x =9 


with a solution set of {3, —3}. 
Equations | and 2 are not equivalent, because they have different solution sets. The solu- 
Caution tion —3 of Equation 2 does not satisfy Equation 1. Since raising both sides of an equation to 
Recall that a similar caution about the same power can produce an equation with proposed solutions that don’t satisfy the origi- 
checking proposed solutions was . oe . . 
aoe nal equation, we must always check each proposed solution in the original equation and 
given in Chapter 6 when we solved ; . 
rational equations, such as: discard any extraneous solutions. 
H wv When we use the power rule to solve square root radical equations, it produces expres- 


=6+ 
= 5 = 5 


sions of the form (Va) We have seen that when this expression is simplified, the radical 
symbol is removed. 
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The Square 


For any nonnegative real number a, (Va) =a 
of a Square Root 


EXAMPLE 1 ] Solve: Vx +3=4 


Strategy We will use the power rule and square both sides of the equation. 


Why Squaring both sides will produce, on the left side, the expression ( Vx +3 y that 
simplifies to x + 3. This step clears the equation of the radical. 


Solution 

The Language of Algebra Vx+3=4 This is the equation to solve. 
5 7] 
When we square both sides of an ( Vx +3 ) = (4)? Toclear the equation of the square root, square both sides. 
equation, we are raising both sides 
to the second power. x+3=16 Perform the operations on each side. 
x = 13 Solve the resulting equation by subtracting 3 from both sides. 

We must check the proposed solution 13 to see whether it satisfies the original equation. 
The Language of Algebra 
Proposed solutions are also called Evaluate the Check: Vx +3 =4 © This is the original equation. 


potential or possible solutions. 


Hos ety V13 +324 Substitute 13 for x. 
not square 


bonice: V16 24 


when 4=4 True 
checking! 


Since 13 satisfies the original equation, it is the solution. The solution set is {13}. 


a Self Check 1 j Solve: Va — 2 = 3 


Now Try Problems 13 and 17 


The method used in Example | to solve a radical equation containing a square root can be 
generalized, as follows. 


Solving an 1. Isolate one radical expression on one side of the equation. 

Equation 2. Raise both sides of the equation to the power that is the same as the index of the 
Containing radical. 

Radicals 3. Solve the resulting equation. If it still contains a radical, go back to step 1. 


4. Check the results to eliminate extraneous solutions. 
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Caution 
When using the power rule, don’t 
forget to raise both sides to the 
same power. For this example, a 
common error would be to write 


Notation 
In Section 9.2, we saw that radical 
expressions can be written with 
rational exponents. The equation 
in this example could also be 
written as 


Gxt 1)'?+1=x 


EXAMPLE 2 j Amusement Park Rides. The distance d in feet that an object 
: will fall in ¢ seconds is given by the formula 
d 


t= i 
16 


If the designers of the amusement park attraction want the riders to experience 3 seconds of 
vertical free fall, what length of vertical drop is needed? 


Strategy We will begin by substituting 3 for the time ¢ in the formula. 


Why We can then solve the resulting radical equation in one variable to find the 
unknown distance d. 


Solution 
ge: d 
16 
d 
= 16 Substitute 3 for t. Here the radical is isolated on the right side. 
d 2 
Gy = ( 16 ) To clear the equation of the square root, square both sides. 
d 
a= 16 Perform the operations on each side. 
144=d Solve the resulting equation by multiplying both sides by 16. 


The amount of vertical drop needs to be 144 feet. 


a Self Check 2 | How long a vertical drop is needed if the riders are to free fall 
for 3.5 seconds? 


Now Try Problem 97 


EXAMPLE3 Solve: V3x #1 +1 =x 


Strategy Since | is outside the square root symbol, there are two terms on the left side of 
the equation. To isolate the radical, we will subtract | from both sides. 


Why This will put the equation in a form where we can square both sides to clear the 


radical. 
Solution 
V3x+1+1=x This is the equation to solve. 
V3x+1l=x-1 To isolate the radical on the left side, subtract 


1 from both sides. 


2 
( V3x+1 ) = (x= iy Square both sides to eliminate the square root. 
3x + 1 =x7—2x +1 Onthe right side, use the FOIL method: 


(x — 1)? = (x -1)(x -1) =X —x-—xt1=%-— 2x41, 


Success Tip 
Even if you are certain that no 
algebraic mistakes were made 
when solving a radical equation, 
you must still check your 
solutions. Raising both sides to a 
power can introduce extraneous 


solutions that must be discarded. 


Using Your Calculator 
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0=x - 5x To get O on the left side, subtract 3x and 1 
from both sides. This is a quadratic equation. 
0 = x(x — 5) Factor out the GCF, x. 


x=0 or x-—5=0 Set each factor equal to 0. 

x=0 | x=5 
We must check each proposed solution to see whether it satisfies the original equation. 
This is the check for 0: This is the check for 5: 

V3x+1+1=x V3x +1+1=.x  Thisis the original equation. 

V3(0) +1+120 V3(5)+14+125 

V1i+120 Vi6+ 125 

2=0 False 5=5 True 


The proposed solution 0 does not check; it must be discarded. Since the only solution is 5, 
the solution set is {5}. 


i Self Check 3 F | Solve: V4x +1+1=x 


Now Try Problems 21 and 25 


Solving Radical Equations 


To find solutions for V 3x + 1 + 1 = x with a graphing calculator, we graph the functions 
f(x) = V3x + 1 + 1 and g(x) = x, as in figure (a). We then trace to find the approximate 
x-coordinate of their intersection point, as in figure (b). After repeated zooms, we will see 
that x = 5. 

We can also use the INTERSECT feature to approximate the point of intersection of 
the graphs. See figure (c). The intersection point of (5, 5), with x-coordinate 5, implies that 
5 is a solution of the radical equation. 


WMIEICSheL 41 


HES.OSSLi915 Y=5.0198975 


(a) (b) (c) 


EXAMPLE 4 | Solve: V3x + 8 = 2 
Strategy Since 8 is outside the square root symbol, there are two terms on the left side of 
the equation. To isolate the radical, we will subtract 8 from both sides. 


Why This will put the equation in a form where we can square both sides to clear the 
radical. 
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Success Tip 
After isolating the radical, we 
obtained the equation 


V3x = —6. Since V3x cannot 


be negative, we immediately know 


that V/3x + 8 = 2 has no 
solution. 


Success Tip 
After raising both sides of a radical 
equation to a power, we use 


(Wa)’ = a to simplify one side. 
For example: 


(Wa? +7)" Sue dey 


Notation 
Since Wx + 7 can be written 
as (x° + 7)'/3, this equation 
could also be written as 
(x? ap ae =x+1. 


Solution 
V3x +8=2 This is the equation to solve. 
V3x =—-6 To isolate the radical on the left side, subtract & from both sides. 


(3x)? = (—6)’ Square both sides to eliminate the square root. 
3x = 36 
x= 12 To solve the resulting equation, divide both sides by 3. 
We check the proposed solution 12 in the original equation. 
V3x + 8 =2 
312) + 8 


I> 


2 Substitute 12 for x. 


V36+822 
6+8+=2 
14=2 False 


Since 12 does not satisfy the original equation, it is extraneous. The equation has no solu- 
tion. The solution set is @. 


a Self Check 4 7 | Solve: Va -9+3=0 
Now Try Problem 29 


The power rule can be used to solve radical equations that involve cube roots, fourth 
roots, fifth roots, and so on. 


| Solve: Wx +7=x4+1 


4 


EXAMPLE 5 


Strategy Note that the index of the radical is 3. We will use the power rule and cube both 
sides of the equation. 


Why Cubing both sides will produce, on the left side, the expression ( Wx? + 7) that 
simplifies to x° + 7. This step clears the equation of the radical. 


Solution 
Veit 7=x4+1 This is the equation to solve. 
3 
( Wx? + 7) =(at 1)3 Cube both sides to eliminate the cube root. 


et 7=x + 3x7 + 3x41 Perform the operations on each side. On the right: 
(x + 1)? = (x + 1)(x + 1)(x + 1). 


0 = 3x7 + 3x — 6 To get O on the left side, subtract x° and 7 from 
both sides. This is a quadratic equation. 
0O=x+x-2 Divide both sides by 3. 
0 = (x + 2)(x — 1) Factor the trinomial. 
x+2=0 or x-—1=0 Set each factor equal to O. 
x=-2 | x=1 


We check each proposed solution, —2 and 1, to see whether they satisfy the original 
equation. 
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Check: Wet+7=x41 We +7=x+1 
W(-2p +72 -24+1 WP+721+1 
W-8+72-1 Wi+742 

/-1 2-1 We 22 
-1=-1 True 259 True 


Both —2 and | satisfy the original equation. Thus, the solution set is {—2, 1}. 


a Self Check 5 j Solve: Wx? +8 =x+2 


Now Try Problems 33 and 37 


EXAMPLE 6 | Let fx) = W/2x + 1. For what value(s) of x is f(x) = 5? 


Strategy We will substitute 5 for f(x) and solve the equation 5 = /2x + 1. To do so, 
we will raise both sides of the equation to the fourth power. 


Why Raising both sides to the fourth power will produce, on the right side, the expression 
( W2x + 1 4 that simplifies to 2x + 1. This step clears the equation of the radical. 


Solution To find the value(s) where f(x) = 5, we substitute 5 for f(x) and solve for x. 
fe) = VW2x +1 
5=W2x+1  Thisisthe equation to solve. 


Since the equation contains a fourth root, we raise both sides to the fourth power to 
solve for x. 


4 
(5)* = ( 72x +1 ) Use the power rule to eliminate the radical. 


625 = 2x + 1 Perform the operations on each side. 
624 = 2x To solve the resulting equation, subtract 1 from both sides. 
312 =x Divide both sides by 2. 


Ifx = 312, then f(x) = 5. Verify this by evaluating f(312). 


ba Self Check 6 | Let g(x) = V/10x + 1. For what value(s) of x is g(x) = 1? 
Now Try Problem 41 


Solve Equations Containing Two Radicals. 


To solve an equation containing two radicals, we want to have one radical on the left side and 
one radical on the right side. 


EXAMPLE 7 _ Solve: V5x+9=2V3x4+4 


Strategy We will square both sides to clear the equation of both radicals. 
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Caution 
When finding (2 Woks aE 4), 


remember to square both 
2 and V3x + 4 to get: 
2(V3x + 4) 
This is an application of the power 


of a product rule for exponents: 


Gy" = xy" 


Caution 
When finding (2 = vale 
remember to use FOIL or a 
special-product rule. Do not just 
square the first term and the 
second term. 


(2 — vx) #2? - (vx) 


Why We can immediately square both sides since each radical is isolated on one side of 
the equation. 
Solution 
V5x +9 = 2V3x + 4 
( V 5x + 9)" = (2 V 3x + 4) Square both sides to eliminate the radicals. 


2 
5x +9= 2?( V 3x + 4) Simplify on the left. On the right, raise each factor 
of the product 2\/3x + 4 to the second power. 


This is the equation to solve. 


5x + 9 = 4(3x + 4) 
5x +9 = 12x + 16 


Perform the operations on the right. 


To solve the resulting equation, distribute the 
multiplication by 4. 


—7 = 7x 


—-l=x 


Subtract 5x and 16 from both sides. 
Divide both sides by 7. 


We check the solution by substituting — 1 for x in the original equation. 


V5x +9 =2V3x +4 
V5(-1) +92 2V3(-1) +4 Substitute —1 for x. 
V422V1 


2=2 True 


The solution is —1 and the solution set is {—1}. 


a Self Check 7 | Solve: Vx — 4 = 2Vx — 16 
Now Try Problem 47 


When more than one radical appears in an equation, we must often use the power rule 
more than once. 


EXAMPLE 8 


Solve: Vx + Vx +2=2 


Strategy We will isolate Vx + 2 on the left side of the equation and square both sides 
to eliminate it. After simplifying the resulting equation, we will isolate the remaining 
radical term and square both sides a second time to eliminate it. 


Why Each time that we square both sides, we are able to clear the equation of one radical. 


Solution 


Vxt+Vx+2=2 
Vx+2=2-vx 
(Vx +2) =(2- vz) 


This is the equation to solve. 
To isolate \/x + 2, subtract \/x from both sides. 


Square both sides to eliminate the square root on 
the left side. 


(1) x+2=(2- vx) 
To square the expression on the right side, we can use FOIL or a special-product rule: 
(2 — Vx)’ = (2 -— Vx)(2 — Vx) = 4 - 2Ve -2VE +x =4-4Ve 4x 


Perform the operation on the left side. 


Using Your Calculator 
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Equation | can now be written as 


x+2=4-4Vx+x 


Since the equation still contains a radical, we need to square both sides again. Before doing 
that, we must isolate the radical on one side. 


2=4-4Vx Subtract x from both sides. 


—2 = -4Vx To isolate the radical term, subtract 4 from both sides. 
1 
> = Vx To isolate the radical, divide both sides by —4. 
i 2 
ay = (vx) To eliminate the radical, square both sides again. 
1 
Za = % Perform the operations on each side. 
Check: Vx + Vx +2 =2  ‘Thisis the original equation. 
1 1 F 
rl + 4 +2=2 Substitute | for x. 


1 9 
Ly Par Think of 2as 2 and add: 5 + 3 = a 


3 + 5 =2 Evaluate ve 
2=2 True 


The result 5 checks. The solution set is {i}. 


eT) Self Check 8 | Solve: Va + Vat+3=3 


Now Try Problems 53 and 61 


Solving Radical Equations 


To find solutions for Vx + Vx + 2 = 4 (an equation similar to Example 8) with a graphing 
calculator, we graph the functions f(x) = Vx + Vx + 2 and g(x) = 4. We then trace to 
find an approximation of the x-coordinate of their intersection point, as in figure (a). From the 
figure, we can see that x ~ 2.98. We can zoom to get better results. 

Figure (b) shows that the INTERSECT feature gives the approximate coordinates of the 
point of intersection of the two graphs as (3.06, 4). Therefore, an approximate solution of the 
radical equation is 3.06. Check its reasonableness. 


WMIEMCHeI Che) 


5 aoe 


HSE.SPHPESY Y=E.SSP203E 


Intersection 


1 


(a) (b) 
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© Solve Formulas Containing Radicals. 


To solve a formula for a variable means to isolate that variable on one side of the equation, 
with all other quantities on the other side. 


EXAMPLE 9 j Depreciation Rates. Some office equipment that is now worth 
; V dollars originally cost C dollars 3 years ago. The rate r at which 
it has depreciated is given by 


rat-f% 
Cc 


Solve the formula for C. 


Strategy To isolate the radical, we will subtract 1 from both sides. We can then eliminate 
the radical by cubing both sides. 


Why Cubing both sides will produce, on the right, the expression (Wz) that simplifies 


to iu . This step clears the equation of the radical. 


Solution We begin by isolating the cube root on the right side of the equation. 


V 
r=1- df This is the depreciation model. 


r-1l=-3/= Subtract 1 from both sides to isolate the radical. 


Pa | 

i 

| 

— 

(7%) 

ll 
a 

| 
Ql~ 
a, 


To eliminate the radical, cube both sides. 


Vv 
(r-1p=- é Simplify the right side. 
Cr = iy == To clear the equation of the fraction, multiply both sides by C. 
V 3 
C= G= if To isolate C, divide both sides by (r — 1)”. 
= 


ey Self Check 9 f A formula used in statistics to determine the size of a sample to 
obtain a desired degree of accuracy is 


Solve the formula for n. 
Now Try Problem 69 


Bag onsurrs TO SELF CHECKS — 1. 11 2. 196 ft 3. 6,0isextraneous 4. 18 is extraneous, no solution, 0 


bo Uh? SO 76 20 Gh il Shwe e 
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VOCABULARY NOTATION 
Fill in the blanks. Complete each solution. 

1. Equations such as Vx + 4 — 4 = 5 and Wx + 1 = 12 are 1. Solve: V3x +3 —1=5 
called equations. V3n43 = 

2. When solving equations containing radicals, try to one (V3x +3) = (6) 
radical expression on one side of the equation. 

3. Squaring both sides of an equation can introduce = 
solutions. 3x = 

4. To_______ a proposed solution means to substitute it into the x= 


original equation and see whether a true statement results. : 
Does the proposed solution check? 


CONCEPTS 12. Fill in the blanks. Write each radical equation using a rational 


5. Fill in the blanks: The power rule states that if x, y, and n are exponent. 


real numbers and x = y, then a. Vx + 10 + 5 = 15 can be written (x + 10) +5=15 
b. V/2t + 4 =x — 1 canbe written(2t+4) =x-1 


x =P 
6. Determine whether 6 is a solution of each radical equation. GUIDED PRACTICE 
a Vxt+3=x-3 Solve each equation. Write all proposed solutions. Cross out those 
pea es that are extraneous. See Example 1. 
7. What is the first step in solving each equation? 13. Va—-3=1 14. Vx —10=1 
a Vx+11=5 15. V4 +5 =5 16. V5x —6 =2 
b. W/5x + 4+ 3 = 30 17. V6x + 13 =3 18. Vox + 1=5 
\/ Voy +O = 1 1 
See ee verre 19. ,/>x—2= 20. ,/-x +3 =6 
8. Simplify each expression. 3 2 
2. 2 
a. (vx) b. ( ; 5) Solve each equation. Write all proposed solutions. Cross out those 
2 3 3 that are extraneous. See Example 3 and the Notation feature in 
© (4V2x) d. ( ax — 8) the margin. 
(Wx)" Py ae} a 
= ve 21. V2x+11+2=x 22. V2a-3+3=a 
. 2 
9. Find: (Vx — 3) 23. V2r —3+9=r 24. V-x+24+2=x 
10. Solve Vx — 2 + 2 = 4 using the graphs below. 25. Git Te =t=1 26, +3)" —2=1 
27. (9 — a)? -~a=3 28. (4 — a)? -a=2 
ud Solve each equation. Write all proposed solutions. Cross out those 
that are extraneous. See Example 4. 
0 29. V5x + 10 =8 30. V3x + 5 =2 
fave +242 
5 31. V5 -—-x+10=9 32. 1 =2+ V4x + 75 
8a)e4 
Coos Le | * Solve each equation. See Example 5 and the Notation feature in 
the margin. 
33. Vin -1=3 34. V12m +4 =4 


35. We —-7=x-1 36. Vb — 68 =b—3 


852 


37. (m+ 26)'/ =m+2 


39. (Sr + 14) = 4 


See Example 6. 


CHAPTER 9 Radical Expressions and Equations 


38. 8 + 56)'F =x +2 


40. (2b + 29)'3 =3 


41. Let f(x) = \/3x + 1. For what value(s) of x is f(x) = 4? 


42. Let f(x) = V2x* — 7x. For what value(s) of x is f(x) = 2? 


43. Let f(x) = W/3x — 6. For what value(s) of x is f(x) = —3? 


44, Let f(x) = W/4x — 4. For what value(s) of x is f(x) = —2? 


Solve each equation. See Example 7. 


45. V3x + 12 = V5x — 12 
47. 2V4x+1=Vx+4 
49. V6t +9 =3V1 


51. (34x + 26)'7 =4a - pl? 


46. Vm +4 = V2m —5 


48. V6 — 2x =4Vx -3 
50. V 12x + 24 = 6Vx 


52. (a + 2a)? = 2a — 1)'2 


Solve each equation. Write all proposed solutions. Cross out those 
that are extraneous. See Example 8. 


53. Vx -5+ Vx =5 
55. Vz+3-Vz=1 


57. Vx+54+Vx-3=4 


59. Vrt+16+Vr+9=7 


61.3 =Vyt4-Vyt+7 
63.2 = V2ut+7—- Vu 


54. Vx—74+ Vx =7 
56. Vx + 12+ Vx =6 
58. Vb+7- Vb—-5=2 
60. Vx+8-Vx—-4=2 
62.3 = Vu —3 - Vu 


64.1 =V4s +5 —V2s +2 


Solve each equation for the specified variable or expression. 


See Example 9. 


65. v = V2gh forh 


| 1 
67. T= 27 3 Or! 
69 = fai A 
A io P or 


66. d= 14V>h forh 


12V 
68. d = 3/—— for V 
Vo 
70. danas P 
r= P or 


TRY IT YOURSELF 


Solve each equation. Write all proposed solutions. Cross out those 


that are extraneous. 


73. 2Vx = V5x — 16 74. 3Vx = V3x + 54 
75.n=(0 +n? —1)'° 76. (m* + m — 25)'4*=m 
77. Vy +2+y=4 78. V/22y + 86 -y =9 
79. Wx+8=-2 80. Wx +4=-1 
81.1=Vxt+5—-V 82.2=Vx+8—- Vx 

Vi12x — 5 V16x — 12 
33. x = ——_——_ 84. x = ———__— 

2 2 

85. (n° + 6n + 3)? = (n* — 6n — 3)'/? 
86. (m> — 12m — 3)? = (m? + 12m + 3)? 
87. Vx -—5-Vx4+3=4 88. Vx +8 -—Vx =-2 
39. V10y + 6 = 2Wy 90. V21a + 39 =3Wa-—1 
91. V—5x + 24=6-x 92. -s -3 =2V5—-s5 
93. V2x+5=1 94. 3x + 10=1 
95. Vox +2 -V5x4+3=0 96. V5x +2 -—Vx+10 =0 


APPLICATIONS 


97. HIGHWAY DESIGN A curved road will accommodate traffic 
traveling s mph if the radius of the curve is r feet, according to 


the formula s = 3Vr. If engineers expect 40-mph traffic, what 
radius should they specify? Give the result to the nearest foot. 


Pe 


98. FORESTRY The taller a lookout tower, the farther an 
observer can see. That distance d (called the horizon distance, 
measured in miles) is related to the height / of the observer 
(measured in feet) by the formula d = 1.22Vh. How tall 
must a lookout tower be to see the edge of the forest, 25 miles 
away? (Round to the nearest foot.) 


99. WIND POWER The power generated by a windmill is 


related to the velocity of the wind by the formula 


s 
v= 3/——_ 
0.02 


where P is the power (in watts) and v is the velocity of the 
wind (in mph). Find how much power the windmill is 
generating when the wind is 29 mph. 

. DIAMONDS | The effective rate of interest r earned by an 
investment is given by the formula 


cae 
r= nj— — 
P 


where P is the initial investment that grows to value A after n 
years. If a diamond buyer got $4,000 for a 1.73-carat diamond 
that he had purchased 4 years earlier, and earned an annual 
rate of return of 6.5% on the investment, what did he 
originally pay for the diamond? 

. THEATER PRODUCTIONS | The ropes, pulleys, and sand- 
bags shown in the illustration are part of a mechanical system 
used to raise and lower scenery for a stage play. For the scenery 
to be in the proper position, the following formula must apply: 


ey Sey ae) 
W. = Ww, + W3 


If w. = 12.5 lb and w3 = 7.5 |b, find w,. 


102. 


103. 


104. 
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CARPENTRY During construction, carpenters often brace 
walls as shown in the illustration, where the length L of the 
brace is given by the formula 


L=VP + 


If a carpenter nails a 10-ft brace to the wall 6 feet above the 
floor, how far from the base of the wall should he nail the 
brace to the floor? 


SUPPLY AND DEMAND The number of wrenches that 
will be produced at a given price can be predicted by the 
formula s = \/5x, where s is the supply (in thousands) 

and x is the price (in dollars). The demand d for wrenches 
can be predicted by the formula d = \/100 — 3x7. Find the 
equilibrium price—that is, find the price at which supply will 
equal demand. 

SUPPLY AND DEMAND The number of mirrors that will 
be produced at a given price can be predicted by the formula 
s = V 23x, where s is the supply (in thousands) and x is the 
price (in dollars). The demand d for mirrors can be predicted 
by the formula d = 312 — 2x*. Find the equilibrium 
price—that is, find the price at which supply will equal 
demand. 


WRITING 


105. 


What is wrong with the work shown below? 


Solve: Vx +1-3=8 
Vxt+1=11 
(Vx+1) =11 
x+1=11 

x= 10 


106. The first step of a student’s solution is shown below. What is a 


better way to begin the solution? 


WVoot Vx +22=492 
(Vaee/x + 222? 


Solve: 


854 CHAPTER 9 Radical Expressions and Equations 


107. Explain why it is immediately apparent that V 8x — 7 = —2 
has no solution. 


108. Explain the error in the following work. 
V2y+1=Vy+7+3 


(V2y + 1) (Wy +743) 
2yvt1l=y+7+9 


Solve: 


109. To solve V2x + 7 = Vx we need only square both sides 
once. To solve V2x + 7 = Vx + 2 we have to square both 
sides twice. Why does the second equation require more 
work? 

110. Explain how V2x — 1 = x can be solved graphically. 

111. Explain how the table 
can be used to solve 


4x —-3 —-2 = V2x — Sif 
Y, = V4x — 3 — 2 and 
Y, = V2x — 5. 


112. Explain how to use the >) 
graph of f(x) = Wx — 0.5 - 1, 
shown in the illustration, to 
approximate the solution of 


Wx — 0.5 = 1. 


REVIEW 


113. LIGHTING The intensity of light from a lightbulb varies 
inversely as the square of the distance from the bulb. If you 
are 5 feet away from a bulb and the intensity is 40 foot- 
candles, what will the intensity be if you move 20 feet away 
from the bulb? 


114. COMMITTEES What type of variation is shown in the illus- 
tration? As the number of people on this committee increased, 
what happened to its effectiveness? 


Effectiveness of 
the committee 


Number of people on a committee 


115. TYPESETTING If 12-point type is 0.166044 inch tall, how 
tall is 30-point type? 

116. GUITAR STRINGS The frequency of vibration of a string 
varies directly as the square root of the tension and inversely 
as the length of the string. Suppose a string 2.5 feet long, 
under a tension of 16 pounds, vibrates 25 times per second. 
Find &, the constant of proportionality. 


CHALLENGE PROBLEMS 


Solve each equation. Write all proposed solutions. Cross out those 
that are extraneous. 


17. W/2x = Vx 


Al 


120. V8 —x — V3x-8 = Vx—4 


@ Use the Pythagorean theorem to solve problems. 


Objectives 


© Use the distance formula to solve problems. 


® Solve problems involving 45°- 45° 90° triangles. 
© Solve problems involving 30°- 60° 90° triangles. 


We will now consider applications of square roots in geometry. Then we will find the distance 
between two points on a rectangular coordinate system, using a formula that contains a square 
root. We begin by considering an important theorem about right triangles. 


The Pythagorean 
Theorem 


Hypotenuse 
Leg c 
a=3 


Leg 
b=4 


The Language of Algebra 
A theorem is a mathematical 
statement that can be proved. The 
Pythagorean theorem is named 
after Pythagoras, a Greek 
mathematician who lived about 
2,500 years ago. He is thought to 
have been the first to prove the 
theorem. 
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Use the Pythagorean Theorem to Solve Problems. 


If we know the lengths of two legs of a right triangle, we can find the length of the hypotenuse 
(the side opposite the 90° angle) by using the Pythagorean theorem. 


Ifa andb are the lengths of the legs of a right triangle and 
c 1s the length of the hypotenuse, 


a+RP=c 


In words, the Pythagorean theorem is expressed as follows: 


In any right triangle, the square of the hypotenuse is equal to the sum of the squares of the 
two legs. 


Suppose the right triangle shown in the margin has legs of length 3 and 4 units. To find the 
length of the hypotenuse, we use the Pythagorean theorem. 


a+h=c’ 
3° + 4° =? Substitute 3 for aand 4 for b. 
9+ 16=c 

see 


To find c, we ask “What number, when squared, is equal to 25?” There are two such 
numbers: the positive square root of 25 and the negative square root of 25. Since c represents 
the length of the hypotenuse, and it cannot be negative, it follows that c is the positive square 
root of 25. 


5 = Cc Recall that a radical symbol Vis used to represent 
the positive, or principal square root of a number. 


5=c 


The length of the hypotenuse is 5 units. 


EXAMPLE 1 j Firefighting. To fight a fire, the forestry department plans to 
clear a rectangular firebreak around the fire, as shown in the illus- 
tration on the next page. Crews are equipped with mobile communications that have a 
3,000-yard range. Can crews at points A and B remain in radio contact? 


Strategy We will use the Pythagorean theorem to find the distance between points 
A and B. 


Why If this distance is less than 3,000 yards, they can communicate. If it is greater than 
3,000 yards, they cannot communicate. 


Solution The line segments connecting points 4, B, and C form a right triangle. To find 
the distance c from point A to point B, we can use the Pythagorean theorem, substitut- 
ing 2,400 for a and 1,000 for 5 and solving for c. 
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Caution 
When using the Pythagorean 
theorem a* + b? = c*, wecan let 
a represent the length of either leg 
of the right triangle. We then let b 
represent the length of the other 
leg. The variable c must always 
represent the length of the 
hypotenuse. 


45° 90° 


@+P=c 
2,400” + 1,000? = c? 
5,760,000 + 1,000,000 = c* 

6,760,000 = c? 


6,760,000 = c_ If c* = 6,760,000, then c must be a square root of 


6,760,000. Because c represents a length, it must 
be the positive square root of 6,760,000. 


2,600 = c Use a calculator to find the square root. 


The two crews are 2,600 yards apart. Because this distance is less than the 3,000-yard range 
of the radios, they can communicate by radio. 


a Self Check 1 4 Can the crews communicate if b = 1,500 yards? 
Now Try Problems 15 and 55 


Solve Problems Involving 45°— 45°- 90° Triangles. 


An isosceles right triangle is a right triangle with two legs of equal length. Isosceles right tri- 
angles have angle measures of 45°, 45°, and 90°. If we know the length of one leg of an 
isosceles right triangle, we can use the Pythagorean theorem to find the length of the 
hypotenuse. Since the triangle shown in the margin is a right triangle, we have 

C=a +B 

C=a+a Both legs are a units long, so replace b with a. 


( 2a* Combine like terms. 


2 
c= V2a If c* = 2a*, then c must be a square root of 2a~. Because c 
represents a length, it must be the positive square root of 2a*. 


c=aV2 Simplify the radical: V2a" = V/2V/a? = V'2a = aV2. 


Thus, in an isosceles right triangle, the length of the hypotenuse is \V/2 times the length 
of one leg. 


EXAM PLE 2 j If one leg of an isosceles right triangle is 10 feet long, find the 
exact length of the hypotenuse. Then approximate the length to 
two decimal places. 


Strategy We will multiply the length of the known leg by V2. 


Why The length of the hypotenuse of an isosceles right triangle is \/2 times the length 
of one leg. 


45° 


45° 
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Solution Since the length of the hypotenuse is the length of a leg times V2, we have 
c= 10V2 


The exact length of the hypotenuse is 10V2 feet. If we approximate to two decimal places, 
the length is 14.14 feet. 


a Self Check 2 | Find the exact length of the hypotenuse of an isosceles right 
triangle if one leg is 12 meters long. Then approximate the 
length to two decimal places. 


Now Try Problem 23 


If the length of the hypotenuse of an isosceles right triangle is known, we can use the 
Pythagorean theorem to find the length of each leg. 


EXAMPLE 3 Find the exact length of each leg of the following isosceles right 
: triangle shown in the margin. Then approximate the lengths to two 
decimal places. 


Strategy We will use the Pythagorean theorem to form an equation that we can solve to 
find the unknown length of a leg of the triangle. 


Why We use the Pythagorean theorem because the triangle is a right triangle and we are 
given the length of its hypotenuse. 


Solution We use the Pythagorean theorem. 
C=a +B’ 


25° =a’ +a’ Since both legs are a units long, substitute a for b. 
The hypotenuse is 25 units long. Substitute 25 for c. 


257 = 2a? Combine like terms. 


=e To isolate a’, square 25 and then divide both sides by 2. 


os 

2 

Oe Ifa? = 222 th t be th iti t of 228 

7 a a = 2° en a mus e é posi Ive square root oO 2° 
V625 V2 


—— § SS = a Write oe as ieee Then rationalize the denominator. 
2 2 V2 
25V 2 In the numerator, evaluate the radical: VV 625 = 25. 
miamieabere 
2 Multiply the denominators: VWe/2 = 2, 
25V2 


The exact length of each leg is ~;— units. If we approximate to two decimal places, the 
length is 17.68 units. 


a Self Check 3 j Find the exact length of each leg of an isosceles right triangle if 
the length of the hypotenuse is 9 inches. Then approximate the 
lengths to two decimal places. 

Now Try Problem 27 
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© Solve Problems Involving 30°-60°— 90° Triangles. 


From geometry, we know that an equilateral triangle is a triangle with three sides of equal 
length and three 60° angles. Each side of the equilateral triangle shown in the margin is 2a 
units long. If an altitude (height) is drawn to its base, the altitude divides the base into two 
segments of equal length and divides the equilateral triangle into two 30°-60°—90° triangles. 
From the figure, we can see that the shorter leg of each 30°-60°—90° triangle (the side oppo- 
site the 30° angle) is a units long. Thus, 


The length of the hypotenuse of a 30°—60°—90° triangle is twice as long as the shorter leg. 


We can discover another relationship between the legs of a 30°-60°—90° triangle if we 
find the length of the altitude / in the figure. We begin by applying the Pythagorean theorem 
to one of the 30°—60°—90° triangles. 


at+hP=c’ 
a +h? = (2a) The altitude is h units long, so replace b with h. 
The hypotenuse is 2a units long, so replace c with 2a. 
a +h? = 4a (2a)? = (2a)(2a) = 4a”. 
= 3a Subtract a* from both sides. 
h= V3a If h* = 3a*, then h must be the positive square root of 3a°. 
h=a\V/3 Simplify the radical: 3a" = V3V/a? = aV3. 
We see that the altitude—the longer leg of the 30°—60°—90° triangle—is V/3 times as long as 
the shorter leg. Thus, 


The length of the longer leg of a 30°—60°—90° triangle is V3 times the length of the 
shorter leg. 


EXAMPLE 4 | Find the length of the hypotenuse and the length of the longer leg 
of the 30°-60°—90° triangle shown in the margin. 


Strategy To find the length of the hypotenuse, we will multiply the length of the shorter 
leg by 2. To find the length of the longer leg, we will multiply the length of the 


shorter leg by V3. 
Why These side-length relationships are true for any 30°—60°—90° triangle. 


Longer 
leg Shorter leg 
Solution Since the length of the hypotenuse of a 30°-60°—90° triangle is twice as long 
as the shorter leg, and the length of the shorter leg is 6 cm, the hypotenuse is 

2:6 = 12cm. 
Since the length of the longer leg is V3 times the length of the shorter leg, and the 


length of the shorter leg is 6 cm, the longer leg is 6V3cm (about 10.39 cm). 


a Self Check 4 j Find the length of the hypotenuse and the longer leg of a 
30°-60°—90° triangle if the shorter leg is 8 centimeters long. 


Now Try Problem 31 


Success Tip 
In a 30°-60°—90° triangle, the 
side opposite the 30° angle is the 
shorter leg, the side opposite the 
60° angle is the longer leg, and 
the hypotenuse is opposite the 
90° angle. 
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EXAMPLE 5 | Find the length of the hypotenuse and the length of the shorter leg 
: of the 30°-60°—90° triangle shown in the margin. Then approxi- 
mate the lengths to two decimal places. 


Strategy We will find the length of the shorter leg first. 


Why Once we know the length of the shorter leg, we can multiply it by 2 to find the 
length of the hypotenuse. 


Solution If we let x = the length in inches of the shorter leg of the triangle, we can form 
an equation by translating the following statement: 


The length of the longer leg is MEE times the length of 
of a 30°—60°—90° triangle the shorter leg. 
50 = V3. - x 
To find the length of the shorter leg, we solve the equation for x. 
50 = V3x 
50 _ V3x 
a ee To isolate x, divide both sides by V3. 
50 
VA = % 


The length of the shorter leg is exactly ar inches. To write this number in simplified 


radical form, we rationalize the denominator. 


50 V3 _ 50V3 
V3 V3 3 


Thus, the length of the shorter leg is exactly 


0V3 inches (about 28.87 inches). 
Since the length of the hypotenuse of a 30°-60°-90° triangle is twice as long as the 
2: S0V3 oe inches (about 57.74 inches). 


shorter leg, the hypotenuse is 


a Self Check 5 i Find the length of the hypotenuse and the shorter leg of a 
30°-60°—90° triangle if the longer leg is 15 feet long. Then 
approximate the lengths to two decimal places. 


Now Try Problem 35 


EXAMPLE 6 Stretching Exercises. A doctor prescribed the exercise shown 

~ in figure (a) on the next page. The patient was instructed to raise 

his leg to an angle of 60° and hold the position for 10 seconds. If the patient’s leg is 

36 inches long, how high off the floor will his foot be when his leg is held at the proper 
angle? 


Strategy This situation is modeled by a 30°-60°—-90° triangle. We will begin by finding 
the length of the shorter leg. 
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Why Once we know the length of the shorter leg, we can easily find the length of the 
longer leg, which represents the distance the patient’s foot is off the ground. 


Solution In figure (b), we see right triangle ABC, which models the situation. Since the 
length of the hypotenuse is twice as long as the side opposite the 30° angle, side AC is 
half as long as the hypotenuse. Since the hypotenuse is given to be 36 inches long, side 
AC must be 18 inches long. 

Since the length of the longer leg (the leg opposite the 60° angle) is V/3 times 
the length of the shorter leg (side AC), side BC is 18V3, or about 31 inches long. So 
the patient’s foot will be about 31 inches from the floor when his leg is in the proper 
position. 


La Now Try Problems 39 and 61 


4.) Use the Distance Formula to Solve Problems. 


With the distance formula, we can find the distance between any two points graphed on a 
rectangular coordinate system. 

To find the distance d between points P(x,, y;) and O(x>, v2) shown in the figure below, 
we construct the right triangle PRO. The distance between P and R is |x. — x,|, and the 
distance between R and Q is|y — y,|. We apply the Pythagorean theorem to the right triangle 
PRO to get 

d= [x2 — x,|? + |y2 = | 

= (x2 - xy + (2 - way Because |x — x|* = (x2 — x)* and |y2 — y|* = (yo — ys) 
Because d represents the distance between two points, it must be equal to the positive square 
root of (x. — x1)” + (2 — 1). 


d= Va — mY + (2 — yi 


We call this result the distance formula. 


y 
4 Q(X, Y2) 


lv2- yal 


PO, yp) 


Distance Formula 
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The distance d between two points with coordinates (x1, y;) and (x2, y2) is given by 


= Vie = me + 02 - yi 


EXAMPLE 7 Find the distance between the points (—2, 3) and (4, —5). 


Strategy We will use the distance formula. 
Why We know the x- and y-coordinates of both points. 


Solution To find the distance, we can use the distance formula by substituting 4 for 
X2, —2 for x1, —5 for yz, and 3 for y;. 


d= VQ — x) + 02 - 
= V[4 — (-2)' + (-5 = 3)" 
= V(4 + 2% + (-5 — 3) 
= Ve + (-8) 
= V36 + 64 
= V/100 


= 10 


The distance between the points is 10 units. 


a Self Check 7 j Find the distance between (—2, —2) and (3, 10). 
Now Try Problems 47 and 49 


EXAMPLE 8 Robotics. Robots are used to weld parts of an automobile 

chassis on an automated production line. To do so, an imaginary 

coordinate system is superimposed on the side of the vehicle, and the robot is pro- 

grammed to move to specific positions to make each weld. (See the figure below, which 

is scaled in inches.) How far does the tip of the welder unit move from position | to 
position 2? 


y 
A 
® Position | 


50 Position-2 
Uf 5p 6154, 37) 


> X 


50 100 150 200 


Strategy We will use the distance formula to find how far the tip of the welder unit 
moves. 
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Why We know the x- and y-coordinates of position | and position 2. 


Solution To find the distance d that the tip of the welder unit moves from position 1 at 
(14, 57) to position 2 at (154, 37), we proceed as follows: 


c= Vie a x) + O2 - yy 


This is the distance formula. 


d = V(154 — 14)? + (37 — 57° 


= Via + (207 


= V 20,000 Evaluate: 140° + (—20)* = 19,600 + 400 = 20,000. 
= 100V2 Simplify: 20,000 = V/100 - 100 - 2 = 1002. 


The tip of the welder unit moves 1002 inches (about 141.42 inches) from position | 


to position 2. 


La Now Try Problem 67 


Substitute 154 for x2, 14 for x,, 37 for y2, and 57 for y;. 


| 1. Yes 2. 12V2m~ 16.97m_ 3. oN ar ~ 6.36 in. 
4. 16om,8V3cem_ 5. 10V3 in. ~ 17.32 in., 5V3 in. ~ 8.66 in. 7. 13 


7. In an isosceles right triangle, the length of the hypotenuse is 
VOCABULARY 
Fillinthe blanks. times the length of one leg. 
8. The shorter leg of a 30°-60°—90° triangle i 1 th 
1. Ina right triangle, the side opposite the 90° angle is called the h re i aa pie ili 
ypotenuse. 


9. The length of the longer leg of a 30°-60°—90° triangle is 
2. An right triangle is a right triangle with two legs of times the length of the shorter leg. 
edpaleneen 10. In a 30°-60°—90° triangle, the shorter leg is opposite the 
3. The theorem states that in any right triangle, the angle, and the longer leg is opposite the angle. 
square of the hypotenuse is equal to the sum of the squares of the 11s ‘Tike founda to find thedlisemcs hemeenpainietrn sand 
lengths of the two legs. J : 
,y2)isd = + 
4. An triangle has three sides of equal length and three (x2, Y2) is 
60° angles 12. Solve for c, where c represents the length of the hypotenuse of 
: a right triangle. Simplify the result, if possible. 
CONCEPTS a. c = 64 
ae 
Fill in the blanks. bc = 15 
cc = 24 


5. Ifa and bare the lengths of the legs of a right triangle and c is 
the length of the hypotenuse, then + = 

6. In any right triangle, the square of the hypotenuse is equal to the 
_____ of the squares of the two____. 


NOTATION 
Complete each solution. 


13. Evaluate. Approximate to two decimal places. 


V(-1- 37 +2-(C4P = Vea + OP 
-Vil 
= VE: 13 
= —§vV13 


14. Solve 8? + 47 = c’ andassume c > 0. 


8.94 


GUIDED PRACTICE 


The lengths of two sides of the right triangle ABC are given. Find 
the length of the missing side. See Example 1. 


15. a = 6ftandb = 8 ft 
16. a = 5in. and b = 12 in. 


17. a = 8 ftandb = 15 ft . 
18. a = 24ydand b = 7yd 
19. b = 9 ftandc = 41 ft A b 
20. b = 18mandc = 82m 


b 
21. a = 10cmandc = 26cm 
22. a = 14in. andc = 50 in. 


Find the missing side lengths in each triangle. Give the exact 
answer and then an approximation to two decimal places when 
appropriate. See Example 2. 


23. 24. h 


45° 45 45 


45° a 


25. One leg of an isosceles right triangle is 3.2 feet long. Find the 
length of its hypotenuse. Give the exact answer and then an 


approximation to two decimal places. 

26. One side of a square is 55 in. long. Find the length of its 
diagonal. Give the exact answer and then an approximation to 
two decimal places. 
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Find the missing side lengths in each triangle. Give the exact 
answer and then an approximation to two decimal places. See 
Example 3. 


27. 28. 


17.12 


29. PHOTOGRAPHS The diagonal of a square photograph 
measures 10 inches. Find the length of one of its sides. Give 
the exact answer and then an approximation to two decimal 


places. 


30. PARKING LOTS The diagonal of a square parking lot is 
approximately 1,414 feet long. 


a. Find the length of one side of the parking lot. Round to the 
nearest foot. 


b. Find the approximate area of the parking lot. 
Find the missing side lengths in each triangle. Give the exact 


answer and then an approximation to two decimal places, when 
appropriate. See Example 4. 


33. In a 30°-60°-90° triangle, the length of the leg opposite the 
30° angle is 75 cm. Find the length of the leg opposite the 
60° angle and the length of the hypotenuse. Give the exact 
answer and then an approximation to two decimal places, 
when appropriate. 

34. In a 30°-60°—90° triangle, the length of the shorter leg is 
5/2 inches. Find the length of the hypotenuse and the length 
of the longer leg. Give the exact answer and then an approxima- 
tion to two decimal places. 


Find the missing lengths in each triangle. Give the exact answer 
and then an approximation to two decimal places. See Example 5. 


35. 36. 


h 


—] 30° 30° [| 
40 21 
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37. In a 30°-60°—90° right triangle, the length of the leg opposite 
the 60° angle is 55 millimeters. Find the length of the leg 
opposite the 30° and the length of the hypotenuse. Give the 
exact answer and then an approximation to two decimal places. 


38. In a 30°-60°—90° right triangle, the length of the longer leg is 
24 yards. Find the length of the hypotenuse and the length of 
the shorter leg. Give the exact answer and then an approxima- 
tion to two decimal places. 


Find the missing lengths in each triangle. Give the exact answer 
and then an approximation to two decimal places, when 
appropriate. See Example 6. 

39. 40. 


60° 60° 
100 9.38 


30° I | 30° 


41. Ina 30°-60°—90° right triangle, the length of the hypotenuse is 
1.5 feet. To the nearest hundredth, find the length of the shorter 
leg and the length of the longer leg. Give the exact answer and 
then an approximation to two decimal places, when appropriate. 


42. In a 30°-60°—90° right triangle, the length of the hypotenuse 


is 12/3 inches. Find the length of the leg opposite the 30° 
angle and the length of the leg opposite the 60° angle. Give the 
exact answer and then an approximation to two decimal places, 


when appropriate. 


Find the distance between each pair of points. See Example 7. 


43. (0, 0), (3, —4) 44, (0, 0), (—12, 16) 
45. (—2, —8), (3, 4) 46. (—5, —2), (7, 3) 
47. (6, 8), (12, 16) 48. (10, 4), (2, —2) 
49. (—2, 1), 3,4) 50. (2, —3), (4, -8) 
51. (—1, —6), (3, —4) 52. (—3, 5),(—5, —5) 
53. (—2, -1), (—5, 8) 54. (4, 7), (—4, —5) 
APPLICATIONS 


55. SOCCER The allowable length of a rectangular soccer field 
used for international adult matches can be from 100 to 110 
meters and the width can be from 64 to 75 meters. 

a. Find the length of the diagonal of the field that has the 
minimum allowable length and minimum allowable width. 
Give an approximation to two decimal places. 

b. Find the length of the diagonal of the field that has the 
maximum allowable length and maximum allowable width. 
Give the exact answer and an approximation to two decimal 


places. 


56. Find the exact length of the diagonal (in blue) of one of the 
faces of the cube shown below. 

57. Find the exact length of the diagonal (in green) of the cube 
shown below. 


a en 


7cm 7cm 


58. Use the distance formula to show that a triangle with vertices 
(—2, 4), (2, 8), and (6, 4) is isosceles. 

59. WASHINGTON, D.C. The square in the map shows the 100- 
square-mile site selected by George Washington in 1790 to 
serve as a permanent capital for the United States. In 1847, the 
part of the district lying on the west bank of the Potomac was 
returned to Virginia. Find the exact coordinates of each corner 
of the original square that outlined the District of Columbia and 
approximations to two decimal places. 


WASHINGTON, D.C. 
Via i 


VIRGINIA 


60. PAPER AIRPLANES The illustration gives the directions for 
making a paper airplane from a square piece of paper with 
sides 8 inches long. Find the length / of the plane when it is 
completed. Give the exact answer and an approximation to two 


decimal places. 


Step 2: 
Fold to make 
wing. 


Step 3: 


Fold up tip 


l 


61. HARDWARE The sides of a regular hexagonal nut are 
10 millimeters long. Find the height h of the nut. Give the exact 
answer and an approximation to two decimal places. 


<0 mm 


62. IRONING BOARDS Find the height / of the ironing board 
shown in the illustration. Give the exact answer and an approx1- 
mation to two decimal places. 
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63. BASEBALL A baseball diamond is a square, 90 feet on a 
side. If the third baseman fields a ground ball 10 feet directly 
behind third base, how far must he throw the ball to throw a 
runner out at first base? Give the exact answer and an 


approximation to two decimal places. 


2nd base 


3rd 
base 


Ist 
base 


64. BASEBALL A shortstop fields a grounder at a point one- 
third of the way from second base to third base. How far will he 
have to throw the ball to make an out at first base? Give the 
exact answer and an approximation to two decimal places. 


65. CLOTHESLINES A pair of damp jeans are hung on a 
clothesline to dry. They pull the center down | foot. By how 
much is the line stretched? Give an approximation to two 
decimal places. 
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66. FIREFIGHTING The base of the 37-foot ladder is 9 feet 


from the wall. Will the top reach a window ledge that is 35 feet 
above the ground? Verify your result. 


37 ft 


67. ART HISTORY A figure displaying some of the characteris- 


tics of Egyptian art is shown in the illustration. Use the distance 
formula to find the following dimensions of the drawing. 
Round your answers to two decimal places. 

a. From the foot to the eye 

b. From the belt to the hand holding the staff 

c. From the shoulder to the symbol held in the hand 


VNNNVv 
orn 


ell etl a ld 
FPNWHEUNDAWOODKFNwWHKUNAA DO 


SS SSS 5S. SSS SS SS 
ae 
o 


a 


68. PACKAGING The diagonal d of a rectangular box with 
dimensions a X b X cis given by 


d=VP+P +2 


Will the umbrella fit in the shipping carton in the illustration? 
Verify your result. 


17 in. 


12 in. 
24 in. 


69. PACKAGING An archaeologist wants to ship a 34-inch 
femur bone. Will it fit in a 4-inch-tall box that has a 24-inch- 
square base? (See Exercise 68.) Verify your result. 

70. TELEPHONE SERVICE The telephone cable in the illustra- 
tion runs from A to B to C to D. How much cable is required to 
run from A to D directly? 


WRITING 


71. State the Pythagorean theorem in words. 

72. List the facts that you learned about special right triangles in 
this section. 

73. When the lengths of the sides of a certain triangle are 
substituted into the equation of the Pythagorean theorem, the 
result is a false statement. Explain why. 


C+tre=ae 
4 42 = 52 
4+ 16 = 25 


74. Explain how the distance formula and the Pythagorean theorem 
can be used to show that a triangle with vertices (2, 3), (—3, 4), 
and (1, —2) is a right triangle. 


REVIEW 


75. DISCOUNT BUYING A repairman purchased some 
washing-machine motors for a total of $224. When the unit cost 
decreased by $4, he was able to buy one extra motor for the 
same total price. How many motors did he buy originally? 

76. AVIATION An airplane can fly 650 miles with the wind in 
the same amount of time as it can fly 475 miles against the 
wind. If the wind speed is 40 mph, find the speed of the plane 
in still air. 

77. Find the mean of 16, 6, 10, 4, 5, 13 

78. Find the median of 16, 6, 10, 4,5 


9.7 Complex Numbers 867 


CHALLENGE PROBLEMS 
79. Find the length of the diagonal of the 
cube. 


80. Show that the length 
of the diagonal of the 
rectangular solid shown is 


Va + b? + ccm. 


acm 


Find the distance between each pair of points. 


81. (V8, V150) and (12, V24) 
82. (v3, -~V/20) and (50, -V/45) 


Objectives 


oO0008 


Express square roots of negative numbers in terms of i. 


Write complex numbers in the form a + bi. 
Add and subtract complex numbers. 
Multiply complex numbers. 

Divide complex numbers. 

Perform operations involving powers of i. 


Recall that the square root of a negative number is not a real number. However, an expanded 
number system, called the complex number system, gives meaning to square roots of negative 


numbers, such as V —9 and V —25. To define complex numbers, we use a number that is 


denoted by the letter 7. 


@ Express Square Roots of Negative Numbers in Terms of i. 


Some equations do not have real-number solutions. For example, x7 = —1 has no real- 
number solutions because the square of a real number is never negative. To provide a solution 
to this equation, mathematicians have defined the number i so that i? = —1. 


The Number 7 
i= Sl 


The imaginary number i is defined as 


From the definition, it follows that i? = —1. 


This definition enables us to write the square root of any negative number in terms of 7. 
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We can use extensions of the product and quotient rules for radicals to write the square 
root of a negative number as the product of a real number and i. 


EXAMPLE 1 i Write each expression in terms of i: 
24 
a. V—-9 b. V-7 &. =V=18 a /-™ 


Strategy We will write each radicand as the product of —1 and a positive number. Then 
we will apply the appropriate rules for radicals. 


The Language of Algebra 
For years, mathematicians 
thought numbers like V —9 


Why We want our work to produce a factor of VV —1 so that we can replace it with 7. 
and V —25 were useless. In the 


17th century, French mathemati- Solution After factoring the radicand, we use an extension of the product rule for 
cian René Descartes (1596-1650) radicals. 

called them imaginary numbers. 

Today they have important uses a V-9 = V~-1-9 = V-1V9 =i°3 = 3i Replace V—1 with i. 

such as describing alternating 

electric current. b. V-7 = V=-1-7 = V=-1V7 =iV7 or V7i_ Replace V=1 with i. 


e —V=18 = -—V=-1-9°2 =-V-1V9V2 = -i-3-- V2 = -31V?2 or 3:2 


d. After factoring the radicand, use an extension of the product and quotient rules for 
radicals. 


Notation 
Since it is easy to confuse Voi 
with Vi, we usually write i first 


so that it is clear that the 7 is not r 74 m4 VW-1-24 V-1V4ve 276 V6 
= Oem = = or j 
49 49 


under the radical symbol. i 
However, both iVb and Vbi are V49 V49 7 7 


correct. 
a Self Check 1 | Write each expression in terms of 7: 
fy We 25) y= VY =19 Cava 45 
a. \-3 
Now Try Problems 19, 21, and 27 
The results from Example | illustrate a rule for simplifying square roots of negative 
numbers. 
Square Root ofa For any positive real number 5, 
Negative Number VR SAT 


To justify this rule, we use the fact that V=-1=i. 
ee ae 
= V=iv5 
=iVb 


Complex 
Numbers 


Notation 
It is acceptable to usea — biasa 
substitute for the form a + bi. For 
example: 


6 — 91 = 6 + (-9)i. 


Success Tip 
Just as real numbers are either 
rational or irrational, but not both, 
complex numbers are either real 
or imaginary, but not both. 
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Write Complex Numbers in the Form a + Di. 


The imaginary number 7 is used to define complex numbers. 


A complex number is any number that can be written in the form a + bi, where a and b are 
real numbers andi = V —1. 


Complex numbers of the form a + bi, where b # 0, are also called imaginary numbers.* 


For a complex number written in the standard form a + bi, we call a the real part and 
b the imaginary part. Some examples of complex numbers written in standard form are 
1 
2+ li 6 — 9i am 0+iV3 
Two complex numbers a + bi and c + di are equal if and only ifa = cand b = d. Thus, 
0.5 + 0.95 = 5 + ai because 0.5 = 5 and 0.9 = a 


EXAMPLE 2 


Write each number in the form a + bi: 


a. 6 b. V —64 c. —2 + V-63 


Strategy We will determine a, the real part, and we will simplify the radical (if neces- 
sary) to determine the bi part. 


] 
_| 


Why We can put the two parts together to produce the desired a + bi form. 


Solution 
a. 6 = 6+ 0i The real part is 6. The imaginary part is O. 


b. V—64 = 0 + 81 The real part is O. Simplify: V —64 = V—-1V 64 = 8i. 


c. —2+ V—-63 = —-24+3iV7 The real part is —2. 
Simplify: V-63 = V-1V63 = V-1V9V7 = 3iV7. 


a Self Check 2 | Write each number in the form a + bi: 
a. —18 b. V —36 
@, ilar WH=24 


Now Try Problems 29 and 33 


The following illustration shows the relationship between the real numbers, the imagi- 
nary numbers, and the complex numbers. 


Complex numbers 


Real numbers Imaginary numbers 
5 ‘ : ee 
=6 16 —1.75 7 9+ Ti 2i i a! 
7 
48+0i 0 —-VI10 -5 | 056 V-10 6+ iV3 


*Some textbooks define imaginary numbers as complex numbers with a = 0 and b # 0. 
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© Add and Subtract Complex Numbers. 


Adding and subtracting complex numbers is similar to adding and subtracting polynomials. 


Addition and 1. To add complex numbers, add their real parts and add their imaginary parts. 
Subtraction of 2. To subtract complex numbers, add the opposite of the complex number being 
Complex Numbers subtracted. 


EXAMPLE 3 i Perform each operation. Write the answers in the form a + bi. 
fi a. (8 + 4) + (12 + 81 iby. (—-6 + 44) — (3 + 23) 
c. (7 - V-16) + (9 + V—4) 
Strategy To add the complex numbers, we will add their real parts and add their imagi- 


nary parts. To subtract the complex numbers, we will add the opposite of the complex 
number to be subtracted. 


Why We perform the indicated operations as if the complex numbers were polynomials 
with 7 as a variable. 


Solution 
a. (8 + 4i) + (12 + 81) = (8 + 12) + (4 + 8)i 


The sum of the imaginary parts 
The sum of the real parts 


= 20 + 12i 
Add 
| 1 
b. (—6 + 4i) — (3 + 27) = (—6 + 41) + (-3 — 21) To find the opposite, change the 
| t sign of each term of 3 + 2i. 
the opposite 


= [-6 + (—3)] + [4 + (—2)]i_ Add the real parts. Add the 
imaginary parts. 


= -9+2i 
Success Tip c. (7 - Vv —16) + (9 + V =4) 
Always change complex numbers = (7 — 41) + (9 + 21) Write V —-16 and \V —4 in terms of i. 
toa + bi form before performing . Bee 
any arithmetic. = (7 + 9) + (—4 + 2)i = Add the real parts. Add the imaginary parts. 
= 16 - 2i Write 16 + (—2i) inthe form 16 — 2i. 


i Self Check 3 j Perform the operations. Write the answers in the form a + bi. 
fe (@ = Sy) ae (2 ae 7) 


b. (3 — V—25) - (-2 + V—49) 


Now Try Problems 37 and 43 


9.7 Complex Numbers 871 


4.) Multiply Complex Numbers. 


Caution 
A common mistake is to replace i 
with —1. Remember, i # —1. By 
definition, i = V—I1 and 


le 


Since imaginary numbers are not real numbers, some properties of real numbers do not apply 
to imaginary numbers. For example, we cannot use the product rule for radicals to multiply 
two imaginary numbers. 


Caution If a and b are both negative, then VaVb # Vab. For example, if a = —4 and 
b=—-9, 


V-4V-9 = W=4(-9) = V36 =6 V-4V—-9 = 2131) = 677 = 6(-1) = —6 


EXAMPLE 4 — Multiply: V—-2V —20 


Strategy To multiply the imaginary numbers, we will first write V —2 and V —20 in 
iV/b form. Then we will use the product rule for radicals. 


Why We cannot immediately use the product rule for radicals because it does not apply 
when both radicands are negative. 


Solution 
V=2V=20 = (72 \(27V5) simplify: V—20 = 120 = 2iV6. 
= 27°V2-5 Multiply: i+ 2i = 2i. Use the product rule for radicals. 
= 217/10 
2(-1)V10 Replace i* with —1. 


= =2°/10 Multiply. 


a Self Check 4 ] Multiply: V —3V —32 


Now Try Problem 47 


Multiplying complex numbers is similar to multiplying polynomials. 


EXAMPLE 5 Multiply. Write the answers in the form a + bi. 
a. 6(2 + 9i) b. —Si(4 — 8i) 


Strategy We will use the distributive property to find the products. 


Why We perform the indicated operations as if the complex numbers were polynomials 
with 7 as a variable. 


Solution 


a. 6(2 + 9i) = 6(2) + 6(97) Use the distributive property. 


= 12+ 54i Perform each multiplication. 


b. —Si(4 — 81) = —Si(4) — (—5A)8i Use the distributive property. 
= —20i + 407” Perform each multiplication. 
—20i + 40(-—1) Replace i* with —1. 
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Success Tip 
i is not a variable, but you can 
think of it as one when adding, 
subtracting, and multiplying. For 
example: 


—4i + 91 = Si 
6i — 2i = 41 


isi 


Remember that the expression i” 


simplifies to — 1. 


5 | 


i Complex Conjugates 


= —20i — 40 
= —40 — 20i 


Multiply. 


Write the real part, —40, as the first term. 


a Self Check 5 | Multiply. Write the answers in the form a + bi. 
1-9) b. 10i(7 + 4i) 
Now Try Problems 49 and 55 


EXAM PLE 6 | Multiply. Write the answers in the form a + bi. 
: a. (2 + 3i)(3 — 2i) b. (—4 + 21(2 + i) 


Strategy We will use the FOIL method to multiply the two complex numbers. 


Why We perform the indicated operations as if the complex numbers were binomials 
with i as a variable. 


Solution 
F oO I L 
a. (2 + 3i)(3 — 2i) = 6 — 41 + 91 — 67” Use the FOIL method. 
=6+ 5i -— 6(-1) Combine the imaginary terms: —4i + 9i = 5i. 
Replace i? with —1. 
=6+ 51+ 6 Simplify the last term. 
= 12+ 5i Combine like terms. 


eo ee 
b. (—4 + 21(2 + 2) = -8 — 43+ 43 + 27 


Use the FOIL method. 


= —8 + Of + 2(-1) Combine like terms: —4i + 4i = Oi. Replace i* 
with —1. 

=-8+0i-2 Multiply. 

= -10+ 0i Combine like terms. 


a Self Check 6 d Multiply. Write the answers in the form a + bi. 
(=2. sr SNS = 2D) 
Now Try Problem 59 


Divide Complex Numbers. 


Before we can discuss division of complex numbers, we must introduce an important fact 
about complex conjugates. 


The complex numbers a + bi anda — bi are called complex conjugates. 


For example, 
e 7 + 4i and7 — 4: are complex conjugates. 
e 5 —iand5 + i are complex conjugates. 
e —6i and 6i are complex conjugates, because —6i = 0 — 6i and 61 = 0 + Oi. 


The Language of Algebra 
Recall that the word conjugate was 
used earlier when we rationalized 
the denominators of radical 
expressions such as 

3) 


V6—1 


Division of 
Complex Numbers 
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In general, the product of the complex number a + bi and its complex conjugate a — bi 
is the real number a* + b*, as the following work shows: 


fe a ey 
(a + bi)(a — bi) = a® — abi + abi — bi” Use the FOIL method. 
=a — b°(-1) —abi + abi = O. Replace i? with —1. 
=a+b 


EXAMPLE 7 | Find the product of 3 + 57 and its complex conjugate. 


Strategy The complex conjugate of 3 + 5i is 3 — 5i. We will find their product by 
using the FOIL method. 


Why We perform the indicated operations as if the complex numbers were binomials 
with i as a variable. 


Solution We can find the product as follows: 


ea, 
(3 + 5i\(3 — 5i) = 9 — 15i + 15i — 2517 Use the FOIL method. 
= 9 — 25i” Combine like terms: —15i + 15i = O. 
= 9 — 25(-1) Replace i? with —1. 
=9 + 25 
= 34 


The product of 3 + Si and its conjugate 3 — 5 is the real number 34. 


a Self Check 7 F | Multiply: (2 + 3i)(2 — 31) 
Now Try Problem 65 


Recall that to divide radical expressions, we rationalized the denominator. We will use a 
similar approach to divide complex numbers. To divide two complex numbers when the 
divisor has two terms, we use the following strategy. 


To divide complex numbers, multiply the numerator and denominator by the complex 
conjugate of the denominator. 


EXAMPLE 8 Divide. Write the answers in the form a + bi. 
3 1+2i 


se ee "3-4 


Strategy We will build each fraction by multiplying it by a form of | that uses the con- 
jugate of the denominator. 


Why This step produces a real number in the denominator so that the result can then be 
written in the forma + bi. 
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Solution 


a. We want to build a fraction equivalent to oo that does not have 7 in the denominator. To 


make the denominator, 6 + i, a real number, we need to multiply it by its complex conju- 


gate, 6 — i. It follows that sat should be the form of | that is used to build a 
3 3 6-i bind 
6s = 6 + 6 To build an equivalent fraction, multiply by g—; = 1. 
1 1 = 
18 — 3i To multiply the numerators, distribute the multiplication 
36 — 61+ 6i —i2 by 3.Use the FOIL method to multiply the denominators. 
_ 18 — 3i Combine like terms: —Gi + Gi = O. Replace i? with 1, 
36 — (-1) Note that the denominator no longer contains i. 
18 —3 Simplify the denominator. This notation represents the 
= : difference of two fractions that have the common 
. 18 3i 
37 denominator 37: 35 and 37. 
18 oar 
Set Sod rite the complex number in the form a 3 
37 37 Write th pl ber in the f +. bi 


b. We can make the denominator of ! + Z a real number by multiplying it by the complex 


conjugate of 3 — 4i, which is 3 + 4i. It follows that ; — # should be the form of 1 that 
P aq l + 27 
is used to build 3—7;. 
2 1. Di 14+2:i 3+4i . 
Success Tip 3 7 = 3 Ai : e+ : To build an equivalent fraction, multiply by : = . =1. 
— 4i — 4i i 


When multiplying the denomina- 
tor and its conjugate, we can use 
the special-product rule for the 
sum and difference of the same 
two terms to simplify the 
computations: 


(3 — 4i)(3 + 4i) = 3? — (41° 


3+41+ 61+ 87 


~ 9+ 123 — 123 — 162 


3 + 107 + 8(-1) 
9 — 16(—1) 


Use the FOIL method to multiply the numerators and 
the denominators. 


Combine like terms in the numerator and 
denominator. Replace i? with —1. The denominator is 
now a real number. 


= 9 — 1677 34+ 10i- 8 
9+ 16 
—5 + 10i 


25 


14+ 9 
ae o 
1 
=f 07 
5 


Simplify the numerator and denominator. 


Combine like terms in the numerator and denominator. 


Factor out 5 in the numerator and remove the 
common factor of 5. 


Simplify. This notation represents the sum of two 
fractions that have the common denominator 5. 


Write the complex number in the form a + bi. 


HT Self Check 8 j Divide. Write the answers in the form a + bi. 


6 
Bb Fa OF 


2—4i 


Lear 


Now Try Problems 71 and 77 


Success Tip 
In this example, the denominator 


of is of the form bi. In such 
cases, we can eliminate 7 in the 
denominator by simply 


multiplying by 5. 


ie ie 7 
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4+V-1 
; EXAMPLE 9 Divide and write the answer in the form a + bi: d 


. 2+ V-4 
Strategy We will begin by writing V—16 and V—4 in iVb form. 


Why To perform any computations, the numerator and denominator should be written in 
the form a + bi. 


Solution 
4+ V-16 4+ 4i Simplify: V-16 = V-1V16 = 4i and 
274 W-4 242i V-4 = V-1V4 = 2i. 


1 
_ 2(2+7i) Factor out 2 in the numerator and remove the common factor of 


247i 2 2h, 
1 
=2 
=2+0i Write 2 in the form a + bi. 
a Self Check 9 P| Divide and write the answer in the form a + bi: vars 


Now Try Problem 81 


EXAMPLE 10 | Divide and write the result in the form a + Di: ~ 


1 


Strategy We will use = as the form of 1 to build Z. 


Why Since the denominator 27 can be expressed as 0 + 27, its conjugate is 0 — 2i. 
However, instead of building with io we will drop the zeros and just use ae 


Solution 
cape To build lent F Itiply by =2/ = 1 
eae ere 0 build an equivalent fraction, multi = = 1. 
a 8 ee 4 Be =a 
—147 
= ap Multiply the numerators and multiply the denominators. 
41 
—14i ; 
= ei Replace i” with —1. The denominator is now a real number. 
— 147 
a Simplify the denominator. 
Ti 
= ant i r A erat 
—= Simplify the fraction: — i 
3 plity z 2 
ds 
=0- 7! Write in the form a + bi. 


a Self Check 10 P| Divide and write the answer in the form a + bi: 2 
Now Try Problem 85 
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6) Perform Operations Involving Powers of i. 


Success Tip 
Note that the powers of i cycle 


through four possible outcomes: 


ei 

1 Sy 

ne 
Powers of i 


Success Tip 
If we divide the natural number 
exponent n of a power of i by 4, 
the remainder indicates the 
simplified form of i”: 


AAA 
ou we dl 


ee ee 
| 


The powers of 7 produce an interesting pattern: 
i=V-1=i PaTriei=y 
? =(V-1) =-1 i® = 47? = 1(-1) = -1 
P=?Pi=-li=-i =P = 1(-) = -i 


if =i? =(-1(-l=1 P=q7 =(ihp=1 


The pattern continues: 7, —1, —i,1,... . 


Larger powers of i can be simplified by using the fact that i* = 1. For example, to sim- 
plify i°, we note that 29 divided by 4 gives a quotient of 7 and a remainder of 1. Thus, 
29 =4-7+4 1 and 


Parl  -@—sreee, 
= (i*)’+i' Use the rules for exponents x" = (x™)" and x7" = x= x", 
= Simplify: i* = 1. 
=1 Simplify: 1° i = i. 


The result of this example illustrates the following fact. 


If m is a natural number that has a remainder of r when divided by 4, then 


“A a 


LoS 1 


EXAMPLE 11 simplify: #°° 


Strategy We will examine the remainder when we divide the exponent 55 by 4. 


Why The remainder determines the power to which 7 is raised in the simplified form. 


Solution We divide 55 by 4 and get a remainder of 3. 13R 3 
Therefore, 4)55 
Pe =P = -i =4 
15 
=12 
3 


a Self Check 11 d Simplify: i? 


Now Try Problem 91 


i | loa. 5i b. -iV19 . 31V5 do avy 2. a. -18 +0: b. 0 + 61 
ce 1+2iV6 3.a,1+2i b. 5-12) 4, -4V6 5. a. 18+2i b. —40+70i 6. 0+ 13: 
PS oe eee pe ae Sh ae 1 baa) i ail 


29 ily 
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VOCABULARY 
Fill in the blanks. 
1. The number i is defined as i = VV —1. We call i*° a 
of i. 
2. A number is any number that can be written in the 
form a + bi, where a and b are real numbers andi = V —1. 
3. For the complex number 2 + 5i, we call 2 the part and 5 
the part. 
4. 6 + 3i and 6 — 3: are called complex 
CONCEPTS 
Fill in the blanks. 
5. ai bi = 
eres df = 
e. In general, the powers of i cycle through possible 
outcomes. 
6. Simplify: 
V-36=V -36=V -V36 = 6 
7. To add (or subtract) complex numbers, add (or subtract) their 
_____ parts and add (or subtract) their parts. 
8. To multiply two complex numbers, such as (2 + 37)(3 + 5a), 


10. 


11. 


12. 


we can use the method. 


. To divide 6 + 7i by 1 — 8i, we multiply 6 + a by alin 
the form of 
Give the complex conjugate of each number. 


a. 2 — 31 b. 2 CG: =31 


Complete the illustration. Label the real numbers, the 
imaginary numbers, the complex numbers, the rational 
numbers, and the irrational numbers. 


numbers 


numbers 


[| 


numbers 


[| 


numbers 


numbers 


Determine whether each statement is true or false. 
a. Every complex number is a real number. 
Every real number is a complex number. 


iis areal number. 


Ras 


. The square root of a negative number is an imaginary 
number. 


NOTATION 

Complete each solution. 

13. (3 + 213 -i)= 3i 4 277 
=94+ 31+ 
= +33 

3 3 
14. = 
224) 24 
_ 6 fi 
4 — 
64+ 3: 
Ee 
a oe 
5 


15. Determine whether each statement is true or false. 


a. V6i = iV6 b. V8i = V8i 
c V—25 = -V25 d. -i=i 


16. Write each number in the form a + bi. 


9+ 1li eer 
a “18 
GUIDED PRACTICE 
Express each number in terms of i. See Example 1. 
17. V-9 18. V—-4 


19. V-7 20. V-11 


21. V —24 22. V —28 
233. = Vi = 72 24. —V —24 


25. 5V—81 26. 6V —49 


Write each number in the form a + bi. See Example 2. 
29. a. 5 30. a. —43 


b. V —49 b. V —169 
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31jae de 95 32. a. 21+ V—16 
bo -3 + /=8 b. -9+ V-12 

33. a. 76 — V—54 34, a. 88 — V—98 
b. -7 + V-19 be Set 4735 

35. a. —6 — V—9 36. a. —45 — V/—81 
b. 3+ V-6 b. 8+ V-7 


73, =! 4 2 
4-i 24% 
7+ 4i 2+ 3: 

75. 76. 

0 Si 6 03 

77, 1+ 3 73, >_>! 
4—-2i 4+ 2i 
1-31 Si 

79. 80. 
3+i1 1-i 


Divide. Write all answers in the form a + bi. See Example 9. 


Perform the operations. Write all answers in the form a + bi. See 
Example 3. 


37. (3 + 4i) + (5 — 6i) 38, (6 439-4 (-7 = 2) 


39. (6 — i) + (9 + 3) 40. (5 + 37) — (6 — 9i) 


Al. (7 — 3i) — (4 + 21) 42. (5 — 4i) — 3 + 2i) 


43, (8 + V—25) — (7 + V-4) 


44, (-7 + V-81) - (-2 - V-64) 

Multiply. See Example 4. 

45. V-1V —-36 46. V —9V —100 

47. V-2V-12 48. V—-3V —45 
Multiply. Write all answers in the form a + bi. See Example 5. 
49. 3(2 — 97) 50. —4(3 + 47) 

51. 7(5 — 4i) 52. —5(3 + 21) 

53. 2i(7 — 3i) 54. i(8 + 27) 

55. —5i(5 — Si) 56. 2i(7 + 2i) 

Multiply. Write all answers in the form a + bi. See Example 6. 
57. (2 + i)(3 — i) 58. (4 — i(2 + i) 

59. (3 — 2i)(2 + 31) 60. (3 — i)(2 + 3i) 

61. (4+ iB — i) 62. (1 — S5i(1 — 4i) 

63. (2 + i) 64. (3 — 2i)° 


Find the product of the given complex number and its conjugate. 


See Example 7. 


65. 2 + 63 
67. —4 - 7i 


66. 5 + 2i 
68. —10 — 9i 


Divide. Write all answers in the form a + bi. See Example 8. 


4 
69. 2 70. 
Sa 24 
lli 2i 
71. - 12; 
4-7 34+ 81 


81 8+ V—-144 82 3+ V=36 
" 2+V-9 "140-4 
i ee oy ee 
" 24+V=1 " 14+4V-1 

Divide. Write all answers in the form a + bi. See Example 10. 
5 3 
85. — 86. — 
3i 8i 
2 8 
87. —— 88. —— 
Ti Si 
Simplify each expression. See Example 11. 
9,4” 90. i”? 
91. i* Tae ta 
a 94, 1°’ 
oS." 96. i°°° 


TRY IT YOURSELF 
Perform the operations. Write all answers in the form a + bi. 
97. (3 — i) — (-1 + 104) 98. (14 + 4i) — (-9 — i’) 


99. (2 - V-16)(3 + V—4) 100. (3 - V-4)(4 - V-9) 


101. (—6 — 91) + (4 + 3i) 102. (—3 + 11’) + (-1 — 6) 
103. i 104. a 

105. 6i(2 — 3i) 106. —9i(4 — 6i) 

107. ee 108. Sr 


109. (2+1V2)(3-iV¥2) 110. (5 + #V3)(2 - 7V3) 


+ 9i - 

nm, 2+ 12, -—! 
1-i 3 4+ 2i 

113. (4 — 8i)° 114. (7 — 3i) 


115. 


V5 —iV3 
V5 HiIV3 


Wien 
W512 


116. 


APPLICATIONS 


117. 


118. 


FRACTALS Complex numbers are fundamental in the 
creation of the intricate geometric shape shown below, called a 
fractal. The process of creating this image is based on the 
following sequence of steps, which begins by picking any 
complex number, which we will call z. 


1. Square z, and then add that result to z. 
2. Square the result from step 1, and then add it to z. 
3. Square the result from step 2, and then add it to z. 


If we begin with the complex number i, what is the result after 
performing steps 1, 2, and 3? 


ELECTRONICS The impedance Z in an AC (alternating 
current) circuit is a measure of how much the circuit impedes 
(hinders) the flow of current through it. The impedance is 
related to the voltage V and the current J by the formula 


V=1Z 


If a circuit has a current of (0.5 + 2.07) amps and an 
impedance of (0.4 — 3.07) ohms, find the voltage. 
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WRITING 


119. 


What is an imaginary number? What is a complex number? 


120. The method used to divide complex numbers is similar to the 
method used to divide radical expressions. Explain why. Give 
an example. 

121. Explain the error. Then find the correct result. 

a. Add: V-16 + VW=9 = V—25 
b. Multiply: V-2V/-3 = V=2(-3) = V6 
122. Determine whether the pair of complex numbers are equal. 
Explain your reasoning. 
2.8 
a 4— 5h 2 — 0.47 
1 7 
. 0.25 + 0.71, — + ai 
b. 0.25 + 0.7i, ras 
REVIEW 

123. WIND SPEEDS A plane that can fly 200 mph in still air 
makes a 330-mile flight with a tail wind and returns, flying 
into the same wind. Find the speed of the wind if the total 
flying time is 34 hours. 

124. FINDING RATES A student drove a distance of 135 miles 


at an average speed of 50 mph. How much faster would she 
have to drive on the return trip to save 30 minutes of driving 
time? 


CHALLENGE PROBLEMS 


125. 
126. 


Simplify: per 
Simplify (2 + 37) * and write the result in the form 
a+t bi. 
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CHAPTER 9 


EXAM PLES 


The number b is a square root of a if b* = a. 


7 is a square root of 49 because 7? = 49. 


—7 is a square root of 49 because (—7)° = 49. 


A radical symbol vn represents the positive or 
principal square root of a number. For any real 
number x, 


Vie = | 


The symbol — a represents the negative square 
root of a number. 


Simplify: 
V/25 = 5 because 5? = 25. 


36x"? = |6x| = 6|x| because (|6x|)” = Xr, 


r r* : @) re 
Vi00 10 °  \loy © 100: 


—V81 = —9 because (-9)° = 81. 


4 
Since Ha = O, no absolute value symbols 
are needed. 


A function of the form f(x) = V*x is called a square 
root function. 


The cube root of x is denoted as Vx and is defined as 
ee yo oie Pe 


A function of the form f(x) = Vx is called a cube 
root function. 


Find the domain of f(x) = Vx — 2. 


Since the expression Vx — 2 is not a real number when x — 2 is negative, we must 
require that x — 2 = 0. It follows that x must be greater than or equal to 2. Thus, 
the domain of f(x) is [2, ©). 

Simplify: 

\/8 = 2 because 2? = 8. 


W/—64 = —4 because (—4)? = —64. 


The nth root of x is denoted as Wx. 
If x is areal number and n > 1, then: 
|" nis an odd natural number, Wx" = x. 


. n 
If nis an even natural number, \/x” = |x|. 


REVIEW EXERCISES 


Simplify each expression, if possible. Assume that x and y can be 


any real number. 


1. V/49 2, = Wii 
[22 
3. ae 4. V—-4 
5. V100a'" 6. V25x" 
ih, WS 8. Vx2 + 4x +4 
9, W/=27 10. —/216 
9 
1. W640 12 Saas 


Simplify: 
W81x* = |3x| = 3|x| because (|3x|)* = 81x*. 


V/32a!° = 2a? because Qari = Sa", 


W/m — 4)° = |m — 4| because (|m — 4|)° = (m — 4)°. 


13. W/64 iv WP 

15. W/256x%\4 16.) Gans 
1 

17. Sire 18. V/—-16 

1), Wei 20. \/0 


21. GEOMETRY The side of a square with area A square feet is 
given by the function s(4) = VA. Find the length of one side of a 
square that has an area of 169 ft’. 

22. SURFACE AREA OF A CUBE The total surface area of a cube is 
related to its volume V by the function 4(V) = 6\/V*. Find the 
surface area of a cube with a volume of 8 cm’. 


Graph each function. Find the domain and range. 


23. f(x) = Vx 24. fix) = Vx 


I 2 Ration 
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25. f(x) = Vx +2 26. f(x) = —Vx +3 


EXAMPLES 


To simplify exponential expressions involving 
rational (fractional) exponents, use the following 
rules to write the expressions in an equivalent radical 
form. 


Simplify. All variables represent positive real numbers. 


(28) - ,|256 _ 4 
d* ea 


DN = \W/ OB = 58 


92/3 = (ws) =Qy=4 (10/5 = ey = (12)6 = 72 


To be consistent with the definition of negative 


Simplify. All variables represent positive real numbers. 


integer exponents, we define x” as follows. 
1 (125) 2/3 _ 2 
ymin = ; (125) ( y 125) 25 
aut n 
1 = 5)3/5 aay 5\3 3 
il 2 nln (325) 35 = (Has ) ( BG ) 8x 

x —m/n 
The rules for exponents can be used to simplify Simplify: 
expressions with rational (fractional) exponents. 5/3_.8/3 

P =i = pe +8/3-4 _ pe +8/3—12/3 _ pe 

We can write certain radical expressions as an Simplify: 


equivalent exponential expression and use rules for 
exponents to simplify it. Then we can change that 
result back into a radical. 


REVIEW EXERCISES 
Write each expression in radical form. 
Mh, iv” EX, Gary" 


Simplify each expression, if possible. Assume that all variables 


represent positive real numbers. 


29, 2512 30. —36!/? 
31. (—36)!/? 32am 
9 \'/2 
33. (2) 34, (-8)1/7 
35. 6251/4 36. (81c1d*)'/4 
37. 9°/? Ey, We 
1 
—495/2 —t 
39. —49 40. Fee 
Peis “a 42. —! 
No) . 2759/2 


43. (25x7y*)9/? 44. (8u°v) 2/9 


WV RG = eS ON) 


Perform the operations. Write answers without negative 
exponents. Assume that all variables represent positive real 
numbers. 
A525 46.0 a 7" 
35/631/3 


4/5\10 
47. (k*/) 48. 30 


Perform the multiplications. Assume all variables represent 
positive real numbers. 


49. u/2(yl/2 = mu) 50. vel ae y4/3) 


Use rational exponents to simplify each radical. All variables 
represent positive real numbers. 


51. We 52. W/Ve 
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53. VISIBILITY The distance d in miles a person in an airplane 54. Substitute the x- and y-coordinates y 
can see to the horizon on a clear day is given by the formula of each point labeled in the graph 4 
d = 1.22a\/?, where a is the altitude of the plane in feet. Find d. into the equation 


x7/3 + 3 = 32 
(64, 64) 
Show that each one 

satisfies the equation. 


22,500 ft 


DEFINITIONS AND CONCEPTS EXAMPLES 


Product rule for radicals: Simplify: 


Nab = “/aNn/b V98 = V/49-2 Write 98 as the product of it greatest 


perfect-square factor and one other factor. 
The product rule for radicals can be used to simplify PIG. 


: ; The square root of a product is equal to 
radical expressions. 


the product of the square roots. 


Simplified form of a radical: =7V2 Evaluate 49. 
1. Except for 1, the radicand has no perfect-square Simplify: 
factors. 


W16x* = W/8x7+2x Write 16x* as the product of it greatest 


2. No fraction appears in the radicand. 
perfect-cube factor and one other factor. 


Re ee ea. = W/8x°W/2x The cube root of a product is equal to 


the product of the cube roots. 


= any oy Simplify V/Bx°. 


Quotient rule for radicals: Simplify: 


[a _ Wa l 10 Vi0 _ V10 
b Wb Tax (25a B 


Simplify: 
| 16y° W16y° Wy? W2 2ywW2 
1250/1250" Sa Sa 


Radical expressions with the same index and Add: 3V'6 + 5V6 = (3 + 5)V6 = 8V6 
radicand are called like radicals. Like radicals can 
be combined by addition and subtraction. 


To combine like radicals we use the distributive Subtract; 8W/2y — 9W/2y = (8 — 9)W/2y = —W2y 
property in reverse. 


If a sum or difference involves unlike radicals, make | Simplify: 
sure that each one is written in simplified form. After : 4 : i . 4 = 
doing so, like radicals may result that can be W54a* — W16a* = W/27a° + 2a — W/8a° + 2a 


combined. = W278AW/2a — V/8a2~/2a 
= 3aW/2a — 2aW/2a 
= (ea = 2a)W/2a 


3 
=aV2a 


REVIEW EXERCISES 


Simplify each expression. All variables represent positive real 


numbers. 


55. V'80 
57. W160 


56. V/54 

58. \/—96 
60. Wr!” 

62. V/—16x°)* 


ile 
a) 
64a 
W/243x1¢ 
Wx 


59. V8x° 
61. W—27/"k 


Fe elses 
~ V 144n? 


66. 
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. Explain the error in each simplification. 
a. 2V5x + 3V5x = 5V10x 
b. 30 + 3012 = 60W/2 
« TW —5V/¥ 
d. 6V/ lab — 3\V/Sab = 3V/6ab 


. SEWING A corner of fabric is folded over to form a collar and 
stitched down as shown. From the dimensions given in the figure, 
determine the exact number of inches of stitching that must be 
made. Then give an approximation to one decimal place. (All 
measurements are in inches.) 


Simplify and combine like radicals. All variables represent positive 


real numbers. 


Gh V2 IVD 
BD, DVB = Wh 


68. 6/20 — V5 


Stitch this 
flap down. 


70. —W/32a> — 2/162a° 


71. 2xV8 + 2V/200x? + V50x2 


73. 20/320 — 8Wot? + 5W/20° 


DEFINITIONS AND CONCEPTS 


We can use the product rule for radicals to multiply 
radical expressions that have the same index: 


Vals = Vab 


72, W/54x3 — 3\/16x? + 4V/128x3 


74. 10W/16x° — 8x2Wx + 5W? 


EXAMPLES 
Multiply and then simplify, if possible: 
VGVS = 608 — 4/48.— Viens — V16V 343 
W/9xtW/ 3x2 = W/9x! - 3x7 = W/27x® = 3x? 


We can use the distributive property to multiply a 
radical expression with two or more terms by a 
radical expression with one term. 


Multiply and then simplify, if possible: 


eae 
2V3(4V5 — 5V2) = 2V3-4V5 - 2V3-+5V2 


= 2odW 303 = POV I°2 


= 8V15 — 10V6 
We can use the FOIL method to multiply a radical Multiply and then simplify, if possible: 
expression with two terms by another radical 
expression with two terms. we ae F (6) I L 
[Ve VO Vas VO Vays a0 3a 89 
eS Ge 


Ve Noe a 


884 


y 


CHAPTER 9 Radical Expressions and Equations 


DEFINITIONS AND CONCEPTS 


If a radical appears in a denominator of a fraction, or 
if a radicand contains a fraction, we can write the 
radical in simplest form by rationalizing the 
denominator. 


To rationalize a denominator, we multiply the given 
expression by a carefully chosen form of 1. 


10 V10 V3 ae W5 Wp 
2123 2p W 2p? Wap 
_ 30 _ W/20p 
3 / 8p? 

_ / 20p 
2p 


Radical expressions that involve the sum and 
difference of the same two terms are called 
conjugates. 


Conjugates: V2x + 3and V2x — 3 


To rationalize a two-termed denominator of a 
fraction, multiply the numerator and the denominator 
by the conjugate of the denominator. 


REVIEW EXERCISES 


Simplify each expression. All variables represent positive real 


numbers. 


RINE 78. (2V/5)(3V’2) 


79. (-2V8) 80. 2V6VI15 


81. VOxVx 82. (Wx +1)" 


83. —W/2x?W/4x8 . W9- N27 


85. 3V710(2V 71 + 3V 307) 


Rationalize the denominator: 
Vx-2 Vx-2 Vx-2 
VWetQ Wee2 Wear 


VxVx — 2Vx — 2Vx + 4 
VEE = DVEF 4k DVS = 4 


ae 4 e 4 
x— 4 


Rationalize each denominator. All variables represent positive real 
numbers. 


10 
Lb S 


91. 


4Vx — 2Vz 
" Vz + 4Ve 


Ch SS 94. 
Va - Vb 

Va 
96. VOLUME The formula relating the radius r of a sphere and its 


. Rationalize the numerator: 


. (V3b + V3)" 


. (W3p — 20/2)(W/3p + V2) 


volume V isr = \/7-. Write the radical in simplest form. 
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DEFINITIONS AND CONCEPTS EXAMPLES 


We can use the power rule to solve equations Solve each equation. 


containing radicals. 


Vax -2+1=x Wx +2=3 
Vip (We+2) =3° 


If x = y, then x” = y”. 


To solve equations containing radicals: ( Vix — 2) Gy x+2=27 
1. Isolate one radical expression on one side of the ee ees x = 25 
equation. 
‘ 0=x* — 4x + 3 The solution is 25. Verify that it 


2. Raise both sides of the equation to the power that 
is the same as the index. D> = dee = I) 


3. Solve the resulting equation. If it still contains a es a el al 
radical, go back to step 1. x=3 | = I 


satisfies the original equation. 


4. Check the solutions to eliminate extraneous The solutions are 3 and 1. Verify that each 


solutions. satisfies the original equation. 
When more than one radical appears in an Solve: 
equation, we must often use the power rule more 
than once. Vet Vat 5 = 5 
Vxt+5=5- Vx To isolate each radical, subtract Vx 
from both sides. 
2) 2 
( WE Sr 5) = (5 = Vx) To eliminate one radical, square both 
sides. 


x+5=25-—10Vx+x Perform the operations on each side. 


—20 = -10Vx To isolate the radical term, subtract 
25 and x from both sides. 
D = We To isolate the radical, divide both 
sides by —10. 
2 
2)? = (vz) To eliminate the radical, square both 
sides again. 
4=x 


The solution is 4. Verify that it satisfies the original equation. 


REVIEW EXERCISES 


Solve each equation. Write all proposed solutions. Cross out those 198. Using the graphs of f(x) = 2x — 3 and g(x) = —2x + 5, 
that are extraneous. 


We W ike = 0) = tl = til 98. u = V 25u — 144 


estimate the solution of 


W/ ae — 3) = — se 5) 
99.2Vy-—3=V2y+1 100. Vz+1+Vz= Check the result. 


101. W/x° + 56-2 =x 102. a = Va? + 5a — 35 


103. («x + 2)/?- (4-2 =0 104. Vb? + b= V3 —- 8B? 
Solve each equation for the specified variable. 
105. W/8x —8 +2= 127 
UBS es ‘ 109, r= [4-1 for WO) ai for 
106. V2m +4-Vm+3=1 IP b 
107. Let f(x) = V2x* — 7x. For what value(s) of x is 
fa) = 22 
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DEFINITIONS AND CONCEPTS 


CHAPTER 9 Radical Expressions and Equations 


EXAMPLES 


The Pythagorean theorem: 


If a and b are the lengths of the legs of a right 
triangle and c is the length of the hypotenuse, then 
Grh =, 


Find the length of the third side of the right triangle. 


e+eP=c? This is the Pythagorean theorem. Ht 6 ft 
67+ 5° =10? Substitute 6 for a and 10 for c. 
a 
36 + b* = 100 
b? = 64 To isolate b*, subtract 36 from both sides. 
b= V4 Since b must be positive, find the positive square root of 64. 


b= 
The length of the third side of the triangle is 8 ft. 


In an isosceles right triangle, the length of the 
hypotenuse is V2 times the length of one leg. 


If the length of one leg of an isosceles 
right triangle is 7 feet, the length of the 


hypotenuse is TV2 feet. 


Isosceles 
right triangle 


TN2 ft 7 ft 


The hypotenuse of a 30°-60°—90° triangle is twice 
as long as the shorter leg (the leg opposite the 30° 
angle.) The length of the longer leg (the leg opposite 
the 60° angle) is V3 times the length of the shorter 
leg. 


7 ft 
If the shorter leg of a 30°-60°—90° triangle is 9 inches 
long: 
e The length of the hypotenuse is 2 - 9 = 18 inches. 20) 
© The length of the longer leg is V3 +9 = 9V3 18 in. 9N3 in. 
inches. 
60° a 
9 in. 


30°-60°—90° Triangle 


The distance d between two points with coordinates 


(x, ¥1) and (xp, v2) is given by the distance formula: 


d= Velo) Gn 


The distance between points (—2, 3) and (1, 7) is 


d= V2 — 1) + G2 — 1) 
= Ser BW Soe 


REVIEW EXERCISES 
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111. CARPENTRY The gable end of the roof shown below is divided For problems 113-118, give the exact answer and then an 
in half by a vertical brace, 8 feet in height. Find the length of the | approximation to two decimal places, when appropriate. 


roof line. 


112. SAILING A technique called tacking allows a sailboat to make 
progress into the wind. A sailboat follows the course shown 


tacking. 


DEFINITIONS AND CONCEPTS 


The imaginary number 7 is defined as 
i= V-1 


From the definition, it follows that 7 = —1. 


113. Find the length of the hypotenuse of an isosceles right 
triangle if the length of one leg is 7 meters. 


114. The length of the hypotenuse of an isosceles right 
triangle is 15 yards. Find the length of one leg of the 


triangle. 


. The length of the hypotenuse of a 30°-60°—90° triangle is 
12 centimeters. Find the length of each leg. 


. In a 30°-60°—90° triangle, the length of the longer leg is 60 feet. 
Find the length of the hypotenuse and the length of the shorter leg. 


. Find x and y. 118. Find x and y. 


below. Find d, the distance the boat advances into the wind after ve 
ie 50 
y 
x 
4 90° 30° 
/ / oe 
y/ 45° 90° 


Find the distance between the points. 
119. (1, 3) and (6, —9) 120. (—4, 6) and (—2, 8) 


EXAMPLES 


Write each expression in terms of 7: 
V-8l1=V-1-:81 V—-24= V-1-24 
= V-1V381 = V-1V24 
Se = iV4V6 
= =O 6 vor 265 


A complex number is any number that can be 
written in the form a + bi, where a and b are real 
numbers and i = —1. We call a the real part and 
b the imaginary part. 


Complex numbers: 
5 ap Sy 5 is the real part and 3 is the imaginary part. 


16= 16+ 0i 16 is the real part and O is the imaginary part. 
Ot = (0) se Oi O is the real part and 9 is the imaginary part. 
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DEFINITIONS AND CONCEPTS 
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EXAMPLES 


Adding and subtracting complex numbers is similar 
to adding and subtracting polynomials. To add two 
complex numbers, add their real parts and add their 
imaginary parts. 


To subtract two complex numbers, add the 
opposite of the complex number being subtracted. 


Add. Write the answer in the form a + bi. 


(7 — 5i) + GB + 91) = (7 + 3) + (—5 + 9)i_ Add the real parts. 
Add the imaginary parts. 


= 10+ 4i 


Subtract. Write the answer in the form a + bi. 


(= 2) = (ll se @) = @ = B) se (I = @) Add the opposite of 
=| ap (ait 
(8 + 1) +[-1 + (—6)]i Add the real parts. 
Add the imaginary 
parts. 
=9-T7i 


Multiplying complex numbers is similar to 
multiplying polynomials. 


Multiply. Write the answers in the form a + bi. 


a S ae a 


3i(6 — 4i) = 18i — 1277 (444+ 72-0) =8-—4i+ 141-7 


= 18) — 12(=1) = 8 + 10i — 7(-1) 
= 187 + 12 =8+10i+7 
= 12 + 18 = 15+ 10 


The complex numbers a + bi and a — bi are called 
complex conjugates. 


The complex numbers 7 — 27 and 7 + 2i are complex conjugates. 


To divide complex numbers, multiply the 
numerator and denominator by the complex 


Divide. Write the answers in the form a + bi. 


. as . . . : 2 
conjugate of the denominator. The process is 3 = jad = 3(1 = 9) - ws : oa : 12 + 61 + 27 + 
similar to rationalizing denominators. ee Wa Vet Se B= Mae Aa Ui = Di =) 
_ lew) _ Whar Siar (1) 
il = (il) 4-(-1l) 
_3-3i _ 1+ 8i 
2 5 
3 3h 11 8 
= 4 =— + —7 
a 2 Ss »d 
The powers of i cycle through four possible Simplify: i°° 


outcomes: i, —1, —i, and 1. 


i =M=P ==... 
7? —- B= 6 =7°= 
> - B= 7 =; = 
(f= e-°-;72= 


We divide 66 by 4 to get a remainder of 2. Thus, i°° = i? = —1. 


16 R2 
4)66 
ane 

26 
a2 

2, 


REVIEW EXERCISES 


Write each expression in terms of i. 


U4, WB) 122. V -18 


U2}, —W/ = 124. - 2 


125. Complete the diagram. 


Complex numbers 


numbers numbers 


126. Determine whether each statement is true or false. 


a. Every real number is a complex number. 
b. 3 — 4i is a complex number. 
c. V—4 isa real number. 


d. i is areal number. 
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Give the complex conjugate of each number. 
127 saa 3) Or Ped, eb ll = 7 
b. 193 hb = 


Perform the operations. Write all answers in the form a + bi. 


129. (3 + 4i) + (5 — 6i) 130. (7 - V-9) — (4 + V-4) 


ils su2 = 2) 1322 (2s 7) (ast 40) 


133. V-3-V-9 134. (9i)° 


ace 5 + 14i 
“243i 


Simplify each expression. 
13707 


CHAPTER 9 
TEST 


1. Fill in the blanks. 
a. The symbol V iscalleda_ 


b. The number 7 is defined asi = V —1. 


c. Squaring both sides of an equation can introduce 
solutions. 


symbol. 


d. An right triangle is a right triangle with two legs 
of equal length. 


e. To the denominator of -4=, we multiply the 


V5 > 
fraction by . 
f. A__s number is any number that can be written in the 
form a + bi, where a and b are real numbers andi = V —1. 


2. a. State the product rule for radicals. 


b. State the quotient rule for radicals. 


3. Graph f(x) = Vx — 1. Find the domain and range of the 
function. 

4. DIVING Refer to the illustration in the next column. The 
velocity v of an object in feet per second after it has fallen a 
distance of d feet is approximated by the function 
v(d) = V 64.4d. Olympic diving platforms are 10 meters tall 
(approximately 32.8 feet). Estimate the velocity at which a diver 
hits the water from this height. Round to the nearest foot per 
second. 


e 32.8 feet 
| t 


5. Use the graph to find each of the following. 
a. f(—1) 
b. f(8) 
c. The value(s) of x for which f(x) = 1 
d. The domain and range of f 


WO PSE Se lL} 


6. Explain why V/ —16 is not a real number. 
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Simplify each expression. All variables represent positive real 
numbers. Write answers without using negative exponents. 


7. (49x*)/? 8. -2773 


8 —2/3 
Olea = 10. (-2,) 
n 
95/39 1/6 
11. oa 12. (a2/?)/ 


Simplify each expression. The variables are unrestricted. 
Letnver Ay ers 


Simplify each expression. All variables represent positive real 


numbers. 
“V9 


15. W—64x7)° 
17. Vit + 8 18. V540x°)° 


3 15,4 
24x 
19, 20. W/32 
Vy 


Perform the operations and simplify. All variables represent 
positive real numbers. 


21. 2V/48y> — 3yV/1293 

22. 21/40 — W/5,000 + 4W/625 
23. W/243z)3 + 2W/482° 

24. -2Vxy(3-Vx + Vay") 

25. (3V2 + V3)(2V2 - 3V3) 


26. (W/2a + 9) 
8 B= 1 
Y= 23° — ae 
Vi0 Vii 1 
9 
2, <= 
4a 
te 3 
30. Rationalize the numerator: V5 +3 
=Ax/2 


Solve each equation. Write all proposed solutions. Cross out those 
that are extraneous. 


31. 4Vx = Ve $1 
32. Won + 4-4=0 
33. l= Vu-34+ Vu 


34, (2m? — 9)? =m 


Sh Wim 2 par 2 =O 
a1 Wor = thar I) = 


37. V15 —a = V/13 = 2a 


GMt? 
38. Solver = 3 7 for G. 
Aa 


Find the missing side lengths in each triangle. Give the exact 

answer and then an approximation to two decimal places, when 

appropriate. 

39. 40. 
60° 


: 12.26 in. 
yin. 


x in. 


41. Find the distance between (—2, 5) and (22, 12). 


42. SHIPPING CRATES The diagonal brace on the shipping 
crate in the illustration is 53 inches. Find the height / of the 
crate. 


hin. 
45 in. 


43. Express V —45 in terms of 7. 
44, Simplify: i'°° 
Perform the operations. Write all answers in the form a + bi. 
ASaKo ary (1a) 7) 
46, (3 — V—9) -(-1 + V-16) 
47. 15i(3 — 5i) 
48. (8 + 101)(—7 — i) 
1 

iV2 

Dar il 

3= 7 
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A SPIRAL OF ROOTS Overview: In this activity, you will create a visual 


representation of a collection of square roots. 


Instructions: Form groups of 2 or 3 students. You will 
need a piece of unlined paper, a protractor, a ruler, and 
a pencil. Begin by drawing an isosceles right triangle 
with legs of length 1 inch in the middle of the paper. 
(See the illustration.) Use the Pythagorean theorem to 
determine the length of the hypotenuse. Draw a 
second right triangle using the hypotenuse of the first 
right triangle as one leg. Draw its second leg with 
length 1 inch. Find the length of the hypotenuse of the triangle 
second triangle. 


Linch 


Continue creating right triangles, using the previous 1 inch 

hypotenuse as one leg and drawing a new second leg 

of length 1 inch each time. Calculate the length of each resulting hypotenuse. When the figure 
begins to spiral onto itself, you may stop the process. Make a list of the lengths of each 
hypotenuse. What pattern do you see? 


GRAPHING IN THREE Overview: |n this activity, you will find the distance between two 
DIMENSIONS points that lie in three-dimensional space. 
Instructions: Form groups of 2 or 3 students. In a three- 
dimensional Cartesian coordinate system, the positive x-axis is 
horizontal and pointing toward the viewer (out of the page), the 
positive y-axis is also horizontal and pointing to the right, and 
the positive z-axis is vertical, pointing up. A point is located by 
plotting an ordered triple of numbers (x, y, z). In the illustration, 
the point (3, 2, 4) is plotted. 
In three dimensions, the distance formula is 


d=V@ =x) Pn) ta) 


1. Copy the illustration shown. Then plot the point (1, 4, 3). Use the distance formula to find the 
distance between these two points. 

2. Draw another three-dimensional coordinate system and plot the points (—3, 3, —4) and 
(2, —3, 2). Use the distance formula to find the distance between these two points. 
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Study Skills Workshop 
Organizing Your Notebook 


f you're like most students, your algebra notebook could probably use some attention at this 
stage of the course. You will definitely appreciate a well-organized notebook when it comes 
time to study for the final exam. Here are some suggestions to put it in tip-top shape. 


ORGANIZE YOUR NOTEBOOK INTO SECTIONS: Create a separate section in the notebook for 
each chapter (or unit of study) that your class has covered this term. 


ORGANIZE THE PAPERS WITHIN EACH SECTION: One recommended order is to begin each 
section with your class notes, followed by your completed homework assignments, then any 
study sheets or handouts, and, finally, all graded quizzes and tests. 


Now Try This 


1. Organize your algebra notebook using the guidelines given above. 

2. Write a Table of Contents to place at the beginning of your notebook. List each 
chapter (or unit of study) and include the dates over which the material was covered. 

3. Compare your completed notebook with those of other students in your class. Have 
you overlooked any important items that would be useful when studying for the final 
exam? 


@ Use the square root property to solve quadratic equations. 
Objectives ® Solve quadratic equations by completing the square. 
© Use quadratic equations to solve application problems. 


Recall that a quadratic equation is an equation of the form ax* + bx + c = 0, where a, b, 
and c are real numbers and a # 0. We have solved quadratic equations using factoring and the 
zero-factor property. 


EXAMPLE | Solve: 6x2 — 7x —3 = 0 


Strategy We will factor the trinomial on the left side of the equation and use the zero- 
factor property to solve for x. 


Why To use the zero-factor property, we need one side of the equation to be factored 
completely and the other side to be 0. 


The Square Root 
Property 


Notation 
We can use double-sign notation 
+ to write the solutions in 
compact form as + 2V3. Read 
+ as “positive or negative.” 


10.1 The Square Root Property and Completing the Square 895 


Solution 
6x* — 7x —-3 =0 
(2x — 3)(3x + 1) =0 Factor the trinomial. 
2x —-3 =0 or 3x +1=0 Set each factor equal to O. 
3 
x= > x= “3 Solve each linear equation. 


ta Self Check 1 | Solve: 4x° — 4x — 3 = 0 


Now Try Problem 21 


Many expressions do not factor as easily as 6x” — 7x — 3. For example, it would be dif- 
ficult to solve 2x* + 4x + 1 = 0 by factoring, because 2x* + 4x + 1 cannot be factored by 
using only integers. We will now develop a more general method that enables us to solve any 
quadratic equation. It is based on the square root property. 


Use the Square Root Property to Solve Quadratic Equations. 


To develop general methods for solving quadratic equations, we first consider the equation 
x’ = c. Ifc = 0, we can find the real solutions of x* = c as follows: 


x =Cc 
x* —c=0 Subtract c from both sides. 
x? (Ve) = 0 Replace c with (vey, since c = (Vc). 
(x + Ve\(x _ Ve) = 0 Factor the difference of two squares. 
xt+ Ve=0 or x—- Vc=0 Set each factor equal to O. 
x= -Ve | x= Ve Solve each linear equation. 


The solutions of x? = c are Ve and —V. 


For any nonnegative real number c, if x* = c, then 


x= Ve or x=-Ve 


EXAMPLE 2 | Solve: x7 — 12 =0 
Strategy We will add 12 to both sides of the equation and use the square root property to 
solve for x. 


Why After adding 12 to both sides, the resulting equivalent equation will have the 
desired form x? = c. 


Solution 
x7-12=0 This is the equation to solve. 
z= 12 To isolate x on the left side, add 12 to both sides. 
x=V12 or x=—V12 Use the square root property. 


=2V3 | x=-2V3_ simply Vi2 = V4V3 = 2v3. 
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Check: x -12=0 x —-12=0 
(2V3) - 1220 (-2V3) - 1220 
12-1220 12-1240 

0=0 True 0=0 True 


The exact solutions are 2\/3 and —2\V3 and the solution set is {2V3, ~2V3}. We can 
use a calculator to approximate the solutions. To the nearest hundredth, they are + 3.46. 


a Self Check 2 | Solve: x7 — 18 =0 


Now Try Problems 23 and 27 


EXAM PLE 3 j Phonograph Records. Before compact discs, music was 
recorded on thin vinyl discs. The discs used for long-playing 


records had a surface area of about 111 square inches per side and were played at 
333 revolutions per minute on a turntable. Find the radius of a long-playing record. 
Strategy The area A of a circle with radius r is given by the formula 4 = mr. We will 


find the radius of a record by substituting 111 for A and dividing both sides by 7. Then 
we will use the square root property to solve for r. 


Why After substituting 111 for A and dividing both sides by 7, the resulting equivalent 
equation will have the desired form r? = c. 


Solution 
A= or’ This is the formula for the area of a circle. 
111 = ar’ Substitute 111 for A. 
111 2 
a = To undo the multiplication by 77, divide both sides by 7. 


os ee ee 111 Use the square root property. Since the radius of the 
T T record cannot be negative, discard the second solution. 


The radius of a long-playing record is \/ au inches—to the nearest tenth, 5.9 inches. 


La Now Try Problem 99 


EXAM PLE 4 | Use the square root property to solve (x — 1)? = 16. 
Strategy Instead of a variable squared on the left side, we have a quantity squared. We 
still use the square root property to solve the equation. 


Why = We want to eliminate the square on the binomial, so that we can eventually isolate 
the variable on one side of the equation. 


Notation 
It is standard practice to write the 
addition of the 1 in front of the + 
symbol. 


x 1 


We read 1 + 4 as “one plus or 
minus four.” 


The Language of Algebra 
The + symbol is often seen in 
political polls. A candidate with 
48% (+ 4%) support could be 
between 48 + 4 = 52% and 

48 —4 = 44%. 
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Solution 
(x — 1)° = 16 This is the equation to solve. 
x-l=H# V16 Use the square root property. 
x-1=+4 Simplify: V16 = 4. 
x=12+4 To isolate x, add 1 to both sides. 

x=1+4 or x=1-4 | Tofind one solution, use +. To find the other, use —. 
x=5 | x= -3 Add (subtract). 


Verify that 5 and —3 satisfy the original equation. 


a Self Check 4 j Use the square root property to solve (x + 2)? = 9. 
Now Try Problems 31 and 35 


Some quadratic equations have solutions that are not real numbers. 


EXAMPLE 5 Solve: 4x7 + 25 = 0 


Strategy We will subtract 25 from both sides of the equation and divide both sides by 4. 
Then we will use the square root property to solve for x. 


Why After subtracting 25 from both sides and dividing both sides by 4, the resulting 
equivalent equation will have the desired form x? = c. 


Solution 
4x7 + 25=0 This is the equation to solve. 
“25 
Co ' To isolate x*, subtract 25 from both sides and divide both sides by 4. 
25 
a oe ar Use the square root property. 
Since 


we have 
x=2t7i 
2 
Since the solutions are 3 and —3i, the solution set is {3i ; —3i}. 
Check: 4x7 + 25=0 
5 \2 4x* +25 =0 
«(3i) +2540 5 \2 
(5) +2540 
2 
25 2 9 
4| — ji’ +25 =0 25 Pe 
- (2) +2540 
25(-1) + 25 20 i 


0=0 True 
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a Self Check 5 dj Solve: 16x” + 49 = 0 


Now Try Problem 41 


@) Solve Quadratic Equations by Completing the Square. 


The Language of Algebra 
Recall that trinomials that are the 
square of a binomial are called 
perfect-square trinomials. 


Completing the 
Square 


Caution 
Realize that when we complete the 
square on a binomial, we are not 
writing an equivalent trinomial 
expression. Thus, it would be 
incorrect to use an = symbol 
between the two. 


x? 0 T_t_25 


When the polynomial in a quadratic equation doesn’t factor easily, we can solve the equation 
by completing the square. This method is based on the following special products: 

x +2bxt+b=(x+ bP and = x*°— 2bx +b =(x — bY 
In each of these perfect-square trinomials, the third term is the square of one-half of the 


coefficient of x. 


© Inx? + 2bx + b’, the coefficient of x is 2b. If we find 5 5° 2b, which is b, and square it, 
we get the third term, 5”. 


° In x° — 2bx + b’, the coefficient of x is —2b. If we find i(- 2b), which is —b, and 
square it, we get the third term: (—b)? = b°. 


We can use these observations to change certain binomials into perfect-square trinomials. 
For example, to change x* + 12x into a perfect-square trinomial, we find one-half of the 
coefficient of x, square the result, and add the square to x? + 12x. 


x? + 12x + 


Find one-half of the Add the square 
coefficient of x. to the binomial. 


= 36 


ern the result. 


We obtain the perfect-square trinomial x7 + 12x + 36, which factors as (x + 6). By 
adding 36 to x* + 12x, we say that we have completed the square on x* + 12x. 


To complete the square on x* + bx, add the square of one-half of the coefficient of x: 


1 2 
x? + bx + (30) 
2 


; EXAMPLE 6 | Complete the square and factor the resulting perfect-square 
trinomial: a. x7 + 10x b. x? — 1lx 


Strategy We will add the square of one-half of the coefficient of x to the given binomial. 


Why Adding such a term will change the binomial into a perfect-square trinomial that 
will factor. 


Solution 
a. To make x* + 10x a perfect-square trinomial, we find one-half of 10, square it, and add 
the result to x? + 10x. 


x* + 10x +25  }-10 = 5 and 5* = 25. Add 25 to the binomial. 


This trinomial factors as (x + 5)’. 


Completing the 
Square to Solve a 
Quadratic 
Equation in x 


The Language of Algebra 
Inx? + 8x + 7 = 0, x? and 8x 
are called variable terms and 7 is 
called the constant term. 
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b. To make x7 — llx a perfect-square trinomial, we find one-half of —11, square it, and 
add the result to x7 — 11x. 
121 
x? — 11x + — wie and (—B)° = 2. Add % to the binomial. 


. ‘ : 2 
This trinomial factors as (x a i) ‘ 


a Self Check 6 j Complete the square on a* — 5a and factor the resulting 
trinomial. 


Now Try Problems 47 and 49 


To solve an equation of the form ax* + bx + c = 0 by completing the square, we use 
the following steps. 


1. If the coefficient of x7 is 1, go to step 2. If it is not, make it 1 by dividing both sides of 
the equation by the coefficient of x. 


2. Get all variable terms on one side of the equation and constants on the other side. 


3. Complete the square by finding one-half of the coefficient of x, squaring the result, and 
adding the square to both sides of the equation. 


4. Factor the perfect-square trinomial as the square of a binomial. 
5. Solve the resulting equation using the square root property. 


6. Check your answers in the original equation. 


EXAM PLE7 ] Solve x* + 8x + 7 = 0 by completing the square. 
Strategy We will begin by subtracting 7 from both sides of the equation. Then we will 
proceed to complete the square to solve for x. 


Why We subtract 7 from both sides to isolate the variable terms, x7 and 8x, on the left 
side of the equation and the constant term on the right side. 


Solution 
Step 1: In this example, the coefficient of x? is 1. 


Step 2: To prepare to complete the square, we subtract 7 from both sides. 
x7 + 8x +7=0 This is the equation to solve. 
x? + 8x =-7 


Step 3: The coefficient of x is 8, one-half of 8 is 4, and 47 = 16. To complete the square, we 
add 16 to both sides. 


x + 8x + 16 = 16-7 
(1) x7 + 8x + 16 =9 Simplify: 16 — 7 = 9. 
Step 4: Since the left side of Equation | is a perfect-square trinomial, we can factor it to get 
(x + 4). 
x7 + 8x + 16=9 
(2) (x + 4y =9 
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Notation 
It is standard practice to write the 
subtraction of the 4 in front of the 
+ symbol. 


x=-44+3 


not 


Sa 


Success Tip 
We could also solve 
x? + 8x + 7 = Ousing factoring: 


(Gear IG se 1) = 0 
x=-lorx=-7 


Success Tip 
When solving a quadratic equation 
using the factoring method, one 
side of the equation must be 0. 
When we complete the square, we 
are not concerned with that 
requirement. 


Step 5: We can solve Equation 2 by using the square root property. 
x+4=+V9 
x+4= 43 Simplify: V9 = 3. 
x= —-4+3  Toisolate x, subtract 4 from both sides. 


This result represents two solutions. To find the first solution we add 3, and to find the second 
solution, we subtract 3. 


x=-4+3 or x=-4—-—3- + represents + or -. 
x=-l1 | x=-7 Add (subtract). 


Step 6: The solutions are —1 and —7. Check each one in the original equation. 


eT Self Check 7 d Solve x* + 12x + 11 = 0 by completing the square. 
Now Try Problem 51 


If the coefficient of the squared variable (called the leading coefficient) of a quadratic 
equation is not 1, we must make it 1 before we can complete the square. 


EXAM PLE 8 ; Solve 6x” + 5x — 6 = 0 by completing the square. 


Strategy We will begin by dividing both sides of the equation by 6. 


Why This will create a leading coefficient that is 1 so that we can proceed to complete 
the square to solve the equation. 


Solution 
Step 1: To make the coefficient of x* equal to 1, we divide both sides of the equation by 6. 


6x? + 5x —6=0  Thisis the equation to solve. 
& 2s 


0 
— + =x —==-W— Divide both sides by 6, term-by-term. 
6 6 6 6 . : 


5 
x + gx 1 = 0 Simplify 


Step 2: To have the constant term on one side of the equation and the variable terms on the 
other, add 1 to both sides. 
5 


x? + <x =1 
6 


: A Fi 2 
Step 3: The setae of x is 2. one-half of 2 is 2 and (3) = 7 = To complete the 
square, we add a to both sides. 


CO). es = Simplify the right side: 1+ 27 = 44 + 2 = 102. 


Caution 
When using the square root prop- 
erty to solve an equation, always 
write the + symbol. If you forget, 
you will lose one of the solutions. 


Success Tip 
We could also solve 
6x? + 5x — 6 = Ousing 
factoring: 


(3x — 2)(2x + 3) =0 


_2 Breese 
= 3 OF 36 = 2 
Caution 


A common error is to add a con- 
stant to one side of an equation to 
complete the square and forget to 
add it to the other side. 
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Step 4: Factor the left side of Equation 3. 


5\? 169 ee 
(4) |x + D = 144 e+ 6* + 744 is a perfect-square trinomial. 


Step 5: We can solve Equation 4 by using the square root property. 


5 169 
Ce SS SS Se 
12 144 
5 13 
xt =4— Simplify: + \/ 22 = +8. 
12 12 
5 13 
x= “1 pa 1 To isolate x, subtract 2 from both sides. 
5 13 5 13 
i= = ee rr ===. 
12 12 12 12 
8 18 
x= D pe “1 Add (subtract) the fractions. 
2 3 
x= 3 x= “> Simplify each fraction. 


Step 6: Check each solution in the original equation. 


ta Self Check 8 j Solve: 3x* + 2x - 8 =0 
Now Try Problem 59 


EXAMPLE 9 Solve: 2x? +4x+1=0 


Strategy We will follow the steps for solving a quadratic equation by completing the 


square. 


Why Since the trinomial 2x* + 4x + 1 cannot be factored using only integers, solving 


the equation by completing the square is our only option at this time. 


Solution 
2x? +4x+1=0 This is the equation to solve. 
1 
x +2x4 > = 0 Divide both sides by 2 to make the coefficient of x* equal to 1. 
1 
x? + 2x = =5 Subtract 5 from both sides. 
x +2x+1=--4+1 Square one-half of the coefficient of x and add it to both sides. 
ee | 
(x+1y = 5 Factor and combine like terms. 
1 
xtlaHH 7 Use the square root property. 
1 
x =—-1l1+,/=  Toisolate x, subtract 1 from both sides. 
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Caution 
Recall that to simplify a fraction, 
we remove common factors of 
the numerator and denominator. 


Since —2 is a term of the 
=? Ww 
2 


numerator of , no 
further simplification of this 


expression can be made. 


To write ve in simplified radical form, we write it as a quotient of square roots and then 


rationalize the denominator. 


a = Le 


2 
qe Saas or er ae ae ag 


We can express each solution in an alternate form if we write — 1 as a fraction with a denom- 
inator of 2. 


2. Wo e Ags 


,S Se IO 2S SS Write —1 as —2, 
2 2 2 2 
oe 2+ V2 ee -2- V2 Add (subtract) the numerators and keep the 
2 2 common denominator 2. 


2+ a 
2+ V2 ond = 


lator to approximate them. To the nearest hundredth, they are —0.29 and — 1.71. 


2+ V2 
2 


. We can use a calcu- 


The exact solutions are , or simply, 


PT) Self Check 9 | Solve: 3x7 + 6x + 1=0 
Now Try Problem 63 


Using Your Calculator 


Checking Solutions of Quadratic Equations 


We can use a graphing calculator to check the solutions of the quadratic equation 
2x? + 4x + 1 = 0 found in Example 9. After entering Y, = 2x* + 4x + 1, we call up the 
home screen by pressing | 2nd || QUIT |. Then we press | VARS], arrow to Y-VARS, press 
ENTER], and enter | to get the display shown in figure (a). We evaluate 2x* + 4x + 1 for 


x= =a by entering the solution using function notation, as shown in figure (b). 
When | Enter | is pressed, the result of 0 is confirmation that x = aw is a solution of the 
equation. 


ba eh 
| 


(a) 


In the next example, the solutions of the equation are two complex numbers that contain i. 


EXAMPLE 10 Solve: 3x? + 2x +2 = 0 


Strategy We will follow the steps for solving a quadratic equation by completing the 
square. 


Why Since the trinomial 3x7 + 2x + 2 cannot be factored using only integers, solving 
the equation by completing the square is our only option at this time. 
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Success Tip Solution - 
Examples 7 and 8 can be solved by 3x° + 2x +2=0 This is the equation to solve. 
factoring. However, Examples 9 ys 2 2, 0 Divide both sides by 3 to make the coefficient 
and 10 cannot. This illustrates that bea Gao, em oa eer 2 
; 3 3 3 of x° equal to 1. 
completing the square can be 
used to solve any quadratic >, 2 2 2 
equation. Xe a = — Subtract 5 from both sides. 
2 1 1 2 
2 = 2 He ee a)? ot 4 F 
xE a 9 9 3 a 2 = 1 and (5) = 9: Add g to both sides. 
1\? 5 Factor the left side and combine terms: 
ers, = = 1_2_1_6_ 5 
3 9 @ 3-28 9-93: 
5 
x + 3 =e “9 Use the square root property. 
1 5 1 
x= “3 + 9 To isolate x, subtract 3 from both sides. 
Since 


Notation 5 5 


5 NS. 
The solutions are written in “9 = 1: 9 =V-l1 = : i 


complex number form a + bi. 


They could also be written as we have 
-1+iV5 ! 5; 
a a iS ae eed 
3 3 
The solutions are 5 at? M5; and wen 


a Self Check 10 i Solve: x7 + 4x +6 =0 
Now Try Problem 67 


© Use Quadratic Equations to Solve Application Problems. 


EXAMPLE 11 j Graduation Announcements. To create the announcement 
: shown, a graphic artist must follow two design requirements: 


e A border of uniform width should surround <——3in. —> 
the text. iT re 
e Equal areas should be devoted to the text and — 
to the border. | 
To meet these requirements, how wide should the | | 
44+ 2x 4in 
border be? Ee ee 
Analyze the Problem The text occupies 
4+3 = 12 in of space. The border must also L 
have an area of 12 in.”. ; ioe 
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Form an Equation If we let x = the width of the border in inches, the length of the 
announcement is (4 + 2x) inches and the width is (3 + 2x) inches. We can now form an 


equation. 
The area of the . the area of the area of 
equals 
announcement the text the border. 
(4 + 2x)(3 + 2x) - 12 = 12 


Solve the Equation 
(4 + 2x)(3 + 2x) - 12 = 12 


12 + 8x + 6x + 4x7 — 12 = 12  Onthe left side, use the FOIL method. 
Ax? + 14x = 12 Combine like terms. 


2x7 + 7x -6=0 Subtract 12 from both sides. Then divide both sides of 
Ax’ + 14x — 12 = O by2. 


Since the trinomial on the left side does not factor, we will solve the equation by completing 


the square. 
7 Divide both sides by 2 so that the coefficient 
uf Be yy 2 so that the coefficien 
BO Ge ee of is 1. 
>». 7 

xo + 3% =3 Add 3 to both sides. 
x ie im + 49 ne. 49 One-half of Z is z Square z which is 2, and 

16 16 add it to both sides. 
( in zy 97 On the left side, factor the trinomial. On the 
x af: = r : 3-16 48 48 49 97 
4 16 right side, 3 = 74g = 16 and ig + 16 = ie: 

7 97 
ee 4 = 16 Use the square root property. 
Subtract 2 from both sides and sim lify: 
__7, V9 4 P 
ee a er ae o _ Var _ Ver 
16” Ve 4" 
-7+ V97 -7 — V97 
x= —- i or X= —— a Write each expression as a single fraction. 
V9 


State the Conclusion — The width of the border should be eee =~ 0.71 inch. (We 


discard the solution — Zi 97 since it is negative. ) 


Check the Result If the border is 0.71 inch wide, the announcement has an area of 
about 5.42 - 4.42 ~ 23.96 in.*. If we subtract the area of the text from the area of the 
announcement, we get 23.96 — 12 = 11.96 in.’. This represents the area of the border, 
which was to be 12 in.*. The answer seems reasonable. 


La Now Try Problem 101 


| 1.3,-1 243V2 4.1,-5 5.4,-l) 6 (@-3) 7 -1,-11 
ie 


eee) ela eer) 


10.1 
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VOCABULARY 
Fill in the blanks. 
1. An equation of the form ax? + bx + c = 0, where a # 0, is 
called a equation. 


2. x* + 6x + 9 is calleda 
factors as (x + 3)’. 


3. When we add 16 to x* + 8x, we say that we have completed the 


-square trinomial because it 


on x” + 8x. 
4. The coefficient of 5x* — 2x + 7 is 5 and the 
term is 7. 
CONCEPTS 
Fill in the blanks. 
5. For any nonnegative number c, if x* = c, then x = or 
x= 


6. To complete the square on x* + 10x, add the square of 
of the coefficient of x. 
7. Find one-half of the given number and square the result. 
a. 12 b. —5 
8. Fill in the blanks to complete the square. Then factor the 
resulting perfect-square trinomial. 


ax? + 8x + =(x+ Vf 


2 
b. x* — 9x = (« ) 


9. What is the first step to solve each equation by completing the 
square? Do not solve. 


ax? + 9% +7=0 
b. 4x7 + 5x — 16 = 0 

10. Determine whether —2 + V2 isa solution of 
x t+4x+2=0. 


11. Determine whether each statement is true or false. 


a. Any quadratic equation can be solved by the factoring 
method. 

b. Any quadratic equation can be solved by completing the 
square. 

12. a. Write an expression that represents the width of the larger 

rectangle shown in red. 

b. Write an expression that represents the length of the larger 
rectangle shown in red. 


Length 


NOTATION 
13. We read 8 + V3 as “eight — the square root 
of 3.” 
14. When solving a quadratic equation, a student obtains 
_-5+ V7 
Xo a ae . 


a. How many solutions are represented by this notation? List 
them. 


b. Approximate the solutions to the nearest hundredth. 


GUIDED PRACTICE 

Use factoring to solve each equation. See Example 1. 

15. 6x* + 12x =0 16. 5x° + llx =0 
17. y —25=0 18. y — 16 =0 

19. 7° + 6r+8=0 20. x* + 9x + 20 =0 
21. 22° = -24+ 5z 22. 3x7 = 8 — 10x 


Use the square root property to solve each equation. See Example 2. 


23. 77 — 81 =0 24. w — 49 =0 
25. x° = 36 26. x7 = 144 
27. 2 —50=0 28. uw — 24=0 


29. 3x° — 16 =0 30. 5x* — 49 =0 


Use the square root property to solve each equation. See Example 4. 


31. (x +5 =9 32. (x — 1Y =4 
33. (t+ 4° = 16 34. (s — 7 =9 
35. (x + 5) —3 =0 36. (x + 3) —7=0 


37. (a -2Y =8 38. (c — 2) = 12 


Use the square root property to solve each equation. See Example 5. 
39. p> = —16 40. g° = —25 

41. 4m? + 81 =0 42. 9n* + 121 =0 

43. (x — 3 = —5 44, (x + 2% = -3 

45. (y—- 1° +4=0 46. (¢ + 4° + 49 =0 


Complete the square and factor the resulting perfect-square 
trinomial. See Example 6. 


47. x? + 24x 
48. > — 18y 
49. a? — Ta 
50. b° + 11b 


Use completing the square to solve each equation. See Example 7. 
51. x7 + 2x -8 =0 52. x7 + 6x +5=0 
53. k- — 8k + 12 =0 54. p- — 49 +3 =0 
55. ¢ +5¢g-6=0 56. s+ 5s—- 14=0 
57. x° — 3x -4=0 58. x7 — 7x + 12 =0 
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Use completing the square to solve each equation. See Example 8. 


59. 2x7 -x -1=0 


61. 1277 — 5t-3 = 0 


Use completing the square to solve each equation. See Example 9. 
63. 3x7 — 12x + 1=0 


65. 


Use completing the square to solve each equation. See Example 10. 


67. p + 2p +2=0 
69. y° + 8y + 18 =0 
TRY IT YOURSELF 
Solve each equation. 
71. (3x — 1)? = 25 
73. 3x° — 6x = 1 
75. x° + 8x +6=0 
77. 6x? + 72 =0 
79. x° — 2x = 17 
81. m’ — 7m +3=0 
83. 7h? = 35 
Tx +1 

85. = —x? 

5 x 
87. 7° +1+3=0 
89. (8x + 5)° = 24 
91. 7? — 6r — 27=0 


93. 


2x7 + 5x -2=0 


4p? + 2p +3 =0 


60. 2x7 — 5x +2 =0 


62. 5m + 13m —-6=0 


64. 


66. 


6x? — 12x +1=0 


2x7 — 8¥ +5=0 


68. x7 — 6x + 10 =0 
70. n> + 10n + 28 = 0 
72. (5x — 2) = 64 
74, 2x* — 6x = —3 
76. x° + 6x +4=0 
78. 5x7 + 40 =0 
80. x7 + 10x =7 
82. m= —5m+3=0 
84. 9n? = 99 

3 1 
86. —x° =-—- 

g 8 
88. b> —b+5=0 
90. (3y — 2)° = 18 


94. 


.  — 6s — 40 =0 


3m? — 2m +3 =0 
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APPLICATIONS 


95. 


96. 


97. 


98. 


99. 


MOVIE STUNTS According to the Guinness Book of World 
Records, stuntman Dan Koko fell a distance of 312 feet into 
an airbag after jumping from the Vegas World Hotel and 
Casino. The distance d in feet traveled by a free-falling object 
in ft seconds is given by the formula d = 167. To the nearest 
tenth of a second, how long did the fall last? 

ACCIDENTS | The height / (in feet) of an object that is 
dropped from a height of s feet is given by the formula 

h = s — 16t?, where t is the time the object has been falling. 
A 5-foot-tall woman on a sidewalk looks directly overhead 
and sees a window washer drop a bottle from four stories up. 
How long does she have to get out of the way? Round to the 
nearest tenth. (A story is 12 feet.) 

GEOGRAPHY _ The surface area S of a sphere is given by 
the formula S = 47’, where r is the radius of the sphere. An 
almanac lists the surface area of the Earth as 196,938,800 
square miles. Assuming the Earth to be spherical, what is its 
radius to the nearest mile? 
FLAGS In 1912, an order by 
President Taft fixed the width and 
length of the U:S. flag in the ratio 
1 to 1.9. If 100 square feet of cloth 
are to be used to make a US. flag, 
estimate its dimensions to the 


1 
nearest 4 foot. 


AUTOMOBILE ENGINES | As the piston shown moves 
upward, it pushes a cylinder of a gasoline/air mixture that is 
ignited by the spark plug. The formula that gives the volume of 
a cylinder is V = mrh, where r is the radius and h the height. 
Find the radius of the piston (to the nearest hundredth of an 
inch) if it displaces 47.75 cubic inches of gasoline/air mixture 
as it moves from its lowest to its highest point. 


Highest point 


Lowest point 


100. INVESTMENTS | If P dollars are deposited in an account that 


pays an annual rate of interest r, then in n years, the amount of 
money A in the account is given by the formula 4 = P(1 + r)". 
A savings account was opened on January 3, 2006, with a 
deposit of $10,000 and closed on January 2, 2008, with an 
ending balance of $11,772.25. Find the rate of interest. 
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101. PICTURE FRAMING 
The matting around the 
picture has a uniform 
width. How wide is the 
matting if its area 
equals the area of the 
picture? Round to the 
nearest hundredth of an 


WRITING 
105. Give an example of a perfect-square trinomial. Why do you 
think the word “perfect” is used to describe it? 


106. Explain why completing the square on x” + 5x is more 
difficult than completing the square on x” + 4x. 


107. Explain the error in the work shown below. 


. 42Vi_ fPnG_1#V3 


inch. 
8 A-2 2 
1 
102. SWIMMING POOLS Inthe advertisement shown, how ta: is Vi r+] 
wide will the free concrete decking be if a uniform width is b. 5 = 7 Re 
constructed around the perimeter of the pool? Round to the 1 
nearest hundredth of a yard. (Hint: Note the difference in Vis 


: : : : 15 : 
units. Convert the dimensions of the pool to yards.) 108. Explain the steps involved in expressing 8 + —5~ as a single 


fraction with denominator 2. 


REVIEW 
SAHARA POOL & SPA Simplify each expression. All variables represent positive real 
a SUMMER numbers. 
SPECIAL 109. /40a°b° 110, W/x74 
This 18 ftx30 fe pook > 2 sae yr of mm. foe 112. ViT5a°b 
only $28,500 OEE De nee 
CHALLENGE PROBLEMS 


113. What number must be added to x? + V/3x to make a perfect- 


. square trinomial? 
103. DIMENSIONS OF A RECTANGLE A rectangle is 4 feet 


longer than it is wide, and its area is 20 square feet. Find its 114. Solve x7 + V3x — 5 = 0 by completing the square. 
dimensions to the nearest tenth of a foot. 


104. DIMENSIONS OF ATRIANGLE The height of a triangle 


is 4 meters longer than twice its base. Find the base and height Solve for the specified variable. Assume that all variables represent 
if the area of the triangle is 10 square meters. Round to the positive numbers. Express all radicals in simplified form. 
nearest hundredth of a meter. 115. E =m fore 116. 4 = ar forr 


@ Derive the quadratic formula. 


Objectives ® Solve quadratic equations using the quadratic formula. 


© Write equivalent equations to make quadratic formula 
computations easier. 


© Use the quadratic formula to solve application problems. 


We can solve quadratic equations by completing the square, but the work is often tedious. In 
this section, we will develop a formula, called the quadratic formula, that enables us solve 
quadratic equations with less effort. 
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@ Derive the Quadratic Formula. 
To develop a formula that will produce the solutions of a quadratic equation, we start with the 
general quadratic equation ax* + bx + c = 0 with a > 0, and solve it for x by completing 
the square. 
ax’? + bx +c =0 
ax> bx c 0 
+ +-= Divide both sides by a so that the coefficient of x is 1. 
a aeaeoa 
fh Oe ee next AES ee ig x b 
x x -_ Simplify: “- = x“. Write a as 5% 
2 Subtract £ from both sides so that only the terms involving x are on 
x oF x = <2 : 
a_ the left side of the equation. 
We can complete the square on x7 + by by adding the square of one-half of the coeffi- 
: : : -— b 1b b b \2 b? 
cient of x. Since the coefficient of x is qo we have 5a oy and (4) = yes 
ier el oye T lete th da %, to both sid 
oe x =- te t , zz to both sides. 
a 4a a Aa? o complete eé square, a Aa O DO S1deS. 
gra: b. 4 bY _ _ Aac b? Multiply =e by 42 Now the fractions on the 
a 4a? daa 4d? right side have the common denominator 4a”. 
(« re b ) b? — 4ac On the left side, factor. On the right side, add the 
The Language of Algebra 2a 4a° weRtOnS: 
To derive means to obtain by 5 
reasoning. To derive the quadratic b b° — Aac 
x+ = Use the square root property. 
formula means to solve 2a 4a* 
ax’ + bx + ¢ = 0 forx, using 
the series of steps shown here, to pot b_, b? — 4ac The square root of a quotient is the quotient of 
obtain 2a = 4a square roots. 
—b + Vb? =4ac 
re 
D b b* — 4ac 
¢ Xe St Sincea > O, V4a* = 2a. 
2a 2a 
Pog ee b 7 from both sid 
LSS as 0 isolate x, subtract 5- from both sides. 
2a 2a oe 
—b + Vb? = 4ac 
x= Combine the fractions. 
2a 
This result is called the quadratic formula. To develop this formula, we assumed that a 
was positive. If a is negative, similar steps are used, and we obtain the same result. 
Quadratic The solutions of ax* + bx + c = 0, witha # 0, are 
Formula Te =a 


os 2a 


In the next example, we will 


Solve Quadratic Equations Using the Quadratic Formula. 


use the quadratic formula to solve a quadratic equation. 


Caution 
When writing the quadratic 
formula, be careful to draw the 
fraction bar so that it includes the 
entire numerator. Do not write 


ac 


eee 2a 


or 
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EXAM PLE 1 _ Solve 2x? — 5x — 3 = 0 by using the quadratic formula. 


Strategy We will begin by comparing 2x7 — 5x —3=0 to the standard form 
ax? + bx +c =0. 


Why To use the quadratic formula, we need to identify the values of a, b, and c. 


Solution 
2x? — 5x —3 =0  Thisisthe equation to solve. 
t t t 


ax? + bx +ce=0 


We see that a = 2,b = —5,andc = —3.To find the solutions of the equation, we substitute 
these values into the quadratic formula and evaluate the right side. 


—b + VBb* — 4ac 


x= This is the quadratic formula. 


2a 


ee DED VES = 42N(=3) 


Substitute 2 fora, —5Sforb,and —3forc. 


2(2) 

5 + V25 — (—24) Simplify: —(—5) = 5. Evaluate the power and multiply 

x= sae , eat ' 
4 within the radical. Multiply in the denominator. 

5+ V49 
x= a a Simplify within the radical. 

5257 
PP 4 Simplify: V49 = 7. 


To find the first solution, we evaluate the expression using the + symbol. To find the 
second solution, we evaluate the expression using the — symbol. 


Se] ' =] 
x= Pa 

4 

12 —2 
= MS 

4 
- = 
x x 2 


The solutions are 3 and =} and the solution set is {3, —5}. Check each solution in the 


original equation. 


a Self Check 1 i Solve 4x” — 7x — 2 = 0 by using the quadratic formula. 
Now Try Problem 13 


To solve a quadratic equation in x using the quadratic formula, we follow these 
steps. 
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Solving a 
Quadratic 
Equation in x 
Using the 
Quadratic Formula 


Success Tip 
Perhaps you noticed that 
Example 1 could be solved by 
factoring. However, that is not the 
case for Example 2. These obser- 
vations illustrate that the quadratic 
formula can be used to solve any 
quadratic equation. 


Notation 
The solutions can also be written 
as 


1. Write the equation in standard form: ax? + bx + c = 0. 

2. Identify a, b, and c. 

3. Substitute the values for a, b, and c in the quadratic formula 
—b + Vb" = 4ac 


2a 


a 


and evaluate the right side to obtain the solutions. 


EXAMPLE 2 Solve: 2x? = -4x — 1 
Strategy We will write the equation in standard form ax* + bx + c = 0. Then we will 
identify the values of a, b, and c, and substitute these values into the quadratic formula. 
Why The quadratic equation must be in standard form to identify the values of a, b, and c. 


Solution To write the equation in standard form, we need to have all nonzero terms on 
the left side and 0 on the right side. 


2x? = —4x — 1 Thisis the equation to solve. 


2x7 +4x+1=0 To get O on the right side, add 4x and 1 to both sides. 


In this equation, a = 2,b = 4, andc = 1. 


—b + VB? — 4ac 


x= 2a This is the quadratic formula. 

—4+ V4 — 4(2)) 
x= Substitute 2 for a, 4 for b, and 1 for c. 

2(2) 

—4+V16—8 Evaluate the expression within the radical. Multiply in the 
o— 4 denominator. 

4+ V8 
x= 

4 

—4+2V/2 

a rae Simplify: V8 = V4-2 = 2V2. 


We can write the solutions in simpler form by factoring out 2 from the terms in the 
numerator and removing the common factor of 2 in the numerator and denominator. 


-4+2V2_ 2-2 V2) 2-22 V2) -2+ V2 
= = = = 
4 4 Z+2 2 
1 
The solutions are ae and = and the solution set is {= $ v2 —2 3 vay 


We can approximate the solutions using a calculator. To two decimal places, they are —0.29 
and —1.71. 


a Self Check 2 j Solve 3x” = 2x + 3. Approximate the solutions to two decimal 
places. 


Now Try Problem 25 


Notation 
The solutions are written in 


complex number form a + bi. 


They could also be written as 


-1+iV3 


2 
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The solutions to the next example are imaginary numbers. 


EXAMPLE 3 _ Solve: r+x=-1 


Strategy We will write the equation in standard form ax* + bx + c = 0. Then we will 
identify the values of a, b, and c, and substitute these values into the quadratic formula. 


Why The quadratic equation must be in standard form to identify the values of a, b, and c. 

Solution To write x? + x = —1 in standard form, we add | to both sides, to get 
x>+x+1=0 = Thisisthe equation to solve. 

In this equation, a = 1,b = l,andc = 1: 


—b + VB? — 4ac 


2a 
-1+ VIP —- 40)() 
x= Substitute 1 for a, 1 for b, and 1 for c. 
2(1) 
-l1+VvV1-4 
+= 3 Evaluate the expression within the radical. 
=) 2 =3 
x= 
2 
-1+iV3 
— a V=3 = V-1-3 = V=1VS = IVS. 
The solutions are -5 + N3i and -5 - wey and the solution set is 
{-! ee oe wai} 
2 2b 2 ee 


ta Self Check 3 | Solve: a* + 3a+5=0 
Now Try Problem 29 


Write Equivalent Equations to Make Quadratic Formula Computations Easier. 


When solving a quadratic equation by the quadratic formula, we can often simplify the com- 
putations by solving a simpler, but equivalent equation. 


EXAMPLE 4 _ For each equation below, write an equivalent equation so that the 
; quadratic formula computations will be simpler. 


. 5. 1 
a. —2x° + 4x -1=0 b x7 + =x -—--==0 

5 3 
c. 20x” — 60x — 40 = 0 d. 0.03x7 — 0.04x — 0.01 = 0 


Strategy We will multiply both sides of each equation by a carefully chosen number. 


Why In each case, the objective is to find an equivalent equation whose values of a, b, 
and c are easier to work with than those of the given equation. 
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Solution 

a. It is often easier to solve a quadratic equation using the quadratic formula if a is positive. 
If we multiply (or divide) both sides of —2x* + 4x — 1 = 0 by —1, we obtain an equiv- 
alent equation with a > 0. 


5 ri —2x* + 4x -1=0 Here, a = —2. 

uccess Tip ee ASD oe es 

Unlike completing the square, the 1(—2x" + 4x — 1) = —1(0) 

quadratic formula does not 2x? — 4x +1 =0 Now a = 2. 

require the leading coefficient to ‘ : P i 

be 1. b. For x* + 3x — 3 = 0, two coefficients are fractions: b = = and c = —3. We can multi- 


ply both sides of the equation by their least common denominator, 15, to obtain an 
equivalent equation having coefficients that are integers. 


4 1 
t+ ex— 7 =0 Here, a = 1,b = 4, andc = —5. 
15( a4 *) 15(0) 
x Ny a = 
5 3 
15x? + 12x —-5=0 Now a = 15, b = 12, andc = —5. 


c. For 20x* — 60x — 40 = 0, the coefficients 20, —60, and —40 have a common factor of 
20. If we divide both sides of the equation by their GCF, we obtain an equivalent equation 
having smaller coefficients. 


20x? — 60x — 40 =0 Here, a = 20, b = —GO, and c = —40. 
20x7 60x 40 O 


x? —3x-2=0 Nowa = 1,b = —3,andc = —2. 


d. For 0.03x* — 0.04x — 0.01 = 0, all three coefficients are decimals. We can multiply 
both sides of the equation by 100 to obtain an equivalent equation having coefficients that 
are integers. 


0.03x* — 0.04x — 0.01 = 0 Here, a = 0.03, b = —0.04, and c = —0.01. 
100(0.03x? 0.04x — 0.01) = 100(0) 
3x7 — 4x —-1=0 Nowa = 3,b = —4,andc = -1. 


a Self Check 4 dj For each equation, write an equivalent equation so that the 
: quadratic formula computations will be simpler. 
AS ae ee = OS 
es Sea) 
b. Be ae 6 0 
c. 44x* + 66x — 99 = 0 
d. 0.08x* — 0.07x — 0.02 = 0 


Now Try Problems 37 and 39 


4.) Use the Quadratic Formula to Solve Application Problems. 


A variety of real-world applications can be modeled by quadratic equations. However, such 
equations are often difficult or even impossible to solve using the factoring method. In those 
cases, we can use the quadratic formula to solve the equation. 
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EXAM PLE 5 F| Shortcuts. Instead of using the hallways, students are wearing a 

path through a planted quad area to walk 195 feet directly from the 
classrooms to the cafeteria. If the length of the hallway from the office to the cafeteria is 
105 feet longer than the hallway from the office to the classrooms, how much walking 
are the students saving by taking the shortcut? 


Analyze the Problem The two hallways and the shortcut form a right triangle with a 
hypotenuse 195 feet long. We will use the Pythagorean theorem to solve this problem. 


Form an Equation _ If we let x = the length (in feet) of the hallway from the classrooms 
to the office, then the length of the hallway from the office to the cafeteria is (x + 105) 
feet. Substituting these lengths into the Pythagorean theorem, we have 


Classrooms aet+p=c This is the Pythagorean theorem. 
195 ft x? + (x + 105)? = 195? Substitute x for a, (x + 105) for b, and 
xft O 195 for c. 
Z a e x? +x? + 105x + 105x + 11,025 = 38,025 Find (« + 105)?. 
= 2x? + 210x + 11,025 = 38,025 Combine like terms. 


2x7 + 210x — 27,000 = 0 To get O on the right side, subtract 
38,025 from both sides. 


x? + 105x — 13,500 = 0 The coefficients have a common factor of 
2: divide both sides by 2. 


Solve the Equation To solve x7 + 105x — 13,500 = 0, we will use the quadratic 
formula with a = 1, b = 105, andc = —13,500. 


—b + Vb? — 4ac 
gi 
2a 
~105 + V/105? — 4(1)(—13,500) 
os 
2(1) 
_ 7105 + V65,025 — simplify: 105° — 4(1)(—13,500) = 11,025 + 54,000 = 
2 65,025. 
—105 + 255 
x= a a Use a calculator: \V 65,025 = 255. 
150 —360 
ae a or a an 
aa: 
x =75 x =—180 = Since the length of the hallway can’t be negative, discard the 


solution —180. 
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State the Conclusion The length of the hallway from the classrooms to the office is 
75 feet. The length of the hallway from the office to the cafeteria is 75 + 105 = 180 
feet. Instead of using the hallways, a distance of 75 + 180 = 255 feet, the students are 
taking the 195-foot shortcut to the cafeteria, a savings of (255 — 195), or 60 feet. 


Check the Result The length of the 180-foot hallway is 105 feet longer than the length 
of the 75-foot hallway. The sum of the squares of the lengths of the hallways is 
75° + 180° = 38,025. This equals the square of the length of the 195-foot shortcut: 
195° = 38,025. The result checks. 


Ey Now Try Problem 73 


EXAMPLE 6 | Mass Transit. A bus company has 4,000 passengers daily, each 

currently paying a 75¢ fare. For each 15¢ fare increase, the 

company estimates that it will lose 50 passengers. If the company needs to bring in 

$6,570 per day to stay in business, what fare must be charged to produce this amount of 
revenue? 


Analyze the Problem To understand how a fare increase affects the number of pas- 
sengers, let’s consider what happens if there are two fare increases. We organize the data 
in a table. The fares are expressed in terms of dollars. 


Number of increases New fare Number of passengers 
One $0.15 increase $0.75 + $0.15(1) = $0.90 | 4,000 — 50(1) = 3,950 
Two $0.15 increases $0.75 + $0.15(2) = $1.05 | 4,000 — 50(2) = 3,900 


In general, the new fare will be the old fare ($0.75) plus the number of fare 
increases times $0.15. The number of passengers who will pay the new fare is 4,000 
minus 50 times the number of $0.15 fare increases. 


Form an Equation If we let x = the number of $0.15 fare increases necessary to bring 
in $6,570 daily, then $(0.75 + 0.15x) is the fare that must be charged. The number of 
passengers who will pay this fare is 4,000 — 50x. We can now form an equation. 


the number of 
The bus fare times passengerswho equals $6,570. 
will pay that fare 
(0.75 + 0.15x) . (4,000 — 50x) = 6,570 
Solve the Equation 
(0.75 + 0.15x)(4,000 — 50x) = 6,570 
3,000 — 37.5x + 600x — 75x" = 6,570 Multiply the binomials. 
—7.5x7 + 562.5x + 3,000 = 6,570 Combine like terms: —37.5x + GOOx = 562.5x. 


—7.5x* + 562.5x — 3,570 = 0 To get O on the right side, subtract 6,570 from 
both sides. 
7.5x° — 562.5x + 3,570 = 0 Multiply both sides by —1 so that the value of 


a, 7.5, is positive. 


To solve this equation, we will use the quadratic formula. 


> 

Ee 
& 
= 
a 

ra 
Ss 
@ 
S 
= 
f= 
a=7 
a 
2) 


10.2 The Quadratic Formula 915 


—b+ Vb* — 4ac 
- 2a 
—(—562.5) + V/(—562.5)" — 4(7.5)(3,570) Substitute 7.5 for a, —562.5 for b, 
‘— 2(7.5) and 3,570 for c. 
562.5 + V 209,306.25 — Simplify: (-562.5)* — 4(7.5)(3,570) = 
= 15 316,406.25 — 107.100 = 209,306.25. 
562.5 + 457.5 
x= 415. Use a calculator: V 209,306.25 = 457.5. 
1,020 105 
Pilot or LS Se 
15 15 
x = 68 x=7 


State the Conclusion If there are 7 fifteen-cent increases in the fare, the new fare will 
be $0.75 + $0.15(7) = $1.80. If there are 68 fifteen-cent increases in the fare, the new 
fare will be $0.75 + $0.15(68) = $10.95. Although this fare would bring in the neces- 
sary revenue, a $10.95 bus fare is unreasonable, so we discard it. 


Check the Result A fare of $1.80 will be paid by [4,000 — 50(7)] = 3,650 bus riders. 
The amount of revenue brought in would be $1.80(3,650) = $6,570. The result checks. 


La Now Try Problem 83 


EXAMPLE 7 _ Lawyers. The number of lawyers in the United States is approx- 
; ~ imated by the function M(x) = 45x? + 21,000x + 560,000, where 
N(x) is the number of lawyers and x is the number of years after 1980. In what year does 
this model indicate that the United States had one million lawyers? (Based on data from 
the American Bar Association) 


Strategy We will substitute 1,000,000 for M(x) in the equation and solve for x. 


Why The value of x will give the number of years after 1980 that the United States had 
1,000,000 lawyers. 


Solution 
N(x) = 45x? + 21,000x + 560,000 


1,000,000 = 45x? + 21,000x + 560,000 Replace N(x) with 1,000,000. 


0 = 45x? + 21,000x — 440,000 To get O on the left side, subtract 1,000,000 
from both sides. 


We can simplify the computations by dividing both sides of the equation by 5, which is the 
greatest common factor of 45, 21,000, and 440,000. 


9x* + 4,200x — 88,000 = 0 __ Divide both sides by 5. 


We solve this equation using the quadratic formula. 


—b+ Vb" — 4ac 
- 2a 

—4,200 + V/(4,200)” — 4(9)(—88,000) Substitute 9 for a, 4,200 for b, and 
ae 2(9) —88,000 for c. 

—4,200 + V 20,808,000 : pote : 
x= Evaluate the expression within the radical. 


18 


916 


362 —8,762 . a 
x=— or x=—— _ Useacalculator. 
18 18 
x = 20.1 x = =486.8 Since the model is defined only for positive values of x, we 


In 20.1 years after 1980, or in early 2000, the model predicts that United States had approx- 


imately 1,000,000 lawyers. 
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discard the second solution. 


: 1 1+ V10 3, Wills 
| bj 2 OI 8 a 
4. a. 6x7 — 7x +9=0 b. 2x7 - 4x -5=0 6 4c°+6x-9=0 di 8x? -7x-2=0 


VOCABULARY 
Fill in the blanks. 


LA equation in one variable is any equation that can be 
written in the standard form ax” + bx + c = 0. 


—b + Vb* — 4ac 


2a 


2x = 


is called the formula. 


CONCEPTS 


3. Write each equation in standard form. 
a. x? + 2x = —5 b. 3x7 = —2x + 1 


4. For each quadratic equation, find the values of a, b, and c. 
a. x + 5x +6=0 b. &* —x = 10 


5. Determine whether each statement is true or false. 


a. Any quadratic equation can be solved by using the quadratic 
formula. 


b. Any quadratic equation can be solved by completing the 
square. 
6. What is wrong with the beginning of the solution shown below? 


Solve: x7 — 3x = 2 
a=1 b 3 c=2 


Evaluate each expression. 
—2 + V2? — 4(1)(-8) 
2(1) 


7. 


2G) = V(-D? = 4(2)(-4) 


8 
2(2) 
9. A student used the quadratic formula to solve a quadratic 
equation and obtained x = = ee 


a. How many solutions does the equation have? What are they 
exactly? 
b. Graph the solutions on a number line. 


10. Simplify each of the following. 


3+6V2 . ~124+4V7 
a. i fs —— ae 
NOTATION 


11. Ona quiz, students were asked to write the quadratic formula. 
What is wrong with each answer shown below? 


Vb* — 4ac 
aox=—-b+ 
2a 

b —bVb* — 4ac 

ee 

2a 
12. When reading ah NE A ee we say, “The____—iof b, 

plus or the square of b minus times 
a times c, all 2a.” 


GUIDED PRACTICE 


Use the quadratic formula to solve each equation. See Example 1. 
13. x7 -— 3x +2=0 14. x7 + 3x +2=0 


15. x° + 12x = —36 16. x7 — 18% + 81 =0 


17. 2x7 +x-3=0 18. 6x7 -x -1=0 


19. 1277 -5r -2=0 20. 1227+ 5: --3 =0 


Solve each equation. Approximate the solutions to two decimal 
places. See Example 2. 


21.x7=x+7 22. 1° =1+4 

23. 5x + 5x = —1 24. 2x7 + Ix = -1 
25. 3° + 1 = —6y 26. 4v* + 1 = —6w 
27. 4m? = 4m + 19 28. 3y° = 12y — 4 


Solve each equation. See Example 3. 


29. 2x7 +x+1=0 30. 2x7 + 3x +5 =0 
31. 3x7 — 2r +1 =0 32. 3x7 — 2 +5 =0 
33. x7 -2r +2=0 34. x7 — 4x + 8 =0 
35. 4a? + 4a +5 =0 36. 46° + 4b + 17 =0 


For each equation, write an equivalent quadratic equation that 
will be easier to solve. Do not solve the equation. See Example 4. 


37. a. —5x7 + 9x —-2=0 
b. 1.6t7 + 2.4t - 0.9 =0 
1 3 
38. a. x? + =x -—=0 


b. 33y7 + 99y — 66 = 0 


39. a. 45x? + 30x — 15 = 0 
1 1 1 
b. —m* ——m —-—=0 
3 2 3 
40. a. 0.6t7 — 0.1¢ — 0.2 = 0 


b. —a* — 15a + 12 = 0 


TRY IT YOURSELF 
Solve each equation. 
14 8 


41. x? — —x 


5, 3 
= — 42. x7 = —“x + = 
Is 15 47° 2 


43. 3x? — 4x = —2 44, 2x7 + 3x = —3 
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45. —loy — 8y +3 =0 46. —16x? — lox —-3 = 0 
47, 2x7 — 3x -1=0 48. 3x7 — 9x —-2 =0 
49. —x* + 10x = 18 50. —x? - 6x -2=0 

51. x° — 6x = 391 52. x” — 27x — 280 = 0 
53. x° + 5x —-5 =0 54. x° — 3x — 27 =0 
55. 9° — 6h +7=0 56. 5x? = 2x — 1 

57. 50x” + 30x — 10 =0 58. 120b* + 120b — 40 = 0 


59. 0.6x7 + 0.03 — 0.4x = 0 60. 2x* + O.1lx = 0.04 


is: “A 1 3 13 
61. =x° —=x+1= 62. —x° + 3x + — =0 
8 2 2 2 
63 @ _3a,7_4 64. ae ee 

"10 5 5 a 

6s. %45 i 6, %-2=! 

Sr SxS = SS ae 

2 2 B ae 2 
67. 900x? — 8,100x = 1,800 68. 14x* — 21x = 49 


Solve each equation. Approximate the solutions to two decimal 
places. 


69 Pee | 2G 70. 81x? + 12x — 80=0 
a" 6~ 6 le x 

71. 0.7x? — 3.5x — 25 =0 72. —4.5x* + 0.2x + 3.75 = 0 

APPLICATIONS 


73. CROSSWALKS Refer to the illustration on the next page. 
Instead of using the Main Street and First Avenue crosswalks to 
get from Nordstroms to Best Buy, a shopper uses the diagonal 
crosswalk to walk 97 feet directly from one corner to the other. 
If the length of the Main Street crosswalk is 7 feet longer than 
the First Avenue crosswalk, how much walking does the 
shopper save by using the diagonal crosswalk? 
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Main St. 


First Ave. 


74. BADMINTON |The person who wrote the instructions for 


75. 


76. 


77. 


78. 


setting up the badminton net shown below forgot to give the 
specific dimensions for securing the pole. How long is the 
support string? 


Move up the pole a distance that is 
4 inches less than the length of the string. 
Secure the string to the pole. 


eee 


From the base of the pole, 
move out a distance of | inch 
less than half the length of 
the string, and place an 
anchor stake in the ground. 


ee 


RIGHT TRIANGLES The hypotenuse of a right triangle is 
2.5 units long. The longer leg is 1.7 units longer than the 
shorter leg. Find the lengths of the sides of the triangle. 


TELEVISIONS _ The screen size of a television is measured 
diagonally from one corner to the opposite corner. In 2007, 
Sharp developed the world’s largest TV screen to date—a 
108-inch flat-panel liquid crystal display (LCD). Find the width 
and the height of the rectangular screen if the width were 

41 inches greater than the height. Round to the nearest inch. 


IMAX SCREENS | The largest permanent movie screen is in 
the Panasonic Imax theater at Darling Harbor, Sydney, Australia. 
The rectangular screen has an area of 11,349 square feet. Find 
the dimensions of the screen if it is 20 feet longer than it is wide. 


WORLD’S LARGEST 
LED SCREEN A huge 
suspended LED screen is 
the centerpiece of The 
Place, a popular mall in 
Beijing, China. Find the 
length and width of the 
rectangular screen if the 
length is 10 meters more than 8 times its width, and the 
viewable area is 7,500 square meters. 


© Directphoto.org/Alamy 


79. 


80. 


81. 


82. 


83. 


84. 


85. 
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PARKS Central Park is one of New York’s best-known 
landmarks. Rectangular in shape, its length is 5 times its width. 
When measured in miles, its perimeter numerically exceeds its 
area by 4.75. Find the dimensions of Central Park if we know 
that its width is less than | mile. 


HISTORY One of the important cities of the ancient world 
was Babylon. Greek historians wrote that the city was square- 
shaped. Measured in miles, its area numerically exceeded its 
perimeter by about 124. Find its dimensions. (Round to the 
nearest tenth.) 

POLYGONS A five-sided 
polygon, called a pentagon, 
has 5 diagonals. The number 
of diagonals d of a polygon of 
n Sides is given by the 
formula 


n(n — 3) 
2 


d= 


Find the number of sides of a 
polygon if it has 275 diagonals. 


METAL FABRICATION _ A box with no top is to be made by 
cutting a 2-inch square from each corner of a square sheet of 
metal. After bending up the sides, the volume of the box is to 
be 220 cubic inches. Find the length of a side of the square 
sheet of metal that should be used in the construction of the 
box. Round to the nearest hundredth. 


DED) 
Nee Ss 
xk i 


DANCES | Tickets to a school dance cost $4 and the projected 
attendance is 300 people. It is further projected that for every 
10¢ increase in ticket price, the average attendance will 
decrease by 5. At what ticket price will the receipts from the 
dance be $1,248? 

TICKET SALES A carnival usually sells three thousand 75¢ 
ride tickets on a Saturday. For each 15¢ increase in price, 
management estimates that 80 fewer tickets will be sold. What 
increase in ticket price will produce $2,982 of revenue on 
Saturday? 

MAGAZINE SALES | The Gazettes profit is $20 per year for 
each of its 3,000 subscribers. Management estimates that the 
profit per subscriber will increase by 1¢ for each additional 
subscriber over the current 3,000. How many subscribers will 
bring a total profit of $120,000? 
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86. INVESTMENT RATES A woman invests $1,000 in a fund 
for which interest is compounded annually at a rate r. After one 
year, she deposits an additional $2,000. After two years, the 
balance in the account is 


$1,000(1 + r)* + $2,000(1 + 7) 


If this amount is $3,368.10, find r. 

87. U.S. EMPLOYMENT TRENDS | The percent of men ages 
55—64 in the labor force is approximated by the function 
P(x) = 0.03x* — 1.45x + 83.5, where P(x) is the percent and x 
is the number of years after 1970. The model is valid for the 
years 1970-2007; thus 0 = x = 37. When does the model 
indicate that 75% of the men ages 55—64 were part of the labor 
force? (Based on data from the Statistical Abstract of the 
United States, 2007) 

88. WATER The water usage by residents of Santa Barbara, 
California, is approximated by the function 
g(x) 0.36x" + 7.86x + 80.8, where g(x) is the average 
number of gallons used each day per person and x is the number 
of years after 1990. The model is valid for the years 1990-2005; 
thus, 0 = x = 15. In what year does the model indicate that the 
daily usage was 115 gallons per person? (Based on data from the 
City of Santa Barbara Public Works Department) 


WRITING 
89. Explain why the quadratic formula, in most cases, is easier to 
use to solve a quadratic equation than is the method of com- 
pleting the square. 
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90. On an exam, a student was asked to solve the equation 
—4w* — 6w — 1 = 0. Her first step was to multiply both sides 
of the equation by —1. She then used the quadratic formula to 
solve 4w* + 6w + 1 = 0 instead. Is this a valid approach? 
Explain. 


REVIEW 
Change each radical to an exponential expression. 
91. Vn 92. V/8r°s 

93. V/3b 94, 3/7 — 
Write each expression in radical form. 

95. 11 96. (3m?n? )'5 
97. (31)'/4 98. (c* + dy”? 
CHALLENGE PROBLEMS 


All of the equations we have solved so far have had rational- 
number coefficients. However, the quadratic formula can be used 
to solve quadratic equations with irrational or even imaginary 
coefficients. Solve each equation. 

99. x7 + 2V2x - 6 =0 
100. V2x7 + x - V2=0 
101. x? — 3x -2=0 
102. 100ix* + 300x — 200i = 0 


@ Use the discriminant to determine number and type of solutions. 
Objectives @® Solve equations that are quadratic in form. 


© Solve problems involving quadratic equations. 


We have seen that solutions of the quadratic equation ax? + bx + c = 0 with a # 0 are 
given by the formula 


_=b= Vb* — 4ac 


2a 


x 


In this section, we will examine the radicand within the quadratic formula to distinguish or 
“discriminate” among the three types of solutions—rational, irrational, or imaginary. 


aq Use the Discriminant to Determine Number and Type of Solutions. 


The expression b* — 4ac that appears under the radical symbol in the quadratic formula is 
called the discriminant. The discriminant can be used to predict what kind of solutions a 
quadratic equation has without solving it. 
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The Discriminant 


Success Tip 
The discriminant can also be used 
to determine factorability. The 
trinomial ax? + bx + ¢ with 
integer coefficients anda # O will 
factor as the product of two 
binomials with integer coefficients 
ifthe value of b* — 4ac isa 
perfect square. If b? — 4ac = 0, 
the factors will be the same. 


For a quadratic equation of the form ax” + bx + c = 0 with real-number coefficients and 
a # 0, the expression b* — 4ac is called the discriminant and can be used to determine the 
number and type of the solutions of the equation. 


Discriminant: b* — 4ac Number and type of solutions 
POSItIVE epee eee eee eee Two different real numbers 
\O eee ate hy Gia cua ce maare cree teas ace tr tenancy tet One repeated solution, a rational number 
INKSSETENIS Lona ome er tide aemalateoea noo Two different imaginary numbers 
that are complex conjugates 
Discriminant: b* — 4ac Number and type of solutions 
A OSM SEMIS ou cacccscodvecucoes Two different rational numbers 
Positive and not a perfect square....... Two different irrational numbers 


EXAM PLE 1 j Determine the number and type of solutions for each equation: 
; ax+x+1=0  b. 3x7+5r+2=0 


Strategy We will identify the values of a, b, and c in each equation. Then we will use 
those values to compute 5? — 4ac, the discriminant. 


Why Once we know whether the discriminant is positive, 0, or negative, and whether it is 
a perfect square, we can determine the number and type of the solutions of the equation. 


Solution 
a. For x* + x + 1 = 0, the discriminant is: 
b* — 4ac = 1° — 4(1)(1)_— Substitute: a = 1, b =1,andc = 1. 


= —3 The result is a negative number. 


Since b* — 4ac < 0, the solutions of x* + x + 1 =0 are two different imaginary 
numbers that are complex conjugates. 


b. For 3x? + 5x + 2 = 0, the discriminant is: 
b* — 4ac = 5° — 4(3)(2) Substitute: a = 3, b = 5, andc = 2. 
= 25 — 24 
=] The result is a positive number. 


Since b? — 4ac>0 and b*—4ac is a_ perfect square, the solutions of 
3x° + 5x + 2 = 0 are two different rational numbers. 


a Self Check 1 | Determine the number and type of solutions for 
a.x°>+x—-1=0 
b. 3x7 + 4x +2 =0 


Now Try Problems 11, 13, and 15 


2) Solve Equations That Are Quadratic in Form. 


We have discussed four methods that are used to solve quadratic equations. The table on the 
next page shows some advantages and disadvantages of each method. 


Strategy for 
Solving Quadratic 
Equations 
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Method Advantages Disadvantages Examples 
Factoring and the | It can be very fast. When Some polynomials may be | x7 — 2x — 24 = 0 
zero-factor each factor is set equal to 0, | difficult to factor and 4a’? —a=0 
property the resulting equations are | others impossible. 

usually easy to solve. 
Square root It is the fastest way to solve | It only applies to equations x? = 27 


works well with equations 
of the form x” + bx =n, 
where b is even. 


property equations of the form that are in these forms. (2y + 3yP = 25 
ax? =n (n = anumber) 
or (ax + bP? =n. 
Completing the It can be used to solve any__| It involves more steps than | x7 + 4x +1 =0 
square* quadratic equation. It the other methods. The ?-— 144-9=0 


algebra can be 
cumbersome if the leading 
coefficient is not 1. 


Quadratic formula 


It can be used to solve any 
quadratic equation. 


It involves several 
computations where sign 
errors can be made. Often 
the result must be 
simplified. 


x? + 3x — 33 =0 
4s* — 10s +5 =0 


*The quadratic formula is just a condensed version of completing the square and is usually easier to use. How- 
ever, you need to know how to complete the square because it is used in more advanced mathematics courses. 


To determine the most efficient method for a given equation, we can use the following 


strategy. 


1. See whether the equation is in a form such that the square root method is easily 


applied. 


2. See whether the equation is in a form such that the completing the square method is 


easily applied. 


3. If neither Step 1 nor Step 2 is reasonable, write the equation in ax* + bx + c = 0 form. 


4. See whether the equation can be solved using the factoring method. 


5. If you can’t factor, solve the equation by the quadratic formula. 


Many nonquadratic equations can be written in quadratic form (ax* + bx + c = 0) and 
solved using the techniques discussed in previous sections. For example, a careful inspection 
of the equation x* — 5x* + 4 = 0 leads to the following observations: 


The leading term, x‘, is the 
square of the expression x” 
in the middle term: x* = (x)*. 


xt — 5x? 


+4=0 


the last term is a constant. 


Equations that contain an expression, the same expression squared, and a constant term 
are said to be quadratic in form. One method used to solve such equations is to make a sub- 


stitution. 


EXAMPLE 2 


i 


— Solve: xt — 3x7 -4=0 


Strategy Since the leading term, x*, is the square of the expression x? in the middle 
term, we will substitute y for x°. 
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Why Our hope is that such a substitution will produce an equation that we can solve 
using one of the methods previously discussed. 


Solution — If we write x* as (x”)’, the equation takes the form 


Notation 
The choice of the letter y for the (x?) — 3x7 -4=0 
substitution is arbitrary. We could 
just as well let b = x7. and it is said to be quadratic in x*. We can solve this equation by letting y = x”. 

y —-3y-4=0 Replace each x with y. 
We can solve this quadratic equation by factoring. 
VvV-4vt+1)=90 Factor ¥ — By — 4. 
y-4=0 or yt1l=0 Set each factor equal to O. 
y=4 | p= i 
Cauti These are not the solutions for x. To find x, we reverse the substitution by replacing each y 
a ron be fn with x? and proceed as follows: 

If you are solving an equation in x, 
you can’t answer with values of y. y= or x=-l Substitute x for y. 
Remember to reverse any 
substitutions, and solve for the x=+V4 x= tV—-I1 Use the square root property. 
variable in the original equation. £= 9 = 43 


This equation has four solutions: 2, —2, i, and —i. Check each one in the original equation. 


eT Self Check 2 i Solve: x* — 5x* — 36 =0 


Now Try Problem 23 


EXAMPLE 3 Solve: x — 7Vx + 12 =0 


Strategy Since the leading term, x, is the square of the expression Vx in the middle 
term, we will substitute y for Vx. 


Why Our hope is that such a substitution will produce an equation that we can solve 
using one of the methods previously discussed. 


Solution We examine the leading term and the middle term. 


The leading term, x, is the ; 4 
square of the expression Vx x—-7Vx+12=0 
in middle term: x = (Vx)*. t ‘The last term is a constant. 


: 2 : 
If we write x as (Vx) , the equation takes the form 


The Language of Algebra (vx) = Fife + 12 =0 

Equations such as 

x — 7Vx + 12 = O that are and it is said to be quadratic in “Vx. We can solve this equation by letting y = Vx and 
quadratic in form are also said to factoring. 


be reducible to a quadratic. 9 
y —7Ty+12=0 > Replace each Vx with y. 


(vy -— 3)\yvy — 4) =0 Factor ¥ — 7y + 12. 
y-3=0 or y-—4=0 Set each factor equal to 0. 
y=3 | y=4 
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To find x, we reverse the substitution and replace each y with Vx . Then we solve the result- 
ing radical equations by squaring both sides. 


Vx=3 or Vx=4 
x=9 | x= 16 


The solutions are 9 and 16. Check each solution in the original equation. 


a Self Check 3 j Solve: x + Vx —-6=0 
Now Try Problem 27 


EXAMPLE 4 Solve: 2m’? — 2 = 3m‘? 


Strategy We will write the equation in descending powers of m and look for a possible 
substitution to make. 


Why Our hope is that a substitution will produce an equation that we can solve using one 
of the methods previously discussed. 


Solution After writing the equation in descending powers of m, we see that 


2m? — 3m? —2 = 0 


1/3 1/3 


is quadratic in m\/?, because m7’? = (m‘/7)*. We will use the substitution y = m'/> to write 


this equation in quadratic form. 


Im’? — 3m) —-2=0 


2(m*°) — 3m — 2 = 0 Write m?’? as (m/*)*, 
2y" —3y-2=0 Replace each m'’? with y. 
(Qv + lw - 2) =0 Factor 2y° — By — 2. 
2y+1=0 or y—2=0 _ Set each factor equal to 0. 
1 
on a 


1/3 


To find m, we reverse the substitution and replace each y with m’’~. Then we solve the 


resulting equations by cubing both sides. 


1 
ges 1/3 _ 9 


Recall that m'’> =m. To solve for m, cube both 
sides. 


a 
3 
—_ 
ies) 
— 
Ww 
ll 
a 
| 
NR 
—, 


(mi = (2° 


The solutions are -3 and 8. Check each solution in the original equation. 


a Self Check 4 i Solve: a7? = —3a'/? + 10 
Now Try Problem 31 
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Success Tip 
We could also solve this equation 
by multiplying both sides by the 
HGDe a. 


EXAMPLE 5 j Solve: (4¢ + 2)? — 30(4t + 2) + 224 =0 
Strategy Since the leading term, (4 + 2)”, is the square of the expression 4f + 2 in the 
middle term, we will substitute y for 4¢ + 2. 


Why Our hope is that such a substitution will produce an equation that we can solve 
using one of the methods previously discussed. 


Solution This equation is quadratic in 4t + 2. If we make the substitution y = 4¢ + 2, 
we have 


y — 30y + 224=0 


which can be solved by using the quadratic formula. 


—b + VB* — 4ac 


y= 


2a 
—(—30) + V(—30)? — 4(1)(224) 
y= 20) Substitute 1 for a, —30 for b, and 224 for c. 
30 + V 900 — 896 
y= 5 Simplify within the radical. 
30 + 2 
+= V'900 — 896 = V4 =2. 


y=16 or y=14 
To find ¢, we reverse the substitution and replace y with 4¢ + 2. Then we solve for f. 
4¢+2=16 or 4+2=14 
4t = 14 4t = 12 
t=3.5 t=3 


Verify that 3.5 and 3 satisfy the original equation. 


a Self Check 5 ] Solve: (n + 3)? — 6(n + 3) = -8 
Now Try Problem 35 


EXAMPLE 6 Solve: 15a? — 8a '+1=0 


Strategy We will write the equation with positive exponents and look for a possible sub- 
stitution to make. 


Why Our hope is that a substitution will produce an equation that we can solve using one 
of the methods previously discussed. 
Solution When we write the terms 15a * and —8a_' using positive exponents, we see 


that this equation is quadratic in 7 


15 8 
ae 1 = 0 Think of this equation as 15 - (4) —-6-141=0. 
a a a a 


If we let y = 1 the resulting quadratic equation can be solved by factoring. 
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15y* — 8y + 1=0 Substitute y’ for - and y for a 
(Sy — DBy — 1) =0 Factor 15y — By +1=0. 
5y-1=0 or 3y-1=0 


Solve the proportions. 


The solutions are 5 and 3. Check each solution in the original equation. 


a Self Check 6 P| Solve: 28c * — 3c '!-1=0 


Now Try Problem 41 


© Solve Problems Involving Quadratic Equations. 


EXAMPLE7 = Household Appliances. The illustration shows a temperature 
~ control on a washing machine. When the warm setting is selected, 
both the hot and cold water pipes open to fill the tub in 2 minutes 15 seconds. When the 

Electronic Temperature Control cold setting is chosen, the tub fills 45 seconds faster than when the /ot setting is used. 
(WARM 7 How long does it take to fill the washing machine with hot water? 


Analyze the Problem _ It is helpful to organize the facts of this shared-work problem in 
a table. 


Form an Equation Let x = the number of seconds it takes to fill the tub with hot water. 
Since the cold water inlet fills the tub in 45 seconds less time, x — 45 = the number of 
seconds it takes to fill the tub with cold water. The hot and cold water inlets will be open 


Te ; ‘ 
Weeaeeee for the same time: 2 minutes 15 seconds, or 135 seconds. 
To determine the work completed by each inlet, multiply the rate by the time. 
Rate - Time = Work completed 
1 135 
Hot water oa 135 a 
x x 
1 135 
I t 1 
Cold water 7G 35 eo 
5 —————————— = 
Success Tip Enter this Multiply to get each of 


An alternate way to form an 
equation is to note that what the 
hot water inlet can do in 1 second 
plus what the cold water inlet can 


information first. these entries: W = rt. 


In shared-work problems, | represents one whole job completed. So we have, 


do in 1 second equals what they The fraction of tub the fraction of the tub 1 tub 
can do together in 1 second: i plus i equals 
filled with hot water filled with cold water filled. 
1 
= 135 135 


a yas 1135 


+ - 1 
x x- 45 
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Solve the Equation 


135 135 
—— + — 
x x — 45 
ne 
135 135 Multiply both sides by the LCD 
x(x — 48) a ) = x(x — 45)(1) x(x — 45) to clear the rational 
" x — 45 equation of fractions. 
135 135 Distribute the multiplication 
= —— + — — — 
x(x — 45) ; x(x =) — 45 x(x — 45)(1) by adn AB), 
135(@ — 45) + 135x = x(x — 45) Simplify each side. 
135x — 6,075 + 135x = x° — 45x Distribute the multiplication 
by 135 and by x. 
270x — 6,075 = x — 45x Combine like terms. 


0 = x* — 315x + 6,075 To get O on the left side, 
subtract 270x from both 
sides, and add 6,075 to both 


sides. 
To solve this equation, we will use the quadratic formula, with a = 1, b = —315, and 
c = 6,075. 
—b + VB* — 4ac 
a 2a 
_ —(-315) + V(—315)? — 4(1)(6,075) Substitute 1 for a, 315 for b, 
" 2) and 6,075 for c. 
315 + V99,225 — 24,300 
= 5 Simplify within the radical. 
315 + V 74,925 
* 2 
589 41 
x=— or x =— 
2 
x = 294 | x = 21 


State the Conclusion We can discard the solution of 21 seconds, because this would 
imply that the cold water inlet fills the tub in a negative number of seconds 
(21 — 45 = —24). Therefore, the hot water inlet fills the washing machine tub in about 
294 seconds, which is 4 minutes 54 seconds. 


Check the Result Use estimation to check the result. 


La Now Try Problem 83 


Bag nsurs TO SELF CHECKS — 1. a. Two different irrational numbers b. Two different imaginary 
numbers that are complex conjugates 2. 3, —3,2i,—2i 3.4 4. —125,8 5. —1,1 6 —7,4 
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VOCABULARY 10. Fill in the blanks to write each equation in quadratic form. 

Fill in the blanks. a. x4 - 2x7 - 15 =0-+()) - 2) - 15 =0 

1. For the quadratic equation ax” + bx + c = 0, the b= 2 4-3 0 — ( y _) +3=0 
is b° — 4ac. 

2. We can solve x — 2Vx — 8 = 0 by making the c. 8m? — 10m? —3 =0> 8( le — 10 =o = 
vONE GUIDED PRACTICE 

CONCEPTS Use the discriminant to determine the number and type of 


solutions for each equation. Do not solve. See Example 1. 
Consider the quadratic equation ax’ — bx + c = 0, where a, b, fe q P 


and c represent rational numbers, and fill in the blanks. 11. 4x7 — 4x +1 =0 12. 6x* — 5x -6 =0 


3. If b? — 4ac < 0, the solutions of the equation are two different 
imaginary numbers that are complex 


: i Sx? +x+2= . 3x7 + 10x -— 2 = 
4. Ifb? — 4ac = __, the equation has one repeated rational- LS er eae eile 
number solution. 
ae ; : : 
5. Ifb 4ac is a perfect square, the solutions of the equation are 15 Oe ae 1 16. 9x2 = 12x —4 
two different____ numbers. 
6. If b? — 4ac is positive and not a perfect square, the solutions of 
the equation ae two cient —__—_ ates. 17. x(2x — 3) = 20 18. x@— 3) = —10 
7. For each equation, determine the substitution that should be 
made to write the equation in quadratic form. 
a. x*—12x7+27=0 Lety= 19. 3x2 — 10 =0 20. 5x2 — 24 =0 
b. x — 13Vx+40=0 Lety= 
2/3 1/3 _ = = 
cx’ + 2x 3=0 Lety= 14 8 5 3 
- Nie = = Soe 
15 15 4 2 
d.x ?-x '—-30=0 Lety= 
e (x +1 —-(@+1)-6=0 Lety= Solve each equation. See Example 2. 
8° Fill ndne blanks. 23. x* — 17x? + 16 =0 24, x* — 10x27 +9 =0 
4 2 2 
ax = b. x = 
( ) (=) 25. x* + 5x7 — 36 =0 26. x* — 15x* — 16 = 0 


c 2 = (SU) a4-( ) 


Solve each equation. See Example 3. 


NOTATION 27. x — 13Vx + 40 =0 28. x — 9Vx + 18 = 0 
Complete the solution. 
9. To find the type of solutions for the equation x + 5x + 6 = 0, 29. 2x + Vx— 3 = 0 30. 2x -— Vx-1=0 
we compute the discriminant. Solve each equation. See Example 4. 
P- = 7-4 ) 31. a3 — 2@"/3 = 3 32. 73 + 4r'3 = 5 
= 33. x73 4+ 2x'F -8 =0 34. x7 — 7x13 +12 =0 


Since a, b, and c are rational numbers and the value of the 
discriminant is a perfect square, the solutions are two different 
numbers. 35. (c 4 1 4(c+1)+3=0 
36. (a — 5) — 4a — 5) — 21 =0 
37. 2(2x + 1 — 72x + 1)+6=0 


Solve each equation. See Example 5. 
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38. 3(2 — x) + 1022 -x) -8 =0 
Solve each equation. See Example 6. 
39.m > +m !'-—6=0 40. 
41. 8x? - 10x"'-3=0 42. 


Solve each equation. See Example 7. 


5 10 
43,1 -— = = 
Pe a eee 

“2° b b-7 
TRY IT YOURSELF 


Solve each equation. 
AT. 2x — Vx = 3 


49.x 7+2x '-3=0 


51. x4 + 19x7 + 18 =0 


44. 


46. 


48. 


50. 


52. 


53. (k — 7) + 6k — 7) + 10 =0 
54. (d+ 9 — 4d +9) +8=0 
» 1 
55. + =3 56. 
x= 1 x+1 
57. x — 6x? = -8 58. 
59. (y° — 9) + 207 — 9) — 99 =0 
60. (a* — 4” — 4(a@* — 4) — 32 = 0 
61.x *-2x 7+1=0 62 
63. ¢* + 31° = 28 64 
65. 2x7/5 — 5x9 = —3 66 


3x + 4Vx = 4 


x? + 2x7" - 8 =0 


++ 417-5=0 


24x74 + 1 = Sx? 


.3h' +h -2=0 


2 2x7/ + 3x15 = -] 


3m + 2\? 
67. 9 
m 


68. (é — 7) n(£ = 
(es ic 


69, —— = = 70.1+==5 
= x 
71. (8 - Va) + 6(8 - Va)-7=0 

72. (10 — Vt) — 4(10 — Vr) — 45 = 0 
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2 x +5 
73. x + =0 74. x + = 0 
x—-—2 x= 3 


75. 3x +5Vx+2=0 76. 3x —-4Vx+1=0 


77. x* — 6x7 +5=0 78. 2x* — 26x* + 24=0 


79. &(t + 1) *— 307+ 1) '+7=0 


80. 2(s — 2) 27 + 3(s — 2) |-5=0 
1 24 4 
81. + = 13 82. 2 a =2 
xt+2 x+3 x xoae il 


APPLICATIONS 


83. CROWD CONTROL After a performance at a county fair, 
security guards have found that the grandstand area can be 
emptied in 6 minutes if both the east and west exits are opened. If 
just the east exit is used, it takes 4 minutes longer to clear the 
grandstand than it does if just the west exit is opened. How long 
does it take to clear the grandstand if everyone must file through 
the west exit? Round to the nearest tenth of a minute. 

84. PAPER ROUTES When a father, in a car, and his son, on a 
bicycle, work together to distribute the morning newspaper, it 
takes them 35 minutes to complete the route. Working alone, it 
takes the son 25 minutes longer than the father. To the nearest 
minute, how long does it take the son to cover the route on his 
bicycle? 

85. ASSEMBLY LINES A newly manufactured product traveled 
300 feet on a high-speed conveyor belt at a rate of 7 feet per 
second. It could have traveled the 300 feet in 3 seconds less 
time if the speed of the conveyor belt was increased by 5 feet 
per second. Find r. 

86. BICYCLING Tina bicycles 160 miles at the rate of r mph. 
The same trip would have taken 2 hours longer if she had 
decreased her speed by 4 mph. Find r. 

87. ARCHITECTURE A golden rectangle is one of the most 
visually appealing of all geometric forms. The Parthenon, built 
by the Greeks in the 5th century B.c., fits into a golden 
rectangle if its ruined triangular pediment is included. See the 
illustration. In a golden rectangle, the length / and width w 
must satisfy the equation 


L w 

w l—-—w 
If a rectangular billboard is to have a width of 20 feet, what 
should its length be so that it is a golden rectangle? Round to 
the nearest tenth. 
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88. ENTRY DOOR DESIGNS An architect needs to determine 90. What error is made in the following solution? 
the height / of the window shown in the illustration. The radius 


tog as 2 = 
r, the width w, and the height / of the circular-shaped window Solve: x Tax 27 = 0 


are related by the formula Let y = x* 
Ah? + w* y — 12y +27 =0 
8h ( — Iv — 3) =0 
If w is to be 34 inches and r is to be 18 inches, find / to the y= 3=0 or yHs—0 
nearest tenth of an inch. yo=sd | yas 


The solutions of x* — 12x* + 27 = 0 are 9 and 3. 


REVIEW 


91. Write an equation of the vertical line that passes through 
(3, 4). 

92. Find an equation of the line that passes through (—1, —6) 
and (—2, —1). Write the equation in slope—intercept 
form. 

93. Write an equation of the line with slope 3 that passes through 
the origin. 


94. Find an equation of the line that passes through (2, —3) and is 


perpendicular to the line whose equation is y = : + 6. Write 
the equation in slope—intercept form. 


WRITING 
89. Describe how to predict what type of solutions the equation CHALLENGE PROBLEMS 
3x7 — 4x + 5 = 0 will have. 95. Solve: x° + 17x7 + 16 = 0 


96. Find the real-number solutions of x* — 3x7 — 2 = 0. 
Rationalize the denominators of the solutions. 


Graph functions of the form f(x) = ax’. 

Graph functions of the form f(x) = ax? + k. 
Graph functions of the form f(x) = a(x — h)’. 
Graph functions of the form f(x) = a(x — h)? + k. 


Graph functions of the form f(x) = ax* + bx + c by completing 
the square. 


Objectives 


: ; b 
Find the vertex using —37. 
Determine minimum and maximum values. 


oO0 ©0000 


Solve quadratic equations graphically. 


In this section, we will discuss methods for graphing guadratic functions. 
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Quadratic A quadratic function is a second-degree polynomial function that can be written in the 
Functions form 
f(x) = ax? + bx + 


where a, b, and c are real numbers and a # 0. 


Quadratic functions are often written in another form, called standard form, 
Notation fx) = ale — hy + k 


Since y = f(x), quadratic where a, hf, and & are real numbers and a # 0. This form is useful because a, h, and k give us 
functions can also be written as 


pS iee Abe Sei important information about the graph of the function. To develop a strategy for graphing 
y = a(x —hP +k. quadratic functions written in standard form, we will begin by considering the simplest case, 
fe) = a0. 


@ Graph Functions of the Form f(x) = ax’. 


One way to graph quadratic functions is to plot points. 


1 
EXAM PLE 1 j Graph: a. f(x) = x* b. g(x) = 3x? c. s(x) = 3* 
Strategy We can make a table of values for each function, plot each point, and connect 
them with a smooth curve. 
Why At this time, this method is our only option. 


Solution After graphing each curve, we see that the graph of g(x) = 3x° is narrower 
than the graph of f(x) = x*, and the graph of s(x) = 5x is wider than the graph of 
f(x) = x’. For f(x) = ax’, the smaller the value of |a|, the wider the graph. 


: =? y 
fo=x 9(x) = 3x” S(x) = 3x ; 
x | f@) x | gx) x_| s(x) 
—2/ 4 —2) 12 = 4 
<0) 4 I) 2 *) 3 hae 
il 
0}; O 0 0 ~ 3 g(x) = 3x? 
1) 1 1} 3 0} 0 1 > 
2| 4 2| 12 1 sO) 
3 3 
t—The values of g(x) increase 4 
2 3 4 - 4 -l ar a a te 
faster than the values of f(x), 7 
making its graph steeper. 
'————— The values of s(x) increase more slowly than 
the values of f(x), making its graph flatter. 


La Now Try Problem 15 


The Language of Algebra 
An axis of symmetry divides a 
parabola into two matching sides. 
The sides are said to be mirror 
images of each other. 


The Graph of 
fe) = ax’ 
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EXAMPLE 2 Graph: f(x) = —3x? 


Strategy We make a table of values for the function, plot each point, and connect them 
with a smooth curve. 
Why At this time, this method is our only option. 


Solution After graphing the curve, we see that it opens downward and has the same 
shape as the graph of g(x) = 3x7 that was graphed in Example 1. 


This axis could also 
be labeled f(x). 
> 


a Self Check 2 | Graph: f(x) = 3x" 
Now Try Problem 17 


The graphs of functions of the form f(x) = ax” are parabolas. The lowest point on a 
parabola that opens upward, or the highest point on a parabola that opens downward, is called 
the vertex of the parabola. The vertical line, called an axis of symmetry, that passes through 
the vertex divides the parabola into two congruent halves. If we fold the paper along the axis 
of symmetry, the two sides of the parabola will match. 


Opens 
upward 


Opens 
downward 


Axis of symmetry 


Axis of symmetry 


Vertex 


The results from Examples | and 2 confirm the following facts. 


The graph of f(x) = ax? is a parabola opening upward when a > 0 and downward when 
a < 0, with vertex at the point (0, 0) and axis of symmetry the line x = 0. 
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2) Graph Functions of the Form f(x) = ax” + k. 


EXAM PLE 3 Graph: a. f(x) = 2x? b. g(x) = 2x7 + 3 


c. s(x) = 2x” — 3 


Strategy We make a table of values for each function, plot each point, and connect them 
with a smooth curve. 


Why At this time, this method is our only option. 


Solution After graphing the curves, we see that the graph of g(x) = 2x” + 3 is identical 
to the graph of f(x) = 2x’, except that it has been translated 3 units upward. The graph 
of s(x) = 2x* — 3 is identical to the graph of f(x) = 2x7, except that it has been trans- 
lated 3 units downward. In each case, the axis of symmetry is the line x = 0. 


f(x) = 2x’ g(x) = 2x” + 3 s(x) = 2x” — 3 y 
x || KG) Damme) x | s(x) ; 
-2| 8 -2) -2| 5 faps 
-1| 2 -1| 5 -1| -1 g(x) = 2x7 43 
0) 0 0 3 0) -3 
1 2 1 5 1] -1 s(x) = 232-3 —> 
2| 8 2), Aa 2 5 x 
4+ 3 -2 2 8 4 
[-— For each x-value, g(x) 
is 3 more than f(x). 
For each x-value, s(x) is 3 less than f(x). 
La Now Try Problem 19 
The results of Example 3 confirm the following facts. 
The Graph of The graph of f(x) = ax’? + kisa parabola having the same shape as f(x) = ax* but trans- 
eye ace tk lated k units upward if k is positive and || units downward if k is negative. The vertex is at 


the point (0, 4), and the axis of symmetry is the line x = 0. 


© Graph Functions of the Form f(x) = a(x — h)’. 


EXAM PLE 4 i Graph: a. f(x) = 2x? b. g(x) = 2x — 3) 
c. s(x) = 2(x + 3) 


Strategy We make a table of values for each function, plot each point, and connect them 
with a smooth curve. 


Why At this time, this method is our only option. 


Solution We note that the graph of g(x) = 2(x — 3)? on the next page is identical to the 
graph of f(x) = 2x’, except that it has been translated 3 units to the right. The graph of 
s(x) = 2(x + 3)’ is identical to the graph of f(x) = 2x’, except that it has been trans- 
lated 3 units to the left. 


f(x) = 2x* 
x | f@) 
-2| 8 
=i) 2 
0| 0 
1} 2 
2) 8 


When an x-value is 

increased by 3, the 

function's outputs 
are the same. 


The Graph of 
f(x) = a(x — hy 


Graphing a 
Quadratic 
Function in 
Standard Form 


a(x) = 2x — 3) 


x | g(x) x | s@) 
1] 8 -5| 8 
2 -4| 2 
3] 0 -3| 0 
4| 2 2.2 
5| 8 1) 8 
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s(x) = 2x + 3) s(x) = 2(x + 3)? y g(x) = 2(x - 3)? 


When an x-value is decreased by 3, the 
function’s outputs are the same. 


a 


La Now Try Problem 21 


The results of Example 4 confirm the following facts. 


The graph of f(x) = a(x — h) is a parabola having the same shape as f(x) = ax* but 
translated fA units to the right if h is positive and |h| units to the left if h is negative. The 
vertex is at the point (/, 0), and the axis of symmetry is the line x = h. 


Graph Functions of the Form f(x) = a(x — h)* + k. 


The results of Examples 1-4 suggest a general strategy for graphing quadratic functions that 
are written in the form f(x) = a(x — hy + k. 


The graph of the quadratic function 
f(x) = a(x —h)P +k wherea #0 


is a parabola with vertex at (h, k). The axis of symmetry is the line x = h. The parabola 
opens upward when a > 0 and downward when a < 0. 


oF 
A 


>< 


4 
I 
I 


(h, k) 


fw=aa- he +k 
where a < 0 


fe) =a(x— hy? +k 
where a > 0 


= 


> xX 


EXAMPLE 5 


Graph: f(x) = 2(x — 3)? — 4. Label the vertex and draw the axis 
of symmetry. 


Strategy We will determine whether the graph opens upward or downward and find its 
vertex and axis of symmetry. Then we will plot some points and complete the graph. 
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Success Tip 
The most important point to find 
when graphing a quadratic 
function is the vertex. 


Success Tip 
When graphing, remember that 
any point on a parabola to the 
right of the axis of symmetry yields 
a second point to the left of the 
axis of symmetry, and vice versa. 
Think of it as two-for-one. 


Why This method will be more efficient than plotting many points. 


Solution The graph of f(x) = 2(x—3)—4 is identical to the graph of 
g(x) = 2(x — 3)’, except that it has been translated 4 units downward. The graph of 
g(x) = 2(x — 3)’ is identical to the graph of s(x) = 2x’, except that it has been trans- 
lated 3 units to the right. 

We can learn more about the graph of f(x) = 2(x — 3)? — 4 by determining a, h, 
and k. 


Ax) = 2 -— 37 -— 4 
t t tta=2,h =3,andk=—4 
fx) = a(x —hY +k 
Upward/downward: Since a = 2 and 2 > 0, the parabola opens upward. 
Vertex: The vertex of the parabola is (h, k) = (3, —4), as shown below. 


Axis of symmetry: Since h = 3, the axis of symmetry is the line x = 3, as shown below. 


Plotting points: We can construct a table of values to determine several points on the 
parabola. Since the x-coordinate of the vertex is 3, we choose the x-values of 4 and 5, find 
f(4) and f(5), and record the results in a table. Then we plot (4, —2) and (5, 4), and use sym- 
metry to locate two other points on the parabola: (2, —2) and (1, 4). Finally, we draw a 
smooth curve through the points to get the graph. 


f(x) = 2% - 3 - 4 y 


| x | £0) 
4| —2 |— (4, -2) 
5 4 |— (5, 4) j j 
. 2 fe) =2(x — 3)? — 4 
The x-coordinate of the vertex 
is 3. Choose values for x close 
to 3 and on the same side of 
the axis of symmetry. 


(1,4) 
From 


(5,4) 


symmetry 


1G.) 
Vertex 


a Self Check 5 | Graph: f(x) = 2(x — 1)” — 2. Label the vertex and draw the 


axis of symmetry. 
Now Try Problems 25 and 31 


5) Graph Functions of the Form f(x) = ax” + bx + c by Completing the Square. 


To graph functions of the form f(x) = ax? + bx + c, we can complete the square to write the 
function in standard form f(x) = a(x — hy? + k. 


EXAM PLE 6 | Determine the vertex and the axis of symmetry of the graph of 
: f(x) = x° + 8x + 21. Will the graph open upward or downward? 


Strategy To find the vertex and the axis of symmetry, we will complete the square on x 
and write the equation of the function in standard form. 


Success Tip 
When a number is added to and 
that same number is subtracted 
from one side of an equation, the 
value of that side of the equation 
remains the same. 
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Why Once the equation is written in standard form, we can determine the values of a, h, 
and k. The coordinates of the vertex will be (A, k) and the equation of the axis of sym- 
metry will by x = h. The graph will open upward if a > 0 or downward if a < 0. 


Solution To determine the vertex and the axis of symmetry of the graph, we complete 
the square on the right side so we can write the function in f(x) = a(x — h)’ + k form. 
f(x) = x° + 8x + 21 
f(x) = (x? + 8x ) + 21 Prepare to complete the square on x by writing 

parentheses around x* + 8x. 
To complete the square on x” + 8x, we note that one-half of the coefficient of x is 

5 -8 = 4,and4’ = 16. If we add 16 to x” + 8x, we obtain a perfect-square trinomial within 


the parentheses. Since this step adds 16 to the right side, we must also subtract 16 from the 
right side so that it remains in an equivalent form. 


Add 16 to the Subtract 16 from the right side to 
ight side. ti h iti fF 16. 
right side. = - counteract the addition of 16 
f(x) = (x? + 8x + 16) + 21 — 16 
f(x) = + 4) +5 Factor x” + 8x + 16 and combine like terms. 


The function is now written in standard form, and we can determine a, h, and k. 


The standard form requires 
a minus symbol here. 


2 
f(x) = C = (-4)| +5 Write x + 4asx — (—4) to determine h. 


t t t 
a=1 h=-4 k=5 


The vertex is (h, k) = (—4, 5) and the axis of symmetry is the line x = —4. Since a = | and 
1 > 0, the parabola opens upward. 


a Self Check 6 i Determine the vertex and the axis of symmetry of the graph 
of f(x) = x* + 4x + 10. Will the graph open upward or 
downward? 


Now Try Problem 39 


EXAMPLE7 ~—= Graph: f(x) = 2x7 — 4x — 1 
Strategy We will complete the square on x and write the equation of the function in stan- 
dard form, f(x) = a(x — hy + k. 


Why When the equation is in standard form, we can identify the values of a, h, and k 
from the equation. This information will help us sketch the graph. 


Solution Recall that to complete the square on 2x” — 4x, the coefficient of x? must be 
equal to 1. Therefore, we factor 2 from 2x” — 4x. 
f(x) = 2x7 — 4x -1 
f@)=2@7-2e )-1 
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Success Tip 
To find additional points on the 
graph, select values of x that are 
close to the x-coordinate of the 
vertex. 


> 


x-intercept 
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To complete the square on x* — 2x, we note that one-half of the coefficient of x is 


$( 2) = -1, and (—1)° = 1. If we add 1 to x” — 2x, we obtain a perfect-square trinomial 


within the parentheses. Since this step adds 2 to the right side, we must also subtract 2 from 
the right side so that it remains in an equivalent form. 


By the distributive property, when 
1 is added to the expression within 
the parentheses, 2°1 = 2is Subtract 2 to counteract 
added to the right side. the addition of 2. 

’ oe. t 
f(x) = 200? — 2x +1)-1-2 
(@ =2e-1)=—3 


We see that a = 2,4 = 1, andk = —3. Thus, the vertex is at the point (1, —3), and the axis 
of symmetry is x = 1. Since a = 2 and 2 > 0, the parabola opens upward. We plot the 
vertex and axis of symmetry as shown below. 

Finally, we construct a table of values, plot the points, use symmetry to plot the corre- 
sponding points, and then draw the graph. 


Factor x* — 2x + 1 and combine like terms. 


f@) = 2x7 - 4x -1 


or 
fx) = 2@ - 1)’ — 3 (1.5) bs 
From j 
x | f(x) symmetry 
2} -1 | @,-D fo) =2 + 4x-1 
3 5 |— (3,5) or 


t fix) =2(e= 1" -3 
The x-coordinate of the vertex 
is 1. Choose values for x close 
to 1 and on the same side of 


the axis of symmetry. 


3 2 =I 


(0, -1) 
From 
symmetry. 


4, -3) 
Vertex 


eT Self Check 7 j Graph: f(x) = 3x” — 12x + 8. 
Now Try Problem 45 


Find the Vertex Using — 
Because of symmetry, if a parabola has two x-intercepts, the x-coordinate of the vertex is 
exactly midway between them. We can use this fact to derive a formula to find the vertex of a 
parabola. 

In general, if a parabola has two x-intercepts, they can be found by solving 
0 = ax” + bx +c for x. We can use the quadratic formula to find the solutions. They are 


—b — Vb* — 4ac nd —b + VB* — 4ac 
2a ” - 2a 
- ve — Asc (9) and (=? * ve = Aae 0). 


Thus, the parabola’s x-intercepts are (- an 


x= 


Since the x-value of the vertex of a parabola is halfway between the two x-intercepts, we 
can find this value by finding the average, or 5 of the sum of the x-coordinates of the 


x-intercepts. 


Formula for the 
Vertex of a 
Parabola 


Success Tip 
We can find the vertex of the graph 
of a quadratic function by 
completing the square or by using 
the formula. 


Using Your Calculator 
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_ (=2= Vb — 4ac ie =b+ ve = ee) 
2 


2a 2a 
1(-—b — Vb? — 4ac + (—b) + VB? = 4ac Add the numerators and keep the 
2 2a common denominator. 
= I —2b Combine like terms: —b + (—b) = —2b 
2\ 2a and —\/b? — 4ac + Vb? — 4ac = O. 
_ _ Remove the common factor of 2 in the 
2a numerator and denominator and simplify. 


This result is true even if the graph has no x-intercepts. 


The vertex of the graph of the quadratic function f(x) = ax? + bx + cis 


and the axis of symmetry of the parabola is the line x = - 2. 


: EXAMPLE 8 j Find the vertex of the graph of f(x) = 2x7 — 4x — 1. 
Strategy We will determine the values of a and b and substitute into the formula for the 
vertex of a parabola. 


Why It is easier to find the coordinates of the vertex using the formula than it is to com- 
plete the square on 2x* — 4x — 1. 


Solution The function is written in f(x) = ax’ + bx + c form, where a = 2 and 
b = —4. To find the vertex of its graph, we compute 


b —4 b 
2a ~ 730) Anz) = 
oes = 2(1)° — 41) - 1 
7 + =-3 This is the 
=—t This is the y-coordinate 


x-coordinate of the vertex. 


of the vertex. 


The vertex is the point (1, —3). This agrees with the result we obtained in Example 7 by 
completing the square. 


i Self Check 8 j Find the vertex of the graph of f(x) = 3x7 — 12x + 8. 
Now Try Problem 55 


Finding the Vertex 


We can use a graphing calculator to graph the function f(x) = 2x* + 6x — 3 and find the 
coordinates of the vertex and the axis of symmetry of the parabola. If we enter the function, 
we will obtain the graph shown in figure (a). 
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We then trace to move the cursor to the lowest point on the graph, as shown in figure (b). 


By zooming in, we can see that the vertex is the point (— 1.5, —7.5), or (-3, -¥), and that 
the line x = 3 is the axis of symmetry. 


Some calculators have an fmin or fmax feature that can also be used to find the vertex. 


VIZZK2+BH-F 


HS "L.4BSSee WS"? 499774 


(a) 


We can determine much about the graph of f(x) = ax* + bx + c from the coefficients 
a, b, and c. This information is summarized as follows: 


Graphing a ¢ Determine whether the parabola opens upward or downward by finding the value of a. 
Quadratic Function * The x-coordinate of the vertex of the parabola is x = -!. 
fx) = ax’ + bx + ¢ ¢ To find the y-coordinate of the vertex, substitute -) for x and find f( -?), 


i 


formula: 


Success Tip 2a 
An easy way to remember the _ —8 Substitute —2 for a 
vertex formula is to note that x 2(—2) and -8 for b. 
is part of the quadratic 


¢ The axis of symmetry is the vertical line passing through the vertex. 
¢ The y-intercept is determined by the value of f(x) when x = 0: the y-intercept is (0, c). 


¢ The x-intercepts (if any) are determined by the values of x that make f(x) = 0. 
To find them, solve the quadratic equation ax” + bx + c = 0. 


EXAMPLE9 Graph: f(x) = 2x? - 8x - 8 


Strategy We will follow the steps for graphing a quadratic function. 
Why This is the most efficient way to graph a general quadratic function. 


Solution 

Step 1: Determine whether the parabola opens upward or downward. The function is in 
the form f(x) = ax? + bx + c, with a = —2, b = —8, and c = —8. Since a < 0, the 
parabola opens downward. 


Step 2: Find the vertex and draw the axis of symmetry. To find the coordinates of the 
vertex, we compute 


r= -3 (-£) = 1-9) 


—2(—2)° — 8(—2) — 8 
-8+16-8 


=-2 This is the x-coordinate = 0 This is the y-coordinate 
of the vertex. of the vertex. 
—b + VB? — 4ac ; ; ; Loe : 
a The vertex of the parabola is the point (—2, 0). This point is in blue on the graph. The axis of 


symmetry is the line x = —2. 


© Robert Harding Picture Library Ltd/Alamy 
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Step 3: Find the x- and y-intercepts. Since c = —8, the y-intercept of the parabola is 
(0, —8). The point (—4, —8), two units to the left of the axis of symmetry, must also be on 
the graph. We plot both points in black on the graph. 

To find the x-intercepts, we set f(x) equal to 0 and solve the resulting quadratic equation. 


f(x) = —2x* — 8x — 8 
0 = —2x* — 8x — 8 Set Ax) =O. 


O=x7+4x+4 Divide both sides by —2. 
0O=(@&+2)a% + 2) Factor the trinomial. 
x+2=0 or x+2=0 Set each factor equal to O. 
x=-2 | x=-2 


Since the solutions are the same, the graph has only one x-intercept: (—2, 0). This point 
is the vertex of the parabola and has already been plotted. 


Step 4: Plot another point. Finally, we find another point on the parabola. If x = —3, then 
f(—3) = —2. We plot (—3, —2) and use symmetry to determine that (—1, —2) is also on the 
graph. Both points are in green. 


Step 5: Draw a smooth curve through the points, as shown. 


y 
A 
Vertex | : 
(-2, 0) | 
9 -8 7 4 -5 4 -3 fF? i} 
fG) =+29? - Bx 48 | 
f(x) = —2x? — 8x — 8 | 
c= 
x | f() zi 
8 | <2) | 3, =2) a 
S| 
at 
21 
(4, -8) | (0,-8) 
1x 
T 
Y 


La Now Try Problems 59 and 69 


Determine Minimum and Maximum Values. 


It is often useful to know the smallest or largest possible value a quantity can assume. For 
example, companies try to minimize their costs and maximize their profits. If the quantity is 
expressed by a quadratic function, the y-coordinate of the vertex of the graph of the function 
gives its minimum or maximum value. 


EXAM PLE 10 j Minimizing Costs. A glassworks that makes lead crystal 
: vases has daily production costs given by the function 
C(x) = 0.2x7 — 10x + 650, where x is the number of vases made each day. How many 
vases should be produced to minimize the per-day costs? What will the costs be? 


Strategy We will find the vertex of the graph of the quadratic function. 


Why The x-coordinate of the vertex indicates the number of vases to make to keep costs 
at a minimum, and the y-coordinate indicates the minimum cost. 
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The Language of Algebra 
We say that 25 is the value for 
which the function 

C(x) = 0.2x7 — 10x + 650 isa 
minimum. 


Success Tip 
Note that the solutions of each 
quadratic equation are given by 
the x-coordinate of the x-intercept 
of each respective graph. 


Solution The graph of C(x) = 0.2x7 — 10x + 650 is a parabola opening upward. The 
vertex is the lowest point on the graph. To find the vertex, we compute 


> = a b= —10 anda = 0.2. (-£) = f(25) 
_ =10 = 0.2(25)* — 10(25) + 650 
0.4 = 525 
=35 


The vertex is (25, 525), and it indicates that the costs are a minimum of $525 when 25 vases 
are made daily. 

To solve this problem with a graphing calculator, we graph the function 
C(x) = 0.2x7 — 10x + 650. By using TRACE and ZOOM, we can locate the vertex of the 
graph. The coordinates of the vertex indicate that the minimum cost is $525 when the 
number of vases produced is 25. 


W1=.2h2-LON+650 


BEES semen POSES eres 


La Now Try Problem 85 


Solve Quadratic Equations Graphically. 


When solving quadratic equations graphically, we must consider three possibilities. If the 
graph of the associated quadratic function has two x-intercepts, the quadratic equation has two 
real-number solutions. Figure (a) shows an example of this. If the graph has one x-intercept, 
as shown in figure (b), the equation has one repeated real-number solution. Finally, if the 
graph does not have an x-intercept, as shown in figure (c), the equation does not have any real- 
number solutions. 


y 
A 2 
fey =a + 4r= 5 


———_—_? mei 
-2 2 4 6 


4 
x af 
-6 4 2 2 
f(x) = 2x? + 12x + 18 
x+x-2=0 2x2 + 12x + 18=0 7 +4x-5=0 
has two solutions, has one repeated has no real-number 


—2 and 1. solution, —3. solutions. 


(a) (b) (c) 
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Using Your Calculator Solving Quadratic Equations Graphically 


We can use a graphing calculator to find approximate solu- 
tions of quadratic equations. For example, the solutions of 
0.7x? + 2x — 3.5 = 0 are the numbers x that will make 
y = 0 in the quadratic function f(x) = 0.7x* + 2x — 3.5.To 
approximate these numbers, we graph the quadratic function 
and read the x-intercepts from the graph using the ZERO OBE0ZE M=0 
feature. (The ZERO feature can be found by pressing [2], 
CALC, and then 2.) In the figure, we see that the Peoennaate of the left-most x-intercept of 
the graph is given as —4.082025. This means that an approximate solution of the equation is 
—4.08. To find the positive x-intercept, we use similar steps. 


Bag nsurs TO SELF CHECKS | 2. 


6. (—2, 6); x = —2; opens upward 7. y 8. 


a (2,4) 
fx) = 3x7 - 12x +8 


VOCABULARY 4. f(x) = a(x — hy + kis called the form of the 
Refer to the graph. Fill in the blanks. equation of a quadratic function. 
1. f(x) = 2x? — 4x + 1is called y CONCEPTS 
a___ function. Its 
graph is a cup-shaped figure 5. Refer to the graph. 4 
called a re a. What are the x-intercepts of the 4 
x) = =4x4+1 3 
2. The lowest point on the graph is ie aks > x grap u 2 
(1, —1). This is called the (I EIp b. What is the y-intercept of the ! 
____ of the parabola. } graph? 
xE 5 
3. The vertical line x = | divides c. What is the vertex? 
the parabola into two halves. d. What is the axis of 
This line is called the : symmetry? 


e. What is the domain and the range of the function? 
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10. 


11. 


12. 


. The vertex of a parabola is at y 


(1, —3), its y-intercept is (0, —2), p 
and it passes through the point 3 
(3, 1), as shown in the illustration. : 


Use the axis of symmetry shown in x 


blue to help determine two other -1 


oints on the parabola. 
P P 3) ® Vertex 


. Draw the graph of a quadratic function using the given facts 


about its graph. 
e Opens upward 
e Vertex: (—1, —4) 


* Bale) 


e y-intercept: (0, —3) 
e x-intercepts: (—3, 0), (1, 0) 


. For f(x) = —x* + 6x — 7, the value of -) is 3. Find the 


y-coordinate of the vertex of the graph of this function. 


. Fill in the blanks. 


a. To complete the square on the right side of 
f(x) = 2x? + 12x + 11, what should be factored from the 
first two terms? 


f@) = 


b. To complete the square on x7 + 6x shown below, what 
should be added within the parentheses and what should be 
subtracted outside the parentheses? 


fx) =20? +6r+ )411 


(x* + 6x) + 11 


Fill in the blanks. To complete the square on x” + 4x shown 
below, what should be added within the parentheses and what 
should be added outside the parentheses? 


f@®) = -507? + 4x + )+74 
Use the graph of 
fa) = pr _ ex _ 3, shown 
below, to estimate the solutions of 
en ee ee | 3 
the equation 7px" — 5x — 5 = 0. 


X y 


Three quadratic equations are to be solved graphically. The 
graphs of their associated quad- C >) 
ratic functions are shown here. 
Determine which graph indicates 
that the equation has 


a. two real solutions. 


b. one repeated real solution. L ) 


c. no real solutions. (i) 


i 


(ii) (iii) 


CHAPTER 10 Quadratic Equations, Functions, and Inequalities 


NOTATION 


13. The function f(x) = 2(x + 1)* + 6 is written in the form 
f(x) = a(x — hy + k. Ish = -1 orish = 1? Explain. 


14. Consider the function f(x) = 2x7 + 4x — 8. 
a. What are a, b, and c? 


b. Find —£. 


GUIDED PRACTICE 


Graph each group of functions on the same coordinate system. 
See Example 1. 


15. f(x) = x°, g(x) = 2x7, se) = se 
2 2 1 2 
16. f(x) = x, g(x) = 4x7, 5) = gx 


Graph each pair of functions on the same coordinate system. See 
Example 2. 


17. f(x) = 2x7, g(x) = —2x? 18. f(x) = aa g(x) = -3x? 


Graph each group of functions on the same coordinate system. 
See Example 3. 


19. f(x) = 4x7, e(x) = 4x* + 3, s(x) = 4x* — 2 


1 1 1 
20. f(x) = 3k g(x) = 3e + 4, s(x) = 3e 3 


Graph each group of functions on the same coordinate system and 
describe how the graphs are similar and how they are different. 
See Example 4. 


21. f(x) = 3x7, g(x) = 3(x + 2), s(x) = 3(x — 39 


1, ! 3 1 2 
22. f(x) = ae g(x) = a& + 3), s&%) = a =.2) 


Find the vertex and the axis of symmetry of the graph of each 
function. Do not graph the equation, but determine whether the 
graph will open upward or downward. See Example 5. 


23. f(x) = (x — 17 +2 

24. f(x) = 2x - 2-1 

25. f(x) = -2(x + 3) - 4 

26. f(x) = —3(x + 1) +3 

27. f(x) = —0.5(x — 7.5)? + 8.5 


3 1\? 7 
28. f(x) = (+++) re 


29. f(x) = 2x7 -— 4 
30. f(x) = 3x? — 3 


Determine the vertex and the axis of symmetry of the graph of 
each function. Then plot several points and complete the graph. 
See Example 5. 


31. f(xy) =(x - 37 +2 32. f(x) =(x + 1 —2 


33. f(x) = -(x — 27 34, f(x) = -(x +2 


35. f(x) = —2(x + 3 + 4 36. f(x) = —2(x — 2) — 4 


1 2 1 2 
37. fa) =Z@ +1 -3 38. f@) = 30-1 +2 


Determine the vertex and the axis of symmetry of the graph of 
each function. Will the graph open upward or downward? See 
Example 6. 

39. f(x) =x° + 4x + 5 

40. f(x) =x* — 4x - 1 

Al. f(x) = —x? + 6x — 15 

42. f(x) = —x? — 6x + 3 

Complete the square to write each function in f(x) = a(x — hy + k 
form. Determine the vertex and the axis of symmetry of the graph of 
the function. Then plot several points and complete the graph. See 


Examples 6 and 7. 
43. f(x) =x° + 2x -3 


44, f(x) =x° + 6x +5 


45. f(x) = 4x? + 24x + 37 


46. f(x) = 3x? — 12x + 10 
AT. fX) =x’ +x-6 
48. f(x) =x —x-6 


49. f(x) = —4x? + 16x — 10 


50. f(x) = —2x* + 4x +3 
51. f(x) = 2x7 + 8x +6 

52. f(x) = 3x? — 12x + 9 
53. f(x) = -x* — 8x - 17 


54. f(x) = —x* + 6x — 8 


Use the vertex formula to find the vertex of the graph of each 
function. See Example 8. 


55. f(x) =x° + 2x — 5 56. f(x) = —x° + 4x —5 


57. f(x) = 2x? — 3x +4 58. f(x) = 2x? — 7x — 4 


Find the x- and y-intercepts of the graph of the quadratic 
function. See Example 9. 


59. f(x) =x? — 2x — 35 60. f(x) = —x? — 10x — 21 
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61. f(x) = —2x*? + 4x 62. f(x) = 3x? + 6x — 9 


Determine the coordinates of the vertex of the graph of each 
function using the vertex formula. Then determine the x- and 
y-intercepts of the graph. Finally, plot several points and complete 
the graph. See Example 9. 

63. f(x) =x? + 4x +4 


64. f(x) =x? — 6x +9 

65. f(x) = —x7 + 2x -1 

66. f(x) = -x? — 2x -1 

67. f(x) =x? — 2x 

68. f(x) =x? +x 

69. f(x) = 2x* — 8x + 6 

70. f(x) = 3x7 — 12x + 12 

71. f(x) = —6x? — 12x — 8 

72. f(x) = —2x* + 8x — 10 

73. f(x) = 4x7 — 12x +9 

74. f(x) = 4x? + 4x — 3 

Use a graphing calculator to find the coordinates of the vertex 
cpp) of the graph of each quadratic function. Round to the nearest 


<5) hundredth. See Using Your Calculator: Finding the Vertex. 


75. f(x) = 2x7 —x +1 76. f(x) =x° + 5x —6 


77. f(x) = x? +x +7 78. f(x) = 2x? —3x +2 


Use a graphing calculator to solve each equation. If an answer 
t . . 

SEP) is not exact, round to the nearest hundredth. See Using Your 
<3 Calculator: Solving Quadratic Equations Graphically. 


79. x7 +x-6=0 80. 2x7 — 5x -3 = 0 


81. 0.5x* — 0.7x —3 =0 82. 2x7 — 0.5x —-2 =0 


APPLICATIONS 


83. CROSSWORD PUZZLES 
Darken the appropriate squares to 
the right of the dashed red line so 
that the puzzle has symmetry with 
respect to that line. 


1 
axis of symmetry 


84. GRAPHIC ARTS _ Draw an axis of symmetry over 
the letter shown here. 
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85. 


86. 


87. 


88. 


OPERATING COSTS The cost C in dollars of operating a 
certain concrete-cutting machine is related to the number of 
minutes 1 the machine is run by the function 


C(n) = 2.2n* — 66n + 655 


For what number of minutes is the cost of running the machine 
a minimum? What is the minimum cost? 

WATER USAGE The height (in feet) of the water level in a 
reservoir over a l-year period is modeled by the function 


H(t) = 3.3(t — 9° + 14 


where ¢ = | represents January, tf = 2 represents February, and 
so on. How low did the water level get that year, and when did 
it reach the low mark? 


FIREWORKS _ A fireworks shell is shot straight up with an 
initial velocity of 120 feet per second. Its height s after ¢ 
seconds is given by the equation s = 120 — 16¢. If the shell 
is designed to explode when it reaches its maximum height, 
how long after being fired, and at what height, will the 
fireworks appear in the sky? 
BALLISTICS From the top 
of the building in the illustra- 
tion, a ball is thrown straight 
up with an initial velocity of 
32 feet per second. The 
equation 


s = —16t? + 32¢ + 48 


gives the height s of the ball 

t seconds after it is thrown. 
Find the maximum height 
reached by the ball and the 
time it takes for the ball to hit 
the ground. 


89. from Campus to Careers 


Suppose you are a police patrol officer 
and you have a 300-foot-long roll of 
yellow “DO NOT CROSS” barricade 
tape to seal off an automobile accident, 
as shown in the illustration. What 
dimensions should you use to seal off 
the maximum rectangular area around 
the collision? What is the maximum 
area? 


Police Patrol Officer 


© Robert E Daemmrich/Getty Images 


90. 


91. 


92. 


93. 


94. 
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RANCHING | See the illustration. A farmer wants to fence in 
three sides of a rectangular field with 1,000 feet of fencing. The 
other side of the rectangle will be a river. If the enclosed area is 
to be maximum, find the dimensions of the field. 


1,000 ft 


MILITARY HISTORY The function 
N(x) = —0.0534x? + 0.337x + 0.97 


gives the number of active-duty military personnel in the 
United States Army (in millions) for the years 1965-1972, 
where x = 0 corresponds to 1965, x = 1 corresponds to 1966, 
and so on. For this period, when was the army’s personnel 
strength level at its highest, and what was it? Historically, can 
you explain why? 


SCHOOL ENROLLMENT After peaking in 1970, school 
enrollment in the United States fell during the 1970s and 
1980s. The total annual enrollment (in millions) in U.S. 
elementary and secondary schools for the years 1975-1996 is 
given by the model 


E(x) = 0.058x” — 1.162x + 50.604 


where x = 0 corresponds to 1975, x = 1 corresponds to 1976, 
and so on. For this period, when was enrollment the lowest? 
What was the enrollment? 


MAXIMIZING REVENUE The revenue R received for 
selling x stereos is given by the formula 


2 
R= <a + 80x — 1,000 


How many stereos must be sold to obtain the maximum 
revenue? Find the maximum revenue. 

MAXIMIZING REVENUE When priced at $30 each, a toy 
has annual sales of 4,000 units. The manufacturer estimates that 
each $1 increase in price will decrease sales by 100 units. Find 
the unit price that will maximize total revenue. (Hint: Total 
revenue = price - the number of units sold.) 


WRITING 


95. 


96. 


Use the example of a stream of water from a drinking fountain 
to explain the concepts of the vertex and the axis of symmetry 
of a parabola. Draw a picture. 

What are some quantities that are good to maximize? What are 
some quantities that are good to minimize? 
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97. A mirror is held against the y-axis of the graph of a quadratic 100. The illustration shows the graph 
function. What fact about parabolas does this illustrate? of the quadratic function 

f(x) = —4x? + 12x with domain 

(0, 3]. Explain how the value of 

J (x) changes as the value of x 

increases from 0 to 3. 


REVIEW 
Simplify each expression. Assume all variables represent positive 
numbers. 
101. we 102. ae 
V'50 vo 


103. 3(V/5b — V3)" 
given by the formula -£, f (-4)). Explain what is meant 104. -2V56(4V 2b ~ 3V3) 


by the notation f(—2). CHALLENGE PROBLEMS 


99. A table of values for 105. Find a number between 0 and | such that the difference of the 


sh P : 
: ane =A +3 aii number and its square is a maximum. 
xplain why it appears that the 


vertex of the graph of f is the 
point (1, 1). 


98. The vertex of a quadratic function f(x) = ax? + bx + c is 


106. Determine a quadratic function whose graph has x-intercepts 
of (2, 0) and (—4, 0). 


@ Solve quadratic inequalities. 
Objectives ® Solve rational inequalities. 
© Graph nonlinear inequalities in two variables. 


We have previously solved linear inequalities in one variable such as 2x + 3 > 8 and 
6x — 7 < 4x — 9. To find their solution sets, we used properties of inequalities to isolate the 
variable on one side of the inequality. 

In this section, we will solve quadratic inequalities in one variable such as 
x? +x —6<0 and x* + 4x = 5. We will use an interval testing method on the number 
line to determine their solution sets. 


Oo Solve Quadratic Inequalities. 


Recall that a quadratic equation can be written in the form ax” + bx + c = 0. If we replace 
the = symbol with an inequality symbol, we have a quadratic inequality. 


Quad ratic A quadratic inequality can be written in one of the standard forms 
Inequalities ax? + bx +$o<0 ax? thxte>0 ax*tbxt+cs0 ax*t+bxt+c=0 


where a, b, and c are real numbers and a # 0. 
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Solving 
Quadratic 
Inequalities 


The Language of Algebra 
We say that the critical numbers 
partition the real-number line into 
test intervals. Interior decorators 
use freestanding screens to 
partition off parts of a room. 


To solve a quadratic inequality in one variable, we will use the following steps to find the 
values of the variable that make the inequality true. 


1. Write the inequality in standard form and solve its related quadratic equation. 


2. Locate the solutions (called critical numbers) of the related quadratic equation on a 
number line. 

3. Test each interval on the number line created in step 2 by choosing a test value from the 
interval and determining whether it satisfies the inequality. The solution set includes the 
interval(s) whose test value makes the inequality true. 


4. Determine whether the endpoints of the intervals are included in the solution set. 


EXAMPLE1 Solve: x7 +x - 6 <0 


Strategy We will solve the related quadratic equation x7 + x — 6 = 0 by factoring to 
determine the critical numbers. These critical numbers will separate the number line 
into intervals. 


Why We can test each interval to see whether numbers in the interval are in the solution 
set of the inequality. 


Solution The expression x* + x — 6 can be positive, negative, or 0, depending on what 
value is substituted for x. Solutions of the inequality are x-values that make x7 + x — 6 
less than 0. To find them, we will follow the steps for solving quadratic inequalities. 


Step 1: Solve the related quadratic equation. For the quadratic inequality x7 + x — 6 < 0, 
the related quadratic equation is x* + x — 6 = 0. 


x+x-6=0 


(x + 3)(x — 2) = 0 Factor the trinomial. 
x+3=0 or x —2=0 Set each factor equal to 0. 
x= -3 | x = 2 Solve each equation. 


The solutions of x7 + x — 6 = 0 are —3 and 2. These solutions are the critical numbers. 
Step 2: Locate the critical numbers on a number line. When we highlight —3 and 2 on a 


number line, they separate the number line into three intervals: 


cae aa (3; 2) (2, ©) 


———SSS SE 


5 4 -3 2 -il 0 1 2 3 4 5 


Test x =—4 estee— 0) esto — > 


Step 3: Test each interval. To determine whether the numbers in (—, —3) are solutions of 
the inequality, we choose a number from that interval, substitute it for x, and see whether it 
satisfies x7 + x — 6 < 0. fone number in that interval satisfies the inequality, all numbers 
in that interval will satisfy the inequality. 
If we choose —4 from (—”, —3), we have: 
x +x-—6<0  Thisis the original inequality. 
2 
(—4) + (—4) —6 <0 Substitute —4 for x. 
2 
16 + (-4) -6<0 
6<0 False 


Success Tip 
If a quadratic inequality contains 
= or = , the endpoints of the 
intervals are included in the 
solution set. If the inequality 


contains < or > , they are not. 
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Since —4 does not satisfy the inequality, none of the numbers in (—®, —3) are solutions. 
To test the second interval, (—3, 2), we choose x = 0. 
x +x-—6<0  Thisisthe original inequality. 
2 
0° +0-—6<0 Substitute O for x. 
—-6<0 > True 
Since 0 satisfies the inequality, all of the numbers in (—3, 2) are solutions. 
To test the third interval, (2, ©), we choose x = 3. 
xr +x-—6<0  Thisisthe original inequality. 
2 
3° +3-—6<0 Substitute 3 forx. 
2 
9+3-6<0 
6<0 False 


Since 3 does not satisfy the inequality, none of the numbers in (2, ~) are solutions. 


Step 4: Are the endpoints included? From the interval testing, we 

see that only numbers from (—3, 2) satisfy x7 + x — 6 < 0. The 

endpoints —3 and 2 are not included in the solution set because they ——— 
do not satisfy the inequality. (Recall that —3 and 2 make 

x” + x — 6 equal to 0.) The solution set is the interval (—3, 2) as 

graphed on the right. 


a Self Check 1 dj Solve: x7 +x —12<0 


Now Try Problem 15 


EXAMPLE 2) Solve: x7 + 4x =5 


4 


Strategy This inequality is not in standard form because it does not have 0 on the 
right side. We will write it in standard form and solve its related quadratic equation 
to find any critical numbers. These critical numbers will separate the number line 
into intervals. 


Why We can then test each interval to see whether numbers in the interval are in the 
solution set of the inequality. 


Solution To get 0 on the right side, we subtract 5 from both sides. 


x? + 4x=5  Thisis the inequality to solve. 


x*>+4x—520 > Write the inequality in the equivalent form ax* + bx + c= 0. 
We can solve the related quadratic equation x7 + 4x — 5 = 0 by factoring. 


x +4x-5=0 


(x + 5)\x-1)=0 Factor the trinomial. 
x+5=0 or x—1=0 Set each factor equal to 0. 
x= —-5 x=1 


The critical numbers —5 and | separate the number line into three intervals. We pick a test 
value from each interval to see whether it satisfies x7 + 4x — 5 = 0. 
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Success Tip 
When choosing a test value from 
an interval, pick a convenient 


number that makes the computa- 


tions easy. When applicable, 0 is 
an obvious choice. 


Solving Rational 
Inequalities 


Test x =— Testz=0 Test x= 5 
x +4x-520 r+4x-520 vt+4x-520 
(-6)? + 4(-6) — 520 0? + 40) -520 5° + 4(5) 520 
7=20 _ True —-5=0 False 40=0 True 


The numbers in the intervals (—%, —5) and (1, ~) satisfy the 

inequality. Since the endpoints —5 and 1 also satisfy 

x + 4x — 5 = 0, they are included in the solution set. (Recall —. a 
that —5 and 1 make x” + 4x — 5 equal to 0.) Thus, the solution 

set is the union of two intervals: (—%, —5] U [1, ©). The graph 

of the solution set is shown on the right. 


a Self Check 2 i Solve: x7 + 3x = 40 


Now Try Problem 19 


Solve Rational Inequalities. 


2 — 
etsy = 0 can also be solved 


Rational inequalities in one variable such as 2 <8 and 


using the interval testing method. 


1. Write the inequality in standard form with a single quotient on the left side and 0 on the 
right side. Then solve its related rational equation. 


2. Set the denominator equal to zero and solve that equation. 
3. Locate the solutions (called critical numbers) found in steps | and 2 on a number line. 


4. Test each interval on the number line created in step 3 by choosing a test value from the 
interval and determining whether it satisfies the inequality. The solution set includes the 
interval(s) whose test value makes the inequality true. 


5. Determine whether the endpoints of the intervals are included in the solution set. 
Exclude any values that make the denominator 0. 


EXAMPLE3 — Solve: <8 


Strategy This rational inequality is not in standard form because it does not have 0 on 
the right side. We will write it in standard form and solve its related rational equation to 
find any critical numbers. These critical numbers will separate the number line into 
intervals. 


Why We can test each interval to see whether numbers in the interval are in the solution 
set of the inequality. 


Solution To get 0 on the right side, we subtract 8 from both sides. We then find a 
common denominator to write the left side as a single quotient. 


Caution 
When solving rational inequalities 
such as 2 < 8, a common error is 
to multiply both sides by x to clear 
it of the fraction. However, we 
don’t know whether x is positive 
or negative, so we don’t know 
whether or not to reverse the 
inequality symbol. 
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— <8 This is the inequality to solve. 
le 8 <0 Subtract & from both sides. 


—-—8:+—<0  Towrite the left side as a single quotient, build 8 to a fraction 
m with denominator x. 


— &x 


x 


<0 Subtract the numerators and keep the common denominator, x. 


Now we solve the related rational equation. 


9 — &x 
=0 
x 
9- 8k =0 If x # O, we can clear the equation of the fraction by multiplying both sides by x. 
—8x = —9 Subtract 9 from both sides. 
x= 8 This is a critical number. 


9 — 8x 


If we set the denominator of equal to 0, we obtain a second critical number, 
x = 0. When graphed, the critical numbers 0 and 3 separate the number line into three inter- 


vals. We pick a test value from each interval to see whether it satisfies ar <0. 


9 9 
(20, 0) (0. § ) (=e ~) 
e: | | nu | — 
=i 0 19 2 
8 
Test x =-1 Mestoc—wl este 
9-8 = ae 
2 2 2% 2 2% 
x x x 
9— 8-1) 2 9 — 8(1) >» 9 — 8(2) > 
———~ <0 ——— ———. 
= 1 0 2 0 
—-17 <0 True 1<0 False 


+ 
“> <0 True 


The numbers in the intervals (— , 0) and (3. ) satisfy the inequal- 
ity. We do not include the endpoint 0 in the solution set, because it 
makes the denominator of the original inequality 0. Neitherdo we ———_}+-—» 
2— 8 <Q, (Recall that 2 


x 
equal to 0.) Thus, the solution set is the union of two 


Oo 
i 
|\o 


include 2, because it does not satisfy 
9 — 8x 
x 


intervals: (—%, 0) U (2, oo), Its graph is shown on the right. 


Le seitcheck3 )) solve: 3<5 


Now Try Problem 23 


makes 
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2 
+x-—2 
EXAMPLE 4 Solve: ~~ = 0 
. 5 x-4 
Strategy This inequality is in standard form. We will solve its related rational equation 
to find any critical numbers. These critical numbers will separate the number line into 
intervals. 


Why We can test each interval to see whether numbers in the interval are in the solution 
set of the inequality. 


Solution To solve the related rational equation, we proceed as follows: 


xr+x-2 _ 
= 
vr+x-2=0 If x # 4, we can clear the equation of the fraction by 
multiplying both sides by x — 4. 
(x + 2)x—- 1) =0 Factor the trinomial. 
x+2=0 or x—1=0 Set each factor equal to 0. 
x=-2 | x= 1 These are critical numbers. 


2 om . re 
If we set the denominator of Se equal to 0, we see that x = 4 is also a critical 
x-4 q 


number. When graphed, the critical numbers, —2, 1, and 4, separate the number line into four 
2 = 
intervals. We pick a test value from each interval to see whether it satisfies pti = 0. 
(9, -2) @2,.1) (1,4) (4, 22) 
ce Or OCC SS 


a a a 
4 3 2 -l 0 12 3 4 5 6 7 8 


Test x =-3 Mesta—0) Mestea—— Mest; —i0) 


P re , i — 2 = 9 2 —_ 2 
(-3)° + (-3) 224 0+ 0 22% 3° +3 22% 6° + 6 22 
-3-4 0-4 3-4 6-4 
--2=0 5=0 -10=0 20=0 
False True False True 


The numbers in the intervals (—2, 1) and (4, ) satisfy the inequal- 

ity. We include the endpoints —2 and | in the solution set because 

they satisfy the inequality. We do not include 4 because it makes [SS 
the denominator of the inequality 0. Thus, the solution set is the 

union of two intervals [—2, 1] U (4, ©), as graphed on the right. 


a Self Check 4 j Solve: itty =0 
Now Try Problem 27 


2 
<- 
x—- 1 x 


EXAMPLE 5 i Solve: 


Strategy We will subtract S from both sides to get 0 on the right side and solve the 
resulting related rational equation to find any critical numbers. These critical numbers 
will separate the number line into intervals. 


Success Tip 
When the endpoints of an interval 
are consecutive integers, such as 
with the third interval (0, 1), we 
cannot choose an integer as a test 
value. For these cases, choose a 
fraction or decimal that lies within 
the interval. 


Using Your Calculator 
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Why We can test each interval to see whether numbers in the interval are in the solution 
set of the inequality. 


Solution 
3 
<— This is the inequality to solve. 
x-1l »*x 
3 2 . 
foe <0 = Subtract = from both sides. 
x— 
3 x 2 x=] <0 To get a single quotient on the left side, build each rational 
x-1l1x x x-1 expression to have the common denominator x(x — 1). 
3x — 2x +2 
“gS i) <0 Subtract the numerators and keep the common denominator. 
x(x — 
9 ia ae 
———~ <0 Combine like terms. 
x(x — 1) 


The only solution of the related rational equation aay = 0 is —2. Thus, —2 is a critical 
number. When we set the denominator equal to 0 and solve x(x — 1) = 0, we find two more 


critical numbers, 0 and 1. These three critical numbers create four intervals to test. 


(-9, -2) (-2, 0) (0, 1) (1, °9) 
sgl L L L L L L —, 
3 —2 -l 0 05 1 2 3 
Test x =-3 Testx=-1 Testx=0.5 Mestea— 4 
—-34+2 2 -14+2 2 0.5 + 2 ? 34+2 2 
—_—_ <= —————— <0 
=3(=3 = 1) ait = 1H 0.5(0.5 — 1) $G-= 1) 
—1 2 1 Z 2.5 BS 0 5 Z 0 
=—3(—4) =1(=2) 0.5(—0.5) 3(2) 
1 1 
—-— <0 =< 0 -10<0 -—<0 
ie 2, 6 
True False True False 


The numbers 0 and | are not included in the solution set because 
they make the denominator 0, and the number —2 is not included 
because it does not satisfy the inequality. The solution set is the 2 0 1 
union of two intervals (—%, —2) U (0, 1), as graphed on the right. 


7) SelfCheck5 Solve: 2, >! 


Now Try Problem 31 


Solving Inequalities Graphically 


We can solve x° + 4x =5 (Example 2) graphically by writing the inequality as 
x” + 4x — 5 = Oand graphing the quadratic function f(x) = x* + 4x — 5, as shown in figure 
(a). The solution set of the inequality will be those values of x for which the graph lies on or above 
the x-axis. We can trace to determine that this is the union of two intervals: (—%, —5] U [1, ©). 
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Graphing 
Inequalities in 
Two Variables 


To solve 
gee 2 

5468 il) 
solution of the inequality will be those values of x for which the graph lies below the axis. 

We can trace to see that the graph is below the x-axis when x is less than —2. Since we 
cannot see the graph in the interval 0 < x < 1, we redraw the graph using window settings 
of [—1, 2] for x and [—25, 10] for y, as shown in figure (c). 

Now we see that the graph is below the x-axis in the interval (0, 1). Thus, the solution 
set of the inequality is the union of the two intervals: (—%, —2) U (0, 1). 


A 


(c) 


a 2 Ts 2 (Example 5) graphically, we first write the inequality in the form 


< 0 and then graph the rational function f(x) = 


ai as shown in figure (b). The 


BG 
ses = 


(a) 


Graph Nonlinear Inequalities in Two Variables. 


We have previously graphed linear inequalities in two variables such as y > 3x + 2 and 
2x — 3y = 6 using the following steps. 


1. Graph the related equation to find the boundary line of the region. If the inequality 
allows equality (the symbol is either = or =), draw the boundary as a solid line. If 
equality is not allowed (< or >), draw the boundary as a dashed line. 

2. Pick a test point that is on one side of the boundary line. (Use the origin if possible.) 
Replace x and y in the original inequality with the coordinates of that point. If the 
inequality is satisfied, shade the side that contains that point. If the inequality is not sat- 
isfied, shade the other side of the boundary. 


We use the same procedure to graph nonlinear inequalities in two variables. 


EXAMPLE6 © Graph: y < —x? +4 


Strategy We will graph the related equation y = —x? + 4 to establish a boundary 
parabola. Then we will determine which side of the boundary parabola represents the 
solution set of the inequality. 


Why To graph a nonlinear inequality in two variables means to draw a “picture” of the 
ordered pairs (x, y) that make the inequality true. 


Solution The graph of the boundary y = —x” + 4 is a parabola opening downward, 
with vertex at (0, 4) and axis of symmetry x = 0 (the y-axis). Since the inequality con- 
tains an < symbol and equality is not allowed, we draw the parabola using a dashed 
curve. 

To determine which region to shade, we pick the test point (0, 0) and substitute its 
coordinates into the inequality. We shade the region containing (0, 0) because its coor- 
dinates satisfy y << —x? + 4. 
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Graph the boundary Shading: Use the test point (0, 0) u 
y=-x7 +4 y< x7 +4 5 
Eg 
Compare to y = a(x — hy? + k 0< -0 +4 r % Jeie be 
a = —1: Opens downward 0<4 True A, h 
‘ : : t 
h = Oand k = 4: Vertex (0, 4) Since 0 < 4 is true, (0, 0) isa Fs /VnVgXha 
; solution of y << —x* + 4. I Joy ys—7 +4 
Axis of symmetry x = 0 =; jae aa 
4 _+| Test | 
28 |v I point 4 
1]3 esas 
2|0 


i Self Check 6 4 Graph: y = —x? + 4 


Now Try Problem 35 


EXAMPLE 7 j Graph: x = |y| 
Strategy We will graph the related equation x = || to establish a boundary. Then we 
will determine which side of the boundary represents the solution set of the inequality. 


Why To graph a nonlinear inequality in two variables means to draw a “picture” of the 
ordered pairs (x, v) that make the inequality true. 


Solution To graph the boundary, x = |y|, we construct a table of solutions, as shown in 
figure (a). In figure (b), the boundary is graphed using a solid line because the inequal- 
ity contains a = symbol and equality is permitted. Since the origin is on the graph, we 
cannot use it as a test point. However, any other point, such as (1, 0), will do. We substi- 
tute 1 for x and 0 for y into the inequality to get 


x= ly| 
1 = |0| 
1=0 False 
Since | = 0 is a false statement, the point (1, 0) does not satisfy the inequality and is 


not part of the graph. Thus, the graph of x = |y| is to the left of the boundary. 
The complete graph is shown in figure (c). 


(a) (b) (c) 
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oT) Self Check 7 j Graph: x = —|y| 


Now Try Problem 39 


Bag nsurs TO SELF CHECKS | 1. (—4, 3) — 
Se 


262 a CU) a yeas 
= 5 


3 
5 


VOCABULARY 
Fill in the blanks. 


1. x* + 3x — 18 < Ois an example of a 
one variable. 


inequality in 

a ill : i aye 
2. 2 — 99 = 0 is an example of a inequality in one 
variable. 


3. y =x? — 4x + 3 is an example of a nonlinear inequality in 
variables. 


4. The set of real numbers greater than 3 can be represented using 
the_________— notation (3, ~). 


CONCEPTS 


5. The critical numbers of a quadratic inequality are highlighted in 
red on the number line shown below. Use interval notation to 


represent each interval that must be tested to solve the inequality. 


ee eee rE EEE EEE EEE EE EE EEE SS Ee 
65432@Mo0i123@5 6 


6. Graph each of the following solution sets. 


a. (—2, 4) b, (=%,=2) U G5] 


. The graph of the solution set of a 


rational inequality in one variable is 5 0 3 
shown. Determine whether each of the 

following numbers is a solution of the inequality. 

a. —10 b; =5 

c. 0 d. 4 


. What are the critical numbers for each inequality? 


x= 3 


2 
.x2-2x - 4820 a 
nai x2 +4 


>0 


9. a. The results after interval testing for a quadratic inequality 


containing a > symbol are shown below. (The critical numbers 
are highlighted in red.) What is the solution set? 


et pd 
—4 —2 -1 0 1 3 
4 @ 4 @ 4 


False True False 


b. The results after interval testing for a quadratic inequality 
containing a = symbol are shown below. (The critical 
numbers are highlighted in red.) What is the solution set? 


a Ss SS Es es 
3 -2 0 293 
4 , O | 


True False True 


~ 


10. Fill in the blank to complete this important fact about the inter- 
val testing method discussed in this section: /f one number 
in an interval satisfies the inequality, ___ numbers in that 
interval will satisfy the inequality. 
11. a. When graphing the solution of y < x? + 2x + 1, should the 
boundary be solid or dashed? 
b. Does the test point (0, 0) satisfy the inequality? 


12. a. Estimate the solution of x7 — x — 6 > O using the graph of 
y = x* — x — 6 shown in figure (a) below. 


x= 3 


x 


b. Estimate the solution of 
— ke =3 
a 


<= 0 using the graph of 


shown in figure (b) below. 


soll 


(a) (b) 
NOTATION 
13. Write the quadratic inequality x7 — 6x = 7 in standard 
form. 


14. The solution set of a rational inequality consists of the intervals 
(—1, 4] and (7, ©). When writing the solution set, what symbol 
is used between the two intervals? 


GUIDED PRACTICE 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 1. 


15. x7 —5x+4<0 16. x7 + 2x -8 <0 


17. x7 -— 8x +15>0 18. x7 — 3x -—4>0 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 2. 


19. x7 -x=42 20. x7 -x=72 


21. x7 +x=12 22. x7 — 8k = -15 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 3. 


1 1 
23. —<2 24. -—<3 
x x 

4 
25..— 2-3 26. —-=8 
xX 
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Solve each inequality. Write the solution set in interval notation 

and graph it. See Example 4. 

x—x-12 vrt+x—6 

——~_“<« —_ 
x— 4 


27. 0 28. 0 


6x7 + lx + 3 
= 0 20. i 
3x — 1 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 5. 


4 _ 1 
31. = es 32. 6 = 
x2 -® x x 
2 = 
33. i = 34. 2 < 2 
x= 3 xa ea40 et 
Graph each inequality. See Example 6. 
35. yp<xr tl] 36. y>x -3 
37. ySx°+5x+6 38. pSx7+5x4+4 
Graph each inequality. See Example 7. 
39. y< |x+4| 40. y= |x - 3| 


41. y= —|x| +2 


42. y> |x| — 2 


Use a graphing calculator to solve each inequality. Write the 
-—p) solution set in interval notation. See Using Your Calculator: 
Solving Inequalities Graphically. 


43. x° — 2x -3 <0 44.x°>+x-6>0 


gp 2 5G 46. 2 <2 
= 2 x 
TRY IT YOURSELF 


Solve each inequality. Write the solution set in interval notation 
and graph it. 


x 1 
— 


50. x7 = 16 


52. x7 + 8x < —-16 


e= 
53. ————_ > 0 54. 
x—3 x7 -— 1 


>0 
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55. 2x7 — 50 <0 56. 3x7 — 243 <0 


2x = 3 X=-5 
“3x +1 “xy +1 


5 3 3 2; 
L, — 2. => 
6 x+1 -—4 w= 2 x3 
APPLICATIONS 


63. BRIDGES _ If an x-axis is superimposed over the roadway of 
the Golden Gate Bridge, with the origin at the center of the 
bridge, the length Z in feet of a vertical support cable can be 
approximated by the formula 


1 
9,000 


L= a) 


For the Golden Gate Bridge, —2,100 < x < 2,100. For what 
intervals along the x-axis are the vertical cables more than 
95 feet long? 


y_ Vertical 


thy. Roadway 
li 


64. MALLS The number of people 7 in a mall is modeled by the 
formula 


n = —100x? + 1,200x 


where x is the number of hours since the mall opened. If the 
mall opened at 9 A.M., when were there 2,000 or more people 
in it? 


WRITING 
65. How are critical numbers used when solving a quadratic 
inequality in one variable? 
66. Explain how to graph y = x’. 
67. The graph of f(x) = x” — 3x + 4 is shown below. Explain 
why the quadratic inequality x* — 3x + 4 < 0 has no solution. 


68. Describe the following solution set of a rational inequality in 
words: (—, 4] U (6, 7). 
REVIEW 
Translate each statement into an equation. 


69. x varies directly with y. 
70. y varies inversely with ¢. 


71. ¢ varies jointly with x and y. 
72. d varies directly with ¢ and inversely with w”. 


CHALLENGE PROBLEMS 
73. a. Solve:x? —x —12>0 


b. Find a rational inequality in one variable that has the same 
solution set as the quadratic inequality in part (a). 


74. a. Solve: te 1 


b. Now incorrectly “solve” i < 1 by multiplying both sides 


by x to clear it of the fraction. What part of the solution set 
is not obtained with this incorrect approach? 


perty an 


DEFINITIONS AND CONCEPTS 


CHAPTER 10 
Summary & Review 
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e 1 
EXAMPLES 


We can use the square root property to solve 
equations of the form x* = c, where c > 0. The two 
solutions are 


x= Ve or 


We can writex = Ve or x = —Vc inmore 
compact form using double-sign notation: 


x=+Ve 


Bg et 8) SS AY till 


xe = 3) se Oy 


Solve: x* = 24 
x= V4 on 
Bee 
x=—Ve x= +2V6 
The solutions are 2V6 and -2V6. 
Solve: (x — 3)* = —81 
x-3=+V-81 


x= —-V24 


Use the square root property. 


Use double-sign notation. 


Simplify V24. 


Use the square root property and double-sign 
notation. 


To isolate x, add 3 to both sides. 


Simplify the radical expression. 


The solutions are 3 + 97 and3 — 9i. 


To complete the square on x* + bx, add the square 
of one-half of the coefficient of x. 


2 1 : 
aL. ak, 
x bx (3 ») 


x? + 8x + 16 


Complete the square on x? + 8x and factor the resulting perfect-square trinomial. 


The coefficient of x is 8. To complete the square: i *8=4 
and 4? = 16. Add 16 to the binomial. 


Now we factor: x7 + 8x + 16 = (x + 4) 


To solve a quadratic equation in x by completing 


Solve: 3x* — 12x + 6 =0 


he squares ce ay 12x iN @ 0 To make the leading coefficient 1, divide both sides by 
1. If necessary, divide both sides of the equation by 3 Bye aa) 
the coefficient of x? to make its coefficient 1. Se arg Dothouvicione: 
2. Get all variable t i i 
oa i eee nee eee ae Gretta x? = Ay = 2 Subtract 2 from both sides so that the 
om constant term, —2, is on the right side. 
3. Complete the square. x? —4x+4=—-2+4  Thecoefficient of x is —4. To complete the 


4. Factor the perfect-square trinomial. 


5. Solve the resulting equation by using the square 
root property. 


6. Check your answers in the original equation. 


e 
| 
N 
Se 

Ne 
| 
N 


square: 5(—4) = —2 and (—2)* = 4. Add 4 
to both sides. 


Factor the perfect-square trinomial on the 
left side. Add on the right side. 


x-2=+V2 
x=2+V2 


Use the square root property. 


To isolate x, add 2 to both sides. 


The solutions are 2 +\V2 and 2 — V2. 


REVIEW EXERCISES 

Solve each equation by factoring. 

1. x7 + 9x + 20 =0 2. 6x7 + 17x +5 =0 

Solve each equation using the square root property. 

38 4. (t + 2)? = 36 

5. a + 25=0 6. 5x7 — 49 = 0 

7. Solve A = mr? for r. Assume all variables represent positive 
numbers. Express the result in simplified radical form. 

8. Complete the square on x* — x and then factor the resulting perfect- 
square trinomial. 


Solve each equation by completing the square. 
o> Gr 8 10 10) 2296x380 
Il, 6a-— 12>) —1 12 = 2 = 13 


13. Explain why completing the square on x7 + 7x is more difficult 
than completing the square on x* + 6x. 
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14. Explain the error: 


2+Vi_J+Vi 
2 


16. HAPPY NEW YEAR As part of a New Year’s Eve celebration, a 


Z huge ball is to be dropped from the top of a 605-foot-tall building 
1 at the proper moment so that it strikes the ground at exactly 12:00 
midnight. The distance d in feet traveled by a free-falling object in 
t seconds is given by the formula d = 16f7. To the nearest second, 
15. a. Write an expression that represents the width of the larger when should the ball be dropped from the building? 


rectangle shown in red. 


b. Write an expression that represents the length of the larger 


rectangle shown in 


red. 


DEFINITIONS AND CONCEPTS 


WIPIM. 


EXAMPLES 


To solve a quadratic equation in x using the 
quadratic formula: 


1. Write the equation in standard form: 
ax? + bx +c =0. 
2. Identify a, b, and c. 


3. Substitute the values for a, b, and c in the 
quadratic formula 


—b + Vb* — 4ac 


2a 


x= 


and evaluate the right side to obtain the 
solutions. 


Solve: 3x7 — 2x —2 =0 
Here, a = 3,5 2, and c 2, 


—b + VB? = 4ac 


x= 5 This is the quadratic formula. 
a 
=(—2) V(—2¥ — 4(3)(-2) Substitute 3 for a, —2 for b, and —2 
2(3) for c. 
- 2+ V4 — (—24) _ Evaluate the power and multiply within the radical. 
6 Multiply in the denominator. 
yal V28 Add the opposite: 4 — (—24) = 4 + 24 = 28. 
6 
ae aN Simplify the radical: V28 = V4\/7 = 2V7. 
6 
4 Factor out the GCF, 2, from the two terms in the 
201 V7) numerator. In the denominator, factor 6 as 2: 3. 
fp aE) : , i 
ji o3} Remove the common factor, 2. 
Le 7] 
x= a 


The exact solutions are 


LE VG Sy [eet 


3. We can use a calculator to 
approximate them. To two decimal places, they are 1.22 and —0.55. 


When solving a quadratic equation using the 
quadratic formula, we can often simplify the 
computations by solving an equivalent equation that 
does not involve fractions or decimals, and whose 
leading coefficient is positive. 


Before solving... do this... to get this 

—3x7 + 5x -1=0 Multiply both sides by —1  3x* — 5x + 1 = 0 
7 il 

x? + = 0 Multiply both sides by 8 8x° + 7x —4=0 

60x* — 40x + 90 = 0 Divide both sides by 10 6x? — 4x +9 =0 


0.05x* + 0.16x + 0.71 =0 Multiply both sides by 100 5x7 + 16x + 71 = 0 
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REVIEW EXERCISES 


Solve each equation using the quadratic formula. 27. ACROBATS _ To begin his routine on a trapeze, an acrobat is 

Wh, ee os ke = ik, = = 1Oe = 18 catapulted upward as shown in the illustration. His distance d (in 
feet) from the arena floor during this maneuver is given by the 
formula d = —16t? + 40¢ + 5, where t is the time in seconds 

19. x? — 10x = 0 20. 3y” = 26y — 2 since being launched. If the trapeze bar is 25 feet in the air, at what 
two times will he be able to grab it? Round to the nearest tenth. 


lg | il 2 
Sees area, 22. 3,000? — 4,000¢ 
ee Lae) ; 


. 0.5x? + 0.3x — 0.1 = 0 24. x° — 3x -27=0 


. TUTORING A private tutoring company charges $20 for a 1-hour 
session. Currently, 300 students are tutored each week. Since the 
company is losing money, the owner has decided to increase the 
price. For each 50¢ increase, she estimates that 5 fewer students 
will participate. If the company needs to bring in $6,240 per week 
to stay in business, what price must be charged for a 1-hour tutoring 
session to produce this amount of revenue? 


. POSTERS The specifications for a | 


poster of Cesar Chavez call for a 
615-square-inch photograph to be 
surrounded by a green border. The 35 in. 
borders on the top and bottom of the 

poster are to be twice as wide as those 

on the sides. Find the width of each 


border. = roe =| 


. TRIANGLES The length of the longer leg of a right triangle 
exceeds the length of the shorter leg by 23 inches and the length of 
the hypotenuse is 65 inches. Find the length of each leg of the 
triangle. 


© Hulton-Deutsch Collection/ 


DEFINITIONS AND CONCEPTS 


The discriminant predicts the type of solutions of In the quadratic equation 2x” — 5x — 3 = 0, we have a = 2, b = —5, and 
ax” + bx + c = 0, where a, b, and c are real c = —3. So the value of the discriminant is 


numbers and a # 0: 2 2 
b — 4ac = (—5) — 4(2)(—3) = 25 + 24 = 49 


1. If b* — 4ac > 0, there are two different Since the value of the discriminant is positive and a perfect square, the equation 
real-number solutions. If b? — 4ac is a perfect 2x* — 5x — 3 = 0 has two different rational-number solutions. 
square, there are two different rational-number 
solutions. If b* — 4ac is not a perfect square, 
there are two different irrational-number 
solutions. 


2. If b? — 4ac = 0, there is one repeated solution, a 
rational number. 


3. If b? — 4ac < 0, there are two different 
imaginary-number solutions that are complex 
conjugates. 
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Di Ec Be Writ 


DEFINITIONS AND CONCEPTS : EXAMPLES 


Equations that contain an expression, the same Solve: x2/? — 6x73 4+5=0 
expression squared, and a constant term are said to 
be quadratic in form. One method used to solve 

such equations is to make a substitution. (x3? — 6x13 +5 =0 


The equation can be written in quadratic form: 


We substitute y for x'/* and use factoring to solve the resulting quadratic equation 
2 
y= Opa 3 = 0, 


YyY-DOY-—5)=0 Let y=x”. 
pS il or v= s 


Now we reverse the substitution y = x3 and solve for x. 


we = il o x =5 
a3; = ae Qi = (5)° 
Xe x = 125 


The solutions are 1 and 125. Check both in the original equation. 


REVIEW EXERCISES 


Use the discriminant to determine the number and type of 1 (@— 7) + 6 — 7) + 10=0 
solutions for each equation. 

29. 3x7 + 4x —-3 =0 

30. 4x7 — 5x +7=0 


eG iS) = 
1. 3x? - ax +5 =0 . 2? — 5m + 2=0 


32. m(2m — 3) = 20 . WEEKLY CHORES Working together, two sisters can do the 


yard work at their house in 45 minutes. When the older girl does it 
Solve each equation. all herself, she can complete the job in 20 minutes less time than it 
33.4 - 13\/n 4 12 = 0 takes Oe younger girl working alone. How long does it take the 
older girl to do the yard work? 
. ROADTRIPS A woman drives her automobile 150 miles at a rate 
35. 3xt +x7-2=0 » == + of r mph. She could have gone the same distance in 2 hours less 
time if she had increased her speed by 20 mph. Find r. 


DEFINITIONS AND CONCEPTS EXAMPLES 


A quadratic function is a second-degree Quadratic functions: 
polynomial function of the form 


1 
f® =a +tixt+e f(x) = 2x? — 3x +5, g(x) = —x? + 4x, and s(x) = ros = 10) 


DEFINITIONS AND CONCEPTS 


The graph of the quadratic function 

f(x) = a(x — hy + k where a # 0 isa parabola 
with vertex at (A, k). The axis of symmetry is the 
line x = h. The parabola opens upward when a > 0 
and downward when a < 0. 


fe) =a(x—h)? +k 
where a > 0. 


x 


(h, k) 
fa)=ax- hye +k 
where a <0 


> xX 
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EXAMPLES 


Graph: f(x) = 2(x + 1° - 8 
ie)=22 SED =8 
fl t 
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ft 
f@)=ax- hy t+ k 
We see that a = 2,h 1, and k = —8. The graph is a parabola with vertex 
(A, k) = (—1, —8) and axis of symmetry x = —1. Since a is positive, the parabola 


opens upward. 


fe) =2(x + 17-8 


The y-coordinate of the vertex of the graph of a 
quadratic function gives the minimum or maximum 
value of the function. 


Graph: f(x) = —x* + 3x +4 
Here, a = —1, b = 3, and 
c=4. 
e Since a <0, the graph opens 
downward. 
e The x-coordinate of the vertex 
of the graph is 
b 3 3 
2a 2(=1) 2 


j Vertex 
y 3,25 
=A Pe A I f 2 : 
Sx) =—x" + 3x+4 ; 
i) 
y-intercept From 
(0, 4) 1 symmetry 
i) 
x-intercept / | t x-intercept 
(+1, 0) (4, 0) 
i > x 
= ay Den el 5 
=! ' 
1 
=) , 
i) 
a I 
i) 
al I 
I 
= 3 
oN ie 
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yntinu 


EXAMPLES 


The y-intercept is determined by the value of f(x) 
when x = 0: the y-intercept is (0, c). 


To find the x-intercepts, let f(x) = 0 and solve f(x) = 


ax? + bx +c =0. 


REVIEW EXERCISES 


43. HOSPITALS The annual number of in-patient admissions to U.S. 


community hospitals for the years 1980-2004 can be modeled by 
the quadratic function A(x) = 0.03x* — 0.82x + 36.31, where 


A(x) is the number of admissions in millions and x is the number of 4g 


years after 1980. Use the function to estimate the number of 


in-patient admissions for the year 1992. Round to the nearest tenth 


of one million. 


A(x) 
37 


36 
35 
34 
33 
32 


A 


A(x) = 0.03x? — 0.82x + 36.31 


(millions) 


Inpatient admissions 


Years after 1980 


(Source: American Hospital Association) 


. Fill in the blanks. The graph of the quadratic function 
f(x) = a(x — h)? + k isa parabola with vertex at( , _). The 
axis of symmetry is the line x = h. The parabola opens upward 
when a > 0 and downward when a < 0. 


Graph each pair of functions on the same coordinate system. 


CD, ie) = 2s, xe) = Ber = 3 


46. f(x) 


1 1 
roe a(x) =~ + 2) 


x=-l 


The vertex of the parabola is the point @ 3 2). 
e The y-intercept is the value of the function when x= 0. Thus, the 
y-intercept is (0, 4). 
e To find the x-intercepts, we solve: 
=x? + 3x+4=0 
x —3x-4=0 Multiply both sides by —1. 
(x + 1l)@ — 4) =0 Factor. 


or x=4 


The x-intercepts are (—1, 0) and (4, 0). 


. Find the vertex and the axis of symmetry of the graph of 
f(x) = —2(x — 1)? + 4. Then plot several points and complete 
the graph. 

. Complete the square to write f(x) = 4x* + 16x + 9 in the form 
f(x) = a(x — h)? + k. Determine the vertex and the axis of 
symmetry of the graph. Then plot several points and complete the 
graph. 


. Find the vertex of the graph of f(x) = —2x” + 4x — 8 using the 
vertex formula. 

. First determine the coordinates of the vertex and the axis of 
symmetry of the graph of f(x) = x? + x — 2 using the vertex 
formula. Then determine the x- and y-intercepts of the graph. 
Finally, plot several points and complete the graph. 


. FARMING The number of farms in the United States for the 
years 1870-1970 is approximated by 


N(x) = —1,526x? + 155,652x + 2,500,200 


where x = 0 represents 1870, x = 1 represents 1871, and so on. 
For this period, when was the number of U.S. farms a maximum? 
How many farms were there? 

. Estimate the solutions of —3x7 — 5x + 2 = 0 from the graph of 
f(x) = —3x* — 5x + 2, shown here. 


“0 
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EXAMPLES 


To solve a quadratic inequality, get 0 on the right 
side and solve the related quadratic equation. Then 
locate the critical numbers on a number line, test 

each interval, and check the endpoints. 


To solve x7 — x — 6 = 0, we solve the related quadratic equation 
2 
i — je = =) 


x —x-6=0 
(CaS) Ogee) — 0 eiEactor, 
x=3 or x=-2 


These are the critical numbers that divide the number line into three intervals. 


(3,2) (2, 3) (3, 29) 
LN, 
eel | | | | = 

4 2 0 3} 5) 
eZ Test x =0 Test x=5 
True False True 


After testing each interval and noting that 3 and —2 satisfy the inequality, we see 
that the solution set is (—%, —2] U [3, ~). 


To solve a rational inequality, get 0 on the right 
side and solve the related rational equation. Then 
locate the critical numbers (including any values 
that make the denominator 0) on a number line, test 
each interval, and check the endpoints. 


+ ; , 4: é 
To solve = = i < 0, we solve the related rational equation z = i = 0 to obtain 
the solution x = —1, which is a critical number. Another critical number is x = 4, 


the value that makes the denominator 0. These critical numbers divide the number 
line into three intervals. 


(ea, =I) (-1, 4) (4, c0) 
—e—ekm___.0 
om | | | | (Wa 
-3 -1 0 4 6 
Test x =—3 Test x=0_ Test x =6 
False True False 


After testing each interval and noting that —1 and 4 do not satisfy the inequality, 
we see that the solution set is the interval (—1, 4). 


To graph a nonlinear inequality in two variables, 
first graph the boundary. Then use a test point to 
determine which side of the boundary to shade. 


This is the graph of y S$ x* + 5x + 4. 


Since the inequality contains the symbol =, and 
equality is allowed, we draw the parabola determined 
by y =x° + 5x + 4 using a solid line. 


We shade the region containing the test point (0, 0) 
because its coordinates satisfy y <x? + 5x + 4. 


ySx?+5x+4 
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REVIEW EXERCISES 


Solve each inequality. Write the solution set in interval notation 
and graph it. 


53. x7 + 2x — 35>0 54. x7 < 81 


2x7 — x — 28 
———————— 
ll 


56 0 
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(a) 


57. Estimate the solution set of 3x7 + 10x — 8 < 0 from the graph of Graph each inequality. 


f(x) = 3x? + 10x — 8 shown in figure (a). 


oo = Il 
x 


58. Estimate the solution set of 


C= 


> 0 from the graph of 
shown in figure (b). 


1 
Se) p< aa = || 
ey, Bi 
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Test 


1. Fill in the blanks. 


a. An equation of the form ax” + bx + c = 0, where a # 0, is 
called a equation. 


b. When we add 81 to x* + 18x, we say that we have 
the on x* + 18x. 


c. The lowest point on a parabola that opens upward, or the 
highest point on a parabola that opens downward, is called 
the of the parabola. 

d. - > 0 is an example of a 
one variable. 


inequality in 


e. y=x° — 4x + 3 is an example ofa 
in two variables. 


inequality 


2. Solve x* — 63 = 0 using the square root property. Approxi- 
mate the solutions to the nearest hundredth. 


Solve each equation using the square root property. 
3. (a + 7y = 50 4.m+4=0 


5. Add a number to make x* + 11x a perfect-square trinomial. 
Then factor the result 


6. Solve 4x* — 16x + 15 = 0 by completing the square. 


Use the quadratic formula to solve each equation. 
7. 4x7 + 4x -1=0 
1 1 1 
St 
8 4 2 
9. -1° + 44-13 =0 10. 0.01x? = —0.08x — 0.15 


Solve each equation by any method. 
11. 2y -3Vy +1=0 12.3=m” 


— 2m"! 


a3: 


. TABLECLOTHS 


20. 


21. 


ae a) 


» Ser”? + lie = =o 


. Solve E = mc? for c. Assume that all variables represent 


positive numbers. Express any radical in simplified 


form. 


. Use the discriminant to determine the number and type of 


solutions for each equation. 
ao oy 0 


b. 9m? — 12m = —4 


In 1990, Sportex of Highland, Illinois, 
made what was at the time the world’s longest tablecloth. Find 
the dimensions of the rectangular tablecloth if it covered an 
area of 6,759 square feet and its length was 8 feet more than 
332 times its width. 

COOKING Working together, a chef and his assistant can 
make a pastry dessert in 25 minutes. When the chef makes it 
himself, it takes him 8 minutes less time than it takes his assis- 
tant working alone. How long does it take the chef to make the 
dessert? 


DRAWING An artist uses four equal-sized right triangles to 
block out a perspective drawing of an old hotel. See the illustra- 
tion on the next page. For each triangle, the leg on the horizon- 
tal line is 14 inches longer than the leg on the center line. The 
length of each hypotenuse is 26 inches. On the centerline of the 
drawing, what is the length of the segment extending from the 
ground to the top of the building? 


CHAPTER 10 Test 965 


Center line Top of building 26. DISTRESS SIGNALS A flare is fired directly upward into 
Ra a“ ae the air from a boat that is experiencing engine problems. The 
Vanine Wanlishing height of the flare (in feet) above the water, ¢ seconds after 
oe [ mel oe being fired, is given by the formula h = —16¢7 + 112t + 15. If 
m8 Horizon the flare is designed to explode when it reaches its highest 
line point, at what height will this occur? 
"~Ground Solve each inequality. Write the solution set in interval notation 
and then graph it. 
22. ANTHROPOLOGY Anthropologists refer to the shape of oy), 3 = eS 
the human jaw as a parabolic dental arcade. Which function is a) 
the best mathematical model of the parabola shown in the 28. = 
illustration? ae 
P 5 29. WATER USAGE _ The average amount of water used per 
i. f(x) = wag Sou eak month by a single-family residential customer in Tucson, 
3 Arizona, for the year 2004 is modeled by the function 
ii, f(x) = —=(« — 6) + 4 W(m) = —235m* + 2,095m + 6,540, where W(m) is the 
number of gallons and m is the number of months after March. 
iii, {@) = ao or Use the function to approximate the average number of gallons 


of water used in July, which is typically Tucson’s warmest 
3 3 month. (Based on data from the City of Tucson Water 
eC ae ae Department) 


Tucson: Average Water Usage by Month 
Single-Family Residental Customer, 2004 


M 
a 
My 


12,000 - 
gallons 


6,000 - 
gallons 
M 
a 
r 


A Jo J ASS OF ND 
Pp nu wu wu © @® © & 
r n 1 g p t v c 
23. Find the vertex and the axis of symmetry of the graph of 
f(x) = —3(x — 1) + 2. Then plot several points and complete 
the graph. 30. Graph: y S$ —x* + 3 
24. Complete ae square to write the function 31. The graph of a quadratic function of the form 
f(x) = 5x° + 10x — 1 in the form f(x) = a(x — hy + k. f(x) = ax? + bx + cis shown. Estimate the solutions of the 
Determine the vertex and the axis of symmetry of the graph. corresponding quadratic equation ax* + bx + c = 0. 


Then plot several points and complete the graph. 


25. First determine the coordinates of the vertex and the axis of 
symmetry of the graph of f(x) = 2x* + x — 1 using the vertex 
formula. Then determine the x- and y-intercepts of the graph. 
Finally, plot several points and complete the graph. 


32. See Exercise 31. Estimate the solution of the quadratic 
inequality ax? + bx +c <0. 
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GROUPPROJECT 


PICTURE FRAMING 


Overview: When framing pictures, mats are often used to enhance the images and give them a 
sense of depth. In this activity, you will use the quadratic formula to design the matting for 
several pictures. 


Instructions: Form groups of 3 students. Each person in your group is to bring a picture to 
class. You can use a picture from a magazine or newspaper, a picture postcard, or a photograph 
that is no larger than 5 in. X 7 in. You will also need a pair of scissors, a ruler, glue, and three 
pieces of construction paper (12 in. X 18 in.). 


ot Jos 


yo 


Select one of the pictures and find its area. A mat of uniform width is to be placed around the 
picture. The area of the mat should equal the area of the picture. To determine the proper width 
of the matting, follow the steps of Example 11 in Section 10.1. However, use the quadratic 
formula, instead of completing the square, to solve the equation. Once you have determined the 
proper width, cut out the mat from the construction paper and glue it to the picture. 


Then, choose another picture and find its area. Determine the uniform width that a matting 
should have so that its area is double that of the picture. Cut out the proper-size matting from 
the construction paper and glue it to the second picture. 

Finally, find the area of the third picture and determine the uniform width that a matting should 
have so that its area is one-half that of the picture. Cut out the proper-size matting from the con- 
struction paper and glue it to the third picture. 


Is one size matting more visually appealing than another? Discuss this among the members of 
your group. 
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. Solve: 3 4 + x [Section 2.2] 


5 See ea many ae of a 1% glucose solution 


should a pharmacist mix with 2 liters of a 5% glucose solution to 
obtain a 2% glucose solution? [Section 2.6] 


. Find the x-intercept and the y-intercept of the graph of the linear 


equation 5x — 3y = 6. [Section 3.3] 


. SHORTAGE OF NURSES | Use the data in the graph to find the 


projected rates of change in the supply and demand for 
registered nurses (RNs) in the United States for the years 
2010-2020. [Section 3.4] 


RN demand 
2,850,000 
8 
2 | 2,300,000 
o 
= 
3 RN supply 
= 1,950,000.» 
1,800,000 
! ! ae 
2010 2015 2020 
Year 


(Source: American Hospital Association) 


Find an equation of the line with the given properties. Write the 
equation in slope—intercept form. 


5. 
6. 


Slope 3, passes through (—2, —4) [Section 3.5] 
Parallel to the graph of 2x + 3y = 6 and passes through (0, —2) 
[Section 3.6] 


. Solve the system by graphing: 


5 1 
PS SS ar 5 

3 [Section 4.1] 
fhe = = = 5) 

ea 


. Use substitution to solve the system: 


ee Te ieerionaa) 
lon 4. 
ay Sr 


. Graph the solution set of the system: 


aie ee 


ei ay=2 [Section 4.5] 


10. 


11. 


Wes 


Gees) 
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2a 2b See 
Simplify: (55) [Section 5.2] 


Write each 
operations. 


number in scientific notation and perform the 
Give the answer in scientific notation and in 


standard notation: 


(1,280,000,000)(2,700,000) 


240.000 [Section 5.3] 


3 
Simplify: - x 


2 i 3 
t Ss St st [Section 5.5] 
5 0 10 


Perform the indicated operations. 


13. 


(-8.947 


Oi + ORF 


2.4f) t) [Section 5.5] 


14. (2a — b)(4a* + 2ab + b’) [Section 5.6] 


Factor each expression. 


15. 
16. 
17. 
18. 
19. 
20. 


12uvw? — 
x? + dy — 


30a* — 4a3 


18uvw" [Section 6.1] 
xy — 4x [Section 6.1] 
= 16a’ [Section 6.3] 


495° — 84s°n? + 36n4 [Section 6.4] 


x* — 16y4 


[Section 6.4] 


8x° + 125y° [Section 6.5] 


Solve each equation. 


21. 
22) 


23. 


24. 


25% 


26. 


27. 


28. 


(m 4 


4)(2m + 3) 


22 = 10m [Section 6.7] 


6a — 2a=a° [Section 6.7] 


6x? — 7x — 


Simplify: 


3 


2x? + 5x +2 


2 feection 7.1] 


tee! | Bee ee 
ae a _ [Section 7.2] 


ee x 
Divide: 


3 
x 


: 1 
Perform the operations: tae 5 
a8 ae yy 


[Section 7. 


Simplify: 


Par 2 


24x°y! 


Divide: 


r+4rt+4 


Sy xk ay ey 


3] 
1 


[Section 7.4] 


Par 2 


- as + 36xy 


[Section 7. 


Divide: 3a 
[Section 7. 


48x7y 
5] 


— 4)15a* — 29a + 16 


5] 
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= 4 =2 
29. Solve: z + = po 3 
= 3 Xe e3 
[Section 7.7] 
1 1 1 1 
30. Solve for R: = = + + 
RR IR BR 


[Section 7.7] 


31. SINKS _ A sink has two faucets, one for cold water and one for 
hot water. It can be filled by the cold-water faucet in 30 seconds 
and by the hot-water faucet in 45 seconds. How long will it take 
to fill the sink if both faucets are opened? [Section 7.7] 

32. SNOW REMOVAL A state highway department uses a 
7-to-2 sand-to-salt mix in the winter months for spreading 
across roadways covered with snow and ice. If they have 6 tons 
of salt in storage, how many tons of sand should be added to 
obtain the proper mix? [Section 7.8] 


Solve each inequality. Write the solution set in interval notation 
and then graph it. 


33. 5(—2x + 2) > 20 — x [Section 8.1] 


34. 5x — 3 = 2 and 6 = 4x — 3 [Section 8.2] 


3 ohm 20ers) == Zou (Sectiono.ol 
36. Factor: x7 + 10x + 25 — y® [Section 8.5] 


37. TIDES The illustration shows the graph of a function f, 
which gives the height of the tide for a 24-hour period in 
Seattle, Washington. (Note that military time is used on the 
x-axis: 3 A.M. = 3, noon = 12,9 P.M. = 21, and so on.) 
[Section 8.8] 


a. Find the domain of the function. 


b. Find f(6). 2 
c. What information ip 
does f(12) give? : 
: 2 0 >| x 
d. Estimate the values of = 5 & 12 15/18 21 24 


x for which f(x) = 0. 


-3 
Hours 


38. Find the domain of the function f(x) = aa [Section 8.8] 


39. DELIVERIES The costs of a delivery company vary jointly 
with the number of trucks in service and the number of hours 
they are used. When 8 trucks are used for 12 hours each, the 
costs are $3,600. Find the costs of using 20 trucks, each for 
12 hours. [Section 8.9] 

40. Graph the function f(x) = Vx — 2 and give its domain and 
range. [Section 9.1] 


Simplify each expression. 


Al. W277 [Section 9.1] 42. 4877 [Section 9.1] 


5/3,.1/2 


43. 64°7/3 [Section 9.2] 44, eis [Section 9.2] 
x 


45. —3/32 — 2/162 + 5W/48 [Section 9.3] 
46. 3V2(2V3 = 4V'12) [Section 9.4] 
Vx + 


» 
47. asi [Section 9.4] 


Woe = 


5 
48. — [Section 9.4] 
x 


Ne 


Solve each equation. 


49. 5Vx+2=x+ 8 [Section 9.5] 

50. Vx + Vx + 2 =2 [Section 9.5] 

51. Find the length of the hypotenuse of the right triangle in 
figure (a). [Section 9.6] 

52. Find the length of the hypotenuse of the right triangle in 
figure (b). [Section 9.6] 


(a) (b) 


53. Find the distance between (—2, 6) and (4, 14). [Section 9.6] 
54, Simplify: i** [Section 9.7] 


Perform the indicated operations. Write each result ina + bi form. 


55. (-7 + V-81) — (-2 - V—64) [Section 9.7] 


5 
56. = [Section 9.7] 


=4 
57. (2 + i)? [Section 9.7] 58. ao [Section 9.7] 
i 


Solve each equation. 


59. x? = 28 [Section 10.1] 
60. (x — 19)* = —5 [Section 10.1] 


61. Use the method of completing the square to solve 


2x* — 6x + 3 = 0. [Section 10.1] 


62. Use the quadratic formula to solve a* — 2a = i. 


[Section 10.2] 


63. COMMUNITY GARDENS Residents of a community can 
work their own 16-ft < 24-ft plot of city-owned land if they 
agree to the following conditions: 


e The area of the garden cannot exceed 180 square feet. 


e A path of uniform width must be maintained around the 
garden. 


Find the dimensions of the largest possible garden. 
[Section 10.2] 


16 ft 


24 ft 


64. SIDEWALKS A 170-meter-long sidewalk from the mathe- 
matics building M to the student center C is shown in red in the 
illustration. However, students prefer to walk directly from M 
to C, across a lawn. How long are the two segments of the 
existing sidewalk? [Section 10.2] 


170m 
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Solve each equation. 

65. 17/3 — 1/3 = 6 [Section 10.3] 

66. x + — 2x7? + 1 =0 [Section 10.3] 

67. First determine the vertex and the axis of symmetry of the 
graph of f(x) = —x” — 4x using the vertex formula. Then 


determine the x- and y-intercepts of the graph. Finally, plot 
several points and complete the graph. [Section 10.4] 


Solve each inequality. Write the solution set in interval notation 
and then graph it. 


68. x? — 81 <0 [Section 10.5] 


69. [Section 10.5] 


; = 

gear il sear ds 
70. a. The graph of f(x) = 16x” + 24x + 9 is shown below. 
Estimate the solution(s) of 16x” + 24x + 9 = 0. 
[Section 10.5] 


b. Use the graph to determine the solution of 
16x? + 24x + 9 <0. [Section 10.5] 
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Study Skills Workshop 
Participating in Class 


oO” of the keys to success in algebra is to learn as much as you can in class. To get the most 
out of class meetings, and to make them more enjoyable, you should participate in the 
following ways: 


ASK QUESTIONS: During class, clear up any questions that may arise from your homework 
assignments or from your instructor's lectures. Also, pay close attention when other students ask 
questions. You never know when you might face the same difficulty. 


ANSWER QUESTIONS: Many instructors direct questions to the class while lecturing. Take 
advantage of this opportunity to increase your knowledge by attempting to answer all such 
questions from your instructor. 


INTERACT WITH CLASSMATES: Before class begins and after class ends, regularly discuss the 
material that you are studying with fellow classmates. 


Now Try This 


1. List the reasons why you do not feel comfortable asking questions in class. 


2. While working on your next homework assignment, write down any questions that 
occur to you so that you will not forget to ask them in class. 


3. Exchange a written question about a homework problem with a classmate. See if you 
can answer each other's question. 


Objectives 


@ Add, subtract, multiply, and divide functions. 
@ Find the composition of functions. 

© Use graphs to evaluate functions. 

© Define the identity function. 

© Use composite functions to solve problems. 


Just as it is possible to perform arithmetic operations on real numbers, it is possible to perform 
those operations on functions. We call the process of adding, subtracting, multiplying, and 
dividing functions the algebra of functions. 


Add, Subtract, Multiply, and Divide Functions. 


The sum, difference, product, and quotient of two functions are themselves functions. 


Operations on 
Functions 
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If the domains and ranges of functions f and g are subsets of the real numbers, then 
The sum of f and g, denoted as f + g, is defined by 


f + g(x) = fx) + gx) 

The difference of f and g, denoted as f — g, is defined by 
f — g)() = fx) — g(x) 

The product of f and g, denoted as f - g, is defined by 
f° g(x) = f)g@) 


The quotient of f and g, denoted as f / g, is defined by 
f(x) 
(f/g)(x) = where g(x) # 0 
g(x) 


The domain of each of these functions is the set of real numbers x that are in the domain of 
both f and g. In the case of the quotient, there is the further restriction that g(x) # 0. 


EXAM PLE 1 j Let f(x) = 2x7 + 1 and g(x) = 5x — 3. Find each function and 
itsdomain: a. f +g b. f —g 
Strategy We will add and subtract the functions as if they were binomials. 
Why We add because of the plus symbol in f + g, and we subtract because of the minus 
symbol in f — g. 
Solution 
a. (f + g(x) =f) + gs) 
= (2x7 + 1) + (5x — 3) Replace f(x) with 2x + 1 and g(x) with 5x — 3. 
= 2x7 +1+5x-3 Drop the parentheses. 
= 2x7 + 5x —2 Combine like terms. 
The domain of f + g is the set of real numbers that are in the domain of both f and g. 
Since the domain of both f and g is the interval (—, ©), the domain of f + g is the 
interval (—%, ~), 
b. Ff — g)x) =f) — g@) 
= (2x* + 1) — (5x — 3) 


=2x*+1-5x +3 Change the sign of each term of 5x — 3 
and drop the parentheses. 


= 2x7 — 5x +4 Combine like terms. 


Since the domain of both f and g is (—™, ™), the domain of f — g is the interval 


(—%, 00), 


HT Self Check 1 j Let f(x) = 3x — 2 and g(x) = 2x + 3x. Find: 
Ab jf ar 
lis fj —e 
Now Try Problems 21 and 23 
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Exponential and Logarithmic Functions 


EXAMPLE 2 | Let f(x) = 2x* + 1 and g(x) = 5x — 3. Find each function and 
; itsdomain: a. fg b. f/g 


Strategy We will multiply and divide the functions as if they were binomials. 


Why We multiply because of the raised dot in f - g and we divide because of the fraction 
bar in f/g. 

Solution 

a. (f + g\(x) = fx) + gx) 

(2x? + 1)(5x — 3) Replace f(x) with 2x* + 1 and g(x) with 5x — 3. 

10x? — 6x? + 5x — 3 Multiply the binomials. 


The domain of f + g is the set of real numbers that are in the domain of both f and g. 
Since the domain of both f and g is the interval (—~, ~), the domain of f - g is the 
interval (—%, %), 


£@) 
b. = 
(f/g)(x) we 

_ +1 

~ 5x — 3 


Since the denominator of the fraction cannot be 0, x # 2 Thus, the domain of f/g is the 
union of two intervals: (-~, 3) U (3, 00), 


a Self Check 2 | Let f(x) = 2x? — 3 and g(x) = x? + 1. Find: 
a. fg 
b. f/g 
Now Try Problems 25 and 27 


There is a relationship that can be seen between the graphs of two functions and the graph 
of their sum (or difference) function. For example, in the following illustration, the graph of 
f +g, which gives the total number of elementary and secondary students in the United 
States, can be found by adding the graph of f, which gives the number of elementary students, 
to the graph of g, which gives the number of secondary students. For any given x-value, we 
simply add the two corresponding y-values to get the graph of the sum function f + g. 


Actual and Projected 
Enrollment in U.S. Public 
and Private Elementary and Secondary Schools 
554 Total, elementary and secondary 
its 
Elementary (grades K-8) 


& 


ia atl Secondary (grades 9=12) 


Number of students (million) 
Ww 
So 
1 


1970 1975 1980 1985 1990 1995 2000 2005 2010 


Source: U.S. Department of Education 


The Language of Algebra 
A composite is something that is 
formed by bringing together dis- 
tinct parts. For example, a police 
artist creates a composite sketch 
from eyewitness descriptions of 
the suspect. 


11.1 Algebra and Composition of Functions 975 


Find the Composition of Functions. 


We have seen that a function can be represented by a machine: We put in a number from the 
domain, and a number from the range comes out. For example, if we put the number 2 into the 
machine shown in figure (a), the number f(2) = 8 comes out. In general, if we put x into the 
machine shown in figure (b), the value f(x) comes out. 


(a) Output (b) Output 


Often one quantity is a function of a second quantity that depends, in turn, on a third 
quantity. For example, the cost of a car trip is a function of the gasoline consumed. The 
amount of gasoline consumed, in turn, is a function of the number of miles driven. Such 
chains of dependence can be analyzed mathematically as compositions of functions. 

Suppose that y = f(x) and y = g(x) define two functions. Any number x in the domain of 
g will produce the corresponding value g(x) in the range of g. If g(x) is in the domain of func- 
tion f, then g(x) can be substituted into f, and a corresponding value f(g(x)) will be deter- 
mined. This two-step process defines a new function, called a composite function, denoted by 
f° g. (This is read as “f composed with g” or “the composition of f and g” or “f circle g,”) 

The function machines shown below illustrate the composition f° g. When we put a 
number into the function g, a value g(x) comes out. The value g(x) then goes into function f, 
which transforms g(x) into f(g(x)). (This is read as “f of g of x.”) If the function machines for 
g and f were connected to make a single machine, that machine would be named f ° g. 


x is input into 
function g. 


The output of function g 
is then input into function f. 


A composition 
function machine 


728 


This is the output 
of the composite function. 
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Composite 
Functions 


Caution 
(f° gy) 
'— Composition 
does not mean 


(f ; 8)@) 


Multiplication 


The Language of Algebra 
F(g(x)) 


We call these 
nested parentheses. 


Notation 
The notation f ° g can also be 
read as “f circle g.” Remember, it 
means that the function g is 
applied first and function f is 
applied second. 


Exponential and Logarithmic Functions 


To be in the domain of the composite function f ° g, a number x has to be in the domain 
of g and the output of g must be in the domain of f. Thus, the domain of f ° g consists of those 
numbers x that are in the domain of g, and for which g(x) is in the domain of f. 


The composite function f ° g is defined by 
(f° g\(x) = f(g) 


If f(x) = 4x and g(x) = 3x + 2, to find f ° g and g° f, we proceed as follows. 
(f° g)(x) = f(g) (g° f(x) = s(f@) 


= fx + 2) = g(4x) 
= 4(3x + 2) = 3(4x) + 2 
= 12x + 8 =12x+2 


—= Different results <7 


The different results illustrate that the composition of functions is not commutative. 
Ususally, we will find that (f ° g)(x) # (g° f)(x). 


EXAMPLE 3 Let f(x) = 2x + Land g(x) = x ~ 4. Find: 
a. (f° g)(9) b. (f° g)(x) ce. (g° f)(—2) 
Strategy In part (a), we will find f(g(9)). In part (b), we will find f(g(x)). In part (c), we 
will find g(f(—2)). 
Why To evaluate a composition function written with the circle ° notation, we rewrite it 
using nested parentheses: (f ° g)(x) = f(g(x)). 
Solution 
a. (f ° g)(9) means f(g(9)). In figure (a) on the next page, function g receives the number 9, 
subtracts 4, and releases the number g(9) = 5. Then 5 goes into the f function, which 
doubles 5 and adds 1. The final result, 11, is the output of the composite function f ° g: 


Read as “f of g of 9.” 


(f° g)9) = f(g) 


Change from © notation to nested parentheses. 


= 713) Evaluate: g(9) =9-4=5. 
= 2(5) + 1 Evaluate f(5) using f(x) = 2x + 1. 
= 11 


Thus, (f ° g)(9) = 11. 

b. (f ° g)(x) means f(g(x)). In figure (a) on the next page, function g receives the number x, 
subtracts 4, and releases the number x — 4. Then x — 4 goes into the f function, which 
doubles x — 4 and adds 1. The final result, 2x — 7, is the output of the composite func- 
tion f° g. 

Read as “f of g of x.” 


f° g)(x) = f(g) 


Change from © notation to nested parentheses. 


= f(x -4) We are given g(x) = x — 4. 

= 2a —4)+ 1 Find f(x — 4) using f(x) = 2x + 1. 
=2x-8+1 

=2x-—7 


Thus, (f ° g)(x) = 2x — 7. 
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c. (g° f)(—2) means g(f(—2)). In figure (b) below, function f receives the number —2, 
doubles it and adds 1, and releases —3 into the g function. Function g subtracts 4 from 
—3 and outputs a final result of —7. Thus, 


Read as “g of f of —2.” 


(g ° f)(—2) = g(f(-2)) Change from © notation to nested parentheses. 
= g(-3) Evaluate f(—2) using f(x) = 2x + 1. 
= -—-3-4 _ Evaluate g(—3) using g(x) = x — 4. 


Step 1: 
Function fis 
applied first. 


gof 


Function g is 


applied first. 
JS 
Step 2: 
Apply function g. 
Apply function f- 
(a) (b) 
a Self Check 3 P| Let f(x) = x? and g(x) = 6 — x. Find: 
a. (f°g)(8) ob (ge fd) e (g° f\) 
Now Try Problems 37, 39, and 45 
3) Use Graphs to Evaluate Functions. 
y 
sf ‘ EXAMPLE 4 j Refer to the graphs of functions f and g on the left to find each of 
: the following. 
a. (f + g)(—4) 
b. (f + g)(2) 
ce. (f° g)(—3) 


Strategy We will express the sum, product, and composition functions in terms of the 
functions from which they are formed. 
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Why We can evaluate sum, product, and composition functions at a given x-value by 
evaluating each function from which they are formed at that x-value. 
Solution 
a. (f + g)(—4) =f(-4) + a(-4) 3 
5. 
a te! fi-y=3—4 
=-] f 7 
4. 
g(—4)=-4 5 
b. (f+ g)(2) = f2)- (2) y 
5 
= —2:-1 
=-2 
cs F(2) =-2 
e. (f° g\(-3) = flg(-3)) y 
= f(-2) 
=3 
a Self Check 4 d Refer to the graph above to find each of the following. 
| y 
a. (f — g)(3) b. (Z (—2) ce. (g° f)(3) 
Now Try Problem 65 


4.) Define the Identity Function. 


The identity function is defined by the equation /(x) = x. Under this function, the value that 
is assigned to any real number x is x itself. For example ((2) = 2, ((—3) = —3, and 
1(7.5) = 7.5. If f is any function, the composition of f with the identity function is just the 


function f: 


F 2 Dx) = Ce fy) = fF) 


The Language of Algebra 
The identity function pairs each 
real number with itself such that 
each output is identical to its 
corresponding input. 


5) Use Composite Functions to Solve Problems. 
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EXAMPLE 5 


Strategy 


Show that 


a. (f D(x) = f(x) ob. (Fe f(x) = Ff) 


In part (a), we will find f(/(x)) and in part (b), we will find /(f(x)). 


Let f be any function and let J be the identity function, [(x) = x. 


Why To find a composition function written with the circle ° notation, we rewrite it 
using the nested parentheses notation. 


Solution 


a. (f ° J)(x) means f(/(x)). Because /(x) = x, we have 


(f° D(x) = fUC&) = fF) 


b. (Z° f)(x) means /(f(x)). Because J passes any number through unchanged, we have 


(Te fy(x) = If) = fe) 


La Now Try Problems 69 and 71 


EXAMPLE 6 


Biological Research. A specimen is stored in refrigeration at a 


temperature of 15° Fahrenheit. Biologists remove the specimen 
and warm it at a controlled rate of 3°F per hour. Express its Celsius temperature as a 
function of the time ¢ since it was removed from refrigeration. 


Strategy We will express the Fahrenheit temperature of the specimen as a function of the 
time ¢ since it was removed from refrigeration. Then we will express the Celsius tem- 
perature of the specimen as a function of its Fahrenheit temperature and find the com- 
position of the two functions. 


Why The Celsius temperature of the specimen is a function of its Fahrenheit tem- 
perature. Its Fahrenheit temperature is a function of the time since it was removed 
from refrigeration. This chain of dependence suggests that we write a composition of 
functions. 


ta ™ F(t) ~~ C(F(t)) 


Time in hours 

since specimen 

removed from 
refrigeration 


Temperature 
of 
specimen 
in\°F 


Temperature 
of 
specimen 
ine 


Solution The temperature of the specimen is 15°F when the time f = 0. Because it 
warms at a rate of 3°F per hour, its initial temperature of 15°F increases by 37°F in ¢ 
hours. The Fahrenheit temperature at time ¢ of the specimen is given by the function 


F@ = 3t+ 15 


The Celsius temperature C is a function of this Fahrenheit temperature F’, given by the 


function 


5 
OR = 5F=22) 
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To express the specimen’s Celsius temperature as a function of time, we find the composite 


function (C ° F)(f). 
(Co F\(t) = CFO) 
= C(3t + 15) 


= a(t + 15) — 32] 


5 
=—(3t- 17 
9 3! — 17) 
_ 15, _ 85 
9 9 
5 85 
=—-ft- — 
3 9 


The composite function, C(t) = 24 = 8 gives the temperature of the specimen in degrees 
Celsius ¢ hours after it is removed from refrigeration. 


La Now Try Problem 75 


Substitute 3t + 15 for F(t). 


Substitute 3t + 15 for Fin 3(F — 32). 
Simplify within the brackets. 


Distribute the multiplication by 3. 


| 1. a. (f + g\(x) = 2x7 + 6x — 2 b. (f — g\(x) = —2x? — 2 


2. a. (f+ g(x) = 2x4 — x? — 3b. (f/g)(x) = a 


Chee 5 Ley Ss) ce =e! 


he 
PE ag Gt Ae es ede AG) eee 


VOCABULARY 

Fill in the blanks. 

1. The _ of f and g, denoted as f + g, is defined by 
f + g\(x) = and the of f and g, 
denoted as f — g, is defined by (f — g)(x) = 

2. The of f and g, denoted as f « g, is defined by 
(f- gx) = and the of f and g, denoted as 
F/g, is defined by (f/g)(x) = 

3. The of the function f + g is the set of real numbers x 
that are in the domain of both f and g. 

4. The function f ° g is defined by (f ° g)(x) = 

5. Under the function, the value that is assigned to any 


real number x is x itself: I(x) = x. 


” 


6. When reading the notation f(g(x)), wesay“f = g_— x, 


CONCEPTS 


7. Fill in the blanks. 


a. 


b. 


8. a. 


(f°3)3)=fC ) 

To find f(g(3)), we first find and then substitute that 
value for x in f(x). 

If f(x) = 3x + 1 and g(x) = 1 — 2x, find f(g(3)) and 
a(f(3)). 


. Is the composition of functions commutative? 
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9. Fill in the three blanks in the drawing of the function machines 17. f-g 
that show how to compute g(f(—2)). 18. f/g 
19. g/f 

20. g:f 


Let f(x) = 2x + 1 and g(x) = x — 3. Find each function and its 
domain. See Examples 1 and 2. 


21. ft+e¢ 
22. f-—g 
23. g—f 
24. ¢+f 
25. fg 
26. f/g 

27. g/f 

28. g-f 


Let f(x) = 3x — 2 and g(x) = 2x’ + 1. Find each function and its 
domain. See Examples 1 and 2. 


10. Complete the table of values for the identity 


I 
function, (x) = x. Then graph it. ae) 29. f—g 
= 30. f+g 
= 31. f/g 
0 32. f-g 
: Let f(x) =x? — 1 and g(x) = x’ — 4. Find each function and its 
3 domain. 
33. f-—g 
NOTATION 34. ft+g 
Complete each solution. 35. s/f 
11. Let f(x) = 3x — Land g(x) = 2x + 3. Find f+ g. ae 
s ae ae . . 
C0 — 70: al ape 1 and g(x) = x° — 1. Find each of the following. 
Berea gia 37. (f° 9)(2) 38. (g° /)(2) 
=e 3 39. (g° f)(—3) 40. (f° g(—3) 
(f + g(x) = 6x" + Tx — 3 41. (f° g)(0) 42. (g° f)(0) 
12. Let f(x) = 3x — 1 and g(x) = 2x + 3. Find fog. 43. (f -2(3) 44, (go (5) 
FoMe= fC) 45. (f° g)(x) 46. (g° f(x) 
= f( ) 
= 3( )-1 47. (g° f)(2x) 48. (f° g)(2x) 
= +0 -1 
(f° g\(x) = 6x + 8 Let f(x) = 3x — 2 and g(x) = x° + x. Find each of the following. 
See Example 3. 
GUIDED PRACTICE 49. (f° g)(4) 50. (g° f)(4) 
Let f(x) = 3x and g(x) = 4x. Find each function and its domain. 51. (ge f)(—3) 52. (f ° g)(—3) 
See Examples 1 and 2. 53. (g° f\(0) 54. (f° g)(0) 
13. fte¢ 14. f-—¢g 55. (g° f)(x) 56. (f° g)(x) 


b..2= 7 16. ¢+f 
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Let f(x) = 1 and g(x) = 4. Find each of the following. 
57. (f° g)(4) 58. (f° g)(6) 


59. (g° (5) 60. (g° A(z) 


61. (g° f)(8x) 62. (f ° g)(5x) 


63. If f(x) = x + 1 and g(x) = 2x — 5, show that 
(f° go) # (g° AQ). 

64. If f(x) = x? + 1 and g(x) = 3x* — 2, show that 
(f° 0) # (g° fG). 

See Example 4. 

65. Refer to graphs. Find: 

- (f + g)(— 5) 

» F-— 9G) 

- (f-g)(- 3) 

- (f/g)(0) 

» (f° 83) 

f. (g° f)(2) 


» 


onan & 


66. Refer to graphs. Find: 
-(g + JQ 

» (g — fy(-S) 
»(g° AQ) 

- (g/f\(—6) 

» (g° f(A) 

f. (f° g)(6) 


oaoanar » 


67. Use the tables of values for functions f and g to find each of the 


following. 
x | f@®) x | g(x) 
1] 3 1} 4 
5| 8 5] 0 
a. (f + g)(1) b. (f — g)(5) 
c. (f+ g)(1) d. (¢/f)(5) 
68. Use the table of values for functions f and g to find each of the 
following. 
x | f@%) x | g(x) 
2] 5 1 2 
4| 7 5 | -3 
a. (f° g)(1) b. (g° f)(2) 


Exponential and Logarithmic Functions 


Let f(x) = 3x + 1 and find each composition. See Example 5. 
69. (f° 1)\(x) 70. (Ie f)(x) 

Let f(x) = —2x — 5 and find each composition. See Example 5. 
71. (Le f(x) 72. (f° D(x) 


APPLICATIONS 


73. SAT SCORES _ Refer to the following illustration. The graph 
of function m gives the average score on the mathematics 
portion of the SAT college entrance exam, the graph of func- 
tion v gives the average score on the verbal portion, and x rep- 
resents the number of years since 1990. (In 2006, the SAT Test 
was renamed the SAT Reasoning Test and it now includes three 
parts: mathematics, critical reading, and writing.) 


US. 
Average SAT 
Scores 


Score 


= L — as or a ee 
12 3 4 5 6 7 8 9 10 11 12 13 14 15 
Years since 1990 

Source: The World Almanac, 1999 and Infoplease.com 


a. Find (m + v)(3) and explain what information about SAT 
scores it gives. 


b. Find (m — v)(6) and explain what information about SAT 
scores it gives. 


c. Find: (m + v)(15) 


d. Find: (m — v)(15) 


74. 


2,000,000 5 
1,800,000 5 
1,600,000 5 


BACHELOR’S DEGREES Refer to the following illustra- 
tion. The graph of function m gives the actual and projected 
number of bachelor’s degrees awarded to men, and the graph of 
function w gives the actual and projected number of bachelor’s 
degrees awarded to women. 


Actual and Projected Numbers 
for Bachelor’s Degrees Awarded in the U.S. 


1,400,000 5 
Total 
1,200,000 


1,000,000 5 


f Women| pe - 


800,000 


600,000 : es ee BE m 
Men 


400,000 4 
200,000 5 
0 
2000 2002 2004 2006 2008 2010 2012 2014 
Year ending 
Source: U.S. Department of Education 


75. 


76. 


77. 


a. Estimate (w + m)(2000) and explain what information 
about bachelor’s degrees it gives. 


b. Estimate (w — m)(2000) and explain what information 
about bachelor’s degrees it gives. 


c. Estimate: (w + m)(2012) 
d. Estimate: (w — m)(2012) 


METALLURGY A molten alloy must be cooled slowly to 
control crystallization. When removed from the furnace, its 
temperature is 2,700°F, and it will be cooled at 200° per hour. 
Write a composition function that expresses the Celsius tem- 
perature as a function of the number of hours ¢ since cooling 
began. (Hint: C = 3(F — 32).) 

WEATHER FORECASTING A high-pressure area promises 
increasingly warmer weather for the next 48 hours. The temper- 
ature is now 34° Celsius and is expected to rise 1° every 6 
hours. Write a composition function that expresses the Fahren- 
heit temperature as a function of the number of hours from 
now. (Hint: F = 2C + 32.) 

VACATION MILEAGE COSTS 


a. Use the following graphs to determine the cost of the gaso- 
line consumed if a family drove 500 miles on a summer 
vacation. 


b. Write a composition function that expresses the cost of the 


gasoline consumed on the vacation as a function of the 
miles driven. 
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_ Gm) CG) 
=, & 100k 
ant = gl C(G) =3G 
5 Gop 4 3 
2 307 =a 2 60F 
2 20F 3 40+ 
& g 
S 10F S 20+ 
csi 
ids) m 1 1 1 1 1 ly G 
100 200 300 400 500 5 10 15 20 25 30 


Miles driven Gasoline consumed (gal) 


78. HALLOWEEN COSTUMES | The tables on the back of a 


pattern package can be used to determine the number of yards 

of material needed to make a rabbit costume for a child. 

a. How many yards of material are needed if the child’s chest 
measures 29 inches? 

b. In this exercise, one quantity is a function of a second quan- 
tity that depends, in turn, on a third quantity. Explain this 
dependence. 


PATTERN 9810 Simplicity 


Costumes have front zipper, long raglan sleeves, elastic 
sleeve and leg casings, hood. Fabrics: Fleece or suede 


BODY MEASUREMENTS 
Chest (in.) 21 22 23 25 26 27 28; 29 30 


Pattern 2 
Size 


3 4 6 7 8 10 11 12 


YARDAGE NEEDED 
Pattern 2-4 
Size 
Yards 


WRITING 
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80. 


81. 


82. 


. Exercise 77 illustrates a chain of dependence between the cost 
of the gasoline, the gasoline consumed, and the miles driven. 
Describe another chain of dependence that could be represented 
by a composition function. 


In this section, what operations are performed on functions? 
Give an example of each. 


Write out in words how to say each of the following: 
(feg2)  a(f(—8)) 


If Y; = f(x) and Y> = g(x), explain how to use the following 
tables to find g(f(2)). 


bt fad Vz 
cs] ao 
y 2 
4 4 
to io 
=-2 R= 
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REVIEW 
Simplify each complex fraction. 
ac—ad-—ct+d 


3 
a-l 
33. —>~———_|_ 
C — 2cd + d? 
at+at 
2+ : 
a 
84. et 
1 
1+ 
x= 1 


CHALLENGE PROBLEMS 
Fill in the blanks. 


85. If f(x) = x° and g(x) = 
(f © g\(x) = 4x7 + 20x + 25. 


86. If f(x) = V3x and g(x) = , then (go f)(x) = 9x? + 7. 


Refer to the following graphs of functions f and g. 
87. Graph the sum function f + g on the given coordinate system. 


88. Graph the difference function f — g on the given coordinate 
system. 


, then 5 


Objectives 


Determine whether a function is a one-to-one function. 


Use the horizontal line test to determine whether a function is 
one-to-one. 


Find the equation of the inverse of a function. 
Find the composition of a function and its inverse. 


ooo OO 


Graph a function and its inverse. 


In the previous section, we created new functions from given functions by using the opera- 
tions of arithmetic and composition. Another way to create new functions is to find the inverse 


of a function. 


Determine Whether a Function Is a One-to-One Function. 


In figure (a) below, the arrow diagram defines a function /. If we reverse the arrows as shown 
in figure (b), we obtain a new correspondence where the range of f becomes the domain of the 
new correspondence, and the domain of f becomes the range. The new correspondence is a 
function because to each member of the domain, there corresponds exactly one member of the 
range. We call this new correspondence the inverse of f, or f inverse. 


Range Domain 


Domain 


One-to-One 
Functions 
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This reversing process does not always produce a function. For example, if we reverse the 
arrows in function g defined by the diagram in figure (a) below, the resulting correspondence 
is not a function. This is because to the number 2 in the domain, there corresponds two 
members of the range: 8 and 4. 


Range Domain 


(a) (b) 


The question that arises is, “What must be true of an original function to guarantee that 
the reversing process produces a function?” The answer is: the original function must be one- 
to-one. 

We have seen that in a function, each input determines exactly one output. For some func- 
tions, different inputs determine different outputs, as in figure (a). For other functions, dif- 
ferent inputs might determine the same output, as in figure (b). When a function has the prop- 
erty that different inputs determine different outputs, as in figure (a), we say the function is 
one-to-one. 


y y 
Different A 4— Same output 


>Xx 
5 
3 Different inputs =z Different inputs 
A one-to-one function Not a one-to-one function 
(a) (b) 


A function is called a one-to-one function if different inputs determine different outputs. 


EXAMPLE 1 | Determine whether each function is one-to-one. a. f(x) = x* 
: b. f(x) =x° 


Strategy We will determine whether different inputs have different outputs. 


Why If different inputs have different outputs, the function is one-to-one. If different 
inputs have the same output, the function is not one-to-one. 
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Solution 
a. Since two different inputs, —3 and 3, have the same output 9, f(x) = x7 is not a one-to- 


Success Tip one function. 


Example 1 illustrates that not every 


function is one-to-one. f(—3) = (-3 = 9 and f(3) = 3° =9 x |f(x)| The output 9 does not correspond 
-3| 9 to exactly one input. 


3] 9 


b. Since different numbers have different cubes, each input of f(x) = x° determines a dif- 
ferent output. This function is one-to-one. 


a Self Check 1 q Determine whether each function is one-to-one. If not, find 
an output that corresponds to more than one input. 
a. f(x) = 2x +3 bfO)— > 
Now Try Problems 19 and 21 


2) Use the Horizontal Line Test to Determine Whether a Function Is One-to-One. 


To determine whether a function is one-to-one, it is often easier to view its graph rather 
than its defining equation. If two (or more) points on the graph of a function have the same 
y-coordinate, the function is not one-to-one. This observation suggests the following hori- 
zontal line test. 


The Horizontal A function is one-to-one if each horizontal line that intersects its graph does so exactly once. 
Line Test 
y y 
One point More than one point 
of intersection of intersection 


‘ 


One point 
of intersection 


A one-to-one function Not a one-to-one function 


EXAM PLE 2 | Use the horizontal line test to determine whether the following 
graphs of functions represent one-to-one functions. 


Strategy We will draw horizontal lines through the graph of the function and see how 
many times each line intersects the graph. 


Why If each horizontal line intersects the graph of the function exactly once, the graph 
represents a one-to-one function. If any horizontal line intersects the graph of the func- 
tion more than once, the graph does not represent a one-to-one function. 


Success Tip 
Recall that we use the vertical line 
test to determine whether a graph 
represents a function. We use the 
horizontal line test to determine 
whether the function that is 
graphed is one-to-one. 


Solution 


a. Because we can draw a horizontal line that intersects the graph of the function shown in 
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figure (a) twice, the graph does not represent a one-to-one function. 


b. Because every horizontal line that intersects the graph of the function in figure (b) does 


so exactly once, the graph represents a one-to-one function. 


(a) 


HT Self Check 2 i 


functions. 


Determine whether the following graphs represent one-to-one 


Now Try Problems 27 and 29 


Find the Equation of the Inverse of a Function. 
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If f is the one-to-one function defined by the arrow diagram in figure (a), it turns the number 
1 into 10, 2 into 20, and 3 into 30. The ordered pairs that define f can be listed in a table. Since 
the inverse of f must turn 10 back into 1, 20 back into 2, and 30 back into 3, it consists of the 
ordered pairs shown in the table in figure (b). 


Function f 


Domain 


wn |e 


y | @&y) 


10 | (1, 10) 
20 | (2, 20) 
30 | (3, 30) 


L_ 


Range Domain f inverse 
—Demain— —Range- 
f inverse 2s ||" | (x,y) 
=p 10 | 1 | (10, 1) 
} 20 | 2 | (20, 2) 
30 | 3 | (30, 3) 


(b) 


The x- and y-coordinates are interchanged. 


J 
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Caution 
The —1 in the notation f~ '(x) is 
not an exponent: 


1 
El 
Te 


The Inverse of a 
Function 


Finding the 
Equation of the 
Inverse of a 
Function 


Success Tip 
Every linear function, except those 
of the form f(x) = c, where c is a 
constant, is one-to-one. 


We note that the domain of f and the range of its inverse is {1, 2, 3}. The range of f and 
the domain of its inverse is {10, 20, 30}. 

This example suggests that to form the inverse of a function f, we simply interchange the 
coordinates of each ordered pair that determines /. When the inverse of a function is also a 
function, we call it f inverse and denote it with the symbol f '. The symbol f” '(x) is read as 
“the inverse of f(x)” or “f inverse of x.” 


If f is a one-to-one function consisting of ordered pairs of the form (x, y), the inverse of /, 
denoted f ', is the one-to-one function consisting of all ordered pairs of the form (y, x). 


When a one-to-one function is defined by an equation, we use the following method to 
find the equation of its inverse. 


If a function is one-to-one, we find its inverse as follows: 


1. Ifthe function is written using function notation, replace f(x) with y. 
2. Interchange the variables x and y. 

3. Solve the resulting equation for y. 

4. Substitute f-'(x) for y. 


EXAM PLE 3 j Determine whether each function is one-to-one. If so, find the 
equation of its inverse. a. f(x)=4x +2 b. f(x) =x? 


Strategy We will determine whether each function is one-to-one. If it is, we can find 
the equation of its inverse by replacing f(x) with y, interchanging x and y, and solving 
for y. 


Why The reason for interchanging the variables is this: If a one-to-one function takes an 
input x into an output y, by definition, its inverse function has the reverse effect. 


Solution 
a. We recognize f(x) = 4x + 2 asa linear function whose graph is a straight line with slope 
4 and y-intercept (0, 2). Since such a graph would pass the horizontal line test, we con- 
clude that f is one-to-one. 
To find the inverse, we proceed as follows: 
f(x) = 4x + 2 
y=4x +2 Replace f(x) with y. 


x = 4y +2 Interchange the variables x and y. 


x-2=A4y To isolate the term 4y, subtract 2 from both sides. 
= 2 
4 =y To solve for y, divide both sides by 4. 
Gee 
y= Write the equation with y on the left side. 


To denote that this equation is the inverse of function f, we replace y with f- '(x). 
x= 2 
4 


7} @= 


Caution 


Only one-to-one functions have 
inverse functions. 


11.2 Inverse Functions 989 


b. In Example 2, we used the horizontal line test to determine that f(x) = x? is a one-to-one 
function. See figure (b) in Example 2. 
To find its inverse, we proceed as follows: 


f@ =x 
yr x Replace f(x) with y. 
= y Interchange the variables x and y. 
Wx =y To solve for y, take the cube root of both sides. 


y= Wx Write the equation with y on the left side 


Replacing y with f'(x), we have 


f 'o) = Wx 


i Self Check 3 | Determine whether each function is one-to-one. If it is, find the 
; equation of its inverse. a. f(x) = —5x — 3 
bh. fQy =x 
Now Try Problems 35 and 45 


4.) Find the Composition of a Function and Its Inverse. 


The Composition 
of Inverse 
Functions 


To emphasize a relationship between a function and its inverse, we substitute some number x, 
such as x = 3, into the function f(x) = 4x + 2 of Example 3(a). The corresponding value of 
y that is produced is 


f(3) = 43) + 2 = 14 | Ff determines the ordered pair (3, 14). 


2 a = the corresponding value of 


If we substitute 14 into the inverse function, f~'(x) = 
y that is produced is 
14-2 
4 


= 3 f ' determines the ordered pair (14, 3). 


f-'(14) = 


Thus, the function f turns 3 into 14, and the inverse function f ~! turns 14 back into 3. 

In general, the composition of a function and its inverse function is the identity function, 
I(x) = x, such that any input x has the output x. This fact can be stated symbolically as 
follows. 


For any one-to-one function f and its inverse, f ', 


(feof Y@)=x and (fe fx) =x 


We can use this property to determine whether two functions are inverses. 


EXAMPLE 4 _ Show that f(x) = 4x + 2 and f-'(@) =*q ? are inverses. 


Strategy We will find the composition of f(x) and f~'(x) in both directions and show 
that the result is x. 
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Why Only when the result of the composition is x in both directions are the functions 


inverses. 
Solution To show that f(x) = 4x + 2 and f '(x) =* 7 2 are inverses, we must show 
that for each composition, an input of x gives an output of x. 
(f° f-"Y@) = fF "@0) (f-'° N@) = fF) 
—2 
- € ) = fax + 2) 
4 
(2 - 2) 4x+2-2 
= £9 pe a OE 
4 4 
4x 
=x-2+2 =— 
4 
=x = 


Because (f ° f ')(x) = x and (f | f)(x) = x, the functions are inverses. 


a Self Check 4 7 Show that f(x) = x — 4 and g(x) = x + 4 are inverses. 
Now Try Problem 55 


5) Graph a Function and Its Inverse. 


If a point (a, b) is on the graph of function f, it follows that the point (6, a) is on the graph of 
: a f ~ and vice versa. There is a geometric relationship between a pair of points whose coordi- 
Recall that the line y = x passes . . ‘ 
through points whose x- and y- nates are interchanged. For example, in the graph, we see that the line segment between (1, 3) 
coordinates are equal: (—1, —1), and (3, 1) is perpendicular to and cut in half by the line y = x. We say that (1, 3) and (3, 1) 
(0, 0), (1, 1), (2, 2), and so on. are mirror images of each other with respect to y = x. 
Since each point on the graph of f' is a mirror image of a point on the graph of f, 
and vice versa, the graphs of f and f | must be mirror images of each other with respect to 


y=x. 


Success Tip 


EXAMPLE 5 | Find the equation of the inverse of f(x) = 3x + 3. Then graph f 
: and its inverse on one coordinate system. 


Strategy We will determine whether the function has an inverse. If so, we will replace 
f(x) with y, interchange x and y, and solve for y to obtain the equation of the inverse. 


Why The reason for interchanging the variables is this: If a one-to-one function takes an 
input x into an output y, by definition, its inverse function has the reverse effect. 


Solution Since f(x) = 3x + 3 is a linear function, it is one-to-one and has an inverse. 


To find the inverse function, we replace f(x) with y, and interchange x and y to obtain 


3 
= —“y +3 
x 7 


Success Tip 
To graph f—', we don't need to 
construct a table of values. We can 
simply interchange the coordi- 
nates of the ordered pairs in the 
table for f and use them to graph 


a 


Using Your Calculator 


fx) = 3x +3 f'@) = —jx +2 
x | f@) x | f'@ 
0] 3}/>3(,3) 3 0 |36,0) 
2} 0/3(,0) o| 2 |35@2) 
4\\ =F 34-3) =3| 4 lowes 
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Then we solve for y to get 


3 
x-3= ~5y Subtract 3 from both sides. 


2 
“3° +2=y To isolate y, multiply both sides by -2, 
When we replace y with f '(x), we have f '(x) = 3x + 2. 
To graph f and f ', we construct tables of values and plot points. Because the functions 
are inverses of each other, their graphs are mirror images about the line y = x 


ld Self Check 5 7 | Find the inverse of f(x) = ox — 2. Then graph the function and 


its inverse on one coordinate system. 
Now Try Problem 59 


Graphing the Inverse of a Function 


We can use a graphing calculator to check the result found in Example 5. First, we 
enter f(x) = 3x +3 and then enter what we believe to be the inverse function, 
i OG —2x + 2, as well as the equation y = x. See figure (a). Before graphing, we 


adjust the display so that the graphing grid will be composed of squares. The axis of sym- 
metry is then at a 45° angle to the positive x-axis. 

In figure (b), it appears that the two graphs are symmetric about the line y = x. 
Although it is not definitive, this visual check does help to validate the result of Example 5. 


Floti Flot2 Flot? 
SW1BC -3-29K4+3 
Wee -2-3 9 84+2 
ss BH 


y= 


sex 
see 
sea 


(b) 
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EXAM PLE 6 j Graph the inverse of function f shown in figure (a). 


Strategy We will find the coordinates of several points on curve f in figure (a). After 
interchanging the coordinates of these points, we will plot them as shown in figure (b). 


Why The reason for interchanging the coordinates is this: If (a, b) is a point on the graph 
of a one-to-one function, then the point (b, a) is on the graph of its inverse. 


Solution In figure (a), we see that the points (—5, —3), (—2, —1), (0, 2), (3, 3), (5, 4), 
and (7,5) lie on the graph of function f. To graph the inverse, we interchange their 
coordinates, and plot them, as shown in figure (b). Then we graph the line y = x and use 
symmetry to draw a smooth curve through those points to get the graph of f |. 


y 
A 


The Language of Algebra 
We can also say that the graphs of 
f and f_' are reflections of each 
other about the line y = x, or they 
are symmetric about y = x. 


(a) 


La Now Try Problem 59 


ee | 1. a. Yes b. No,(—1,1),(1, 1) 2. a. No b. Yes 
3a f'@=3 bf l@=Wr 5. 
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VOCABULARY 
Fill in the blanks. 
1. A function is called a 
determine different outputs. 


2. The line test can be used to determine whether the 
graph of a function represents a one-to-one function. 


3. The functions f and f ‘ are 


function if different inputs 


4. The graphs of a function and its inverse are mirror of 
each other with respect to y = x. We also say that their graphs 
are with respect to the line y = x. 
CONCEPTS 
Fill in the blanks. 


5. If any horizontal line that intersects the graph of a function 
does so more than once, the function is not : 
6. To find the inverse of the function f(x) = 2x — 3, we begin by 
replacing f(x) with y, and then we x and y. 
7. If f is a one-to-one function, the domain of f is the of 
f',and the range of f is the of f-'. 
8. Ifa function turns an input of 2 into an output of 5, the inverse 
function will turn an input of 5 into the output 
9. If f is a one-to-one function, and if f(1) = 6, then 
f'O- 
10. Ifthe point (9, —4) is on the graph of the one-to-one function f, 
then the point( , ) is onthe graph of f’. 
11. a. Is the correspondence defined x y 


by the arrow diagram a one- 
to-one function? i. 
=e 


b. Is the correspondence defined by the table a ee 
one-to-one function? 
—2) 4 
= 1 
0}; 0 
2) 4 
3) 9 


12. Is the inverse of a one-to-one function always a function? 


13. Use the table of values of the one-to-one function f to complete 


a table of values for f '. 


x [feo Sb ae) 
—4} -2 =2 
0 0 0 
8 4 4 
14. Redraw the graph of function /. y 
Then graph f ' and the axis i 


of symmetry on the same 
coordinate system. 


4 
NOTATION 
Complete each solution. 
15. Find the inverse of f(x) = 2x — 3. 
=2x—3 
x= = 3 
se = 2y 
KS 
2 
: : x=E3 
The inverse of f(x) = 2x — 3 is (x) = 7 
16. Find the inverse of f(x) = We +2. 
= Wx +2 
x=W +2 
:-E-% 
(x —2y = 
The inverse of f(x) = Wx+2is (x) =(« — 2). 
17. The symbol f ' is read as “the of f” or “ 


18. Explain the difference in the meaning of the —1 in the notation 


f (x) as compared with x‘. 
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GUIDED PRACTICE 


Determine whether each function is one-to-one. See Example 1. 


19. f(x) = 2x 20. f(x) = |x| 
21. f(x) = x* 22. fsy=xee tl 
23. f(x) = —x? + 3x 24. f(x) = or +8 


25. {(, 1), 2, D, (3, 1), (4, I} 26. £(3, 2), (2, 1), (1,0)} 


Each graph represents a function. Use the horizontal line test to 
determine whether the function is one-to-one. See Example 2. 


33. y 34. y 
B iA 
3 5 te 

AN 2 2 
1 1 
4 -3 -2 -1 Toga 4 3-2-1 1344 ]* 

2 ——e -2 — 
-3 3 
4 4 


Each of the following functions is one-to-one. Find the inverse of 
each function and express it using f'(x) notation. See Example 3. 


35. f(x) = 2x +4 36. f(x) = 5x - 1 
37 ==4 . 38 eee 
-LOR=5 5 f=, 3 
x—4 2x + 6 
39. f(x) = <a 40. f(x) = "5 
41 a 42 = 
fO=— 34 ame 
4 1 
43. fix) = — 44, fix) =~ 
45. f(x) =2x° + 8 46. f(x) =x —4 
47. f(x) = Wx 48. f(x) = Wx —5 
49. f(x) = (x + 10) 50. f(x) = (« — 99 
3 3 
51. f(x) = 2x7 — 3 52. fx) == -1 
x 
WE 9 
53. f(x) = . 54. f(x) = ] 


Show that each pair of functions are inverses. See Example 4. 
x= 9 


55. f(x) = 2x +9, f ‘W= 3 
Dea a | 
5 


56. f(x) =5x --1L,f 'W= 


2 2 
57. f(x) = i= f a= ~+3 
58. fy = Vx -6, f (=x + 6 


Find the inverse of each function. Then graph the function and its 
inverse on one coordinate system. Show the line of symmetry on the 
graph. See Examples 5 and 6. 


59. f(x) = 2x 60. f(x) = —3x 
x 1 
61. f(x) = 4x +3 62. f(x) seg 
63 ee 3 64 Saas 
- f@) = 5% » fQ) = 37S 
65. f(x) =x° 66. f(x) =x +1 


67. f(x) =x* —1(x=0) 68. f(x) =x7 +1(@=0) 
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APPLICATIONS WRITING 
69. INTERPERSONAL RELATIONSHIPS _ Feelings of anxiety 71. In your own words, what is a one-to-one function? 
in a relationship can increase or decrease, depending on what is 72. Two functions are graphed on the 
going on in the relationship. The graph shows how a person’s square grid on the right along with 
anxiety might vary as a relationship develops over time. the line y = x. Explain why the 
a. Is this the graph of a function? Is its inverse a function? functions cannot be inverses of 
each other. 
b. Does each anxiety level correspond to exactly one point in 73. Explain how the graph of a one-to- 
time? Use the dashed lined labeled Maximum threshold to one function can be used to draw 
explain. the graph of its inverse function. 


74. a. Explain the purpose of the vertical line test. 
b. Explain the purpose of the horizontal line test. 


Bg 75. In the illustration, a 
function f and its 
inverse f | have been 
graphed on the same 
coordinate system. 
Explain what concept 
can be demonstrated by 
folding the graph paper 
on the dashed line. 

76. Write in words how to 
read the notation. 


Uneasy, sweaty 
palms, stomach 
ache 


Maximum threshold 


Amount of anxiety 


Not motivated to | 


i 1 
communicate —1 
; a. = x= 3 
lethargic f @) 2* 
Low Wt b. (fof ‘\(Qx) =x 
Time (days) 
Source: Gudykunst, Building Bridges: Interpersonal Skills for a Changing World REVIEW 
eee Simplify. Write the result ina + bi form. 
77. 3 —- V —-64 
70. LIGHTING LEVELS 10 


78, (2 — 31) + (4+ 51) 


The ability of the eye to bo 9 

see detail increases asthe 8 8 a 79. (3 + 4i)(2 — 3i) 

level of illumination S 7 6+ 7i 

increases. This relation- 2 6 80. ods 

ship can be modeled by a 8 5 81. (6 — 8i)° 

function E, whose graph 3 4 32, {100 

is shown here. 3 ‘ ° 

a. From the graph, deter- 4 4 CHALLENGE PROBLEMS 
mine £(240). = i aia 

b. Is function E one-to- 0 83. Find the inverse of f(x) = ee 
aA ta pines ives eas = 84. Using the functions of Exercise 83, show that (f° f ')(x) = x 


and (f !° f)(x) =x. 


c. If the effectiveness of seeing in an office is 7, what is the 
illumination in the office? How can this question be asked 
using inverse function notation? 
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85. A table of values for a function f is shown in figure (a). A table 86. a. The graph of a one-to-one function lies entirely in quadrant 
of values for f' is shown in figure (b). Use the tables to find I. In what quadrant does the graph of its inverse lie? 


f '(f(4)) and f(f-"(2)). 


a 
é 
4 
6 
| 


(a) 


Objectives 


Value ($) 


b. The graph of a one-to-one function lies entirely in quadrant 
II. In what quadrant does the graph of its inverse lie? 


c. The graph of a one-to-one function lies entirely in quadrant 
II. In what quadrant does the graph of its inverse lie? 


d. The graph of a one-to-one function lies entirely in quadrant 
IV. In what quadrant does the graph of its inverse lie? 


(b) 


@ Simplify expressions containing irrational exponents. 


® Define exponential functions. 
© Graph exponential functions. 


© Use exponential functions in applications involving growth or 
decay. 


The graph in figure (a) below shows the balance in a bank account in which $10,000 was 
invested in 2006 at 9%, compounded monthly. The graph shows that in the year 2016, the 
value of the account will be approximately $25,000, and in the year 2036, the value will be 
approximately $147,000. The rapidly rising red curve is the graph of a function called an 
exponential function. 


Value of $10,000 invested at 9% 
compounded monthly 


A A Air Pressure and Altitude 
150,000 30 
147,000 
125,000 25 
e 
100,000 5 20 
2 9 
BE 
75,000 Au 15 
2 ° 
ug 
50,000 5 «10 
& 
25,000 5 
> = 
2006 2016 2026 2036 0 25,000 50,000 75,000 100,000 
Year Altitude (ft) 
(a) (b) 


If you have ever climbed a high mountain or gone up in an airplane that does not have a 
pressurized cabin, you have probably felt the effects of low air pressure. The graph in figure 


Using Your Calculator 
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(b) on the previous page shows the how atmospheric pressure decreases with increasing alti- 
tude. The rapidly falling red curve is also the graph of an exponential function. 

Exponential functions are used to model many other situations, such as population 
growth, the spread of an epidemic, the temperature of a heated object as it cools, and radioac- 
tive decay. Before we can discuss exponential functions in more detail, we must define irra- 
tional exponents. 


Simplify Expressions Containing Irrational Exponents. 
We have discussed expressions of the form b*, where x is a rational number. 


8'/? means “the square root of 8.” 


51/3 means “the cube root of 5.” 


1 
ae = 37/5 means “the reciprocal of the fifth root of 37.” 


To give meaning to b* when x is an irrational number, we consider the expression 
5? where \V/2 is the irrational number 1.414213562 ... 


We can successively approximate 5V2 by the following rational powers: 


14 141 1.414 1.4142 1.41421 
a5 aan Satie 5 5 


4 gee 


Using concepts from advanced mathematics, it can be shown that there is exactly one 
number that these powers approach. We define 5? to be that number. This process can be 
used to approximate 5? to as many decimal places as desired. 

Any other positive irrational exponent can be defined in the same manner, and negative 
irrational exponents can be defined using reciprocals. Thus, if is positive, b* has meaning for 
any real number x. 

We can use a calculator to obtain a very good approximation of an exponential expression 
with an irrational exponent. 


Evaluating Exponential Expressions 


To find the value of 5V? with a scientific calculator, we enter these numbers and press these 
keys: 


With a graphing calculator, we enter these numbers and press these keys: 


5[A][2nd]| V |2)|[ENTER age 


ee 


It can be shown that all of the familiar rules of exponents are also true for irrational 
exponents. 


EXAMPLE1 Simplify: a. (SY?)Y? sb. bY3 bY? 


Strategy We will use the power rule (x”)" = x” to simplify part (a) and the product rule 


mn 


xx" = x" *” to simplify part (b). 


Why These rules for exponents hold true for irrational exponents. 
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Exponential 
Functions 


Notation 
We have previously graphed the 
linear function f(x) = 2x and the 
squaring function f(x) = x°. For 


the exponential function f(x) = 2”, 


note that the variable is in the 
exponent. 


Solution 
Va 
a. (5%?) = 5V2V2 Keep the base and multiply the exponents. 
= 5? Multiply: V2V/2 = V4 = 2. 
= 25 


b. bv3 “pYP= Bv3 +V'12 Keep the base and add the exponents. 


= bY3+2V3 Simplify: Vi2 = V4V3 = 2V3. 
= pv3 Combine like radicals. V3 + 2/3 = 3V3. 


a Self Check 1 ij Simplify: a. (3¥7)¥8 bb? 
Now Try Problems 15 and 17 


Define Exponential Functions. 


Ifb > 0 and b # 1, the function f(x) = 5” is called an exponential function. Since x can be 
any real number, its domain is the set of real numbers. This is the interval (—™, ©). 

Because b is positive, the value of f(x) is positive, and the range is the set of positive 
numbers. This is the interval (0, ©). 

Since b # 1, an exponential function cannot be the constant function f(x) = 1°, in which 
f(x) = 1 for every real number x. 


An exponential function with base 5 is defined by the equations 
fama or y= 


where b > 0, b # 1, and x is a real number. The domain of f(x) = b* is the interval 
(—®, %), and the range is the interval (0, ~). 


Graph Exponential Functions. 


Since the domain and range of f(x) = b* are sets of real numbers, we can graph exponential 
functions on a rectangular coordinate system. 


EXAM PLE 2 | Graph: f(x) = 2* 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve though the plotted points, we will have the graph. 


Solution To graph f(x) = 2”, we choose several values for x and find the corresponding 
values of f(x). If x is —1, we have 


f(x) = 2" 
f(-)D = 27! Substitute —1 for x. 
1 


The Language of Algebra 
We have encountered the word 
asymptote earlier, when we 
graphed rational functions. Recall 
that an asymptote is not part of 
the graph. It is a line that the 
graph approaches and, in this 
case, never touches. 
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The point (- 1, 5) is on the graph of f(x) = 2°. In a similar way, we find the corresponding 
values of f(x) for x values of 0, 1, 2, 3, and 4 and list them in a table. Then we plot the 
ordered pairs and draw a smooth curve through them. 


f(x) = 2" y 
A 
x | f(x) si (4, 16) 
1 1 z 
=1) 3 f>(-h3) "aD =2" 
0 1 |-> (0, 1) 13 
1} 2 |>4,2) a 
2) 4 |>@,4) 10 
3) 8 | 30,8) rey 
4| 16 | (4, 16) 


si 5 
The graph steadily J hi, 


approaches the x-axis, 
but never touches or 
crosses it. 


(2,4) 


123 4 


From the graph, we can see that the domain of f(x) = 2° is the interval (—~%, ©) and the 
range is the interval (0, ©). Since the graph passes the horizontal line test, the function is 
one-to-one. 

Note that as x decreases, the values of f(x) decrease and approach 0. Thus, the x-axis is 
a horizontal asymptote of the graph. The graph does not have an x-intercept, the y-intercept 
is (0, 1), and the graph passes through the point (1, 2). 


a Self Check 2 | Graph: g(x) = 4° 


Now Try Problem 23 


EXAMPLE 3 Graph: f(x) = (3)° 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve through the plotted points, we will have the graph. 


Solution Ifx = —2, we have 
fx) = (; i 
(a= 
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Properties of 
Exponential 
Functions 


Exponential and Logarithmic Functions 


The point (—2, 9) is on the graph of f(x) = (3). In a similar way, we find the corresponding 


values of f(x) for other x-values and list them in a table. 


1) 
fe) = (3) ‘ 
10 
x | f@) (2,998 9 
pan = 8 x 
2] 9 |>(-2,9) | fa) = (3) 
—l 3. | > (1,3) 6 
0 1 = (0, 1) 5 
1 1 ‘| \-intercept The graph steadily 
: 3 ad (1, 3) 1,3) : } approaches the x-axis, 
1 1 \ but never touches or 
2 ea = 
9 | (2, 9) 4. IS ? en x crosses it. 
TO4) G3) 
3) 5 


From the graph, we can verify that the domain of f(x) = (ay is the interval (—~, ©) and the 
range is the interval (0, ©). Since the graph passes the horizontal line test, the function is 
one-to-one. 

Note that as x increases, the values of f(x) decrease and approach 0. Thus, the x-axis is 
a horizontal asymptote of the graph. The graph does not have an x-intercept, the y-intercept 
is (0, 1), and the graph passes through the point (1, *). 


a Self Check 3 , | Graph: g(x) = (5) 


Now Try Problem 27 


Examples 2 and 3 illustrate the following properties of exponential functions. 


The domain of the exponential function f(x) = b* is the interval (—™, °), 
The range is the interval (0, ~). 

The graph has a y-intercept of (0, 1). 

The x-axis is an asymptote of the graph. 


The graph of f(x) = b* passes through the point (1, 5). 


In Example 2 (where b = 2), the values of y increase as the values of x increase. Since 
the graph rises as we move to the right, we call the function an increasing function. When 
b > 1, the larger the value of b, the steeper the curve. 


In Example 3 (where b= ), the values of y decrease as the values of x increase. Since 
the graph drops as we move to the right, we call the function a decreasing function. When 
0 < b < 1, the smaller the value of b, the steeper the curve. 


Increasing and 
Decreasing 
Functions 


Using Your Calculator 


11.3 Exponential Functions 1001 


In general, the following is true. 


Ifb > 1, then f(x) = Bb” is an y 
increasing function. 

If0 < b <1, then f(x) = &* 
is a decreasing function. 


Increasing function Decreasing function 


An exponential function with base 6 is either increasing (for b > 1) or decreasing 
(0 <b <1). Since different real numbers x determine different values of b*, exponential 
functions are one-to-one. 


Graphing Exponential Functions 


To use a graphing calculator to graph f(x) = (y and g(x) = 3, we enter the right sides of 


the equations after the symbols Y; = and Y> = . The screen 
will show the following equations. 

Y, = (2/3)X 

Y2 = (3/2)*X 


If we press |GRAPH}, we will obtain the display shown. 
We note that the graph of f(x) = ()° passes through (0, 1). Since ; < 1, the function is 


decreasing. The graph of g(x) = 3y also passes through (0, 1). Since 3 > 1, the function 


is increasing. Since both graphs pass the horizontal line test, each function is one-to-one. 


The graphs of many exponential functions are translations of basic graphs. 


EXAMPLE 4 j Graph each function by using a translation: 
. ago)=2—4 bax) = (3) 

Strategy We will graph g(x) = 2° — 4 by translating the graph of f(x) = 2“ downward 
4 units. We will graph g(x) = aye by translating the graph of f(x) = (3) to the left 
3 units. 


Why The subtraction of 4 in g(x) = 2“ — 4 causes a vertical shift of the graph of the 
aS 

base-2 exponential function 4 units downward. The addition of 3 to x in g(x) = (3) 
causes a horizontal shift of the graph of the base-3 exponential function 3 units to the 


left. 
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Solution 
a. The graph of g(x) = 2° — 4 will be the same shape as 


a 
3 
S 
Sj 

= 

é 

g 

te 
S 

£ 

n 

g 

s 

3 

a 
<= 

2) 


The Language of Algebra 
The word exponential is used in 
many settings to describe rapid 
growth. For example, we hear that 
the processing power of comput- 
ers is growing exponentially. 


b. The graph of g(x) = (4) "will be the same shape as 
l 
3 


the graph of f(x) = 2°, except it is shifted 4 units 
downward. 


To graph g(x) = 2* — 4, 
translate each point on 
the graph of f(x) = 2* 
down 4 units. 


the graph of f(x) = ( 2 except it is shifted 3 units to 
the left. 


To graph g(x) = Gyre 
translate each point on 3 
the graph of f(x) = (sy to =4 
the left 3 units. 


oT Self Check 4 F | Graph each function by using a translation: 


a.ga)=(3) +2 b g@)=43 
Now Try Problems 31 and 33 


Use Exponential Functions in Applications Involving Growth or Decay. 


EXAMPLE 5 | Professional Baseball Salaries. The exponential function 
s(t) = 170,000(1.12)' approximates the average salary of a major 


league 
baseball player, where ¢ is the number of years after 1980 and 0 = t S 25. Sketch the 
graph of the function. (Source: Baseball Almanac) 


Strategy We will graph the function by creating a table of function values and plotting 
the corresponding ordered pairs. 


Why After drawing a smooth curve though the plotted points, we will have the graph. 
Solution The function values for tf = 0 and ¢ = 5 are computed as follows: 

t = 0 (the year 1980) 

s(0) = 170,000(1.12)° 

= 170,000(1) Any nonzero number to the O power is 1. 

170,000 
t = 5 (the year 1985) 
s(5) = 170,000(1.12)° 

= 299,598 Use a calculator. 


Using Your Calculator 
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To approximate s(5), use the keystrokes 170000 | x] 1.12|y"|5 [=] on a scientific calculator 
and 170000 |X| 1.12 |*|5|ENTER| on a graphing calculator. 

In a similar way, we find the corresponding values of s(t) for t-values of 10, 15, 20, and 
25 and list them in a table. Then we plot the ordered pairs and draw a smooth curve through 
them to get the graph. 


t s(t) ee Major League Baseball 
Average Annual Salary 

0 170,000 $3,000,000 
5 299,598 

10 527,994 $2,500,000 

15 930,506 

20 | 1,639,870 $2,000,000 

25 | 2,890,011 s(t) = 170,000(1.12)* 


$1,500,000 


$1,000,000 


$500,000 


0 
0 5 10 15 20 25 
(1980) (1985) (1990) (1995) (2000) (2005) 
Years after 1980 


La Now Try Problem 45 


Graphing Exponential Functions 


To use a graphing calculator to graph the exponential function s(f) = 170,000(1.12), we 
enter the right side of the equation after the symbol Y, = and replace the variable ¢ with x. 
The display will show the equation 


Y, = 170000(1.12%X) 


With window settings [0,30] for x and Xscale =5 and [0,3000000] for y and 
Yscale = 500000, we obtain the display shown when we press |GRAPH |. 


Exponential functions can be used to calculate compound interest. The following discus- 
sion gives some insight into why this is so. 

If an amount of money P, called the principal, is deposited in an account paying an 
annual interest rate r, we can find the amount A in the account at the end of tf years by using 
the formula 


A=P+Prt or A=P(l +r) 
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The Language of Algebra Suppose that we deposit $500 in such an account that pays interest every 6 months. Then 


The following words indicate the P = 500, and after 6 months (5 year), the amount in the account will be 


number of times that interest is _ 
paid by a financial institution in A = 500(1 + rt) 
one year. 


1 
= s00( +r: x) Substitute 5 for t. 


Annually: 1 time 


Semiannually: 2 times ; 
Quarterly: 4 times = so0( + ) 
Monthly: 12 times 2 
Daily: 365 times : ; . : r 
The account will begin the second 6-month period with a value of $500(1 + ry. After the 
second 6-month period, the amount in the account will be 


A=P(1 +r) 


ra 1 
A= soo + ait +r: ;) Substitute 500(1 + £) for P and } for ib 


r r 
= soo(1 + 5)(1 +2) 
2 2 
2 
= so0( ms *) 
2 
At the end of a third 6-month period, the amount in the account will be 


3 
. 

A = 500) 1 + = 
(+3) 


In this discussion, the earned interest is deposited back in the account and also earns 
interest, and we say that the account is earning compound interest. The preceding example 
suggests the following formula for compound interest. 


Formula for If $P is deposited in an account and interest is paid & times a year at an annual rate r, the 
Compound amount A in the account after ¢ years is given by 
Interest r\* 

A=P\1+ k 


EXAMPLE 6 j Educational Savings Plan. To save for college, parents of a 
: newborn child invest $12,000 in a mutual fund at 10% interest, 
compounded quarterly. 
a. Find a function for the amount in the account after ¢ years. 
b. If the quarterly interest paid is continually reinvested, how much money will be in the 
account when the child is 18 years old? 


Strategy To write a function for the amount in the account after ¢ years, we will substi- 
tute the given values for P, r, and k into the compound interest formula. 


Why The resulting equation will involve only two variables, A and t. Then we can write 
that equation using function notation. 


Using Your Calculator 
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Solution 
a. When we substitute 12,000 for P, 0.10 for r, and 4 for & in the formula for compound 
interest, the resulting formula involves only two variables, A and ¢. 


( r)" 
A=P(1+-— 
k 


g248 ovo( 1 ae oo" Since the interest is compounded quarterly, k = 4. 
ole putea 


4 Express r = 10% as a decimal. 


Since the value of A depends on the value of t, we can express this relationship using 
function notation. 


0.10\* 
A(t) = 12,000 + a 


A(t) = 12,000(1 + 0.025)" — Evaluate: °° = 0.025. 
A(t) = 12,000(1.025)” This exponential function has a base of 1.025. 
b. To find how much money will be in the account when the child is 18 years old, we need 
to find A(18). 
A(18) = 12,000(1.025)*"® — Substitute 18 for t. 
= 12,000(1.025)’* 
= 12,000(1.025)”* 


71,006.74 Use a scientific calculator and press these keys: 
12000 !&) 1.025 4 72 |B). 


When the child is 18 years old, the account will contain $71,006.74. 


N 


a Self Check 6 7 | How much money would be in the account after 18 years if the 
parents initially invested $20,000? 


Now Try Problem 49 


Solving Investment Problems 


Suppose $1 is deposited in an account earning 6% annual interest, compounded monthly. To 
use a graphing calculator to estimate how much will be in the account in 100 years, we can 
substitute 1 for P, 0.06 for r, and 12 for & in the formula and simplify. 


kt 12t 
0.06 
ie (1 is ") = i(1 as ) = (1.005)! 


We now graph the function A(t) = (1.005)'~ using window settings of [0, 120] and [0, 400] 
with Xscale = | and Yscale = | to obtain the graph shown. We can then trace and zoom to 
estimate that $1 grows to be approximately $397 in 100 years. From the graph, we can see 
that the money grows slowly in the early years and rapidly in the later years. 
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Success Tip 
c(t) = 6.2(0.9)' is a decreasing 
function because the base, 0.9, is 
such that0 < 0.9 < 1. 


Exponential and Logarithmic Functions 


Examples 5 and 6 are applications illustrating exponential growth. In the next example, 
we see an application of exponential decay. 


EXAMPLE 7 j Internet Access. The exponential function c(t) = 6.2(0.9) 
approximates the ratio of students to instructional computers with 
Internet access in U.S. public schools, where ¢ is the number of years after 2000 and 
0 =+t <5. Use the function to answer the following questions. 


a. The National Center for Educational Statistics did not survey the public schools in 2004. 
What ratio does the exponential function give for 2004? 


b. If the current trend continues, what ratio of students to instructional computers with 
Internet access does the function predict for the year 2014? 


Ratio of Students to Computers 
c(t) with Internet Access in 
A U.S. Public Schools 


= 6.2(0.9)' 


Number of students per instructional 
computer with Internet access 


0 1 2 3 4 5 
(2000) (2001) (2002) (2003) (2004) (2005) 
Years after 2000 


Source: National Center for Educational Statistics 


Strategy We will substitute 4 and 14 into the function c(f) = 6.2(0.9)' for r. 
Why The year 2004 is 4 years after 2000 and the year 2014 is 14 years after 2000. 


Solution 
a. To determine the ratio for the year 2004 as given by the exponential function, we evalu- 
ate it for ¢ = 4. 


c(4) = 6.2(0.9)* 
=4)1 Use a calculator. 


In the year 2004, the exponential function predicts the ratio was approximately 4.1 stu- 
dents to each computer with Internet access. 
b. To predict the ratio for the year 2014, we evaluate the function for ¢ = 14. 
c(14) = 6.2(0.9)'4 


= 14 Use a calculator. 


If the trend continues, in 2014, the ratio will be approximately 1.4 students to each com- 
puter with Internet access. 


La Now Try Problem 55 


11.3 Exponential Functions 


Pe | IvasStoibebe = 


2. 35 


(2, 16) 


6. $118,344.56 


VOCABULARY 4. a. What is the y-intercept of the graph? 


Refer to the graph of f(x) = 3°. b. What is the x-intercept of the graph? 
. Is the function one-to-one? 


. What is an asymptote of the graph? 
. Is f an increasing or a decreasing function? 


CoN HD UI 


. The graph passes through the point (1, y). What is y? 


CONCEPTS 
9. Evaluate each expression. 
a 3° b. (3)° 
=4 =$ =) =| 1434 7 Cc. (3) ° 
10. Evaluate each expression using a calculator. Round to the 
1. What type of function is f(x) = 3°? nearest tenth. 
2. What is the domain of the function? a. 20,000(1.036)°* 
3. What is the range of the function? b. 92(0.88)° 
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Graph each function by plotting points or using a translation. 
See Example 4. 


31. g(x) = 3% -2 


11. Match each situation to the exponential graph that best models it. 
a. The number of cell phone subscribers in the world over the 


past 5 years 32. e(x) = 2° +1 


b. The level of caffeine in the bloodstream after drinking a cup 33. g(x) =2°*! 34, g(x) = 3° | 
of coffee 35. g(x) = 4" 1 +2 36. g(x) = 4°"! -2 
c. The amount of money in a bank account earning interest 37. ox) = — 38. o(x) = — 


compounded quarterly 


d. The number of rabbits in a population with a high birth 


i Use a graphing calculator to graph each function. Determine 
SEE] whether the function is an increasing or a decreasing 
H 


ac ss function. See Using Your Calculator: Graphing Exponential 
iy ii, y Functions. 
i. ii. er és 
39. f(x) = 30" ) 40. f(x) = -3(27) 
x x | 
Al. f(x) = 237") 42. f(x) = —4e" 


12. What formula is used to determine the amount of money in a 


savings account earning compound interest? 


APPLICATIONS 
43. WORLD POPULATION See the following graph. 


a. Estimate when the world’s population reached 4 billion 
and when it reached 1 billion. 


NOTATION 


13. For an exponential function of the form f(x) = 5’, what are the 
restrictions on b? 


0.08) 900" 


14. In A(t) = 16,000(1 tae b. Estimate the world’s population in the year 2000. 


, what is the base and what is the 

exponent? . : 

c. What type of function does it appear could be used to model 
the world’s population growth? 


GUIDED PRACTICE 


Simplify each expression. Write answers using positive exponents. 
See Example 1. 


eo a a 16, 13°) | 
mgr ig. ea 46 
32V7 50V2 Ss 
19. 20. 5 
3V7 54V2 = 
44 
a ee ave 3 
= 3 Se 
Graph each function. See Examples 2 and 3. 5 = 
72 
23. f(x) =3" 24. f(x) = 6 . 
25. f) =5* 26. f(x) =F 


A.D.1 250 500 750 1000 1250 1500 1750 2000 
Year 


27. f(x) = (3) 
1 x 
29. f(x) = (=) 


28. fix) = (3) 
| x 
30. f@) = (;) 


Source: United Nations Population Division 


44. GLOBAL WARMING The following graph from the United 


45. 


46. 


States Environmental Protection Agency shows the projected 
sea level changes due to anticipated global warming. 


a. What type of function does it appear could be used to model 
the sea level change? 

b. When were the earliest instrumental records of sea level 
change made? 

c. For the year 2100, what is the upper-end projection for 
sea level change? What is the lower-level projection? 


Sea Level Rise Projections to 2100 


a ee 
Estimates | 
of the past 


500 


Le Pe 
Instrumental 
record 


Projections 
of the future 


400 + 


Sea level change (mm) 


— 100 - 


— 200 


1800 ~=—-:1850 1900 1950 2000 2050 2100 
Year 


Source: United States Environmental Protection Agency 


COMPUTER VIRUSES Suppose the number of computers 
infected by the spread of a virus through an e-mail is described 
by the exponential function c(f) = 5(1.03)', where ¢ is the 
number of minutes since the first infected e-mail was opened. 
Graph the function. 

SALVAGE VALUE A small business purchased a computer 
for $5,000. It is expected that its value each year will be 75% of 
its value the preceding year. The value (in dollars) of the com- 
puter, ¢ years after its purchase, is given by the exponential 
function v(t) = 5,000(0.75)’. Graph the function. 


47. 


48. 
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DIVING Bottom time is the time a scuba diver spends 
descending plus the actual time spent at a certain depth. Graph 
the bottom time limits given in the table. 


Bottom time limits 
Depth] Bottom time | Depth | Bottom time 
(ft) (min) (ft) (min) 
30 no limit 80 40 
35 310 90 30 
40 200 100 25 
50 100 110 20 
60 60 120 15 
70 50 130 10 


VALUE OF A CAR The graph shows how the value of the 
average car depreciates as a percent of its original value over a 
10-year period. It also shows the yearly maintenance costs as a 
percent of the car’s value. 


a. When is the car worth half of its purchase price? 
b. When is the car worth a quarter of its purchase price? 


c. When do the average yearly maintenance costs surpass the 
value of the car? 


100% 
90% 


80% 
710% 


60% 
Market value of car 
50% 
40% L 


30% - 


Maintenance and value of a car 
as a percent of its original value 


20% |- Maintenance and 
repairs as a percent of 


10% |--car's original value 


0 
Ist 2nd 3rd 4th Sth 6th 7th 8th 9th 


10th 
year year year year year year year year year year 


Source: U.S. Department of Transportation 
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In Exercises 49-54, assume that there are no deposits or 55. GUITARS The frets on the neck of a guitar are placed so that 
withdrawals. pressing a string against them determines the strings’ vibrating 
49. COMPOUND INTEREST An initial deposit of $10,000 length. The exponential function f(n) = 650(0.94)” gives the 


vibrating length (in millimeters) of a string on a certain guitar 
for the fret number x. Find the length of the vibrating string 
when a guitarist holds down a string at the 7th fret. 


earns 8% interest, compounded quarterly. How much will be in 
the account after 10 years? 


50. COMPOUND INTEREST An initial deposit of $10,000 
earns 8% interest, compounded monthly. How much will be in 
the account after 10 years? 


51. COMPARING INTEREST RATES How much more interest 
could $1,000 earn in 5 years, compounded quarterly, if the 


annual interest rate were 55% instead of 5%? 


52. COMPARING SAVINGS PLANS Which institution in the 
ads provides the better investment? 


String length (mm) 


123 45 6 7 8 9 101112 1314 15 16171819 
Fret number 


Copyright owned by the State of Victoria (Department of Education and Early Childhood Development). Used with 
permission. 


56. BACTERIAL CULTURES A colony of 6 million bacteria 
was determined to be growing in the culture medium shown in 


53. COMPOUND INTEREST If $1 had been invested on July 4, illustration (a). If the population P of bacteria after ¢ hours is 
1776, at 5% interest, compounded annually, what would it be given by the function P(f) = 6,000,000(2.3)', find the population 
worth on July 4, 2076? in the culture later in the day using the information given in 


54. FREQUENCY OF COMPOUNDING _ $10,000 is invested in illustration (b). 


each of two accounts, both paying 6% annual interest. In the 
first account, interest compounds quarterly, and in the second 
account, interest compounds daily. Find the difference between 
the accounts after 20 years. 


Date: 8-16-08 Date: 8-16-08 
Time: 6:00 AM Time: 10:00 AM 


(a) (b) 


57. 


58. 


59. 


60. 


WRITING 
61. If world population is increasing exponentially, why is there 
cause for concern? 
62. How do the graphs of f(x) = 3° and g(x) = Gy" differ? How are 
they similar? 
63. A snowball rolling downhill grows exponentially with time. 


64. 


65. 
66. 


RADIOACTIVE DECAY | Five hundred grams of a radio- 


active material decays according to the formula 4 = 500 (2) 


where ¢ is measured in years. Find the amount present in 


10 years. Round to the nearest one-tenth of a gram. 


DISCHARGING A BATTERY _ The charge remaining in 
a battery decreases as the battery discharges. The charge C 
(in coulombs) after ¢ days is given by the function 

C(t) = 0.0003(0.7)'. Find the charge after 5 days. 


POPULATION GROWTH _ The population of North 

Rivers is decreasing exponentially according to the formula 
P = 3,745(0.93)', where ¢ is measured in years from the 
present date. Find the population in 6 years, 9 months. 

THE LOUISIANA PURCHASE In 1803, the United States 
negotiated the Louisiana Purchase with France. The country 
doubled its territory by adding 827,000 square miles of land 
for $15 million. If the land appreciated at the rate of 6% each 
year, what would one square mile of land be worth in 2005? 


Explain what this means. Sketch a simple graph that models the 


situation. 


Explain why the graph of f(x) = 3” gets closer and closer to the 
x-axis as the values of x decrease. Does the graph ever cross the 


x-axis? Explain why or why not. 
Describe the graphs of f(x) = x* and g(x) = 2° in words. 


Write a paragraph explaining the concept that is illustrated in 
the following graph. 
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REVIEW 


In Exercises 67-70, refer to the illustration below in which lines r 
and s are parallel. 


67. Find x. 68. Find the measure of 21. 


69. Find the measure of 22. 70. Find the measure of 23. 


CHALLENGE PROBLEMS 


71. In the definition of the exponential function, b could not be 
negative. Why? 


72. Graph f(x) = 3“. Then use the graph to estimate the value of 
ane 

73. Graph y = x? and y = Gy on the same set of coordinate 
axes. Estimate the coordinates of any point(s) that the graphs 
have in common. 


74. Find the value of b that would cause the graph of f(x) = b* to 
look like the graph below. 


>< 


(-1, 50) 


(0, 1) 
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CHAPTER 11 Exponential and Logarithmic Functions 
@ Define e¢ and identify the formula for exponential growth/decay. 
ee ® Define the natural exponential function. 
IV’ 
Object = © Graph the natural exponential function. 
© Use base-e exponential functions in applications involving growth 


Notation 


Swiss born Leonhard Euler (1707— 


1783) is said to have published 
more than any mathematician in 
history. He had a great influence 


on the notation that we use today. 


Through his work, the symbol e 


came into common use. 


(1 +5) 
2 


2.25 


2.44140625 ... 


12 


2.61303529... 


365 


2.71456748 ... 


1,000 


2.71692393 ... 


100,000 


2.71826830... 


1,000,000 


2.71828137... 


(1) 


or decay. 


Any positive number can be used as a base of an exponential function. However, some bases 
are used more often than others. An exponential function that has many applications is one 
whose base is an irrational number represented by the letter e. We will now discuss one way of 
arriving at this important number e. 


Define e and Identify the Formula for Exponential Growth/Decay. 


If a bank pays interest twice a year, we say that interest is compounded semiannually. If it pays 

interest four times a year, we say that interest is compounded quarterly. If it pays interest con- 

tinuously (infinitely many times in a year), we say that interest is compounded continuously. 
To develop the formula for continuous compound interest, we start with the formula 


kt 
r This is the formula for compound interest: r is the annual 
a=p{i +2) 4 


rate and k is the number of times per year interest is paid. 


and let rn = k. Since r and k are positive numbers, so is n. 


r rant 
A=P(1+— 
rn 


We can then simplify the fraction 7 and use the commutative property of multiplication 
to change the order of the exponents. 


1 art 
a= (i +4) 
n 


Finally, we can use a property of exponents to write the formula as 
n|rt 
A= P| (1 ai 1) | Use the property a" = (a™)”. 


To find the value of (1 + iy" we evaluate it for several values of n, as shown in the table. 
The results suggest that as n gets larger, the value of (1 + 1)" approaches the number 
2.71828 .... This number is called e, which has the following value. 


e = 2.718281828459 ... 


Like 7, the number e is irrational. Its decimal representation is nonterminating and non- 
repeating. Rounded to four decimal places, e ~ 2.7183. 


Formula for 
Exponential 
Growth/Decay 


The Natural 
Exponential 
Function 


Using Your Calculator 
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If we replace (1 + 1)" in Equation | with e, we will get the formula for exponential 
growth. 


od) 


A = Pe” Substitute e for (1 a 1" 
If a quantity P increases or decreases at an annual rate r, compounded continuously, the 
amount A after ¢ years is given by 


Al = ihe" 


If time is measured in years, r is called the annual growth rate. If 7 is negative, the 
growth represents a decrease. 

For a given quantity P, say 10,000, and a given rate r, say 5%, we can write the formula 
for exponential growth using function notation: 


A(t) = 10,000¢°°* 


Define the Natural Exponential Function. 


Of all possible bases for an exponential function, e is the most convenient for problems 
involving growth or decay. Since these situations occur often in natural settings, we call 
f(x) = e& the natural exponential function. 


The function defined by f(x) = e* is the natural exponential function (or the base-e 
exponential function) where e = 2.71828. . . . The domain of f(x) = e is the interval 
(—, «). The range is the interval (0, ). 


The |e" | key on a calculator is used to evaluate the natural exponential function. 


The Natural Exponential Function Key 


To compute the amount to which $12,000 will grow if invested for 18 years at 10% annual 
interest, compounded continuously, we substitute 12,000 for P, 0.10 forr, and 18 for ¢ in the 
formula for continuous compound interest and simplify. 


A = Pe™ = 12,000e°"°®) = 12,000e'* — Write 10% as 0.10. 
To evaluate this expression using a scientific calculator, we enter 


1.8 [e*|[ x] 12000 [=] 72595.76957 


Using a graphing calculator, we enter 


12000 [Xx] [2nd][e*] 1.8 |) | [ENTER 12000*e*(1.8) 
72595.76957 


After 18 years, the account will contain $72,595.77. This is $1,589.03 more than the result 
in Example 6 in the Section 11.3, where interest was compounded quarterly. 
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CHAPTER 11 


The outputs can be found using the le" key on a calculator. Some 
are rounded to the nearest tenth to make point-plotting easier. 


Exponential and Logarithmic Functions 


EXAMPLE 1 | Investing. If $25,000 accumulates interest at an annual rate 
: of 8%, compounded continuously, find the balance in the account 
in 50 years. 


Strategy We will substitute 25,000 for P, 0.08 for r, and 50 for t in the formula 4 = Pe” 
and calculate the value of A. 


Why The words compounded continuously indicate that we should use the exponential 
growth/decay formula. 


Solution 
A = Pe” This is the formula for continuous compound interest. 
A = 25,000e°°O — Write 8% as 0.08. 
= 25,000e* 


N 


1,364,953.75 Use a calculator. 
In 50 years, the balance will be $1,364,953.75—more than a million dollars. 


a Self Check 1 | Find the balance in 60 years. 
Now Try Problems 19 and 37 


Graph the Natural Exponential Function. 


To graph f(x) = e*, we construct a table of function values by choosing several values for x 


and finding the corresponding values of f(x). For example, x = —2, we have 
f~M=e 
it—2_=e" 
= 0.135335283 ... Use a calculator. 
= 0.1 Round to the nearest tenth. 


We enter (—2, 0.1) in the table. Similarly, we find f(— 1), f(0), fC), and f(2), enter each result in 
the table, and plot the ordered pairs. We draw a smooth curve through the points to get the graph. 

From the graph, we can verify that the domain of f(x) = e* is the interval (—™, ©) and 
the range is the interval (0, ©). Since the graph passes the horizontal line test, the function is 
one-to-one. 

Note that as x decreases, the values of f(x) decrease and approach 0. Thus, the x-axis is a 
horizontal asymptote of the graph. The graph does not have an x-intercept, the y-intercept is 
(0, 1), and the graph passes through the point (1, e). 


f@ae 


29 |2220,1 | x(=9, 0.) 
=~ 0.4 | > (-1,04) 


e 
0Je=1 1501 
lje =e |->(1,e) . 
21 =74/5 (2, 7.4) The graph steadily 


approaches the x-axis, 
but never touches or 
crosses it. 
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To graph more complicated natural exponential functions, point-plotting can be tedious. 
In such cases, we will use a graphing calculator. 


Using Your Calculator Graphing Exponential Functions 


The figure shows the calculator graph of f(x) = 3e ". To 
graph this function, we enter the right side of the equation after 
the symbol Y,; = . The display will show the equation 


Y1 = 3(e(-X/2)) 


The graphs of many functions are translations of the natural exponential function. 


To graph g(x) = e* — 3, translate each point To graph g(x) = é&'? translate each point 
on the graph of f(x) = é* down 3 units. on the graph of f(x) = é to the left 2 units. 


We can illustrate the effects of vertical and horizontal translations of the natural expo- 
nential function by using a graphing calculator. 


Using Your Calculator Translations of the Natural Exponential Function 


Figure (a) shows the calculator graphs of f(x) = e”, g(x) = & + 5, and h(x) = & — 3. To 
graph them, we enter the right sides of the equations after Y; =, Y2 =, and Y3; =. The 
display will show: 

Y, = e(X) Y> = e\(X) + 5 NG =ENCS) = si 
The graph of g(x) = e + 5 is 5 units above the graph of f(x) = e* and the graph of 
h(x) = e* — 3 is 3 units below the graph of f(x) = e”. 

Figure (b) shows the calculator graphs of f(x) = e*, g(x) = e**°, and h(x) = e* °. The 
graph of g(x) = e**° is 5 units to the left of the graph of f(x) = e” and the graph of 
h(x) = e* is 3 units to the right of the graph of f(x) = e’. 


(a) (b) 


1016 CHAPTER 11 


Exponential and Logarithmic Functions 


4.) Use Base-e Exponential Functions in Applications Involving Growth or Decay. 


Success Tip 


For quantities that are decreasing, 


remember to enter a negative 
value for r, the annual rate, in the 
formula. A = Pe”. 


An equation based on the natural exponential function provides a model for population 
growth. In the Malthusian model for population growth, the future population of a colony 
is related to the present population by the formula 4 = Pe’. (Note that this is the same 
formula as for continuous compound interest.) 


EXAMPLE 2 | City Planning. The population of a city is currently 15,000, but 
economic conditions are causing the population to decrease 3% 
each year. If this trend continues, find the population in 30 years. 


Strategy We will substitute 15,000 for P, —0.03 for r, and 30 for f in the formula 
A = Pe" and calculate the value of A. 


Why Since the population is decreasing 3% each year, the annual growth rate is —3%, 


or —0.03. 
Solution 
A = Pe” This is the model for population growth/decay. 
A = 15,000e°°°©” Substitute. 
= 15,000e°°° 
= 6,099 Use a calculator and round to the nearest whole number. 


In 30 years, the expected population will be 6,099. 


a Self Check 2 P| Find the population in 50 years. 
Now Try Problems 23 and 47 


The English economist Thomas Robert Malthus (1766-1834) was a pioneer in studying 
population. He believed that poverty and starvation were unavoidable because the human pop- 
ulation tends to grow exponentially but the food supply tends to grow linearly. 


EXAMPLE 3 | Food Shortages. Suppose that a country with a population of 
1,000 people is growing exponentially according to the function 


P(t) = 1,000e°°?" The annual growth rate is 2% = 0.02. 


where f¢ is in years. Furthermore, assume that the food supply F, measured in adequate food 
per day per person, is growing linearly according to the function 


F(t) = 30.625t + 2,000 (t is time in years) 
In how many years will the population outstrip the food supply? 


Strategy We will use a graphing calculator to graph these two functions and find the 
point where the graphs intersect. 


Why This will be the point where the food supply is exactly adequate to feed the 
population. Beyond this point, there will be a shortage of food. 
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Solution We can use a graphing calculator with window settings of [0, 100] for x and 
[0, 10,000] for y. After graphing the functions, we obtain figure (a). The food supply is 
modeled by the straight line, and the population is modeled by the curved line. If we 
trace, as in figure (b), we can find the point where the two graphs intersect. From the 
graph, we can see that the food supply will be adequate for about 71 years. At that time, 
the population of approximately 4,200 people will begin to have problems. 


M=ELo00e LOH) 


HEP L.27BS96 a V4 60.0701 » 


(a) (b) 


a Self Check 3 i Suppose that the population grows at a 2.5% rate. Use a graph- 
ing calculator to determine for how many years the food supply 
will be adequate. 


Now Try Problem 35 


EXAMPLE 4 | Baking. A mother takes a cake out of the oven and sets it on a 

~ rack to cool. The function 7(t) = 68 + 220e °'* gives the cake’s 

temperature in degrees Fahrenheit after it has cooled for ¢ minutes. If her children will 

be home from school in 20 minutes, will the cake have cooled enough for the children 
to eat it? (Assume that 80°F, or cooler, would be a comfortable eating temperature.) 


Strategy We will substitute 20 for f in the function 7(#) = 68 + 220e°°'*. 
Why The variable ¢ represents the number of minutes the cake has cooled. 


Solution When the children arrive home, the cake will have cooled for 20 minutes. To 
find the temperature of the cake at that time, we need to find 7(20). 


T(t) = 68 + 220e-°'* 
(20) = 68 + 220e~°'8@ — Substitute 20 for t. 
= 68 + 220e *° 


= 74.0 Use a calculator. 


When the children return home, the temperature of the cake will be about 74°, and it can be 
eaten. 


La Now Try Problem 55 


ee | 1. $3,037,760.44 2. 3,347 3. About 51 years 
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Exponential and Logarithmic Functions 


VOCABULARY 
Refer to the graph of f(x) = &. 


ype kwW aU 


. What is the name of the function f(x) = e*? 


2. What is the domain of the function? 


CoN OD UI 


. What is the range of the function? 
. a. What is the y-intercept of the graph? 


b. What is the x-intercept of the graph? 


. Is the function one-to-one? 

. What is an asymptote of the graph? 

. Is f an increasing or a decreasing function? 

. The graph passes through the point (1, v). What is y? 


CONCEPTS 
Fill in the blanks. 


9. 
10. 
11. 
12. 


13. 


14. 


In compound interest, the number of compound- 
ings is infinitely large. 

The formula for exponential growth/decay is 4 = e . 

To two decimal places, the value of e is 

Ifn gets larger and larger, the value of (1 ae i\" approaches the 
value of 


Graph each irrational number on the number line: {a, e, a/2*, 


Complete the table of values. Round to the nearest hundredth. 


x) -2 |) -1.)0) Lb | 2 


15. The function f(x) = e* is graphed and the TRACE feature is 
used, as shown here. What is the y-coordinate of the point on 
the graph having an x-coordinate of 1? What is the symbol that 
represents this number? 


V1Se"thy 


Y=2.7 182818 


16. The illustration shows a table of values for f(x) = e*. As x 
decreases, what happens to the values of f(x) listed in the 
Y, column? Will the value of f(x) ever be 0 or negative? 


NOTATION 


Find A using the formula A = Pe” given the following values of P, 
r, and t. Round to the nearest tenth. 


17. P = 1,000, r = 0.09, and t = 10 


A= (0.09) 
= 1,000e 
= Use a calculator. 
18. P = 50,000, r = —0.12, and t = 50 
A = 50,000e 9° 
= 50,000e 


oS Use a calculator. 


GUIDED PRACTICE 

Find A using the formula A = Pe” given the following values of P, 
r, and t. Round to the nearest hundredth. See Example 1. 

19. P = 5,000, r = 8%, t = 20 years 

20. P = 15,000, r = 6%, t = 40 years 

21. P = 20,000, r = 10.5%, t = 50 years 

22. P = 25,000, r = 6.5%, t = 100 years 


ll 


Find A using the formula A = Pe" given the following values of P, 
r, and t. Round to the nearest hundredth. See Example 2. 

23. P = 15,895, r = —2%, t = 16 years 

24. P = 33,999, r = —4%, t = 21 years 

25. P = 565, r = —0.5%, t = 8 years 

26. P = 110, r = —0.25%, t = 9 years 


Graph each function. See Objective 3. 


27. fx) =e 28. f(x) = -—& 


29. f(x) =e +1 30. f(x) =e -2 


1 i ll 32. y=e" > 
33. f(x) =2e& 34. f(x) = xe 
APPLICATIONS 


In Exercises 35 and 36, use a graphing calculator to solve 
= each problem. 


35. THE MALTHUSIAN MODEL In Example 3, suppose that 
better farming methods changed the function for food growth 
to F(t) = 31t + 2,000. How long would the food supply be 
adequate? 

36. THE MALTHUSIAN MODEL In Example 3, suppose that a 
birth-control program changed the function for population 
growth to P(t) = 1,000e°°'’. How long would the food supply 
be adequate? 


In Exercises 37-42, assume that there are no deposits or 
withdrawals. 


37. CONTINUOUS COMPOUND INTEREST An initial invest- 
ment of $5,000 earns 8.2% interest, compounded continuously. 
What will the investment be worth in 12 years? 


38. CONTINUOUS COMPOUND INTEREST An initial invest- 
ment of $2,000 earns 8% interest, compounded continuously. 
What will the investment be worth in 15 years? 

39. COMPARISON OF COMPOUNDING METHODS An 
initial deposit of $5,000 grows at an annual rate of 8.5% for 
5 years. Compare the final balances resulting from annual 
compounding and continuous compounding. 


40. COMPARISON OF COMPOUNDING METHODS An initial 
deposit of $30,000 grows at an annual rate of 8% for 20 years. 
Compare the final balances resulting from annual compounding 
and continuous compounding. 


41. DETERMINING THE INITIAL DEPOSIT An account now 
contains $11,180 and has been accumulating interest at 7% 
annual interest, compounded continuously, for 7 years. Find the 
initial deposit. 

42. DETERMINING THE PREVIOUS BALANCE An account 
now contains $3,610 and has been accumulating interest at 8% 
annual interest, compounded continuously. How much was in 
the account 4 years ago? 
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43. POPULATION OF THE UNITED STATES Graph the U.S. 
census population figures shown in the table (in millions). What 
type of function does it appear could be used to model the 


population? 
Year | Population Year | Population 
1790 3:9) 1900 76.0 
1800 5,3 1910 92.2 
1810 12 1920 106.0 
1820 9.6 1930 123.2 
1830 12:9 1940 132.1 
1840 17.0 1950 151.3 
1850 23.1 1960 179.3 
1860 31.4 1970 203.3 
1870 38.5 1980 226.5 
1880 50.1 1990 248.7 
1890 62.9 2000 281.4 
44, OZONE CONCENTRATIONS A Dobson unit is the most 


basic measure used in ozone research. Roughly 300 Dobson 
units are equivalent to the height of 2 pennies stacked on 

top of each other. Suppose the ozone layer thickness (in 
Dobsons) over a certain city is modeled by the function 

A(t) = 300e °°!” where ¢ is the number of years after 1990. 
Estimate how thick the ozone layer will be in 2015. 


45. POPULATION OF THE UNITED STATES The exponential 
function A(t) = 123e°°''” approximates the population of the 
United States (in millions), where ¢ is the number of years after 
1930. Use the function to estimate the U.S. population for these 
important dates: 

* 1937 The Golden Gate Bridge is completed 

¢ 1941 The United States enters World War II 

¢ 1955 Rosa Parks refuses to give up her seat on a 
Montgomery, Alabama, bus 

¢ 1969 Astronaut Neil Armstrong walks on the 
moon 


¢ 1974 President Nixon resigns 


1986 The Challenger space shuttle explodes 
¢ 1997 The Simpsons becomes the longest running 
cartoon television series in history 
46. WORLD POPULATION GROWTH The population of Earth 
is approximately 6.6 billion people and is growing at an annual 
rate of 1.167%. Use the exponential growth model to find the 
world population in 30 years. 
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47. HIGHS AND LOWS Liberia, located on the west coast of 
Africa, has one of the greatest population growth rates in the 


world. Bulgaria, in southeastern Europe, has one of the small- 


est. Use an exponential growth/decay model to complete the 
table. 


Annual | Estimated 
Population | growth | population 
Country 2007 rate 2020 
Liberia 3,195,931 4.84% 
Bulgaria | 7,322,858 | —0.84% 


Source: CIA World Factbook 


48. DISINFECTANTS _ The exponential function 
A(t) = 2,000,000e °°8* approximates the number 
of germs on a table top, ¢ minutes after disinfectant 
was sprayed on it. Estimate the germ count on the table 
5 minutes after it is sprayed. 


49. from Campus to Careers 
Social Worker 


Social workers often use 
occupational test results when 
counseling their clients about 
employment options. The “learning 
curve” below shows that as a factory 
trainee assembled more chairs, the 
assembly time per chair generally 
decreased. If company standards 
required an average assembly time 
of 10 minutes or less, how many 
chairs did the trainee have to assemble 
before meeting company standards? 


© Robert Burke/Getty Images 


Assembly time per chair 
(minutes) 


Number of chairs 
assembled by trainee 
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50. 


51. 


52. 


53. 


ANTS Shortly after an explorer ant discovers a food source, a 
recruitment process begins in which numerous additional ants 
travel to the source. The number of ants at the source grows 
exponentially according to the function a(t) = 1.365); where 
t is the number of minutes since the explorer discovered the 
food. How many ants will be at the source in 40 minutes? 


EPIDEMICS | The spread of hoof-and-mouth disease through 
a herd of cattle can be modeled by the function 


P(t) = 2e°?” (¢ is in days) 
If a rancher does not quickly treat the two cows that now have 


the disease, how many cattle will have the disease in 12 days? 


OCEANOGRAPHY The width w (in millimeters) of succes- 
sive growth spirals of the sea shell Catapulus voluto, shown 
below, is given by the exponential function 


w(n) = 1.54e°°°" 


where 7 is the spiral number. Find the width, to the nearest 
tenth of a millimeter, of the sixth spiral. 


HALF-LIFE OF ADRUG The quantity of a prescription drug 
in the bloodstream of a patient ¢ hours after it is administered 
can be modeled by an exponential function. (See the graph.) 
Determine the time it takes to eliminate half of the initial dose 
from the body from the graph. 


100% 
75% 


50% 


Amount of initial dose 
in the blood (percent) 


25% 


PEPerypy yp peppy ppp gg 
10 20 30 40 


Hours 


54. MEDICINE The concentration of a certain prescription drug 
in an organ after ¢ minutes is modeled by the function 


f(t) = 0.0801 — e °") 


where f(t) is the concentration at time ¢. Find the concentration 
of the drug at 30 minutes. 

55. SKYDIVING Before the parachute opens, a skydiver’s veloc- 
ity in meters per second is modeled by the function 


f(@) = 5001 — e °*) 


where f(t) is the velocity at time ¢. Find the velocity after 20 
seconds of free fall. 

56. FREE FALL After ¢ seconds a certain falling object has a 
velocity f(t) modeled by the function f(t) = 50(1 — e °°’). 
Which is falling faster after 2 seconds—the object or the sky- 
diver in Exercise 55? 


WRITING 


57. Explain why the graph of y = e* — 5 is five units below the 
graph of y = e. 

58. A feature article in a newspaper stated that the sport of snow- 
boarding was growing exponentially. Explain what the author 
of the article meant by that. 

59. As of 2007, the population growth rate for Russia was —0.37% 
annually. What are some of the consequences for a country that 
has a negative population growth? 

60. What is e? 
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REVIEW 


Simplify each expression. Assume that all variables represent 


positive numbers. 
62. VW —125x°y4 


61. V/240x°> 
63. 4/48) — 3yV 12 64. V/482° + W/7682° 


CHALLENGE PROBLEMS 


65. Without using a calculator, determine whether the statement 
e° > e’ is true or false. Explain your reasoning. 


66. Graph the function defined by the equation 


e a e* 


i= 


from x = —2 to x = 2. The graph will look like a parabola, but 
it is not. The graph, called a catenary, is important in the 
design of power distribution networks, because it represents the 
shape of a uniform flexible cable whose ends are suspended 
from the same height. The function is called the hyperbolic 
cosine function. 

67. Ife'*> = ke’, find k. 

68. Ife” = k’, find k. 


oO0O008 


In this section, we will discuss inverses of exponential functions. These functions are called 
logarithmic functions, and they can be used to solve problems from fields such as electronics, 


Define logarithm. 


Write logarithmic equations as exponential equations. 
Write exponential equations as logarithmic equations. 
Evaluate logarithmic expressions. 

Graph logarithmic functions. 

Use logarithmic functions in applications. 


seismology (the study of earthquakes), and business. 


The graph of the exponential function f(x) = 2* is shown in red on the next page. Since it 
passes the horizontal line test, it is a one-to-one function and has an inverse. To graph f~', we 


Define Logarithm. 
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The Language of Algebra 
The abbreviation log is used for 
the word logarithm. A logarithm is 
an exponent. 


Definition of 
Logarithm 


Success Tip 
Here are examples of inverses of 
other exponential functions: 


f(x) =3* — f-'(@&) = logs x 
g(x) = 10" g(x) = logyox 


Exponential and Logarithmic Functions 


interchange the coordinates of the ordered pairs in the table, plot those points, and draw a 
smooth curve through them, as shown in blue. As expected, the graphs of f and f | are sym- 
metric with respect to the line y = x. 


To graph f', interchange 
each pair of coordinates. 


f@) = 2" 

x | f(x) — 
3) boas) G3) 
-2| 4 \ol-2g) (2) 
=i] > |=(=tg) (1) 
0} 1 |3(,1) (1, 0) 
1} 2 |>3(,2) (2, 1) 
2} 4 |3@,4) (4, 2) 
31 8 | 36,8) (8, 3) 


To write an equation for the inverse of f(x) = 2”, we proceed as follows: 


f@) = 2° 
y=? Replace f(x) with y. 
x= 2” Interchange the variables x and y. 


We cannot solve the equation for y because we have not discussed methods for solving 
equations with a variable in an exponent. However, we can translate the relationship x = 2” 
into words: 


y = the power to which we raise 2 to get x 
If we substitute f- '(x) for y, we see that 
f ‘(x) = the power to which we raise 2 to get x 


If we define the symbol log, x to mean the power to which we raise 2 to get x, we can 
write the equation for the inverse as 


f"(&) = logox 


We have found that the inverse of the exponential function f(x) = 2” is f~'(x) = log) x. 
To find the inverse of exponential functions with other bases, such as f(x) = 3* and 
f(x) = 10°, we define logarithm in the following way. 


Read log, x as “the logarithm, base 2, of x” or “log, base 2, of x.” 


For all positive numbers b, where b # 1, and all positive numbers x, 


y = log,x isequivalentto x = b” 


This definition guarantees that any pair (x,y) that satisfies the logarithmic equation 
y = log, x also satisfies the exponential equation x = b”. Because of this relationship, a 
statement written in logarithmic form can be written in an equivalent exponential form, and 
vice versa. The following diagram will help you remember the respective positions of the 
exponent and base in each form. 


—- Exponent —] 


x= b 
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(2) Write Logarithmic Equations as Exponential Equations. 


The following table shows several pairs of equivalent equations. 


Success Tip Logarithmic equation Exponential equation 

Study the relationship between log, 8 = 3 P= 
exponential and logarithmic state- log;81 = 4 qt = 8] 
ments carefully. Your success with ; 
the material in the rest of this log,4 = 1 Ss 
chapter depends greatly on your l ; 1 
understanding of this definition. logs; = —3 5 = — 

Gi e195 125 
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EXAMPLE 1 _ Write each logarithmic equation as an exponential equation: 


1 
a. log,64 = 3 b. log; V7 = c. loge = 


Strategy To write an equivalent exponential equation, we will determine which number 


will serve as the base and which will serve as the exponent. 


Why We can then use the definition of logarithm to move from one form to the other: 


log, x = y is equivalent to x = b’. 
Solution 


(-— Exponent —1 
a. log,64 = 3 isequivalentto 4° = 64. 


——— Base ——— 


i Exponent —a 
1 
b. log, V7 ae is equivalent to 71/7 = Aq, 


t Base f 
cr — Exponent — 
: 1 
c. logs 3 = -2 isequivalentto 6 * = ae 
t Base t 


a Self Check 1 j Write log, 128 = 7 as an exponential equation. 
Now Try Problem 21 


3) Write Exponential Equations as Logarithmic Equations. 


EXAMPLE 2 __ Write each exponential equation as a logarithmic equation: 


2 
i = 7 b. 67 = W6 c. (3) 


1024 CHAPTER 11 


Success Tip 
Recall that equivalent equations 
have the same solutions. 


Exponential and Logarithmic Functions 


Strategy To write an equivalent logarithmic equation, we will determine which number 
will serve as the base and where we will place the exponent. 


Why We can then use the definition of logarithm to move from one form to the other: 
x = b” is equivalent to log, x = y. 


Solution 
i— Exponent — 4 


a. 8° =1  isequivalentto logg1 = 0 


—— Base <=! 


_— Exponent — a 

1 

b. 6 = W6 is equivalent to log, V6 = 3 
‘ ft 


Base 


—— Exponent —_=a 
i. tT . 1 
C: (3) = 16 is equivalent to logy/4 16 =2 
— Base —S 


Self Check 2 Write 9~! = } asa logarithmic equation. 
9 
Now Try Problem 29 


Certain logarithmic equations can be solved by writing them as exponential equations. 


; EXAMPLE 3 | Solve each equation for x: 


1 
a. log, 25 = 2 b. log; x = —3 c. logi27¢ = 


xX 
Strategy To solve each logarithmic equation, we will instead write and solve an equiva- 
lent exponential equation. 


Why The resulting exponential equation is easier to solve because the variable term is 
often isolated on one side. 


Solution 
a. Since log, 25 = 2 is equivalent to x7 = 25, we can solve x* = 25 to find x. 
x = 25 
x=+V25  Usethe square root property. 
x=#5 


In the expression log, 25, the base of the logarithm is x. Because the base must be posi- 
tive, we discard —5 and we have 


x=5 
To check the solution of 5, we verify that logs 25 = 2. 
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b. Since log; x = —3 is equivalent to 3° = x, we can solve 3° = x to find x. 
Sx 
1 

= 
1 

aaa 

27 

To check the solution of mE we verify that log; #5 ='-3, 


. . . x x 
c. Since log;/2 i = x is equivalent to (5) = e we can solve (5) = G to find x. 


Success Tip . 
To solve this equation, we note ! = 
that if the bases are equal, the 
exponents must be equal. 


a 
16 


x 4 
J } a _ al | 1 1. 0A Me A 
i a) “\5 Write jg as a power of 5 to match the bases: 5°5°5°5 = ig: 
1g) 
(; 2 x=4 Since the bases are the same, and since exponential functions are 
Lj one-to-one, the exponents must be equal. 


To check the solution of 4, we verify that log, /2 i = 4. 


ta Self Check 3 | Solve each equation for x: 
a. log, 49 = 2 b. logi/3x = 2 c. logs 216 = x 


Now Try Problems 37, 39, and 41 


4.) Evaluate Logarithmic Expressions. 
In the previous examples, we have seen that the logarithm of a number is an exponent. In fact, 
log, x is the exponent to which b is raised to get x. 
Translating this statement into symbols, we have 


plose* =x 


EXAMPLE 4 j Evaluate each logarithmic expression: 
1 
a. logs 64 b. log; 3 c. log, 2 
Strategy After identifying the base, we will ask “To what power must the base be raised 
to get the other number?” 
Why That power is the value of the logarithmic expression. 


Solution 
a. logs 64 = 2 Ask: “To what power must we raise & to get 64?” 
Since 8° = 64, the answer is the 2nd power. 


b. log; > = —1 Ask: “To what power must we raise 3 to get sf" 


3 


Since 3. '= ’ the answer is the —1 power. 
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The Language of Algebra 
London professor Henry Briggs 
(1561-1630) and Scottish lord 
John Napier (1550-1617) are 
credited with developing the 
concept of common logarithms. 
Their tables of logarithms were 
useful tools at that time for those 
performing large calculations. 


Exponential and Logarithmic Functions 


1 
c. logy 2 = = Ask: “To what power must we raise 4 to get 2?” 
Since V4 = 4? = 2, the answer is the 4 power. 


a Self Check 4 j Evaluate each expression: a. logo 81 b. loga 7k 
c. logs3 


Now Try Problems 61 and 63 


For computational purposes and in many applications, we will use base-10 logarithms 
(also called common logarithms). When the base 5 is not indicated in the notation log x, we 
assume that b = 10: 


logx means logi9x 


The table below shows several pairs of equivalent statements involving base-10 logarithms. 


Logarithmic form Exponential form 
log 100 = 2 107 = 100 Read log 100 as “log of 100.” 
1 1 
log— = -1 10°' = — 
"2 1g 10 
log1 = 0 ie = 


In general, we have 


logio 10° =x 


EXAMPLE 5 j Evaluate each logarithmic expression, if possible: 


1 
a. log 1,000 b. log 50 c. log10 d. log(—10) 


Strategy After identifying the base, we will ask “To what power must 10 be raised to get 
the other number?” 


Why That power is the value of the logarithmic expression. 


Solution 
a. log 1,000 = 3 Ask: “To what power must we raise 10 to get 1,000?” 
Since 10° = 1,000, the answer is: the 3rd power. 


b. log 100 = —2 Ask: “To what power must we raise 10 to get oat 


Since 10 7 = ao the answer is: the —2 power. 
100 P 


c. log10 = 1 Ask: “To what power must we raise 10 to get 10?” 
Since 10' = 10, the answer is: the 1st power. 


d. To find log(—10), we must find a power of 10 such that 10’ = —10. There is no such 
number. Thus, log(— 10) is undefined. 


a Self Check 5 j Evaluate each expression: a. log 10,000 
b. log 7a00 c. log 0 
Now Try Problems 65 and 67 


Using Your Calculator 
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Many logarithmic expressions cannot be evaluated by inspection. For example, to find 
log 2.34, we ask, “To what power must we raise 10 to get 2.34?” This answer isn’t obvious. In 
such cases, we use a calculator. 


Evaluating Logarithms 
To find log 2.34 with a scientific calculator we enter 


2.34[LOG| 2002 loeb 7 
On some calculators, the [10*| key also serves as the key when or | SHIFT] is 


pressed. This is because f(x) = 10° and f(x) = log x are inverses. 


To use a graphing calculator, we enter 


LOG ]|2.34|)||ENTER 1og(2.34) 
. 369215857 


To four decimal places, log 2.34 = 0.3692. This means, 10°°°? ~ 2.34. 


If we attempt to evaluate logarithmic expressions such as log 0, or the logarithm of a 
negative number, such as log(—5), an error message like the following will be displayed. 


Error ERR: DOMAIN ERR:NONREAL ANS 
Le Quin 1:QUIT 
2:Go to 2:Go to 

EXAM PLE 6 j Solve log x = 0.3568 and round to four decimal places. 


Strategy To solve this logarithmic equation, we will instead write and solve an equiva- 
lent exponential equation. 


Why The resulting exponential equation is easier to solve because the variable term is 
isolated on one side. 


Solution The equation log x = 0.3568 is equivalent to Ev aaa = x. Since we cannot 
determine 1) aaa by ins ection, we will use a calculator to find an approximate solu- 
tion. We enter 


10 y* 3568 = 
The display reads 2.274049951 . To four decimal places, 
x = 2.2740 


If your calculator has a 10° key, enter .3568 and press it to get the same result. The solution 
is 2.2740. To check, use your calculator to verify that log 2.2740 ~ 0.3568. 


a Self Check 6 ij Solve log x = 1.87737 and round to four decimal places. 


Now Try Problem 77 
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Logarithmic 
Functions 


Exponential and Logarithmic Functions 


Graph Logarithmic Functions. 


Because an exponential function defined by f(x) = b* is one-to-one, it has an inverse function 
that is defined by x = b”. When we write x = b” in the equivalent form y = log, x, the result 
is called a logarithmic function. 


Ifb > 0 and b # 1, the logarithmic function with base b is defined by the equations 


f(x) = log,x or y= log,x 


The domain of f(x) = log, is the interval (0, ~) and the range is the interval (—™, %). 


Since every logarithmic function is the inverse of a one-to-one exponential function, 
logarithmic functions are one-to-one. 

We can plot points to graph logarithmic functions. For example, to graph f(x) = log,x, 
we construct a table of function values, plot the resulting ordered pairs, and draw a smooth 
curve through the points to get the graph, as shown in figure (a). To graph f(x) = logj,2 x, we 
use the same method, as shown in figure (b). 


f(x) = log, x SQ) = logij2x 
| x | f@) x | f(x) 
q|=2 (nA) a| 2 |>(%2) 
>} ~1 | > (5-1) 2} 1]>G1) 
i) 0 )/50,0) C |) Os Ch,05 
2) 1/420 2| -1]/3@,- 
4} 2/3(4,2) 4) —2 |> (4, —2) (8, -3) 
8| 3 |>(8,3) 8| —3 |>(8, -3) 
i t 


Because the base of the function 
is 2, choose values for x that are 


integer powers of 2. 


Because the base of the function 
is 4 choose values for x that are 
integers powers of 5. 


(a) (b) 


The graphs of all logarithmic functions are similar to those shown below. If b > 1, the 
logarithmic function is increasing, as in figure (a). If 0 < b < 1, the logarithmic function is 
decreasing, as in figure (b). 


oie 
<= 


The graph 
approaches the 
y-axis but 
never touches 
or crosses it. 


(b, 1) 
x-intercept (1, 0) 
x 


x-intercept (1, 0) 


The graph 
approaches the 
y-axis but —>| 
never touches 
or crosses it. 


fe ss x f(x) = log, x 


0<b<1 


Increasing function 


(a) 


Decreasing function 


(b) 


Properties of 
Logarithmic 
Functions 


Caution 
Since the domain of the logarith- 
mic function is the set of positive 
real numbers, it is impossible to 
find the logarithm of 0 or the 
logarithm of a negative number. 
For example, 


logs (—4) and log, 0 


are undefined. 


Notation 
Since y = f(x), we can write 
f(x) = log. x 
as 
y = logox 
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The graph of f(x) = log,x (or vy = log, x) has the following properties. 

1. It passes through the point (1, 0). 

2. It passes through the point (5, 1). 

3. The y-axis (the line x = 0) is an asymptote. 

4. The domain is the interval (0, ©) and the range is the interval (—, ©). 


The exponential and logarithmic functions are inverses of each other, so their graphs have 
symmetry about the line y = x. The graphs of f(x) = log, x and g(x) = b* are shown in 
figure (a) when b > | and in figure (b) when 0 < b < 1. 


(a) (b) 


The graphs of many functions involving logarithms are translations of the basic logarith- 
mic graphs. 


EXAMPLE 7 j Graph each function by using a translation: 
a. g(x) = 3 + logo x b. 9(x) = logiy2@ — 1) 
Strategy We will graph g(x) = 3 + log, x by translating the graph of f(x) = logs x 
upward 3 units. We will graph g(x) = log). (x — 1) by translating the graph of 
f(x) = log;/2x to the right 1 unit. 


Why The addition of 3 in g(x) = 3 + log.x causes a vertical shift of the graph of 
the base-2 logarithmic function 3 units upward. The subtraction of 1 from x in 
g(x) = logi/2(x — 1) causes a horizontal shift of the graph of the base-} logarithmic 
function | unit to the right. 


Solution 
a. The graph of g(x) = 3 + log,x will be the same shape as the graph of f(x) = log, x, 
except that it is shifted 3 units upward. 


g(x) =3 + log, x 


bo wa 


To graph g(x) = 3 + logox, translate each 


fix) = logs x point on the graph of f(x) = logox up 3 units. 
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b. The graph of g(x) = logi/2(x — 1) will be the same shape as the graph of 
f(x) = logi/2x, except it is shifted 1 unit to the right. 


Notation 
Parentheses are used to write 
the function in Example 7b, 
because g(x) = logy/2x — 1 could 
be interpreted as 


g(x) = login @ — 1) 
or as 


8) =llogin @- 1) 


To graph g(x) = logy/2(x — 1), translate each 
point on the graph of f(x) = logy2 x to the 


g(x) = (log 1/2 x) al 


»\*% right 1 unit. 


Ax) = logy. x 


a Self Check 7 7 Graph each function by using a translation. 
b. g(x) = logi;3(@ + 2) 


a. g(x) = (logs; x) — 2 
Now Try Problems 89 and 91 


To graph more complicated logarithmic functions, a graphing calculator is a useful tool. 


Using Your Calculator 


Graphing Logarithmic Functions 
To use a calculator to graph the logarithmic function 
f(x) = —2 + logio3, we enter the right side of the 
equation after the symbol Y, = . The display will show 
the equation 

Y, = —2 + log (X/2) 


If we use window settings of [—1, 5] for x and [—4, 1] for y and press the 


will obtain the graph shown. 


GRAPH | key, we 


Decibel Voltage 
Gain 


6) Use Logarithmic Functions in Applications. 


Logarithmic functions, like exponential functions, can be used to model certain types of 
growth and decay. Common logarithms are used in electrical engineering to express the 
voltage gain (or loss) of an electronic device such as an amplifier. The unit of gain (or loss), 


called the decibel, is defined by a logarithmic relation. 


If Eo is the output voltage of a device and £; is the input voltage, the decibel voltage gain of 


the device (db gain) is given by 


E 
db gain = 20 ie 
E; 


© Image Source Pink/Getty Images 


Richter Scale 


Time 
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EXAMPLE 8 db Gain. If the input to an amplifier is 0.5 volt and the output is 
: 40 volts, find the decibel voltage gain of the amplifier. 


Strategy We will substitute into the formula for db gain and evaluate the right side using 
a calculator. 


Why We can use this formula to find the db gain because we are given the input voltage 
E, and the output voltage Eo. 


Solution We can find the decibel voltage gain by substituting 0.5 for E, and 40 for Eg 
into the formula for db gain: 
db gain = 20 log~2 
gain og E, 


a 
0.5 
= 20log80 Divide: 42 = 80. 


db gain = 20 log 


= 38 Use a calculator: 20 log&O means 20 - log 8&0. 


The amplifier provides a 38-decibel voltage gain. 


a Self Check 8 j If the input to an amplifier is 0.6 volt and the output is 40 volts, 
find the decibel voltage gain of the amplifier. 


Now Try Problem 97 


In seismology, common logarithms are used to measure the intensity of earthquakes 
on the Richter scale. The intensity of an earthquake is given by the following logarithmic 
function. 


If R is the intensity of an earthquake, A is the amplitude (measured in micrometers) of the 
ground motion, and P is the period (the time of one oscillation of the Earth’s surface 
measured in seconds), then 


A 
R= logs 


EXAMPLE9 Earthquakes. Find the measure on the Richter scale of 
; ~ an earthquake with an amplitude of 5,000 micrometers (0.5 
centimeter) and a period of 0.1 second. 


Strategy We will substitute into the formula for intensity of an earthquake and eval- 
uate the right side using a calculator. 


Amplitude 


Why We can use this formula to find the intensity of the earthquake because we are 
given the amplitude A and the period P. 


1032 CHAPTER 11 Exponential and Logarithmic Functions 


Solution We substitute 5,000 for A and 0.1 for P in the Richter scale formula and 
proceed as follows: 


Ree 
85 
5,000 
R= log 01 
The Language of Algebra ee vide: £2000 
The Richter scale was developed = log 50,000 Bee gx = PRO: 
in 1935 by Charles F. Richter of the = 4.698970004 Use a calculator. 


California Institute of Technology. 


The earthquake measures about 4.7 on the Richter scale. 


a Self Check 9 i Find the measure on the Richter scale of an earthquake with an 
amplitude of 4,000 micrometers (0.4 centimeter) and a period of 
0.2 second. 


Now Try Problem 101 


ee | 12) = 128 20 log = —1 3a, 7 by co 
4.a.2 b.-2 «4 5. a4 b. —3, c Undefined 6, 75.3998 


7. a. b. 8. About 36db 9. 4.3 


y 


VOCABULARY 4. a. What is the )-intercept of the graph? 
b. What is the x-intercept of the graph? 


Refer to the graph of f(x) = log, x. 


5. Is f a one-to-one function? 
y 6. What is an asymptote of the graph? 
: 7. Is f an increasing or a decreasing function? 
: fix) = log, x 8. The graph passes through the point (4, y). What is y? 
CONCEPTS 
Fill in the blanks. 
9. The equation vy = log, x is equivalent to the exponential 
Wok equation = ; 
pe Whee wyPe ne fiction is 7) = loa - 10. log, x is the to which b is raised to get x. 
2. What 5 the domain of the punction! 11. The Pedeens Hes Hey locipxand #09 = 10" ace 
3. What is the range of the function? Fanictioniy: 


12. The inverse of an exponential function is called a 
function. 


Complete the table of values, where possible. 
13. f(x) = logx 14. f(x) = logsx 


x | f) x | f@) 
100 25 
milly au 

100 25 


15. f(x) = logex 16. f(x) = loggx 


Input | Output Input | Output 
6 8 
—6 —8 
0 0 


17. a. Use a calculator to complete the table of values for 
f(x) = logx. Round to the nearest hundredth. 


f(x) 


SCORDKRNH OC] 
Nn 


— 


b. Graph f(x) = logx. Note that the units on the x- and y-axes 
are different. 


n 
i 


EhwoORUDIDALCS 


I 


| 


Ses |Soo999999~ 


WNre 
i 


I 


18. For each function, determine its inverse, f '(x). 


a. f(x) = 10° b. f(x) = 3° 


c. f(x) = logx d. f(x) = logy x 


11.5 Logarithmic Functions 1033 


NOTATION 
Fill in the blanks. 
19. a. logx =log x 


20. a. We read log; 25 as “log, 


b. We read log x as “ 


GUIDED PRACTICE 


b. log), 10" = 
5, 25” 


Write each logarithmic equation as an exponential equation. 


See Example 1. 
21. log;81 = 4 


23. logio 10 =1 


1 
25. logs =-3 


1 
27; logs V5 ee 


22. log;7 = 1 


24. logi9 100 =2 


1 
26. lop, — = =2 
mag 


1 
28. logs W8 = 3 


Write each exponential equation as a logarithmic equation. 


See Example 2. 
29. 8° = 64 


31. 47-7 = — 


35. xX =2z 


Solve for x. See Example 3. 


37. log. 81 = 2 
39. loggx = 2 
41. logs 125 =x 
43. logsx = —2 
45. log36x = —= 


47. log, 0.01 = —2 
49. logo7 9 =x 
51. log, 5° =3 


3 
53. logiggx = 3 


1 


55. log, — = —3 
°8 64 
57. loggx = 0 
3 1 
59. ig 3 == 


3 2 


30. 10° = 1,000 
1 
32. 3-4 = — 
81 
1 =3 
34. | — = 27 
(3) 
36. m” = p 
38. log.9 = 2 
40. log;x = 0 
42. log, 16 =x 
44. log;x = —4 


1 
46. logs7x = a 


48. log,0.001 = —3 


50. logiox =0 
52. log. 5 = 1 
1 3 
4. log, = -= 
54. log. 000 2 
1 
. log. = -2 
56. log, 100 
58. log,8 =x 
9 
60. log.— = 2 
8x7 
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Evaluate each logarithmic expression. See Examples 4 and 5. 


61. log, 8 62. log; 9 
63. log, 16 64. log, 216 
65. log 1,000,000 66. log 100,000 
1 1 
67. logs 68. log 10,000 
1 1 
69. logij235 70. logis 37 
71. logy 3 72. logio55 


Use a calculator to find each value. Give answers to four decimal 
places. See Using Your Calculator: Evaluating Logarithms. 


73. log 3.25 74. log 0.57 

75. log 0.00467 76. log 375.876 

Use a calculator to solve each equation. Round answers to four 
decimal places. See Example 6. 
77. logx = 3.7813 

79. logx = —0.7630 

81. logx = —0.5 

83. logx = —1.71 


78. logx = 2.8945 
80. logx = —1.3587 
82. logx = —0.926 
84. logx = 1.4023 


Graph each function. Determine whether each function is an 
increasing or a decreasing function. See Objective 5. 


85. f(x) = log3x 86. f(x) = logi/3x 


87. y = logipx 88. y = logyx 


Graph each function by plotting points or by using a translation. 


(The basic logarithmic functions graphed in Exercises 85-88 will be 


helpful.) See Example 7. 
89. f(x) = 3 + log;x 
91. y = logi2(x — 2) 


90. f(x) = (logi/3x) — 1 
92. v = logy(x + 2) 


Graph each pair of inverse functions on the same coordinate 
system. Draw the axis of symmetry. See Objective 1. 


93. f(x) = 6° 94. f(x) = 3* 
f'@ = logex f'@) = log; x 
95. f(x) =5* 96. f(x) = 8° 
f '(&) = logsx f (x) = loggx 
APPLICATIONS 


97. INPUT VOLTAGE Find the db gain of an amplifier if the 
input voltage is 0.71 volt when the output voltage is 20 volts. 


98. OUTPUT VOLTAGE Find the db gain of an amplifier if the 
output voltage is 2.8 volts when the input voltage is 0.05 volt. 


99. db GAIN Find the db gain of the amplifier shown below. 


oo ® baa _| 


100. db GAIN An amplifier produces an output of 80 volts 
when driven by an input of 0.12 volt. Find the amplifier’s 
db gain. 

101. THE RICHTER SCALE An earthquake has amplitude of 
5,000 micrometers and a period of 0.2 second. Find its 
measure on the Richter scale. 

102. EARTHQUAKES | Find the period of an earthquake with 
amplitude of 80,000 micrometers that measures 6 on the 
Richter scale. 

103. EARTHQUAKES An earthquake with a period of ‘ second 
measures 4 on the Richter scale. Find its amplitude. 


104. EARTHQUAKES In 1985, Mexico City experienced an 
earthquake of magnitude 8.1 on the Richter scale. In 1989, the 
San Francisco Bay area was rocked by an earthquake measur- 
ing 7.1. By what factor must the amplitude of an earthquake 
change to increase its severity by | point on the Richter scale? 
(Assume that the period remains constant.) 

105. CHILDREN’S HEIGHT The function (A) = 29 + 
48.8 log(A + 1) gives the percent of the adult height a male 
child A years old has attained. If a boy is 9 years old, what 
percent of his adult height will he have reached? 

106. DEPRECIATION In business, equipment is often depreci- 
ated using the double declining-balance method. In this 
method, a piece of equipment with a life expectancy of NV 
years, costing $C, will depreciate to a value of $V inn years, 
where v is given by the formula 


ae log V — logC 
log (1 — 5) 


A computer that cost $37,000 has a life expectancy of 5 years. 
If it has depreciated to a value of $8,000, how old is it? 


107. INVESTING If $P is invested at the end of each year in an 
annuity earning annual interest at a rate r, the amount in the 
account will be $4 after n years, where 


| E rs 1 
ral pa 
log( + r) 


If $1,000 is invested each year in an annuity earning 12% 
annual interest, how long will it take for the account to be 
worth $20,000? 

108. GROWTH OF MONEY _ If $5,000 is invested each year in an 
annuity earning 8% annual interest, how long will it take for 
the account to be worth $50,000? (See Exercise 107.) 


WRITING 
109. Explain the mathematical relationship between f(x) = log x 
and g(x) = 10°. 
110. Explain why it is impossible to find the logarithm of a 
negative number. 
111. A table of solutions for f(x) = log x is shown below. As x 
decreases and gets close to 0, what happens to the values of 


F(x)? 


ee ba 


| cin umio 


112. What question should be asked when evaluating the 
expression log, 16? 
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REVIEW 

Solve each equation. 

113. Wox +4 =4 

114. V3x + 4= Vix +2 
115. Va +1—1=3a 
116.3 — Vt-3 = Vt 


CHALLENGE PROBLEMS 


117. Without graphing, determine the domain of the function 
f(x) = logs (x* — 1). Express the result in interval notation. 


118. Evaluate: log, (log; (log, 1,024)) 


@ Define base-e logarithms. 
@® Evaluate natural logarithmic expressions. 


Objectives 


© Use natural logarithmic functions in applications. 


© Graph the natural logarithmic function. 


We have seen the importance of e in modeling the growth and decay of natural events. Just as 
f(x) = e’ is called the natural exponential function, its inverse, the base-e logarithmic func- 
tion, is called the natural logarithmic function. Natural logarithmic functions have many 
applications. They play a very important role in advanced mathematics courses, such as 


calculus. 


@ Define Base-e Logarithms. 


Of all possible bases for a logarithmic function, e is the most convenient for problems involv- 
ing growth or decay. Since these situations occur often in natural settings, base-e logarithms 
are called natural logarithms or Napierian logarithms after John Napier (1550-1617). 
They are usually written as In x rather than log, x: 


In x means log, x 


Caution 
Because of the font used to print 


Read In x letter-by-letter as “€...n... of x.” 


In general, the logarithm of a number is an exponent. For natural logarithms, 


the natural log of x, some stu- In x is the exponent to which e is raised to get x. 


dents initially misread the notation 


as In x. In handwriting, In x Translating this statement into symbols, we have 


should look like €v xv 
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Exponential and Logarithmic Functions 


2 Evaluate Natural Logarithmic Expressions. 


Using Your Calculator 


EXAMPLE 1 | Evaluate each natural logarithmic expression: 
- 1 
a. Ine b. In= c. In] d. In Ve 
e 


Strategy Since the base is e in each case, we will ask “To what power must ¢ be raised to 
get the given number?” 


Why That power is the value of the logarithmic expression. 


Solution 
a. Ine = 1 Ask: “To what power must we raise e to get e?” 
Since e' = e, the answer is: the 1st power. 
1 
b. In = —2 Ask: “To what power must we raise e to get 5" 
Sincee * = * the answer is: the —2 power. 
ce. Inl =0 Ask: “To what power must we raise e to get 1?” 


Since e° = 1, the answer is: the O power. 


1 = 
d. In Ve = ri Ask: “To what power must we raise e to get V 6?” 


Since eV? = Aol a the answer is: the ‘ power. 


ta Self Check 1 P| Evaluate each expression: 
a. Ine’ b. In} c. InWe 
Now Try Problems 15, 19, and 21 


Many natural logarithmic expressions are not as easy to evaluate as those in the previous 
example. For example, to find In 2.34, we ask, “To what power must we raise e to get 2.34?” 
The answer isn’t obvious. In such cases, we use a calculator. 


Evaluating Base-e (Natural) Logarithms 


To find In 2.34 with a scientific calculator, we enter 


2.34 [LN] .850150929 


On some calculators, the |e*| key also serves as the |LN] key when |2nd| or |SHIFT| is 
pressed. This is because f(x) = e* and g(x) = In x are inverses. 


To use a graphing calculator, we enter 


LN] 2.34) [ENTER ce 
4 


.850150929 
To four decimal places, [In] 2.34 = 0.8502. This means that e? °° ~ 2.34, 


If we attempt to evaluate logarithmic expressions such as In 0, or the logarithm of a nega- 
tive number, such as In (—5), then one of the following error statements will be are displayed. 


Error ERR: DOMAIN ERR:NONREAL ANS 
1:QUIT 1:QUIT 


Z2eEO CO Z2GOmeo 


The Natural 
Logarithmic 
Function 
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Certain natural logarithmic equations can be solved by writing them as natural exponen- 
tial equations. 


EXAMPLE 2 


Solve each equation: a. Inx = 1.335 and b. Inx = —5.5. Give 
each result to four decimal places. 


| 
4 


Strategy To solve this logarithmic equation, we will instead write and solve an equiva- 
lent exponential equation. 


Why The resulting exponential equation is easier to solve because the variable term is 
isolated on one side. 


Solution 

a. Since the base of the natural logarithmic function is e, the logarithmic equation 
In x = 1.335 is equivalent to exponential equation e'**° = x. To use a scientific calcula- 
tor to find x, enter: 


1.335 e* 
The display will read 3.799995946. To four decimal places, 
x = 3.8000 
The solution is 3.8000. To check, use your calculator to verify that In 3.8000 ~ 1.335. 


=35 


b. The equation In x = —5.5 is equivalent to e = x. To use a scientific calculator to find 


x, enter: 
5.5 Geel (eu 
The display will read 0.004086771. To four decimal places, 
x = 0.0041 
The solution is 0.0041. To check, use your calculator to verify that In 0.0041 ~ —5.5. 


eT Self Check 2 | Solve each equation. Give each result to four decimal places. 
: a. Inx = 1.9344 b. —3 = Inx 


Now Try Problems 35 and 39 


(3) Graph the Natural Logarithmic Function. 


Because the natural exponential function defined by f(x) = e* is one-to-one, it has an inverse 
function that is defined by x = e”. When we write x = e” in the equivalent form y = In x, the 
result is called the natural logarithmic function. 


The natural logarithmic function with base e is defined by the equations 
f(x) =Inx or y= Inx, where Inx = log, x. 


The domain of f(x) = In x is the interval (0, ©), and the range is the interval (—™, ~). 


Since the natural logarithmic function is the inverse of the one-to-one natural exponential 
function, the natural logarithmic function is one-to-one. 
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To graph f(x) = Inx, we can construct a table of function values, plot the resulting 
ordered pairs, and draw a smooth curve through the points to get the graph shown in figure (a). 
Figure (b) shows the calculator graph of f(x) = In x. 


f(x) = Inx To plot these ordered pairs, use 
a calculator to approximate x. 


x | f@) 4 ‘ 

1 1 2 

2 1 > (,-1) > (0.4, —1) 

1 0 )>d,0) -€,0) The y-axis 

e 1 => (e, 1) = (2,7, 1) 18 oe St —, 

2 2 asymptote ~ 

e 2 |? ©2 >04,2) of the graph. 

t (a) (b) 
Since the base of the natural logarithmic 
function is e, choose x-values that are 
integer powers of e. 

The natural exponential function and the natural logarithm y 


function are inverse functions. The figure shows that their graphs 
are symmetric to the line y = x. 


Using Your Calculator Graphing Base-e Logarithmic Functions 


Many graphs of logarithmic functions involve translations of the graph of f(x) = Inx. 
For example, the figure below shows calculator graphs of the functions f(x) = In x, 
g(x) = (nx) + 2, and h(x) = (Inx) — 3. 


The graph of g(x) = (In x) + 2 is 2 units 
above the graph of f(x) = In x. 
The graph of h(x) = (In x) — 3 is 3 units 
below the graph of f(x) = In x. 


The next figure shows the calculator graph of the functions f(x) = In x, g(x) = In(@ — 2), 
and A(x) = In (x + 3). 


The graph of h(x) = In (x + 3) The graph of g(x) = In (x — 2) 
is 3 units to the left of the is 2 units to the right of the 
graph of f(x) = In x. graph of f(x) = Inx. 


© Grant Faint/Getty Images 


Formula for 
Doubling Time 
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4.) Use Natural Logarithmic Functions in Applications. 


If a population grows exponentially at a certain annual rate, the time required for the popula- 
tion to double is called the doubling time. It is given by the following formula. 


If r is the annual rate, compounded continuously, and ¢ is the time required for a population 
to double, then 
In 2 
——— 
z 


EXAMPLE 3 j Doubling Time. The population of the Earth is growing at the 
approximate rate of 1.17% per year. If this rate continues, how 
long will it take for the population to double? 


Strategy We will substitute 1.17% for r in the formula for doubling time and evaluate 
the right side using a calculator. 


Why We can use this formula because we are given the annual rate of continuous com- 
pounding. 


Solution Since the population is growing at the rate of 1.17% per year, we substitute 
0.0117 for r in the formula for doubling time and simplify. 


In 2 
¢ = — 
r 
ae In 2 
0.0117 


= 59.24334877 Use acalculator. Find In 2 first, then divide the result by 0.0117. 


The population of the Earth will double in about 59 years. 


a Self Check 3 j If the population’s annual growth rate could be reduced to 1% 
per year, what would be the doubling time? 


Now Try Problem 47 


EXAMPLE 4 Doubling Time. How long will it take $1,000 to double at an 
annual rate of 8%, compounded continuously? 


Strategy We will substitute 8% for r in the formula for doubling time and evaluate the 
right side using a calculator. In this case, the information that the original amount is 
$1,000 is unnecessary information. 


Why We can use this formula because we are given the annual rate of continuous com- 
pounding. 
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Solution We substitute 0.08 for r and proceed as follows: 


In 2 
C= This is the formula for doubling time. 
r 
i= In 2 
0.08 


= 8.664339757 Use a calculator. Find In 2 first, then divide the result by 0.08. 


It will take about 83 years for the money to double. 


a Self Check 4 | How long will it take at 9%, compounded continuously? 


Now Try Problem 50 


| l.a3 b -1 c+ 2. a. 6.9199 b. 0.0498 3. About 46 years 
4. About 7.7 years 


VOCABULARY b. eke f(x) = Inx. Note that the units on the x- and y-axes are 
ft; 
Fill in the blanks. ee 
1. f(x) = Inx is called the logarithmic function. The base y 
is i. 2.5 
2. If a population grows exponentially at a certain annual rate, [a 
the time required for the population to double is called the 175 
— 1.50 
1.25 
1.0 
CONCEPTS Ce 
3. a. Use a calculator to complete the table of values for see 
f(x) = Inx. Round to the nearest hundredth. Ppiiititiiity, x 
0.25.12345678 910 
—0.50 
—0.75 
x | f@) 
0.5 
1 4. What is the inverse of the natural logarithmic function 
2 f(x) = Inx? 
4 
6 Fill in the blanks. 
8 5. The domain of the function f(x) = In x is the interval 
10 and the range of the function is the interval 


6. The graph of f(x) = Inx has the x-intercept (__, 0). The y-axis 
isan_____—_—of the graph. 

7. To find In e*, we ask, “To what power must we raise __ to get 
e’?” Since the answer is the 2nd power, In e= 


8. The logarithmic equation In x = 1.5318 is equivalent to the 


exponential equation = 


9. The illustration shows the graph _{ 
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Use a graphing calculator to graph each function. See 
Objective 2. See Using Your Calculator: Base-e Logarithmic 


. . 
<I Functions. 


of f(x) = Inx, as well as a 43. f(x) = In (3s) 44. f(x) = Inx* 
vertical translation of that graph. 2 

Using the notation g(x) for 45. f(x) = In(—x) 46. f(x) = In(@x) 
the translation, write the defining 

equation for the function. APPLICATIONS 


s y 


10. In the illustration, f(x) = Inx was (yyeqnewy 
graphed, and the TRACE feature 
was used. What is the x-coordinate 
of the point on the graph having 
a y-coordinate of 1? What is the 


name given this number? W=E.7ABZBiB Yi 
Q J 
NOTATION 
Fill in the blanks. 
11. We read In x letter-by-letteras“  ... 0... of x.” 


12. a. In2 means log 2. 
b. log 2 means log 2. 


13. To evaluate a base-10 logarithm with a calculator, use the 
key. To evaluate the base-e logarithm, use the key. 


14. Ifa population grows exponentially at a rate r, the time it will 
take the population to double is given by the formula ¢ = 


GUIDED PRACTICE 


Evaluate each expression without using a calculator. 
See Example 1. 


48. 


15. ne 16. Ine 
17. Ine® 18. Inc* 

1 1 
19. In- 20. In= 

e e 
21. In We 22. In We 
23. In We? 24. In We? 
25. Ine ’ 26. Ine 1° 


Use a calculator to evaluate each expression, if possible. Express 
all answers to four decimal places. See Using Your Calculator: 
Evaluating Base-e Logarithms. 


27. 1n35.15 28. In 0.675 49 
29. In 0.00465 30. In 378.96 

31. In1.72 32. In2.7 

33. In(—0.1) 34, In(—10) 


50. 


Solve each equation. Express all answers to four decimal places. 
See Example 2. 


35. Inx = 1.4023 36. Inx = 2.6490 
37. Inx = 4.24 38. Inx = 0.926 
39. Inx = —3.71 40. Inx = —0.28 


41. 1.001 = Inx 42. Inx = —0.001 


Use a calculator to solve each problem. 
47. THE PEACH STATE Chattahoochee County, Georgia, grew 


by 13.2% between 2005 and 2006, making it the fastest- 
growing county in the United States at that time. If the growth 
rate remains constant, how long will it take for the population 
of the county to double? 


et 


Chattahoochee County, 
Georgia 


THE SILVER STATE Nevada is the one of the fastest 
growing states in the United States. Determine the number of 
years it would take for the population of each of Nevada’s four 
largest cities to double in size using the 2005 data below. 


Population | Annual Rate 
Rank | City 2005 of Increase 


Las Vegas 569,838 3.7% 
Henderson 241,134 4.8% 
Reno 206,735 3.8% 
North Las Vegas 180,219 9.2% 


. THE NORTH STAR STATE Minnesota’s population 


increased by 40,362 persons, or 0.8%, between July 2005 and 
July 2006. If the growth rate remains constant, how long will it 
take for the population of the state to double? 

DOUBLING MONEY _ How long will it take $1,000 to 
double if it is invested at an annual rate of 5% compounded 
continuously? 
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51. POPULATION GROWTH _ A population growing continu- 
ously at an annual rate r will triple in a time ¢ given by the 
formula 


In3 
t=-— 
r 


How long will it take the population of a town to triple if it is 
growing at the rate of 12% per year? 

52. TRIPLING MONEY Find the length of time for $25,000 to 
triple when it is invested at 6% annual interest, compounded 
continuously. See Exercise 51. 

53. FORENSIC MEDICINE To estimate the number of hours ¢ 
that a murder victim had been dead, a coroner used the formula 


1  986-T, 
= — [jn "** 
0.25 82-7, 


where 7, is the temperature of the surroundings where the body 
was found. If the crime took place in an apartment where the 
thermostat was set at 70°F, approximately how long ago did the 
murder occur? 

54. MAKING JELL-O After the contents of a package of 
JELL-O are combined with boiling water, the mixture is placed 
in a refrigerator whose temperature remains a constant 42°F. 
Estimate the number of hours ¢ that it will take for the JELL-O 
to cool to 50°F using the formula 

1 50 = TZ, 
t= In 
0.9 200 — T, 


where 7,. is the temperature of the refrigerator. 


WRITING 

55. Explain the difference between the functions f(x) = log x and 
g(x) = Inx. 

56. How are the functions f(x) = In x and g(x) = e” related? 

57. Explain why Ine = 1. 

58. Why is f(x) = Inx called the natural logarithmic function? 


59. A table of values for f(x) = In x is shown below. Explain why 
ERROR appears in the Y, column for the first three entries. 


1 


a 
i 
é 
= 
4 


Exponential and Logarithmic Functions 


60. The graphs of f(x) = Inx, g(x) = e, and y = x are shown 
below. Describe the relationship between the graphs in words. 


REVIEW 


Write the equation of the required line in slope—intercept form, if 
possible. 

61. Parallel to y = Sx — 8 and passing through the origin 

62. Having a slope of 7 and a y-intercept of 3 


63. Passing through the point (3, 2) and perpendicular to the line 
y=ix-12 

64. Parallel to the line 3x + 2y = 9 and passing through the point 
(—3, 5) 

65. Vertical line through the point (2, 3) 

66. Horizontal line through the point (2, 3) 


CHALLENGE PROBLEMS 


67. Use the formula P = Poe” to verify that P will be twice Py 
when t = 2 

68. Use the formula P = Pye” to verify that P will be three times 

In3 


as large as Py when t = 
69. Find a formula to find how long it will take money to 
quadruple. 


70. Use a graphing calculator to graph the function f(x) = ao 


e 2 . 


Describe its graph in words. 


Properties of 
Logarithms 


Objectives 


11.7 Properties of Logarithms 1043 


Use the four basic properties of logarithms. 

Use the product rule for logarithms. 

Use the quotient rule for logarithms. 

Use the power rule for logarithms. 

Write logarithmic expressions as a single logarithm. 
Use the change-of-base formula. 


SOO0000 


Use properties of logarithms to solve application problems. 


Since a logarithm is an exponent, we would expect there to be properties of logarithms just as 
there are properties of exponents. In this section, we will introduce seven properties of loga- 
rithms and use them to simplify and expand logarithmic expressions. 


Use the Four Basic Properties of Logarithms. 


The first four properties of logarithms follow directly from the definition of logarithm. 


For all positive numbers b, where b # 1, 


ilog,— Oo 2elogab— 1.5.34 log, 6) — 1 = 4e ce 0) 


We can use the definition of logarithm to prove that these properties are true. 


1. log, 1 = 0, because b° = 1. 
2. log, b = 1, because b= b. 
3. log, b* = x, because b* = b*. 
4, 5'°& * = x, because log, x is the exponent to which d is raised to get x. 
Properties 3 and 4 also indicate that the composition of the exponential and logarithmic 


functions (in both directions) is the identity function. This is expected, because the exponen- 
tial and logarithmic functions are inverse functions. 


EXAM PLE 1 j Simplify each expression: 
a. logs 1 b. log;3 ce. Ine? d. 6!°8s7 


Strategy We will compare each logarithmic expression to the left side of the previous 
four properties of logarithms. 


Why When we get a match, the property will provide the answer. 
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Solution 
a. By property 1, log; 1 = 0, because 5° = 1. 


3. 
c. By property 3, In e® = 3, because e° = e°. 


b. By property 2, log33 = 1, because 3! 


d. By property 4, 6'°&°’ = 7, because log,7 is the power to which 6 is raised to get 7. 


ey Self Check 1 ,| Simplify: a. log, 1 b. log, 4 c. log, 2* 
Ge wise 


Now Try Problems 19, 21, 23, and 27 


® Use the Product Rule for Logarithms. 
n m+n 


The next property of logarithms is related to the product rule for exponents: x” + x” = x 


The Product Rule The logarithm of a product is equal to the sum of the logarithms. 
for Logarithms For all positive real numbers M, N, and b, where b # 1, 


log, MN = log, M + log, N 


EXAMPLE 2 j Write each expression as a sum of logarithms. Then simplify, if 
possible. a. logs(2 +7) b. log 100x ce. logs 125yz 


Strategy In each case, we will use the product rule for logarithms. 


Why We use the product rule because each of the logarithmic expressions has the form 


log, MN. 
Solution 
a. log, (2 - 7) = log,2 + logy7 The log of a product is the sum of the logs. 
= 1 + log,7 Simplify: By property 2, log22 = 1. 
; b. Recall that 1 100 + x. 
Notation ecall that 100x means 100 - x 
To avoid any confusion, we can log 100x = log 100 + logx The log of a product is the sum of the logs. 
use parentheses when writing the =2+ logx Simplify: By property 3, log100 = log10* = 2. 


logarithm of a product: : 
c. We can write 125yz as (125y)z. 
log 100x = log (100x) 
logs 125yz = logs(125y)z Group the first two factors together. 
= logs(125y) + logs z The log of a product is the sum of the logs. 
= logs 125 + logs y + logsz The log of a product is the sum of the logs. 


= 3 + logsy + logsz Simplify: By property 3, logs125 = logs5° = 3. 


a Self Check 2 i Write each expression as the sum of logarithms. Then simplify, if 
possible. a. log; (3 : 4) b. log 1,000y 
c. logs 25cd 


Now Try Problems 31 and 35 


Caution 
As we apply properties of loga- 
rithms to rewrite expressions, we 
assume that all variables represent 
positive numbers. 


Caution 
The log of a sum does not equal 
the sum of the logs. The log of a 
difference does not equal the dif- 
ference of the logs. 


Using Your Calculator 
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PROOF j To prove the product rule for logarithms, we let x = log, M, 
; y = log, NV, and use the definition of logarithm to write each 
equation in exponential form. 


M=b and N=b* 
Then MN = b*b”, and a property of exponents gives 

MN = b**” Keep the base and add the exponents: bY = PTY, 
We write this exponential equation in logarithmic form as 

log, MN=x+t+y 
Substituting the values of x and y completes the proof. 


log, MN = log, M + log, N 


Caution By the product rule, the logarithm of a product is equal to the sum of the loga- 
rithms. The logarithm of a sum or a difference usually does not simplify. In general, 


log, (M+ N) # log, M+ log,N and log, (M— N) # log, M — log, N 
For example, 


logy (2 + 7) # log, 2 + logy 7 and log (100 — y) # log 100 — logy 


Verifying Properties of Logarithms 
We can use a calculator to illustrate the product rule for logarithms by showing that 
In (3.7 - 15.9) = In3.7 + In 15.9 


We calculate the left and right sides of the equation separately and compare the results. To 
use a scientific calculator to find In (3.7 + 15.9), we enter 


3.7 [X] 15.9 [=]|LN] 4.074651929 


To find In 3.7 + In 15.9, we enter 


3.7 [LN] [+] 15.9 [LN] [=] 4.074651929 


Since the left and right sides are equal, the equation In (3.7 - 15.9) = In3.7 + In 15.9 is 
true. 


© Use the Quotient Rule for Logarithms. 


The Quotient 
Rule for 
Logarithms 


The next property of logarithms is related to the quotient rule for exponents: - =x 


m—n 


The logarithm of a quotient is equal to the difference of the logarithms. For all positive real 
numbers M, N, and b, where b # 1, 


M 
logs 5; = log, M — log, N 


1046 


CHAPTER 11 
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The proof of the quotient rule for logarithms is similar to the proof for the product rule for 
logarithms. 


EXAMPLE 3 Write each expression as a difference of logarithms. Then simplify, 


10 x 
if ible. a. In — b. logy — 
if possible. a. In 7 084 6A 


Strategy In both cases, we will apply the quotient rule for logarithms. 


Why We use the quotient rule because each of the logarithmic expressions has the form 


M 
logs W- 
Solution 
10 
a. In 7 = In 10 — In7 The log of a quotient is the difference of the logs. 


x 
b. logy 64 = log, x — log, 64 — The log of a quotient is the difference of the logs. 


= logyx — 3 Simplify: log,64 = log,4° = 3. 


a Self Check 3 F| Write each expression as a difference of logarithms. Then 
simplify, if possible. 
a. loge § b. In im 
Now Try Problem 39 


Caution — By the quotient rule, the logarithm of a quotient is equal to the difference of the 
logarithms. The logarithm of a quotient is not the quotient of the logarithms: 
M , log, M 
log, — # 
ae N log, N 


For example, 


10 Inl0 
n 
7 In 7 


logy x 
logy 64 


x 
d log,— 
an 04 6A # 


In the next example, the product and quotient rules for logarithms are used in combina- 
tion to rewrite an expression. 


EXAMPLE 4 j Write log as the sum and/or difference of logarithms of a 
- IZ 


single quantity. Then simplify, if possible. 
Strategy We will use the quotient rule for logarithms and then the product rule. 


Why We use the quotient rule because log Te has the form log, 4 We later use the 


a xy é 
product rule because the numerator and denominator of ae contain products. 


The Power Rule 
for Logarithms 
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Solution We begin by applying the quotient rule for logarithms. 


x 
log a = log xy — log 10z The log of a quotient is the difference of 
7 the logs. 


= logx + logy — (log 10 + log z) The log of a product is the sum of the logs. 


Write parentheses here so that the sum, 
log10 + logz, is subtracted. 


= logx + logy — log 10 — logz Change the sign of each term of 
log10 + logz and drop the parentheses. 


= logx + logy — | — logz Simplify: log10 = 1. 


a Self Check 4 j Write log, = as the sum and/or difference of logarithms ofa 


single quantity. Then simplify, if possible. 
Now Try Problem 45 


4.) Use the Power Rule for Logarithms. 


The next property of logarithms is related to the power rule for exponents: (x”")" = x’””". 


The logarithm of a power is equal to the power times the logarithm. 
For all real positive numbers M and b, where b # 1, and any real number p, 


log, M? = p log, M 


EXAMPLE 5 _ Write each logarithm without an exponent or a square root: 
a. logs 6° b. log V10 
Strategy In each case, we will use the power rule for logarithms. 


Why We use the power rule because log; 6” has the form log, M”, as will log V 10 if we 
write V'10 as 101”, 


Solution 
a. logs 6” = 2 logs 6 The log of a power is equal to the power times the log. 


b. log V10 = log(10)'? — Write 10 using a fractional exponent: V'10 = (10). 


1 
2 log 10 The log of a power is equal to the power times the log. 


Simplify: log10 = 1. 


RN) 


a Self Check 5 i Write each logarithm without an exponent or a cube root: 


a. Inx* b. log, W3 
Now Try Problems 51 and 53 
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PROOF _ To prove the power rule, we let x = log, M, write the expression 
; in exponential form, and raise both sides to the pth power: 


M=b 
(M)” = (b°)” Raise both sides to the pth power. 
MP = bP* Keep the base and multiply the exponents. 


Using the definition of logarithms gives 
log, M? = px 
Substituting the value for x completes the proof. 


log, M? = p log, M 


EXAMPLE 6 ! Write each logarithm as the sum and/or difference of logarithms of 


a single quantity: a. log, x°y°z b. In 


Strategy In part (a), we will use the product rule and the power rules for logarithms. In 
part (b), we will use the quotient rule, the product rule, and the power rule for loga- 
rithms. 

Why In part (a), we first use the product rule because the expression has the form 
log, MN. In part (b), we first use the quotient rule because the expression has the form 

M 
log, - 
Solution 
a. We recognize that log, x*y*z is the logarithm of a product. 
log, x°y°z = log, x” + log, y’ + log,z — The log of a product is the sum of the logs. 
= 2 log, x + 3log, y + log,z The log of a power is the power times the log. 


3 
x. ; : 
is the logarithm of a quotient. 


: Oe 
The Language of Algebra b. The expression In 


In Examples 2, 3, 4, and 6, we use 


properties of logarithms to expand ypvV*x 3 
logarithmic expressions. In > Iny Vx — Inz The log of a quotient is the difference of the logs. 


= In y + In Vx —Inz The log of a product is the sum of the logs. 


=Iny + Inx'?—Inz write Vx as x”, 


1 
=3iIny+ 2 Inx — Inz The log of a power is the power times the log. 


3 
“op. 22 
a SelfCheck6 Expand: logy} 


Now Try Problems 59 and 61 
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5) Write Logarithmic Expressions as a Single Logarithm. 


The Language of Algebra 
In these examples, we use proper- 
ties of logarithms to condense 

the given expression into a single 
logarithmic expression. To 
condense means to make more 
compact. Summer school is a 
condensed version of the regular 
semester. 


EXAMPLE 7 Write each logarithmic expression as one logarithm: 
a. 3 logsx + 5 logs y b. + log, (x — 2) — log, y + 3 log, z 
Strategy In part (a), we will use the power rule and product rule for logarithms in 


reverse. In part (b), we will use the power rule, the quotient rule, and the product rule for 
logarithms in reverse. 


Why We use the power rule because we see expressions of the form p log, M. The 
+ symbol between logarithmic terms suggests that we use the product rule and the 
— symbol between such terms suggests that we use the quotient rule. 


Solution 
a. We begin by using the power rule on both terms of the expression. 


1 
3 logs x + > logs y = logs x° + logs yl? A power times a log is the log of the power. 


= logs (x? - yl?) The sum of two logs is the log of the product. 
= loge y 
= logs ePVy Write y"7 as Vy. 


b. The first and third terms of this expression can be rewritten using the power rule of 
logarithms. 


1 
2 log, (x = 2) log, y ote log, z 


= log, &« — ay" — log,y + log,z® A power times a log is the log of the power. 


(x _ ae 


The difference of two logs is the log of the 
= log, -———_ + log, z° 7 . 
ve 


quotient. 


V 2 
= log, ae + log, 2 Write (x — 2)”? as Vx — 2. 


(2. 


= log, The sum of two logs is the log of the product. 


2Vx-—2 


= log, 


a Self Check 7 j Write the expression as one logarithm: 
PINS 08 a5 5 1084 — 2 log, & — y) 


Now Try Problems 71 and 75 


The properties of logarithms can be used when working with numerical values. 
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Properties of 
Logarithms 


Change-of-Base 
Formula 


Exponential and Logarithmic Functions 


EXAMPLE 8 j Find approximations for each logarithm given that log 2 ~ 0.3010 
: and log 3 ~ 0.4771: a. log6 b. log 18 


Strategy We will express 6 and 18 using factors of 2 and 3 and then use properties of 
logarithms to simplify each resulting expression. 


Why We express 6 and 18 using factors of 2 and 3 because we are given values of log2 
and log3. 


Solution 
a. log 6 = log (2: 3) Write 6 using the factors 2 and 3. 
= log 2 + log3 The log of a product is the sum of the logs. 
= 0.3010 + 0.4771 Substitute the value of each logarithm. 
= 0.7781 
b. log 18 = log (2 - 3”) Write 18 using the factors 2 and 3. 
= log 2 + log 3” The log of a product is the sum of the logs. 
= log2 + 2log3 The log of a power is the power times the log. 
= 0.3010 + 2(0.4771) Substitute the value of each logarithm. 
= 1.2552 


a Self Check 8 ij Find approximations for each logarithm. a. log 1.5 
b. log 0.75 


Now Try Problems 79 and 81 


We summarize the properties of logarithms as follows. 


If b, M, and WN are positive real numbers, b # 1, and p is any real number, 


1. log, 1 = 0 2. log,b=1 
3. log, b* = x Ao pee — 
M 
5. log, MN = log, M + log, N 6. log, W = log, M — log, N 


7. log, M? = p log, M 


Use the Change-of-Base Formula. 


Most calculators can find common logarithms and natural logarithms. If we need to find a log- 
arithm with some other base, we use a conversion formula. 

If we know the base-a logarithm of a number, we can find its logarithm to some other base 
b by using a formula called the change-of-base formula. 


For any logarithmic bases a and b, and any positive real number x, 


Caution 


Don't misapply the quotient rule: 
logig 5 E 

Jogio3 Means logig 5 + logo 3. 
It is the expression logio 3 that 


means logig 5 — logio 3. 


Caution 
Wait until the final calculation has 
been made to round. Don’t round 


any values when performing inter- 


mediate calculations. That could 
make the final result incorrect 
because of a build-up of rounding 
error. 
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We can use any positive number other than | for base b in the change-of-base formula. 
However, we usually use 10 or e because of the capabilities of a standard calculator. 


EXAMPLE9 Find: log; 5 
Strategy To evaluate this base-3 logarithm, we will substitute into the change-of-base 
formula. 


Why We assume that the reader does not have a calculator that evaluates base-3 
logarithms (at least not directly). Thus, the only alternative is to change the base. 


Solution To find log; 5, we substitute 3 for b, 10 for a, and 5 for x in the change-of-base 
formula and simplify: 


\ log, x 

Og, xX = 

oa log, b 
1 5 

log; 5 = eel Substitute: b = 3, x = 5,anda = 10. 
logig 3 


= 1.464973521 


Use a scientific calculator and enter 5 log + 3 log =. 


To four decimal places, log; 5 = 1.4650. 
We can also use the natural logarithm function (base e) in the change-of-base formula to 
find a base-3 logarithm. 


\ log, x 

Og, X = 

Sp log, 
log. 5 

log; 5 = = Substitute: b = 3,x = 5,anda=e. 
log. 3 
In 5 

log;5 = In3 Write log.5 as In 5 and log,3 as In 3. 
n 


=~ 1.464973521 


Use a calculator. 


We obtain the same result. 


a Self Check 9 ] Find logs 3 to four decimal places. 
Now Try Problem 87 


PROOF To prove the change-of-base formula, we begin with the equation 
log, x = y. 
y = log, x 
x = b” Change the equation from logarithmic to exponential form. 


log, x = log, b” Take the base-a logarithm of both sides. 


log, x = vlog, b 


The log of a power is the power times the log. 


log, x 
y= Ea% Divide both sides by log, b. 
log, b 
log, x 
log, x = = Refer to the first equation and substitute log,x for y. 
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7) Use Properties of Logarithms to Solve Application Problems. 


In chemistry, common logarithms are used to express the acidity of solutions. The more acidic 
a solution, the greater the concentration of hydrogen ions. This concentration is indicated by 
the pH scale, or hydrogen ion index. The pH of a solution is defined as follows. 


pH ofa Solution If [H’] is the hydrogen ion concentration in gram-ions per liter, then 
pH = —log[H"] 


EXAM PLE 10 pH Meters. One of the most accurate ways to measure pH 

is with a probe and meter. What reading should the meter give 
for pure water if water has a hydrogen ion concentration [H"] of approximately 10°’ 
gram-ions per liter? 


fl 
L 7c) Strategy We will substitute into the formula for pH and use the power rule for 
; logarithms to simplify the right side. 


vere 


Why After substituting 107’ for H* in —log[H”], the resulting expression will have the 


form log, M?”. 

Solution Since pure water has approximately 10°’ gram-ions per liter, its pH is 
pH = —log[H*] This is the formula for pH. 
pH = —log10~” 


= —(—7)1og10 The log of a power is the power times the log. 
= -(-7):1 Simplify: log10 = 1. 
=7 


The meter should give a reading of 7. 


La Now Try Problem 99 


EXAMPLE Ti Hydrogen lon Concentration. Find the hydrogen ion concen- 
tration of seawater if its pH is 8.5. 


Strategy To find the hydrogen ion concentration, we will substitute 8.5 for pH in the 
formula pH = —log[H™] and solve the resulting equation for [H * ]. 


i 
= Why After substituting for pH, the resulting logarithmic equation can be solved by 
= solving an equivalent exponential equation. 
8 Solution 
pH = —log[H™] This is the formula for pH. 


8.5 = —log[H*] Substitute 8.5 for pH. 
—8.5 = log[H*] Multiply both sides by —1. 


H*]= 10° °° Write the equation in the equivalent exponential form. 
4! q P 


We can use a calculator to find that 


[H*] ~ 3.2 x 10° gram-ions per liter 


La Now Try Problem 101 
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ee | Us cs @ bh il @ 4) ch® %) 6% isp iload! [shar Joey 
c. 2+ logsc+logsd 3.a.1-—logs5 b. Iny—In100 4. log,x — log, y — log,z 


24 [y 
5. a. 4Inx b. flog, 3 6. ne logx + logy — logz) 7. log, ee yy 8. a. 0.1761 b. —0.1249 


9. 0.6826 


VOCABULARY 
Fill in the blanks. 
1. The expression log34x is the logarithm of a 


2. The expression logs? is the logarithm of a 
3. The expression log4" is the logarithm of a 
4 


. In the expression log;4, the number S is the of the 
logarithm. 


CONCEPTS 
Fill in the blanks. 
5. log, 1 = 


ll 


6. log, b 
7. log, MN = log, + log, 
8. pee* = 
M 
9. log, — = log, M log, N 
N 
10. log, M” = p log, 
11. log, b = 


12. log, (A + B) log, A + log, B 


M log, M 
13. log, — 
N log, N 
14. log, AB log, A + log, B 
1 
15. log, x = = 
16. pH = 


NOTATION 
Complete each solution. 
17. log, rst = log,(__)t 
= log, (rs) + log, 
=log, + log, + log,t 


18. log— =logr-—log(_ ) 
st 


=logr— (log + log ft) 
= log r — log s 


GUIDED PRACTICE 


In this Study Set, assume that all variables represent positive 
numbers and b # 1. 


Evaluate each expression. See Example 1. 


19. log, 1 20. log, 9 
21. logy 4’ 22. Ine® 

23. 5logs 10 24. glcgs 10 
25. logs 5° 26. log, 4° 
27. Ine 28. log, 1 
29. log, 3” 30, 5'8s8 


Write each logarithm as a sum. Then simplify, if possible. 
See Example 2. 

31. logs (4+ 5) 32. log, (27 5) 

33. log 25y 34. log xy 

35. log 100pq 

36. log 1,000rs 

37. log Sxyz 

38. log 10abc 
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Write each logarithm as a difference. Then simplify, if possible. 
See Example 3. 


1 2 
39. ie 40. in 
9 e 
x y 
41. logs 36 42. logs¢ 


Write each logarithm as the sum and/or difference of logarithms 
of a single quantity. Then simplify, if possible. See Example 4. 


Tc ot 
43. log — 44, log — 
og 5 og Fi 
10: b 
45. log — 46. logs 
y 4 
exy 5p 
47. In — 48. In — 
Zz e 
49. | ; 50. | : 
. logy — . logs —— 
= 8m es 36r 


Write each logarithm without an exponent or a radical symbol. 
Then simplify, if possible. See Example 5. 


51. Iny’ 52. Inz” 
53. log V5 54. log V7 
55. loge * 56. loge ! 


57. log, (¥/100)° 58. logs (V0) 


Write each logarithm as the sum and/or difference of logarithms 
of a single quantity. Then simplify, if possible. See Example 6. 


59. logyz” 60. log 4xz* 
2Wx Wx 

61. log, ——~ 62. log; —— 
y ye 

63. logx*)° 64. logxy*z? 


65. log, Vxy 66. log,x° Vy 
67. 
68. log, ./—- 


69. InxVz 70. In Vxy 


Write each logarithmic expression as one logarithm. See Example 7. 


71. logs (x + 1) + 9 logy x 


1 
72. 2logx + 3 logy 


73. log; x + log; (x + 2) — log; 8 


74. —2logx — 3 logy + logz 
1 
75. —3log,x — 2 log, y + 5 log, z 
76. 3 log, (x + 1) — 2 log, (x + 2) + log, x 


77. In (2 + x) —In (2 + y) 
4 Zz 


78. In(xy + 9°) — In(wz + yz) + Inz 


Assume that log, 4 = 0.6021, log, 7 = 0.8451, and 
log, 9 = 0.9542. Use these values to evaluate each logarithm. 
See Example 8. 


79. log, 28 80. log, + 

81. ioe 82. log, 36 
63 

83. log, 84. log, 2.25 

85. log, 64 86. log, 49 


Use the change-of-base formula to find each logarithm to four 
decimal places. See Example 9. 


87. log; 7 88. log, 3 
89. log)/3 3 90. log). 6 
91. log; 8 92. logs 10 
93. log 5 V5 94. log, e 


Use a calculator to verify that each equation is true. See Using 
Your Calculator: Verifying Properties of Logarithms. 


95. log (2.5 - 3.7) = log 2.5 + log 3.7 
96. In (2.25)* = 4 In 2.25 


11.3 
97. ea =1n11.3 — In6.1 
1 
98. log V 24.3 = 5 Woe 24.3 


APPLICATIONS 


99. pHOFA SOLUTION Find the pH of a solution with a 
hydrogen ion concentration of 1.7 X 10° gram-ions per 
liter. 

100. pH OF PICKLES The hydrogen ion concentration of sour 
pickles is 6.31 X 10~*. Find the pH. 

101. HYDROGEN ION CONCENTRATION _ Find the hydrogen 
ion concentration of a saturated solution of calcium hydroxide 
whose pH is 13.2. 


102. AQUARIUMS | To test for safe pH levels in a freshwater 
aquarium, a test strip is compared with the scale shown 
below. Find the corresponding range in the hydrogen ion 
concentration. 


AquaTest pH Kit 


Safe range 


6.4 | 6.8 7.2 7.6 | 8.0 


WRITING 


103. Explain the difference between a logarithm of a product and 
the product of logarithms. 


104. How can the LOG key ona calculator be used to find log, 7? 


Explain why each statement is false. 
105. log xy = (log x)(log y) 106. log ab = loga + 1 


log, A log, A 
°8 108, © 
log, B log, B 


107. log, (A — B) = = log, A — log, B 
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REVIEW 
Consider the line that passes through P(—2, 3) and Q(4, —4). 


109. Find the slope of line PQ. 

110. Find the distance between P and Q. 

111. Find the midpoint of line segment PQ. 

112. Write the equation in slope—intercept form of line PQ. 


CHALLENGE PROBLEMS 
113. Explain why e'™ = x. 
114. If log, 3x = 1 + log, x, find b. 


1 
115. Show that log, x = 3 log, x. 


116. Show that ce" = a’. 


@ Solve exponential equations. 


Objectives 


@® Solve logarithmic equations. 
© Solve radioactive decay problems. 


© Solve population growth problems. 


An exponential equation contains a variable in one of its exponents. Some examples of expo- 


nential equations are 


gett = Si, oe 3 


2 


and e =8 


A logarithmic equation is an equation with a logarithmic expression that contains a vari- 
able. Some examples of logarithmic equations are 


log 5x = 3, 


log (3x + 2) = log (2x — 3), and 


log, 7 — logs x = 5 


In this section, we will learn how to solve exponential and logarithmic equations. 


Oo Solve Exponential Equations. 


If both sides of an exponential equation can be expressed as a power of the same base, we can 
use the following property to solve it. 


Exponential and Logarithmic Functions 


If two exponential expressions with the same base are equal, their exponents are equal. 
For any real number b, where b # —1, 0, or 1, 


bY = bY is equivalent to x=y 


EXAMPLE 1 | Solve: 3**" = 81 
Strategy We will express the right side of the equation as a power of 3. 


Why We can then use the exponent property of equality to set the exponents equal and 
solve for x. 


Solution 

3°*1 = 81 Thisis the equation to solve. 

3°71 = 34 Write Basa power of 3: 81 = 37, 

x+1=4 If two exponential expressions with the same 
base are equal, their exponents are equal. 
x=3 

The solution is 3 and the solution set is {3}. To check this result, we substitute 3 for x in the 
original equation. 


Check: 3°*! = 81 
grr ae at 
34281 

81 = 81 True 


a Self Check 1 j Solyess © = 25 


Now Try Problem 21 


EXAMPLE 2 Solve: 2° *2* = 


2 
Strategy We will express the right side of the equation as a power of 2. 


Why We can then use the exponent property of equality to set the exponents equal and 


solve for x. 
Solution 
2 1 
peter > This is the equation to solve. 
2 = 
a Write 4 as a power of 2:4 =2° 
x7 + 2x = —-1 If two exponential expressions with the same 


x +2x+1=0 
@+1D)e+1=0 


x+1=0 or x+1 


x=-l | 


base are equal, their exponents are equal. 
Add 1 to both sides. 
Factor the trinomial. 


Set each factor equal to O. 


Using Your Calculator 


Logarithm 
Property of 
Equality 
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We see that the two solutions are the same. Thus, —1 is a repeated solution and the solution 
set is {—1}. Verify that —1 satisfies the original equation. 


a Self Check 2 j Solve: 3% 2% = 5 


Now Try Problem 25 


Solving Exponential Equations Graphically 


To use a graphing calculator to approximate the solutions of ae 5 (see Example 2), we 


can subtract ; from both sides of the equation to get 


yr +2x ral f = (0) 


2 


and graph the corresponding function 


2 1 
= * che eee 

fee) ; 

as shown in figure (a). 


1 — 


paren = > = Oare the x-coordinates of the x-intercepts of the graph 


The solutions of 
of f(x) = = i Using the ZERO feature, we see in figure (a) that the graph has only 
one x-intercept, (— 1, 0). Therefore, —1 is the only solution of a ‘ = 0. 


We can also solve 2° *?* = 5 using the INTERSECT feature found on most graphing 


calculators. After graphing Y, = and Y,= i we select INTERSECT, which approx- 
imates the coordinates of the point of intersection of the two graphs. From the display shown 


in figure (b), we can conclude that the solution is —1. Verify this by checking. 


poteesertien 


oS Y=.5 


When it is difficult or impossible to write each side of an exponential equation as a 
power of the same base, we can often use the following property of logarithms to solve the 
equation. 


If two positive numbers are equal, the logarithms base-b of the numbers are equal. For any 
positive number b, where b # 1, and positive numbers x and y, 


log,x = log, y is equivalent to x=y 
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Success Tip 
The power rule of logarithms pro- 
vides a way of moving the variable 
x from its position in an exponent 
to a position as a factor of x log 3. 


log 3* = log 5 
x log 3 = log 5 
Caution 


Don’t misuse the quotient rule: 


In 
ee means In5 + In3 


It is the expression In} that 
means In5 — In3. 


Exponential and Logarithmic Functions 


EXAM PLE 3 j Solve: 3° = 5 
Strategy We will take the base-10 logarithm of both sides of the equation. 


Why We can then use the logarithm property of equality to move the variable x from its 
current position as an exponent to a position as a factor. 


Solution Unlike Example 1, where we solved 3+! = 81 itis not possible to write each 
side of 3* = 5 as a power of the same base 3. Instead, we use the logarithm property of 
equality and take the logarithm of each side to solve the equation. Although any base 
logarithm can be chosen, the computations with a calculator are usually simplest if we 
use a common or natural logarithm. 


3% =5 This is the equation to solve. 
log 3* = log 5 Take the common logarithm of each side. 
x log 3 = log 5 The log of a power is the power times the log: log 3* = x log 3. 
Note that the variable x is now a factor of x log 3. 
log 5 
x= ee To isolate x, divide both sides by log 3. This is the exact solution. 
og 


x ~ 1.464973521 


Use a calculator. 


log 5 
The exact solution is 3 To four decimal places, the solution is 1.4650. 
og 


We can also take the natural logarithm of each side of the equation to solve for x. 


3* = 5 
In 3* = In5 Take the natural logarithm of each side. 
xIn3 = 1n5 Use the power rule of logarithms: In 3% = x In 3. 
In5 
XS ing To isolate x, divide both sides by In 3. 


x ~ 1.464973521 


Use a calculator. 


The result is the same using the natural logarithm. To check the approximate solution, we 


substitute 1.4650 for x in 3* and see if 3'*®°° is close to 5. 
Check: 3% =5 
3 tees a 5 


5.000145454 =~ 5 Use a calculator: Enter 3 y° 1.4650 = . 


a Self Check 3 | Solve 5* = 4 and give the answer to four decimal places. 


Now Try Problem 29 


-EXAMPLE4 Solve: 6"? = 2" 
Strategy We will take the common logarithm of both sides of the equation. 


Why We can then move the expression x — 3 from its current position as an exponent to 
a position as a factor. 


The Language of Algebra 


3 log 6 . ; 
jog6 — log2 |S the exact solution 


of 6* > = 2°. An approximate 
solution is 4.8928. 
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Solution 
Gr =? This is the equation to solve. 
log = log 2* Take the common logarithm of each side. 
(x — 3) log 6 = x log 2 The log of a power is the power times the log. Note that 
the expression x — 3 is now a factor of (x — 3) log 6. 
x log 6 — 3 log 6 = x log2 Distribute the multiplication by log 6. 
x log 6 — x log2 = 3 log 6 On both sides, add 3 log 6 and subtract x log 2. 
x(log 6 — log 2) = 3 log 6 Factor out x on the left side. 


3 log 6 
x = 
log 6 — log 2 
x = 4.892789261 Use a calculator. 


To isolate x, divide both sides by log 6 — log 2. 


To four decimal places, the solution is 4.8928. To check the approximate solution, we sub- 
stitute 4.8928 for each x in 6" * = 2”. The resulting values on the left and right sides of the 
equation should be approximately equal. 


a Self Check 4 j Solves © = 37 


Now Try Problem 33 


EXAMPLE 5 Solve: e° = 10 


Strategy We will take the natural logarithm of both sides of the equation. 


Why We can then move the expression 0.9¢ from its current position as an exponent to a 
position as a factor. 


Solution The exponential expression on the left side has base e. In such cases, the com- 
putations are easier when we take the natural logarithm of each side. 


0.97 


e = 10 This is the equation to solve. 
In e°” = In 10 Take the natural logarithm of each side. 
0.9t In e = In 10 Use the power rule of logarithms: In e°* = 0.9t In e. Note that 
the expression Qt is now a factor of 0.9t In e. 
0.9¢- 1 = In 10 Simplify: In e = 1. 
0.9t = In 10 
f= “ > To isolate t, divide both sides by 0.9. 


t ~ 2.558427881 Useacalculator. 


To four decimal places, the solution is 2.5584. Verify this using a check. 


a Self Check 5 F | Solve: e7!! = 35 


Now Try Problem 37 
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Exponential and Logarithmic Functions 


2) Solve Logarithmic Equations. 


Caution 


Always check your solutions to a 
logarithmic equation. 


Caution 


Don’t make this error of trying to 
“distribute” log: 


DrenaiKZ] 


The notation log is not a number, 
it is the name of a function and 
cannot be distributed. 


A logarithmic equation is an equation containing a variable in a logarithmic expression. We 
can solve many logarithmic equations using properties of logarithms. 


EXAM PLE 6 _ Solve: log 5x = 3 


Strategy Recall that log 5x = logig 5x. To solve log 5x = 3, we will instead write and 
solve an equivalent base-10 exponential equation. 


Why The resulting exponential equation is easier to solve because the variable term is 
isolated on one side. 


Solution 
log 5x = 3 This is the equation to solve. 
10° = 5x Write the equivalent base-10 exponential equation. 
1,000 = 5x — Simplify: 10° = 1,000. 
200 =x To isolate x, divide both sides by 5. 
The solution is 200 and the solution set is {200}. 
Check: log 5x = 3 
log 5(200) = 3 Substitute 200 for x. 
log 1,000 = 3 Multiply 5(200) = 1,000. 
3 =3 Evaluate: log 1,000 = log 10° = 3. 


a Self Check 6 j Solve: log, (x — 3) = -1 
Now Try Problem 41 


EXAMPLE 7 _ Solve: log(3x + 2) = log(2x — 3) 
Strategy We will use the logarithmic property of equality to see that 3x + 2 = 2x — 3. 


Why We can use the logarithm property of equality because the given equation, 
log(3x + 2) = log(2x — 3), has the form log, x = log, y. 


Solution 
log(3x + 2) = log(2x — 3) This is the equation to solve. 
3x+2 = 2x —3 If the logarithms of two numbers are equal, 
the numbers are equal. 
x+2=-3 Subtract 2x from both sides. 
x=-5 Subtract 2 from both sides. 


Check: log(3x + 2) 
log[3(—5) + 2] 
log(—13) 


log(2x — 3) 
log[2(—5) — 3] Substitute —5 for x. 


Iho [ko I] 


log(— 13) Evaluate within brackets. 
Recall that log (—13) is undefined. 


Since the logarithm of a negative number does not exist, the proposed solution of —5 must 
be discarded. This equation has no solutions. Its solution set is ©. 


Caution 
The proposed solutions of a 
logarithmic equation must be 
checked to see whether they 
produce undefined logarithms 
in the original equation. 


Using Your Calculator 
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a Self Check 7 | Solve: log (5x + 14) = log (7x — 2) 
Now Try Problem 49 


EXAMPLE 8 | Solve: logx + log(@ — 3) = 1 


Strategy We will use the product rule for logarithms in reverse: The sum of two loga- 
rithms is equal to the logarithm of a product. Then we will write and solve an equivalent 
exponential equation. 


Why We use the product rule for logarithms because the left side of the equation, 
log x + log (x — 3), has the form log, M + log, N. 


Solution 
logx + log(x — 3) = 1 This is the equation to solve. 
logx(x — 3) = 1 On the left side, use the product rule for logarithms. 
logig x(x — 3) = 1 The base of the logarithm is 10. 
x(x — 3) = 10' Write an equivalent base-10 exponential equation. 


x? — 3x - 10 =0 Distribute the multiplication by x, and then subtract 10 from 
both sides. 


(x + 2) — 5) =0 Factor the trinomial. 
x+2=0 or x-5=0 Set each factor equal to O. 
x=-2 | x=5 


Check: The number —2 is not a solution because it does not satisfy the equation (a negative 
number does not have a logarithm). We will check the other result, 5. 


logx + log (x — 3) = 1 
log 5 + log (5 — 3) = 1 Substitute 5 for x. 
log 5 + log2 41 
log 1041  Usethe product rule of logarithms: 
log 5 + log 2 = log (5 « 2) = log 10. 
1=1 Evaluate: log 10 = 1. 


Since 5 satisfies the equation, it is the solution. 


a Self Check 8 , | Solve: log x + log (x + 3) = 1 
Now Try Problem 53 


Solving Logarithmic Equations Graphically 


To use a graphing calculator to approximate the solutions of the logarithmic equation 
log x + log (x — 3) = 1 (see Example 8), we can subtract | from both sides of the equation 
to get 


logx + log(x — 3) -1=0 
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and graph the corresponding function 
iGo) loses lopioge3) — | 


as shown in figure (a). Since the solution of the equation is the x-value that makes f(x) = 0, 
the solution is the x-coordinate of the x-intercept of the graph. We can use the ZERO feature 
to find that this x-value is 5. 

We can also solve logx + log (x — 3) = 1 using the INTERSECT feature. After 
graphing Y; = logx + log (x — 3) and Y> = 1, we select INTERSECT, which approxi- 
mates the coordinates of the point of intersection of the two graphs. From the display shown 
in figure (b), we can conclude that the solution is 5. 


ee _. 


° Intersection 
n= =i 


(a) (b) 


EXAMPLE9 Solve: log, 7 — logy x = 5 


Strategy We will use the quotient rule for logarithms in reverse: The difference of two 
logarithms is equal to the logarithm of a quotient. Then we will write and solve an 
equivalent exponential equation. 


Why We use the quotient rule for logarithms because the left side of the equation, 
log, 7 — log, x, has the form log, M — log, N. 


Solution 


log,7 — log, x = 5 This is the equation to solve. 


7 
logs - = 5 On the left side, use the quotient rule for logarithms. 
x 
f) 5 
—=2 Write an equivalent base-2 exponential equation. 
x 
7 5 
—- 32 Evaluate: 2° = 32. 
7 = 32x To clear the equation of the fraction, multiply both sides by x. 
7 
ee To isolate x, divide both sides by 32. 


ive) 
N 


The solution is ss. Verify that it satisfies the original equation. 


a Self Check 9 j Solve: log, 9 — log, x = 4 
Now Try Problem 57 


© Images&Stories/Alamy 


Radioactive 
Decay Formula 


Notation 
The initial amount of radioactive 
material is represented by Ag, and 
itis read as “A sub 0.” 
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Solve Radioactive Decay Problems. 


Experiments have determined the time it takes for half of a sample of a radioactive material to 
decompose. This time is a constant, called the material’s half-life. 

When living organisms die, the oxygen—carbon dioxide cycle common to all living things 
ceases, and carbon-14, a radioactive isotope with a half-life of 5,700 years, is no longer 
absorbed. By measuring the amount of carbon-14 present in an ancient object, archaeologists 
can estimate the object’s age by using the radioactive decay formula. 


If A is the amount of radioactive material present at time t, 49 was the amount present at 
t = 0, and h is the material’s half-life, then 


f= Aw 


EXAM PLE 10. Carbon-14 Dating. How old is a piece of wood that retains 
only one-third of its original carbon-14 content? 


Strategy If Ag is the original carbon-14 content, then today’s content 4 = $Ao. We will 
substitute “ for A and 5,700 for / in the radioactive decay formula and solve for ¢. 
Why The value of ¢ is the estimated age of the piece of wood. 


Solution To find the time ¢ when A = 7A, we substitute a for A and 5,700 for h in the 
radioactive decay formula and solve for f: 


A= Ae This is the radioactive decay model. 
A 2 
= Ag2 om The half-life of carbon-14 is 5,700 years. 
1 = 3(271/5-700 oh ; ; ; 
= 3( ) Divide both sides by Ap and multiply both sides by 3. 
log 1 = log 9277 Take the common logarithm of both sides. 


0 = log3 + log ihe log 1 = O, and use the product rule for logarithms. 


= t Subtract log 3 from both sides and use the power 
log 3 log 2 ‘ 
5,700 rule of logarithms. 
log 3 ; ‘ 5,700 
s,700( 28 >) = ft Multiply both sides by —"505- 
t ~ 9,034.286254 Use a calculator. 


The piece of wood is approximately 9,000 years old. 


oT Self Check 10 How old is a piece of wood that retains 25% of its original 
carbon-14 content? 


Now Try Problem 97 


Solve Population Growth Problems. 


When there is sufficient food and space available, populations of living organisms tend to 
increase exponentially according to the following growth model. 
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Exponetial 
Growth Model 


Notation 
The initial population of bacteria is 
represented by Po, and it is read 
as “P sub 0.” 


Exponential and Logarithmic Functions 


If P is the population at some time f, Po is the initial population at t = 0, and k depends on 
the rate of growth, then 


Pe Pye 


EXAMPLE 11 i Population Growth. The bacteria in a laboratory culture 
increased from an initial population of 500 to 1,500 in 3 hours. 
How long will it take for the population to reach 10,000? 


Strategy We will substitute 500 for Po, 1,500 for P, and 3 for f into the exponential 
growth model and solve for k: 


Why Once we know the value of k, we can substitute 10,000 for P, 500 for Py, and the 
value of & into the exponential growth model and solve for the time ¢. 


Solution 
P = Pye“ This is the population growth formula. 
pop 
1,500 = 500(e**) — Substitute 1,500 for P, 500 for Po, and 3 for t. 
32¢° Divide both sides by 500. 
3k = In3 Write the equivalent base-e logarithmic equation. 
In 3 
k= cs Divide both sides by 3. 
To find when the population will reach 10,000, we substitute 10,000 for P, 500 for Po, 
and a3 for k in the equation P = Pye” and solve for f: 
P = Pye 
10,000 = 500e! 9/3! 
20 = ein 3/3 Divide both sides by 500. 
In3 
— Jt = In20 Write the equivalent base-e logarithmic equation. 
— 31n20 ; ; 3 
t= in3 Multiply both sides by (3- 


= 8.180499084 Use a calculator. 


The culture will reach 10,000 bacteria in about 8 hours. 


eT Self Check 11 j How long will it take the population to reach 20,000? 


Now Try Problem 109 


Bag insures TO SELF CHECKS) 1. 2 2. Arepeated solution of 1 3. 0.8614 4. jgg¢“igg3 ~ 6.3013 


5. 5 ~ 1.6930 6.4 7.8 8.2 9.7% 10. About 11,400 years 11. About 10 hours 
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VOCABULARY 
Fill in the blanks. 
1. An equation with a variable in its exponent, such as cea 
is called a(n) equation. 


2. An equation with a logarithmic expression that contains a 
variable, such as logs (2x — 3) = logs (x + 4), is a(n) 
equation. 


CONCEPTS 
Fill in the blanks. 


3. a. The exponent property of equality: If two exponential 
expressions with the same base are equal, their exponents 
are 


b* = b” is equivalent to 


b. The logarithm property of equality: If the logarithms base-b 
of two numbers are equal, the numbers are 


log, x = log, y is equivalent to 


4. The right side of the exponential equation 5* * = 125 can be 
written as a power of 


5. If 6 = 6 *, then 4x = 
6. a. Write the equivalent base-10 exponential equation for 


log (x + 1) = 2. 
b. Write the equivalent base-e exponential equation for 
In(x + 1) = 2. 
Fill in the blanks. 


7. To solve 5* = 2, we can take the of both sides of 


the equation to get log 5° = log 2. 

8. The power rule for logarithms provides a way of moving the 
variable x from its position as an to a position as a 
factor of x log 5. 


9. If the power rule for logarithms is used on the left side of the 
equation log 7° = 12, the resulting equation is log 7 = 12. 
10. If e** = 4, then ne ** = 


11. Perform a check to determine whether —2 is a solution of 
sets — i 
5 
12. Perform a check to determine whether 4 is a solution of 
logs (x + 1) =2. 
13. Use a calculator to determine whether 2.5646 is an approximate 
solution of 2**! = 70. 


14. How do we solve x In3 = In5 for x? 


15. a. Find ae Round to four decimal places. 


b. Find ae -. Round to four decimal places. 
16. Does 3 = log 7 — log 3? 


17. Complete each formula. 


ll 


a. Radioactive decay: A 
b. Population growth: P = ; 

18. Use the graphs to estimate the solution of each equation. 
a 2° =3°°+3 
b. 3 log (x — 1) = 2 logx 


y=3log @=H 


> xX 


3 4 567 8 9 10 


3 2-1 123 4 $ 


NOTATION 


Complete each solution. 
19. Solve: 2° = 7. 


2° = log 7 
x = log7 
log 7 
x= 
log 2 
x — 


20. Solve: log, (2x — 3) = logy (x + 4). 


=xt+4 
x=7 
GUIDED PRACTICE 
Solve each equation. See Example 1. 
21. 6° 7 = 36 22385 S07 
1 1 
23. 5% = —_ 24, goth a 
125 64 
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Solve each equation. See Example 2. 
25, 2% * =8 26. 3° ** = 81 
1 


27. ax tae eaieha 28. ae + 3x Pepin 
81 49 


Solve each equation. Give answers to four decimal places. 
See Example 3. 
29. 4 = 

31. 13% '=2 


30. 7° = 12 

32. 5**' =3 

Solve each equation. Give answers to four decimal places. 
See Example 4. 
33. °°) = 3* 
35457 =a 


34. 6° = F4 

36. 8 = grt! 

Solve each equation. Give answers to four decimal places. 
See Example 5. 


37. = 45 
39. ¢ 97% = 14.2 


Solve each equation. See Example 6. 

41. log 2x = 4 42. log 5x = 4 

43. log; (x — 3) =2 44, log, (2x — 1) =3 
45. log(7 — x) =2 46. log (2 — x) =3 


1 1 
47. log 3x = =2 48. log = = =3 


Solve each equation. See Example 7. 
49. log (3 — 2x) = log (x + 24) 

50. log (3x + 5) = log (2x + 6) 

51. In(3x + 1) = In(x + 7) 

52. In (x* + 4x) = In (x* + 16) 
Solve each equation. See Example 8. 
53. logx + log (x — 48) = 2 

54. logx + log@w + 9) =1 

55. logs (4x — 1) + logsx = 1 

56. logs (x — 7) + log, x = 3 


Solve each equation. See Example 9. 
58. log 11 — logx = 2 
60. log, 5x — log, 3 = 4 


57. log5 — logx = 1 
59. log; 4x — logs 7 = 2 


TRY IT YOURSELF 


Solve each equation. Give approximate solutions to four decimal 
places. 


61. log 2x = log 4 

63. Inx = | 

65. 7” = 10 

67. log (x + 90) + logx = 3 
68. log (x — 90) + logx = 3 


62. log 3x = log9 
64. Inx = 5 
66. 8° = 11 


Exponential and Logarithmic Functions 


69. 
71. 


73. 
75. 


77. 
78. 
79. 


80. 
81. 
82. 
83. 
84. 
85. 


87. 


37" = 81 70. 5*** = 125 
\ 4 72. | ae 
ex +9 ea +8) 
15 = 97! 74, 29 = 5*-® 
logx? = 76. logx® = 3 
5 

log (x — 6) — log (x — 2) = log 
log (3 — 2x) — log(x + 9) = 0 

1 
log; x = log; (2) +4 

x 
logs (7 + x) + logs (8 — x) — logs;2 = 2 
2 logs x = 3 + logs (x — 2) 
2 log; x — log; (x — 4) = 2 + log; 2 
log (7y + 1) = 2 log(y + 3) — log2 
2 log (vy + 2) = log (vy + 2) — log 12 
e=9 86. e* = 60 
log (5x + 6 1 
oe = logx 88. 3 bes (4x + 5) = logx 


] Use a graphing calculator to solve each equation. If an 


answer is not exact, round to the nearest tenth. See Using 
Your Calculator: Solving Exponential Equations Graphically 
or Solving Logarithmic Equations Graphically. 


89, 271 =7 90. 3°"! = 2" 

91. 3-10 =3 * 92. 2°-8=5+2~* 

93. logx + log(x — 15) =2 

94. log x + log (x + 3) =1 

95. In (2x + 5) — In3 = In(x — 1) 

96. 2 log (x? + 4x) = 1 

APPLICATIONS 

97. TRITIUM DECAY The half-life of tritium is 12.4 years. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


How long will it take for 25% of a sample of tritium to 
decompose? 

RADIOACTIVE DECAY In 2 years, 20% of a radioactive 
element decays. Find its half-life. 

THORIUM DECAY An isotope of thorium, written as 
»°7Th, has a half-life of 18.4 days. How long will it take for 
80% of the sample to decompose? 

LEAD DECAY An isotope of lead, written as *°'Pb, has a 
half-life of 8.4 hours. How many hours ago was there 30% 
more of the substance? 

CARBON-14 DATING A bone fragment analyzed by 
archaeologists contains 60% of the carbon-14 that it is 
assumed to have had initially. How old is it? 

CARBON-14 DATING Only 10% of the carbon-14 ina small 
wooden bowl remains. How old is the bowl? 

COMPOUND INTEREST _ If $500 is deposited in an account 
paying 8.5% annual interest, compounded semiannually, how 
long will it take for the account to increase to $800? 
CONTINUOUS COMPOUND INTEREST _ In Exercise 103, 
how long will it take if the interest is compounded 
continuously? 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


COMPOUND INTEREST _ If $1,300 is deposited in a savings 
account paying 9% interest, compounded quarterly, how long 
will it take the account to increase to $2,100? 


COMPOUND INTEREST A sum of $5,000 deposited in an 
account grows to $7,000 in 5 years. Assuming annual com- 
pounding, what interest rate is being paid? 

RULE OF SEVENTY A rule of thumb for finding how long 
it takes an investment to double is called the rule of seventy. 
To apply the rule, divide 70 by the interest rate written as a 
percent. At 5%, an investment takes a = 14 years to double. 
At 7%, it takes 2 = 10 years. Explain why this formula 
works. 


BACTERIAL GROWTH A bacterial culture grows accord- 
ing to the function 


P(t) = Poa’ 


If it takes 5 days for the culture to triple in size, how long will 
it take to double in size? 

RODENT CONTROL The rodent population in a city is 
currently estimated at 30,000. If it is expected to double every 
5 years, when will the population reach | million? 
POPULATION GROWTH _ The population ofa city is 
expected to triple every 15 years. When can the city planners 
expect the present population of 140 persons to double? 
BACTERIA CULTURE A bacteria culture doubles in 

size every 24 hours. By how much will it have increased 

in 36 hours? 

OCEANOGRAPHY The intensity / of a light a distance x 
meters beneath the surface of a lake decreases exponentially. 
Use the illustration to find the depth at which the intensity will 
be 20%. 
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113. NEWTON’S LAW OF COOLING Water initially at 100°C 
is left to cool in a room at temperature 60°C. After 3 minutes, 
the water temperature is 90°. The water temperature T is a 
function of time ¢ given by the following formula. Find k. 


T = 60 + 40e 


114. NEWTON’S LAW OF COOLING Refer to Exercise 113 
and find the time for the water temperature to reach 70°C. 


WRITING 


115. Explain how to solve the equation 2°"! = 31. 
116. Explain how to solve the equation 2°"! = 32. 


117. Write a justification for each step of the solution. 
1sS*=9 This is the equation to solve. 


log 15* = log 9 


x log 15 = log9 


log 9 
x= 
log 15 
118. What is meant by the term half-life? 


REVIEW 
119. Find the length of leg AC. 


12 in. 
V7 in. 


A C 


120. The amount of medicine a patient should take is often 
proportional to his or her weight. If a patient weighing 
83 kilograms needs 150 milligrams of medicine, how much 
will be needed by a person weighing 99.6 kilograms? 


CHALLENGE PROBLEMS 


121. Without solving the following equation, find the values of x 
that cannot be a solution: 


log (x” + 2) = 0 


log (x — 3) 
122. Solve: x'°8* = 10,000 
logy (6x — 8) | , 
logs x 
log (3x — 4) _ 9 
log x 


123. Solve: 


124. Solve: 
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CHAPTER 11. 
Summary & Review — 


DEFINITIONS AND CONCEPTS | EXAMPLES 


Just as it is possible to perform arithmetic operations | Let f(x) = 2x + 1 and g(x) = x°. 
on real numbers, it is possible to perform those oper- 


ations on functions. (f ap g(x) = f(x) + g(x) (f ars g(x) = f@) — gx) 
The sum, difference, product, and quotient elas ee a 
functions are defined as: =x +2x41 =—-x* +241 

Dee lee ae, (F-9) = fe) 09) (/axx) = 

(i leo) = C3) — 1309) 8x) 

(f (x) = fax) Sane = as u 

f@) : 
(f/g)(x) = Bey with g(x) # 0 Se 


Often one quantity is a function of a second quantity | Let f(x) = 4x — 9 and g(x) = x°. Find (f ° g)(2) and (f © g)(x). 
that depends, in turn, on a third quantity. Such chains 


of dependence can be modeled by a composition of (f° g)(2) = f(g(2)) Change to nested parentheses notation. 
functions. = f(8) Evaluate: g(2) = 2° = 8. 
Composition of functions: = 4(8) —9 Evaluate f(8) using f(x) = 4x — 9. 

(f° g)) = fle) = 23 


(f° g)) = f(g@)) = f@*) = 4° - 9 


REVIEW EXERCISES 

Let f(x) = 2x and g(x) = x + 1. Find each function and its 9. Use the graphs of functions f and g to find each of the following. 
domain. a. (f + 2)(2) f 
Wits b. (f+ g)(—4) 

Bee c. (f° g)(4) 

al & d. (g° f)(6) 

4. f/g 

Let f(x) =x? + 2 and g(x) = 2x + 1. Find each of the following. 

2s (7 ORME) 

6. (g° f)(0) 

7. (f° g)@) 

8. (g° DO) . MILEAGE COSTS. The function f(m) = ® gives the number of 


gallons of fuel consumed if a bus travels m miles. The function 
C(f) = 3.25f gives the cost (in dollars) of f gallons of fuel. Write 


a composition function that expresses the cost of the fuel consumed 


as a function of the number of miles driven. 
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DEFINITIONS AND CONCEPTS 


A function is called a one-to-one function if 
different inputs determine different outputs. 


EXAMPLES 


The function f(x) = 3x — 5 is a one-to-one function because different inputs have 
different outputs. 


Since two different inputs, —2 and 2, have the same output 16, the function 
f(x) = x* is not one-to-one. 


Horizontal line test: A function is one-to-one if 
every horizontal line intersects the graph of the 
function at most once. 


The function f(x) = |x + 1| is a not one-to-one 
function because we can draw a horizontal line 
that intersects its graph twice. 


if 
Wye 


fay=tn—tl 


> 
5 -4 -3 2 -1 1 ie Tas ee Sy 


To find the inverse of a function, replace f(x) with 
y, interchange the variables x and y, solve for y, and 
replace y with f  '(x). 


To find the inverse of the one-to-one function f(x) = 2x + 1, we proceed as 
follows: 


fx) = x +1 
y=2x+1_ Replace f(x) with y. 


x=2y+1 Interchange the variables x and y. 


ell 
5 >y Solve for y. 


el 
(2) = a Replace y with f _'(x). 


Ifa point (a, b) is on the graph of function f, it 
follows that the point (4, a) is on the graph of f ', 
and vice versa. 


The graph of a function and its inverse are 
symmetric about the line y = x. 


The graphs of f(x) = 2x + 1 and 


ly) = X= are symmetric about 
2 WP 


the line y = x as shown in the 
illustration. 


. et . — i 
For any one-to-one function f and its inverse, f , 


C2 i VO and GG) x 


ional 


The composition of f(x) = 2x + 1 and its inverse f '(x) = 7 1s the identity 
function f(x) = x. 


- -1 
gos @ = s0-@) = (ASF) = 255 jet x-1l+1=x 


all —] =i 2xecp It = Il 2x 
Go Me) = 7 UO) = 7 Ge i) = 5 oe 
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REVIEW EXERCISES 


In Exercises 11-16, determine whether the function is one-to-one. 18. Given the graph of function 
Vl. f(@~) =x? +3 f, graph f_' on the same 

1 coordinate axes. Label the 
12. f) = a 8 axis of symmetry. 
13. {(3, 4), (5, 10), (10, — 1), (6, 6)} 
14. 


Find the inverse of each function. 
19. f(x) = 6x — 3 


20. f(x) = Bae 


= Il 


21. f(x) = (« + 2) 


Xs 1 
22. f(x) ==- > 
f(x) BeaG 
23. Find the inverse of f(x) = Wx — 1. Then graph the function and 
its inverse on one coordinate system. Show the axis of symmetry on 
the graph. 


17. Use the table of values of the one-to-one function f to complete a 
table of values for f '. 


io) . Use composition to show that f(x) = 5 — 4x and 


iO] 4 > are inverse functions. 


DEFINITIONS AND CONCEPTS EXAMPLES 


An exponential function with base b is defined by The graphs of f(x) = 2* and g(x) = Gy are shown below. 
the equation 


fx) =, withhb>0,b41 y 


Properties of an exponential function f(x) = b*: 
The domain is the interval (—%, ~). B(x) = (Cy fe)=2 
The range is the interval (0, ©). 

Its graph has a y-intercept of (0, 1). 


The x-axis is an asymptote of its graph. 


The graph passes through the point (1, 5). = i 


If b > 1, then f(x) = 5” is an increasing function. 


be, ; Since the base 2 is greater than 1, the function f(x) = 2° is an increasing 
If0 <b < 1, then f(x) = 5” is a decreasing ranetionk 


function. ; 1. 1 : ine ; 
Since the base 5 is such that 0 < 5 < 1, the function g(x) = (3) is a decreasing 


function. 
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DEFINITIONS AND CONCEPTS 


Exponential functions are used to model many 
situations, such as population growth, the spread 
of an epidemic, the temperature of a heated object 
as it cools, and radioactive decay. 


If $15,000 is deposited in an account paying an annual interest rate of 7.5%, 
compounded monthly, how much will be in the account in 60 years? 


: or)" To write the formula in function 


205 15,000(1 ap notation, substitute for P, r, and k. 
Exponential functions are suitable models for 0.075 \ 1206) 
describing compound interest: A(60) = 15,000(1 st oar Substitute 60 for t. 
If $P is the deposit, and interest is paid k times a 0.075\72° 
year at an annual rate 7, the amount A in the account = 15,000(1 ar oa 
after ¢ years is given by 
= 1,331,479.52 Use a calculator. 


In 60 years, the account will contain $1,331,479.52. 


r\** 
A=Pi1+-— 
aa 


REVIEW EXERCISES 

Use properties of exponents to simplify each expression. 33. COMPOUND INTEREST How much will $10,500 become if it 
AN earns 9% annual interest, compounded quarterly, for 60 years? 

25. 5V6. 53V6 26. Qe o Pp qi y: MA 


Graph each function and give the domain and the range. Label . DEPRECIATION | The value (in dollars) of a certain model car is 

the y-intercept. given by the function (¢) = 12,000(10~°'5*), where ¢ is the 

27. f(x) = 3* number of years from the present. Find the value of the car in 5 
years. 


28. f(x) = (3) 
29. f(x) = (3) -—2 
0, fe)= so" 


31. In Exercise 30, what is the asymptote of the graph of f(x) = 3* |? 


32. COAL PRODUCTION The table gives the number of tons of coal 


produced in the United States for the years 1800-1920. Graph the 
data. What type of function does it appear could be used to model 
coal production over this period? 


Year Tons Tons 
1800 108,000 40,429,000 
1810 178,000 79,407,000 
1820 881,000 157,771,000 
1830 | 1,334,000 269,684,000 
1840 | 2,474,000 501,596,000 
1850 | 8,356,000 658,265,000 
20,041,000 


: World Book Encyclopedia 
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DEFINITIONS AND CONCEPTS 


Exponential and Logarithmic Functions 


Of all possible bases for an exponential function, e is 
the most convenient for problems involving growth 
or decay. 


e = 2.718281828459 ... 


The function defined by f(x) = &€ is the natural 
exponential function. 


Exponential growth/decay: If a quantity increases 
or decreases at an annual rate r, compounded 
continuously, the amount 4 after ¢ years is given by 


Al = TREY 


Ifr is negative, the amount decreases. 


REVIEW EXERCISES 


Graph each function, and give the domain and the range. 


ci TCD) = @ ar II 
36. f(x) =e"? 


37. INTEREST COMPOUNDED CONTINUOUSLY | If $10,500 
accumulates interest at an annual rate of 9%, compounded 


continuously, how much will be in the account in 60 years? 


. THE GRAND CANYON STATE In 2006, Arizona ended 
Nevada’s 19-year reign as the nation’s fastest growing state. The 
population of Arizona at the time was 6,166,318 with an annual 
growth rate of 3.6%. Predict the population of Arizona in 2016, 


assuming the growth rate remains the same. 


From the graph, we see that the domain of the 
natural exponential function is (—™, ) and the 
range is (0, ©). 


The x-axis is an 
asymptote of 
the graph. 


If $30,000 accumulates interest at an annual rate of 9%, compounded 
continuously, find the amount in the account after 25 years. 


Al Sieg This is the formula for continuous compound interest. 
= 30,000e"""?> Substitute 30,000 for P, 0.09 for r, and 25 for t. 
= 30,000e*7° 
= 284,632.08 Use a calculator. 


In 30 years, the account will contain $284,632.08. 


Suppose the population of a city of 50,000 people is decreasing exponentially 
according to the function P(t) = 50,000e °°", where t is measured in years from 
the present date. Find the expected population of the city in 20 years. 


P(t) = 50,0002 °°" Since r is negative, this is the 


exponential decay model. 


P(20) = 50,000e~°° 2 — Substituite 20 for t. 
= 50,000e °° 
= 47,088 Use a calculator. 


After 20 years, the expected population will be about 47,088 people. 


39. MORTGAGE RATES _ There was the housing boom in the 1980s 
as the baby boomers (those born from 1946-1964) bought their 
homes. The average annual interest rate in percent on a 30-year 
fixed-rate home mortgage for the years 1980-1996 can be approxi- 
mated by the function r(t) = 13.9e~ °°", where ¢ is the number of 
years since 1980. To the nearest hundredth of a percent, what does 
this model predict was the 30-year fixed rate in 1980? In 1985? In 
1990? 

. MEDICAL TESTS A radioactive dye is injected into a patient as 
part of a test to detect heart disease. The amount of dye remaining 
in his bloodstream ¢ hours after the injection is given by the func- 
tion f(f) = 10e-°?”. How can you determine from the function 
that the amount of dye in the bloodstream is decreasing? 


DEFINITIONS AND CONCEPTS 
Definition of logarithm: 
If b > 0, b # 1, and x is positive, then 


y =log,x means x =b” 


CHAPTER 11 Summary and Review 


EXAMPLES 


Logarithmic form Exponential form 


logs 125 =3 isequivalentto 5° = 125 


1 = al 
logs ¢ = -3 isequivalentto 2° = 5 


log, x is the exponent to which b is raised to get x. 


To evaluate log, 16 we ask: “To what power must we raise 4 to get 16?” 


Since 47 = 16, the answer is: the 2nd power. Thus, 


log, 16 = 2 
For computational purposes and in many applica- \ | eeers ar 1073 = 1 
tions, we use base-10 logarithms, called common o8 1,000 — ai ~ 1,000 
logarithms. 
logx means logjox 
Ifb > Oand bd # 1, the logarithmic function with The graph of the logarithmic function f(x) = log x. y 


base b is defined by f(x) = log, x. The domain is 
(0, ©) and the range is (—™, ©). 


Ifb > 1, then f(x) = log, x is an increasing function. 


If0 <b < 1, then f(x) = log, x is a decreasing 
function. 


The exponential function f(x) = b* and the 
logarithmic function f(x) = log; x are inverses 
of each other. 


(x) = logs x 


From the graph, we see that f(x) = log» x is an 
increasing function. 


f(x) = 3* and f '(x) = log; x are inverses 


: : fix) =3" y 
of each other. Their graphs are symmetric 4 
about the line y = x. )@ 
7 
7 
0,1) 77 f"(@) = log; x 
“| 
B 7 |f a9 
y= x7 
Ki 
¢ 
V4 


Logarithmic functions, like exponential functions, 
can be used to model certain types of growth and 
decay. 


Decibel voltage gain: 
E 
db gain = 20 log —@ 
E; 
The Richter scale: 


A 
R= logs 


If the input to an amplifier is 0.4 volt and the output is 30 volts, find the decibel 
voltage gain. 


E 
db gain = 20 log —% 


E, 

30 
= 20 ead Substitute 30 for Ep and O.4 for E,. 
= 37.50122527 Use a calculator. 


The db gain is about 38 decibels. 


1073 
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REVIEW EXERCISES 
41. Give the domain and range of f(x) = log x. 


Use a calculator to find the value of x to four decimal places. 
57. log 4.51 =x 58. log x = 1.43 


42. Explain why a student got the following message when she used a 


calculator to evaluate log 0. 


Error 


43. Write the statement log, 64 = 3 in exponential form. 
44, Write the statement 7 ' = 5 in logarithmic form. 
Evaluate, if possible. 

45. log; 9 b logsg 

47. logij2 1 . logs (—25) 


49. logs V6 . log 1,000 


Solve for x. 

51. logy x = 5 . logs x = —4 
53. log, 16 = 2 . loge ty = -2 
55. logy 3 = x . logo73 =x 


DEFINITIONS AND CONCEPTS 


Of all possible bases for a logarithmic function, e 
is the most convenient for problems involving 
growth or decay. Since these situations occur often 
in natural settings, base-e logarithms are called 
natural logarithms: 


Inx means log.x 


Graph each function and its inverse on the same coordinate 
system. Draw the axis of symmetry. 


59. f(x) =logyx and g(x) =4 
60. f(x) =logy3x and g(x) = (3) 


Graph each function. Label the x-intercept. 


61. f(x) = log (x — 2) 

62. f(x) = 3 + logx 

63. ELECTRICAL ENGINEERING Find the db gain of an amplifier 
with an output of 18 volts and an input of 0.04 volt. 


64. EARTHQUAKES An earthquake had a period of 0.3 second and 
an amplitude of 7,500 micrometers. Find its measure on the Richter 
scale. 


EXAMPLES 


In5.7. means log, 5.7 


In x is the exponent to which e is raised to get x. 


1 ee : lo» 
To evaluate In % we ask: “To what power must we raise e to get 7? 


Since e * = 5 the answer is: the —4th power. Thus, 


1 
In—= = -—4 
eo 
The natural logarithmic function with base e is The graph of the natural logarithmic function y 
defined by 
f(x) = Inx 
fQ@) =Inx : 
From the graph, we see that f(x) = Inx is 
The domain is the interval (0, ©) and the range is the | an increasing function. The y-axis 


interval (—%, ©). 


is an 
asymptote 
of the graph. 
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DEFINITIONS AND CONCEPTS EXAMPLES 


The natural exponential function f(x) = e* and The graphs are symmetric about the line y = x. 


the natural logarithmic function f'(x) = Inx 
are inverses of each other. 


If a population grows exponentially at a certain The population of a town is growing at a rate of 3% per year. If this rate continues, 
annual rate r, the time required for the population to | how long will it take the population to double? 
double is called the doubling time. It is given by the 


fornauila: We substitute 0.03 for r and use a calculator to perform the computation. 


In2 In2 
In2 Pahl 2 
p= — 2 0.03 3.1049060: 


The population will double in about 23.1 years. 


REVIEW EXERCISES 


Evaluate each expression, if possible. Do not use a calculator. Graph each function. 
65. Ine 66. Ine” 79. f(x) = 1+ Inx 80. f(x) = In(x +1) 


1 
67. In7s 68. In Ve 81. POPULATION GROWTH How long will it take the population 
69. In (—e) 70. In0 of Mexico to double if the growth rate is currently about 1.153%? 
71. In 72. Ine’ 


Use a calculator to evaluate each expression. Express all answers eee MOUNT poe URS) OE SCHEME eECsE 
to four decimal places. mated by the function H(a) = 13 + 20.03 In a, where a is its age 


in years. How tall will it be when it is 19 years old? 
73. In 452 74. In 0.85 


Solve each equation. Express all answers to four decimal places. 
75. Inx = 2.336 76. Inx = —8.8 


77. Explain the difference between the functions f(x) = log x and 
g(x) = Inx. 


78. What function is the inverse of f(x) = In x? 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


Properties of logarithms: If /, N, and b are 
positive real numbers, b # 1 


1. log, 1 = 0 2. log, b = 1 
3° log, & =x 4, pe* = x 


5. Product rule for logarithms: 
log, MN = log, M + log, N 
6. Quotient rule for logarithms: 
log, = log, M — log, N 
7. Power rule for logarithms: 


log, M? = p log, M 


Apply a property of logarithms and then simplify, if possible. 


1. log, 1 = 0 2. log, 7 = 1 
3. log, 5° = 3 4, 9'0810 _ 19 
5. log>(6 - 8) = log»6 + log.’ 

= log.6 + 3 


8 
6. logs A = log, 8 — log, 6 
= 3 — log, 6 
7. log, 7° = 3 log, 7 


Properties of logarithms can be used to expand 
logarithmic expressions. 


Write log, (x°y*) as the sum and/or difference of logarithms of a single quantity. 


log; (x’y°) = log; xt log; y The log of a product is the sum of the logs. 


= 2log3;x + 3log;y The log of a power is the power times the log. 


Properties of logarithms can be used to condense 
certain logarithmic expressions. 


Write 3 Inx — 5 Iny as a single logarithm. 


1 
3 Inx i Inx* — Iny'? 


A power times a log is the log of the power. 
x The difference of two logs is the log of the 
yi? quotient. 

3 


ries 
ee eie 
Vy 


Write y’ 2 as Vy. 


If we need to find a logarithm with some base other 
than 10 or e, we can use a conversion formula. 


Change-of-base formula: 


Find log76 to four decimal places. 


| 
08% _ 9920782221 
0: 


il = —2_ 
CeO cag 


To four decimal places, log, 6 = 0.9208. To check, verify that 7°°?°* is 
approximately 6. 


In chemistry, common logarithms are used to express 
the acidity of solutions. 


pH scale: 
pH = —log[H*] 


Find the pH of a liquid with a hydrogen ion concentration of 10 * gram-ions per 
liter. 


pH = —log [H"] 
= —log 10° Substitute 107° for [H*]. 
= —(—8)log 10 The log of a power is the power times the log. 


=8 Simplify: log 10 = 1. 
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REVIEW EXERCISES 


Simplify each expression. Write each logarithmic expression as one logarithm. 


83. log, | 84. logs 9 93. 3 log, x — 5 log, y + 7 logs z 


3 log, 4 
oT Ser 94, —3 log, y — 7 log,z + 5 log, (x + 2) 


Write each logarithm as the sum and/or difference of logarithms 
of a single quantity. Then simplify, if possible. 
87. log; 27x 


88. log 


Assume that log, 5 = 1.1609 and log, 8 = 1.5000 and find each 
value to four decimal places. 


95. log, 40 96. log, 64 


97. Find log; 17 to four decimal places. 
89. logs V27 98. pH OF GRAPEFRUIT The pH of grapefruit juice is about 


90. log, 10ab 3.1. Find its hydrogen ion concentration. 


Write each logarithm as the sum and/or difference of logarithms 
of a single quantity. 


91. ye 


92. In\/5 


Al 


DEFINITIONS AND CONCEPTS EXAMPLES 


An exponential equation contains a variable in one 
of its exponents. 


Solve: 4° = 27 
lf both sides of an exponential equationican|be We express the right side of the equation as a power of 3. 
expressed as a power of the same base, we can use 3**2 — 33 Write 27 a5 3°. 


the following property to solve it: 
E PEODsty Sea 2), = 3B} If two exponential expressions with the same 


b= b’ isequivalentto x=y base are equal, their exponents are equal. 
x=1 


The solution is 1. Check it in the original equation. 


When it is difficult to write each side of an exponen- | Solve 4° = 7 and give the answer to four decimal places. 
tial equation as a power of the same base, take the 


logarithm of each side. We take the base-10 logarithm of both sides of the equation. 


log 4 = log 7 
x log 4 = log7 The log of a power is the power times the log. 
log 7 A 
n= To isolate x, divide both sides by log 4. 
log 4 


x = 1.4037 Use a calculator. 


To four decimal places, the solution is 1.4037. To check the approximate solution, 
we substitute 1.4037 for x in 4° = 7 and use a calculator to evaluate the left side. 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


A logarithmic equation is an equation containing a 
variable in a logarithmic expression. 


Certain logarithmic equations can be solved using 
the following property: 


log,x = log,y isequivalentto x =y 


Solve: log(4x — 3) = log(2x + 7) 
log(4x — 3) = log(2x + 7) 


Alig — 3) = Dear If the logarithms of two numbers are equal, 
the numbers are equal. 


The solution is 5. Check it in the original equation. 


To solve some logarithmic equations, we instead 
write and solve an equivalent exponential equation. 


Solve: logy(x + 1) = 2 


We will write the equivalent base-4 exponential equation. 


logy + 1) = 2 
xt1=4 
x+1=16 

x= 15 


The solution is 15. Check it in the original equation. 


When there is sufficient food and space available, 
populations of living organisms tend to increase 
exponentially according to the following growth 
model. 


Population growth 


P= Pye 


REVIEW EXERCISES 


Find the number of bacteria in a culture of 1,000 bacteria if are they are allowed to 


reproduce for 5 hours. Assume k = 2, 


= lye This is the population growth model. 
In3 
=1,000e3 ° Substitute. 


= 6,240 Use a calculator. 


In 5 hours, there will be approximately 6,240 bacteria. 


Solve each equation. Give approximate answers to four decimal 114. CARBON-14 DATING _ A wooden statue found in Egypt has a 


places. 

99.5772 = 95 10052 
Wik 3 =F 1022 — oe 
Ki, 2 =7 1, oO = 25 


Solve each equation. 

105. log (x — 4) = 2 106. In (2x — 3) = In 15 
107. log x + log (29 — x) =2 

108. logs x + logs (x — 2) = 3 


logit 2 
(Cee 


110. logs (x + 2) + logy (x — 1) =2 

111. log x + log (x — 5) = log 6 

112. log 3 — log(x — 1) = -1 

113. Evaluate both sides of the statement eas # log 8 — 


to show that the sides are indeed not equal. 


carbon-14 content that is two-thirds of that found in living wood. 
If the half-life of carbon-14 is 5,700 years, how old is the statue? 


. ANTS The number of ants in a colony is estimated to be 800. 
If the ant population is expected to triple every 14 days, how 
long will it take for the population to reach one million? 


. The approximate coordinates of the points of intersection of the 
graphs of f(x) = log x and g(x) = 1 — log (7 — x) are shown in 
parts (a) and (b) of the illustration. Use the graphs to estimate the 
solutions of the logarithmic equation log x = 1 — log (7 — x). 
Then check your answers. 


log 15 


ntersection 
=5 £ =.6589? 


Ve=i-lodt?-H | 
I 
tH 


¥=.30103 
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CHAPTER 11 
Test 


1. Fill in the blanks. Determine whether each function is one-to-one. 
a. A function is denoted by f ° g. 9. f(x) =x 10. 
b. f(x) = & is the exponential function. 
c. In compound interest, the number of compound- 
ings is infinitely large. 
d. The functions f(x) = logy ox and f(x) = 10° are 
functions. 
e. f(x) = logyx isa_________ function. 
2. Write out in words how to say each of the following: 
Eb OR 
b. g(f(8)) 


11. Find the inverse of f(x) = -ix and then graph f and its inverse 


Let f(x) =x + 9 and g(x) = 4x7 — 3x + 2. Find each function on the same coordinate axes. 


and give its domain. 


Bh Uf ar ig 12. Find the inverse of f(x) = (x — 15). 
4. s/f 13. Use composition to show that f(x) = 4x + 4 and f(x) = 134 
Let f(x) = 2x” + 3 and g(x) = 4x — 8. Find each composition. are inverse functions. 
5. (g° f\( — 3) 14. aoe the es eds the function f. 
6. (f° 2x) a. Is f een One Aaa 
; b. Is its inverse a function? 
Use the tables of values for functions f and g to find each of the ¢. What is f 1260)? What information does it give? 
following. 
7. a. (f° g\9 
Cee x | fe) x | ee) 
‘ : 2 | = =3 || 10 Relationship Between Car Speed and Tire Temperature 
1 || iy 9| 16 y 
F 310 
8. Refer to the graphs of functions f and g to find each of the a 
following. = 
5 290 
= £ 
a 
§ 270 
3 
& 250 
‘3 
= 
230 
“yp -s 
50 60 70 80 90 100 
Speed (mph) 
Graph each function and give the domain and the range. 
a. (¢/f)(—4) 15. f@=2 41 16. f0)=37 
b. (f° g)(1) 
c. (f + g)(2) 17. RADIOACTIVE DECAY _ A radioactive material decays 
d. (f+ g)(0) according to the formula 4 = 4,(2) ‘. How much of a 3-gram 
e. (¢ — f)Q) sample will be left in 6 years? 


18. COMPOUND INTEREST An initial deposit of $1,000 earns 
6% interest, compounded twice a year. How much will be in 
the account in one year? 
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19. Graph f(x) = e. Label the y-intercept and the asymptote of the 38. Use the change-of-base formula to find log 3 to four decimal 


graph. 


places. 


20. POPULATION GROWTH As of July 2007, the population of 39. Write the expression log, a*bc* as the sum and/or difference of 
India was estimated to be 1,129,866,154, with an annual growth logarithms of a single quantity. Then simplify, if possible. 
rate of 1.606%. If the growth rate remains the same, how large 


will the population be in 30 years? 


21. Write the statement log, = SS) 


22. a. What are the domain and range 


40. Write the expression Sin (a + 2) + Inb — 3 Inc asa logarithm 
in exponential form. orasingle quantity: 


Oi tie fancHOn Solve each equation. Give approximate answers to four decimal 


f(x) = log x? P lanes ES 
b. What is the inverse of f(x) = log x? 41. 5 = 3 42, 3) 0 = 27 
43. In (Sx + 2) = In(2x + 5) 44. logx + log(@v — 9) = 1 
Evaluate each logarithmic expression, if possible. ‘ : 1 
4 45. The illustration shows the graphs of y = 5In (x — 1) and 
23. logs 25 24. logs g7 y = In2 and the approximate coordinates of their point of 
25. log (— 100) 26. Ind intersection. Estimate the solution of the logarithmic equation 
27. log, 2 28. log)/3 1 Sin (x — 1) = In2. Then check the result. 
Solve for x. 
29. log, 32 =5 30. loggx = 3 
31. log3x = —3 32. Inx = 
Graph each function. 
33. f(x) = —log; x 34. f(x) = Inx HOE TSSHON  easauraa 


35. CHEMISTRY pH Find the pH ofa solution with a hydrogen 


ion concentration of 3.7 < 10 7. (Hint: pH = —log [H *].) 


36. ELECTRONICS _ Find the db gain of an amplifier when 
Eg = 60 volts and E, = 0.3 volt. Hint: db gain = 20 log 72. 


46. INSECTS The number of insects attracted to a bright light is 
currently 5. If the number is expected to quadruple every 6 
minutes, how long will it take for the number to reach 500? 


37. Use a calculator to find x to four decimal 


places: log x = —1.06 


GROUPPROJECT 


THE NUMBER e 


Overview: \n this activity, you will use a calculator to find progressively more accurate 
approximations of e. 


Instructions: Form groups of two students. Each student will need a scientific calculator. 


Begin by finding an approximation of e using the |e*| key on your calculator. Copy the table shown 
on the next page, and write the number displayed on the calculator screen at the top of the table. 


The value of e can be calculated to any degree of accuracy by adding the terms of the following 
pattern: 
] ] ] 


1 
e=1+1+—4 paar 
D2 223 Po324 2232425 


The more terms that are added, the closer the sum will be to e. 
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You are to add as many terms as necessary until you obtain a sum that matches the value of e 
given by the key on your calculator. Work together as a team. One member of the group 
should compute the fractional form of the term to be added. (See the middle column of the 
table.) The other member should take that information and calculate the cumulative sum. (See 
the right column of the table.) 


x 


How many terms must be added so that the cumulative sum approximation and the |e"| key 
approximation match in each decimal place? 


Approximation of e found using the[e’] key: ¢ ~ 


Number of terms Term Cumulative sum 
in the sum (Expressed as a fraction) | (An approximation of e) 
1 1 1 
2) il 2, 
3 5 25 
4 eas? 2.666666667 
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from Campus to Careers 
Fashion Designer 


Fashion designers help create the billions of clothing articles, shoes, and acces- 
sories purchased every year by consumers. Fashion design relies heavily on math- a br 
ematical skills, including knowledge of lines, angles, curves, and measurement. 7 Our G6 "dustry 'de train; 

Designers also use mathematics in the manufacturing and marketing parts of “ & 
he industry as they calculate labor costs and determine the markups and mark- 
downs involved in retail pricing. 


n Problem 11 of Study Set 12.3 we will examine the production side of ee FAR yy 290 rep 
fashion design as we determine the number of coats, shirts, and slacks that edo, Cs: 
can be made with the available labor. 
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Study Skills Workshop 
Preparing for a Final Exam 


Fr exams can be stressful for many students because the number of topics to study can 
seem overwhelming. Here are some suggestions to help reduce the stress and prepare you 
for the test. 


GET ORGANIZED: Gather all of your notes, study sheets, homework assignments, and especially 
all of your returned tests to review. 


TALK WITH YOUR INSTRUCTOR: Ask your instructor to list the topics that may appear on the 
final and those that won't be covered. 


MANAGE YOURTIME: Adjust your daily schedule 1 week before the final so that it includes 
extended periods of study time. 


Now Try This 


1. Review your old tests. Make a list of the test problems that you are still unsure about 
and see a tutor or your instructor to get help. 

2. Make a practice final exam that includes one or more of each type of problem that 
may appear on the test. 

3. Make a detailed study plan. Determine when, where, and what you will study each day 
for 1 week before the final. 


Objectives 


Determine whether an ordered pair is a solution of a system. 


Solve systems of linear equations by graphing. 


Use graphing to identify inconsistent systems and dependent 
equations. 


Solve systems of linear equations by substitution. 


Solve systems of linear equation by the elimination (addition) 
method. 


Use substitution and elimination to identify inconsistent systems 
and dependent equations. 


© 08 O00 


Solve problems using systems of equations. 


~) 


In this section, we will review graphical and algebraic methods for solving systems of two 
linear equations in two variables. 


oO 


The Language of Algebra 
A system of equations is two 

(or more) equations that are 
considered simultaneously—at the 
same time. On June 3, 2007, in 
Kansas City, more than 1,680 
guitarists set a Guinness World 
record for the most people playing 
the same song simultaneously. The 
song was Deep Purple’s Smoke on 
the Water. 
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Determine Whether an Ordered Pair Is a Solution of a System. 


When two equations with the same variables are considered simultaneously (at the same 
time), we say that they form a system of equations. We will use a left brace { when writing a 
system of equations. An example is 


2x + 5y = -1 
4 Read as “the system of equations 2x + 5y = —1 and x — y= —4.” 
y= 


A solution of a system of equations in two variables is an ordered pair that satisfies both 
equations of the system. 


EXAMPLE 1 j Determine whether (—3, 1) is a solution of each system of 
2x + 5y = -1 2 ete 


equations. a. { 
x-y=-4 


y = 3x 
Strategy We will substitute the x- and y-coordinates of (—3, 1) for the corresponding 
variables in both equations of the system. 


Why If both equations are satisfied (made true) by the x- and y-coordinates, the ordered 
pair is a solution of the system. 


Solution 
a. To determine whether (—3, 1) is a solution, we substitute —3 for x and | for y in each 
equation. 


Check: 2x + 5y = —1_ First equation. x — y= —4 Second equation. 
2(-3) + 5(1) = -1 -3-14-4 
645+ =1 —4=—-4 True 
—-1=-1 _ True 
Since (—3, 1) satisfies both equations, it is a solution of the system. 
b. Again, we substitute —3 for x and 1 for y in each equation. 
Check: 5y=2-x First equation. y = 3x Second equation. 
5(1) = 2 - (-3) 1 = 3(-3) 
52243 1=-9 False 
5=5 True 


Although (—3, 1) satisfies the first equation, it does not satisfy the second. Because it 
does not satisfy both equations, (—3, 1) is not a solution of the system. 


— 2) — 10 
a Self Check 1 | Determine whether (6, —2) is a solution of { z ca a) 
Y= 3 = 


Now Try Problem 13 


Solve Systems of Linear Equations by Graphing. 


To solve a system of two linear equations in two variables by graphing, we use the following 
steps. 
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The Graphing 
Method 


1. Graph each equation on the same rectangular coordinate system. 


2. Determine the coordinates of the point of intersection of the graphs. 
That ordered pair is the solution of the system. 


3. If the graphs have no point in common, the system has no solution. 


4. Check the proposed solution in each equation of the original system. 


When a system of equations (as in Example 2) has at least one solution, the system is 
called a consistent system. 


+2y=4 
EXAMPLE 2 i Solve the system by graphing: {5 : 3 
zy x y = 


Strategy We will graph both equations on the same coordinate system. 


Why The graph of a linear equation is a picture of its solutions. If both equations are 
graphed on the same coordinate system, we can see whether they have any common 
solutions. 


Solution We graph both equations as shown in the figure. 


y 
A 
x+2y=4 2x —y =3 The point of 
intersection 
x || Ge») Xie le (x, y) gives the 
4/0] (4,0) 3 3 solution of 
2 0 ( ? 0) the system. 
0/2] (0,2) 
29/4.) (2,3) | a 
: THY] 5 | C1 5) 35 4 3 2 4 ? 


Use the intercept method to graph each line. Let 
y = Oand find x. Let x = O and find y. Finda 
third point on the line by selecting a convenient 
value of x and finding y. 


Success Tip 
When determining the coordi- 
nates of a point of intersection 
from a graph, realize that they are 
simply estimates. Only after 
algebraically checking a proposed 
solution can we be assured that it 
is an actual solution. 


Although infinitely many ordered pairs (x, y) satisfy x + 2y = 4, and infinitely many 
ordered pairs (x, y) satisfy 2x — y = 3, only the coordinates of the point where the graphs 
intersect satisfy both equations. From the graph, it appears that the intersection point has 
coordinates (2, 1). To verify that it is the solution, we substitute 2 for x and 1 for y in both 
equations and verify that (2, 1) satisfies each one. 


Check: x+2y=4 _ First equation. 2x —y =3 Second equation. 
2+20)24 22) -1 43 
24224 4-143 
4=4 True 3 =3 True 


Since (2, 1) makes both equations true, it is the solution of the system. The solution set 


is {(2, 1)}. 
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— 3y = -5 
a Self Check 2 j Solve the system by graphing: e i : : 
X Ve 


Now Try Problem 19 


3) Use Graphing to Identify Inconsistent Systems and Dependent Equations. 


Success Tip 
Since accuracy is crucial when 
using the graphing method to 
solve a system: 
¢ Use graph paper. 
¢ Usea sharp pencil. 
« Usea straight-edge. 


Caution 
A common error is to graph the 
parallel lines, but forget to answer 
with the words “No solution.” 


When a system has no solution (as in Example 3), it is called an inconsistent system. 


2x + 3y = 6 


EXAMPLE 3 
. 4x + 6y = 24 


Solve the system by graphing, if possible: { 


Strategy We will graph each equation on one set of coordinate axes and hope to deter- 
mine the intersection point. 


Why If there is one, the coordinates of the intersection point will be the solution of the 
system. 


Solution Using the intercept method, we graph both equations, as shown below. 


2x + 3y = 6 4x + 6y = 24 
x |y| @&y) x |y| &,y) 
3/0] (@,0) 6/0] (6,0) 
0|2| (0,2) 0/4] (0,4) 
—3|4|(-3,4) —3 | 6 | (-3, 6) 


Parallel lines—no solution 


In this example, the graphs are parallel because the slopes of the lines are equal and they 
have different y-intercepts. We can see that the slope of each line is -} by writing each 


equation in slope-intercept form. 


2x + 3y = 4x + 6y = 24 
3y = —2x + 6 6y = —4x + 24 
a ee yaceped 

3 3 


Because the lines are parallel, there is no point of intersection. Such a system has no solution 
and it is called an inconsistent system. The solution set is the empty set, which is written ©. 


‘ 3yi— 24 — 6 
a Self Check 3 j Solve the system by graphing, if possible: rs A 
x — 3y = 


Now Try Problem 23 
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Graph by using the slope Graph by using the 
and y-intercept. intercept method. 
1 
ae yl 2x + 8 = 4y 
1 x |y| @,y) 
= b=2 —41 0 | (-4, 0) 
0|2] (0,2) 
1 : 2:|3 2,3 
Slope = > y-intercept: (0, 2) @:3) 
The same line — infinitely many solutions 
The graphs appear to be identical. We can verify this by writing the second equation in 
The Language of Algebra eis ee . : 


Here the graphs of the lines 
coincide. That is, they occupy the 
same location. To illustrate this 
concept, think of a clock. At noon 
and midnight, the hands of the 
clock coincide. 


When the equations of a system have different graphs (as in Examples 2 and 3), the equa- 
tions are called independent equations. Two equations with the same graph are called 
dependent equations. 


1 
=-x+2 
EXAMPLE 4 ] Solve the system by graphing: aa: 
; 2x + 8 = 4y 
Strategy We will graph both equations on the same coordinate system. 


Why If both equations are graphed on the same coordinate system, we can see whether 
they have any common solutions. 


Solution We graph each equation on one set of coordinate axes, as shown below. 


slope—intercept form and observing that it is the same as the first equation. 


1 
y= a +2 First equation. 2x + 8 =4y — Second equation. 
2x 8 4y 
— + — = — _ Divide both sides by 4. 
4 4 4 
+, 4+2= 
hi - 


We see that the equations of the system are equivalent. Because they are different forms 
of the same equation, they are called dependent equations. 

Since the graphs are the same line, they have infinitely many points in common. The 
coordinates of each of those points satisfy both equations of the system. In cases like this, we 
say that there are infinitely many solutions. The solution set can be written using set-builder 
notation as 


1 
“« . 1 ” 
{te y) ly = a ot 2} Read as, “the set of all ordered pairs (x, y), such that y = 5x + 2. 


We can also express the solution set using the second equation of the system in the set- 
builder notation: {(x, y)| 2x + 8 = 4y}. 

Some instructors prefer that the set-builder notation use an equation in standard form 
with coefficients that are integers having no common factor other than 1. Such an equation 


that is equivalent to y = 5x +2 and 2x + 8 = 4y is x — 2y = —4. The set-builder nota- 


tion solution for this example could, therefore, be written as {(x, y)|x — 2y = —4}. 


Solving a System 
of Equations by 
the Graphing 
Method 
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From the graph, it appears that three of the infinitely many solutions are (—4, 0), (0, 2), 
and (2, 3). Check each of them to verify that both equations of the system are satisfied. 


2x -y=4 
a Self Check 4 | Solve the system by graphing: { ‘J ss A 
y=2x- 


Now Try Problem 25 


We now summarize the possibilities that can occur when two linear equations, each in 
two variables, are graphed. 


y If the lines are different and intersect, the equations are independent, and the 
system is consistent. One solution exists. It is the point of intersection. 


y If the lines are different and parallel, the equations are independent, and the 
system is inconsistent. No solution exists. 


y If the lines coincide, the equations are dependent, and the system is 
consistent. Infinitely many solutions exist. Any point on the line is a 
solution. 


x 


If each equation in one system is equivalent to a corresponding equation in another 
system, the systems are called equivalent. 


3 5 

SET VRS 
EXAM PLE 5 j Solve the system by graphing: 

x + 3y =4 


Strategy We will use the multiplication property of equality to clear both equations of 
fractions and solve the resulting equivalent system by graphing. 


Why It is usually easier to solve systems that do not contain fractions. 
Solution We multiply both sides of 3x -y= 2 by 2 to eliminate the fractions and 


obtain the equation 3x — 2y = 5. We multiply both sides of x + sy = 4 by 2 to elimi- 


nate the fraction and obtain the equation 2x + y = 8. 


The original system An equivalent system 
3 5 Multiply by 2 3 5 Simplify 
eas ig ee ——» 9{ —,~-— = 3 = |) ee —2y= 
a y 5 (3: y) () 3x y=5 
1 1 
x+r-y=4 >21x + =y} = 2(4) > (2x +y =8 
2 Multiply by 2 2 Simplify 
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Since the new system is equivalent to the original system, they have the same solution. 
If we graph the equations of the new system, it appears that the point where the lines inter- 
sect is (3, 2). 


3x —2y=5 2x+y=8 

|| » | Go») x|y | @, y) 

5 es) 4/0 | (4,0) 
0} (3,0 

els ( ) 0/8] (0,8) 

@) 3 | (0-3) 1/6 | 4,6) 

1} -1] a, - 


To verify that (3, 2) is the solution, we substitute 3 for x and 2 for y in each equation of 
the original system. 


Caution 


When checking the solution of a 


system of equations, always 3 5 
substitute the values of the Check: -x—-—y=— _ First equation. x+y =4 = Second equation. 
variables into the original 2 2 2 
equations. 3 > 5 1 7 
—(3)—-2=— 3 +-(2)=4 
70) 5 72) 
9 4,5 34124 
2 2 2 4=4 True 
bos 
5 5 Me 
1 1 
5 ate a7 = =| 
| Self Check 5 | Solve the system by graphing: ; 
= == = —4 
ee: 


Now Try Problem 29 


Using Your Calculator Solving Systems by Graphing 


The graphing method is limited to equations with two variables. Systems with three or more 
variables cannot be solved graphically. Also, it is often difficult to find exact solutions graph- 
ically. However, the TRACE and ZOOM capabilities of graphing calculators enable us to get 
very good approximations of such solutions. 


Shy a2 2p = 12 


To solve th t 
0 solve esystom {3 TD 


The Substitution 
Method 
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with a graphing calculator, we must first solve each equation for y so that we can enter the 
equations into the calculator. After solving for y, we obtain the following equivalent system: 


3 
i Oo 


oe, 
y 3 x 

If we use window settings of [—10, 10] for x and for y, the graphs of the equations will 
look like those in figure (a). If we zoom in on the intersection point of the two lines and 
trace, we will get an approximate solution like the one shown in figure (b). To get better 
results, we can do more zooms. We would then find that, to the nearest hundredth, the solu- 
tion is (4.63, —0.94). Verify that this is reasonable. 

We can also find the intersection of two lines by using the INTERSECT feature found 


on most graphing calculators. To locate INTERSECT, press [2nd], CALC], 5, followed by 


ENTER]. After graphing the lines and using INTERSECT, we obtain a graph similar to 
figure (c). The display shows the approximate coordinates of the point of intersection. 


WIS "CS 200+6 


HE4.6276596 Ne 
(a) (b) (c) 


Solve Systems of Linear Equations by Substitution. 


The graphing method enables us to visualize the process of solving systems of equations. 
However, it can be difficult to determine the exact coordinates of the point of intersection. We 
now review an algebraic method that we can use to find the exact solutions of systems of 
equations. 

The substitution method works well for solving systems where one equation is solved, or 
can be easily solved, for one of the variables. To solve a system of two linear equations in 
x and y by the substitution method, we can follow these steps. 


1. Solve one of the equations for either x or y—preferably a variable with a coefficient of | 
or —1. If this is already done, go to step 2. (We call this equation the substitution 
equation.) 

2. Substitute the expression for x or for y obtained in step | into the other equation and 
solve that equation. 


3. Substitute the value of the variable found in step 2 into the substitution equation to find 
the value of the remaining variable. 

4. Check the proposed solution in each equation of the original system. Write the solution 
as an ordered pair. 
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The Language of Algebra 
Since substitution involves algebra 
and not graphing, it is called an 
algebraic method for solving a 
system. 


Success Tip 
With this method, the objective is 
to use an appropriate substitution 
to obtain one equation in one 
variable. 


The Language of Algebra 
The phrase back-substitute can 
also be used to describe step 3 of 
the substitution method. To find 
y, we back-substitute 4 for x in the 
equation y = —4x + 13. 
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4x +y = 13 
EXAMPLE 6 j Solve the system by substitution: { peed 
: ~ —2x + 3y = -17 


Strategy We will use the substitution method. Since the system does not contain an 
equation solved for x or y, we must choose an equation and solve it for x or y. It is 
easiest to solve for y in the first equation, because y has a coefficient of 1. 


Why Solving 4x + y = 13 for x or solving —2x + 3y = —17 for x or y would involve 
working with cumbersome fractions. 


Solution 
Step 1: We solve the first equation for y, because y has a coefficient of 1. 
4x + y= 13 
y = —4x + 13 Toisolate y, subtract 4x from both sides. 


This is the substitution equation. 


Because y and —4x + 13 are equal, we can substitute —4x + 13 for y in the second equa- 
tion of the system. 


y= Cet) at y=-0 


Step 2: We then substitute —4x + 13 for y in the second equation to eliminate the variable y 
from that equation. The result will be an equation containing only one variable, x. 


—2x + 3y = -17 
—2x + 3(—4x + 13) = -17 
t 4 


This is the second equation of the system. 


Substitute —4x + 13 for y. 
Write the parentheses so that the multiplication by 3 is 
distributed over both terms of —4x + 13. 


—2x — 12x + 39 = -17 
—14x + 39 = -17 
—14x = —56 

x=4 


Distribute the multiplication by 3. 
Combine like terms. 

Subtract 39 from both sides. 

To solve for x, divide both sides by —14. 


This is the x-value of the solution. 


Step 3: To find y, we substitute 4 for x in the substitution equation and evaluate the right 
side. 


y= —4x + 13 This is the substitution equation. 
= —4(4) + 13 Substitute 4 for x. 
= —-16+4 13 
= -—3 This is the y-value of the solution. 


Step 4: To verify that (4, —3) satisfies both equations, we substitute 4 for x and —3 for y into 
each equation of the original system and simplify. 


Check: 4x + y = 13 First equation. —2x + 3y = —-17 Second equation. 
4(4) + (-3) = 13 —2(4) + 3(-3) 4 -17 
16-3413 -3§-94-17 


13 = 13 True —-17=-17 True 


The Elimination 
(Addition) Method 
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Since (4, —3) satisfies both equations of the system, it is the solution of the system. The 
solution set is {(4, —3)}. The graphs of the equations of the system help to verify this. They 
appear to intersect at (4, —3), as shown on the left. 


oy — 9) 
eT Self Check 6 | Solve the system by substitution: i d 


Now Try Problem 41 


y= p— S10 


Solve Systems of Linear Equations by the Elimination (Addition) Method. 


Recall that with the elimination (addition) method, we combine the equations of the system in 
a way that will eliminate terms involving one of the variables. 


1. Write both equations of the system in standard (general) form: Ax + By = C. 


2. If necessary, multiply one or both of the equations by a nonzero number chosen to make 
the coefficients of x (or the coefficients of y) opposites. 


3. Add the equations to eliminate the terms involving x (or y). 
4. Solve the equation resulting from step 3. 


5. Find the value of the remaining variable by substituting the solution found in step 4 into 
any equation containing both variables. Or, repeat steps 2—4 to eliminate the other 
variable. 


6. Check the proposed solution in each equation of the original system. Write the solution 
as an ordered pair. 


4 1 2 
—-x+-— ees 
EXAMPLE7 — Solve: 3) 2” 3 
0.3x + 0.4y = 1 


Strategy We will find an equivalent system without fractions or decimals and use the 
elimination method to solve it. 


Why It’s usually easier to solve a system of equations that involves only integers. 


Solution 
Step 1: To clear the first equation of the fractions, we multiply both sides by 6. To clear the 
second equation of decimals, we multiply both sides by 10. 


4 1 2 Multiply by 6 4 1 2 Simplify 
x+=y > 62x +7y 6 oe 


3 2 3 5) 2 3 


0.3x + 0.4y = 1 > 10(0.3x + 0.4y) = 10(1) 
Multiply by 10 Simplify 


3x + 4y = 10 


Step 2: To make the y-terms drop out when we add the equations, we multiply both sides of 
8x + 3y = —4 by 4 and both sides of 3x + 4y = 10 by —3 to get 
Multiply by 4 
(2 4 Sah ine 


3x + 4y = 10 > |-9% — 12y = -30 
Multiply by -3 
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Success Tip Step 3: When these equations are added, the y-terms drop out. 


The basic objective of the 32x + 12y = —16 
elimination method is to obtain 

two equations whose sum will be 
one equation in one variable. 23x = —46 


—9x — 12y = —30 = Add the like terms, column by column: 32x + (—9x) = 23x, 
12y + (—12y) = 0, and —16 + (—30) = —46. 


Step 4: We solve the resulting equation to find x. 
23x = —46 
x= 2 To solve for x, divide both sides by 23. This is the x-value of the solution. 
Step 5: To find y, we can substitute —2 for x in either of the equations of the original system 
or either of the equations of the equivalent system. It appears the computations will be the 
simplest if we use 3x + 4y = 10. 
3x + 4y = 10 This is the second equation of the equivalent system. 
3(-—2) + 4y = 10 — Substitute —2 for x. 
—6 + 4y = 10 — Simplify. 
4y = 16 To isolate the variable term, add 6 to both sides. 
y=4 To solve for y, divide both sides by 4. This is the y-value of the solution. 


Step 6: The solution is (—2, 4) and the solution set is {(—2, 4)}. Verify that the solution 
checks using the original equations. 


2 2) 
=e ey = LO 
a Self Check 7 j Solve the system, if possible: <3 57 


0.3x + 0.4y = —4.2 
Now Try Problem 49 


6) Use Substitution and Elimination to Identify Inconsistent Systems 
and Dependent Equations. 


=2%x+4 
EXAMPLE8 Solve . Oe seneces 
: 8x — 4y =7 


Strategy We will use the substitution method to solve this system. 


Why The substitution method works well when one of the equations of the system (in 
this case, y = 2x + 4) is solved for a variable. 


Solution Since the first equation is solved for y, we will use the substitution method. 
y=2x +4 = Thisis the substitution equation. 
8x — 4y =7 This is the second equation of the system. 
8x — 4(22x + 4) =7 Substitute 2x + 4 for y. 
We can now try to solve this equation for x: 
8x — 8x — 16 =7 _ Distribute the multiplication by —4. 
—16=7 Simplify the left side: 8x — 8x = O. 
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Here, the terms involving x drop out, and we get —16 = 7. This false statement indi- 
cates that the system has no solution and is, therefore, inconsistent. The solution set is ©. 
The graphs of the equations of the system help to verify this. They appear to be parallel 
lines, as shown on the left. 


5x — I5y = 2 


a Self Check 8 | Solve the system, if possible: { 5 ' 
x=3y- 


Now Try Problem 51 


| _ f 22x + 3y) = 12 
EXAMPLES) solve: {208 "37> 


Strategy We will write each equation in standard (general) form Ax + By = C and use 
the elimination (addition) method to solve the resulting equivalent system. 


Why In their current form, the equations do not contain terms with coefficients that are 
opposites. 


Solution To write the first equation in standard (general) form, we use the distributive 
property. To write the second equation in standard form, we subtract 3y from both sides. 


The first equation The second equation 
2(2x + 3y) = 12 —2x = 3y — 6 
4x + 6y = 12 —2x — 3y = —6 


We now copy 4x + 6y = 12 and multiply both sides of —2x — 3y = —6 by 2 to get 


4x+6y= 12 
ey ee When we add like terms, column by column, the 
y result is Ox + Oy = O, which simplifies to O = O. 
0=0 


Here, both the x- and y-terms drop out. The resulting true statement 0 = 0 indicates that the 
equations are dependent and that the system has an infinitely many solutions. The solution 
set is written using set-builder notation as {(x, y)| 4x + 6y = 12} and is read as “the set of 
all ordered pairs (x, v) such that 4x + 6y = 12.” 

Note that the equations of the system are dependent equations, because when the second 
equation is multiplied by —2, it becomes the first equation. The graphs of these equations 
are, therefore, the same line. To find some of the infinitely many solutions of the system, we 
can substitute 0, 3, and —3 for x in either equation to obtain (0, 2), (3, 0), and (—3, 4). 


Dye = GW se 2 
a Self Check 9 , | Solve the system: { i ae ) a 
ae y= 


Now Try Problem 53 
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7) Solve Problems Using Systems of Equations. 


Success Tip 
We could also solve this system 
using the substitution method. If 
we subtract y from both sides of 
the first equation, we obtain the 


substitution equation x = 36 — y. 


EXAMPLE 10 i Retail Sales. An electronics store carries two brands of car 
; audio CD receivers. The one made by Pioneer sells for $129 and 
the other, made by Panasonic, sells for $189. If the store receipts from the sale of 36 car 
CD receivers totaled $5,604, how many of each brand were sold? 


Analyze the Problem We will let x = the number of Pioneer CD receivers that sold 
for $129 and y = the number of Panasonic CD receivers that sold for $189. Thus, the 
receipts from the sale of the Pioneer receivers were $129x, and the receipts from the sale 
of the Panasonic receivers were $189y. 


Form Two Equations We can translate the words of the problem into two equations, 
each involving x and y. 


The number of Pioneer the number of Panasonic the total number 
CD receivers sold CD receivers sold of CD receivers sold. 
x + y = 36 
The receipts from the sale the receipts from the sale . the total 
of the Pioneer CD receivers ae of the Panasonic CD receivers ’ receipts. 
129x + 189y = 5,604 


Solve the System We can solve the following system for x and y to find out how many 
of each type of CD receiver were sold. 
: +y = 36 
129x + 189y = 5,604 
We multiply both sides of x + y = 36 by —189, add the resulting equation to 
129x + 189y = 5,604, and solve for x: 
—189x — 189y = —6,804 
129x + 189y = 5,604 Add the like terms, column by column. 
— 60x = —1,200 
x = 20 Divide both sides by —G6O. 


To find y, we substitute 20 for x in the first equation and solve for y: 


x + y = 36 This is the first equation of the original system. 
20 + y = 36 — Substitute 20 for x. 
y = 16 To solve for y, subtract 20 from both sides. 


State the Conclusion The store sold 20 of the Pioneer car audio CD receivers and 16 
of the Panasonic car audio CD receivers. 


Check the Result If 20 of Pioneer receivers were sold and 16 of the Panasonic receivers 
were sold, a total of 36 receivers were sold. Since the value of Pioneer receivers sold is 
20($129) = $2,580, and the value of the Panasonic receivers sold is 16($189) = $3,024, 
the total receipts were $2,580 + $3,024 = $5,604. The results check. 


La Now Try Problem 97 
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Bag nsurs TO SELF CHECKS | 1. Yes 


A, GD) 


3. No solution, @; inconsistent system 4. Infinitely many solutions, 


{@ y) ly = 2x — 4} 
or {(%, y) |2x — y = 4}; 
dependent equations 


6. (—3,4) 7. (6,—15) 8. No solution, @; inconsistent system 
9. Infinitely many solutions, {(x, y)|2x — Sy = 10}; dependent 


equations 


VOCABULARY 
Fill in the blanks. 


x-y=-l 


1. The pair of equations { is called a of 
2x-y=1 


equations. 
2. Because the ordered pair (2, 3) satisfies both equations in 
problem 1, it is a of the system of equations. 


3. When the graphs of the equations of a system are identical lines, 
the equations are called dependent and the system has 
many solutions. 


4. A system that has no solution is called an system. 


CONCEPTS 
5. Refer to the illustration. Determine whether a true or a false 
statement is obtained when the coordinates of 
a. point A are substituted into the 
equation for line /;. 
b. point B are substituted into the 
equation for line /;. 


c. point C are substituted into the 
equation for line /;. 

d. point C are substituted into the 
equation for line J. 


6. Refer to the illustration. 


a. How many ordered pairs satisfy 
the equation 3x + y = 3? Name 
three. 


b. How many ordered pairs satisfy 
: 2 
the equation 3x — y = —3? 
Name three. 


c. How many ordered pairs satisfy 

both equations? Name it or them. 
4x -—3y =7 
3x — 2y = 6 
elimination method, by what constant should each equation be 
multiplied if 


7. If the system { is to be solved using the 


a. the x-terms are to drop out? 
b. the y-terms are to drop out? 
2 y_ 16 


8. Consider the system: > 6 9 


0.03x + 0.02y = 0.03 


a. What step should be performed to clear the first equation of 
fractions? 


b. What step should be performed to clear the second equation 
of decimals? 
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NOTATION 
Complete each solution. 
9. Solve: . ~ a 10. Solve: tes y a : 
x+y=5 x= 2y=7 
x + ( y= 6x + 2y = 0 
x+3x-7= x-—2y=7 
x= 7S 5 7x = 
4x = x= 
x= 3 x= 2y =7 
Yosxra=T =2yS 7 
y= 3-7 ~2y = 
a eS 


The solution is(_, 2). The solution is(__, —3). 


GUIDED PRACTICE 


Determine whether the ordered pair is a solution of the system of 
equations. See Example 1. 


e218 Spek 
i; 4.3): {8 4 12, (1.2), {3" , 

3x + 2y = -6 x-y=-4 

pores 2x-y=0 
13. (2, -3); 14.1254 1 3 

3x + 2y = 0 a ae. 


1s (5 2) eee 7 (-3 aaa 
"\2 37 4x -% = 1 "\ 43/7 |4x - 3y = -5 


2x + 5y = 2.1 x+y=-l1.1 
17. (—0.2, 0.5); 18. (2.1, —3.2); 
( ) ee +y = —0.5 ( ) i — 3y = 13.8 
Solve each system by graphing. See Example 2. 
a a ax+y= 
== + = 
55 . 2x +1 os {> y 3 
x—-2y=-7 y=-2x-—7 


Solve each system by graphing, if possible. If a system is 
inconsistent or if the equations are dependent, state this. See 


Examples 3 and 4. 
x+y = 
24. a y=6 


23. anes 
x-y=4 —10x — 4y = -12 


x=3-2y 
2s. {5 ae, 


5d ee 
2x + 4y =6 


3x + 2y=7 


Solve each system by graphing. See Example 5. 


1 1 1 x= y+ 3 
-x = zy + ear 
27. 4 6 3 2 28. 4 1 1 1 
=xy-sy=t 
yrx 4 6 3 
7 1 1 11 
eS Sy SS Koy = = 
3 6 2 5 4 10 
29. 30. 
1 7 1 13 1 
yt Se ae aha Ge ey 
5 3 5 8 24 3 


Aj] Use a graphing calculator to solve each system. Give all 
ot answers to the nearest hundredth. See Using Your Calculator: 


LEI Solving Systems by Graphing. 


= 3.2% — 1.5 
31. 
y = —2.7x — 3.7 


. = —0.45x + 5 
32 
y = 5.55x — 13.7 


{ 1.7x + 2.3y = 3.2 44 ae = 12.9y — 3.79 
y = 0.25x + 8.95 * (71x -— y = 35.76 


Solve each system by substitution. See Example 6. 


= =x+ 
35. i = 36. . ales 
x+ty= x + 2y = 16 
x=2+y =-5+y 
37. e 38. . ad 
2x+ y= 13 Sy 7 
45 aoe ee 
* (3x -y = -10 4x + 5y =7 
pec yy et Ph ABs 
a, {2 3y 26 ie: e sy=4 
3x + y= —14 sx +y = 14 
Solve each system by elimination (addition). See Example 7 
a aie ro 
x+y=11 a-b=11 
4g: ie 3r = —8 oe 
25 —3t=—8 x—2y=11 
+ 4y = -24 +2y=11 
47. 2 of 48. = . 
Sx + 12y = —72 Tx + 6y = 
5 1 1 1 31 
oat ale es. = 1? ths sos = — 
49. (* rd ale aa: 
0.3x + 0.5y = 5.6 0.3x + 0.2y = 3.9 


Solve each system, if possible. If a system is inconsistent or if the 


equations are dependent, state this. See Examples 8 and 9. 


+ 3y= 
51. {e 3) 18 
y=-2x+5 


21x = 7(y + 5) 


TRY IT YOURSELF 


5 aa 16 
2x-4=y 


ia 8y = 15 
x = 2(2 — y) 


Solve each system by graphing, if possible. If a system is 


inconsistent or if the equations are dependent, state this. (Hint: 


Several coordinates of points of intersection are fractions.) 


55. So 
y= 2x 
eee 

57. ‘ : 
ae, 

” 
_ 11-2y 

59 - 2 
_ Il - 6x 
= a 


3x = 4+ 2y 
x=2 
63. 
y=-rx+2 
x+3y=6 
65. 1 is 
=—-r>x 
a 


ea aes 
* (3x + 4y = 0 


5 
4° + 3y _ 6 
58. 


5 
=-=x+2 
er 


60. 


2x =2+ 4y 
y=-2 

64. 2 4 

=“y,-—— 

a ae 


eS =e 
es. {> - 


Solving Systems of Equations in Two Variables 


Solve each system by any method, if possible. If a system is incon- 


sistent or if the equations are dependent, so indicate. 


oe 
3x 2y= 1 


ea. a8 — 2) = -9y 
2(x — 3y) = —3 


0.3a + 0.1b = 0.5 
71. 


73. 


2 

Aes eS 

75. ae 
y=4x4+5 


77. 


79. 


83. 


85. 


i 
g1.43° a? 
0.5x — 0.375y = —9 


68. 


70 


72. 


74. 


76. 


78 


80. 


82. 


84. 


86. 


3 
==y+5 
x 7” 


2x — 3y = 8 


rea + 3y)=5 
* [8x = 3(1 + 3y) 


0.9p + 0.2g = 1.2 


Bits 
a OF 
x Y_i,4 
2 3 
ee 
29 


5x — 2y = 19 
1 = 3x 
vo 


4 


3x — 2y = —10 
6x + 5y = 25 


eee 
x — 2y = = 
a 


=2y 


| 
mes 
| 
| 
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Solve each system. To do so, substitute a for i and b for * and The graph in the previous column shows the growing impor- 
solve for a and b, Then find x and ing the fact that - 1 tance of the Internet in the daily lives of Americans. Determine 
7 , ss Ne ME een when the time spent on the following activities was the same. 


ee ; 
and b = y Approximately how many hours per year were spent on each? 


a. Internet and reading magazines 


1 
+—= 
b. Internet and reading newspapers 


87. 88. 


1 c. Internet and reading books 


< 
Dl AlN 
<l[Re Sle 

Ny 

oO 


20 d. Reading newspapers and listening to recorded music 


= —30 93. SUPPLY AND DEMAND The demand function, graphed 
below, describes the relationship between the price x of a 
= —30 certain camera and the demand for the camera. 


a. The supply function, S(x) = By — 525, describes the 


APPLICATIONS relationship between the price x of the camera and the 


91. HEARING TESTS See the illustration. At what frequency number of cameras the manufacturer is willing to supply. 
and decibel level were the hearing test results the same for the Graph this function on the illustration. 


left and right ear? Write your answer as an ordered pair. b. For what price will the supply of cameras equal the 
demand? 


89. 90. 


Bl Rl e Ble kl eR 
Hw) [WwW R[e RIS 


KS l]ws< | 


c. As the price of the camera is increased, what happens to 


PAR REE supply and what happens to demand? 


e Left ear 


Normal Hearing 


3 
2 
3 y 
5) 600 
5 
2 g 500 
: 2 400 
= 5 
S 300 Demand 
125 250 500 1,000 2,000 4,000 8,000 2 555 function 
Frequency (cycles per second) 5 
Zz 
100 
92. THE INTERNET ip ! ! ! ! Ly x 
100 120 140 160 180 200 
300 Price per camera ($) 


Recorded 
music 


94. COST AND REVENUE The function C(x) = 200x + 400 
gives the cost for a college to offer x sections of an introductory 
class in CPR (cardiopulmonary resuscitation). The function 
R(x) = 280x gives the amount of revenue the college brings in 
when offering x sections of CPR. 


250 


Consumer 


Internet 
200 : 
Daily 


[=| 
3 
By 
a 
iB) 
newspapers ; 
§ a. Find the break-even point (where cost = revenue) 
a 150 Consumer : . : 
5 : by graphing each function on the same coordinate 
a Magazines 
g system. 
S i 
2 100 Books b. How many sections does the college need to offer to make a 
a ee profit on the CPR training course? 
50 Video 95. BUSINESS Estimate the break-even point (where cost = 


zee revenue) on the graph on the next page. Explain why it is called 


a fs bc Ti es Tee the break-even point. 
'99 '00 '01 '02 '03 '04 '05 '06 '07 


Year 


Source: Veronis Suhler Stevenson 


96. 


$5,000 

> 4,000 
wa 
i-e—| 
mo} 
ned 
% = 3,000 
oF 
go 
os 
3 8 7000 a 
3 5” \ ot oe 

a ‘4) 
ag 6 ks 

” 1,000 

| 1 | | 
0 100 200 300 400 500 


Number of widgets produced 


NAVIGATION The paths of two ships are tracked on the 
same coordinate system. One ship is following a path described 
by the equation 2x + 3y = 6, and the other is following a path 


described by the equation y = ay = 3, 

a. Is there a possibility of a collision? 

b. What are the coordinates of the danger point? 
c. Is a collision a certainty? 


In Exercises 97-112, write a system of two equations in two 
variables to solve each problem. 


97. 


98. 


99. 


TICKET SALES The ticket prices for a Halloween haunted 
house were $5 for adults and $3 for children. On a day when a 
total of 390 tickets were purchased, the receipts were $1,470. 
How many of each type of ticket were sold? 


ICE CREAM SALES Ata snack shop, ice cream cones cost 
$2.10 and sundaes cost $3.20. One day the receipts for a total 
of 140 cones and sundaes were $360. How many cones were 
sold? How many sundaes? 

ADVERTISING _ Use the information in the ad to find the cost 
of a 15-second and the cost of a 30-second radio commercial 
on radio station KLIZ. 


Plan 1: 
Four 30-second spots, 
six 15-second spots 
Cost: $6,050 


Plan 2: 
Three 30-second spots, 
five 15-second spots 
Cost: $4,775 
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Solving Systems of Equations in Two Variables 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 
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CONCERTS According to StubHub.com, in 2006, two 
tickets to a Rolling Stones concert and two tickets to a Jimmy 
Buffet concert cost, on average, a total of $792. At those 
prices, four tickets to see the Stones and two tickets to see 
Jimmy Buffet cost $1,320. What was the average cost of a 
Rolling Stones ticket and a Jimmy Buffet ticket in 2006? 


GEOMETRY An acute angle is an angle with measure less 
than 90°. In a right triangle, the measure of one acute angle is 
15° greater than two times the measure of the other acute 
angle. Find the measure of each acute angle. 

NEW YORK CITY The 
triangular-shaped Flatiron 
Building in Manhattan has 
a perimeter of 499 feet at 
its base. It is bordered on 
each side by a street. The 
5th Avenue front of the 
building is 198 feet long. 
The Broadway front is 

43 feet more than twice as 
long as the East 22nd 
Street front. Find the 
length of the Broadway 
front and East 22nd Street 
front. (Source: New York 
Public Library) 
INVESTMENT CLUBS Part of $8,000 was invested by an 
investment club at 10% interest and the rest at 12%. If the 
annual income from these investments is $900, how much was 
invested at each rate? 

RETIREMENT INCOME A retired couple invested part of 
$12,000 at 6% interest and the rest at 7.5%. If their annual 
income from these investments is $810, how much was 
invested at each rate? 

SNOWMOBILING A man rode a snowmobile at the rate of 
20 mph and then skied cross country at the rate of 4 mph. 
During the 6-hour trip, he traveled 48 miles. How long did he 
snowmobile, and how long did he ski? 


© Bill Ross/Corbis 


SALMON It takes a salmon 40 minutes to swim 10,000 feet 
upstream and 8 minutes to swim that same portion of a river 
downstream. Find the speed of the salmon in still water and the 
speed of the current. 

PRODUCTION PLANNING A manufacturer builds racing 
bikes and mountain bikes, with the per unit manufacturing 
costs shown in the table. The company has budgeted $26,150 
for materials and $31,800 for labor. How many bicycles of 
each type can be built? 


Model | Cost of materials | Cost of labor 
Racing $110 $120 
Mountain $140 $180 
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FARMING A farmer keeps some animals on a strict diet. 
Each animal is to receive 15 grams of protein and 7.5 grams 
of carbohydrates. The farmer uses two food mixes, with 
nutrients as shown in the table. How many grams of each mix 
should be used to provide the correct nutrients for each 
animal? 


Mix | Protein | Carbohydrates 
MixA} 12% 9% 
MixB|] 15% 5% 


COSMETOLOGY _ A beauty shop specializing in perma- 
nents has fixed costs of $2,101.20 per month. The owner 
estimates that the cost for each permanent is $23.60, which 
covers labor, chemicals, and electricity. If her shop can give as 
many permanents as she wants at a price of $44 each, how 
many must be given each month for her to break even? 
MIXING CANDY — How many pounds of each candy shown 
in the illustration must be mixed to obtain 60 pounds of candy 
that would be worth $4 per pound? 


il i] 
Gummy Bears Jelly Beans 
$3.50/Ib $5.50/Ib 


DERMATOLOGY Tests of an antibacterial face-wash cream 
showed that a mixture containing 0.3% Triclosan (active 
ingredient) gave the best results. How many grams of cream 
from each tube should be used to make an equal-size tube of 
the 0.3% cream? 


Triclosan Triclosan 


112. MIXING SOLUTIONS How many ounces of the two 
alcohol solutions in the illustration must be mixed to obtain 
100 ounces of a 12.2% solution? 


WRITING 


113. Which method would you use to solve the system? Explain. 


{ y-1=3x% 
3x + 2y = 12 
114. Which method would you use to solve the system? Explain. 


oe 
3x — Sy = 20 


115. When solving a system, what advantages are there with the 
substitution and elimination methods compared with the 
graphing method? 

116. When using the elimination (addition) method, how can you 
tell whether 
a. a system of linear equations has no solution? 

b. a system of linear equations has infinitely many solutions? 


REVIEW 
Solve each formula for the specified variable. 
1 1 1 
7, 2 =F gore, 118, —=— + — forr 
V, -) ror tf 
a-—TIr OQ; 
119. S= for r 120. P = ——— forQ 
l-r QO,- O1 ; 


CHALLENGE PROBLEMS 


Ax + By = -2 
121. Ifthe solution of the system \e 7 i = 76 is (—3, 5), 
find the values of A and B. 
2ab — 3cd = 1 
: that b d 
122. Solve ie ed = 1 and assume that b and d are 


constants. 
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@ Determine whether an ordered triple is a solution of a system. 


: . @® Solve systems of three linear equations in three variables. 
Objectives 


© Solve systems of equations with missing variable terms. 


@ Identify inconsistent systems and dependent equations. 


In previous sections, we solved systems of linear equations in two variables. We will now 
extend this discussion to consider systems of linear equations in three variables. 


Oo Determine Whether an Ordered Triple is a Solution of a System. 


The equation x — Sy + 7z = 10, where each variable is raised to the first power, is an 
example of a linear equation in three variables. In general, we have the following definition. 


Standard A linear equation in three variables is an equation that can be written in the form 
(General) Form Ax + By + Cz =D 


where A, B, C, and D are real numbers and A, B, and C are not all 0. 


A solution of a linear equation in three variables is an ordered triple of numbers of the 
form (x, y,z) whose coordinates satisfy the equation. For example, (2,0, 1) is a solution 
of x + y + z = 3 because a true statement results when we substitute 2 for x, 0 for y, and 
1 forz;:2+0+1=3. 


A solution of a system of three linear equations in three variables is an ordered triple 
that satisfies each equation of the system. 


i EXAMPLE 1 | Determine whether (—4, 2, 5) is a solution of the system: 
2x + 3y + 4z = 18 
3x + 4y+2z2=1 
x+y 3z= 13 
Strategy We will substitute the x-, y-, and z-coordinates of (—4, 2, 5) for the correspon- 
ding variables in each equation of the system. 


Why If each equation is satisfied by the x-, y-, and z-coordinates, the ordered triple is a 
solution of the system. 


Solution We substitute —4 for x , 2 for y, and 5 for z in each equation. 


The first equation The second equation The third equation 
2x + 3y + 4, = 18 3x +4y+z7=1 x+y+ 3z= 13 
2(—4) + 3(2) + 4(5) = 18 3(-4) + 422) +5 41 -4+2 4+ 3(5) = 13 
-8+6+ 202 18 -12+8+521 442415213 

18 = 18 True 1=1 True 13 = 13 True 
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Since (—4, 2, 5) satisfies each equation, it is a solution of the system. 


a Self Check 1 j Determine whether (6, —3, 1) is a solution of the system: 
2 — par z= Io 
gor dpa gS 7 
3x —y + 4z = 24 
Now Try Problem 11 


The Language of Algebra 

Recall that when a system of 

equations has at least one The graph of an equation of the form 4x + By + Cz = Disa flat surface called a plane. 
solution, the system is called a A system of three linear equations with three variables is consistent or inconsistent, depend- 
Ca a anu ing on how the three planes corresponding to the three equations intersect. The following 
eee Cer illustration shows some of the possibilities. A system of three linear equations in three vari- 


ables can have exactly one solution, no solution, or infinitely many solutions. 


Consistent system Consistent system Inconsistent systems 


l 


AY [ 


A 


LT 


i 
A 


a 


The three planes intersect at a The three planes have a line / The three planes have no point 
single point P: one solution in common: infinitely many in common: no solutions 
solutions 


(a) (b) (c) 


& Solve Systems of Three Linear Equations in Three Variables. 


To solve a system of three linear equations in three variables means to find all of the solu- 
tions of the system. Solving such a system by graphing is not practical because we would need 
a coordinate system with three axes. 

The substitution method is useful to solve systems of three equations where one or more 
equations have only two variables. However, the best way to solve systems of three linear 
equations in three variables is usually the elimination method. 


Solving a System 1. Write each equation in standard form Ax + By + Cz = Dand clear any decimals or 
of Three Linear fractions. 
Equations by 2. Pick any two equations and eliminate a variable. 
Elimination 3. Pick a different pair of equations and eliminate the same variable as in step 1. 
4. Solve the resulting pair of two equations in two variables. 
5. To find the value of the third variable, substitute the values of the two variables found in 


step 4 into any equation containing all three variables and solve the equation. 


6. Check the proposed solution in all three of the original equations. Write the solution as 
an ordered triple. 


Notation 
We number the equations (1), (2), 
and (3) to help describe how the 
system is solved using the 
elimination method. 


Success Tip 
With this method, we use 
elimination to reduce a system of 
three equations in three variables 
to a system of two equations in 
two variables. 
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2x +y + 4z = 12 
EXAMPLE 2 j Solve the system: jx + 2y + 2z = 9 
3x — 3y —2z= 1 
Strategy Since the coefficients of the z-terms are opposites in the second and third equa- 


tions, we will add the left and right sides of those equations to eliminate z. Then we will 
chose another pair of equations and eliminate z again. 


Why The result will be a system of two equations in x and y that we can solve by 
elimination. 


Solution 

Step 1: We can skip step 1 because each equation is written in standard form and there are 
no fractions or decimals to clear. We will number each equation and move to step 2. 

(1) (2x+y+4z= 12 

(2) jx+ 2y+2z=9 

(3) (3x —-3y -2z=1 

Step 2: If we pick equations 2 and 3 and add them, the variable z is eliminated. 

(2) x+2y+2z= 9 

(3) 3x —-3y -2z= 1 

(4) 4x — y = 10 This equation does not contain z. 


Step 3: We now pick a different pair of equations (equations | and 3) and eliminate z again. 
If each side of equation 3 is multiplied by 2, and the resulting equation is added to equation 
1, z is eliminated. 
(I) 2x+ yt+4z= 12 

6x — 6y — 4z = 2° Thisis 2(3x — 3y — 2z) = 2(1). 
(5) 8x — Sy = 14 This equation does not contain z. 


Step 4: Equations 4 and 5 form a system of two equations in x and y. 
(4) ee —-y=10 
(5) (8x — 5y = 14 

To solve this system, we multiply equation 4 by —5 and add the resulting equation to 
equation 5 to eliminate y. 

—20x + Sy = —50 This is —5(4x — y) = —5(10). 
(5) 8x —S5y= 14 

—12x = —36 

x=3 Divide both sides by —12. This is the x-value of the solution. 


To find y, we substitute 3 for x in any equation containing x and y (such as equation 5) 
and solve for y: 


(5) 8x —5y = 14 
8(3) — sy = 14 Substitute 3 for x. 
24 — 5y = 14 Simplify. 
—Sy = —-10 Subtract 24 from both sides. 


y=2 Divide both sides by —5. This is the y-value of the solution. 
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Step 5: To find z, we substitute 3 for x and 2 for y in any equation containing x, y, and z (such 
as equation 1) and solve for z: 

(1) 2et+y+4z= 12 

2(3) + 2+ 4z = 12 Substitute 3 for x and 2 for y. 
8 + 4z = 12 — Simplify. 
4z=4 Subtract 8 from both sides. 
z=1 Divide both sides by 4. This is the z-value of the solution. 

Step 6: To verify that the solution is (3, 2, 1), we substitute 3 for x, 2 for y, and 1 for z in the 


three equations of the original system. The solution set is written as {(3, 2, 1)}. Since this 
system has a solution, it is a consistent system. 


De = 3) op Dn = 7] 
a Self Check 2 | Solve the system: (x + 4y — z = 10 
310) cee — 4, 
Now Try Problem 15 


Solve Systems of Equations with Missing Variable Terms. 


When one or more of the equations of a system is missing a variable term, the elimination of 
a variable that is normally performed in step 2 of the solution process can be skipped. 


3x =6-—2y +2 
EXAMPLE 3 | Solve the system: | —y — 2z = —8—x 
x=1-22 
Strategy Since the third equation does not contain the variable y, we will work with the 
first and second equations to obtain another equation that does not contain y. 


Why Then we can use the elimination method to solve the resulting system of two 
equations in x and z. 


Solution 

Step 1: We use the addition property of equality to write each equation in the standard form 
Ax + By + Cz = Dand number each equation. 

(I) (3x + 2y—2z=6 = Add 2y and subtract z from both sides of 3x = 6 — 2y + z. 

(2) {x —y — 2z = —-8  Addx to both sides of —y — 2z = —8 — x. 

(3) \x + 2z=1 Add 2z to both sides of x = 1 — 2z. 


Step 2: Since equation 3 does not have a y-term, we can skip to step 3, where we will find 
another equation that does not contain a y-term. 


Step 3: If each side of equation 2 is multiplied by 2 and the resulting equation is added to 
equation 1, y is eliminated. 
(1) 3x +2y- z= 6 
2x — 2y — 4z = —16_ Thisis 2(x — y — 2z) = 2(-8). 
(4) 5x —5z = —10 


Success Tip 
We don’t have to find the values of 
the variables in alphabetical order. 
In Step 2, choose the variable that 
is the easiest to eliminate. In this 
example, the value of z is found 
first. 
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Step 4: Equations 3 and 4 form a system of two equations in x and z: 
(3) Jx+2z=1 
(4) fr — 5z=—-10 

To solve this system, we multiply equation 3 by —5 and add the resulting equation to 
equation 4 to eliminate x: 

—5x — 10z = —5 This is —5(x + 2z) = —5(1). 
(4) 5x - 5z=—-10 

—15z = -15 
z=1 Divide both sides by —15. This is the z-value of the solution. 

To find x, we substitute | for z in equation 3. 
(3) x +2z=1 

x+2(0)=1 Substitute 1 for z. 

x+2=1 Multiply. 
x =-—1 Subtract 2 from both sides. 

Step 5: To find y, we substitute —1 for x and | for z in equation 1: 
qd) 3x + 2y-—z7=6 

3(-1) + 2v-—1=6 = Substitute —-1 for x and 1 for z. 

—3+2y—1=6 — Multiply. 
2y = 10 Simplify and add 4 to both sides. 
y=5 Divide both sides by 2. 
The solution of the system is (—1, 5, 1) and the solution set is {(—1, 5, 1)}. 


Step 6: Check the proposed solution in all three of the original equations. 


6 op = Il =p 
Self Check 3 i Solve the system: (2x =3 +y—z 


x+z=3 
Now Try Problem 23 


x-y+4z=-30 (DD 
Solve the system: jx + 2y = 200 (2) 
y+z= 30 (3) 


EXAMPLE 4 — 
Strategy Since the second equation does not contain the variable z, we will work with 
the first and third equations to obtain another equation that does not contain z. 


Why Then we can use the elimination method to solve the resulting system of two 
equations in x and y. 


Solution 
Step 1: Each of the equations is written in standard form, however, two of the equations are 
missing variable terms. 


Step 2: Since equation 2 does not have a z-term, we can skip to step 3, where we will find 
another equation that does not contain a z-term. 
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Step 3: If each side of the equation 3 is multiplied by —4 and the resulting equation is added 
to the equation 1, z is eliminated. 
(1) x-y + 42 = —30 
—4y — 4z = —120  Thisis —4(y + z) = —4(30). 
(4) x — Sy = —150 


Step 4: Equations 2 and 4 form a system of two equations in x and y. 
(2) ie + 2y = 200 
(4) lx — 5y = —-150 


To solve this system, we multiply equation 4 by —1 and add the resulting equation to 
equation 2 to eliminate x. 


(2) x + 2y = 200 
—x + 5y = 150 This is —1(x — 5y) = —1(-150). 

Ty = 350 
y= 50 To find y, divide both sides by 7. 


We then find the value of x to complete step 4 and the value of z (step 5) in the same way 
as in Examples 2 and 3. 


Step 6: Check that the solution is (100, 50, —20). 


Sear War Be = 3S 
Self Check 4 i Solve the system: {x + 3y = —20 
I fh = —3)5) 


Now Try Problem 29 


In the following example, we will solve the same system from Example 4 using a differ- 
ent approach. 


x —y +t 4z = —30 
EXAMPLE 5 i Use substitution to solve the system: {x + 2y = 200 
y+ z= 30 
Strategy We will solve the second equation for x and the third equation for z. This 


creates two substitution equations. Then we will substitute the results for x and for z in 
the first equation. 


Why These substitutions will produce one equation in the variable y. 


Solution The method we will use is much like solving systems of two equations by sub- 
stitution. However, we must find two substitution equations, instead of one. 


x—y+t 4z = —30 Gcluetaes x-yt4=- qd) 

x + 2y = 200 —_ x =(200 — 2y (2) 

y+ z= 30 ———— Zz =(30 — y) (3) 
Solve for z 


Since the variable x is isolated in equation 2, we will substitute 200 — 2y for x in equa- 
tion 1, and since the variable z is isolated in equation 3, we will substitute 30 — y for z in 
equation |. These substitutions will eliminate x and z from equation 1, leaving an equation 
in one variable, y. 


Success Tip 
Just like with systems of two 
equations, the objective is to use 
the appropriate substitutions to 
obtain one equation in one 
variable. 


12.2 Solving Systems of Equations in Three Variables 1109 


x—yt4z = —30 This is equation 1. 
200 — 2y — y + 40 — y) = —30 Substitute 200 — 2y forx and 30 — y forz. 
200 — 2y — y + 120 — 4y = —30 __ Distribute the multiplication by 4. 
320 — 7y = —30 = On the left side, combine like terms. 
—Ty = —350 Subtract 320 from both sides. 
y = 50 To solve for y, divide both sides by —7. 

As expected, this is the same value for y that we obtained using elimination in 

Example 4. We can substitute 50 for y in equation 2 to find that x = 100 and 50 for y in 


equation 3 to find that z = —20. Using elimination or substitution, we find that the solution 
is (100, 50, —20). 


x+y-—4z= —-54 
PT Self Check 5 j Use substitution to solve the system: {x — y = —6 
3y + z= 12 
Now Try Problem 31 


Identify Inconsistent Systems and Dependent Equations. 


2a+b-3c=-3 (I) 
EXAMPLE 6 j If possible, solve the system: {3a — 2b + 4c = 2 (2) 
4a+2b-6c=-7 (3) 

Strategy Since the coefficients of the b-terms are opposites in the second and third equa- 


tions, we will add the left and right sides of those equations to eliminate b. Then we will 
choose another pair of equations and eliminate 5 again. 


Why The result will be a system of two equations in a and c that we can attempt to solve 
by elimination. 


Solution We add equations 2 and 3 of the system to eliminate b. 
(2) 3a — 2b + 4c = 2 

(3) 4a + 2b — 6c = -7 

(4) 7a —2c¢c=—-5 


We can multiply both sides of equation 1 by 2 and add the resulting equation to 
equation 2 to eliminate b again: 


4a + 2b —- 6c = —6  Thisis 2(2a + b — 3c) = 2(—3). 
(2) 3a-2b+ 4c =2 


(5) 7a —2c= —-4 

Equations 4 and 5 form a system in a and c. 
eee 

(5) (7a -— 2c = -4 
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Success Tip 
If you obtain a false statement at 
any time in the solution process, 
you need not proceed. Such an 
outcome indicates that the system 
has no solution. 


If we multiply both sides of equation 5 by — 1 and add the result to equation 4, the terms 
involving a and c are both eliminated. 


(4) 7a- 2c = —-5 
—Ta+2c=4 This is —1(7a — 2c) = —1(-4). 
0=-1 


The false statement 0 = —1 indicates that the system has no solution and is, therefore, 
inconsistent. The solution set is @. 


Meh ae 1) —* Be = ts) 
ta Self Check 6 d Solve the system, if possible: {3a — 2b + 4c = 10 
| 4a + 2b - 6c = -5 
Now Try Problem 35 


4 re 
Dit 
- 5 


EXAMPLE 7 { Solve the system: go ip=2=8 


0.2x — 0.3y + 0.1z = 2.3 


Strategy We will find an equivalent system without fractions or decimals and use elimi- 
nation to solve it. 


Why It’s easier to solve a system of equations that involves only integers. 


Solution To clear equation 1 of fractions, we multiply both sides by the LCD of the frac- 
tions, which is 5. To clear equation 3 of decimals, we multiply both sides by 10. 


4 53 Multiply by 5 
(1) X-ytz= > 14x — Sy + 5z = 53 (4) 
5 5 U 
nchanged 
(2) |x -2vy-—z=8 x-2y-—z=8 (2) 
3 0.2x — 0.3y + 0.12 = 2.3 > (2 3y + z = 23 5 
(3) se ' : Multiply by 10 * ah 5) 


If each side of equation 2 is multiplied by 5 and the resulting equation is added to equa- 
tion 4, the variable z is eliminated. 


(4) 4x — 5y 4+ 5z = 53 
5x — 10y — 5z = 40 This is 5(x — 2y — z) = 5(8). 
(6) 9x — 15y = 93 


If we add equations 2 and 5, the variable z is eliminated again. 
(2) x-2y-—z=8 
(5) 2x — 3y +z = 23 
(7) 3x — S5y = 31 


Equations 6 and 7 form a system in x and y. If each side of equation 7 is multiplied by 
—3 and the resulting equation is added to equation 6, both x and y are eliminated. 


(6) 9x — 15y = 93 
—9x + 15y = —93 This is —3(3x — 5y) = —3(31). 
0=0 
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The resulting true statement, 0 = 0, indicates that the equations of the system are 
dependent, and that the system has infinitely many solutions. This is the case when all three 
equations of a system represent the same plane or when the intersection of the planes is a 
line. 


Se a = | 


’ 4 5 
oT Self Check 7 g Solve the system: § x + a +z= 5 


0.02x + 0.01y + 0.01z = 0.03 
Now Try Problem 37 


When the equations in a system of two equations with two variables are dependent, the 
system has infinitely many solutions. This is not always true for systems of three equations 
with three variables. In fact, a system can have dependent equations and still be inconsistent. 
The following illustration shows the different possibilities. 


Consistent system Consistent system Inconsistent system 


aa iy 7— 


When three planes coincide, the When three planes intersect in a When two planes coincide and are parallel 
equations are dependent, and there common line, the equations are to a third plane, the system is 
are infinitely many solutions. dependent, and there are inconsistent, and there are 
infinitely many solutions. no solutions. 
(a) (b) (c) 


ee | 1. No 2. (2,1,-4) 3. (1,1,2) 4. (40, -20,5) 5. (6,0, 12) 
6. No solution, @; inconsistent system 7. Infinitely many solutions; dependent equations 


VOCABULARY 
Fill in the blanks. 
2x +y— 3z=0 


3. Solutions of a system of three equations in three variables, x, y, 
and z, are written in the form (x, y, z) and are called ordered 


4. The graph of the equation 2x + 3y + 4z = 5 isa flat surface 


1. 43x —y+4z=5 iscalleda of three linear called a 
4x + 2y — 6z = 0 5. When three planes coincide, the equations of the system are 
equations in three variables. Each equation is written in , and there are infinitely many solutions. 
Ax + By + Cz = D form. 6. When three planes intersect in a line, the system will have 


2. If the first two equations of the system in Exercise | are added, many solutions. 


the variable y is 
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CONCEPTS 


7. For each graph of a system of three equations, determine 
whether the solution set contains one solution, infinitely many 
solutions, or no solution. 


a. b. 


(1) (-2x+ y+ 42 =3 
8. Consider the system: (2) (x —y+2z=1 
(3) \xt+ty—-3z=2 
a. What is the result if equation 1 and equation 2 are added? 


b. What is the result if equation 2 and equation 3 are added? 


c. What variable was eliminated in the steps performed in parts 
(a) and (b)? 


NOTATION 


9. For the following system, clear the equations of any fractions or 
decimals and write each equation in Ax + By + Cz = D form. 


x+ty=3-4 re 
0.7x — 0.2y + 0.82 = 1.5 - 
tPF 2a? ; 
2 3 6° 3 


10. What is the purpose of the numbers shown in red in front of the 
equations below? 


GQ) (x+y-z=6 
(2) §2x -y+z=3 
(3) \5x + 3y —z = —2 


GUIDED PRACTICE 
Determine whether the ordered triple is a solution of the system. 
See Example 1. 
x-ytz=2 
11. (2,1,1),42x +y—-z=4 
2x —-3y+z=2 
ax hy — 2 = -6 
12. (—3, 2, -1), 42x + 2y+3z=-1 
x+y+t+2z=1 


3x ly - z= 37 
13.. (6, —7, —5), 4x — 3y = 27 
2x + Ty + 2z = —48 


x + 2y-— 3z= —31 
14. (—4, 0, 9), ) 2x + 6z = 46 
3x = y= =12 
Solve each system. See Example 2. 
xt+y+z=4 
15. (2x t+y-z=1 16. 
2x —-3y+z=1 


xt+y+z=4 


x-ytz=2 
x-y-—2z=-1 


3x + 2y = 52:4 3 
17. \ 4x — 2y — 3z = —-10 18. 
$x > 2y a 22 = 11 


5x + 4y + 2z = -2 
3x + 4y — 3z = -27 
2x — 4y — Tz = —23 


2x + 6y + 3z=9 
19. \ 5x — 3y — 5z = 3 20. 
4x + 3y + 2z = 15 


4x — 3y + 5z = 23 
20 = Sp = 3z = 13 
—4x — 6y + 7z=7 


4x — Sy — 8z = —52 
21. § 2x — 3y — 4z = —26 22. 
3x + Ty + 8z = 31 


2x + 6y + 3z = —20 
5x — 3y — 5z = 47 
4x + 3y + 2z=4 


Solve each system. See Example 3. 


3x + 3z = 6 — 4y 5x + 6z = 4y —- 21 
23. \ 7x — 5z = 46 + 2y 24. \9x + 2y = 3z — 47 
4,=31—2 34 Fy = =19 
x+te=-2+y sy Fz = =1 
25. {8x — 3y = -2 26. { —x + 2z = —9 + 6y 
6x — 2y + 3z = —4 9y + 3z = —9 + 2x 


Solve each system using elimination. See Example 4. 


x+y + 3z = 35 x + 2y + 3z= 11 


27. \ —x — 3y = 20 28. (5x —y = 13 
2y+z= —-35 2x — 3z = -11 
3x + 2y-—Z2=7 2axt+ty=4 

29. \ 6x — 3y = -2 30. { -—x — 2y + 82 =7 
3y — 2z = 8 —-y+4z=5 


Solve each system using substitution. See Example 5. 
Fs = 3t= 21 r—-s+ 6¢= 12 


31. (r+4s =9 32. (r+ 6s = —28 
ss +t=—4 Is +t= —26 
x— 82 = —30 x + 6z = —36 

33. (3x +y—4z2=5 34. 4 5x + 3y — 2z = —20 
y+ 7z = 30 y + 4z = —20 


Solve each system. If a system is inconsistent or if the equations 


are dependent, state this. See Examples 6 and 7. 


Ta + 9b — 2c = -5 


35. (5a + 146-—c=—-11 36. 


2a—- 5b-—c=3 


ik=-y=2z= 10 


37. \x—3y+z2=2 38. 
x+2y-z= 
TRY IT YOURSELF 


Solve each system, if possible. If a system is inconsistent or if the 


equations are dependent, state this. 
2a + 3b — 2c = 18 


39. \5a —- 66 +c = 21 40. 


4b — 2c —-6=0 


2x+2y-—z=2 
41. 
yH=T-42 


b+2c=7-a 
a+c=2(4—)) 
2a+b+c=9 

0.02a = 0.02 — 0.03b — 0.01c 
4a + 6b + 2c -5=0 
a+c=3+4+2b 


| 
| 
fast 
| 
| 
| 


43. 


4xn+ Sy +32 =3 
2x + 2y + 3z = 10 
set y= z= 0 
xty+2z=6 


46. 


0.4x + 0.32 = 0.4 
47. 


42x + y) =9 — 3z 


r+s+ 4t=3 
49. 


3s + 5t=0 


x+3z—24=0 42. 


2y —6z = —-1 48. 


3r + 7t = 0 50. 


3x + 4y +z = 10 
x -2y+z= -3 
2xt+ytz=5 


2a-—b+c=6 


5a — 2b — 4c = 
at+tb+c=8 


r-st+t=4 
r+2s-t=-—l 
r+s—3t=-2 


r—3t=—-ll 
r+s+t=13 
s—4t=-12 
a+b+c= 180 
a be 

— + — + — = 60 
4 2 3 


2b + 3c — 330 = 0 


x-y=3 
2x-ytz=1 
KZ 2 
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0.5a + 0.36 = 2.2 4a—-3b=1 
51. 4 1.2c — 8.55 = —24.4 52. (6a — 8c = 1 
3.3c + 1.3a = 29 2b—- 4c =0 
2x + 3y=6—- 42 =x Sy — “iz = 0 
53. (2x =3v+4z2-4 54. (4x ty —z=0 
4x + 6y + 8z = 12 x+y-—4z=0 
a+b=2+c 0.1x — 0.3y + 0.4z = 0.2 
55. j\a=3+b-c 56. (2x ty + 2z = 3 
-atb+c-4=0 4x — 5y + 102 = 7 
ie 13 : 9 
x+rytz= x-Ty-z7z= 
a 5 
1 1 1 1 
57.4 —X —ptoz=-2 58. ¢ -x+—7y-7z=5 
2 3 4 5 2 
ue : 2 x+y + 12 
i ao “z= 
ee aed x+y Zz 
APPLICATIONS 


59. GRAPHS OF SYSTEMS _ Explain how each of the following 
pictures could be thought of as an example of the graph of a 
system of three equations. Then describe the solution, if there 


is any. 
a. b. 
| Yn 
aS) 
c. ae 
eo; 0 
° 
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60. ZOOLOGY Refer to the illustration below. An X-ray of a 


61. 


mouse revealed a cancerous tumor located at the intersection of 
the coronal, sagittal, and transverse planes. From this descrip- 
tion, would you expect the tumor to be at the base of the tail, on 
the back, in the stomach, on the tip of the right ear, or in the 
mouth of the mouse? 


Transverse plane 


Coronal plane 


Wd? ¥ 


NBA RECORDS | The three highest one-game point totals by 
one player in a National Basketball Association game are 
shown below. 


Pts | Player, team Date 
x | Wilt Chamberlain, Philadelphia | 3/2/1962 
y | Kobe Bryant, Los Angeles 1/22/2006 
z | Wilt Chamberlain, Philadelphia | 12/8/1961 


Solve the following system to find x, y, and z. 
x+ty+z= 259 
x-—y=19 
x-—z=22 


62. 


BICYCLE FRAMES 
The angle measures of 
the triangular part of the 
bicycle frame shown can 


Handle 
bar tube 


be found by solving the 
following system. Find 
x, y, and z. 
x+y+z= 180 
x+y = 120 
peer = 135 
WRITING 


63. 


64. 


65. 


66. 


Explain how a system of three equations in three variables can 
be reduced to a system of two equations in two variables. 

What makes a system of three equations with three variables 
inconsistent? 

What does the graph of a linear equation in three variables such 
as 2x — 3y + 9z = 10 look like? 

What situation discussed in this section looks like two walls of 
a room and the floor meeting in a corner? 


REVIEW 
Graph each of the basic functions. 


67. f(x) = |x| 68. g(x) =x" 
69. A(x) = x° 70. S(x) =x 
CHALLENGE PROBLEMS 
Solve each system. 
1 1 1 
aS 3 
wt+txtyt+z=3 x y @ 
w-xtytz=l 2 1 1 
71. 72,4 —- +> =O 
wt+tx-ytz=l x yp 2 
= 1 2 4 
wt+txty-z=3 2 Ba hh 
ey ug 


Objectives 


@ Assign variables to three unknowns. 


® Use systems to solve curve-fitting problems. 


Problems that involve three unknown quantities can be solved using a strategy similar to that 
for solving problems involving two unknowns. To solve such problems, we will write three 
equations in three variables to model the situation and then we will use the methods of 
Section 12.2 to solve the system formed by the three equations. 
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1) Assign Variables to Three Unknowns. 


EXAMPLE 1 — Tool Manufacturing. A company makes three types of 

: hammers, which are marketed as “good,” “better,” and “best.” The 

cost of manufacturing each type of hammer is $4, $6, and $7, respectively, and the 

hammers sell for $6, $9, and $12. Each day, the cost of manufacturing 100 hammers is 

$520, and the daily revenue from their sale is $810. How many hammers of each type 
are manufactured? 


Analyze the Problem We need to find how many of each type of hammer are manufac- 
tured daily. Since there are three unknowns, we must write three equations to find them. 


Form Three Equations Let x = the number of good hammers, y = the number of 
better hammers, and z = the number of best hammers. We know that 
The cost of manufacturing 
e the good hammers is $4x ($4 times x hammers). 
© the better hammers is $6y ($6 times y hammers). 
e the best hammers is $7z ($7 times z hammers). 
The revenue received by selling 
e the good hammers is $6x ($6 times x hammers). 
e the better hammers is $9y ($9 times y hammers). 
© the best hammers is $12z ($12 times z hammers). 


We can use the facts of the problem to write three equations. 


The number of the number of the number of . the total number 
lus plus is 
good hammers better hammers best hammers of hammers. 
x + y + Zz = 100 
The cost of the cost of the cost of ; 
plus plus is the total cost. 
good hammers better hammers best hammers 
4x + 6y + Tz = 520 
The revenue from the revenue from the revenue from 
plus plus is the total revenue. 
good hammers better hammers best hammers 
6x + Oy + 12z = 810 


Solve the System To find how many hammers of each type are manufactured, we must 
solve the following system of three equations in three variables: 

dQ) {x +y+z= 100 

(2) \ 4x + 6y + 7z = 520 

(3) \6x + 9y + 12z = 810 


If we multiply equation 1 by —7 and add the result to equation 2, we get 


7x — Ty — 7z = —700 This is —7(x + y + z) = —7(100). 
(2) 4x + 6y + Tz 520 
(4) -3x- y = —180 
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Success Tip 
If three variables are used to 
represent three unknowns, then 


three equations must be formed, 


and a three-part check must be 
performed to verify the results. 


If we multiply equation | by —12 and add the result to equation 3, we get 
—12x — 12y — 12z = —1,200 = This is —12(x + y + z) = —12(100). 

(3) 6x + 9y + 12z = 810 

(5) —6x — 3y = —390 


We can multiply equation 4 by —3 and add it to equation 5 to eliminate y. 
9x + 3y = 540 This is —3(—3x — y) = —3(-180). 


(5) —6x — 3y = —390 
3x = 150 


x = 50 To solve for x, divide both sides by 3. 
This is the number of good hammers manufactured. 


To find y, we substitute 50 for x in equation 4: 
—3x —y = —180 
—3(50) — y = —180 Substitute 50 for x. 
—150 —y = -180 
—y = —30 = Add 150 to both sides. 
y = 30 To solve for y, divide both sides by —1. 
This is the number of better hammers manufactured. 
To find z, we substitute 50 for x and 30 for y in equation |: 
x+y+z= 100 
50 + 30 + z = 100 
z= 20 To solve for z, subtract 80 from both sides. 


This is the number of best hammers manufactured. 


State the Conclusion Each day, the company manufactures 50 good hammers, 
30 better hammers, and 20 best hammers. 


Check the Result If the company manufactures 50 good hammers, 30 better hammers, 
and 20 best hammers each day, that is a total of 50 + 30 + 20 = 100 hammers. The 
cost of manufacturing the three types of hammers is $4(50) + $6(30) + $7(20) = 
$200 + $180 + $140 or $520. The revenue from the sale of the hammers is 
$6(50) + $9(30) + $12(20) = $300 + $270 + $240 or $810. The results check. 


La Now Try Problem 7 


EXAMPLE 2 j The Olympics. The three countries that won the most medals in 
: ~ the 2004 summer Olympic games were the United States, Russia, 
and China. Together they won a total of 258 medals, with the U.S. medal count 11 more 
than Russia’s and Russia’s medal count 29 more than China’s. Find the number of 
medals won by each country. 


Analyze the Problem We need to find how many medals the United States, Russia, and 
China won. Since there are three unknowns, we must write three equations to find them. 


Form Three Equations Let x = the number of medals won by the United States, y = 
the number of medals won by Russia, and z = the number of medals won by China. 
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We can use the facts of the problem to write three equations. 
The number of medals the number of medals the number of medals 
: : plus ; was 258. 
won by the United States won by Russia won by China 

x + y + Zz = 258 
The United States’ medal count was 11 more than Russia’s medal count. 

x = y oF 11 
Russia’s medal count was 29 more than China’s medal count. 

y = Z + 29 


Solve the System We can use substitution to solve the resulting system of three equa- 
tions. If we solve equation 3 for z, then the resulting equation 4 and equation 2 can serve 
as substitution equations. 


Unchanged 
(1) (x+y +2z= 258 Unchanged xt+y+z= 258 
(2) (x=yH1l -i\ x = + 1) 
(3) \y=z+4 29 > z=(y — 29 


Solve for z 


When we substitute for x and z in equation 1, we obtain an equation in one variable, y. 


x+yt+z= 258 
yti1l+yt+y— 29 = 258 


3y — 18 = 258 
3y = 276 
y = 92 


This is equation 1. 

Substitute y+ 11 forx and y — 29 forz. 
On the left side, combine like terms. 

Add 18 to both sides. 

To solve for y, divide both sides by 3. 


This is the number of medals won by Russia. 


To find x, we substitute 92 for y in equation 2. To find z, we substitute 92 for y in equa- 


tion 4. 
x=yt+1l This is equation 2. z=y-—29 This is equation 4. 
= 92+ 11 = 92 — 29 
= 103 This is the U.S. medal count. = 63 This is China’s medal count. 


State the Conclusion In the 2004 summer Olympics, the United States won 
103 medals, Russia won 92, and China won 63. 


Check the Result The sum of 103 + 92 + 63 is 258. Furthermore, 103 is 11 more 
than 92, and 92 is 29 more than 63. The results check. 


La Now Try Problem 13 


Use Systems to Solve Curve-Fitting Problems. 


The process of determining an equation whose graph contains given points is called curve 
fitting. 
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Success Tip 
Ifa point lies on the graph of an 
equation, it is a solution of the 
equation, and the coordinates of 
the point satisfy the equation. 


More on Systems of Equations 


EXAM PLE 3 The equation of a parabola opening upward or downward is of 
: the form y = ax? + bx + c. Find the equation of the parabola 
graphed on the left by determining the values of a, b, and c. 


Strategy We will substitute the x- and y-coordinates of three points that lie on the graph 
into the equation y = ax + bx + c. This will produce a system of three equations in 
three variables that we can solve to find a, b, and c. 


Why Once we know a, b, and c, we can write the equation. 
Solution Since the parabola passes through the points (—1, 5), (1, 1), and (2, 2), each 


pair of coordinates must satisfy the equation y = ax” + bx + c. If we substitute each 
pair into y = ax* + bx + c, we will get a system of three equations in three variables. 


Substitute (—1, 5) Substitute (1, 1) Substitute (2, 2) 
yp=axt+bxt+e y=ar+bxt+e y=ar+bxt+e 
§ =a(-1) + W(-1) +c 1=a(ly + bl) +e 2=a(2)’ + b2) +e 
5=a-—bt+ec l=atbte 2=4a+2b+c 
This is equation 1. This is equation 2. This is equation 3. 


The three equations above give the system, which we can solve to find a, b, and c. 
QQ) fa-bt+c=5 
(2) ja+b+c=1 
(3) \4a+ 2b+c=2 
If we add equations | and 2, we obtain 
a-b+ c=5 
a+b+ c=1 
(4) 2a +2c=6 


If we multiply equation 1 by 2 and add the result to equation 3, we get 
2a — 2b + 2c = 10 

(3) 4a+2b+ c= 2 

(5) 6a + 3c = 12 


We can then divide both sides of equation 4 by 2 to get equation 6 and divide both sides 
of equation 5 by 3 to get equation 7. We now have the system 


(6) {3 +co=3 
(7) \2a+c=4 
To eliminate c, we multiply equation 6 by —1 and add the result to equation 7. We get 
—a-—c=-3  Thisis —1(a + c) = —1(3). 
2Za+t+c= 4 
a = 1 


To find c, we can substitute 1 for a in equation 6 and find that c = 2. To find b, we can 
substitute | for a and 2 for c in equation 2 and find that b = —2. 

After we substitute these values of a, b, and c into the equation y = ax* + bx + c, we 
have the equation of the parabola. 
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y=ax’>+bxt+e 
y=1x?-2x+2 
y=x°-2x4+2 


La Now Try Problem 25 


VOCABULARY 
Fill in the blanks. 


1. Ifa point lies on the graph of an equation, it is a solution of the 
equation, and the coordinates of the point the equation. 


2. The process of determining an equation whose graph contains 
given points is called curve 


CONCEPTS 


Write a system of three equations in three variables that models 
the situation. Do not solve the system. 


3. DESSERTS A bakery makes three kinds of pies: chocolate 
cream, which sells for $5; apple, which sells for $6; and cherry, 
which sells for $7. The cost to make the pies is $2, $3, and $4, 
respectively. Let x = the number of chocolate cream pies made 
daily, y = the number of apple pies made daily, and z = the 
number of cherry pies made daily. 

e Each day, the bakery makes 50 pies. 
e Each day, the revenue from the sale of the pies is $295. 
¢ Each day, the cost to make the pies is $145. 


4. FAST FOODS Let x = the number of calories in a Big Mac 
hamburger, y = the number of calories in a small order of 
French fries, and z = the number of calories in a medium 
Coca-Cola. 

e The total number of calories in a Big Mac hamburger, a small 
order of French fries, and a medium Coke is 1,000. 

e The number of calories in a Big Mac is 260 more than in a 
small order of French fries. 

e The number of calories in a small order of French fries is 40 
more than in a medium Coke. (Source: McDonald’s USA) 


5. What equation results when the coordinates of the point (2, —3) 
are substituted into y = ax” + bx + c? 


6. The equation y = 5x” — 6x + 1 is written in the form 


y= ax” + bx + c. What are a, b, and c? 


APPLICATIONS 


7. MAKING STATUES An artist makes three types of ceramic 


statues (large, medium, and small) at a monthly cost of $650 for 
180 statues. The manufacturing costs for the three types are $5, 
$4, and $3. If the statues sell for $20, $12, and $9, respectively, 
how many of each type should be made to produce $2,100 in 
monthly revenue? 


8. PUPPETS A toy company makes a total of 500 puppets in three 


sizes during a production run. The small puppets cost $5 to make 
and sell for $8 each, the standard size puppets cost $10 to make 
and sell for $16 each, and the super-size puppets cost $15 to 
make and sell for $25. The total cost to make the puppets is 
$4,750 and the revenue from their sale is $7,700. How many 
small, standard, and super-size puppets are made during a 
production run? 


9. NUTRITION A dietitian is to design a meal that will provide a 


patient with exactly 14 grams (g) of fat, 9 g of carbohydrates, 
and 9 g of protein. She is to use a combination of the three foods 
listed in the table. If one ounce of each of the foods has the 
nutrient content shown in the table, how many ounces of each 
food should be used? 


Food | Fat | Carbohydrates | Protein 


A |2¢ lg 2g 
B |3g 2g lg 
C lg lg 2¢g 


(g stands for gram) 
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10. NUTRITIONAL PLANNING = One ounce of each of three 


foods has the vitamin and mineral content shown in the table. 
How many ounces of each must be used to provide exactly 
22 milligrams (mg) of niacin, 12 mg of zinc, and 20 mg of 
vitamin C? 


Food | Niacin | Zinc | Vitamin C 
A Img | 1mg 2 mg 
B 2mg | 1mg 1 mg 
C 2mg | 1mg 2 mg 


(mg stands for milligram) 


11. from Campus to Careers 


A clothing manufacturer makes 
coats, shirts, and slacks. The time 
required for cutting, sewing, and 
packaging each item is shown in 
the table. How many of each 
should be made to use all available 
labor hours? 


Fashion Designer 


© Radius Images/Alamy 


Coats | Shirts | Slacks | Time available 
Cutting 20 min | 15 min | 10 min 115 hr 
Sewing 60 min | 30 min | 24 min 280 hr 
Packaging | 5 min| 12min} 6 min 65 hr 


12. SCULPTING A wood sculptor carves three types of statues 


13. 


with a chainsaw. The number of hours required for carving, 
sanding, and painting a totem pole, a bear, and a deer are shown 
in the table. How many of each should be produced to use all 
available labor hours? 


Totem pole | Bear | Deer | Time available 
Carving 2 hr 2hr | lhr 14 hr 
Sanding 1 hr 2hr | 2hr 15 hr 
Painting 3 hr 2hr | 2hr 21 hr 


NFL RECORDS _ Jerry Rice, who played the majority of his 
career with the San Francisco 49ers and the Oakland Raiders, 
holds the all-time record for touchdown (TD) passes caught. 
Here are some interesting facts about this feat. 


e He caught 30 more TD passes from Steve Young than he did 
from Joe Montana. 

e He caught 39 more TD passes from Joe Montana than he did 
from Rich Gannon. 

e He caught a total of 156 TD passes from Young, Montana, 
and Gannon. 

Determine the number of touchdown passes Rice has caught 

from Young, from Montana, and from Gannon. 


14. HOT DOGS In 12 minutes, the top three finishers in the 2007 


15. 


Nathan’s Hot Dog Eating Contest consumed a total of 178 hot 
dogs. The winner, Joey Chestnut, ate 3 more hot dogs than the 
runner-up, Takeru Kobayashi. Pat Bertoletti finished a distant 
third, 14 hot dogs behind Kobayashi. How many hot dogs did 
each person eat? 

EARTH’S ATMOSPHERE | Use the information in the circle 
graph to determine what percent of Earth’s atmosphere is nitro- 
gen, is oxygen, and is other gases. 


Nitrogen: This is 12% more 
than three times the sum 
of the percent oxygen 
and the percent 
other gases. 


Nitrogen 


Other gases: This is 
20% less than the 
percent oxygen. 


16. DECEASED CELEBRITIES Between October 2005 and 


17 


October 2006, the estates of Kurt Cobain, Elvis Presley, and 
Charles M. Schultz (Snoopy cartoonist) earned a total of $127 
million. Together, the Presley and Schultz estates earned $27 
million more than the Cobain estate. If the Schultz estate had 
earned $15 million more, it would equal the value of the 
Cobain estate. Use this information to label the vertical axis of 
the graph below. (Source: Forbes.com) 


The Three Top-Earning 
Deceased Celebrities 
(2005-2006) 


Millions of dollars 
> 


Kurt Elvis Charles M. 
Cobain Presley Schultz 
(1967-1994) (1935-1977) (1922-2000) 


. TRIANGLES The sum of the measures of the angles of any 
triangle is 180°. In AABC, ZA measures 100° less than the 
sum of the measures of 7B and ZC, and the measure of ZC is 
40° less than twice the measure of 7B. Find the measure of 
each angle of the triangle. 


12.3 


18. QUADRILATERALS A quadrilateral is a four-sided polygon. 
The sum of the measures of the angles of any quadrilateral is 
360°. In the illustration below, the measures of 7A and ZB are 
the same. The measure of 7 C is 20° greater than the measure 
of ZA, and the measure of ZD is 60° less than ZB. Find the 
measure of 2A, ZB, and ZC. 


A 


19. TV HISTORY X-Files, Will & Grace, and Seinfeld are three 
of the most popular television shows of all time. The total 
number of episodes of these three shows is 575. There are 
21 more episodes of X-Files than Seinfeld, and the difference 
between the number of episodes of Will & Grace and Seinfeld 
is 14. Find the number of episodes of each show. 


20. TRAFFIC LIGHTS Ata traffic light, one cycle through 
green-yellow-red lasts for 80 seconds. The green light is on 
eight times longer than the yellow light, and the red light is on 
eleven times longer than the yellow light. For how long is each 
colored light on during one cycle? 


21. POTPOURRI The owner of a home decorating shop wants to 
mix dried rose petals selling for $6 per pound, dried lavender 
selling for $5 per pound, and buckwheat hulls selling for $4 per 
pound to get 10 pounds of a mixture that would sell for 
$5.50 per pound. She wants to use twice as many pounds of rose 
petals as lavender. How many pounds of each should she use? 


22. MIXING NUTS | The owner of a candy store wants to mix some 
peanuts worth $3 per pound, some cashews worth $9 per pound, 
and some Brazil nuts worth $9 per pound to get 50 pounds of a 
mixture that will sell for $6 per pound. She uses 15 fewer pounds 
of cashews than peanuts. How many pounds of each did she 
use? 

23. PIGGY BANKS When a child breaks open her piggy bank, 
she finds a total of 64 coins, consisting of nickels, dimes, and 
quarters. The total value of the coins is $6. If the nickels were 
dimes, and the dimes were nickels, the value of the coins would 
be $5. How many nickels, dimes, and quarters were in the 
piggy bank? 

24. THEATER SEATING The illustration in the next column 
shows the cash receipts and the ticket prices from two sold-out 
Sunday performances of a play. Find the number of seats in 
each of the three sections of the 800-seat theater. 


1121 


Problem Solving Using Systems of Three Equations 


Sunday Ticket Receipts 
Matinee | $13,000 
Evening | $23,000 


Stage 


q 


ow | 
Founder's circle tickets 
Matinee $30 


Evening $40 
Row 8 


Row | 
Box seat tickets 
Matinee $20 
Evening $30 
Row 10 


Row 1 


Promenade tickets 
Matinee $10 
Evening $25 

Row 15 


25. ASTRONOMY Comets 
have elliptical orbits, but the 
orbits of some comets are so 
large that they are indistin- 
guishable from parabolas. 
Find an equation of the form 
y = ax* + bx +c for the 
parabola that closely 
describes the orbit of the 
comet shown in the 


illustration. 


26. CURVE FITTING _ Find an equa- y 
tion of the form y = ax* + bx + ¢ 
for the parabola shown in the 
illustration. 


G3,-7) 


27. WALKWAYS A circular sidewalk is to be constructed in a 
city park. The walk is to pass by three particular areas of the 
park, as shown in the illustration. If an equation of a circle is of 
the form x” + y? + Cx + Dy + E = 0, find an equation that 


describes the path of the sidewalk by determining C, D, and E. 
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28. CURVE FITTING The equation 
of a circle is of the form 
vr+y+Cxr+Dy+E=0. 
Find an equation of the circle 
shown in the illustration by 
determining C, D, and E. 


WRITING 


29. Explain why the following problem does not give enough infor- 
mation to answer the question: The sum of three integers is 48. 
If the first integer is doubled, the sum is 60. Find the integers. 


30. Write an application problem that can be solved using a system 
of three equations in three variables. 


REVIEW 


Determine whether each equation defines y to be a function of x. 
If it does not, find two ordered pairs where more than one value of 
y corresponds to a single value of x. 


1 


31. y=— 32. yi =x 
x 


33. xy = 9 34. y = |x| 
1 
35.x+1= |y| 36. y= 
x 
37. y =x 38. x = |y| 


CHALLENGE PROBLEMS 


39. DIGITS PROBLEM The sum of the digits of a three-digit 
number is 8. Twice the hundreds digit plus the tens digit is 
equal to the ones digit. If the digits of the number are reversed, 
the new number is 82 more than twice the original number. 
What is the three-digit number? 

40. PURCHASING PETS A pet store owner spent $100 to buy 
100 animals. He bought at least one iguana, one guinea pig, and 
one mouse, but no other kinds of animals. If an iguana cost 
$10.00, a guinea pig cost $3.00, and a mouse cost $0.50, how 
many of each did he buy? 


Objectives 


OoOO008 


equations. 


Define a matrix and determine its order. 


Write the augmented matrix for a system. 

Perform elementary row operations on matrices. 

Use matrices to solve a system of two equations. 

Use matrices to solve a system of three equations. 

Use matrices to identify inconsistent systems and dependent 


In this section, we will discuss another way to solve systems of linear equations. This tech- 
nique uses a mathematical tool called a matrix in a series of steps that are based on the elimi- 


nation (addition) method. 


@ Define a Matrix and Determine Its Order. 


Another way to solve systems of equations involves rectangular arrays of numbers called 


matrices (plural of matrix). 


Matrices 
brackets. 


A matrix is any rectangular array of numbers arranged in rows and columns, written within 


The Language of Algebra 
An array is an orderly arrange- 
ment. For example, a jewelry store 
might display an impressive array 
of gemstones. 


Caution 
The equations of a system must 
be written in standard form before 
the corresponding augmented 
matrix can be written. 
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Some examples of matrices are 


1 3 g ous 1 4 -—2 —4 | + Row! 
A= - B=|6 -2 6 1/|+Row2 
2 5 —l1]—Row2 
3 8 =3 12 | <—Row3 
t t t t t i t 
Column Column Column Column Column Column Column 
1 2 3 1 Zz a] 4 


Each number in a matrix is called an element or an entry of the matrix. A matrix with m 
rows and 1 columns has order m X n, which is read as “m by n.” Because matrix A has two 
rows and three columns, its order is 2 X 3. The order of matrix Bis 3 X 4 because it has three 
rows and four columns. 


Write the Augmented Matrix for a System. 
To show how to use matrices to solve systems of linear equations, we consider the system 
: —-y=4 
2x+y=5 
which can be represented by the following matrix, called an augmented matrix: 


1 -1:4 
i 1 ! | The constants appear to the right of the dashed line. 

Each row of the augmented matrix represents one equation of the system. The first two 
columns of the augmented matrix are determined by the coefficients of x and y in the equa- 
tions of the system. The last column is determined by the constants in the equations. 


; i 
a 113 


I 


Coefficients Coefficients Constants 
of x ofy 


This row represents the equation x — y = 4. 


This row represents the equation 2x + y = 5. 


‘ EXAMPLE 1 j Represent each system using an augmented matrix: 
2a +b—3c¢=-3 
3x + y= 11 
a. py % b. {9a + 4c = 2 
‘ . a-b-6c=-7 
Strategy We will write the coefficients of the variables and the constants from each 


equation in rows to form a matrix. The coefficients are written to the left of a vertical 
dashed line and constants to the right. 


Why 


Solution Since the equations of each system are written in standard form, we can easily 
write the corresponding augmented matrices. 


me Ce o F ae 
“|lx-8y=0 © [1 -8: 0 


In an augmented matrix, each row represents one equation of the system. 


2atb-3c=-3 2 1-3 | —3 In the second row, O is entered 
b. § 9a + 4c = 2 oe 9 0 4 2 as the coefficient of the missing 
a-b-6c=-7 © Ll -1 -6:-7] Prterm. 
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3 | 


The Language of Algebra 
Two matrices are equivalent if they 
represent systems that have the 
same solution set. 


Elementary Row 
Operations 


a Self Check 1 , | Represent each system using an augmented matrix: 


a bc = —4 
2x — 4y = 9 
a. coe ee b. (2b + Te = 0 
et 10a + 8b — 4c = 5 


Now Try Problem 13 


Perform Elementary Row Operations on Matrices. 


To solve a2 X 2 system of equations using matrices, we transform the augmented matrix into 
an equivalent matrix that has 1’s down its main diagonal and a 0 below the 1 in the first 
column. A matrix written in this form is said to be in row echelon form. We can easily deter- 
mine the solution of the associated system of equations when an augmented matrix is written 
in this form. 


1 aib 
0 Lic 


Main diagonal 


| a, b, and c represent real numbers. 


To write an augmented matrix in row echelon form, we use three operations called 
elementary row operations. 


Type 1: Any two rows of a matrix can be interchanged. 

Type 2: Any row of a matrix can be multiplied by a nonzero constant. 

Type 3: Any row of a matrix can be changed by adding a nonzero constant multiple of 
another row to it. 


None of these row operations affect the solution of a given system of equations. The 
changes to the augmented matrix produce equivalent matrices that correspond to systems with 
the same solution. 


e A type | row operation corresponds to interchanging two equations of the system. 

e A type 2 row operation corresponds to multiplying both sides of an equation by a 
nonzero constant. 

e A type 3 row operation corresponds to adding a nonzero multiple of one equation to 
another. 


EXAMPLE 2 i Perform the following elementary row operations: 


2 1 =8: 4 

2 4: —3 1 =1:2 
4=|i 3 | Al al c=;0 1 4. =2 
0 0 -6! 24 


a. Type 1: Interchange rows | and 2 of matrix A. 
b. Type 2: Multiply row 3 of matrix C by —é. 


c. Type 3: To the numbers in row 2 of matrix B, add the results of multiplying each number 
in row | by —4. 


Strategy We will perform elementary row operations on each matrix as if we were per- 
forming those operations on the equations of a system. 


Success Tip 
This elementary row operation 
corresponds to the following 
elimination method step for 
solving a system: 


4x—8y= 0 
—4x + 4y = —-8 
—4y = -8 
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Why The rows of an augmented matrix correspond to the equations of a system. 


Solution 


2 4 :-3 L +8 4-0 
. Interchangi 1 and 2 of matrix A = i : 
a. Interchanging rows | an of matrix 1-8 | | gives > 4 Bl 


We can represent the instruction to interchange rows 1 and 2 with the symbol R, <> Rp. 
2 1 -8 + 
b. We multiply each number in row 3 of matrix C=] 0 1 4 —2 | by i. Note 


0 0 —-6;: 24 
that rows | and 2 remain unchanged. 


2 1 =8i 4 
0 1 4 ; ~2 We can represent the instruction to multiply 
0 0 1 4 the third row by -4 with the symbol — : Rs. 
: ; =P 
c. We multiply each number from the first row of matrix B = 4 8 0 by —4 to get 


—4 4 —8 = This is —4R,. 


We then add these numbers to the entries in row 2 of matrix B. (Note that row | remains 
unchanged.) 


1 =j 2 This procedure is represented by —4R, + Ro, which 
| means “Multiply row 1 by —4 and add the result to 
4+(-4) -8+4/0+(-8)] owe 


| | 2 
After simplifying the bottom row, we have the matrix F 4 | : 


a Self Check 2 d Use the augmented matrices of Example 2 and perform the 
following: 


a. Interchange the rows of matrix B. 
b. To the numbers in row | of matrix A, add the results of 
multiplying each number in row 2 by —2. 


c. Multiply row 1| of matrix C by . 
Now Try Problems 17, 19, and 23 


Use Matrices to Solve a System of Two Equations. 


We can solve a system of two linear equations using a series of elementary row operations. 


. 2ax+y=5 
EXAMPLE 3 _ Use matrices to solve the system: { : 4 
i j x-y= 
Strategy We will represent the system with an augmented matrix and use a series of 
elementary row operations to produce an equivalent matrix in row echelon form. 


Why When the resulting row echelon form matrix is written as a system of two equa- 
tions, we will know the value of one variable, and the value of the other can be found 
using substitution. 
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The Language of Algebra 
This matrix method of solving a 
system of linear equations is 
called Gaussian elimination, after 
the German mathematician Carl 
Friedrich Gauss (1777-1855). 


Success Tip 
Follow this order in getting 1’s and 
0’s in the proper positions of the 
augmented matrix. 


ls aie 
> mil 
oa | 
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Solution We can represent the system with the following augmented matrix: 


* ae 
1 -1:4 


First, we want to get a | in the top row of the first column where the shaded 2 is. This can be 
done by applying a type | row operation and interchanging rows | and 2. 


 <i%4 
wm o4i5| ™t 


To get a 0 in the first column where the shaded 2 is, we use a type 3 row operation and 
multiply each entry in row | by —2 to get 
—2 2 -8 
and add these numbers to the entries in row 2. 
1 ee 4 | 
12+ (-2) 14+2:5+(-8)]  Thisis—2r, + R. 


After simplifying the bottom row, we have 


i! | 
lO 3: -3 


To get a | in the bottom row of the second column where the shaded 3 is, we use a type 


2 row operation and multiply row 2 by i 


! =i! "] 
0 “Wi-l] ir 


This augmented matrix represents the system of equations 
Ix-ly=4 
es +ly=-1 
Writing the equations without the coefficients of 1 and —1 and dropping the Ox term, we 
have 
(1) {i -y=4 
Q) ly=-1 
From equation 2, we see that y = —1. We can back substitute — 1 for y in equation | to find x. 
x-y=4 
x —(-1) =4 Substitute —1 for y. 
x+1=4 Simplify: -(-1) =1. 
x =3 To solve for x, subtract 1 from both sides. 


The solution of the system is (3, —1) and the solution set is {(3, —1)}. Verify that this 
ordered pair satisfies both equations in the original system. 


x+y = —9 
a Self Check 3 j Use matrices to solve the system: { . Es 6 
Af = 2) 


Now Try Problem 27 


Solving Systems 
of Linear 
Equations Using 
Matrices 
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When a system of linear equations has one solution, we can use the following steps to 
solve it. 


1. Write an augmented matrix for the system. 


2. Use elementary row operations to transform the augmented matrix into a matrix in row 
echelon form with 1’s down its main diagonal and 0’s under the 1’s. 


3. When step 2 is complete, write the resulting system and use back-substitution to find the 
solution. 


4. Check the proposed solution in the equations of the original system. 


Use Matrices to Solve a System of Three Equations. 


To show how to use matrices to solve systems of three linear equations containing three vari- 
ables, we consider the following system that can be represented by the augmented matrix to its 
right. 


3x + y+ 5z=8 3 1 S 7 8 
2x + 3y -—2 = 6 2 3 -1! 6 
x + 2y + 2z=10 1 2 2:10 


To solve the 3 X 3 system of equations, we transform the augmented matrix into a matrix 
with 1’s down its main diagonal and 0’s below its main diagonal. 


1 ab c 
0 1 d e BPS cack represent real numbers. 
0 oWifs 


Main diagonal 


Use matrices to solve the system: 


EXAMPLE 4 


i 
3x + y+ 5z = 8 
2x + 3y —z=6 
x + 2y + 2z = 10 


Strategy We will represent the system with an augmented matrix and use a series of 
elementary row operations to produce an equivalent matrix in row echelon form. 


Why When the resulting matrix in row echelon form is written as a system of three equa- 
tions, the value of one variable is known, and the values of the other two can be found 
using substitution. 


Solution This system can be represented by the augmented matrix 


3 51°38 
2 3 =1 7,6 
i 2 2: 10 


To get a | in the first column where the shaded 3 is, we perform a type | row operation by 
interchanging rows | and 3. 

1 2 2 10 

23 -1) 6] RoR 

at Ses 
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Success Tip 


Follow this order in getting 1’s and 
0’s in the proper positions of the 


augmented matrix. 


7 { 
1 
0 
Lo 
" 
[i 
0 1 
L 0 
{ 
fd 
0 1 
Lo 0 
| 
il 
® i 
Lo oOo 1 


| 


To get a 0 where the shaded 2 is, we perform a type 3 row operation by multiplying each 
entry in row | by —2 to get 


—2  -4 -4 -20 


and add these numbers to the entries in row 2. 


1 2 2 10 
2+(-2) 34+(-4) -1+(-4 | 6+(—20) This is —2R, + Rp. 
3 1 5 8 


After simplifying the second row, we have 
1 2 2: 10 
0 -1 -5:-14 
2 1 5: 8 
To get a 0 where the shaded 3 is, we perform another type 3 row operation by multiply- 
ing the entries in row | by —3 and adding the results to row 3. 
i 2 2 io 
0 -1 -5 | -14 
0 -5 -1: -22 —3R, + Rs 
To get a 1 where the shaded —1 is, we perform a type 2 row operation by multiplying 
row 2 by —1. 
, 2 By 10 
0 1 5: 14] -1R, 
0 H@ -1: -22 
To get a 0 where the shaded —5S is, we perform a type 3 row operation by multiplying 
the entries in row 2 by 5 and adding the results to row 3. 
: 2 2230 
0 1 5:14 
0 0 24:48] 5k, +R; 
To get a | where the shaded 24 is, we perform a type 2 row operation by multiplying row 


1 
3 by 53. 


m2 2 10 Note the 1s along the main diagonal 
0M 5:14 
0 O™% 42) ge 

The final augmented matrix represents the system 
Ix + 2y + 2z = 10 x+2y+2z=10 (I) 
Ox + ly + 5z = 14 which can be written as yt+5z=14 (2) 
Ox + Oy + Iz = 2 z=2 (3) 


From equation 3, we can see that z = 2. To find y, we back substitute 2 for z in equation 2 
and solve for y: 
y + 5z = 14 | This is equation 2. 
y + 5(2) = 14 — Substitute 2 for z. 
yt 10=14 
y=4 To solve for y, subtract 10 from both sides. 
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Thus, y = 4. To find x, we back substitute 2 for z and 4 for y in equation | and solve for x: 
x + 2y + 2z = 10 This is equation 1. 

x + 2(4) + 2(2) 

x+8+4=10 


II 
— 
i 


Substitute 2 for z and 4 for y. 


x + 12= 10 
x = —2 To solve for x, subtract 12 from both sides. 
Thus, x = —2. The solution of the given system is (—2, 4,2) and the solution set is 


{(—2, 4, 2)}. Verify that this ordered triple satisfies each equation of the original system. 


2e= Pores 5 
ta Self Check 4 j Use matrices to solve the system: (x + y— z= —2 
=% 2 2yer 22 — | 
Now Try Problem 29 


Use Matrices to Identify Inconsistent Systems and Dependent Equations. 


In the next example, we will see how to recognize inconsistent systems and systems of 
dependent equations when matrices are used to solve them. 


EXAMPLE 5 j If possible, use matrices to solve the system. 
+y=-l1 2x—-y=4 
ice Po 
—3x — 3y = —5 —6x + 3y = —-12 


Strategy We will represent the system with an augmented matrix and use a series of 
elementary row operations to produce an equivalent matrix in row echelon form. 


Why When the resulting matrix in row echelon form is written as a system of two equa- 
tions, we can determine whether the system is consistent or inconsistent and whether 
the equations are dependent or independent. 


Solution 


Xr : 
a. The system { can be represented by the augmented matrix 


3x — 3y = -5 


= ot] 
BA -3 1 -5 


Since the matrix has a | in the top row of the first column, we proceed to get a 0 where 
the shaded —3 is by multiplying row 1 by 3 and adding the results to row 2. 


a oe | 
0 0: -8] 3k +R 
This augmented matrix represents the system 
" +y=-l1 
0+0=-8 
The equation in the second row of this system simplifies to 0 = —8. This false statement 
indicates that the system is inconsistent and has no solution. The solution set is @. 
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2x-y=4 
—6x + 3y = -12 


ie =1i | 
-6 3:-12 


To get a 1 where the shaded 2 is, we perform a type 2 row operation by multiplying row 
1 by . 


b. The system { can be represented by the augmented matrix 


To get a 0 where the shaded —6 is, we perform a type 3 row operation by multiply- 
ing the entries in row | by 6 and adding the results to the entries in row 2. 


0 0:0) e+e 


This augmented matrix represents the system 


1 
x--yp= 

a” 
0+0=0 


The equation in the second row of the system simplifies to 0 = 0. This true statement 
indicates that the equations are dependent and that the system has infinitely many 
solutions. The solution set is {(x, y) | 2x — y = 4}. 


HT Self Check 5 j If possible, use matrices to solve the system. 


, ee 
" lx — 2y = -5 


i. —3y=6 
> hess ep 
Now Try Problems 33 and 35 


§ =i} 2 


; 1 1 -1i-4 
Bag wnswers to SELF CHECKS — Feel A380 
lena’ y b. ' amas i 
1 


=the 
: _5| 3: (2,-5) 4. (1,-1.2) 5. a. No solution, @; 
00) =6 1 24 


inconsistent system b. {(x,y)|x — 3y = 6}, infinitely many solutions; dependent equations 


Ops 


0 20: -3 
b |' -3} ‘l = 1h6 
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VOCABULARY 
Fill in the blanks. 


1A is a rectangular array of numbers written within 
brackets. 


2. Each number in a matrix is called an or entry of the 


matrix. 
3. If the order of a matrix is 3 X 4, it has 3 and 
4 Werread3 X 4 as “3 _ 4” 


4. Elementary operations are used to produce equivalent 
matrices that lead to the solution of a system. 


5. A matrix that represents the equations of a system is called an 
matrix. 


1 
6. The matrix ip i with 1’s down its main 


4 
and a 0 below the | in the first column, is in row echelon form. 


CONCEPTS 
7. For each matrix, determine the number of rows and the number 
of columns. 
1 -2 i | 
4 6}-1 os 
a. ' b. | 0 1 6:4 
1 9;-3 1 
0 0 1 13 


8. Fill in the blanks to complete each elementary row operation: 
a. Type 1: Any two rows of a matrix can be 
b. Type 2: Any row of a matrix can be bya 
nonzero constant. 
c. Type 3: Any row of a matrix can be changed by 
a nonzero constant multiple of another row to it. 
9. Matrices were used to solve a system. The final augmented 
matrix is shown. Fill in the blanks. 


;1 1: 10 + =10 
a. lo 4 | represents { ae 
Therefore, y = _. Using back substitution, we find that 
x= 
J) 1 -2 1: -16 — 2y+ = -16 
b. | 0 1 2 8 | represents jy + = 8 
0 oO 1f 4 =4 


Therefore,z = _. Using back substitution, we find that 
y= andx= 
10. a. Which augmented matrix shown below indicates that its 
associated system of equations has no solution? 


b. Which augmented matrix indicates that the equations of its 
associated system are dependent? 
- | [ 2: =| 
iii. 
0 0; 2 


a, aca 7 | re 
“10 0: 0 “10 1:0 


NOTATION 
11. Explain what each symbolism means. 
a. Ri OR, 
b. 52, 
c. 6R, + R; 
12. Complete the solution. 
Solve using matrices: {* ae 
x+y=6 
[4 : 14 
he ae 4 
| | Ri <> Rp 
L4 -1: 14 
fl) 1d) 6 
LO . =i, a B, 
[1 1/6 
lo 1} —$Rp 


This matrix represents the system: 


feces. 
=2 


The solution is(_, 2). 


GUIDED PRACTICE 


Represent each system using an augmented matrix. See Example 1. 


+2y= 
13. {i p= 


3x —y=-—10 

xty+z=4 
14. (2x +y-—z=1 

2x — 3y=1 


For each augmented matrix, give the system of equations that it 
represents. See Example 3. 


1 
wf) 617) 
0 1:4 


1-2 9; 1 
1/0 1 4: 0 
0 0 1: -7 


Perform each of the following elementary row operations on the 


1; -6 
} See Example 2. 


augmented matrix | = 
8 i wgt 4 


17, RR 


18. SR 
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8 L TRY IT YOURSELF 
0 BAY 
3 Use matrices to solve each system of equations. If the equations of 
a system are dependent or if a system is inconsistent, state this. 
20. 3R, + Ry 
2x + 3y —z= —8 2a+b+3c=3 
Perform each of the following elementary row operations on the Gl ao 8 38. \—2a— bt e=5 
_9! —4x + 3y+z=6 4a —- 2b+ 2c =2 
3 6 9:0 
augmented matrix 1 5 -2: 1 |. See Example 2. 
=o 2 27s a6. ae ae aa SS 
x— 2y= xt+y= 
21. ROR 
+4y=-12 2x —3y=1 
41. - - 42. { eas 
ox = 2y = —44 + y= —-22 
1 
22..-=5K. 
20 xw+y-z=1 x-y= 
43. jx + 2y+2z=2 44. 42x -—z= 
23. —R, + Ry 4x + 5y + 3z = 3 2y-—z=-2 
45 feos 46 ee 
24. 2R, + Rs * l4r-y=2 " Ge- ys 
Use matrices to solve each system of equations. See Example 3. 
je. ees se eae 2x + y—22=6 2x —3y + 3z2= 14 
x—y= x-y=-l 47. 64x —y+z=-1 48. (3x + 3y—z=2 
6x — 2y + 3z2=—5 —2x + 6by + 5z=9 
w+ y= 5x — 4y = 10 
a7, { en 4 28. { uaets 
x+2y= —-4 x= Ty = 2 
° 6x +y—z=-2 2x + 3y — 2z = 18 
49. \xt+2y+z=5 50. ) 5x — 6y+z=21 
Use matrices to solve each system of equations. See Example 4. Sy—z=2 4y — 22 = 6 
xty+tz=6 xty+z=6 
29. §x+ 2y+z=8 30. (x +2v+z=8 5x + 3y = 4 yt2z=-2 
xty+2z=7 x+yt+2z=9 51. 4 3y — 4z =4 52. jx t+y=1 
x+z=1 2x -—z=0 
3x +y—3z=5 2% + p= 325 =1 
31. (x — 2y + 4z = 10 32. 43x — 2p —z=—-5 
xtyt+z=13 = Sy 22 AD Eee 
53. DIGITAL PHOTOGRAPHY O-mg 
A digital camera stores the 
Use matrices to solve each system of equations. If the equations of black and white photograph 
a system are dependent or if a system is inconsistent, state this. shown on the right as a 
See Example 5. 512 X 512 matrix. Each 
x—-3y=9 —6x + 12y = 10 element of the matrix corre- 
aes —2x + 6y = 18 ‘: 2x — 4y = 8 sponds to a small dot of grey 
scale shading, called a pixel, 
in the picture. How many ele- 0 100 200 300 400 512 
a — ~12 ¥ ae 15y = 10 seer ae x 512 
. x+y=3 ° x—3y=2 matrix Nave / 


54. DIGITAL IMAGING A scanner stores a black and white 
photograph as a matrix that has a total of 307,200 elements. If 
the matrix has 480 rows, how many columns does it have? 


Write a system of equations to solve each problem. Use matrices 
to solve the system. 


55. COMPLENTARY ANGLES One angle measures 46° more 
than the measure of its complement. Find the measure of each 
angle. (Hint: The sum of the measures of complementary 
angles is 90°.) 

56. SUPPLEMENTARY ANGLES One angle measures 14° more 
than the measure of its supplement. Find the measure of each 
angle. (Hint: The sum of the measures of supplementary 
angles is 180°.) 

57. TRIANGLES In the illustra- C 
tion, 7B measures 25° more than 
the measure of ZA, and the 
measure of ZC is 5° less than 
twice the measure of ZA. Find 
the measure of each angle of the 


triangle. B 


58. TRIANGLES _ In the illustra- GC 
tion, 2A measures 10° less than 
the measure of ZB, and the 
measure of ZB is 10° less than 
the measure of ZC. Find the 
measure of each angle of the 
triangle. A B 


59. PHYSICAL THERAPY After 
an elbow injury, a volleyball 
player has restricted movement 
of her arm. Her range of motion 
(the measure of 2 1) is 28° less 
than the measure of 22. Find 
the measure of each angle. 


Range of 
motion 
Angle | 


60. ICE SKATING Three circles are traced out by a figure skater 
during her performance. If the centers of the circles are the 
given distances apart, find the radius of each circle. 
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WRITING 
2x — 3y = 5 


, explain what is wrong with 
4x+8=y 4 2 


61. For the system { 


ee : ; 2 
writing its corresponding augmented matrix as i 


How should it be written? 


62. Explain what is meant by the phrase back substitution. Give an 
example of how it was used in this section. 


63. Explain how a type 3 row operation is similar to the elimination 
(addition) method of solving a system of equations. 


64. If the system represented by the following augmented matrix 


has no solution, what do you know about k? Explain your 
answer. 
1 1 031 
0° 0 1:2 
0 0 Ok 


REVIEW 


65. What is the formula used to find the slope of a line, given two 
points on the line? 


66. What is the form of the equation of a horizontal line? Of a 


vertical line? 


67. What is the point-slope form of the equation of a line? 
68. What is the slope—intercept form of the equation of a line? 


CHALLENGE PROBLEMS 


Use matrices to solve the system. 
rtytes 14 


69. {2x + 3° — 22° = -7 
r—-5y4+7=8 
wt+tx+y+z=0 

70. w-2xt+y-3z=-3 
2wt+ 3x+y-2z=-1 
2w — 2x —2y+z=—-12 
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Value of a2 x 2 
Determinant 


@ Evaluate 2 x 2 and 3 X 3 determinants. 
Objectives ® Use Cramer’s rule to solve systems of two equations. 
© Use Cramer’s rule to solve systems of three equations. 


In this section, we will discuss another method for solving systems of linear equations. With 
this method, called Cramer s rule, we work with combinations of the coefficients and the con- 
stants of the equations written as determinants. 


Evaluate 2 X 2 and 3 X 3 Determinants. 


An idea related to the concept of matrix is the determinant. A determinant is a number that is 
associated with a square matrix, a matrix that has the same number of rows and columns. For 
any square matrix A, the symbol |A| represents the determinant of A. To write a determinant, 
we put the elements of a square matrix between two vertical lines. 


Vertical Vertical 
Brackets lines Brackets lines 
SN i 3 2 1 =2 
B 2) [22] J2a af faa: 
6 9 6 9 
1 2 3 1 2 3 
Matrix Determinant Matrix Determinant 


Like matrices, determinants are classified according to the number of rows and columns 
they contain. The determinant above, on the left, is a 2 X 2 determinant. The other isa 3 x 3 
determinant. 

The determinant of a 2 X 2 matrix is the number that is equal to the product of the 
numbers on the main diagonal minus the product of the numbers on the other diagonal. 


a b a b 
c d c d 
Main diagonal Other diagonal 


: a ‘ 
If a, b, c, and d are numbers, the determinant of the matrix ‘| 1S: 
€ 


a b 
d 


|= ad ~ be 


EXAM PLE 1 i Evaluate each determinant: a. 


-§ 4 


6 9 


bee: | 


Strategy We will find the product of the numbers on the main diagonal and the product 
of the numbers along the other diagonal and subtract the results. 


Caution 

Although the symbols used to 
write a determinant are a pair of 
vertical lines just like the vertical 
lines used for absolute value, the 
two concepts are unrelated. In 
part (b), notice that the value of 
the determinant is negative. 


Value of a3 X 3 
Determinant 


12.5 Solving Systems of Equations Using Determinants 1135 


Why The value of a determinant of the form “ isad — be. 
Cc 


Solution To evaluate the determinant, we proceed as follows: 


a. This is always minus. 
+2 ' 
>< = 3(9) — 2(6) = 27 — 12 = 15 
6 9 
—20_ 1 
b. | ais | = —20(4) — 1(-—8) = —80 — (—8) 80 + 8 = —72 
‘ 4 -3 
a Self Check 1 j Evaluate: i | 


Now Try Problems 15 and 17 


A 3 X 3 determinant is evaluated by expanding by minors. The following definition 
shows how we can evaluate a3 X 3 determinant by expanding by minors along the first row. 


Minor Minor Minor 
of a, of b, of c, 
| { { 
4 b Gy 
= bo C2 az (65) a2 by 
az b> (65) = at a by oF Cy 
by 63 a3 C3 a3 bs 


To find the minor of a;, we cross out the elements of the determinant that are in the same 
row and column as a;: 


i ; C2 
2 by Co The minor of a, is 


3 63 


To find the minor of b,, we cross out the elements of the determinant that are in the same 
row and column as b;: 


: - | 42 C2 
az . C2 The minor of 5, is 
a3 C3 


To find the minor of c;, we cross out the elements of the determinant that are in the same 
row and column as c: 


a by 


a by ob The minor of c, is a. b 
3 53 


a3, bs 3 
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lL 3. 2 
EXAMPLE 2 | Evaluate the determinant: | 2 0 3 
1 2 3 


Strategy We will expand the determinant along the first row using the numbers in the 
first row and their corresponding minors. 


Why We can then evaluate the resulting 2 x 2 determinants and simplify. 


Solution To evaluate the determinant, we can use the first row and expand the determi- 
nant by minors: 


Minor Minor Minor 
of 1 of 3 of =2 
{ ; 

aaa 0 3 ae 2 0 

2 0 3} =1 -—3 + (—2 

1s | 2 3 | | 1 3 ( ) 1 2 | 


= 1(0 — 6) — 3(6 — 3) — 2(44 — 0) Evaluate each 2 x 2 determinant. 
= 1(-6) = 36) = 24) 

=-6-9-8 

= —23 


BD 3 1 
a Self Check 2 P| Evaluate: 0 2 4 
Re) 6 


Now Try Problem 27 


We can evaluate a 3 X 3 determinant by expanding it by the minors of any row or 
column. We will get the same value. To determine the signs between the terms of the expan- 
sion of a3 X 3 determinant, we use the following array of signs. 


Array of Signs aac, 
fora3 X 3 — + — This array of signs is often called the checkerboard pattern. 
Determinant te 


To remember the sign pattern, note that there is a + sign in the upper left position and 
that the signs alternate for all of the positions that follow. 


I: 3) =2 
EXAMPLE 3 i Evaluate the determinant | 2 0 3 | by expanding by the minors 
1 2 3 


of the middle column. (This is the determinant of Example 2.) 


Strategy We will expand the determinant using the numbers in the middle column and 
their corresponding minors. We will use the sign pattern — + — between the terms of 
the expansion. 


Why We can then evaluate the resulting 2 x 2 determinants and simplify. 


Se NYO 


Success Tip 
When evaluating a determinant, 
expanding along a row or column 
that contains 0’s can simplify the 
computations. 


Using Your Calculator 


Nn oS Ww 
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Solution To evaluate the determinant, we proceed as follows: 


Minor Minor Minor 
of 3 of O of 2 
$ { { 
—2 Use the middle column of the 
7 2 1 -2 1 -2 + B+ 
7 -3 1 | > 0 3 | =2 | 2 3 checkerboard pattern: — |t — 
3 + B+ 


= —3(6 — 3) + 0 — 2[3 — (—4)] | Evaluate each 2 x 2 determinant. 
= —3(3) + 0 — 2(7) 

=-9+0-14 

= —23 


As expected, we get the same value as in Example 2. 


py 3) | 
i Self Check 3 | Evaluate | 0 2 4| by expanding by the minors of the 
= 5) 6 
first column. 


Now Try Problem 31 


Evaluating Determinants 


It is possible to use a graphing calculator to evaluate determinants. For example, to evaluate 
the determinant in Example 3, we first enter the matrix by pressing the | MATRIX | key, 
selecting EDIT, and pressing the | ENTER | key. Next, we enter the dimensions and the ele- 
ments of the matrix to get figure (a). We then press[ 2nd ][ QUIT ]to clear the screen, press 

MATRIX |, select MATH, and press | to get figure (b). We then press | MATRIX |, select 
NAMES, press 1, and press| ) | and| ENTER | to get the value of the determinant. Figure 
(c) shows that the value of the determinant is —23. 


TRIALTA] 3 x3 det det< [Al > 
sc 


3 1 
2 (| 


MA 
ta 
tz 
ta 


33355 


(a) (b) (c) 


Use Cramer’s Rule to Solve Systems of Two Equations. 


The method of using determinants to solve systems of linear equations is called Cramer’s 
rule, named after the 18th-century Swiss mathematician Gabriel Cramer. To develop 
Cramer’s rule, we consider the system 
i + by=e 
cox + dy=f 


where x and y are variables and a, b, c, d, e, and f are constants. 
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If we multiply both sides of the first equation by d and multiply both sides of the second 
equation by —b, we can add the equations and eliminate y: 


adx + bdy = ed This is d(ax + by) = d(e). 
—bcx — bdy = —bf This is —b(cx + dy) = —D(f). 
adx — bcx = ed — bf 


To solve for x, we use the distributive property to write adx — bcx as (ad — bc)x on the left 
side and divide each side by ad — bc: 
(ad — bc)x = ed — bf 
d—b 
= et. where ad — bc # 0 
ad — be 


We can find y ina similar way. After eliminating the variable x, we get 


yo where ad — bc # 0 
Note that the denominator for both x and y is 


a b 
c ad 


| = ad ~ be 


The numerators can be expressed as determinants also: 


e b | | ae 
ed — bf f od oe af — ec c f 
x = = = 
ad — be a b ad — be a b 
Cc d ¢ d 
’ + by = 
sramens Rue The solution of the system Ca as given by 
for Two Equations cx + dy=f 
in Two Variables @ ae 
Dy f d | D, Cc i 
a = and y= 
D a b D a | 
@ @ e @ 


If every determinant is 0, the system is consistent, but the equations are dependent. 


If D = Oand D, or D,, is nonzero, the system is inconsistent. If D # 0, the system is 
consistent, and the equations are independent. 


The following observations are helpful when memorizing the three determinants of 
Cramer’s rule. 


e The denominator determinant, D, is formed by using the coefficients a, b, c, and d of 
the variables in the equations. 

a ‘| 

c od 

x-term et . Te. y-term 


coefficients coefficients 


Success Tip 


We can now solve systems of 
linear equations in five ways: 


graphing 
substitution 
elimination (addition) 
matrices 

Cramer's rule 
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¢ The numerator determinants, D, and D,, are the same as the denominator determinant, 
D, except that the column of coefficients of the variable for which we are solving is 
replaced with the column of constants e and f. 


e b ae 
f d cf 
ft t 
Replace the x-term coefficients Replace the y-term coefficients 
with the constants. with the constants. 
4x —3y = 6 
EXAMPLE 4 Use Cramer’s rule to solve the system: é 
: - —2x + 5y =4 


Strategy We will evaluate three determinants, D, D,, and D,. 


Why The x-value of the solution of the system is the quotient of D, and D and the 
y-value of the solution is the quotient of two determinants, D,, and D. 


Solution The denominator determinant D is made up of the coefficients of x and y: 
la 
—2 5 


D= 


To solve for x, we form the numerator determinant D, from D by replacing its first 
column (the coefficients of x) with the column of constants (6 and 4). 

To solve for y, we form the numerator determinant D,, from D by replacing the second 
column (the coefficients of y) with the column of constants (6 and 4). 

To find the values of x and y, we evaluate each determinant: 


— 
a (| eee ask 
D 4 —3| 46)—-(-3(-2) 20-6 14 
la 
4 6 
Ble oon 
Dp A= 14 14 14 
ee. 


The solution of the system is (3, 2). Verify that it satisfies both equations. 


Dye = 3 = = 16 
a Self Check 4 P| Use Cramer’s rule to solve the system: { sie: 
: 3x + 5y = 14 


Now Try Problem 39 


In the next example, we will see how to recognize inconsistent systems when Cramer’s rule is 
used to solve them. 


EXAMPLE 5 a 


7 
Use Cramer’s rule to solve { 7 
2 =3- 


Strategy We will try to evaluate three determinants, D, D,, and D,. 


4 
= , if possible. 
3x 
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Success Tip 
If any two rows or any two 
columns of a determinant are 
identical, the value of the 
determinant is 0. 


Cramer’s Rule 
for Three 
Equations in 
Three Variables 


More on Systems of Equations 


Why The x-value of the solution of the system is the quotient of D, and D, and the 
y-value of the solution is the quotient of two determinants, D,, and D. 


Solution Before we can form the required determinants, the equations of the system 
must be written in standard form: Ax + By = C, 


Add 4y to both sides. 
om 4y es 
2y =3 ry > (7x + 4y = 6 
Multiply both sides by 2 
and add 7x to both sides. 


When we attempt to use Cramer’s rule to solve this system for x, we obtain 


8 4 
D, » ‘|| 32 = 24 
*""D |7 4| 28-28 0 

a 


, which is undefined. 


Since the denominator determinant D is 0 and the numerator determinant D, is not 0, the 
system is inconsistent. It has no solution and the solution set is ©. 

We can see directly from the system that it is inconsistent. For any values of x and y, it 
is impossible that 7 times x plus 4 times y could be both 8 and 6. 


3x =8 — 4 
a Self Check 5 j Use Cramer’s rule to solve the system { i ‘s , if possible. 
‘ Y 


Now Try Problem 47 


Use Cramer’s Rule to Solve Systems of Three Equations. 


Cramer’s rule can be extended to solve systems of three linear equations with three variables. 


ax + by + cz =j 
The solution of the system { dx + ey + fz = kis given by 
(ee sr [oy sp ie = (/ 


D D D 
y= —. y=, Al = = where 
D D D 
ees Only the coefficients a ey ed slots Dead 
D=|d_e D,=|k e i i 
i peapecatatice: Me if coefficients with the 
we i @ hi constants. 
Ud G Replace the y-term aD y Replace the z-term 
D, =|d k f coefficients with the D,=|d ek coefficients with the 
g I i constants. g h I constants. 


If every determinant is 0, the system is consistent, but the equations are dependent. 


If D = 0 and D, or D, or D, is nonzero, the system is inconsistent. If D # 0, the system is 
consistent, and the equations are independent. 
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2x +y+4z= 12 
EXAM PLE 6 _ Use Cramer’s rule to solve the system: ) x + 2y + 2z = 9 
3x — 3y — 2z = 1 


Strategy We will evaluate four determinants, D, D,, D,, and D.. 


Why The x-value of the solution of the system is the quotient of D, and D, the y-value of 
the solution is the quotient of two determinants, D, and D, and the z-value of the solu- 
tion is the quotient of two determinants, D, and D. 


Solution The denominator determinant D is the determinant formed by the coefficients 
of the variables. The numerator determinants, D,, D,,, and D,, are formed by replacing 
the coefficients of the variable being solved for by the column of constants. We form the 
quotients for x, y, and z and evaluate each determinant by expanding by minors about 
the first row: 


(pee ee 
. 2 3 e » 9 2 e 3 
12 =i +4 

i=8 <9 a 9 ; = 1-3 | _ 12) ~ 1(-20) + 4-29) _ -72 _, 
vee 7 S = 

a oe | 2 Slt Awlt 2 2(2) — 1(—8) + 4-9) —24 

i-2 3 =3 -2 3 42 , 3 

. = =e 

ea at | 

1 9 2 2 1 2 1 9 

2 ~ 4 +4 

7 a 7] =p =) 3 —2 31 | _ 2(-20) ~ 12-8) + 4(=26) _ -48 _ 
- o> ¢ A =A 74 =A 

i & 4 

3. ae 2 

ame ee 

1 2 9 2 1 

Sag ®- 2 (eg. 

2 4: i aa 4 3 1 3-3 | _ 229) ~ 1(=26) + 12(-9) _ =24 _, 
@ > 1 4 ~24 —24 —24 

i 2 2 

a 


The solution of this system is (3, 2, 1). Verify that it satisfies the three original equations. 


Sear ar ez = © 
Self Check 6 j Use Cramer’s rule to solve the system: { 2x — y + z = 9 
Sap) = De = —6 


Now Try Problem 51 


ee | 1.10 2-44 3. -44 4, (-2,4) 


5. No solution, ©; inconsistent system 6. (2, —2, 3) 
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VOCABULARY 
Fill in the blanks. 


4 9 
-6 1 
main 


1. isa____——.w The numbers 4 and 1 lie along its 


2. A determinant is a number that is associated with a 
matrix. 


3. The of b; in| az > C2 {is 


a3 3 63 
4. rule uses determinants to solve systems of linear 
equations. 


CONCEPTS 
Fill in the blanks. 


m 


6. To find the minor of 5, we cross out the elements of the 
determinant that are in the same row and columnas __. 


7. In evaluating the determinant below, about what row or column 
was it expanded? 


—ae 8 7 ae ane 
g7 al--1[3 7 la]? tl +6] oo | 
9 7 6 
8. Set up the denominator determinant D for the system 
ee 
ax —-3y=5 
9. Set up the denominator determinant D for the system 
x + 2y= —8 
Sey = 22, 
& + 4y-—z=6 
3x + 2y= 
10. For the system { . y , D, = —7, D, = 5, and 
4x -y=3 : 
D = —11. Find the solution of the system. 
ax + 3y-—z2=—-8 
11. For the system (x -—y—z=-—2 ,D, = —28,D,= —14, 


—4x + 3y+z=6 
D, = 14, and D = 14. Find the solution. 


12. Fill in the blank. If the denominator determinant D for a system 
of equations is 0, the equations of the system are dependent or 
the system is 


NOTATION 
Complete the evaluation of each determinant. 
> =2 
3) 3 6 | 30 ) — (—2)(-2) 
= -4 
= 26 
21 3 
14.;3 4 2 
» 2 
4 3. 2 3. 4 
25 ole altel: som 
= 2( 10) — 19 ) + 315 ) 
=22)-1( )+ (1) 
=4-7+ 
= 30 


GUIDED PRACTICE 


Evaluate each determinant. See Example 1. 


2 
15. # 16. - = 
2 3S 2 4 
—9 7 = 2 
17; 18. 
4 -2 3. -4 
19 5 20 20 10) «15 
“110 6 "Lae: 3 
= 6° = 2 3 2 
21. 22. 
15 4 12. -8 
-9 -1 -7 -7 
23. 24. 
-10 -5 -6 -4 
25 8 8 26 20 —3 
“=e =9 "| 20° =3 
Evaluate each determinant. See Examples 2 and 3. 
a <2 I 6 2 3 
27.|4 1 2 28.; 1 5 4 
5.3 #1 2. 3 
1 =2 3 1 1 2 
29. | —2 | | 30.;2 1 -2 
=3: 2. 1 3 1 3 
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=2. 5 I 4 -1 2 
31. 0 3 4 32.|6 -1 0 
-l 2 6 1 -3 4 

1 —-4 1 a a 
33. | 3 0 -2 34. | 1 0 2 
3 1 -=2 3-9 4 

1 2 1 4 7 

35.) =3. 7 3 36.;2 5 8 
=4 3 -=5 3. 6 9 

1 2 0 1 0 1 
37.|0 1 2 38.;0 1 0 
0 0 1 1 1 


Use Cramer's rule to solve each system of equations. See Example 4. 


+y= —y=4 
39. e : 40. a d 
x-y=2 2x+y=5 
+2 ———— + = 
A i: y 21 ie te wy=11 
x 2y= 11 ix + 6y=9 
43. i. i AA, eS a) 
x+2y=8 3x + 4y = 0 
rc aba oe 
* [3x + 2y = 39 * [3x + Sy = 56 


Use Cramer's rule to solve each system of equations, if possible. If 
a system is inconsistent or if the equations are dependent, so 
indicate. See Example 5. 


+2y=11 — 4y = 20 
47. ee . 48. {* of 
6x + 4y = 11 10x — 8y = 30 
5 aes 
5 agny lox — 8y = 32 
49. (6 50. He y 
10x + 12y = 24 aa 


Use Cramer's rule to solve each system of equations. See Example 6. 


xty+tz=4 x+y+z=4 
D1. 4x pH ZH 0 52. jx -ytz=2 
X= prs x-y—-z=0 


x + 2y + 2z = 10 
53. \ 2x —y + 7z = 10 54. (2x +y+2z=9 
2x+ 2y — 3z= —-10 2x+2y+z=1 


TRY IT YOURSELF 


Use Cramer's rule to solve each system of equations, if possible. If 
a system is inconsistent or if the equations are dependent, so 
indicate. 


xt+ty+z=5 xty+2z=7 

55. (x — 2y + 3z = 10 56. (x + 2v+z=8 
x+ty-4=-3 xtytz=9 
— 2x1 


y 3 
3x — 2y = 8 


4x — 3y = 4x + 3z = 4 
59. ) 6x — 8&2 = 1 60. {2y — 6z2= —-1 


57. 58. 


8x + 4y + 3z = 9 


2x -—y+4z+2=0 
5x + 8) + 7z = -8 
x+3y+z+3=0 


61. (x + 2y + 2z-2=0 62. 


4x + 5y + 3z-3=0 


ee ates 
63. 64. 
—3x + 5y — 33 =0 —2x + 13 = 5y 
3 
<—xty+z+—=0 
x+y= 2 
65 . so = 66 : i 
ae Er at te 
x-Zz=-3 1 1 
x+yt+=—z+-=0 
2 2 
2x + 3y = 0 4x —-3y=-1 
67. {* . oa. {* 4 
4x — by = -4 8x + 3y = 
2x + 3y + 4z=6 x—-3y+4z2-—2=0 
69. \ 2x — 3y — 4z = -4 70. §2x +y+2z-3=0 
4x + 6y + 82 = 12 4x — 5y + 102 -7=0 


Evaluate each determinant. See Using Your Calculator: 
=] Evaluating Determinants. 


25 —36 44 13 =27 62 
71.|} -11 21 54 72. | —38 2) =32 
37 —31 19 10 —300 42 
—280 191 —356 4.1 Wd 333 
73.| —211 —-102 —422 74.| 2.7 —5.9 6.8 
400 —213 —333 23 5.3 0.6 
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APPLICATIONS 


Write a system of equations to solve each problem. Then use 
Cramer's rule to solve the system. 


75. SIGNALING Refer to the illustration below. A system of 
sending signals uses two flags held in various positions to rep- 
resent letters of the alphabet. The illustration shows how the 
letter U is signaled. Find x and y, if y is to be 30° more than x. 


76. INVESTING A student wants to earn $1,320 interest in the 
first year by investing $20,000 in the three stocks listed in the 
table. Because HiTech is a high-risk investment, he wants to 
invest three times as much in SaveTel and OilCo combined as 
he invests in HiTech. How much should he invest in each 


stock? 
Stock | Rate of return 
HiTech 10% 
SaveTel 5% 
OilCo 6% 
WRITING 


77. Explain the difference between a matrix and a determinant. 
Give an example of each. 


4 -1 2 
78. When evaluating} 6  —1 0 |, why is it helpful to expand by 
1 -3 4 


the minors of the numbers in the third column? 
79. Explain how to find the minor of an element of a determinant. 


80. Explain how to find x when solving a system of three linear 
equations in x, y, and z by Cramer’s rule. Use the words 
coefficients and constants in your explanation. 


81. Explain how the following checkerboard pattern is used when 
evaluating a3 X 3 determinant. 


82. Briefly describe each of the five methods of this chapter that 
can be used to solve a system of two linear equations in two 
variables. 


REVIEW 
83. Are the lines y = 2x — 7 and x — 2y = 7 perpendicular? 
84. Are the lines y = 2x — 7 and 2x — y = 10 parallel? 
85. How are the graphs of f(x) = x? and g(x) = x° — 2 related? 


86. Is the graph of a circle the graph of a function? 


87. The graph of a line passes through (0, —3). Is this the x- 
intercept or the y-intercept of the line? 


88. What is the name of the function f(x) = |x|? 


89. For the function y = 2x7 + 6x + 1, what is the independent 
variable and what is the dependent variable? 


90. If f(x) = x° — x, what is f(—1)? 


CHALLENGE PROBLEMS 


x y l 
91. Show that} —2 3 1 |=0 represents the equation of the 
3 5 1 
line passing through (—2, 3) and (3, 5). 
0 0 1 
92. Show that 5 3 0 1 | represents the area of the triangle 
0 4 #1 


with vertices at (0, 0), (3, 0), and (0, 4). 


DEFINITIONS AND CONCEPTS 


When two equations are considered at the same time, 
we say that they form a system of equations. 


A solution of a system of equations in two variables 
is an ordered pair that satisfies both equations of the 
system. 


Summary & Review 
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CHAPTER 12 


+y=- 
The ordered pair (2, —3) is a solution of the system [: : 8 because its 
ee Dy 
coordinates, x = 2 and y = —3, satisfy both equations. 
x+y=—l1_ First equation. x —2y=8 Second equation. 
2+ (-3)2-1 2 —2(-3) 28 
—-1=-1 True 8=8 _ True 


To solve a system graphically: 
1. Graph each equation on the same rectangular 
coordinate system. 


2. Determine the coordinates of the point where the 
graphs intersect. That ordered pair is the solution. 


3. If the graphs have no point in common, the 
system has no solution. 


4. Check the proposed solution in each equation of 
the original system. 


+y=-l 
To solve the system ie , P by graphing, we graph each equation as 
x—2y= 

shown in the illustration below. 


The graphs appear to intersect at the point (2, —3). The check shown above 
verifies that (2, —3) is the solution of the system. 


A system of equations that has at least one solution 
is called a consistent system. If the graphs are 
parallel lines, the system has no solution, and it is 
called an inconsistent system. 


Equations with different graphs are called 
independent equations. If the graphs are the same 
line, the system has infinitely many solutions. The 
equations are called dependent equations. 


Since the system shown above has a solution, it is a consistent system. Since the 
graphs are different, the equations are independent. 


Consistent system Inconsistent system Dependent equations 
yy Y y 
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EXAMPLES 


To solve a system of two linear equations in x and y 
by the substitution method: 


1. Solve one equation for either x or y. This is called 
the substitution equation. 


2. Substitute the resulting expression for that 
variable into the other equation and solve it. 


3. Substitute the value of the variable found in step 
2 into the substitution equation and solve that 
equation. 


4. Check the proposed solution in each of the 
original equations. Write the solution as an 
ordered pair. 


If in step 2 the variable drops out and a false 
statement results, the system has no solution. If a 
true statement results, the system has infinitely 
many solutions and we can use set-builder notation 
to write the solution set. 


eet xt+y=-l 
Use substitution to solve the system: 
ip — 2p = bs) 
Step 1: We will solve x + y = —1 for y. 


y=—x—1 This is the substitution equation. 


Step 2: We substitute —x — 1 for y in the second equation and solve for x. 
oe = re = 1) Se 
x+2x+2=8 

3x = 6 

x=2 


Distribute. 
Combine like terms and subtract 2 from both sides. 
Divide both sides by 3. 


Step 3: We substitute 2 for x in the substitution equation and solve for y. 


y=-x-1 
7 Il 
y=-3 


Step 4: The solution is (2, —3). Verify this by checking it in each of the original 
equations. 


To solve a system of two linear equations in x and y 
by the elimination (addition) method: 


1. Write both equations of the system in standard 
(general) form: Ax + By = C. 


2. If necessary, multiply one or both of the equations 
by a nonzero number chosen to make the 
coefficients of x (or the coefficients of y) 
opposites. 


3. Add the equations to eliminate the terms 
involving x (or y). 


4. Solve the equation resulting from step 3. 


5. Find the value of the remaining variable by 
substituting the solution found in step 4 into any 
equation containing both variables. Or, repeat 
steps 2—4 to eliminate the other variable. 


6. Check the proposed solution in each equation of 
the original system. Write the solution as an 
ordered pair. 


If in step 3 both variables drop out and a false 
statement results, the system has no solution. Ifa 
true statement results, the system has infinitely 
many solutions and we can use set-builder notation 
to write the solution set. 


ae wt y= Sl 
Use elimination to solve the system: 
36 = Py 
Step 1: Since both equations are in standard form, we move to step 2. 
Step 2: We can multiply both sides of the first equation by 2 to get the 
coefficients of y to be opposites. 


Multiply by 2 
(1) ‘. ty 1 > ie yi 2 (3) 
(2) \x-2y=8 > lx -— 2y = 8 (2) 


Unchanged 


Step 3: We add equations 3 and 2 to eliminate y. 


2x + 2y = -2 
x—2y= 8 Add like terms, column-by-column. 
3h = © 


Step 4: Since the resulting equation has only one variable, we can solve it for x. 
3x = 6 
x =2 Divide both sides by 3. 


Step 5: To find y, we can substitute 2 for x in equation 1. 


xt+y=-l 
Dayal 
y=-3 Subtract 2 from both sides. 


Step 6: The solution is (2, —3). Verify this by checking it in each of the original 
equations. 


REVIEW EXERCISES 


1. See the illustration. 


a. Give three points that satisfy the 
equation 2x + y = 5. 


b. Give three points that satisfy the 
equation x — y = 4. 


x+y= 
c. Find the solution of { Aas ; 
x-y=4 


2. TELEVISION 
Americans spent viewing broadcast television networks (such as 
CBS, NBC, ABC) and cable television networks (such as TNT, 
NICK, ESPN, USA). Explain the importance of the point of intersec- 
tion of the graphs. 


The graphs below show the percent of time that 


>< 


10% 
60% Cable viewership 
50% - 
40% 


30% 


Broadcast viewership 


Percent viewership 


20% |- 
10% |- 


0 ! Ln 5 
1997 1998 1999 2000 2001 2002 2003 2004 


Source: CSFB Media & Entertainment Stock Source 


Determine whether the ordered pair is a solution of the system of 
equations. 

3a—-2b+7=0 
—2at+b=—-4 


+ 2Vv=0 


3. (-1, bh f . Ay =| 


Solve each system by the graphing method, if possible. If a system 
is inconsistent or if the equations are dependent, state this. 


4. (13,23), { 


6 ae 
” lax — 3y + 13 =0 
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Use the graphs in the illustration to solve each equation. Check 
each answer. 


OC), AQ = s) sP ok = se OS (Qe 2x) eae 


== = 2x + 
“ e y-4 a e Dee ae 5) 
2x + 3y =7 3x — 5y = —4 
‘ix + 0.2y = 1. eS} = 
13. ts Ix + 0.2y = 1.1 1 ie 2 y) 
2x-—y=2 =e = Oy = 


Solve each system by elimination (addition), if possible. If a system 
is inconsistent or if the equations are dependent, so indicate. 


+y=- —3y= 
ag: e y 2) 16. te 3y= 5 
2x + 3y = —3 2x — 3y = 8 


1 eet 

or iy = 7 yee 
Uz a 18. ay +7 
—2x = 3y — 6 ae 


ox 2y = 19) 
3x + 4y = 1 
substitution, would you use? Explain. 


19. To solve { , which method, elimination or 


20. Estimate the solution of the system 


pe 

23a 
in the illustration. Then solve the 
system algebraically. 


A from the graphs 


1148 CHAPTER 12 More on Systems of Equations 


Write a system of two equations in two variables to solve each 23. RIVERBOATS A Mississippi riverboat travels 30 miles 
problem. downstream in three hours and then makes the return trip upstream 
21. LIBRARY CARDS Residents of a city are charged $3 for a in five hours. Find the speed of the riverboat in still water and the 


library card; nonresidents are charged $7. On a day when a total of speed of the current. 


11 library cards were purchased, the receipts were $41. How many 24. MIXINGSOLUTIONS How many fluid ounces of 6% sucrose 

resident and nonresident library cards were sold? solution and how many ounces of an 18% sucrose solution must be 
22. MAPS. Refer to the illustration. The distance between Austin and mixed to make 750 ounces of a 10% sucrose solution? 

Houston is 4 miles less than twice the distance between Austin and 

San Antonio. The round trip from Houston to Austin to San Antonio 25. INVESTING One year, a couple invested a total of $10,000 in 

and back to Houston is 442 miles. Determine the mileages between two projects. The first investment, a mini-mall, made a 6% profit. 

Austin and Houston and between Austin and San Antonio. The other investment, a skateboard park, made a 12% profit. If their 

investments made $960, how much was invested at each rate? 


. IY . COOKING Two teaspoons and five tablespoons is a total of 
Mileage Lon \f/ 85 milliliters of liquid. Five teaspoons and two tablespoons is a 


ap 


total of 55 milliliters of liquid. Find the number of milliliters in one 
teaspoon and the number of milliliters in one tablespoon. 


Lap = w= 7 
The graph of an equation of the form The ordered triple (4, 0, —3) is a solution of {x — y + z = 1 because its 
Ax + By + Cz = D isa flat surface called a plane. wt+ytz=5 
coordinates, x = 4, y = 0, and z = —3, satisfy each equation: 


A solution of a system of three linear equations in 
three variables is an ordered triple that satisfies xty-z=7 x-ytz=l wtytz= 


each equation of the system. Ao =e go A= 03 21 2(4) + 0 + (3) 2s 


T= 7 1=1 S=5 
True True True 
ea 2) oe ll (IN) 
To solve a system of three linear equations by Solve the system: {2x —y+z=6 (2) 
elimination: ear By = = 2 
1. Write each equation in standard form Step 1: Each equation is written in standard form. 
Ax + By + Cz = D and clear any decimals or 
fractions. 
2. Pick any two equations and eliminate a variable. Step 2: To eliminate z, we add equations | and 2. 


(0) sae Qp = 2 = Il 
(2) 2x -y+z=6 
(4) 3x +y =7 


DEFINITIONS AND CONCEPTS 


CHAPTER 12 Summary and Review 1149 


riable 


EXAMPLES 


3. Pick a different pair of equations and eliminate 
the same variable as in step 2. 


4. Solve the resulting pair of two equations in two 
variables. 


5. To find the value of the third variable, substitute 
the values of the two variables found in step 4 
into any equation containing all three variables 
and solve the equation. 


6. Check the proposed solution in all three of the 
original equations. Write the solution as an 
ordered triple. 


If at any time in the elimination process the variables 
drop out and a false statement results, the system has 
no solution. If a true statement results, the system 
has infinitely many solutions. 


REVIEW EXERCISES 


27. Determine whether (2, —1, 1) is a solution of the system: 28. A system of three linear equations in l 


x-ytz=4 
xb 2y=27= =1 
ey = B75 Sl 


Step 3: To eliminate z again, we add equations 2 and 3. 
(2) 2x-—y+z=6 
(3) x+3y—-z=2 
(5) 3x + 2y =8 
Step 4: Equations 4 and 5 form a system of two equations in x and y. To solve 


this system, we multiply equation 4 by —1 and add the resulting equation to 
equation 5 to eliminate x. 


—3x— y=-7  Thisis -1(3x + y) = -1(7). 
(5) _3x + 2y=8 
Yad 


To find x, we substitute 1 for y in any equation containing x and y (such as 
equation 4) and solve for x: 


3x + y=7 This is equation 4. 
3x +1=7 Substitute 1 for y. 


x=2 Solve for x. 


Step 5: To find z, we substitute 2 for x and 1 for y in any equation containing x, 
y, and z (such as equation 2) and solve for z: 
2x —y+z=6 This is equation 2. 
2(2) -1+z2z=6 Substitute for x and y. 
Ab = jl ape = © 


z=3 Solve for z. 


Step 6: The solution is (2, 1, 3). Verify this by checking it in each of the original 
equations. 


three variables is graphed on the right. 
Does the system have a solution? If so, 
how many solutions does it have? 
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Solve each system, if possible. If a system is inconsistent or if the 


equations are dependent, state this. 


= Dar 3g = 7) 
2 Ve — if 


ay = z= =3 


xty+z=4 
7k), \ ase Spar 2a 3 sO a Dye ez "ll 
2S y= 227 — =i) 


b-4c=2 


x+2z= 10 x+3y+z= 14 
Bib \ Ske ar Zip = ge = 3 34. (x — 5y = -19 
Met az =< By + z= 13 


erp sap B= SS 
Bb. ae se 2 oe 6) 36. 
3x + y+ 2z=4 


3x + 3y + 6z = —6 
=¥= y= 27=2 
2x + 2y + 4z = —4 


Be Wear a= 2 32. \a-—b+2c=1 


25 Vi ooh 27, 


Proble 


DEFINITIONS AND CONCEPTS 


BO = Yo = 2), = 50 


EXAMPLES 


Problems that involve three unknown quantities 
can be solved using a strategy similar to that for 
solving problems involving two unknowns. 


BATTERIES A hardware store sells three types of batteries: AA size for $1 each, 

C size for $1.50 each, and D size for $2.00 each. One Saturday, the store sold 25 bat- 
teries for a total of $34. If the number of C batteries that were sold was four less than 
the number of AA batteries that were sold, how many of each size battery were sold? 


Analyze To find the three unknowns we will write a system of three equations in 
three variables. 


Form Let A = the number of AA batteries sold, C = the number of C batteries 
sold, and D = the number of D batteries sold. The given information leads to 
three equations: 


A+C+D=25 
14 + 1.50C + 2D = 34 The total value of the batteries sold was $34. 
C-~A—4 


The total number of batteries sold was 25. 


The number of C batteries sold was 4 less than 
AA batteries sold. 


If we multiply the second equation by 10 to clear the decimal and write the third 
equation in standard form, we have the system: 


@) (A+C+D=25 
(2) 4104 + 15C + 20D = 340 
(Oy) lat ee =e 


Solve Since equation 3 does not contain a D-term, we will find another equation 
that does not contain a D-term. If each side of equation | is multiplied by —20 
and the resulting equation is added to equation 2, D is eliminated, and we 
obtain 


20A — 20C — 20D = —500 This is —20(A + C + D) = —20(25). 
(2) 104+ 15C+20D= 340 
(4-104 5c = -160 


Equations 3 and 4 form a system of two equations in A and C that can be solved 
in the usual manner. (The remaining work is left to the reader.) 


eo — 5C = —160 
-A+C=-4 


State There were 12 AA batteries, 8 C batteries, and 5 D batteries sold. 


Check Verify that these results are correct by checking them in the words of the 
problem. 
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REVIEW EXERCISES 


37. TEDDY BEARS A toy company produces three sizes of teddy 
bears. Each day, the total cost to produce the bears is $850, the total 
time needed to stuff them is 480 minutes, and the total time needed 
to sew them is 1,260 minutes. Use the information in the table to 


determine how many of each type of teddy bear are produced daily. 
Essential fatty acids: 5 grams 
Size of Production | Stuffing | Sewing a aa a 


teddy bear cost time time Quality protein: 24 grams 
Small $3 


2 min 6 min 
Medium $5 3 min 8 min 
Large $10 5min | 12min 


Grams per cup 


Protein | Carbohydrates | Fatty acids 
. VETERINARY MEDICINE | The daily requirements of a Mix A 5 2 1 
balanced diet for an animal are shown in the nutritional pyramid. Mix B 6 3 2 
The number of grams per cup of nutrients in three food mixes are Mix C 8 3 1 
shown in the table. How many cups of each mix should be used to 
meet the daily requirements for protein, carbohydrates, and 
essential fatty acids in the animal’s diet? . FINANCIAL PLANNING _A financial planner invested 
$22,000 in three accounts, paying 5%, 6%, and 7% annual interest. 
She invested $2,000 more at 6% than at 5%. If the total interest 
earned in one year was $1,370, how much was invested at each 
rate? 


. BALLISTICS The path of a thrown object is a parabola with an 
equation of y = ax* + bx + c. The parabola passes through the 
points (0, 0), (8, 12), and (12, 15). Find a, b, and c. 


DEFINITIONS AND CONCEPTS 


5 =3 id 
A matrix is a rectangular array of numbers. Each A2 X 3 matrix: | i. : | A3 X 3 matrix: | 4 Aes = 
number in a matrix is called an element or an entry jf} Al D} 
of the matrix. A matrix with m rows and n columns 
has order m X n. 
3x + Sy = 12 
A system of linear equations can be represented by The system of equations te Sa can be represented by the augmented 
an augmented matrix. Each row of the augmented 3 5) 12 y 
matrix represents one equation of the system. matrix 3 4 5 | 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


Systems of linear equations can be solved by using 
matrices and elementary row operations: 


1. Any two rows can be interchanged. 

2. Any row can be multiplied by a nonzero constant. E 

. Any row can be changed by adding a nonzero I 
constant multiple of another row to it. 


To solve a system of two linear equations in two 


unknowns using matrices, we transform the hil 

augmented matrix into an equivalent matrix that has 2 
1’s down its main diagonal and a 0 below the | in the i 

first column. A matrix written in this form is said to 1 

be in row echelon form. LO 
ai b a 

k 1! ‘| a, b, and c represent real numbers. 1 

0 


Main diagonal - 


Matrices can also be used to solve systems of three 
linear equations containing three variables. 


REVIEW EXERCISES 


Represent each system of equations using an augmented matrix. 
41. es + 4y = 3 
x= y= =3 
x+ 2y + 3z=6 
x—3y—Zz=4 
Ge se p= 224 = =i 


42. 


43. Perform each of the following elementary row operations on the 
12: - | 


aug nented natrix: 
1 3 ' 2 


a Ri OR, 


LR 
a 


Cc. —6R2 te R, 


44. Perform each of the following elementary row operations on the 
er es 
augmented matrix: | 1 1 0: -1 
Fa Sl 7 


Solve the system using matrices: { 


=3 


29 


2 


2:7 
-3 10 
2 | 

=i a Multiply row 1 by —2 and add to row 2: 


i, | 


; : 5 
This augmented matrix represents the system: { 


2x — 3y = 0 
oe 2y 7 


This system is represented by the augmented matrix 


4 


We can write this matrix in row echelon form by performing the following 
elementary row operations 


Interchange row 1 and row 2. In symbols: R, <> Ro. 


7 


In symbols: —2R, + Ro. 
| Multply row 2 by — 5 In symbols: — 5 Ro. 


Thus y = 2 and by back substitution, x = 3. The solution of the system is (3, 2). 


b. 3R> 


c. —2Ry + R, 


Solve each system using matrices, if possible. If a system is 
inconsistent or if the equations are dependent, state this. 


toy 32) 25 
45 pees 46. {xt y+z2=0 
" (3x + 7y = -18 3 ia 
a { 


shear as Dy = — il 


x+2y-—z=4 
x+3y+4z=1 
2x + 4y — 2z = 3 


16x — 8y = 32 
-—2x+y=-4 
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~ Solvins a 
DEFINITIONS AND CONCEPTS EXAMPLES 
= 3 § 3B 
A determinant is a number that is associated with a A2 X 2 determinant: a 5 | A3 X 3 determinant:| 7 2 2 
square matrix, a matrix that has the same number of i 3S i 
rows and columns. 
To evaluate a 2 X 2 determinant: Evaluate: 
a b 303 
= = = 3(5) — (—3)(—4) = 15 — 12 =3 
be ad — be Be (5) — (-3)(-4) 
To evaluate a3 X 3 determinant, we expand it by Evaluate: 
minors along any row or column. 
Minor Minor Minor 
of 3 of & of 3 
{ { { 
3 8 3 
i  : -3| 7 |-3 7 ‘ +3|7 ; | 
5 il 1 1 i § 
Saal 


= 3(—8) — 8(5) + 3(33) = —24 — 40 + 99 = 35 


Cramer’s rule can be used to solve systems of two 
linear equations in two variables. 


Cramer’s rule can be extended to solve systems of 
three linear equations with three variables. 


REVIEW EXERCISES 


Evaluate each determinant. 


2 
-4 3 


49. | 


2x —3y = 0 
Use Cramer’s rule to solve: { : y 
ie ap = TI 
é : : 2 =3 
The denominator determinant is D : 1 , = 4-— (=3))= 7 
: : @Q) =3 
The numerator determinant for x is D, : 7 > =0— (3x7) = all 


20) 
The numerator determinant for y is D,,: | 17 | =14-0=14 


Thus, we have: 


W) =3 a WW) 
De 7 2 21 D, 7 14 
xi 3 y x D, 
D 23 i D Dh a8) 7 
2 1 2 


The solution of the system is (3, 2). 


Use Cramer's rule to solve each system, if possible. If a system is 
inconsistent or if the equations are dependent, state this. 


a eee 3 can 
S237 — i ~ |(hest Dy = § 


Bg oe Se 9 = 2) 
Be or 3) ae ey = 7 
Sy = 2 =i, 


x+2y+z=0 
Bb ( 2e8 ar jae =) 56. 
Sear ar a4 5) 
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CHAPTER 12 
TEST 


1. Fill in the blanks. 


2x-—Ty=1., : 3 

a. is called a of linear equations. 
4x —-y=-8 

b. The matrix ie : | has 2 and 2 


c. Solutions of a system of three equations in three variables, x, 
y, and z, are written in the form (x, y, z) and are called 


ordered 
d. The graph of the equation 2x + 3y + 4z = 5 isa flat surface 
called a 
e. A is a rectangular array of numbers written within 
brackets. 
2. Solve the system by graphing: ae 
= he = 3 


3. Determine whether (-5, = 2) is a solution of the system: 
WOke Ip 8) 
ee = 5p = 1 
4. POLITICS Explain the importance of the point of intersection 
of the graphs shown below. 


Governor Arnold Schwarzenegger’s 


; Job Performance 
60% Approve 
50% 
40% 
ae Disapprove 
20% |- 
10% - 

| ! | | | | 


0% | > x 
1/06 3/06 5/06 7/06 9/06 11/06 1/07 3/07 


Source: Field Research Corporation 


5. Use the vocabulary of this chapter to describe each system of 
two linear equations in two variables graphed below. Does the 
system have a solution (or solutions)? 


a. y b. y 


6. Use the graphs in the 
illustration to solve 
Ge = 2) = = 2 sp 3) = I, 


2x — 4y = 14 
0 ap 2p TI 


7. Use substitution to solve the system: { 


8. Use elimination (addition) to solve the system: 
ie + 3d = —5 
30> 24d — 12 


Solve each system by any method, if possible. If a system is 
inconsistent or if the equations are dependent, state this. 


3(x+y)=x-3 


9. _ Ber 3 
es 
0.6x + 0.5y = 1.2 

10. 4 3) 
6) aoe 


Write a system of two equations in two variables to solve each 

problem. 

11. TRAFFIC SIGNS _ In the sign, 
find x and y, if y is 15 more 
than x. 


12. ANTIFREEZE How much of a 40% antifreeze solution must 
a mechanic mix with an 80% antifreeze solution if 20 gallons 
of a 50% antifreeze solution are needed? 


13. WEDDING PICTURES A professional photographer offers 
two different packages for wedding pictures. Use the 
information in the advertisement to determine the cost of one 
8 X 10-inch photograph and the cost of one 5 X 7-inch 
photograph. 


Wedding Pictures 


Package 1 [ 
8-8 x 10's 
12-5x7's 

Only $133.00 ( 


Package 2 
6-8 x 10's 
22-5x 7's 
Only $168.00 


14. Determine whether (- il. —5, 5) is a solution of: 


= Apap a= 
2x + 4y = —4 
—6y + 4z = 22 
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Use matrices to solve each system, if possible. If a system is 
inconsistent or if the equations are dependent, state this. 
—3y+2z=1 
x+y=4 3 » - 
19. AVS a8 == PAP ae Bh4 — 5) 
2x -—y=2 
2x — 6y + 4z = 3 


Oty sz 4 


15. Solve the system: jx + y—z=6 


263) 4.2-= 1 


Zee all 


16. Solve the system: (x + y+z=1 


x+5y=4 
17. MOVIE TICKETS The receipts 
for one showing of a movie were 
$410 for an audience of 100 
people. The ticket prices are given 
in the table. If twice as many 


children’s tickets as general admission tickets were purchased, 


Evaluate each determinant. 


2 
21 a ee 22,2 0" 3 
“| -4 5 ; 
i = 
Ticket prices 23. Use Cramer’s rule to solve the system: 
Children $3 x-y=-6 
General admission | $6 a +y=-6 
Seniors $5 


24. Solve the following system for z only, using Cramer’s rule. 


how many of each type of ticket were sold? xtytz=4 
x+y-z=6 
1 i x =o 
18. Let A = ; ! = Write the matrix obtained when the 2x — 3y +2 1 


elementary row operations —3R, + R are performed on 


matrix A. 


GROUPIPROJECT 


Overview: In this activity, you are to interpret a graph that contains a break point and submit 
your observations in writing in the form of a financial report. 


Instructions: Form groups of 2 or 3 students. Suppose you are a financial analyst for a coat 
hanger company The setup cost of a machine that makes wooden coat hangers is $400. After 
setup, it costs $1.50 to make each hanger (the unit cost). Management is considering the pur- 
chase of a new machine that can manufacture the same type of coat hanger at a cost of $1.25 per 
hanger. If the setup cost of the new machine is $500, find the number of coat hangers that the 
company would need to manufacture to make the cost the same using either machine. This is 
called the break point. 


Then write a brief report that could be given to company managers, explaining their options 
concerning the purchase of the new machine. Under what conditions should they keep the 
machine currently in use? Under what conditions should they buy the new machine? 


Overview: |n this activity, you will explore the advantages and disadvantages of several 
methods for solving a system of linear equations. 


Instructions: Form groups of 5 students. Have each member of your group solve the system 
{3 —-y=4 
2x+y=5 
in a different way. The methods to use are graphing, substitution, elimination, matrices, and 
Cramer's rule. Have each person briefly explain to the group his or her method of solution. After 


everyone has presented a solution, discuss the advantages and drawbacks of each method. Then 
rank the five methods, from most desirable to least desirable. 
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CHAPTERS 1-12 
Cumulative Review 


1. True or false: [Section 1.3] 
a. Every rational number can be written as a ratio of two 
integers. 
b. The set of real numbers corresponds to all points on the 
number line. 


c. The whole numbers and their opposites form the set of 
integers. 


2. Evaluate: —4 + 2[—7 — 3(—9)] [Section 1.7] 
3. Solve Be = 10 and check the result. [Section 2.2] 


4. Solve —a + 1) + a = 2 and check the result. 
[Section 2.2] 


5. Solve T = 2r + 2t forr. [Section 2.4] 


6. LOOSE CHANGE The Coinstar machines that are in many 
grocery stores count unsorted coins and print out a voucher that 
can be exchanged for cash at the checkout stand. However, to 
use this service, a processing fee is charged. If a boy turned in a 
jar of coins worth $50 and received a voucher for $45.55, what 
was the processing fee (expressed as a percent) charged by 
Coinstar? [Section 2.3] 

7. Solve Sx + 7 < 2x + 1 and graph the solution set. Then use 
interval notation to describe the solution. [Section 2.7] 


8. Graph the line: y = —3 [Section 3.3] 


9. Graph the line passing through (—2, —1) and having slope s 
[Section 3.4] 
10. TV NEWS The graph in red approximates the evening news 
viewership on all networks for the years 1995—2005. Find the 
rate of decrease over this period of time. [Section 3.4] 


Evening News Viewship, All Networks 


yy 
A 
40,000,000 F 55 59 990 
Fa es 
& 30,000,000 28,000,000 
ig 
= L 
2 20,000,000 + 
=i 
va, ey 
10,000,000 + 


>xX 
MOB) OY OD SES SE) OO) OIL "A 08} E05) 
Year 


Source: The State of the News Media, 2006 


11. Find an equation of the line whose graph has slope 5 and 
passes through (8, 1). Write the equation in slope—intercept 
form. [Section 3.5) 

12. Are the graphs of y = 4x + 9 and x + 4y = —10 parallel, 
perpendicular, or neither? [Section 3.5] 

Solve each system using the method indicated. 

13. Graphing [Section 4.1] 14. Substitution [Section 4.2] 

t +y=1 { y=2x+5 
vax Ss wap 2p Ss 


15. Elimination (addition) [Section 4.3] 


2 4) 1 
Sgt Se 
5S 5 


4° 8 
16. MIXING CANDY How many pounds of each candy must be 


mixed to obtain 48 pounds of candy that would be worth $4 per 
pound? Use two variables to solve this problem. [Section 4.4] 


17. AVIATION With the wind, a plane can fly 3,000 miles in 
5 hours. Against the wind, the trip takes 6 hours. Find the 
airspeed of the plane (the speed in still air) and the speed of the 
wind. Use two variables to solve this problem. [Section 4.4] 


18. Solve the system of linear inequalities. [Section 4.5] 
+ 4y = -7 
2x —3y=1 
Simplify each expression. Write each answer without using 
parentheses or negative exponents. 
19. y°67y')> [Section 5.1] 


Dye yee ee 
20. ae [Section 5.2] 
Tey 
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21. FIVE-CARD POKER The odds against ware a= Ml x 3x 
: i) = = 44, ae 
being dealt the hand shown are about xy xy SQ 3 =z) 
6 6 
2.6 X 10° to 1. Express the odds using [Section 7.4] [Section 7.4] 
standard notation. [Section 5.3] 
Simplify each complex fraction. 
9m — 27 Sas 
22. Write 0.00073 in scientific notation. [Section 5.3] fe ae Pg aa: aj 
Perform the operations. 28 — 6 fees 
ar il 
23. 4(4x° + 2x? — 3x — 8) — 5(2x3 — 3x + 8) is Coie 
[Section 5.5] [Section 7.5] [Section 7.5] 
24. (—2a)(3a") [Section 5.6] 7 1 3 
47. Solve: tion 7. 
25. (2b — 1)(3b + 4) [Section 5.6] pale Gata ae 
26. (3x + y)(2x? — 3xy + y”) [Section 5.6] 48. ROOFING A homeowner estimates that it will take him 
27. (2x + 5y)? [Section 5.7] 7 days to roof his house. A professional roofer estimates that he 
28. (9m? — 1)(9m + 1) [Section 5.7] can roof the house in 4 days. How long will it take if the 
Pei Ore os homeowner helps the roofer? [Section 7.7] 
— © [Section 5.8] 49. LOSING WEIGHT _ Ifa person cuts his or her daily calorie 
6a°b intake by 100, it will take 350 days for that person to lose 
30. x — 3)2x* — 3 — 5x [Section 5.8] 10 pounds. How long will it take for the person to lose 
: 25 pounds? [Section 7.8] 
Factor each expression completely. 50. AABC and ADEC are similar Fs 
31. 6a? — 12a*b + 36ab S22 2y a aneay triangles. Find x. [Section 7.8] 
[Section 6.1] [Section 6.1] 
2 3 A 
Bek Zo = IG) 34. b> + 125 2 
[Section 6.4] [Section 6.5] eB 
Solve each equation. hom CE 26 E 
2) = f Di ee ; 
a Se Ale ee solve cach inequality. Write the solution set in interval notation 
and graph it. 
37. HEIGHT OF ATRIANGLE The triangle shown has an area y= 2 = : 
of 22.5 square inches. Find its height. [Section 6.8] 2k SSW Tar 


52. 3% 2) 8 or 24 — 3 = II [Section(e:3] 


Factor completely. 
53. x° + 4x + 4 —j% [Section 8.4] 
x+4 54. b* — 17b? + 16 [Section 8.5] 
55. If f(x) = 3x* + 3x — 8, find f(—1). [Section 8.8] 
38. For what value(s) of x is wp ge undefined? [Section 7.1] 56. Graph f(x) = (x — 1)° and determine the domain and range 


of f. [Section 8.8] 
Siniplify cach expression, 57. BOATING The graph on the next page shows the vertical 


3x? — 27 a-15 : i i 
39 40 [Section 7.1] distance from a point on the tip of a propeller to the centerline 


, Section 7.1 L i : : 
x? + 3x — 18 Teagan ISS = as the propeller spins. Is this the graph of a function? 
[Section 8.8] 
Perform the operations. 
ie =e a 

Gilley 5 Sara [Section 7.2] 

aye ae Oke ae IQ 2h sp Use se 25) 

1 Ss 


42. t Section 7.3 
r—4s-5 s—4s 5 | ] 
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58. GEARS The speed of a gear varies inversely with the number 
of teeth. Ifa gear with 10 teeth makes 3 revolutions per second, 
how many revolutions per second will a gear with 25 teeth 
make? [Section 8.9] 


59. Simplify 4x7 and assume that the variable is unrestricted. 
[Section 9.1] 


60. Simplify: (-8) 48 [Section 9.2] 


Simplify each expression. All variables represent positive numbers. 


61. V/100a°b* [Section 9.3] 62. W/16x’y* [Section 9.3] 


63. 3/24 + V/54 [Section 9.3] 
64. Wx? ap W327 ap Wx [Section 9.3] 


(es 

65. 7 [Section 9.4] 
y 
27m 

66. 3 8n° [Section 9.4] 
n 


Rationalize the denominator. 


2 Va — Vy 
67. oF [Section 9.4] 68. Vw 


[Section 9.4] 


69. Solve: 2 + Vu = V2u +7 [Section 9.5] 

70. STORAGE CUBES The diagonal distance across the face of 
each of the stacking cubes is 15 inches. What is the height of 
the entire storage arrangement? Round to the nearest tenth of 
an inch. [Section 9.6] 


Write each expression in terms of i. 


71. V —49 [Section 9.7] 72. VV —S4 [Section 9.7] 


Perform the operations. Express each answer in the forma + bi. 
i (2) = 0 aay 74. (7 — 4) 2921) 


[Section 9.7] [Section 9.7] 
3S i 
TBs (8 = 2G = Sh 76. 
G - 2H4 - 31) Sar: 
[Section 9.7] [Section 9.7] 


77. Solve x* + 8x + 12 = 0 by completing the square. 
[Section 10.1] 


78. Solve 4x* — x — 2 = Ousing the quadratic formula. Give the 
exact solutions, and then approximate each to the nearest 
hundredth. [Section 10.2] 


Solve each equation. Express the solutions in the form a + bi. 

79. x7 +16 =0 80. x° — 4x = —S 
[Section 10.2] [Section 10.2] 

81. Solve: a> + a? — 6 = 0 [Section 10.3] 

82. Graph the quadratic equation y = 2x” + 8x + 6. Find the 


vertex, the x- and y-intercepts, and the axis of symmetry of the 
graph. [Section 10.4] 


83. Let f(x) = 3x — 2 and g(x) = x* + x. Find (f ° g)(—3). 
[Section 11.1] 


3 
84. Find the inverse of f(x) = 3 + 3. [Section 11.2] 


Graph each function. Determine the domain and range. 


85. f(x) = S [Section 11.3] 86. f(x) = Inx [Section 11.6] 


87. Give an approximate value of e to the nearest tenth. 
[Section 11.4] 


88. WORLD POPULATION GROWTH _ The population of the 
Earth is approximately 6.6 billion people and is growing at an 
annual rate of 1.167%. Use the exponential growth model to 
find the world population in 20 years. [Section 11.4] 


Find each value of x. 
89. log. 5 = 1 [Section 11.5] 90. loggx = 2 [Section 11.5] 


Evaluate each expression. 


1 
91. logo oy [Section 11.5] 92. Ine [Section 11.6] 


yVx 


93. Write In~—~ as the sum and/or difference of logarithms of a 
single quantity. Then simplify, if possible. [Section 11.7] 


94. Write 2 log x — 3 log y + log z as one logarithm. 
[Section 11.7] 
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Solve each equation. Give answers to four decimal places when 


: a, PE PS Il 
necessary. 99. Solve by using matrices: 


oye =e [Section 12.4] 
95. 5° > = 3” [Section 11.8] 
96. log (x + 90) = 3 — logx [Section 11.8] 
= Par ee 
97. Solve: {x + 2y — z = —1 [Section 12.2] 
Sea jaye 
98. TRIANGLES The sum of the measures of the angles of any 
triangle is 180°. In ADEF, 2D measures 100° less than the sum 
of the measures of ZE and ZF, and the measure of ZF is 40° 


less than twice the measure of ZZ. Find the measure of each 
angle of the triangle. [Section 12.3] 


32 9 
100. Solve by using Cramer’s rule: { . [Section 12.5] 
Kat Lyi 38 
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CHAPTER 13 


Conic Sections; More Graphing 


13.1 The Circle and the Parabola 

13.2 The Ellipse 

13.3 The Hyperbola 

13.4 Solving Nonlinear Systems of 
Equations 

CHAPTER SUMMARY AND REVIEW 

CHAPTER TEST 

Group Project 


Tra j & {f 

from Campus to Careers fou ince a 

Traffic Engineer ; baa MON. 
Traffic engineers design roads, streets, and highways for the safe and efficient *"Binee ri, 5 Ue Tee | 
movement of people and goods. They use traffic flow formulas to determine what 18 oun, cas "9uira, ivi 
kinds of roads are needed and then find economical ways to construct and operate 88 I It, Oe 
them. During the planning stages, traffic engineers make detailed drawings and 1296 thin “Xp 
graphs of the project. Because highway and street construction is often publicly ANNUAY ough 2014 "rea. 
funded, they make budgets, submit bid proposals, and perform cost analysis The med; RNINGs. 99 
studies to make sure that highway tax money is spent wisely. 595 300 a7 Salary ip 
In Problem 85 of Study Set 13.1, you will design two sections of a freeway Ore 2 
that are to be joined with a curve that is one-quarter of a circle. httpyj.4 “FORM, 

ers « e 7 Oy. 
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Study Skills Workshop 
Preparing for Your Next Math Course 


Be moving on to a new mathematics course, it’s worthwhile to take some time to reflect on 
your effort and performance in this course. 


Now Try This 


As this course draws to a close, here are some questions to ask yourself. 


1. How was my attendance? 

2. Was | organized? Did | have the right materials? 

3. Did | follow a regular schedule? 

4. Did | pay attention in class and take good notes? 

5. Did | spend the appropriate amount of time on homework? 

6. How did | prepare for tests? Did | have a test-taking strategy? 

7. Was | part of a study group? If not, why not? If so, was it worthwhile? 

8. Did | ever seek extra help from a tutor or from my instructor? 

9. In what topics was | the strongest? In what topics was | the weakest? 
10. If | had it to do over, would | do anything differently? 


Identify conic sections and some of their applications. 


. . Graph equations of circles written in standard form. 
Objectives ee 


Write the equation of a circle, given its center and radius. 


Convert the general form of the equation of a circle to standard 
form. 


Solve problems involving circles. 


oOo 0008 


Convert the general form of the equation of a parabola to 
standard form to graph it. 


We have previously graphed first-degree equations in two variables such as y = 3x + 8 and 
4x — 3y = 12. Their graphs are lines. In this section, we will graph second-degree equations 
in two variables such as x* + y> = 25 and x = —3y — 12y — 13. The graphs of these 
equations are conic sections. 


1) Identify Conic Sections and Some of Their Applications. 


The curves formed by the intersection of a plane with an infinite right-circular cone are called 
conic sections. Those curves have four basic shapes, called circles, parabolas, ellipses, and 
hyperbolas, as shown on the next page. 
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V 


OW PK 


Conic sections have many applications. For example, everyone is familiar with circular 
wheels and gears, pizza cutters, and hula hoops. 
The Language of Algebra Parabolas can be rotated to generate dish-shaped surfaces called paraboloids. Any light 
Contes cicms ae olen or sound placed at the focus of a paraboloid is reflected outward in parallel paths. This prop- 
elladlaoraies: erty makes parabolic surfaces ideal for flashlight and headlight reflectors. It also makes para- 
bolic surfaces good antennas, because signals captured by such antennas are concentrated at 
the focus. Parabolic mirrors are capable of concentrating the rays of the sun at a single point, 
thereby generating tremendous heat. This property is used in the design of solar furnaces. 
Any object thrown upward and outward travels in a parabolic path. An example of this is 
a stream of water flowing from a drinking fountain. In architecture, many arches are parabolic 
in shape, because this gives them strength. Cables that support suspension bridges hang in the 
shape of a parabola. 


A parabola 


‘A 
\ 


V 


A hyperbola 


“ili ill in 


Radar dish Stream of water Support cables 


Ellipses have optical and acoustical properties that are useful in architecture and engi- 
neering. Many arches are portions of an ellipse, because the shape is pleasing to the eye. The 
planets and many comets have elliptical orbits. Certain gears have elliptical shapes to provide 
nonuniform motion. 
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Earth 


Arches Earth's orbit Gears 


Hyperbolas serve as the basis of a navigational system known as LORAN (LOng RAnge 
Navigation). They are also used to find the source of a distress signal, are the basis for the 
design of hypoid gears, and describe the orbits of some comets. 

A sonic shock wave created by a jet aircraft has the shape of a cone. In level flight, the 
sound wave intersects the ground as one branch of a hyperbola, as shown below. People in dif- 
ferent places along the curve on the ground hear and feel the sonic boom at the same time. 


Navigation Sonic boom 


2) Graph Equations of Circles Written in Standard Form. 


Every conic section can be represented by a second-degree equation in x and y. To find the 
equation of a circle, we use the following definition. 


Definition A circle is the set of all points in a plane that are a fixed distance from a fixed point called its 
ofa Circle center. The fixed distance is called the radius of the circle. 
y If we let (h, k) be the center of a circle and (x, vy) be some point on a circle that is graphed 


on a rectangular coordinate system, the distance from (h, k) to (x, y) is the radius r of the 
circle. We can use the distance formula to find r. 


a» r=V(x—hy + (y— ky 
\ We can square both sides to eliminate the radical and obtain 
ad P= - m+ - ? 
This result is called the standard form of the equation of a circle with radius r and center at 
(A, k). 
Equation The standard form of the equation of a circle with radius 7 and center at (A, /) is 


of a Circle (x - hy +(y- ky =; 
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EXAM PLE 1 j Find the center and the radius of each circle and then graph it: 
; a. (x — 4" +(y- 17 =9 b x7 +y =25 
ce. (x +3? +y = 12 


Strategy We will compare each equation to the standard form of the equation of a circle, 
(x — hy + (vy — k? = r’, and identify h, k, and r. 


Why The center of the circle is the point with coordinates (A, k) and the radius of the 


circle is r. 
Success Tip Solution 
A compass can be used to draw a a. The color highlighting shows how to compare the given equation to the standard form to 
circle. The distance between the a ee 
compass point and pencil should ae : 
be set to equal the radius. (x -— 4° +(y-1P% =9 


t t h=4, k=1,andr* = 9. Since the radius 
(x —h)? + (y— hk? =P’ — ofacircle must be positive, r = 3. 
The center of the circle is (A, k) = (4, 1) and the radius is 3. 
To plot four points on the circle, we move up, down, left, and right 3 units from the 


center, as shown in figure (a). Then we draw a circle through the points to get the graph 
of (x — 4)? + (y — 1)” = 9, as shown in figure (b). 


y y 
(4, 4) 
4 4 ah? + y= 1)? =9 
, ID (7, 1) 
hal x hal a 
3 EG} 
(4, -2) 
(a) (b) 
Success Tip b. To find / and k, we will write x* + ¥ = 25 in the following way: 
An equation of the form (x — 0) + (vy — OY = 25 
x? + a =P t t h = 0,k = O, and r* = 25. Since the 


2 2 2 
x-hy+y-kh=r di t bi itive, r = 5. 
has a graph that is a circle with ( ) Y ) al a 


radius r and center at (0, 0). The center of the circle is at (0, 0) and the radius is 5. 


To plot four points on the circle, we move up, down, 
left, and right 5 units from the center. Then we draw a circle 
through the points to get the graph of x7 + y* = 25, as 
shown. 


c. To find h, we will write x + 3 as x — (—3). 


Standard form requires 
a minus symbol here. 


| 

[x — (-3)? + (7 - 0) = 12 
t t t h=-3, k=0,andr? =12. 

(-hyY + (Qy-kh=r 


: 2 
Since r~ = 12, we have 


r=+V12=+2V3  Usethe square root property. 
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y 
@ 43 ty = P, 


Since the radius can’t be negative, r = 2/3. The center of the circle is at (—3, 0) 
and the radius is 2/3. 

To plot four points on the circle, we move up, down, left, and right ORs = 3.5 units 
from the center. We then draw a circle through the points to get the graph of 
(x + 3)? + y° = 12, as shown on the left. 


La Self Check 1 d Find the center and the radius of each circle and then graph it: 
a. (x —-3) +(y+4y =4 bx +y=8 
Now Try Problems 15, 19, and 21 


© Write the Equation of a Circle, Given its Center and Radius. 


Notation 
Standard form can be written 


(x- 6 + (y+ 5% = 9? 


or 
(x — 6)? + (y+ 57 = 81 


@ 


Success Tip 
This example illustrates an 
important fact: The equation of 
a circle contains both x* and y* 
terms on the same side of the 
equation with equal coefficients. 


Because a circle is determined by its center and radius, that information is all we need to know 
to write its equation. 


EXAMPLE 2 | Write the equation of the circle with radius 9 and center at (6, —5). 


Strategy We substitute 9 for r, 6 for h, and —5 for k in the standard form of the equation 
ofacircle, (x — hy + (vy -kP =r’. 
Why When writing the standard form, the center is represented by the ordered pair (h, k) 


and the radius as r. 


Solution 
x-hY +Q-W =r 

(x — 6) +[y- (-5)/ 9° Substitute 6 for h, —5 for k, and Q for r. 

(x - 6° +(y +5 = 


\o 
iS) 


Write y — (-—5) as y+ 5. 
If we express 9° as 81, we have 


(x -— 6? + (y + 5% =81 


a Self Check 2 dj Write the equation of the circle with radius 10 and center at 
(Sve Ue 
Now Try Problems 23, 27, and 31 


Convert the General Form of the Equation of a Circle to Standard Form. 


In Example 2, the result was written in standard form: (x — 6)* + (y + 5)° = 81. If we 
square x — 6 and y + 5, we obtain a different form for the equation of the circle. 


(- 6 +(yt+ 5 =9 
x? — 12x + 36+ y? + 10y + 25 = 81 Square each binomial. 
x*— 12x + y° + 10y—20=0 — Subtract 81 from both sides. Combine like terms. 


x? +y? — 12x + 10y — 20 =0 Rearrange the terms, writing the squared terms 
first. 


This result is written in the general form of the equation of a circle. 


Equation of a 
Circle 


45 — ax Bye LL=0 


or 
(x-2)? + (y+ 1 = 16 


Using Your Calculator 
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The general form of the equation of a circle is 


xr+y+Dxt+FEy+F=0 


We can convert from the general form to the standard form of the equation of a circle by 
completing the square. 


rite the equation x~ + — Ag + = = in standar 
EXAMPLE3 = Write the equation x* + * — 4x + 2y— 11 =0 i dard 
if form and graph it. 


Strategy We will rearrange the terms to write the equation in the form 
x? — 4x + y? + 2y = 11 and complete the square on x and y. 


Why Standard form contains the expressions (x — h)* and (y — &)*. We can obtain a 
perfect-square trinomial that factors as (x — 2)* by completing the square on x” — 4x. 
We can complete the square on y* + 2y to obtain an expression of the form (y + 1)”. 


Solution To write the equation in standard form, we complete the square twice. 
ve+y—4ce+2y-11=0 


x? — 4x + y° + 2y = 11. Write the x-terms together, the y-terms 
together, and add 11 to both sides. 


To complete the square on x* — 4x, we note that + —4) = —2 and (—2) = 4. To complete 
the square on y* + 2y, we note that 5(2) = | and 1* = 1. We add 4 and 1 to both sides of 
the equation. 


w-—4rt+44+y4+2y4+1=114+44+1 
(x — 2 + (vy + 1 = 16 Factor x* — 4x + 4 and y* + 2y +1. 


The equation can also be written as (x — 2)” + (y + 1 = 4’. 

We can determine the circle’s center and radius by comparing this equation to the stan- 
dard form of the equation of a circle, (x — h)’ + (vy — kb)? =r’. Wesee thath = 2,k = —1, 
and r = 4. We can use the center, (h, 4) = (2, —1) and the radius r = 4, to graph the circle 
as shown on the left. 


ta Self Check 3 j Write the equation x” + y’ + 12x — 6y — 4 = 0 in standard 
form and graph it. 


Now Try Problem 35 


Graphing Circles 


Since the graphs of circles fail the vertical line test, their equations do not represent functions. 
It is more difficult to use a graphing calculator to graph equations that are not functions. For 
example, to graph the circle described by (x — 1)? + (y — 2)? = 4, we must split the equa- 
tion into two functions and graph each one separately. We begin by solving the equation for y. 
any 02) 4 
(y- 2% =4-(@-19 Subtract (x — 1)* from both sides. 


y-2=+V4-(«- 19 Use the square root property. 


y=2+V4—-(x- 1) Add 2to both sides. 
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This equation defines two functions. If we graph 
y=24+V4-(-1)9 and y=2-V4-(«- 17 


we get the distorted circle shown in figure (a). To get a better circle, we can use the graphing 
calculator’s square window feature, which gives an equal unit distance on both the x- and 
y-axes. (Press ZOOMI, 5, ENTER].) Using this feature, we get the circle shown in figure (b). 
Sometimes the two arcs will not connect because of approximations made by the calculator 
at each endpoint. 


The graph of The graph of 


y=2+ V4-(x-1)? y=2-V4-(x-1)? 
is the top half of the circle. is the bottom half of the 
circle. 
(a) (b) 


5) Solve Problems Involving Circles. 


EXAMPLE 4 | Radio Translators. The broadcast area of a television station is 

bounded by the circle x7 + y* = 3,600, where x and y are mea- 
sured in miles. A translator station picks up the signal and retransmits it from the center 
of a circular area bounded by 


(x + 30)° + (vy — 40)? = 1,600 


Find the location of the translator and the greatest distance from the main transmitter 
that the signal can be received. 


Strategy Refer to the figure below. We will find two distances: the distance from the TV 
station transmitter to the translator and the distance from the translator to the outer edge 
of its coverage. 


Why The greatest distance of reception from the main transmitter is the sum of those 
two distances. 


Solution The coverage of the TV station is 
bounded by x7 + y = 60°, a circle cen- (x + 30)? + (y — 40)? = 1,600 
tered at the origin with a radius of i: 
60 miles, as shown in yellow in the figure. 
Because the translator is at the center of 
the circle (x + 30)? + (vy — 40)° = 1,600, 
it is located at (—30, 40), a point 30 miles 
west and 40 miles north of the TV station. 
The radius of the translator’s coverage is 
V 1,600, or 40 miles. 

As shown in the figure, the greatest 
distance of reception is the sum of d, the 
distance from the translator to the televi- 
sion station, and 40 miles, the radius of the 
translator’s coverage. 


Definition of a 
Parabola 


Equation of a 
Parabola 
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To find d, we use the distance formula to find the distance between the origin, 
(x1, V1) = (0, 0), and (x2, y2) = (—30, 40). 


d= V (x2 — x)’ + (2 — y1)? The distance formula was introduced in Section 7.6. 


d= V(—30 — 0)* + (40 — 0) 
d= V-30P + 40? 

= V900 + 1,600 

= V2,500 

= 50 


The translator is located 50 miles from the television station, and it broadcasts the signal 
40 miles. The greatest reception distance from the main transmitter signal is, therefore, 
50 + 40, or 90 miles. 


La Now Try Problem 83 


Convert the General Form of the Equation 
of a Parabola to Standard Form to Graph It. 


Another type of conic section is the parabola. 


A parabola is the set of all points in a plane that are equidistant from a fixed point, called the 
focus, and a fixed line, called the directrix. 


For a parabola, 
d, =d, 


> 


Focus d, A point on the 
parabola 
ae 


Directrix 


We have previously discussed parabolas whose graphs open upward or downward. 
Parabolas can also open to the right and to the left, but they do not define functions because 
their graphs fail the vertical line test. 

The two general forms of the equation of a parabola are similar. 


The general forms of the equation of a parabola are: 


l. y=ax*+bx +e The graph opens upward if a > 0 and downward if a < 0. 
2.x=ay +bhyte The graph opens to the right if a > 0 and to the left ifa < 0. 


Recall from Chapter 8 that equations written in the standard form y = a(x — h)? + k 
represent parabolas with vertex at (A, k) and axis of symmetry x = h. They open upward when 
a > 0 and downward when a < 0. 
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; EXAMPLE 5 j Write y = —2x* + 12x — 15 in standard form and graph it. 


Strategy We will complete the square on x to write the equation in standard form, 
y=a(x—hy +k. 


Why Standard form contains the expression (x — hf). We can obtain a perfect-square 
trinomial that factors into that form by completing the square on x. 


Solution Because the equation is not in standard form, the coordinates of the vertex are 


Success Ti ee 
P not obvious. To write the equation in standard form, we complete the square on x. 


Recall that we can find the 


x-coordinate of the vertex using y= Sige oe 22 14 

x Didens le Bet 3 y= =2(x? = 0% y- 15 Factor out —2 from —2x* + 12x. 

2a 22) 
This step adds —2:°9 Add 18 to counteract 

To find the y-coordinate, or —18 to this side. the addition of —18. 
substitute: pe ae | 

y = —2(3" + 12(3) — 15 y= —2(x* — 6x +9) — 15 +18 Complete the square on x* — Gx. 

= y= 2x - 3) + 3 Factor x° — 6x + 9 and combine like terms. 


Th tex is at (3, 3). : ee : ; 
Cae This equation is written in the form y = a(x — h)’ + k, where a = —2,h = 3, andk = 3. 


Thus, the graph of the equation is a parabola that opens downward with vertex at (3, 3) and 
an axis of symmetry x = 3. We can construct a table of solutions and use symmetry to plot 
several points on the parabola. Then we draw a smooth curve through the points to get the 
graph of y = —2x* + 12x — 15, as shown below. 


y = —2x* + 12x — 15 y 
se || E 
1| —5 |— (1, -5) 2.) 7 
2} 1j—- an | 
| ye 12x 7/4 12x - 15 
t | or “ 
Because the x-coordinate of the 4 ! y=-2(4-|3)*° +3 
vertex is 3, choose values for x d, -5) (5,5) 
that are close to 3 on the same = | 
Y 


side of the axis of symmetry. 


PT Self Check 5 | Write y = 2x + 4x + 5 in standard form and graph it. 
Now Try Problem 39 


The standard form for the equation of a parabola that opens to the right or left is similar 
to y = a(x — h) + k, except that the variables, x and y, exchange positions as do the con- 
stants, A and k. 


Standard Form Dy Opens left ; y 
a A x=aly-kyPt+h 4 
of the Equation Opens right een 


x=aly—kP +h 


of a Parabola 
where a> 0 


Success Tip 
Unlike the equation of a circle, the 
equation of a parabola contains 
only one variable squared term. 
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EXAMPLE6 Graph: x =>) 


Strategy We will compare the equation to the standard form of the equation of a 
parabola to find a, A, and k. 


Why Once we know these values, we can locate the vertex of the graph. We also know 
whether the parabola will open to the left or to the right. 


Solution This equation is written in the form x = a(y — k)? + h, where a = 7 k=0, 
and h = 0. The graph of the equation is a parabola that opens to the right with vertex at 


(0, 0) and an axis of symmetry y = 0. 
To construct a table of solutions, we choose values of y and find their correspon- 
ding values of x. For example, if y = 1, we have 


I 
x= a 
Lad 
x= ri Substitute 1 for y. 
1 
eas 
2 


The point (. 1) is on the parabola. 

We plot the ordered pairs from the table and use symmetry to plot three more points on 
the parabola. Then we draw a smooth curve through the points to get the graph of x = 5 y, 
as shown below. 


1.2 


x= 5y 


2 

ba) 
1 |— (3, 1) 
2 |— (2,2) 
4 |— (8,4) 


CoN NIK |S 


Because the y-coordinate of the vertex is 
O, choose values for y that are close to O 
on the same side of the axis of symmetry. 


ta Self Check 6 j Graph: x = iy 


Now Try Problem 43 


EXAMPLE 7 § Write x = —3y° — 12y — 13 in standard form and graph it. 


Strategy We will complete the square on y to write the equation in standard form, 
x=ay—kP +h. 


Why Standard form contains the expression (y — k). We can obtain a perfect-square 
trinomial that factors into that form by completing the square on y. 


Solution To write the equation in standard form, we complete the square. 
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Success Tip 
When an equation is of the form 
x = ay’ + by +c, wecan find 
the y-coordinate of the vertex 
using 
b = [2 


Wg) 23) 


y=- = 
To find the x-coordinate, 
substitute: 


x = —3(—2)* — 12(—2) — 13 
=-1 


The vertex is at (—1, —2). 


Success Tip 
The equation of a circle contains 
an x* and a y* term. The equation 
of a parabola has either an x? term 
ora y* term, but not both. 
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x = —3y° — 12y — 13 
x = —3(° + 4y )=13 
x= —-3(y + 4y + 4) - 134+ 12 


Factor out —3 from —3y* — 12y. 
Complete the square on Va + 4y. Then add 12 to the 
right side to counteract —3 +4 = —12. 


—3(y+2P-1 Factor y° + 4y + 4. and combine like terms. 
y 


x 


This equation is in the standard form x = a(y — ky +h, where a = —3, k = —2, and 
h = —1. The graph of the equation is a parabola that opens to the left with vertex at 
(—1, —2) and an axis of symmetry y = —2. 

We can construct a table of solutions and use symmetry to plot several points on the 
parabola. Then we draw a smooth curve through the points to get the graph of 
x = —3y° — 12y — 13, as shown below. 


x = —3y — 12y -— 13 


or 
x= —-3(y+2P-1 
ES 
—4|-1|— (-4,-l 
-13| 0|— (—13,0) 
t 


Choose values for y, and find x= +3y 7 12y +13 


the corresponding x-values. 


eT Self Check 7 j Write x = 3y° — 6y — 1 in standard form and graph it. 
Now Try Problem 49 


Bag answers TO SELF CHECKS | 1. a. 


2. (x +7 +(y—- 1) = 100. 3. 


(x+ 6) += 3)? 549 


yy, 
A 


4l y= 3(y > 1)? 4 
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VOCABULARY 
Fill in the blanks. 
1. The curves formed by the intersection of a plane with an infinite 
right-circular cone are called _____ 
2. Give the name of each curve shown below. 


3. A is the set of all points in a plane that are a fixed 
distance from a fixed point called its center. The fixed distance is 
called the 

4. A parabola is the set of all points in a plane that are equidistant 
from a fixed point anda fixed__. 


CONCEPTS 


5. a. Write the standard form of the equation of a circle. 


b. Write the standard form of the equation of a circle with the 
center at the origin. 
6. a. Find the center and the radius of y 
the circle graphed on the 4 
right. 
b. Write the equation of the circle. 


7. a. Find the center and the radius of y 
the circle graphed on the right. A 


b. Write the equation of the circle. x 


8. Fill in the blanks. To complete the square on x” + 2x and on 
y° — 6, what numbers must be added to each side of the 
equation? 


x +2x+y — 6y =2 


x + 2x4 y 6y 4 = 204 + 
9. a. What is the standard form of the equation of a parabola 
opening upward or downward? 
b. What is the standard form of the equation of a parabola 
opening to the right or left? 
10. Fill in the blanks. 
a. To complete the square on the right side, what should be 
factored from the first two terms? 
x=4/ + lov +9 
x=[G° +4 )+9 
b. To complete the square on )* + 4y, what should be added 


within the parentheses, and what should be subtracted 
outside the parentheses? 


x=40° +4y+ )4+9 


11. Determine whether the graph of each equation is a circle or a 
parabola. 
a x+y — 6x + 8y-10=0 
b. y° — 2x + 3y -9 =0 
c x + 5x -—y=0 
d. x? + 12x +) =0 

12. Draw a parabola using the given facts. 

e Vertex (—3, 2) 


e x-intercept (1, 0) 


© Opens right 
e Passes through (—2, 1) 


NOTATION 
13. Findh, k, andr: (x — 6) + (vy + 2 =9 
14. a. Finda, h,andk: y = 6x — 5° ='9 
b. Find a, h, and k: x = —3(y + 2 +1 


GUIDED PRACTICE 


Find the center and radius of each circle and graph it. See 
Example 1. 


.x +y =9 6.x +y =16 


7x +43" =1 18. («+4r+y =1 


19. (x +3 +(Q- 17 = 16 20. («x -1P +(v + 4" =9 


21. x+y =6 22. °° +y = 10 
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Write the equation of a circle in standard form with the following 
properties. See Example 2. 


23. Center at the origin; radius 1 
24. Center at the origin; radius 4 
25. Center at (6, 8); radius 5 

26. Center at (5, 3); radius 2 

27. Center at (—2, 6); radius 12 
28. Center at (5, —4); radius 6 


1 

29. Center at (0, 0); radius ri 
. ol 

30. Center at (0, 0); radius 3 


2 
31. Center at (2 2) radius V2 


32. Center at (—0.7, —0.2); radius V/11 
33. Center at the origin; diameter 4V/2 
34. Center at the origin; diameter 8V3 
Write each equation of a circle in standard form and graph it. 


Give the coordinates of its center and give the radius. See 
Example 3. 


35. x° +) -2x+4y=-1 


36. x +y + Ox — 4y = -12 


37. x+y + 4x 4+ 2y=4 


38. x + yy + 8x + 2y = -13 


Write each equation of a parabola in standard form and graph it. 
Give the coordinates of the vertex. See Example 5. 


39. y= 2x — 4x +5 40. y=x° + 4x45 


Al. y= x? — 2x +3 42. y = 2x? — 4x 


Graph each equation of a parabola. Give the coordinates of the 
vertex. See Example 6. 


B.x=/ 44.x=27 


45. x =Ay +1? +3 46. x = 3-2-1 


Write each equation of a parabola in standard form and graph it. 
Give the coordinates of the vertex. See Example 7. 


47. x =y —2y+5 48.x=y +6y +8 


49. x = —3y° + 18y — 25 50.x=-2y +4y +1 


Use a graphing calculator to graph each equation. (Hint: 
[EE] Solve for y and graph two functions.) See Using Your 

4 Calculator: Graphing Circles. 
Sl. x+y =7 

53. (x + 1° +) = 16 


52.x° + =5 
54.x° + (y— 27 = 


Use a graphing calculator to graph each equation. (Hint: 
EE] Solve for y and graph two functions when necessary.) 


55.x=2y 56.x=y —4 
57. x° -2x+y= 58. x = —Ay — 1) +2 
TRY IT YOURSELF 


Write each equation in standard form, if it is not already so, and 
graph it. If the graph is a circle, give the coordinates of its center 
and its radius. If the graph is a parabola, give the coordinates of 
its vertex. 


5..x=y —6y +4 60. x =y — 8y + 13 


61. (x — 27 + = 25 62. x° + (vy — 3) = 25 


63. x + — Ox + 8y + 18 =0 


64. x +) — 4x + 4y-—3 =0 


65. y = 4° — lox +17 66. y = 4x — 32x + 63 


67. (x — 1 + -3Y = 15 68. (x +1 ++ 1% =8 


69.x=-y +1 70.x=-y —5 


71. (x — 2 + — 4) = 36 72. (x — 3 + — 2) = 36 


1 
73. x= --\ 74. x = 4° 
4 
75. x= —6(y — 17 +3 76. x = —-6(y + 1 -—4 
77. x+y +2x-8=0 78. x°+y—-4y=12 
79 L242 80 Lp 
eS Sy Ye eS Sy = 
7? Y 3° Y 


81. y= —4@ + 5) +5 82. y= 4 — 4° - 4 


13.1 The Circle and the Parabola 1175 


APPLICATIONS 86. WALKWAYS _ The walkway shown is bounded by the two 
circles x” + y* = 2,500 and (x — 10)” + y* = 900, measured in 


Bos DEORE ES RANGES Sadie selon epelyine ter feet. Find the largest and the smallest width of the walkway. 


licensing may not use the same frequency if their broadcast 
areas overlap. One station’s coverage 1s bounded by 

x + y? — 8x — 20y + 16 = 0, and the other’s by 

x° + + 2x + 4y — 11 = 0. May they be licensed for the 
same frequency? 

84. MESHING GEARS | For design purposes, the large gear is 
described by the circle x* + y° = 16. The smaller gear is a 
circle centered at (7, 0) and tangent to the larger circle. Find the 
equation of the smaller gear. 


x 
87. PROJECTILES The cannonball in the illustration follows the 
parabolic path y = 30x — x”. How far short of the castle does it 
land? 
85. from Campus to Careers y (in feet) 
Traffic Engineer A 


Suppose you are a traffic engineer 
and you are designing two sections of 
a new freeway so that they join with a 
curve that is one-quarter of a circle, 

as shown. The equation of the circle 
isx? + y — 10x — 12y + 52 =0, 
where distances are measured in 
miles. 

a. How far from City Hall will the 
new freeway intersect State 88. PROJECTILES In Exercise 87, how high does the cannonball 
reet? get? 

ow far from City Hall will the new freeway intersect 89. COMETS. If the orbit of x 

ighway 60? 


x (in feet) 


= 
g 
3 
z 
€ 
Oo 
3 
& 
oO 
& 
@ 
= 
es 
oc 
S 


Ss 
aE 5 4) 


the comet is approximated 
y by the equation 
A New Freeway ay — 9x = 18, how far is it 
from the sun at the vertex V 
of the orbit? Distances are 
measured in astronomical 
units (AU). 


City Hall 


Esa 60 


a 
fi_a™ 
a 


= State Street 


i 


| 
= 
- 
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90. SATELLITE ANTENNAS | The cross section of the satellite 
antenna in the illustration is a parabola given by the equation 
y= ae with distances measured in feet. If the dish is 8 feet 
wide, how deep is it? 


< 8 ft > 


> xX 


WRITING 
91. Explain how to decide from its equation whether the graph of a 
parabola opens up, down, right, or left. 
92. From the equation of a circle, explain how to determine the 
radius and the coordinates of the center. 


93. On the day of an election, the following warning was posted in 
front of a school. Explain what it means. 


No electioneering within a 1,000-foot radius of this 
polling place. 


94. What is meant by the turning radius of a truck? 


REVIEW 
Solve each equation. 
4 — 3x 
95. [3x —4| = 11 96. | 7 =2 


97. |3x + 4| = |Sx —2| 98. |6 — 4x| = |x + 2| 


CHALLENGE PROBLEMS 


99. Could the intersection of a plane with an infinite right-circular 
cone as shown on page 939 be a single point? If so, draw a 
picture that illustrates this. 

100. Under what conditions will the graph of x = ay — kh +h 
have no y-intercepts? 

101. Write the equation of a circle with a diameter whose end- 
points are at (—2, —6) and (8, 10). 

102. Write the equation of a circle with a diameter whose 
endpoints are at (—5, 4) and (7, —3). 


@ Define an ellipse. 

@® Graph ellipses centered at the origin. 
© Graph ellipses centered at (A, 4). 

@ Solve problems involving ellipses. 


Objectives 


A third conic section is an oval-shaped curve called an e//ipse. Ellipses can be nearly round 
and look almost like a circle, or they can be long and narrow. In this section, we will learn how 
to construct ellipses and how to graph equations that represent ellipses. 


@ Define an Ellipse. 


To define a circle, we considered a fixed distance from a fixed point. The definition of an 
ellipse involves two distances from two fixed points. 


Definition 
of an Ellipse 


points is a constant. 


An ellipse is the set of all points in a plane for which the sum of the distances from two fixed 


The figure on the next page illustrates that any point on an ellipse is a constant distance 
d, + d> from two fixed points, each of which is called a focus. Midway between the foci is the 


center of the ellipse. 


The Language of Algebra 
The word foci (pronounced 
foe-sigh) is plural for the word 
focus. In the illustration on the 
right, the foci are labeled using 
subscript notation. One focus is 
F, and the other is F. 


2 | 


Equation of an 
Ellipse Centered 
at the Origin 
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Focus vA 


Center 


We can construct an ellipse by placing two 
thumbtacks fairly close together to serve as 
foci. We then tie each end of a piece of string to 
a thumbtack, catch the loop with the point of a 
pencil, and (keeping the string taut) draw the 
ellipse. 


Graph Ellipses Centered at the Origin. 


The definition of an ellipse can be used to develop the standard equation of an ellipse. To learn 
more about the derivation, see Problem 70 in the Challenge Problem section of the Study Set. 


The standard form of the equation of an ellipse that is symmetric with respect to both axes 


and centered at (0, 0) is 
x? ¥ 
Sr asi wierd > Oamlb > C 
a b 


To graph an ellipse centered at the origin, it is helpful to know the intercepts of the graph. 
To find the x-intercepts of the graph of 


we let y = 0 and solve for x. 


2 2 
x 0 
Sp tas al Substitute O for y. 
a b 

2 

2 
rom — simplity =o, 
aT a Simplify and multiply both sides by a 


x= +a _ Use the square root property. 


The x-intercepts are (a, 0) and (—a, 0). 
To find the y-intercepts of the graph, we can let x = 0 and solve for y. 


02 2 
ae ae : 
2 B = Substitute O for x. 
a 
y~ 
0+ a 1 Simplify: S = o. 


y =i Simplify and multiply both sides by b*. 


y= +b Use the square root property. 


The y-intercepts are (0, b) and (0, —5). 
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The Intercepts 
of an Ellipse 


The Language of Algebra 
The word vertices is the plural 

form of the word vertex. From the 
graph, we see that one vertex of 
this horizontal ellipse is the point 
(6, 0) and the other vertex is the 
point (—6, 0). 


In general, we have the following results. 


5) 2 
The graph of 2 oP = = | is an ellipse, centered at the origin, with x-intercepts (a, 0) and 
(—a, 0) and y-intercepts (0, b) and (0, —b). 


For 5 + % = 1, ifa > 5, the ellipse is horizontal, as shown in figure (a). If b > a, the 
ellipse is vertical, as shown in figure (b). The points V; and V, are called the vertices of the 
ellipse. The line segment joining the vertices is called the major axis, and its midpoint is 
called the center of the ellipse. The line segment whose endpoints are on the ellipse and that 
is perpendicular to the major axis at the center is called the minor axis of the ellipse. 


y 
y A 
V,(0, b) 
(0, b) 
V9(~a, 0) (a, 0) @O oy 
V,(0, —b) 
Horizontal ellipse Vertical ellipse 

(a) (b) 


EXAMPLET | Graph: © +2 = 1 


Strategy This equation is in standard % + ys = | form. We will identify a and b. 
Why Once we know a and b, we can determine the intercepts of the graph of the ellipse. 


Solution The color highlighting shows how to compare the given equation to the stan- 
dard form to find a and b. 


x2 ~ x ~ 
Sie | —z + = a 1 
36 9 a b 
Since a* = 36, it — | Since * = 9, it 
follows that a = 6. follows that b = 3. 


The x-intercepts are (a, 0) and (—a, 0), or (6, 0) and (—6, 0). The y-intercepts are (0, b) and 
(0, —b), or (0, 3) and (0, —3). Using these four points as a guide, we draw an oval-shaped 
curve through them, as shown in figure (a). The result is a horizontal ellipse. 


y 
From A bel td Fl 


y symmetty — (9,3) | -(2, 22 


(-6, 0) 


t 
Approximate the 
radicals to graph. Pada ~3)} -(2,-2V2) 


(b) 


Success Tip 


2 
Although the term ie simplifies 
2 


to x7, we write it as the fraction 


4 
so that it has the form 7. 


x 


1 
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To increase the accuracy of the graph, we can find additional ordered pairs that satisfy 
the equation and plot them. For example, if x = 2, we have 


Y 2 
36 a =1 Substitute 2 for x in the equation of the ellipse. 
+ y 
36 36 + 9 = 36(1) To clear the fractions, multiply both sides by the LCD, 36. 
4+ 4y* = 36 Distribute the multiplication by 36 and simplify. 
y = 8 Subtract 4 from both sides and divide both sides by 4. 


y=tvs Use the square root property. 
y= 2V2 Simplify the radical. 


Since two values of y, Pave and =a. correspond to the x-value 2, we have found two 
points on the ellipse: (2, 2V2) and (2, -2V2). 

In a similar way, we can find the corresponding values of y for the x-value 4. In figure 
(b) we record these ordered pairs in a table, plot them, use symmetry with respect to the 
y-axis to plot four other points, and draw the graph of the ellipse. 


a Self Check 1 | Graph: x =f x = 
Now Try Problem 17 


-EXAMPLE2 ~— Graph: 16x7 + )* = 16 


| 


Strategy We will write the equation in standard a + x = | form. 


Why When the equation is in standard form, we will be able to identify the center and 
the intercepts of the graph of the ellipse. 


Solution — The given equation is not in standard form. To write it in standard form with 1 
on the right side, we divide both sides by 16. 


16x? + y = 16 

16x" y = — _ Divide both sides by 16. 

16 16 = 16 
x y po cgip.. HO a 16 
vie = Simplify: 4 ==" and ig = 


To determine a and b, we can write the equation in the form 


2 2. 
3 16x" + y" = 16 
=a t x = 1 To find a, write 1 as 1°. To find b, write 16 as 4°. y ie 
; ; or 
GAA ae 7] 
Since a” (the denominator of x*) is 17, it follows that a = 1, and hig)" 


since b* (the denominator of y’) is 4’, it follows that b = 4. 
Thus, the x-intercepts of the graph are (1, 0) and (—1, 0) and CL.0) d.of")* 
the y-intercepts are (0, 4) and (0, —4). We use these four points 
as guides to sketch the graph of the ellipse, as shown. The result 
is a vertical ellipse. 


(0, 4) 
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The Equation 
of an Ellipse 
Centered at (h, k) 


a Self Check 2 d Graph: 9x7 + y> =9 
Now Try Problem 21 


© Graph Ellipses Centered at (h, k). 


Not all ellipses are centered at the origin. As with the graphs of circles and parabolas, the 
graph of an ellipse can be translated horizontally and vertically. 


The standard form of the equation of a horizontal or vertical ellipse centered at (h, k) is 
hy | yah’ 
a ie 


1 wherea>0O and b>0 


For a horizontal ellipse, a is the distance from the center to a vertex. For a vertical 
ellipse, b is the distance from the center to a vertex. 


x — 2) 3) 
EXAMPLE 3) Grapn: S—*" 5 YP 


= 2. _ 2 
Strate The equation is in standard cs a + 5 Wy form. We will identify A, 
i aie i : 
, a, and b. 


Why If we know h, k, a, and b, we can graph the ellipse. 
Solution To determine h, k, a, and b, we write the equation in the form 


(x — 2: 4 [v= (-3)P = To find k, write y + 3as y — (—3). 
4 5° To find a, write 16 as 4°. To find b, write 25 as 5°. 


We find the center of the ellipse in the same way we would find the center of a circle, by 
examining (x — 2) and (y + 3)’. Since h = 2 andk = —3, this is the equation of an ellipse 
centered at (h, k) = (2, —3). From the denominators, 4° and 5°, we find that a = 4 and 
b = 5. Because b > a, it is a vertical ellipse. 

We first plot the center, as shown below. Since b is the distance from the center to a 
vertex for a vertical ellipse, we can locate the vertices by counting 5 units above and 5 units 
below the center. The vertices are the points (2, 2) and (2, —8). 

To locate two more points on the ellipse, we use the fact that a is 4 and count 4 units to 
the left and to the right of the center. We see that the points (—2, —3) and (6, —3) are also on 
the graph. 

Using these four points as guides, we draw the graph shown below. 


y 
A (232) 


=byy2 2 
@ 52) L Qi 3° _ i 
16 25 


(2, -8) 
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a SelfCheck3 J) Graph: & GF + OF 2F = | 
Now Try Problem 25 


Using Your Calculator Graphing Ellipses 


To use a graphing calculator to graph the equation from Example 3, 


= ee 


16 DS 
we clear the equation of fractions and solve for y. 
25(x — 2)? + 16(y + 3)? = 400 Multiply both sides by 400. 
16(y + 3)? = 400 — 25(x — 2)° Subtract 25(x — 2)* from 
both sides. 
400 =a 
(y+ 3P= a ) Divide both sides by 16. 
V400 — 25(x — 2)° 
Viens 4 Use the square root property. 
V400 — 25(x — 2)7 
Y= 3) 4 Subtract 3 from both sides. 


The previous equation represents two functions. On a calculator, we can graph them in a 
square window to get the ellipse shown below. 


V400 — 25(x — 2)7 V/400 — 25(x — 2) 
+ Zl and y=-3- 7A 


y=-3 


As we saw with circles, the two 
portions of the ellipse do not 
quite connect. This is because the 
graphs are nearly vertical there. 


EXAMPLE 4 — Graph: 4(x — 2)’ + 9— — 1)° = 36 


2 — kp 
y+ us 


Strategy We will write the equation in standard & —H = | form. Then we 


will identify h, k, a, and b. 
Why If we know h, k, a, and b, we can graph the ellipse. 


Solution — This equation is not in standard form. To write it in standard form with 1 on the 
right side, we divide both sides by 36. 
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A(x — 2)? + %y - 1)? = 36 
A or 

—2) 4) 

& uc ager 


Conic Sections; More Graphing 


A(x — 2)? + y — 1) = 36 
A(x — 2) + %y — 1) 
36 36 
= 27 Y= 1y 
9 4 


This is the standard form of the equation of a horizontal ellipse, centered at (2, 1), with 
a = 3 and b = 2. The graph of the ellipse is shown in the margin. 


ba seit Check4 Graph: 12(x — 1)? + 3(y + 1)° = 48 


Now Try Problem 29 


3 
= Divide both sides by 36. 
36 . 


1 Simplify: $= 5. ZB =tana 3 =1. 


Solve Problems Involving Ellipses. 


- EXAM PLE Ly | Landscape Design. A landscape architect is designing an 
elliptical pool that will fit in the center of a 20-by-30-foot rectan- 
gular garden, leaving 5 feet of clearance on all sides, as shown in the illustration below. 
Find the equation of the ellipse. 


Strategy We will establish a coordinate system with its origin at the center of the garden. 
Then we will determine the x- and y-intercepts of the edge of the pool. 


Why If we know the x- and y-intercepts of the graph of the edge of the elliptical pool, we 
can use that information to write its equation. 


Solution We place the rectangular garden in the coordinate system shown below. To 
maintain 5 feet of clearance at the ends of the ellipse, the x-intercepts must be the points 
(10, 0) and (— 10, 0). Similarly, the y-intercepts are the points (0, 5) and (0, —5). 
Since the ellipse is centered at the origin, its equation has the form 
x? ye 
>z+a=1 
a 
with a = 10 and b = 5. Thus, the equation of the boundary of the pool is 


2 2 
x a 


Reg Seg | 
100 25 


(-15, 0) 
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La Now Try Problem 53 


Ellipses, like parabolas, have reflective properties that are used in many practical applica- 
tions. For example, any light or sound originating at one focus of an ellipse is reflected by the 
interior of the figure to the other focus. 


Whispering galleries 


In an elliptical dome, even the 
slightest whisper made by a person 
standing at one focus can be heard 

by a person standing at the other 


Elliptical billiards tables 


When a ball is shot from one 
focus, it will rebound off the side 
of the table into a pocket located 

at the other focus. 


Treatment for kidney stones 


The patient is positioned in an elliptical 


tank of water so that the kidney stone 
is at one focus. High-intensity sound 
waves generated at another focus 


focus. are reflected to the stone to shatter it. 


Bag onswens TO SELF 


9x7 + y7 =9 
y or 
A 
Atel ty 
cali 
1 9 


12(x- 1)? + 3(y + 1) = 48 
or 
y ~1/7 2 
@=1) 2 (y+ 1) =F 
16 


Gai oe 


+ 
Y) 16 
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VOCABULARY 
Fill in the blanks. 


1. The curve graphed below is an 


2. An is the set of all points in a plane for which the sum 


of the distances from two fixed points is a constant. 
3. In the graph above, F and F> are the of the ellipse. Each 


one is called a of the ellipse. 


4. In the graph above, V; and V7 are the 
Each one is called a of the ellipse. 


of the ellipse. 


5. The line segment joining the vertices of an ellipse is called the 
axis of the ellipse. 


6. The midpoint of the major axis of an ellipse is the of 
the ellipse. 


CONCEPTS 


7. Write the standard form of the equation of an ellipse centered 
at the origin and symmetric to both axes. 

8. Write the standard form of the equation of a horizontal or 
vertical ellipse centered at (h, k). 


9. Find the x- and the y-intercepts of the graph of = oF Z =1. 


10. a. Find the center of the ellipse y 
graphed on the right. What are a iA 
and b? 
b. Is the ellipse horizontal or 
vertical? 


c. Find the equation of the ellipse. 


11. a. Find the center of the ellipse y 
graphed on the right. What p 
areaandb? 


b. Is the ellipse horizontal or 


vertical? > x 


c. Find the equation of the 
ellipse. 


2 
12. Find two points on the graph of ig + = = 1 by letting x = 2 
and finding the corresponding values of y. 


13. Divide both sides of the equation by 64 and write the equation 
in standard form: 


2 


A(x — 1)? + 64(y + 5)? = 64 


14. Determine whether the graph of each equation is a circle, a 
parabola, or an ellipse. 
ax=jy°—2y+ 10 
a oe 
49 64 
c. (x — 3 + (y + 4° = 25 


d. 2x — 1)? + 8 + 5) = 32 


NOTATION 


(«+8P  W-6P _ 


15. Find h, k b: 
5. Find A, k, a, and 100 144 


16. Write each denominator in the equation 
square of a number. 


GUIDED PRACTICE 


Graph each equation. See Example 1. 


2: 2 2. 2: 
7.2 +%=1 18, —+%=1 
2 4 16 9 
2 2 2. 2 
x y x y 
19. —+—=1 20. —+=-—=1 
an ae 16. 25 
Graph each equation. See Example 2. 
21. x? +9" =9 22. 25x? + 97 = 225 
23. 16x° + 4)° = 64 24. 4x° + Oy = 36 
Graph each equation. See Example 3. 

- 2 -1y -1y — 3y 
5, Sg PEM t, gp MS ey 
9 4 9 4 

ay =a) = (6) +6) 
ge ee ee 
64 100 36 144 


Graph each equation. See Example 4. 


29. (x + 1° +4(y +27 =4 
30. 25(x + 1)? + 9y* = 225 
31. 16(x — 2)? + 4(y + 4)° = 256 
32. 4(x — 2)? + 99 — 4) = 144 


Use a graphing calculator to graph each equation. See Using 
uo . * 
Your Calculator: Graphing Ellipses. 


2 2 
33,2 42% =1 34, x? + 16)? = 16 
9° 4 
2 _ 2 4 2 ees) 2 
5 gg SN ag 
4 9 9 4 
TRY IT YOURSELF 


Write each equation in standard form, if it is not already so, and 
graph it. The problems include equations that describe circles, 
parabolas, and ellipses. 


37. (x +1P +(y-2P =16 938. (@-3P + (yt IY = 25 
x y x? ~ 
39, —+-=]1 40. —+—=1 
og | 1 9 
1 2 1 5 
Hera oily =2 42.x=—y(y tay +5 
43. x7 +y° — 25=0 44, x° =36-y" 
45. x° = 100 — 4° 46. x? = 36 — 4y° 
47. y = —3x° — 24x — 43 48. y = 5x” — 60x + 173 


49. x7 +7 —2x + 4y-4=0 


50. +y t+ 4xt+ 6y+9=0 
51. 9x — 1) + 4(y + 2)° = 36 
52. 16(x — 5)° + 25(y — 4)° = 400 


APPLICATIONS 


53. FITNESS EQUIPMENT With elliptical cross-training 
equipment, the feet move through the natural elliptical pattern 
that one experiences when walking, jogging, or running. Write 
the equation of the elliptical pattern shown below. 
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54. DESIGNING AN UNDERPASS | The arch of an underpass is 
a part of an ellipse. Find the equation of the ellipse. 


55. CALCULATING CLEARANCE Find the height of the 
elliptical arch in Exercise 54 at a point 10 feet from the center 
of the roadway that passes under the arch. 


56. POOL TABLES Find the equation of the outer edge of the 
elliptical pool table shown below. 


40 in. 


kK 60 in. >| 


57. AREA OF AN ELLIPSE The area A bounded by the follow- 


ing ellipse is given by A = wab. 
2 

x y 
sta =1 
a b 


Find the area bounded by the ellipse described by 
9x + 167 = 144. 
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58. AREA OFA TRACK The elliptical track shown in the figure 
is bounded by the ellipses 4x* + 9y” = 576 and 
9x? + 25y* = 900. Find the area of the track. (See 
Exercise 57.) 


/ 9x? + 25y? = 900 


WRITING 


59. What is an ellipse? 


60. Explain the difference between the focus of an ellipse and the 
vertex of an ellipse. 


x? y? x? y? 
61. Compare the graphs of 3; + Gq = land G+ 3; = 1.Do 
they have any similarities? 


62. What are the reflective properties of an ellipse? 


REVIEW 
Find each product. 


63. 3x 7y"(4x° + 3y *) 
64. (2a* — b*)(2a* + Bb?) 


Simplify each expression. 


—2 a =2; 2 3h 2 =3 
65. oe 66. a 
x= y 4x"? + 4y 
CHALLENGE PROBLEMS 


67. What happens to the graph of the equation . + ¥ = | when 
a=b? 

68. Graph: 9x + 4)* = 1 

69. Write the equation 9x7 + 4)° — 18x + 16y = 11 in the 
standard form of the equation of an ellipse. 


70. Let the foci of an ellipse be (c, 0) and (—c, 0). Suppose that the 
sum of the distances from any point (x, y) on the ellipse to the 
two foci is the constant 2a. Show that the equation for the 
ellipse is 


Then let 5? = a* — c to obtain the standard form of the 
equation of an ellipse. 


@ Define a hyperbola. 

® Graph hyperbolas centered at the origin. 
© Graph hyperbolas centered at (A, k). 

@ Graph equations of the form xy = k. 


Objectives 


ap Define a Hyperbola. 


distances. 


© Solve problems involving hyperbolas. 


The final conic section that we will discuss, the hyperbola, is a curve that has two branches. In 
this section, we will learn how to graph equations that represent hyperbolas. 


Ellipses and hyperbolas have completely different shapes, but their definitions are similar. 
Instead of the sum of distances, the definition of a hyperbola involves a difference of 


Definition 
of a Hyperbola 


Caution 
Although the two branches of a 
hyperbola look like parabolas, they 
are not parabolas. 
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A hyperbola is the set of all points in a plane for which the difference of the distances from 
two fixed points is a constant. 


The figure below illustrates that any point P on the hyperbola is a constant distance 
d, — d> from two fixed points, each of which is called a focus. Midway between the foci is the 
center of the hyperbola. 


Center 


> xX 


> xX 


Center 


Graph Hyperbolas Centered at the Origin. 


The graph of the equation 

x2 a 4 

25 9 
is a hyperbola. To graph the equation, we make a table of solutions that satisfy the equation, 
plot each point, and join them with a smooth curve. 


This graph is centered at the origin and intersects the x-axis at (5, 0) and (—5, 0). We also note 
that the graph does not intersect the y-axis. 

It is possible to draw a hyperbola without plotting points. For example, if we want to 
graph the hyperbola with an equation of 


x 0 
a fia 
a 
x =a 
x= +a _ Use the square root property. 


The hyperbola crosses the x-axis at the points V;(a, 0) and V2(—a, 0), called the vertices of 
the hyperbola. 
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The Language of Algebra 
The central rectangle is also called 
the fundamental rectangle. 


Standard Form of 
the Equation of a 
Hyperbola 
Centered at the 
Origin and 
Intersecting the 
x-Axis 


Standard Form 
of the Equation 
of a Hyperbola 
Centered at the 
Origin and 
Intersecting the 
y-Axis 


To attempt to find the y-intercepts, we let 
x = 0 and solve for y: 


0° y 2 
a 2 

2 b? z 
y =e hb 


Since b* is always positive, V—b* is an 
imaginary number. This means that the hyperbola 
does not intersect the y-axis. 


Asymptote ; Asymptote 
NS f Z a 


rectangle 


If we construct a rectangle, called the central rectangle, whose sides pass horizontally 
through +6 on the y-axis and vertically through +a on the x-axis, the extended diagonals of 
the rectangle will be asymptotes of the hyperbola. As the hyperbola gets farther away from 
the origin, its branches get closer and closer to the asymptotes. The asymptotes are not part of 
the hyperbola, but they serve as a guide when drawing its graph. Since the slopes of the diag- 


b b , 
onals are ~ and —_, the equations of the asymptotes are 


Any equation that can be written in the form 
2 

Pg 

5! 

a b 
has a graph that is a hyperbola centered at the origin. The 
x-intercepts are the vertices V,(a,0) and V>(—a, 0). 
There are no y-intercepts. 

The asymptotes of the hyperbola are the extended 
diagonals of the central rectangle, and their equations are 


_b — 
Vas ee tiie fa os 


The branches of the hyperbola in previous discussions open to the left and to the right. It 
is possible for hyperbolas to have different orientations with respect to the x- and y-axes. For 
example, the branches of a hyperbola can open upward and downward. In that case, the fol- 


lowing equation applies. 


Any equation that can be written in the form 


y x2 


Calan 
has a graph that is a hyperbola centered at the origin. 
The y-intercepts are the vertices V,(0,a) and 
V,(0, —a). There are no x-intercepts. 

The asymptotes of the hyperbola are the 
extended diagonals of the central rectangle, and their 


. i 
equations are y = 4x and y = —px. 


Success Tip 
The positive variable term in the 
standard form equation 
determines whether a hyperbola is 
vertical or horizontal. In this 
example, the positive variable term 
involves y, so the hyperbola is 
vertical. 
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2 


2 
Graph: 72 =| 


EXAMPLE 1 
; 9 16 


2 
Strategy This equation is in standard = = ¥ = 1 form. We will identify a and 5. 


Why We can use a and b to find the vertices of the graph of the hyperbola and the loca- 
tion of the central rectangle. 


Solution The color highlighting shows how to compare the given equation with the 
standard form to find a and b. 

2 2 2 2 
me sae =e 
9 16 b? 
t Since b° = 16, it 
follows that b = 4. 


=] 


>a] & 


Since a® = 9, it 
follows that a = 3. 


This is the standard form of the equation of a hyperbola, centered at the origin, that 
opens left and right. The x-intercepts are (a, 0) and (—a, 0), or (3, 0) and (—3, 0). They are 
also the vertices of the hyperbola. 

To construct the central rectangle, we use the values of a = 3 and b = 4. The rectangle 
passes through (3, 0) and (—3, 0) on the x-axis, and (0, 4) and (0, —4) on the y-axis. We 
draw extended diagonal dashed lines through the rectangle to obtain the asymptotes and 


write their equations: y = fx and y = — Fx. Then we draw a smooth curve through each 
vertex that gets close to the asymptotes. 


a Self Check 1 j Graph: x = = 1 


Now Try Problem 17 


EXAMPLE 2 Graph: 9y? — 4x? = 36 


xr 


2 
Strategy We will write the equation in standard eo — = 1 form. 


Why When the equation is in standard form, we will be able to identify the center and 
the vertices of the graph of the hyperbola and the location of the central rectangle. 


Solution To write the equation in standard form, we divide both sides by 36. 


9° — 4x? = 36 

9 4x? 36 

36 _ 36 = 36 To get a1 on the right side, divide both sides by 36. 
~ x2 
= Simplify each fraction. 
4 9 


This is the standard form of the equation of a hyperbola, centered at the origin, that opens up 
and down. The color highlighting shows how we compare the resulting equation to the stan- 
dard form to find a and b. 

2 2 2 2 


=1 


: ie ae 
4 9 
‘ A 


1 


Since a° = 4, it 
follows that a = 2. 


b 
| Since b* = 9, it 
follows that b = 3. 
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The y-intercepts are (0,a) and (0, —a), or (0,2) and 
(0, —2). They are also the vertices of the hyperbola. 

Since a = 2 and b = 3, the central rectangle passes 
through (0, 2) and (0, —2), and (3, 0) and (—3, 0). We draw 
its extended diagonals and sketch the hyperbola. 


a Self Check 2 + | Graph: 16y* — x* = 16 


Now Try Problem 21 


We can determine whether an equation, when graphed, will be a circle, a parabola, an 
ellipse, or a hyperbola by examining its variable terms. 


rt+y = 16 With the variable terms on the same side of the equation, we see 
that the coefficients of the squared terms are the same. The 
graph is a circle. 


Ax? + Oy? = 144 With the variable terms on the same side of the equation, we see 
that the coefficients of the squared terms are different, but have 
the same sign. The graph is an ellipse. 


Ax? — Oy = 144 With the variable terms on the same side of the equation, we see 
that the coefficients of the squared terms have different signs. 
The graph is a hyperbola. 


w= ac +y-— 16 Since one variable is squared and the other is not, the graph is a 
parabola. 


Using Your Calculator 


Graphing Hyperbolas 


2 7 : : 
To graph = = Te = | from Example | using a graphing calculator, we follow the same pro- 


cedure that we used for circles and ellipses. To write the equation as two functions, we solve 


V1l6x2 = 1144 
3 


for y to gett y= . Then we graph the following two functions in a square 


window setting to get the graph of the hyperbola shown below. 
16x* — 144 16x” — 144 


a ii a0¢ 9) sie 3 


\IZ 
Ji 


Standard Form 
of the Equation 
of a Hyperbola 
Centered at (/, 


k) 


Caution 
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© Graph Hyperbolas Centered at (h, k). 


When sketching the graph of a 


hyperbola, the branches should 
not touch the asymptotes. 


9 9 


x 


X 
IN i 


ooo o> 
ra? CDP 


@-2" @-1P _| 


N 7 
(-2,2)$ 2} (1, 2) (4, 2) 
Ar a 


x 


If a hyperbola is centered at a point with coordinates (h, k), the following equations apply. 


Any equation that can be written in the form 
Cee 
Ge be 
is a hyperbola that has its center at (h, k) and opens left and right. 
Any equation of the form 


Qk why _ 
a b* 


is a hyperbola that has its center at (A, k) and opens up and down. 


1 


1 


EXAMPLE 3 j Graph: 
«= OF, _, O=0* Ci _, 
"16 4 "9 9 

Strategy We will write each equation in a form that makes it easy to identify h, k, a, 

and b. 
Why If we know h, k, a, and b, we can graph the hyperbola and the central rectangle. 
Solution 
a. We can write the given equation as 

(x = 3)° [y al (-)P =] To find k, write y + 1as y — (—1). 
42 72 To find a, write 16 as 42. To find b, write 4 as 22. 


Because the term involving x is positive, the 
hyperbola opens left and right. We find the 
center by examining (x — 3)? and [y - (-DP. 
Since h = 3 andk = —1, the hyperbola is cen- 
tered at (h, k) = (3, —1). From the denomina- 
tors, 4? and 2 we find that q = 4 and } = 2. 
Thus, its vertices are located 4 units to the right 
and left of the center, at (7, —1) and (—1, —1). 
Since 5 = 2, we can count 2 units above and 
below the center to locate points (3, 1) and (3, —3). With these four points, we can draw 
the central rectangle along with its extended diagonals (the asymptotes). We can then 
sketch the hyperbola, as shown. 


@=3 OF _, 


b. We can write the given equation as 


We2y) deed 
32 — 


1 


Because the term involving y is positive, the hyperbola opens up and down. We find its 
center by examining (y — 2)° and (x — 1)*. Since k = 2 andh = 1, the hyperbola is cen- 
tered at (h, k) = (1, 2). From the denominators, 3° and 3°, we find that a = 3 andb = 3, 
and we use that information to draw the central rectangle and its extended diagonals (the 
asymptotes), as shown. 
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a Self Check 3 j Graph: a. & ok Se 7 Meal b Os ie = vei 
Now Try Problems 25 and 27 


4.) Graph Equations of the Form xy = k. 


The Language of Algebra 
The asymptotes of this hyperbola 
are the x- and y-axes. A hyperbola 
for which the asymptotes are per- 
pendicular is called a rectangular 
hyperbola. 


There is a special type of hyperbola (also centered at the origin) that does not intersect either 
the x- or the y-axis. These hyperbolas have equations of the form xy = k, where k # 0. 


EXAMPLE 4 © Graph: xy = -8 


Strategy We will make a table of solutions, plot the points, and connect the points with 
a smooth curve. 


Why Since this equation cannot be written in standard form, we cannot use the methods 
used in the previous examples. 
Solution To make a table of solutions, we can solve the equation xy = —8 for y: 
= 9 
4 xX 


Then we choose several values for x, find the corresponding values of y, and record the 
results in the table below. We plot the ordered pairs and join them with a smooth curve to 
obtain the graph of the hyperbola. 


xy=-8 or y= <8 
Sy 
1} -8 |— (1, -8) 
2) -4|— (2, -4) 
4|—-2|— (4, -2) 


—2| 4|— (-2,4) 
—4| 2|— (-4,2) 
-—8| 1|—(-8,1) 


a Self Check 4 j Graph: xy = 6 


Now Try Problem 33 


The result in Example 4 illustrates the following general equation. 


Equations 
of Hyperbolas 
of the Form 


xy =k 
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Any equation of the form xy = k, where k # 0, has a graph that is a hyperbola, which does 
not intersect either the x- or y-axis. 


5) Solve Problems Involving Hyperbolas. 


EXAMPLE 5 | Atomic Structure. In an experiment that led to the discovery of 
~ the atomic structure of matter, Lord Rutherford (1871-1937) shot 
high-energy alpha particles toward a thin sheet of gold. Many of them were reflected, 
and Rutherford showed the existence of the nucleus of a gold atom. An alpha particle is 
repelled by the nucleus at the origin; it travels along the hyperbolic path given by 
4x? — y’ = 16. How close does the particle come to the nucleus? 


The other branch 
of the hyperbola is bs) 
not shown. 
Strategy We will write the equation in standard form and find the coordinates of point V. 
Why The distance from the origin to point V is the closest the particle comes to the nucleus. 


Solution To find the distance from the nucleus at the origin, we must find the coordinates 
of the vertex V. To do so, we write the equation of the particle’s path in standard form: 


4x? — y = 16 
= y »  Gidelethedennae 
ieee ne ea lat 
16 16 16 ivide both sides by 
2 2 
x 
£ = a =1 Simplify. 
2 2 
as ae d b, write 4 as 2” and 16 as 4” 
2 42 o aevtermine aan , write + aS an as . 
This equation is in the form 
ee 
a bP 


with a = 2. Thus, the vertex of the path is (2, 0). The particle is never closer than 2 units 
from the nucleus. 


La Now Try Problem 61 
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Bag nsurs TO SELF CHECKS — 


2 
SY 
2, 2 
: @+l? Perey FES SEG 
1 4 


(x+2)? _o-1" ” 


1 


VOCABULARY CONCEPTS 
Fill in the blanks. 7. Write the standard form of the equation of a hyperbola centered 
1. The two-branch curve graphed y at the origin that opens left and right. 


on the right is a 8. Write the standard form of the equation of a hyperbola centered 


at (h, k) that opens up and down. 
9. Write the standard form of the equation of a hyperbola centered 


at (h, k) that opens left and right. 
10. a. Find the center of the hyperbola graphed below. What are a 
and b? 
b. Find the x-intercepts of the graph. What are the y-intercepts 
of the graph? 


2. A is the set of all points in a plane for which the 


difference of the distances from two fixed points is a constant. 
c. Find the equation of the hyperbola. 


3. In the graph above, V, and Vz are the of the hyperbola. 

4. In the graph above, the figure drawn using dashed black lines is d. Find the equations of the asymptotes. 
called the 7 

5. The extended of the central rectangle are asymptotes 
of the hyperbola. 

6. To write 9x* — 4° = 36 in form, we divide both 


sides by 36. 


11. a. 


Find the center of the hyperbola 


graphed on the right. What are a 


and b? 


b. Find the equation of the 


hyperbola. 


12. a. 


k # 0, has a graph that is a 


Fill in the blank: An equation of the form xy = k, where 


that does not inter- 


sect either the x-axis or the y-axis. 


b. Complete the table of solutions for xy = 10. 


13. Divide both sides of the equation by 100 and write the equation 


in standard form: 


> 


100(x + 1)? 


14. Determine whether the graph of the equation will be a circle, a 


25(y 


5° = 100 


parabola, an ellipse, or a hyperbola. 


arty = 10 b. 9° — 16x? 
ax=y —3yt+6 d. 4x* + 25/7 
NOTATION 
(x-5P (+11) 
15. Find h, k, a, b: = 
5. Find A, k, a, and 25 36 


1 


= 144 


= 100 


2 
16. Write each denominator in the equation - = at = 1 as the 


square of a number. 


GUIDED PRACTICE 
Graph each hyperbola. See Example 1. 


=1 18. 
=1 20. 
Graph each hyperbola. See Example 2. 


21. y° — 4x? = 16 22. 
23. 25x° — yy = 25 24. 


Graph each hyperbola. See Example 3. 


2° 


25. 
9 16 


= 1 26. 


Oy — 25x* = 225 
9x? — 4)° = 36 


(x + 27° 


(y- 37 _ 


16 


25 


1 
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+1 = 27 p= oy aa 
gf EM OS ay 80 ogg WY eee ey 
1 4 4 1 
iy + Ay" =2), = 
pg ee sie eg 
9 9 16 16 
_ 22 2 »—- 1/7 2 
31, V3 _ EL, 39 VY _, 
25 25 9 9 
Graph each equation. See Example 4. 
33. xv = 8 34. xv =4 
35. xy = —10 36. xy = -12 


Use a graphing calculator to graph each equation. See Using 
=] Your Calculator: Graphing Hyperbolas. 


ae 2 2 2 
eee 38. 7 — 16x? = 16 

2 ake + 1° _ ay 
1g Pecan ee Cat ey 

4 9 9 4 
TRY IT YOURSELF 


Write each equation in standard form, if it is not already so, and graph 
it. The problems include equations that describe circles, parabolas, 
ellipses, and hyperbolas. 


4..a¢+1P4+(-2P=16 42-3 +(—+4%=1 
43. 9x° — 49)° = 441 44, 25y° — 16x? = 400 
45. A(x + 1)° + 9(y + 1 = 36 46. 16x? + 25(y — 3° = 400 
47. 4x +3 —(v-1P =4 48. (@ +5) — 16) = 16 
49. xy = —6 50. xy = 10 
2 1 2 
51. x =z=(vy - 1 -2 52. x= Ty — 3) 2 
2 _ 2 2 2 + 2 2 

ey ee ea ry em cadens 2 

25 4 36 4 
55. y= —x° + 6x — 4 56. y= x — 2x45 

Ke Y 
La tS .—+—=1 
aE oe ae a ig 
59. x+y + 4x — Oy — 23 =0 
60. x7 + + 8x — 2yv -8 =0 
APPLICATIONS 


61. ALPHA PARTICLES The particle in the illustration on the 
next page approaches the nucleus at the origin along the path 


9 — x* = 81 in the coordinate system shown. How 
close does the particle come to the nucleus? 
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> 


a 


The other branch 
of the hyperbola is 
not shown. 


62. LORAN By determining the difference of the distances 
between the ship in the illustration and two radio transmitters, 
the LORAN navigation system places the ship on the hyperbola 
x* — 4)? = 576 in the coordinate system shown. If the ship is 
5 miles out to sea, find its coordinates. 


Not to scale 


63. SONIC BOOM The position of a sonic boom caused by the 
faster-than-sound aircraft is one branch of the hyperbola 
y* — x* = 25 in the coordinate system shown. How wide is 


the hyperbola 5 miles from its vertex? 


64. FLUIDS See the illustration in the next column. Two glass 
plates in contact at the left, and separated by about 5 millime- 
ters on the right, are dipped in beet juice, which rises by capil- 
lary action to form a hyperbola. The hyperbola is modeled by 
an equation of the form xy = k. If the curve passes through the 
point (12, 2), what is k? 


WRITING 
65. What is a hyperbola? 


y 


x2 yo xe 
66. Compare the graphs of 9; — gq = land 9; — gq = 1.Do 
they have any similarities? 


67. Explain how to determine the dimensions of the central 
rectangle that is associated with the graph of 
soy 
360 25 
68. Explain why the graph of the following hyperbola has no 
y-intercept. 


2 2 
ir 
a b 
REVIEW 


Find each value of x. 


1 
69. logs x = 2 70. logss5x = 3 


1 
71. logi/2 a =x 72. logi.x = 0 


73. log, : =2 74. log, 216 = x 
75. log, 1,000 = 3 76. logs V2 =x 
CHALLENGE PROBLEMS 


77. Write the equation x° — y? — 2x + 4y = 12 in standard form 
to show that it describes a hyperbola. 

Ay? + 2x 

to show that it describes a hyperbola. 


79. Write the equation 36x” — 25y* — 72x — 100y = 964 
in standard form to show that it describes a hyperbola. 


78. Write the equation x” 8y = 7 in standard form 


80. Write an equation of a hyperbola whose graph has the follow- 
ing characteristics: 


° vertices (+ 1, 0) 
© equations of asymptotes: y = +5x 

81. Graph: 16x” — 25)* = 1 

82. Show that the equations of the extended diagonals of the 
fundamental rectangle of the hyperbola 


2 2 
x y 
=-5 


i 2B d a 
= are =--x an = =a 
a b a f a 
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Success Tip 
It is helpful to sketch the possibili- 
ties before solving the system: 


Secant line 


2 points of intersection: 
(2 real solutions) 


Tangent line 


1 point of intersection: 
C1 real solution) 


No points of intersection: 
(0 real solutions) 


@ Solve systems by graphing. 
Objectives @® Solve systems by substitution. 
© Solve systems by elimination (addition). 


In Chapter 3, we discussed how to solve systems of linear equations by the graphing, substi- 
tution, and elimination methods. In this section, we will use these methods to solve systems 
where at least one of the equations is nonlinear. 


Solve Systems by Graphing. 


A solution of a nonlinear system of equations is an ordered pair of real numbers that satis- 
fies all of the equations in the system. The solution set of a nonlinear system is the set of all 
such ordered pairs. One way to solve a system of two equations in two variables is to graph the 
equations on the same rectangular coordinate system. 


2 2, 
EXAMPLET | sowve {% *” ~ % by graphing 
7 2x + y= 10 


Strategy We will graph both equations on the same coordinate system. 


Why If the equations are graphed on the same coordinate system, we can see whether 
they have any common solutions. 


Solution The graph of x* + y* = 25 is a circle with center at the origin and radius of 5. 
The graph of 2x + y = 10 is a line. Depending on whether the line is a secant (inter- 
secting the circle at two points) or a tangent (intersecting the circle at one point) or does 
not intersect the circle at all, there are two, one, or no solutions to the system, respectively. 

After graphing the circle and the line, it appears that the points of intersection are 
(5, 0) and (3, 4). To verify that they are solutions of the system, we need to check each 


one. 

Check: For (5, 0) For (3, 4) 
xwty=10 x+y? = 25 xty=10 x+y? = 25 
25)+0210 57+07225 23)+4210 37+47225 

10 = 10 05 = 95 10 = 10 25 = 25 
True True True True 


The ordered pair (5, 0) satisfies both equations of the system, 
and so does (3, 4). Thus, there are two solutions, (5, 0) and 
(3, 4), and the solution set is {(5, 0), (3, 4)}. 
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Using Your Calculator 


Success Tip 
With this method, the objective is 
to use an appropriate substitution 
to obtain one equation in one 
variable. 


r+ yy? = 25 
PT) Self Check 1 7 | Solve e i by graphing. 
v= Sle = 5 


Now Try Problem 15 


Solving Systems of Equations 


To solve Example | with a graphing calculator, we graph the circle and the line on one set of 
coordinate axes. See figure (a). We then trace to find the coordinates of the intersection 
points of the graphs. See figures (b) and (c). 

We can zoom for better results. 


¥1sfC25-K29 W1S4(25-K2) 


#=2.0638298 M=3.98132z2 #=4.9787234 M’=.46077468 


(a) (b) (c) 


Solve Systems by Substitution. 


When solving a system by graphing, it is often difficult to determine the coordinates of the 
intersection points. A more precise algebraic method called the substitution method can be 
used to solve certain systems involving nonlinear equations. 


2. 2: 

+y =2 

ae by substitution. 
2ax-y=1 


EXAMPLE 2) sone { 


Strategy We will solve the second equation for y and substitute the result for y in the 
first equation. 


Why We can solve the resulting equation for x and then back substitute to find y. 


Solution This system has one second-degree equation and one first-degree equation. We 
can solve this type of system by substitution. Solving the linear equation for y gives 


2x-y=1 
—y = —-2x +1 Subtract 2x from both sides. 
y=2x-1 Multiply both sides by —1. We call this the substitution equation. 


Because y and 2x — | are equal, we can substitute 2x — 1 for y in the first equation of the 
system. 


Then we solve the resulting quadratic equation for x. 
x? + y’ =2 
x? + (2x —1)? =2 Substitute 2x — 1 for y. 


x t+ 4x? -4r +1=2 Usea special-product rule to find (2x — 1)°. 


Success Tip 
4x? + 9y? = 5 is the equation of 
an ellipse centered at (0, 0), and 
y =x? is the equation of a 
parabola with vertex at (0, 0), 
opening upward. We would expect 
two solutions. 


Caution 


In this section, we are solving for 
only the real values of x and y. 


13.4 Solving Nonlinear Systems of Equations 1199 


5x? — 4x —1=0  Toget O onthe right side, subtract 2 
from both sides and then combine like terms. 


(5x + Ix - 1) =0 
5x +1=0 or 


Factor. 


x —1=0 Set each factor equal to 0. 


1 
x=- > x=1 
5 
If we substitute =; for x in the equation y = 2x — 1, we get y = 3. If we substitute 1 for 


x in y = 2x — 1, we get y = 1. Thus, the system has two solutions, (-4, -2) and (1, 1). 
Verify that each ordered pair satisfies both equations of the original system. 
The graph in the margin confirms that the system has two solutions, and that one of 


them is (1, 1). However, it would be virtually impossible to determine from the graph that 


the coordinates of the second point of intersection are (-t, -1) 


eae 
a Self Check 2 j Solve - ae aa ap by substitution. 


Now Try Problem 23 


EXAMPLE3 sone: {* 2" ~® 


ya 
Strategy Since y = x7, we will substitute y for x7 in the first equation. 


Why This will give an equation in one variable that we can solve for y. We can then find 
x by back substitution. 


Solution We can solve this system by substitution. 


i+ ofas “QE < 


When we substitute y for x7 in the first equation, the result is a quadratic equation in y. 
4x? + 9 = 5 

4y + 9y =5 

9 + 4y-5=0 

Qy- 50+ )=0 


Substitute y for x. 
To get O on the right side, subtract 5 from both sides. 
Factor oy + 4y — 5. 


9v-S5=0 or yrtl=0 Set each factor equal to O. 
5 
== | 
v9 y 


Since y = x’, the values of x are found by solving the equations 


Because x* = —1 has no real solutions, this possibility is discarded. The solutions of x7 = z 


f-4-¥% _[i--4--¥% 
*"V9 V3 9 * V9 WV 3B 
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Thus, the solutions of the system are 


(B3) mw (8) 


ae) 3 °9 


2) 2 
a SelfCheck3 |] soe: {* "2 ~ 7" 


Now Try Problem 27 


© Solve Systems by Elimination (Addition). 


Success Tip 
The elimination method is gener- 
ally better than the substitution 
method when both equations of 
the system are of the form 
Ax? + BY =C. 


Success Tip 
3x? + 2y? = 36 is the equation 
of an ellipse, centered at (0, 0), 
and 4x? — y* = 4 is the equa- 
tion of a hyperbola, centered at 
(0, 0), opening left and right. It is 
possible to have four solutions. 


Another method for solving nonlinear system of equations is the elimination or addition 
method. With this method, we combine the equations in a way that will eliminate the terms of 
one of the variables. 


3x? + 2y? = 36 
EXAMPLE 4 Sone: { sa 
7 . 4x° —y = 4 
Strategy We will multiply both sides of the second equation by 2 and add the result to 
the first equation. 


Why This will eliminate the y’-terms and produce an equation that we can solve 
for x. 


Solution To solve this system of two second-degree equations, we can use either the sub- 
stitution or the elimination method. We will use the elimination method because the y’- 
terms can be eliminated by multiplying the second equation by 2 and adding it to the 
first equation. 


Unchanged 


ve + 2y = 36 abe + 2y° = 36 
4x7 -y =4 > (8x? — 2y’ = 8 
Multiply by 2 
We add the two equations on the right to eliminate y” and solve the resulting equation for x: 
11x? = 44 
=a 


x=2 or x=-2 


To find y, we can substitute 2 for x and then —2 for x into any equation containing both vari- 
ables. It appears that the computations will be simplest if we use 3x* + 2y? = 36. 


Forx =2 Forx = —2 
3x? + 2y* = 36 3x? + 2y° = 36 
3(2)° + 2y" = 36 3(-2)° + 2y* = 36 
12 + 2y° = 36 12 + 2y° = 36 
Dy = 24 oy = 24 
y = 12 y =2 


y=-V12 pH 72 or y=-V12 


The four solutions of this system are 


(2,2V3), (2, -2V/3), 


a Self Check 4 i Solve: e 


Now Try Problem 31 


ee | 1, (—4, 3), 0, —5) 
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(-2,2V3), and = (2, -2V3) 
x’ + 4° = 16 
2, Dia 
(3) (2) 
ae 3. (2, 4), (—2, 4) 
Xie Veo) nm (2, V3), 
' (2, -V3), 
(-2, V3), 
(-2.-v4) 


VOCABULARY 9. 
Fill in the blanks. 
‘ ee + 6 = 24. 


isa of two nonlinear equations. 


9x? — yr =9 
2. The graph of 2x + y = 10 isa 
x+y =25isa 
3. When solving a system by graphing, it is often difficult to 
determine the coordinates of the points of of the 
graphs. 


and the graph of 


4. Two algebraic methods for solving systems of nonlinear equations 


arethe__—=————C method and the method. 
5. A______isa line that intersects a circle at two points. 1 
6. A_______isa line that intersects a circle at one point. 
CONCEPTS 
7. a. A line can intersect an ellipse in at most points. 
b. An ellipse can intersect a parabola in at most points. 
c. An ellipse can intersect a circle in at most points. 12. 
d. A hyperbola can intersect a circle in at most points. 


8. Determine whether (1, —1) is a solution of the system 
. +y-1=0 
e-~=3 ° 


10. 


Find the solutions of the system y 
2 2 A 
+ 4y° = 25 : 
ie 7 23 __ that is graphed on : 
the right. 


4 


Find a substitution equation that can be used to solve the 


; ee 
system Ben ea 


. 6x? + y =9 
Consider the system 3x2 + ay? = 36 


a. If the y*-terms are to be eliminated, by what should the first 
equation be multiplied? 


b. If the x7-terms are to be eliminated, by what should the 
second equation be multiplied? 


x? + y = 10 
4x7 + yy = 13 
find that x is + 1. Use the first equation to find the correspon- 


ding y-values for x = 1 and x = —1. State the solutions as 
ordered pairs. 


Suppose you begin to solve the system { and 
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NOTATION Solve each system of equations by substitution for real values of x 
dy. E les 2 3. 
Complete each solution to solve the system. ee aie ee aan 
" 7 2 {i t+y=5 ic 
13. solve: {* <2 ? a lel 4x — 3y = 0 
y=2x 
x? + y =5 This is the first equation. 25 ie =x +6x+7 26 ie +y=1 
x? + ( PSs 2x y= =5 r+y=4 
2. a 
x” + 4x x2 +yY=13 eg? = 6 
27. : 28. a 
x = 5 yox 1 y = 3x 
te a 2 2 2: 2 
x + y = 30 x + y = 20 
gosh ee eae re 30.) 2 
Ifx = 1, then y = 2( ) = 2. Use the second equation. 
Ifx = —1, then y = 2 = —2, Solve each system of equations by elimination for real values of x 
y Y: q Y 
and y. See E le 4. 
The solutions are (1, 2) and (- 1, ). J . ae e 
x + y = 20 
y=xt+2 Pe Nah 
14. Solve: 9g 
yox +4 rty =13 


2y = Add the equations. 
y= 33. 


If y = 3, then 
34. 
=x*+2  Thisis the first equation. 


1=x ” dae a 


l=x 


The solutions are 36. 


(1, I) and (HH, 3) 37. 


GUIDED PRACTICE 


Solve each system of equations by graphing. See Example 1. 


6x7 + 8y* = 182 
8x? — 3y° = 24 


w 


8. 


Solve each system. See Using Your Calculator: Solving 


2 Dea 2. 2. 
15 {* + y= 16. a + a 7 Systems of Equations. 
Je poe 39 oe 4 oS 
; . . “|e? - 6x + y = -5 * [3x* + 2y? = 30 
9x" + Loy” = 144 x + Oy = 9 
17 . , ee 
9x" — loy” = 144 Yr Hx = 
TRY IT YOURSELF 
= a2 5 2 — 
19. Ve xo — 4x 20. {* ~y x 0 Solve each system of equations for real values of x and y. 
rty= y= x’ + 4x 2x? — 3 =5 
{ 
3x* + 4y° = 16 
21 ee 22 eae . ; 
. x=2y-2 . y=2x?-2 42. 2% _—y +2=0 


3x7 — 2 +5 =0 


ees 
45. 
2x* + xy — 84 = 0 
2+ =10 
46. “ Ps 
2x* — 3y° = 5 
2 2 
= 40 - 
a1? aahe 
yox = 10 
2552 + H2 = 
a. {2 Oy" = 225 
5x + 3y = 15 
3x = y= =3 x= 2y = 2 
49. 50. 
ee Ue — 4° = 36 
2 xy = 9 
yes a ee 
ees he 52. 2 
- ce 3x + 2y = 
—2y =6 240 = 
53. 2 ?, 54, {: “a 
+27 =2 x= Oyo = 3 
y=x —4 y=xtl 
55. 56. 
i y= 13 ae 
+y=4 
57. Vee y 
9x7 + yy? =9 
ae — 4+3= 
58. ve 6y +3 =0 
4x? + 3y° = 4 


1 
59. a 60.4 12 
y tx = 5Sxy ytx = Txy 
+ 2y = 10 
61. aol 62. es dl 
a ypH=x-5 
x? x-y=-l 
63. 64. 5 
oe y — 4x =0 
APPLICATIONS 


Use a nonlinear system of equations to solve each problem. 


65. INTEGER PROBLEM The product of two integers is 32, and 


their sum is 12. Find the integers. 

66. NUMBER PROBLEM The sum of the squares of two 
numbers is 221, and the sum of the numbers is 9. Find the 
numbers. 
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67. 


68. 


69. 


70. 


71. 


72. 


ARCHERY | See the illustration. An arrow shot from the base 
of a hill follows the parabolic path y = —{x? + 2x, with 
distances measured in meters. The inclined hill has a slope of ; 
and can therefore be modeled by the equation y = ix. Find the 
coordinates of the point of impact of the arrow and then its 


distance from the archer. 


GEOMETRY _ The area of a rectangle is 63 square centime- 
ters, and its perimeter is 32 centimeters. Find the dimensions of 
the rectangle. 

FENCING PASTURES The 

rectangular pasture shown here de 
is to be fenced in along a river- 

bank. If 260 feet of fencing is 

to enclose an area of 8,000 

square feet, find the dimensions 

of the pasture. 


si 
€ 


DRIVING RATES _ Jim drove 306 miles. Jim’s brother made 
the same trip at a speed 17 mph slower than Jim did and 


required an extra 15 hours. What was Jim’s rate and time? 


INVESTING Grant receives $225 annual income from one 
investment. Jeff invested $500 more than Grant, but at an 
annual rate of 1% less. Jeff’s annual income is $240. What are 
the amount and rate of Grant’s investment? 

INVESTING Carol receives $67.50 annual income from one 
investment. John invested $150 more than Carol at an annual 
rate of 15% more. John’s annual income is $94.50. What are 
the amount and rate of Carol’s investment? (Hint: There are 
two answers.) 


WRITING 


73. 


a. Describe the benefits of the graphical method for solving a 
system of equations. 


b. Describe the drawbacks of the graphical method. 
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74. Explain why the elimination method, not the substitution 
method, is the better method to solve the system 


Le + 9y* = 52 


9x? + 4y* = 52 
REVIEW 
Solve each equation. 
75. log 5x = 4 76. log 3x = log9 
log (8x — 7 
7, MEMS Dg 78. logx + log(x + 9) = 1 
log x 


CHALLENGE PROBLEMS 


79. a. The graphs of the two independent equations of a system 
are parabolas. How many solutions might the system 
have? 

b. The graphs of the two independent equations of a system 
are hyperbolas. How many solutions might the system 
have? 


1 2 
—+==1 
x oy 
80. Solve the system for real solutions: * 41 4 
x y 3 
1 
—+-=4 
x oy 
81. Solve the system for real solutions: a a 
a 7 
x ¥ 
x7 = yr = 16 


82. Solve the system { over the complex numbers. 


rt+ys 
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CHAPTER 13. 
Summary & Review 


DEFINITIONS AND CONCEPTS 


A circle is the set of all points in a plane that are a 
fixed distance from a fixed point called its center. 
The fixed distance is called the radius of the circle. 


The graph of the equation x* + y? = 16, which can be written x* + y* = 47, isa 
circle with center at (0, 0) and a radius of 4. 


Standard forms of the equation of a circle: y ee ae 
An 
y= Center (0, O), radius r 


(«x -hP +(y—khP =r Center (h, k), 
radius r 


The graph of the equation (x — 2)* + (y — 1)* = 9, which can be written 
(x — 2)? + @ — 1) = 3°, isa circle with center at (2, 1) and a radius of 3. 


Because a circle is determined by its center and 
radius, that information is all we need to know to 
write its equation. 


Write the equation of a circle centered at (4, —3) and with a radius of 5. 


In this problem, h = 4, k 3, andr = 5. We substitute these values into the 
standard form of the equation of a circle and simplify. 


G=hy t+ Gk ar 
G4) fy Ga] = 5" 
(x — 4% + (y + 3)? = 25 


A parabola is the set of all points in a plane that are 
equidistant from a fixed point, called the focus, and a 
fixed line, called the directrix. 


The equation x = 2y* — 4y + 5 is the equation of a parabola that opens to the 
right. To find its vertex and axis of symmetry, we complete the square on x and 
write the equation in standard form. 


General forms of the equation of a parabola: x= 2 — 4p +5 


y= ax? +bxt+e a>0: up; a< 0: down fe 2 =) +5 Facronoute) 
ae o Hedy ? 
x=ay +by+e a> O:right; a <0: left x= 2007 —2y+1)+5—2 Complete the square. 
2 a 
Standard forms of the equation of a parabola: = Kop = iy a 3 Factor and simplify. 


y=a(x—hy +k a>O0:up; a<0:down 


From the standard form, we see that h = 3 and k = 1. Thus, the vertex is at (3, 1) 
Vertex at (h, k) Axis of symmetry is x = h 


and the axis of symmetry is y = 1. To construct a table of solutions, we choose 
values of y and find their corresponding values of x. 


x=ay—k? +h a> O:right; a <0: left 


Vertex at (h, k) Axis of symmetry is y = k Pp 
x=2%Ay—- 17 +3 y 
4 dH3) 
ae | a? 
2 
2, | => (©, 2) Gy) ei 
Wil || 3 j= TUL, 3) ' = 


(6.0) 

X= 2y—4y +5 di, -) 
or 

x= 2(y-1)7+3 


—2 
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REVIEW EXERCISES 


Graph each equation. 
1x? +y? = 16 
3. Write the equation in standard form and graph it. 


x+y + 4x -2y=4 


4. ART HISTORY Leonardo da Vinci’s Vitruvian Man (1492) is one 
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Graph each parabola and give the coordinates of the vertex. 


2. (x -—4"% + (y+ 3 =4 


Write each equation in standard form and graph it. 


9.x = —3y° + 12y —7 


of the most famous pen-and-ink drawings of all time. Use the 10. y =x? + 8x + 11 
coordinate system that is superimposed on the drawing to write the 11. The axis of symmetry, the 


equation of the circle in standard form. 


18 
units 


vertex, and two additional 
points on the graph of a 
parabola are shown. Find the 
coordinates of two other 
points on the parabola. 


. LONG JUMP The equation describing the flight path of the long 


jumper is y = ie — 11)* + 5. Show that she will land at a 


point 22 feet away from the take-off board. 


5. Find the center and the radius of the circle whose equation is 


(x + 6)? + y° = 24. 


6. Fill in the blanks: A circle is the set of all points in a plane that are a 


fixed distance from a point called its 
called the of the circle. 


DEFINITIONS AND CONCEPTS 


An ellipse is the set of all points in a plane for which 
the sum of the distances from two fixed points is a 
constant. 


Standard forms of the equation of an ellipse: 


Ae eae (0, 0) 
=a =a enver h 
eo i 
— hy — ky 
ts me ) t Y re) ) 1 Center (h, k) 


. The fixed distance is 


> Landing 


EXAMPLES 


; xe y : ; sr? y 
The equation yo a= 1, which can be written mara = 1, represents an 
ellipse that is centered at the origin. Here, a = 3 and b = 2. 


aoe) 


2 2 
A 
9 4 


is 


(@-1? , +2? _| 
4 16 


Ge = IP 4 (pak BP 
22 a 42 1, 


= eh 2 
The equation & q G2 i 2) 1, which can be written 


represents an ellipse that is centered at (1, —2). Here,a = 2 and b = 4. 
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DEFINITIONS AND CONCEPTS EXAMPLES 


To write the equation 25x” + 16y* = 400 in standard form, divide both sides by 
400 and simplify. 


25x* + 16y* = 400 
25x? z 16” _ 400 
400 400 400 


2 


he 
25) 


To get 1 on the right side, divide both sides by 400. 


Simplify each fraction. 


This result represents an ellipse that is centered at (0, 0), with a = 4 and b = 5. 


REVIEW EXERCISES 
Graph each ellipse. 


— 2 -1/ 
ie 4) ee 5 Oar 
jos 4 25 


15. 4(x + 1)? + 9 — 1)° = 36 


1 


2 2 
16. Consider the equation a +e 7 = |. Write each term on the left 


side with a denominator that is the square of a number. 


. Determine whether the graph of each equation is a circle, a 
parabola, or an ellipse. 19. Fill in the blanks: An is the set of all points in a plane for 
a. (x — 1)? + (y + 9) = 100 which the sum of the distances from two fixed points is a constant. 
Each of the fixed points is called a 
20. CONSTRUCTION Sketch the path of the sound when a person, 
standing at one focus, whispers something in the whispering gallery 


2 5 dome shown below. 
d. 16(x — 4)? + 4(y + 8)? = 16 


. SALAMI When a delicatessen slices a cylindrical salami at an 
angle, the results are elliptical pieces that are larger than circular 
pieces. See the illustration in the next column. Write the equation 
of the shape of the slice of salami shown if it was centered at the 
origin of a coordinate system. 
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DEFINITIONS AND CONCEPTS 


EXAMPLES 


A hyperbola is the set of all points in a plane for 
which the difference of the distances from two fixed 
points is a constant. 


Standard forms of the equation of a hyperbola: 
Dike = y yi Center (0, O), opens left and right 
a ir 
ue _ ie se Center (0, O), opens up and down 
2 


a b 


(x- hy (y-b? Center (h, k), opens left 


ae ee eee ah 
pair (=F = Center (h, k), opens up 
a re and down 


Pa Z 


2 2 
The equation 7 — ‘9 = 1, which can be written = = Oe = |, represents a 
hyperbola, centered at (0, 0), that opens left and right. Here, a = 2 and b = 3. 


yy 
Woe 
ix Oh at 3 
\ = 
L Ga Atel |e : 
| A 
Ty BS | 2 rPrrabs 
{—4 I 
va \2 
} 
aia 
Z \ 
\ 
a 2. 2 
The equation ote = wor = 1, which can be written 


= iy e 2 
o BE == © +2) 1, represents a hyperbola, centered at (—3, 1), that opens up 


and down. Here, a = 4 and b = 2. 


REVIEW EXERCISES 
Graph each hyperbola. 


. Wx — 1P — 4(y + 1)? = 36 
(S27 Ea): 
a> psa 
xy =9 


1 


To write the equation 25y” — 9x* = 225 in standard form, divide both sides by 
225 and simplify. 


25y* — 9x? = 225 
Daye Ox | 225 


— === _ CTo get 1 onthe right side, divide both sides by 225. 
RIS 05 0S a a y 


= = Il Simplify each fraction. 


This result represents a hyperbola centered at the origin that opens up and down. 
Here, a = 3 andb = S. 


. ELECTROSTATIC REPULSION _ Two similarly charged particles 
are shot together for an almost head-on collision, as in the 
illustration. They repel each other and travel the two branches of the 26. Determine whether the graph of each equation will be a circle, 
hyperbola given by x* — 4y* = 4 on the given coordinate system. parabola, ellipse, or hyperbola. 


How close do they get? 


= 7 2 

pe ey ate 
16 49 

b. 16(x + 3)° — 4(y — 1)? = 64 


1 


«x= —-4y-yt1 
d. x° + 2x + y? — 4y = 40 


DEFINITIONS AND CONCEPTS 
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EXAMPLES 


A nonlinear system of equations is a system that 
contains at least one nonlinear equation. 


Systems of nonlinear equations are solved by 
graphing, by substitution, or by elimination 
(addition). 


x+y = 20 


To solve the nonlinear system { 5 by graphing, we graph the 
Maran, 


equations on the same rectangular coordinate system, and determine the coordi- 
nates of the points of intersection of the graphs. 


Since the points of intersection of the graphs are (—2, 4) and (2, 4), the solutions 
of the system are (—2, 4) and (2, 4). 


With the substitution method, the objective is to use 
an appropriate substitution to obtain one equation in 
one variable. 


ae = 5) 


ao 5° we substitute 


2) , 
x ye 
ake = 5) kaye y in the second equation and solve for x. 


To use substitution to solve the nonlinear system { 


x? + y =5 
x? + (3x — 5) =5 This is a quadratic equation in x. 
a 1 9x. — 30x 125 — 5 


10x- — 30x + 20)—0 Combine terms and subtract 5 from 


both sides. 
x? — 3x +2=0 Divide both sides by 10. 


(Ge = Dior = Il) = © Factor. 


x-—2=0 or x—1=0 Set each factor equal to O. 
x=2 | all 

iisr = A wisa jy = She — SF = 4) = S = Ile 

iiss = Il, tied jy = she — Ss = BC) = 5 Ds 


The two solutions of the system are (2, 1) and (1, —2). 


With the elimination (addition) method, we 
combine the equations in a way that will eliminate 
the terms of one of the variables. 


2) 


ae ; es pS 
To use elimination to solve the nonlinear system { Y , we add the 


ge ae jy = (0) 
equations to get x7 + x = 0. Then we factor this result to get x = 0 or x = 
We can substitute these values into the second equation to find y. 


Ifx = 0: x+y=0 This is the second equation. 
0+y=0 Substitute O for x. 
y—0 
Ifx=—l: x+y=0  Thisis the second equation. 
—1+y=0 Substitute —1 for x. 
y=1 


The two solutions of the system are (0, 0) and (—1, 1). 
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REVIEW EXERCISES 
27. Determine whether (-Vi1, -3) is a solution of the system: Solve each system for real values of x and y. 
e + = 20 
roy =D 


. The graphs of y* — x? = 9 and 
x? + y? = 9 are shown. Estimate the 
solutions of the system 


xy=4 
. Solve the system 
uy 


Ee by graphing. 


. Determine the maximum number of solutions there could be for a 
system of equations consisting of the given curves. 
a. A line and an ellipse b. Two hyperbolas 
c. An ellipse and a circle d. A parabola and a circle 

. Suppose the x-coordinate of both points of intersection of the 
circle, represented by x* + y* = 1, and the hyperbola, defined by 
4y* — x* = 4, is 0. Without graphing, determine the y-coordinates 
of both points of intersection. Express the answers as ordered-pair 
solutions. 

. Find a substitution equation that can be used to solve 
{r + = 16 


. Do not solve the system. 
3x -y=1 


CHAPTER 13 
Test 


1. Fill in the blanks. 6 
a. The curves formed by the intersection of a plane with an SA 
infinite right-circular cone are called sections. 4 
b. A circle is the set of all points in a plane that are a fixed 3 
distance from a point called its . The fixed distance is 9) 
called the of the circle. 4 
c. The standard form for the equation of a(n) 


2 0 
centered at the origin that opens left and right is = = =]. 
y=uxtx-4. ; ; 
d. ae isa(n)_____—————_—s system of equations. Graph each equation. 
L aay 2s er nae 
e. The standard form for the equation of a(n) _____ centered 5. (x + 2) : GS ex? a | aa 
2 2 =es = Se 
at the origin is “5 + 5 = 1. 7. y= —2x" — 4x + 5 8. xy = . . 
2 
2. Find the center and the radius of the circle represented by the 9. 9x7 + 4y" = 36 10. oo) = 7 =1 
equation x* + y* = 100 and graph it. 
11. Write the equation in standard y 
3. Find the center and the radius of the circle represented by the form of the ellipse graphed here. eaipbmS : 
equation x* + y* + 4x — 6y =5. { 


4. TV HISTORY In the early days of television, stations 
broadcast a black-and-white test pattern like that shown here 
during the early morning hours. Use the given coordinate system 
to write an equation of the large, bold circle in the center of the 
pattern. 


12. LIGHT The cross section of a 
parabolic mirror is given by the 


equation x = a y’, with distances 
measured in inches. If the dish is 
10 inches wide, how deep is it? 


13. Give an example of the reflective properties of an ellipse. 
Include a drawing and label it completely. 


14. Find the center and the length and width of the central rectangle 
of the graph of (x + 1)° — (vy — 1) = 4. 


15. Find the equation in stan- 
dard form of the hyperbola 
graphed here. 
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16. Determine whether the graph of each equation will be a circle, 
a parabola, an ellipse, or a hyperbola. 


a. 25x7 + 100y° = 400 

b. 9x7 -y =9 

cx? + 8x + — l6y-1=0 
d. x = 8 — 9y +4 


Solve each system graphically. 


V7. eae 
y-x=1 


Solve each system for real values of x and y. 
QV 
Be a 
x+y = 16 + 4y 
5x7 —-y -3 =0 


19. 
x +2y =5 


21. 


22. 


| 
Wf, 
| 
| 
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GROUP PROJECT 


PARABOLAS 


ELLIPSES 


Overview: \n this activity, you will construct several models of parabolas. 


Instructions: Form groups of 2 or 3 students. You will need a T-square, string, paper, pencil, and 
a thumbtack. To construct a parabola, secure one end of a piece of string that is as long as the 
T-square to a large piece of paper using a brad or thumbtack, as shown below. Attach the other 
end of the string to the upper end of the T-square. Hold the string taut against the T-square with 
a pencil and slide the T-square along the edge of the table. As the T-square moves, the pencil will 
trace a parabola. 
Each point on the parabola is the same distance away from a given point as it is from a given line. 
With this model, what is the given point, and what is the given line? 


Make other models by moving the fixed point closer and farther away from the edge of the table. 
How is the shape of the parabola affected? 


—_ 


Overview: |n this activity, you will construct several ellipses. 


Instructions: Form groups of 2 or 3 students. You will need two thumbtacks, a pencil, and a 
length of string with a loop tied at one end. To construct an ellipse, place two thumbtacks (or 
brads) fairly close together, as shown in the illustration. Catch the loop of the string with the 
point of the pencil and, keeping the string taut, draw the ellipse. 

Make several models by moving one of the thumbtacks farther away and then closer to the other 
thumbtack. How does the shape of the ellipse change? 

For each point on the ellipse, the sum of the distances of the point from two given points is a 
constant. With this method of construction, what are the two points? What is the constant 
distance? 


CHAPTER 14 


Miscellaneous Topics 


14.1 The Binomial Theorem 

14.2 Arithmetic Sequences and Series 
14.3 Geometric Sequences and Series 
CHAPTER SUMMARY AND REVIEW 
CHAPTER TEST 

Group Project 

CUMULATIVE REVIEW 


a 
8 
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= 
S 

Bc] 

isa] 
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5 
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from Campus to Careers 
Real Estate Sales Agent My 


Buying a house is probably the biggest purchase that most people will make in 


their lives. The complex process of purchasing a home is much easier with the anip "Bradley 
help of a real | heir mathematical skills i ation "ensip “*SSeq, 
elp of a real estate agent. Real estate agents use their mathematical skills in many JOR 10pn. "Sin Sang 
ways. They compute square footage, appraise property, calculate commissions, Ge “UO Oy. 
and write offer sheets. Technology is widely used in the real estate industry. ie me Si i 
Most sales agents use computers to locate and list available properties and AN © thoy, Cle ~ 
identify sources of financing. ™ NUAy Ary 2014 Tere 902 
Smeg, 'NGs- © 
In Problem 81 of Study Set 14.3, you will find what the value of a $250,000 $5) 974han Sal) es 
home in Seattle will be in 10 years if property values continue to increase at FOpy, °Y in 200 
the current rate. MORe , Was 
WW cg NFOp i 
reers ss Ty. 
Versi 
Vc 
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Study Skills Workshop 
Exploring Careers 


Itimately, your choice of career will determine the math course(s) that you need to take after 
Intermediate Algebra. Before the end of this term, it would be wise to have at least a general 
idea of your career goals. 


HOW DO YOU DECIDE?: Seek the advice of a counselor, visit your school’s career center, search 
the Internet, or read books that will help you discover your interests and possible related careers. 


ONCE YOU'VE DECIDED: Talk to your counselor and consult the appropriate college catalogs to 
develop a long-term plan that will put you on the correct educational path. 


Now Try This 


1. Do you have a career goal in mind? If so, what is it? 


2. Take at least two personality tests and two career-choice tests. A list of tests offered 
online can be found at http://academic.cengage.com/math/tussy/. 


3. Visit a counselor to discuss which classes you should take during your next term and 
beyond. Make a list of classes that your counselor suggests that you take. 


Objectives 


The Language of Algebra 
Recall that two-term polynomial 
expressions such as a + b and 
3u — 2v are called binomials. 


© Raise binomials to powers. 


® Use Pascal’s triangle to expand binomials. 
© Use factorial notation. 
© Use the binomial theorem to expand binomials. 


© Finda specific term of a binomial expansion. 


We have discussed how to raise binomials to positive-integer powers. For example, we have 
seen that 


(a+ by =a +2abt+h 
and that (a + by’ = (a + b\(a + by 
= (a + b\(a’ + 2ab + Bb’) 
a + 2a°b + ab? + ab + 2ab*> +B 
=@ + 3a°b + 3ab°> + bP 


In this section, we will learn how to raise binomials to positive-integer powers without per- 
forming the multiplications. 


oO 


The Language of Algebra 
When we expand a power of a 
binomial, the result is called a 
binomial expansion. For powers 
greater than or equal to 2, an 
expansion has more terms than 
the original binomial. 


2 | 


The Language of Algebra 
This array of numbers is named 
Pascal’s triangle in honor of the 
French mathematician Blaise 
Pascal (1623-1662). 
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Raise Binomials to Powers. 


To see how to raise binomials to nonnegative-integer powers, we consider the following bino- 
mial expansions of a + 5b. 


(a+b) = 1 1 term 

(a+b) = a+b 2 terms 
(a+ by = a’ + 2ab + b’ 3 terms 
(a+ by = a’ + 3a*b + 3ab*? +B 4 terms 
(a+ by = a’ + 4a*b + 6a°b’ + 4ab? + b* 5 terms 
(a+ bY = a’ + 5a*h + 10a°b* + 10a*b* + 5ab4* + BD? 6 terms 
(a+b) = a° + 6a°b + 15a*b* + 20a°b* + 15a7b* + 6ab? + b° 7 terms 


Several patterns appear in these expansions: 


1. Each expansion has one more term than the power of the binomial. 

2. For each term of an expansion, the sum of the exponents on a and b is equal to the expo- 
nent of the binomial being expanded. For example, in the expansion of (a + b)°, the sum 
of the exponents in each term is 5: 

44+1=5 3+2=5 2+3=5 14+4=5 
(a+b =a + S5a*b + 100s? + 1005? + Sadb* + BP 

3. The first term in each expansion is a, raised to the power of the binomial, and the last term 

in each expansion is 5, raised to the power of the binomial. 


4. The exponents on a decrease by one in each successive term, ending with a° = 1 in the last 
term. The exponents on b, beginning with b° = 1 in the first term, increase by one in each 
successive term. For example, the expansion of (a + b)* could be written as 


a‘b® + 4a°b' + 6a7b* + 4a'b? + a°b* 


Thus, the variables have the pattern 
fe) Ge. cag ae 


5. The coefficients of each expansion begin with 1, increase through some values, and then 
decrease through those same values, back to 1. 


Use Pascal’s Triangle to Expand Binomials. 


To see another pattern, we write the coefficients of each expansion of a + b in a triangular 
array: 


| Row O 
1 1 Row 1 
1 2 1 Row 2 
1 3 3 1 Row 3 
1 a 6 4 1 Row 4 


1 Q 9 10 5 1 Row5 
6 


15 20 15 6 1 Row 6 
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In this array, called Pascal’s triangle, each entry between the 1’s is the sum of the closest pair 
of numbers in the line immediately above it. For example, the first 15 in the bottom row is the 
sum of the 5 and 10 immediately above it. Pascal’s triangle continues with the same pattern 
forever. The next two lines are 


1 7 21 35 35 21 7 1 Row 7 
1 8 28 56 70 56 28 8 1 Row 8 


EXAMPLE 1 i Expand: (x + y)° 


Strategy We will use the pattern shown on the previous page for raising binomials to 
powers and Pascal’s triangle. 


Why The pattern provides the variable expressions in the expansion and Pascal’s triangle 
provides their coefficients. 


Solution The first term in the expansion is x°, and the exponents on x decrease by one in 
each successive term. A y first appears in the second term, and the exponents on y 
increase by one in each successive term, concluding when the term y° is reached. Thus, 
the variable expressions in the expansion are 


i e, 2 2. 2, a 
f ' ; : i Since the exponent of the binomial that is being expanded is 5, the coefficients of these 
1 3 3 4 variables are found in row 5 of Pascal’s triangle. 
1 : 5 = 10 ° 10 * 5 I 1 1 5 10 10 5 1 Remember, the 1 at the top of Pascal's triangle 
1 6 15 20 15 6 1 is labeled row O. 


Combining this information gives the following expansion: 


(e+ yy =r 5x4y + 10x°y? + 10x*y? + 5xy* + y 


a Self Check 1 P| Expand: (x + y)* 


Now Try Problem 25 


EXAMPLE 2 | Expand: (u — v)* 
Strategy We will use the pattern shown on the previous page for raising binomials to 
powers and Pascal’s triangle. 


Why The pattern provides the variable expressions in the expansion and Pascal’s triangle 
provides their coefficients. 


Solution We note that (wu — v)* can be written as [uv + (—v)]*. The variable expressions 
in this expansion are 


u“, w(-v), w(-vy’, u-vy, (-v)* 
and the coefficients are given in row 4 of Pascal’s triangle: 
1 4 6 4 1° Remember, the 1 at the top of Pascal's triangle is labeled row O. 
Thus, the required expansion is 


(u — v)' =u" + 4u°(—v) + 6u?(—v)y* + 4u(—vy> + (—v)* 


The Language of Algebra 
To alternate means to change back 
and forth. In this expansion, the 
signs + and — alternate. 


Factorial 
Notation 


Using Your Calculator 
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Now we simplify each term. When —v is raised to an even power, the sign is positive, and 
when —v is raised to an odd power, the sign is negative. This causes the signs of the terms 
in the expansion to alternate between + and —. 


(u — vy =u — 4v + 6u-v — 4u +" 


a Self Check 2 i Expand: (x — y)° 


Now Try Problem 27 


Use Factorial Notation. 


Although Pascal’s triangle gives the coefficients of the terms in a binomial expansion, it is not 
the easiest way to expand a binomial. To develop a better way, we introduce factorial 
notation. The symbol ! (read as “‘n factorial’’) is defined as follows. 


n! is the product of consecutively decreasing natural numbers from n to 1. 
For any natural number 7, 


ial = me = Wve = 2a = Be eee oBoWe il 
Zero factorial is defined as 0! = 1. 


EXAMPLE 3 j Evaluate each expression: a. 4! b. 6! c¢. 3!-2! d. 5!-0! 


Strategy We will use the definition of n! . 

Why The definition explains how to evaluate factorials. 

Solution 

a. 4! =4-3-2+-1 = 24 Read as “4 factorial.” 

b. 6! = 6°5°4+°3+2+1= 720 Read as “6 factorial.” 

ce. 3!°2! = (3°2+1)+(2: 1) = 6°2 = 12 Find each factorial and multiply the results. 
d. 5!- 0! = (6°4°3-2-1)+:1 = 120 Simplify: O! = 1. 


a Self Check 3 | Evaluate each expression: 
Be 7 b. 4! - 3! ( I o@l 


Now Try Problems 31 and 37 


Factorials 
We can find factorials using a calculator. For example, to find 12! with a scientific calculator, 
we enter 

12| x! | (You may have to use a| 2nd |or | SHIFT |key first.) 479001600 
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Factorial Property 


To find 12! on a graphing calculator, we enter 


12 [MATH] |] toPRB 4 [ENTER 12) 


479001600 


The following property follows from the definition of factorial. 


For any natural number 7, 


nin — 1)! =n! 


We can use this property to evaluate many expressions involving factorials. 


6! 10! 
EXAMPLE 4 _ Evaluate each expression: a. 51 b. 8100 —! 


Strategy We will use the factorial property to partially expand the factorial and then we 
will simplify the fraction. 


Why By using this approach, we can avoid difficult multiplications and divisions. 


Solution 
a. If we write 6! as 6 + 5!, we can simplify the fraction by removing the common factor 5! 
in the numerator and denominator. 


1 


6! 6 . 5! 6 7 eal : . 5! 
51 51 A 6 Simplify: grat 
1 
b. We subtract within the parentheses, write 10! as 10-9 + 8!, and simplify. 
1 1 
10! 10! 10-9 Bf 5-2-9 4s Simplify é = 1. Factor 10 as 
8110 — 8)! 8!-2! gf-2! 21 5 +2 and simplify: 2 = 1. 
1 1 


a Self Check 4 di Evaluate each expression: a. i Saree 
Now Try Problems 39 and 47 


Use the Binomial Theorem to Expand Binomials. 


The following theorem summarizes our observations about binomial expansions and our 
work with factorials. Known as the binomial theorem, it is usually the best way to expand a 
binomial. 


The Binomial 
Theorem 
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For any positive integer n, 


n!\ n! n! 
+ py’ = ane mW ot er je Spe 
OO a ice ear 2(n — 2)!" 3\(n — 3) 
n! ; 
Sai eels ag eres 
rin — r)! 


In the binomial theorem, the exponents on the variables follow the familiar pattern: 


e The sum of the exponents on a and b in each term is n. 
e The exponents on a decrease by | in each successive term. 
e The exponents on b increase by | in each successive term. 
The method of finding the coefficients involves factorials. Except for the first and last terms, 


the numerator of each coefficient is n!. If the exponent on b in a particular term is r, the 
denominator of the coefficient of that term is r!(n — r)!. 


! EXAMPLE 5 _ Use the binomial theorem to expand (a + le 


Strategy We will substitute 3 for n in the binomial theorem and simplify. 


Why The binomial theorem is the fastest way to expand expressions of the form 


Solution 
(a+bp=a+t Z ab + a ab? + Bb 
113 — 1)! 21(3 — 2)! 
3! 3! 
3 2 2 3 
=at nea? te? +b 
1 1 
3-H 3-H Write 3! as 3 - 2! to 
= 1! - 21 ab + Nei! ab’ + b simplify the fractions. 
1 1 


a + 3a7b + 3ab? + BD? 


a Self Check 5 i Use the binomial theorem to expand (a + 5)". 
Now Try Problem 57 


We can find expansions of binomials in variables other than a and b by making substitu- 
tions into the binomial theorem. 


EXAMPLE 6 | Use the binomial theorem to expand (x — y)*. 
Strategy First, we will write (x — y)* as [x + (—y)]*. Then we will use the binomial 
theorem with a = x, b = —y, andn = 4. 


Why To directly substitute into the binomial theorem, the difference within the paren- 
theses, x — y, must be expressed as a sum. 
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Solution 
@-y=—+(yr 
4! Al 4! 
4 : 3 : 2, 2 bd 3. 4 
=xt+ + -yy + + 
eta pr Mt aa ar Ot Ga ay 
4! 4! 4! 
4 s 3 : 2,2 - 3 4 
ees ea ~~ eit 
1 1 1 
4 4°! 3 4432 22 4:H1 34,4 Write 4! as 4: 3! and as 
=a ite ot Hide? Hei” 4-3+ 2! to simplify the 
1 1 1 fractions. 
= x'- 4x3y oP 6x°y" = Axy? + ¥ Note the alternating signs. 


a Self Check 6 F | Use the binomial theorem to expand (x — y)° 
Now Try Problem 59 


EXAMPLE 7 | Use the binomial theorem to expand (3u — 2v)*. 
Strategy We will write the expansion of (a + b)*. Then we will substitute for a and b to 
find the expansion of (3u — 2v)*. 


Why For binomials with more complicated terms, the computations are often easier if 
the general expansion is written first, followed by the appropriate substitutions. 


Solution We can use the binomial theorem to expand (a + 5)*. 


! ! ! 
al ab + we + ae + 5 
144 —- 1)! 2'(4 — 2)! 31(4 — 3)! 


=a'+ 4a°b + 6a°b’ + 4ab> + b* 


(a+ byi=at 


If we write (3u — 2v)* as [3u + (—2v)]*, we see that the expressions 3u and —2v can be 
substituted for a and b respectively in the expansion of (a + b)’*. 


(3u — 2v) = (3u)* + 4(3u)*(—2v) + 6(u)*(—2r)* + 4(3u)(—2v)? + (—20)4 
= 8lu* — 216u*v + 216u°v* — 96uv? + 16v* 


a Self Check 7 d Use the binomial theorem to expand (4a — 5b)°. 
Now Try Problem 69 


5) Find a Specific Term of a Binomial Expansion. 


To find a specific term of a binomial expansion, we don’t need to write out the entire expan- 
sion. The binomial theorem and the pattern of the terms suggest the following method for 
finding a single term of an expansion. 


Finding a Specific The (r + 1)st term of the expansion of (a + 5)” is 
Term of a Binomial A 7 
Expansion rin — nt e 
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; EXAMPLE 8 ‘ Find the 4th term of the expansion of (a + 5)’. 
Strategy We will determine » and r and substitute into the formula for finding a specific 
term of a binomial expansion. 


Why We will use the formula because it enables us to find the fourth term of the expan- 
sion without us having to write out all the terms of the expansion. 


Solution To use the formula for finding a specific term of (a + 5)’, we must determine 
nandr. Since r + 1 = 4 in the fourth term, r = 3 and since this binomial is raised to 
the 9th power, n = 9. 
We substitute 3 for r and 9 for n into the formula to find the fourth term. 


n! n-rypr 9! 9-323 
a = a 
ri(n — vn)! 31(9 — 3)! 
_ Ol gs 0 9-8 -7-6f ay 
= 3161" Evaluate: Bi6l — 3-2-1 of = 
10! : 
= 84a°b? 


ta Self Check 8 , Find the 3rd term of the expansion of (a + b)’. 
Now Try Problem 77 


- 
EXAMPLE 9 _ Find the 6th term of the expansion of (x = * : 


Strategy We will determine n, r, a, and b and substitute these values into the formula for 
finding a specific term of a binomial expansion. 


Why We will use the formula because it enables us to find the sixth term of the expan- 


sion without us having to write out all the terms of the expansion. 


: : ; 7 . 
Solution To use the formula for finding a specific term of (x? = ai we must determine 


n, r, a, and b. In the sixth term, r + 1 = 6. So r = 5. By comparing es - x)’ to 


(a + b)", we see that a = x°, b a and n = 7. We substitute these values into the 


formula as follows. 


n} n—rpr _ 7! = (4) 
ie=o eG a? 2 


_ sl oe 
Sr ) ( 32 Evaluate: 5)5; = He rye dae 0 


a Self Check 9 i Find the 5th term of the expansion of (c = dy’ 
Now Try Problem 87 
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ee | 1. x4 + 4x7y + 6x2)? + 4x7 + 4 


2. «0° — 5x4y + 10x77 


8 36a 9. cod 


10x?y3 + S5xy4 — 3. a. 5,040 b. 144 1 4.a.4 Db. 21 
5. a’ + 4a°b + 6a*b* + 4ab> 


bt 6. x7 — 3x*y + 3x — yy? 7. 64a° — 240a°b + 300ab? — 1255° 


VOCABULARY 
Fill in the blanks. 
1. The two-term polynomial expression a + b is called a 
2. a’ + 4a’b + 6a°b? + 4ab> + b* is the binomial of 
(a + by. 
3. Wecanuse the_____—_ theorem to raise binomials to 


positive-integer powers without doing the actual multiplication. 


4. The array of numbers that gives the coefficients of the terms of 
a binomial expansion is called_____ triangle. 

5. n! (read as “‘n ) is the product of consecutively 

natural numbers from 7 to 1. 

6. In the expansion a® — 3a°b + 3ab” — b’, the signs 
between + and —. 

CONCEPTS 

Fill in the blanks. 
7. The binomial expansion of (m + n)° has more term than 


8. 


10. 


12. 


the power of the binomial. 


For each term of the expansion of (a + b)*, the sum of the 
exponents of a and b is 


. The first term of the expansion of (r + s)° is r and the last 
term is s 
In the expansion of (m — n)'°, the exponents on m 


and the exponents on n 


. The coefficients of the terms of the expansion of (c + d)”° 


begin with __, increase through some values, and then decrease 
through those same values, back to 


Complete Pascal’s Triangle: 
1 
1 1 
1 2 
1 3 1 
1 6 4 1 
1 5 10 10 5 1 
1 15 15 6 1 
7 21 35 21 7 1 
8 28 56 70 56 8 


15.0! = 
16. According to the binomial theorem, the third term of the 
n=2 

b 


expansion of (a + b)” is Bo — Di 

17. The coefficient of the fourth term of the expansion of (a + b)’ 
is 9! divided by 3 — _ )!. 

18. The exponent on a in the fourth term of the expansion of 
(a + b)°is and the exponent on d is 

19. The exponent on a in the fifth term of the expansion of (a + b)® 
is and the exponent on b is 

20. The expansion of (a — b)* is 


a 4a°b 6a°b* 4ab? bt 
21. («+77 


i 2 3! 
G=p- 


teen ee 


a 


22. Fill in the blanks. 
a. The (r + 1)st term of the expansion of (a + b)” is 


rin —  yi@ “'D 
b. To use this formula to find the 6th term of the expansion of 
(m + 3)", we note that r = n= ,a=  ,andb= 
NOTATION 
Fill in the blanks. 
23. nl =n( —  )(n—2)+ ++ +3 +201 
24. The symbol 5! is read as “___ ” and it means 


5° 


GUIDED PRACTICE 


Use Pascal's triangle to expand each binomial. See Examples 1 
and 2. 


25. (a + by 

26. (m + p)* 

27. (m — py 

28. (a — by’ 

Evaluate each expression. See Examples 3 and 4. 
29. 3! 30. 7! 


31. 5! 32. 6! 
33. 3! + 4! 34. 4! + 4! 
35. 31(4!) 36. 2!(3!) 
37. 8(7!) 38. 4!(5) 
49! 101! 
39:.— 40. —— 
47 100! 
! 13! 
41. a 42. eau 
11! 10! 
9! ! 
43. —— 44, as 
710! 510! 
45 ae 46 co ee 
“16-1! * 14115 — 14)! 
! ! 
47. =e 48. ae 
31(5 — 3)! 41(6 — 4)! 
(8 — 5)! 1-7! 
49. 51(8 — 5)! 50. 6! + 7! 
4! + 7! (8 — 3)\(7 — 4)! 
7! 8! 
S1. S 52. ——— 
51(7 — 5)! 6!(8 — 6)! 


ay] Use a calculator to evaluate each expression. See Using Your 
cep Calculator: Factorials. 


54. 13! 
56. 55! 


Use the binomial theorem to expand each expression. See 
Examples 5 and 6. 


57. (m +n)" 
58. (a — by" 
59. (c — dy 
60. (c+ dy 
61. (a — by 
62. (a + by’ 
63. (s + 1° 

64. (s — 1° 


Use the binomial theorem to expand each expression. See 
Example 7. 


65. (2x + yy 
66. (x + 2y)° 
67. (2t — 3) 
68. (2b + 1)* 
69. (5m — 2n)* 
70. (2m + 3n)° 


, 3 3 
71. (3 4 *) 72. (; = ”) 
a) 2 3 
Cs. oo) 
i 4, (oa 
7 3 a4 
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75. (¢ — d’y 
76. (wv —v) 


Find the indicated term of each binomial expansion. See 
Examples 8 and 9. 


77. (x + y)*; 3rd term 78. (x + y)’; 7th term 
79. (r +s)°; Sth term 80. (r +s)’; 5th term 
81. (x — 1)'3; 3rd term 82. (x — 1)'°; 5th term 
83. (x — 3y)*; 2nd term 84. (3x — y)°; 3rd term 
85. (2x — 3y)°; 5th term 86. (3x — 2y)*; 2nd term 
87. (s ad ar 2nd term 88. (s + <y' 4th term 
2. 3 3° 2 
89. (2¢ — 5)’; 4th term 90. (2¢ — 3)°; 6th term 
91. (a + by’; 2nd term 92. (a? + b*)’; 6th term 
WRITING 


93. Describe how to construct Pascal’s triangle. 
94, Explain why the signs alternate in the expansion of (x — y)’. 


95. Explain why the third term of the expansion of (m + 3n)’ 
could not be 324m’n’. 


96. Using your own words, write a definition of n! . 


REVIEW 


Assume that x, y, z, and b represent positive numbers. Use the 
properties of logarithms to write each expression as the logarithm 
of a single quantity. 


1 
97. 2logx + 5 By 


98. —2logx — 3logy + logz 
99. In(xy + 3°) 
100. logy (x + 1) — log, x 


In@wz + yz) + Inz 


CHALLENGE PROBLEMS 
101. Find the constant term in the expansion of (x + iy". 


102. Find the coefficient of a® in the expansion of (a = 1)”, 


103. a. If we applied the pattern of the coefficients to the coefficient 
of the first term in a binomial expansion, the coefficient 
! = . : 
would be Oi I: Show that this expression is 1. 


b. If we applied the pattern of the coefficients to the coefficient 
of the last term in a binomial expansion, the coefficient 


would be ey . Show that this expression is 1. 


104, Expand (i — 1)’, where i = V—1. 
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Objectives 


Finite and Infinite 
Sequences 


Find terms of a sequence given the general term. 


Find terms of an arithmetic sequence by identifying the first term 
and the common difference. 


Find arithmetic means. 
Find the sum of the first n terms of an arithmetic sequence. 
Solve application problems involving arithmetic sequences. 


OoO00 0S 


Use summation notation. 


The word sequence is used in everyday conversation when referring to an ordered list. For 
example, a history instructor might discuss the sequence of events that led up to the sinking of 
the Titanic. In mathematics, a sequence is a list of numbers written in a specific order. 


Find Terms of a Sequence Given the General Term. 


Each number in a sequence is called a term of the sequence. Finite sequences contain a finite 
number of terms and infinite sequences contain infinitely many terms. Two examples of 
sequences are: 


Finite sequence: 1,5, 9, 13, 17, 21, 25 
Infinite sequence: 3, 6,9, 12, 15,... The ... indicates that the sequence goes on forever. 


Sequences are defined formally using the terminology of functions. 


A finite sequence is a function whose domain is the set of natural numbers 
{1,2,3,4,. . . ,m} for some natural number n. 


An infinite sequence is a function whose domain is the set of natural numbers: 
Tee ie cues ets 


Instead of using f(x) notation, we use a,, (read as “a sub n’’) notation to write the value of 
a sequence at a number n. For the infinite sequence introduced earlier, we have: 


Ist 2nd 3rd Ath 5th 
term term term term term 


3; 6, 9, 12; 15, 3: 
t t t t ft 
ay a2 az a4 a5 


To specifically describe all the terms of a sequence, we can write a formula for a,,, called 
the general term of the sequence. For the sequence 3, 6, 9, 12, 15, ... , we note that 
a, = 3-1, ay = 3+2, a; = 3+3, and so on. In general, the nth term of the sequence is 
found by multiplying v7 by 3. 


a, = 3n  Reada, as “a sub n” 


Success Tip. 
The factor (—1)” in a, = “4 f 
causes the signs of the terms to 
alternate between positive (when 


n is even) and negative (when n is 
odd). 
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We can use this formula to find any term of the sequence. For example, to find the 12th 
term, we substitute 12 for n. 


Q42 = 3(12) = 36 


EXAMPLE 1 


Given an infinite sequence with a, = 2n — 3, find each of the 
following: a. the first four terms b. dso 


Strategy We will substitute 1, 2, 3, 4, and 50 for n in the formula that defines the 
sequence. 


Why To find the first term of the sequence, we let n = 1. To find the second term, let 
n = 2, and so on. 


Solution 
a. a, = 2(1I)-3=—1 
a, = 23) -3 =3 


Substitute 1 forn. a, = 222) —3 = 1 Substitute 2 for n. 


Substitute 3 for n. a4 = 2(4) -—3 =5 Substitute 4 for n. 


The first four terms of the sequence are —1, 1, 3, and 5. 


b. To find aso, the 50th term of the sequence, we let nm = 50 in the formula for the nth term: 


aso = 2(50) — 3 = 97 


a Self Check 1 dj Given an infinite sequence with a,, = 3n + 5, find each of the 
following: a. the first three terms b. aio 


Now Try Problem 17 


EXAMPLE 2 Find the first four terms of the sequence whose general term is 
Ps 8 
= <a 
2 


Strategy We will substitute 1, 2, 3, and 4 for v in the formula that defines the sequence. 


Why To find the first term of the sequence, we let n = 1. To find the second term, let 
n = 2, and so on. 


Solution 
— 1)! 1 =1}" 1 
a= ( : = (y= =1 a2 > ~ a eel 
—1, =| —1)* 1 
ee Rang Ce wa ong tite 


a Self Check 2 j Find the first four terms of the sequence whose general term is 
(Side 


Qa, = re 


Now Try Problem 25 
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2) Find Terms of an Arithmetic Sequence by Identifying 


The Language of Algebra 
We pronounce the adjective 
arithmetic in the term arithmetic 
sequence as: 


air’-rith-met’-ic 


Arithmetic 
Sequence 


the First Term and the Common Difference. 


A sequence where each term is found by adding the same number to the previous term is 
called an arithmetic sequence. Two examples are 


5, 12, 19, 26, 33, 40 This is a finite arithmetic sequence where each term 
is found by adding 7 to the previous term. 
Add 7 
3,1, -1, -—3, -—5, —7,... This is an infinite arithmetic sequence where each term 
is found by adding —2 to the previous term. 
Add —2 


An arithmetic sequence is a sequence of the form 
Gin Gar @, Ghar Qe, ays Bd, soon Gh P= Whos. 
where q, is the first term and d is the common difference. The nth term is given by 


an = a, + (n— 1)d 


We note that the second term of an arithmetic sequence has an addend of 1d, the third 
term has an addend of 2d, the fourth term has an addend of 3d, and the nth term has an 
addend of (n — 1)d. We also note that the difference between any two consecutive terms in an 
arithmetic sequence is d. 


: EXAMPLE 3 | An arithmetic sequence has a first term 5 and a common difference 
: 4. Write the first five terms of the sequence and find the 25th term. 


Strategy To find the first five terms, we will write the first term and add 4 to each suc- 
cessive term until we produce five terms. To find the 25th term, we will substitute 5 for 
a,, 4 for d, and 25 for n in the formula a, = a; + (n — 1)d. 


Why The same number is added to each term of an arithmetic sequence to get the next 
term. However, successively adding 4 to find the 25th term would be time consuming. 
Using the formula is faster. 


Solution Since the first term is 5 and the common difference is 4, the first five terms are 


9,9, 13,17, 21 


Add 4 


Since the first term is a; = 5 and the common difference is d = 4, the arithmetic 
sequence is defined by the formula 


a, =5+(n— 1/4 Ina, = a + (n — 1)d, substitute 5 for a, and 4 for d. 
To find the 25th term, we substitute 25 for n and simplify. 
Qo, = 5 + (25 — 1)4 
5 + (24)4 
= 101 
The 25th term is 101. 


Success Tip 
The common difference d of an 
arithmetic sequence is defined to 
be 


a= Gn+1 — An 
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a Self Check 3 j Write the first five terms of an arithmetic sequence with a first 
term of 10 and a common difference of 8. Then find the 
30th term. 


Now Try Problem 29 


EXAMPLE 4 _ The first three terms of an arithmetic sequence are 3, 8, and 13. 
Find the 100th term. 


Strategy We can use the first three terms to find the common difference. Then we will 
know the first term of the sequence and the common difference. 


Why Once we know the first term and the common difference, we can use the formula 
da, = a, + (n — 1)d to find the 100th term by letting n = 100. 


Solution The common difference d is the difference between any two successive terms. 
Since a, = 3 and ay = 8, we can find d using subtraction. 


d=a,—-—a,=8-—3=5 Alsonote that az, — a. =13-8=5. 
To find 100th term, we substitute 3 for a,, 5 for d, and 100 for n in the formula for the nth 
term. 
a, = a, + (n — 1)d 
4409 = 3 + (100 — 1)5 
= 3 + (99)5 
= 498 


a Self Check 4 | The first three terms of an arithmetic sequence are —3, 6, and 
15. Find the 99th term. 


Now Try Problem 37 


EXAMPLE 5 The first term of an arithmetic sequence is 12 and the 50th term is 
5 3,099. Write the first six terms of the sequence. 


Strategy We will find the common difference by substituting 3,099 for a,, 12 for a), and 
50 for n in the formula a, = a, + (n — 1)d. 


Why Once we know the first term and the common difference, we can successively add 
the common difference to each term to produce the first six terms. 


Solution — Since the 50th term of the sequence is 3,099, we substitute 3,099 for aso, 12 for 
a,, and 50 for 7 in the formula a, = a; + (n — 1)d and solve for d. 
aso = a, + (n — I)d 
3,099 = 12 + (50 — 1)d Substitute 3,099 for ago, 12 for a,, and 50 for n. 
3,099 = 12 + 49d Simplify. 
3,087 = 49d Subtract 12 from both sides. 
63 =d Divide both sides by 49. 
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Since the first term is 12 and the common difference is 63, the first six terms are 


12, 75, 138, 201, 264,327 Add 63 toa term to get the next term. 


a Self Check 5 F | The first term of an arithmetic sequence is 15 and the 12th term 
is 92. Write the first four terms of the sequence. 


Now Try Problem 41 


© Find Arithmetic Means. 


If numbers are inserted between two numbers a and b to form an arithmetic sequence, the 
inserted numbers are called arithmetic means between a and b. If a single number is inserted, 
it is called the arithmetic mean between a and b. 


: EXAMPLE 6 i Insert two arithmetic means between 6 and 27. 


Strategy Because two arithmetic means are to be inserted between 6 and 27, we will 
consider a sequence of four terms, with a first term of 6 and a fourth term of 27. We will 
then use a, = a; + (n — 1)d to find the common difference d. 


Why Once we know the first term and the common difference, we can add the common 
difference to find the two unknown terms. 


Solution The first term is a; = 6 and the fourth term is a, = 27. We must find the 
common difference so that the terms 


6, 644, 6424, 27 
t f t t 


ay, a, a3 a4 


form an arithmetic sequence. To find the common difference d, we substitute 6 for a), 4 for 
n, and 27 for a4 in the formula for the 4th term: 


a4 =a, + (n— 1)d This gives the 4th term of any arithmetic sequence. 
27=6+(4-1)d — Substitute. 


27 =6+ 3d Simplify. 
21 = 3d Subtract 6 from both sides. 
T=d Divide both sides by 3. 

To find the two arithmetic means between 6 and 27, we add the common difference 7, as 
shown: 

6+d=6+7 or 6+2d=6+4 2(7) 

= 13 This is ap. =6+ 14 
= 20 This is as. 


Two arithmetic means between 6 and 27 are 13 and 20. 


a Self Check 6 d Insert two arithmetic means between 8 and 44. 
Now Try Problem 45 
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4) Find the Sum of the First n Terms of an Arithmetic Sequence. 


Sum of the First 
n Terms of an 
Arithmetic 
Sequence 


Success Tip 
An alternate form of the 
summation formula for arithmetic 
sequences can be obtained from 
Equation (2) above by combining 
like terms and dividing both sides 
by 2. 


n[2ay + (n — Id 
2 


S, = 


To develop a formula for finding the sum of the first 7 terms of an arithmetic sequence, we let 
S;, represent the sum of the first n terms of an arithmetic sequence: 


Sn = a, + [a, + d] + [a, + 2d] + ++ + [a, + (n — 1d] 
We write the same sum again, but in reverse order: 
S,= [a,+ (n- Id] + [a, + (1 — 2)d] + [ay + (2 - 3)d] + + + ay 


Adding these equations together, term by term, we get 


2S, = [2a, + (n — 1)d] + (2a, + (1 — 1)d] + [2a, + (n — Id] + +++ + a, + (a — 1)d] 


Because there are n equal terms on the right side of the preceding equation, we can write 


(1) 2S, = n[2a, + (n — 1)d] 
(2) 2S, = nla; + ay + (a — 1)d]_ Write 2a,as a, + a,. 


2S, = n(a, + a,) Substitute a, for a, + (n — 1)d. 
n(a; +a 
S, = Meh Divide both sides by 2. 


This reasoning establishes the following formula. 


The sum of the first m terms of an arithmetic sequence is given by the formula 
n(a, + a,) 
1a — 
where a, is the first term, a,, is the mth (or last) term, and n is the number of terms in the 
sequence. 


, EXAMPLE 7 j Find the sum of the first 40 terms of the arithmetic sequence: 4, 10, 
: 165,.<: 


Strategy We know the first term is 4 and we can find the common difference d. We will 
substitute these values into the formula a, = a, + (n — 1)d to find the last term to be 
added, a4o- 


Why Tousethe formula S, = = 


know the first term, a;, and the last term, ago. 


to find the sum of the first 40 terms, we need to 


Solution We can substitute 4 for a,, 40 for n, and 10-—4=6 for d into 
An = a, + (n — 1)d to get ayo = 4 + (40 — 1)6 = 238. We then substitute these 
values into the formula for S49: 


n(a, + a4) 
S= — 
2 
40(4 + 238) 
S4o = —-_ Substitute: a, = 4, n = 40, and ago = 238. 
= 20(242) 
= 4,840 


The sum of the first 40 terms is 4,840. 
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a Self Check 7 j Find the sum of the first 50 terms of the arithmetic sequence: 
Bhs toy Weeder 


Now Try Problem 53 


5) Solve Application Problems Involving Arithmetic Sequences. 


EXAMPLE 8 | Halftime Performances. Each row of a formation formed by 
: the members of a college marching band has one more person in it 
than the previous row. If 4 people are in the front row and 21 are in the 18th (and last) 
row, how many band members are there? 


Strategy To find the number of band members, we will write an arithmetic sequence to 
model the situation and find the sum of its terms. 


Why We can use an arithmetic sequence to model this situation because each row has 
one more person in it than the previous one. Thus, the common difference is 1. 


Solution When we list the number of band members in each row of the formation, we 


get the arithmetic sequence 4, 5, 6, ... , 21, where a, = 4,d = 1, n = 18, and 
+ 

dig = 21. We can use the formula S,, = Ss to find the sum of the terms of the 

sequence. 


_ 18(4 + 21) _ 18(25) _ 
% 2 


Sig 225 


There are 225 members of the marching band. 


a Self Check 8 P| How many band members would it take to form a 10-row 
formation, if the first row has 5 people in it, the second row has 
7 people, the third row has 9 people, and so on? 


Now Try Problem 95 


6) Use Summation Notation. 


When the commas between the terms of a sequence are replaced with + signs, we call the sum 
a series. The sum of the terms of an arithmetic sequence is called an arithmetic series. Some 
examples are 
4+8+4+12+ 16+ 20+ 24 Since this series has a limited number of 
terms, it is a finite arithmetic series. 
54+8+114+144+17+ -:: © Since this series has infinitely many terms, 


it is an infinite arithmetic series. 


When the general term of a sequence is known, we can use a special notation to write a 
series. This notation, called summation notation, involves the Greek letter 2 (sigma). The 
expression 


4 
> 3k Read as “the summation of 3k as k runs from 1 to 4.” 
k=1 
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designates the sum of all terms obtained if we successively substitute the numbers 1, 2, 3, and 
4 for k, called the index of the summation. Thus, we have 


k=1 k=2 k=3 k=4 
{ 4 4 } 


4 
>! 3k = 3(1) + 3(2) + 3(3) + 3(4) 


k=1 
=3+6+9+12 
= 30 
EXAMPLE 9 


Write the series associated with each summation and find the sum: 
3 8 
a. S (2k + 1 b 
k=1 k=2 
Strategy In part (a), we will substitute 1, 2, and 3 for k and add the resulting numbers. In 
part (b), we will substitute 2, 3, 4, 5, 6, 7, and 8 for & and add the resulting numbers. 


Why Think of & as a counter that begins with the number written at the bottom of the 
notation and successively increases by | until it reaches the number written at the top. 


Solution 
a. We substitute the integers 1, 2, and 3 for & and find the sum. 


3: 
> (2k + 1) = (20) + 1] + 22) + 1) + 28) 4+ 1 


k=1 
=3+5+7 
= 15 


b. We substitute the integers from 2 to 8 for & and find the sum. 


8 
WHF e742 4H +647 + 


> 
ll 
i) 


=4+9+ 16+ 25 + 36+ 49 + 64 
= 203 


4 
a Self Check 9 i Find the sum: > (2k? — 2) 
k= 


Now Try Problems 57 and 61 


ona 1. a. 8, 11,14 b. 305 2 —1,5,-3,4 3. 10, 18, 26, 34, 42; 242 


374 
AP S19) 515,225.29) 36) 165 205325 776.2715) 8. 140952 
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VOCABULARY 
Fill in the blanks. 


LA is a function whose domain is the set of natural 
numbers. 


2. A sequence with an unlimited number of terms is called 
a(n)______—_s sequence. A sequence with a specific number of 
terms is called a(n) sequence. 

3. Each term of a(n) sequence is found by adding the 
same number to the previous term. 

4. 5, 15, 25, 35, 45, 55, .. . is an example of a(n) 
sequence. The first is 5 and the common 
is 10. 

5. Ifa single number is inserted between a and b to form an 
arithmetic sequence, the number is called the arithmetic 
between a and b. 


6. The sum of the terms of an arithmetic sequence is called an 
arithmetic 


CONCEPTS 


7. Write the first three terms of an arithmetic sequence if a, = 1 
and d = 6. 


8. Given the arithmetic sequence 4, 7, 10, 13, 16, 19,..., find as 
and d. 


9. a. Write the formula for a,,, the general term of an arithmetic 
sequence. 


b. Write the formula for S,,, the sum of the first n terms of an 
arithmetic sequence. 
10. An infinite arithmetic sequence is of the form 


a,,a, +d, , a, + 3d, er 


NOTATION 
Fill in the blanks. 


11. The notation a, represents the 


term of a sequence. 
12. To find the common difference of an arithmetic sequence, we 
use the formula d = a —a 


13. The symbol » is the Greek letter 
5 


14. In the symbol > (2k — 5), kis called the ___ of 


k=1 


summation. 
10 


15. We read », 3k as “the 


k=1 


of 3kas k____ from 


1 to 10.” 


5 
16. S’t=-B+B+8+8: 
k=1 


GUIDED PRACTICE 


Write the first five terms of each sequence and then find the 
specified term. See Example 1. 


17. a, = 4n — 1, dao 
18. a, = 5n — 3, aos 
19. a, = —3n + 1, azo 
20. a, = —6n + 2, ays 
21. a, = —n, arg 
22. a, = —n, ayo 
n-1 n+1 
23. a, = » ALD 24. a, = 5 4100 
n 2n 


Write the first four terms of each sequence. See Example 2. 


(-1)" ©1)y" 
16: a, = 
3" 6. an = 


25. a, = 


27. a, =(-1)"(4 + 6) 28. a, = (—1)"(7n) 


Write the first five terms of each arithmetic sequence with the 
given properties and find the specified term. See Example 3. 
29. First term: 3, common difference: 2; find the 10th term. 
30. First term: —2, common difference 3; find the 20th term. 
31. First term —5, common difference: —3; find the 15th term. 
32. First term: 8, common difference: —5; find the 25th term. 
33. First term: 7, common difference: 12; find the 30th term. 
34. First term: —1, common difference: 4; find the 55th term. 


35. First term: —7; common difference: —2; find the 15th term. 


36. First term: 8, common difference —3; find the 25th term. 


The first three terms of an arithmetic sequence are shown below. 
Find the specified term. See Example 4. 


37. 1,4,7,... ; 30th term 

38. 2,6,10,... ; 28th term 
39. —5,—-1,3,... ; 17thterm 
40. —7, -1,5,... ; 15th term 


Write the first five terms of the arithmetic sequence with the 
following properties. See Example 5. 


41. The first term is 5 and the fifth term is 29. 
42. The first term is 4 and the sixth term is 39. 
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43. The first term is —4 and the sixth term is —39. TRY IT YOURSELF 


73. Find the common difference of the arithmetic sequence with a 
first term of 40 if its 44th term is 556. 


74. Find the first term of the arithmetic sequence with a common 


44. The first term is —5 and the fifth term is —37. 


Insert the given number of arithmetic means between the difference of —5 if its 23rd term is — 625. 
numbers. See Example 6. 75. Find the sum of the first 12 terms of the arithmetic sequence if 
45. Two arithmetic means between 2 and 11 its second term is 7 and its third term is 12. 


76. Find the sum of the first 16 terms of the arithmetic sequence if 


ste» or OUR ATS VEC 25 Deyverni a ail 2) its second term is 5 and its fourth term is 9. 


47. Four arithmetic means between 10 and 20 77. Find the first five terms of the arithmetic sequence 
48. Thess ditto ican beteeen OO aad 80 if es common difference is 7 and the sixth term is 
49. Three arithmetic means between 20 and 30 78. Find the first five terms of the arithmetic sequence 
50. Two arithmetic means between 10 and 19 if the common difference is 3 and the seventh term 
is 12. 
51. One arithmetic mean between —4.5 and 7 79. Find the first six terms of the arithmetic sequence if 
52. One arithmetic mean between —6.5 and 8.5 the common difference is —3 and the ninth term 
is 10. 
For each arithmetic sequence, find the sum of the specified 80. Find the first six terms of the arithmetic sequence if 
numBeroy terns see Pample 7: the common difference is —5 and the tenth term 
53. The first 35 terms of 5,9, 13,... is —27. 
54. The first 50 terms of 7, 12,17,... 81. The first three terms of an arithmetic sequence are 5, 12, 
55. The first 40 terms of —5, —1,3,... and 19. Find the 200th term. 
56. The first 25 terms of 2, —3, —8,... 82. The first three terms of an arithmetic sequence are 10, 14, 
. and 18. Find the 500th term. 
Write the series associated with each summation. See Example 9. $3 Find thasumvokihis esi SO naieal HamMbers 
57. > (3k) 58. > (k — 9) 84. Find the sum of the first 100 natural numbers. 


85. Find the 37th term of the arithmetic sequence with a second 
term of —4 and a third term of —9. 


4 5 * 5 * S 
Find the 40th term of the arithmetic sequence with a second 
ys . Sk = q 
2 > A sa a! ) term of 6 and a fourth term of 16. 


87. Find the first term of the arithmetic sequence with a common 
difference of 11 if its 27th term is 263. 


88. Find the common difference of the arithmetic sequence with a 
first term of — 164 if its 36th term is —24. 


89. Find the 15th term of the arithmetic sequence }, 4, 0 


Find each sum. See Example 9. 


iMe 
~ 
es 
Xa 


> 
i 
N 


4 
61. = (6k) 62. 


4 4 
63. Ss ke 64. > (-k*) 90. Find the 14th term of the arithmetic sequence 
= = 2 1 J 
vi = pede 
65. > (k2 + 3) 66. Ss (2 +1) 91. Find the sum of the first 50 odd natural numbers. 
k=3 k=2 92. Find the sum of the first 50 even natural numbers. 
4 Bi 
67. >\ (2k + 4) 68. >) (3k* — 7) APPLICATIONS 
k= k=3 
P % 93. SAVING MONEY  Yasmeen puts $60 into a safety deposit 
69. >» (5k) 70. > (3k — 5) box. After each succeeding month, she puts $50 more in the 
k=2 k=2 box. Write the first six terms of an arithmetic sequence that 
6 5 ‘ gives the monthly amounts in her savings, and find her savings 
71. (4k — 1) 72. 2 (kK) after 10 years. 


> 
ll 
ae 
> 
Il 
us 


94. INSTALLMENT LOANS Maria borrowed $10,000, 
interest-free, from her mother. She agreed to pay back the 
loan in monthly installments of $275. Write the first six terms 
of an arithmetic sequence that shows the balance due 
after each month, and find the balance due after 17 months. 


1234 


95. 


96. 


97. 


98. 
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DESIGNING PATIOS | Refer to the illustration. Each row of 
bricks in a triangular patio floor is to have one more brick than 
the previous row, ending with the longest row of 150 bricks. 
How many bricks will be needed? 


LOGGING Logs are stacked so that the bottom row has 

30 logs, the next row has 29 logs, the next row has 28 logs, and 

so on. 

a. If there are 20 rows in the stack, how many logs are in the 
top row? 

b. How many logs are in the stack? 


HOLIDAY SONGS A popular song of European origin lists 
the gifts received from someone’s “true love” over a 12-day 
span: a partridge in a pear tree, two turtle doves, three French 
hens, four calling birds, five gold rings, six geese a-laying, 
seven swans a-swimming, eight maids a-milking, nine ladies 
dancing, ten lords a-leaping, eleven pipers piping, and twelve 
drummers drumming. Use a formula from this section to deter- 
mine the total number of gifts in this list. 

INTERIOR ANGLES The sums of the angles of several 
polygons are given in the table in the next column. Assuming 
that the pattern continues, complete the table. 


Figure Number of sides | Sum of angles 
Triangle 3 180° 
Quadrilateral 4 360° 
Pentagon 5 540° 
Hexagon 6 720° 
Octagon 8 
Dodecagon 12 

WRITING 

99. Explain why 1, 4, 8, 13, 19, 26,... is not an arithmetic 

sequence. 


100. What is the difference between a sequence and a series? 
101. What is the difference between a, and S,,? 
102. How is the symbol © used in this section? 


REVIEW 


Assume that x, y, z, and b represent positive numbers. Use the 
properties of logarithms to write each expression in terms of the 
logarithms of x, y, and z. 


2 
103. log, — 104. InxVz 
y 


105. log xy" 106. log eye 


CHALLENGE PROBLEMS 


Write the summation notation for each sum. 


107. Write the summation notation for 
1+4+4+9+4 16 + 25 


108. Write the summation notation for 3 + 4 + 5 + 6 without 
using & = | in your answer. 


109. For what value of x will x — 2, 2x + 4, and 5x — 8, in that 
order, form an arithmetic sequence? 


110. For what value of x will the arithmetic mean of 
x+4andx+ 8 be5? 
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@ Find terms of a geometric sequence by identifying the first term 
and the common ratio. 


Objectives @® Find geometric means. 


© Find the sum of the first n terms of a geometric sequence. 


@ Define and use infinite geometric series. 
© Solve application problems involving geometric sequences. 


We have seen that the same number is added to each term of an arithmetic sequence to get the 
next term. In this section, we will consider another type of sequence where we multiply each 
term by the same number to get the next term. This type of sequence is called a geometric 
sequence. Two examples are 


2, 8, 32, 128,... This is an infinite geometric sequence where each term 
ey eee a is found by multiplying the previous term by 4. 
Multiply by 4 
27.9.3.1 ul t This is a finite geometric sequence where each term is 
eee ik ee ak) found by multiplying the previous term by a 
Multiply by 


1) Find Terms of a Geometric Sequence by Identifying 
the First Term and the Common Ratio. 


Each term of a geometric sequence is found by multiplying the previous term by the same 


number. 
Geometric A geometric sequence is a sequence of the form 
Sequence im LENA CH es BIE ae 


where a, is the first term and r is the common ratio. The th term is given by 


=i 
a, = ar” 


We note that the second term of a geometric sequence has a factor of r’, the third term has 
a factor of r’, the fourth term has a factor of r°, and the nth term has a factor of r”_'. We also 
note that r is the quotient obtained when any term is divided by the previous term. 


; EXAMPLE 1 j A geometric sequence has a first term 5 and a common ratio 3. 
: a. Write the first five terms of the sequence. b. Find the 9th term. 


Strategy In part (a), we will write the first term and successively multiply each term by 
3 until we produce five terms. In part (b), we will substitute 5 for a,;, 3 for r, and 9 for 
n in the formula for the nth term of a geometric sequence a, = ayr” |. 
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Why To find the terms of a geometric sequence, we multiply each term by the same 
number to get the next term. To answer part (b), successively multiplying by 3 to find the 
9th term would be time consuming. Using the formula is faster. 


Solution 
a. Because the first term is aj = 5 and the common ratio is r = 3, the first five terms are 


5, 5(3), 5(37), 5(3°), 5(3*) Each term is found by multiplying 
t t t t the previous term by 3. 
a a2 az ay as 


or 
5, 15, 45, 135, 405 


b. The nth term is a, = a,r” ' with a; = 5 andr = 3. Because we want the ninth term, we 


letn = 9: 
d= ay” * 
ag = 5(3)” 
= 5G)" 
= 5(6,561) 
= 32,805 


a Self Check 1 i A geometric sequence has a first term 3 and a common ratio 4. 
a. Write the first four terms. 
b. Find the 8th term. 


Now Try Problem 15 


; EXAMPLE 2 | The first three terms of a geometric sequence are 16, 4, and 1. Find 
the 7th term. 


Strategy We can use the first three terms to find the common ratio. Then we will know 
the first term and the common ratio. 


Why Once we know the first term, a,, and the common ratio, r, we can use the formula 
da, = a,r" ' to find the seventh term by letting n = 7. 


Solution The common ratio r is the ratio between any two successive terms. Since 


Ti 
HEE a, = 16 and a> = 4, we can find r as follows: 


The common ratio r of a 


geometric sequence is defined to 4 1 
be pe Se See Also note that 2 = 4, 
ay 16 4 ae 
ee 
ay To find the seventh term, we substitute 16 for a,, , for r, and 7 for n in the formula for 
the nth term and simplify: 
= ar" | This is the formula for the nth term of a geometric sequence. 
1\77! 
az = 16( 4) Substitute 16 for a,, 7 for n, and 4 for r. 
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1 
<b) 
4,096 


a Self Check 2 dj The first three terms of a geometric sequence are 25, 5, and 1. 
Find the 7th term. 


Now Try Problem 19 


EXAMPLE 3 _ Find the first five terms of the geometric sequence with a first term 
: of 2, a third term of 32, and a common ratio that is positive. 


Strategy We will substitute a, = 2, a; = 32, and n = 3 into the formula for the nth 
term of a geometric sequence a,, = ar” | and solve for r. 


Why Once we know the common ratio, we can successively multiply each term by the 
common ratio to produce the first five terms. 


Solution We will substitute 3 for, 2 for a), 32 for a3 and solve for r. 


a, = ar"! This is the formula for the nth term of a geometric sequence. 


a, = ar! Substitute 3 for n and 2 for ay. 


32 = 2r° Substitute 32 for az and simplify. 
16 =r? Divide both sides by 2. 
+4=r Use the square root property. 


Since r is given to be positive, r = 4. The first five terms are produced by multiplying 
by the common ratio: 


2,2+4,2-47, 2-43, 2-44 
or 


2, 8, 32, 128, 512 


a Self Check 3 P| Find the first five terms of the geometric sequence with a first 
term of —2, a fourth term of —54. 


Now Try Problem 23 


Find Geometric Means. 


If numbers are inserted between two numbers a and b to form a geometric sequence, the 
inserted numbers are called geometric means between a and b. If a single number is inserted, 
that number is called the geometric mean between a and b. 
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EXAMPLE 4 i Insert two geometric means between 7 and 1,512. 


Strategy Because two geometric means are to be inserted between 7 and 1,512, we will 
consider a sequence of four terms, with a first term of 7 and a fourth term of 1,512. We 
will then use a, = a,r”_' to find the common ratio r. 


Why Once we know the first term and the common ratio, we can multiply by the 
common ratio to find the two unknown terms. 


Solution In this example, the first term is a; = 7, and the fourth term is a4 = 1,512. To 
find the common ratio r so that the terms 


7, Tr, Tr, 1,512 
t t t t 


ay, a2 a3 a4 


form a geometric sequence, we substitute 4 for m and 7 for a, in the formula for the nth 
term of a geometric sequence and solve for r. 


An = Mr This is the formula for the nth term of a geometric sequence. 


a4 = Trt! Substitute 4 for n and 7 for a,. 


1,512 = Wr Substitute 1,512 for ay. 
216=r° Divide both sides by 7. 
6=r Take the cube root of both sides. 


To find the two geometric means between 7 and 1,512, we multiply by the common ratio 
6, as shown: 


Tr = 7(6)=42 and 7r = 7(6)° = 7(36) = 252 


The numbers 7, 42, 252, and 1,512 are the first four terms of a geometric sequence. 


a Self Check 4 dj Insert three positive geometric means between | and 16. 
Now Try Problem 27 


EXAMPLE 5 | Find the geometric mean between 2 and 20. 


Strategy Because one geometric mean is to be inserted between 2 and 20, we will con- 
sider a sequence of three terms, with a first term of 2 and a third term of 20. We will 
then use a, = a,r” ' to find the common ratio r. 


Why Once we know the first term and the common ratio, we can multiply by the 
common ratio to find the unknown term. 


Solution We want to find the middle term of the three-termed geometric sequence 


2, 2r, 20 
t t t 
a4 a a3 


with a; = 2, a3; = 20, andn = 3.To find r, we substitute these values into the formula 
for the nth term of a geometric sequence: 


a, = a,r"_| This is the formula for the nth term of a geometric sequence. 


az = 2°"! Substitute 3 for n and 2 for ay. 
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20 = 2r? Substitute 20 for as. 
10 =r Divide both sides by 2. 
z£V1I0=r Use the square root property. 


Because r can be either V/10 or — V/10, there are two values for the geometric mean. 
They are 


2r=2V10 and 2r= —2\/10 


The sets of numbers 2, 2V/10, 20 and 2, ~2V/10, 20 both form geometric 
sequences. The common ratio of the first sequence is V10, and the common ratio of the 
second sequence is — V10. 


a Self Check 5 i Find the positive geometric mean between 2 and 200. 
Now Try Problem 31 


3) Find the Sum of the First n Terms of a Geometric Sequence. 


There is a formula that gives the sum of the first n terms of a geometric sequence. To develop 
this formula, we let S,, represent the sum of the first n terms of a geometric sequence. 


Success Tip GQ) S,=a+tart+aqrtar+ s+ +ar"! 
If the common factor of a, in the 
numerator of ar is 5 3 men 3 
factored out, the formula can be By Sar = i i a ae 
written in a different form: 


We multiply both sides of Equation | by r to get 


We now subtract Equation 2 from Equation | and solve for S,,: 


eee S, — S,r = a, — ar” 
Sl — r) = a, - ay" Factor out 5, from the left side. 
n 
a; — ar 
a = Divide both sides by 1 — r. 
aay (a 
This reasoning establishes the following formula. 
Sum of the First The sum of the first n terms of a geometric sequence is given by the formula 
n Terms of a 5 eas be OMT Meneates 
; lee OF = ————_ wherer 
Geometric B jr m ae 
Sequence 


where S,, is the sum, a, is the first term, ris the common ratio, and n is the number of terms. 


EXAM PLE 6 j Find the sum of the first six terms of the geometric sequence: 
; 250, 50, 10, ... 


Strategy We will find the common ratio r. 
Why If we know the first term and the common ratio, we can use the formula 


= n 
ay, ar 


Sy, =—7—, to find the sum of the first six terms by letting n = 6. 
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Solution The common ratio r is the ratio between any two successive terms. Since 
a, = 250 and a, = 50, we can find r as follows: 


_ 4 _ 50 _ a, _ 10 _1 
ra 250 5 Also note that 3 = 55 = 5- 
In this sequence, a; = 250, r = 5s and n = 6. We substitute these values into the 


formula for the sum of the first 1 terms of a geometric sequence and simplify: 


— ge" 
S, = ot ee. 
l-r 
1\° 
250 — 250( 2) 
5 
ry 
I asp 
5 
250 — 250( : ) 
_ 15,625 
4 
5 


250 5 
(250 ) : Multiply the numerator by the reciprocal of the denominator. 
15,625/ 4 


= 312.48 Use a calculator. 


The sum of the first six terms is 312.48. 


a Self Check 6 | Find the sum of the first five terms of the geometric sequence 
100, 20, 4,... 


Now Try Problem 35 


4.) Define and Use Infinite Geometric Series. 


When we add the terms of a geometric sequence, we form a geometric series. If we form the 
sum of the terms of an infinite geometric sequence, we get a series called an infinite 
geometric series. For example, if the common ratio r is 3, we have 


Infinite geometric sequence Infinite geometric series 
2, 6, 18, 54, 162, ... 2+ 6+ 18+ 54+ 162+ --- 


As the number of terms of this series gets larger, the value of the series gets larger. We can see 
that this is true by forming some partial sums. 


The first partial sum of the series is S; = 2. 
The second partial sum of the series is S, = 2 + 6 = 8. 
The third partial sum of the series is $3; = 2 + 6 + 18 = 26. 


The Language of Algebra 

The word partial means only a The fourth partial sum of the series is Sy = 2 + 6 + 18 + 54 = 80. 

part, not total. Have you ever seen F . . 

a partial eclipse of the moon? We can see that as the number of terms gets infinitely large, the value of this series gets 


infinitely large. 


Sum of the Terms 
of an Infinite 
Geometric Series 
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The values of some infinite geometric series get closer and closer to a specific number as 


the number of terms approaches infinity. One such series is 


3%. Sig 3 3 3 
+ + —4+—4 
2 4 8 16 32 64 


ese me 
+ Here, r = 5. 


To see that this is true, we form some partial sums. 


3 
The first partial sum is S; = .- 15 


: 3 
The second partial sum is Sy = 5 + 


3.3. 3.21 
The thi rtial i =—-+—+4+—-5 = 2.625 
e third partial sum is $3 aa aa 8 
3 3 3 3 45 
The fourth partial i = —-+—-+—4+ = = 2.8125 
e fourth partial sum is Sy 5 a eg ae ae 


3.3 3 3 3 93 
The fifth partial i = -t+-4+-+ + = = 2.90625 
e partial sum is S's a 4 8 ie” 
3. 3 


3 3 3 3 189 
The sixth partial sum is Ss = = + — + — + + + = 
2 4 8 16 32 64 ~~ 64 


= 2.953125 


As the number of terms in this series gets larger, the values of the partial sums approach 
the number 3. We say that 3 is the limit of S,, as n approaches infinity, and we say that 3 is the 
sum of the infinite geometric series. 

To develop a formula for finding the sum of an infinite geometric series, we consider the 
formula that gives the sum of the first n terms. 

n 
a, — ayr 
Sn = <1" where rr # 1 
L=-F 
If |r| < 1 and a, is constant, the term a,r” in the above formula approaches 0 as n becomes 
very large. For example, 


1\' 1 1) 1 ie. 
A\ > ~ 4 4b MAN 5, a A1\ > ~ gt 


and so on. Thus, when z is very large, the value of a,r” is negligible, and the term a,r” in the 
above formula can be ignored. This reasoning justifies the following formula. 


If a, is the first term and r is the common ratio of an infinite geometric sequence, and 
|r| < 1, the sum of the terms of the corresponding series is given by 


EXAMPLE 7 j Find the sum of the terms of the infinite geometric series 
- 125. + 25°45: 
Strategy We will identify a, and find r. 


a 


Why To use the formula S = 7 = , to find the sum, we need to know the first term, a, 


and the common ratio, r. 
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Notation Solution In this geometric series, a, = 125 andr = 3. = s Since |r| = [5 | = : <1, 
The sum of the terms of an infinite we can find the sum of the series. We do this by substituting 125 for a, and i for r in the 
geometric sequence is also a as 
denoted S.,. formula S = ;—-. and simplifying: 
125 125 5 625 
sS=—L= = = 125--= 
L=F ‘ae 1 4 za 4 
5 5 
The sum of the series 125 + 25+ 5+ --- is a = 156.25. 
ta Self Check 7 ] Find the sum of the infinite geometric series: 
100 + 20\-— 4 + --- 
Now Try Problem 43 
EXAMPLE 8 j Find the sum of the infinite geometric series: 
64+ (-4)+ $4 6 
Notation Strategy We will identify a, and find r. 
Be Oe aay Why To use the formula S = | a ; to find the sum, we need to know the first term, a, 
Perea re and the common ratio, r. 
Solution In this geometric series, a,=64 and r= Z = —*. Since 
|r| = | -¥5| = i < 1, we can find the sum of the series. We substitute 64 for a, and 
-¥ forr inthe formula S = ; a ; and simplify: 
: a. 64 — 64 | 16 1,024 
Caution . i—9 1 7 mm 
If |r| = 1 for an infinite geometric {=| =— — 
sequence, the sum of the terms of 16 16 
the sequence does not exist. ; : 1 1.024 
The sum of the geometric series 64 + (—4) +7 + -*: is “7 


a Self Check 8 j Find the sum of the infinite geometric series: 
Si (27) Foe .. 


Now Try Problem 51 


EXAMPLE 9 | Change 0.8 to a common fraction. 


Strategy First, we will show that the decimal 0.888 ... can be represented by an infinite 
geometric series whose terms are fractions. Then we will identify a, find the common 
ratio r, and find the sum. 


Why When we use the formula S = 7 = , to find the sum, the result will be the required 


common fraction. 
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Solution The decimal 0.8 can be written as the infinite geometric series 


0.8 = 0.888... 
= 0.8 + 0.08 + 0.008 + -:: 
8 8 8 
eRe + ae ox 
10 100 ~~ 1,000 
Here, a, = & and r = a Because |r| = l35 = a <1, we can find the sum as 
follows: 
8 8 
a lit 2 0 10 = ~8 +10 8 
re a a a 
10 10 


Thus, 0.8 = S Long division will verify that 8 = 0.888... . 


ta Self Check 9 i Change 0.6 to a common fraction. 
Now Try Problem 55 


5) Solve Application Problems Involving Geometric Sequences. 


EXAMPLE 10 j Inheritances. A father decides to give his son part of his inher- 

itance early. Each year, on the son’s birthday, the father will pay the 

son 15% of what remains in the inheritance fund. If the fund initially begins with 
$100,000, how much money will be left in the fund after 20 years of payments? 


Strategy We will model the facts of the problem using a geometric sequence with a first 
term of 100,000 and a common ratio of 0.85. 


Why One of the terms of the sequence will represent the amount of money left in the 
inheritance fund after 20 years of payments. 


Solution — If 15% of the money in the inheritance fund is given to the son each year, 85% 
of that amount remains after each payment. To find the amount of money that remains in 
the fund after a payment is made, we multiply the amount that was in the fund by 0.85. 
Over the years, the amounts of money that are left in the fund after a payment form a 
geometric sequence. 


Amount of money remaining in the inheritance fund 


The fund begins with: 100,000 —a 
After first payment: 100,000(0.85) = 100,000(0.85)' <a, 
After second payment: [100,000(0.85)'](0.85) = 100,000(0.85)* — as 
After third payment: [100,000(0.85 )°1(0.85) = LO pra 
After fourth payment: [100,000(0.85)*I(0.85) = 100,000(0.85)* — a5 


After 20th payment: ap? — ao 
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The amount of money remaining in the inheritance fund after 20 years is represented by the 
21st term of a geometric sequence, where a, = 100,000, r = 0.85, andn = 21. 


ay = ar" This is the formula for the nth term. 


a. Substitute 21 for n. 


Qa, = ar”! 
= 100,000(0.85)7'~' — Substitute 100,000 for a, and 0.85 for r. 
= 100,000(0.85)”° 


= 3,876 Use a calculator. Round to the nearest dollar. 


In 20 years, approximately $3,876 of the inheritance fund will be left. 


a Self Check 10 F | How much money will be left in the inheritance fund after 
30 years of payments? 


Now Try Problem 79 


EXAM PLE 11 j Testing Steel. One way to measure the hardness of a steel anvil 
is to drop a ball bearing onto the face of the anvil. The bearing 


should rebound 3 of the distance from which it was dropped. If a bearing is dropped 


from a height of 10 inches onto a hard forged steel anvil, and if it could bounce forever, 
what total distance would the bearing travel? 


Strategy We will show that the facts in the problem can be modeled by an infinite 
geometric sequence. 


Why The sum of the terms of the infinite geometric sequence will give the total distance 
the bearing will travel. 


Solution The total distance the ball bearing travels is the sum of two motions, falling and 
rebounding. The bearing falls 10 inches, then rebounds :- 10 = 8 inches, and falls 


8 inches, and rebounds 3 “8= 2% inches, and falls 2 inches, and rebounds 
#22 = 1 d 
5°°5 35 inches, and so on. 
The distance the ball falls is given by the sum 
32-128 4 
10+ 8+ 5 + 5 + +++ This is an infinite geometric series with a, = 10 andr = =. 


The distance the ball rebounds is given by the sum 
——— + +: This is an infinite geometric series with a, = 8 andr = Z, 


Since each of these is an infinite geometric series with |r| < 1, we can use the formula 


a 
S = 7 —, to find each sum. 


10 10 8 8 

Falling: an Gi 50 in. Rebounding: nr ie 40 in. 
l1-= = => = 
5 5 5 5 


The total distance the bearing travels is 50 inches + 40 inches = 90 inches. 


a Self Check 11 


Now Try 


| Th Gs 2 12, ee fh, AMIS) 92, as =? 6. 
Av 24, Bos 20) 6.12496 725 8) 8. 
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If a bearing was dropped from a height of 15 inches onto a hard 
forged steel anvil, and if it could bounce forever, what total 
distance would it travel? 


Problem 85 


243 2 


} 10. About $763 11. 135 in. 


VOCABULARY 
Fill in the blanks. 


1. Each term of a 
the previous term by the same number. 


2. 8, 16, 32, 64, 128, ...is an example of a 


sequence is found by multiplying 


The first 

3. Ifa single number is inserted between a and b to form a 
geometric sequence, the number is called the geometric 
between a and b. 


is 8 and the common is 2. 


4. The sum of the terms of a geometric sequence is called a 
geometric . The sum of the terms of an infinite 
geometric sequence is called an geometric series. 


CONCEPTS 


5. Write the first three terms of a geometric sequence if a, = 16 
andr = i 

6. Given the geometric sequence 1, 2, 4, 8, 16, 32,..., find a; 
and r. 


7. Write the formula for a,, the general term of a geometric 
sequence. 


8. a. Write the formula for S,,, the sum of the first n terms of a 
geometric sequence. 
b. Write the formula for S, the sum of the terms of an infinite 
geometric sequence, where |r| < 1. 


9. Which of the following values of r satisfy |r| <1? 


ar= 3 b. r = -3 
= = 
cr=6 d.r=—-; 
10. Write 0.7 as an infinite geometric series: 
0.7 =0.7 + 0.07 + 0.007 4 
iE Wn i es 


sequence. 


NOTATION 
Fill in the blanks. 


11. An infinite geometric sequence is of the form 


a, Ar, ay > ar, gees 
12. The first four terms of the sequence defined by a, = 4(3)" | 


are > > 5 


13. To find the common ratio of a geometric sequence, we use the 


An+1 
formula r = ——. 


14. S represents the sum of the first 


sequence. 


terms of a geometric 


GUIDED PRACTICE 


Write the first five terms of each geometric sequence with the 
given properties and then find the specified term. See Example 1. 


15. First term: 3, common ratio: 2; find the 9th term 


16. First term: —2, common ratio: 2; find the 8th term 


17. First term: —5, common ratio: i, find the 8th term 


18. First term: 8, common ratio: 5 find the 10th term 


Find the specified term of the geometric sequence with the 
following properties. See Example 2. 


19. The first three terms are 2, 6, 18; find the 7th term 


20. The first three terms are 50, 100, 200; find the 
10th term 


5, 3. find the 6th term 


22. The first three terms are i -3, 2; find the 9th term 


21. The first three terms are i 
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Write the first five terms of the geometric sequence with the 
following properties. See Example 3. 

23. First term: 2, r > 0, third term: 18 

24. First term: 2, r < 0, third term: 50 

25. First term: 3, fourth term: 24 

26. First term: —3, fourth term: —192 


Find the geometric means to be inserted in each geometric 
sequence. See Example 4. 


27. Insert three positive geometric means between 2 and 162. 
28. Insert four geometric means between 3 and 96. 


29. Insert four geometric means between —4 and 
— 12,500. 

30. Insert three geometric means (two positive and one negative) 
between — 64 and —1,024. 


Find a geometric mean to be inserted in each geometric sequence. 
See Example 5. 


31. Find the geometric mean between 2 and 128. 
32. Find the geometric mean between 3 and 243. 
33. Find the geometric mean between 10 and 20. 
34. Find the geometric mean between 5 and 15. 


For each geometric sequence, find the sum of the specified number 
of terms. See Example 6. 


35. The first 6 terms of 2, 6,18, ... 
36. The first 6 terms of 2, —6, 18, ... 
37. The first 5 terms of 2, —6, 18, ... 
38. The first 5 terms of 2,6, 18, ... 
39. The first 8 terms of 3, —6, 12, ... 
40. The first 8 terms of 3,6, 12, ... 
41. The first 7 terms of 3,6, 12, ... 
42. The first 7 terms of 3, —6,12, ... 


Find the sum of each infinite geometric series, if possible. See 
Examples 7 and 8. 


43.8 +4424 44.12+6+3+-° 
45. 544+ 18 +64 °° 46.454+15+5+ -- 
47, —22 + (-9) + (-6) + ++ 48. —112 + (—28) + (-7) 4 
49.2+6+84+ °° 50. +2424 -- 
51. 12+ (-6) +34+ °° 52. 84 (= 424 
53. —45 4+ 15+ (-5) + <= 54. —54 + 18 + (—6) 4 


Write each decimal in fraction form. Then check the answer by 
performing long division. See Example 9. 


55. 0.1 56. 0.2 
57. 0.3 58. 0.4 
59. 0.12 60. 0.21 
61. 0.75 62. 0.57 
TRY IT YOURSELF 


63. Find the common ratio of the geometric sequence with a first 
term —8 and a sixth term — 1,944. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


Find the common ratio of the geometric sequence with a first 
term 12 and a sixth term 2. 

Write the first five terms of the geometric sequence if its first term 
is —64, r < 0, and its fifth term is —4. 

Write the first five terms of the geometric sequence if its first term 
is —64, r > 0, and its fifth term is —4. 

Find a geometric mean, if possible, between —50 and 

10. 


Find a negative geometric mean, if possible, between —25 and 
=. 

Find the 10th term of the geometric sequence with a, = 7 and 
r=2. 


Find the 12th term of the geometric sequence with a, = 64 and 
1 


r=5 
3 
Write the first four terms of the geometric sequence if its first 


term is —64 and its sixth term is —2. 
Write the first four terms of the geometric sequence if its first 
term is —81 and its sixth term is 7 


Find the sum of the terms of the geometric sequence 
39 3. 
> 4° 16? 649°" °° 
Find the sum of the terms of the geometric sequence 
11 1 


Find the first term of the geometric sequence with a common 
ratio —3 and an eighth term —81. 

Find the first term of the geometric sequence with a common 
ratio 2 and a tenth term 384. 

Find the sum of the first five terms of the geometric sequence if 
its first term is 3 and the common ratio is 2. 

Find the sum of the first five terms of the geometric sequence if 
its first term is 5 and the common ratio is —6. 


APPLICATIONS 


Use a calculator to help solve each problem. 


79. 


80. 


DECLINING SAVINGS _ John has $10,000 in a safety deposit 
box. Each year, he spends 12% of what is left in the box. How 
much will be in the box after 15 years? 


SAVINGS GROWTH Sally has $5,000 in a savings account 
earning 12% annual interest. How much will be in her account 
10 years from now? (Assume that Sally makes no deposits or 
withdrawals.) 


81. from Campus to Careers 


Suppose you are a real estate sales 
agent and you are working with a 
client who is considering buying a 
$250,000 house in Seattle as an 
investment. If the property values in 
that area have a track record of 
increasing at a rate of 8% per year, 
what will the house be worth 10 years 
from now? 


Real Estate Sales Agent 


© Image Source Black/Getty Images 


82. BOAT DEPRECIATION A boat that cost $5,000 when new 
depreciates at a rate of 9% per year. How much will the boat be 
worth in 5 years? 

83. INSCRIBED SQUARES Each inscribed square in the illus- 
tration joins the midpoints of the next larger square. The area of 
the first square, the largest, is 1 square unit. Find the area of the 
12th square. 


84. GENEALOGY The following family tree spans 3 generations 
and lists 7 people. How many names would be listed in a family 
tree that spans 10 generations? 


85. BOUNCING BALLS On each 
bounce, the rubber ball in the 
illustration rebounds to a height 
one-half of that from which it fell. 
Find the total vertical distance the 
ball travels. 


fe 


86. BOUNCING BALLS A golf ball is dropped from a height of 
12 feet. On each bounce, it returns to a height that is two-thirds 
of the distance it fell. Find the total vertical distance the ball 
travels. 

87. PEST CONTROL | To reduce the population of a destructive 
moth, biologists release 1,000 sterilized male moths each day 
into the environment. If 80% of these moths alive one day 
survive until the next, then after a long time the population of 
sterile males is the sum of the infinite geometric series 


1,000 + 1,000(0.8) + 1,000(0.8)* + 1,000(0.8)° + --- 


Find the long-term population. 
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88. PENDULUMS _ On its first swing to the right, a pendulum 
swings through an arc of 96 inches. Each successive swing, 


the pendulum travels mm as far as on the previous swing. 


Determine the total distance that the pendulum will travel by 
the time it comes to rest. 


WRITING 
89. Describe the real numbers that satisfy |r| < 1. 


90. Why must the absolute value of the common ratio be less than 
1 before an infinite geometric sequence can have a sum? 


91. Explain the difference between an arithmetic sequence and a 
geometric sequence. 
, Wiyist =1+2-42=24 


infinite geometric series? 


- called an alternating 


REVIEW 


Solve each inequality. Write the solution set using interval 
notation. 


93. x* —5x -6<0 94. a —7a+12=0 


2 = 
g§ 2G og SS en 
x +3 t+2 
CHALLENGE PROBLEMS 
97. If fy=1ltxtxrtxrtxt4 ++, find f(5) and f(—4). 


98. Find the sum: 


99. Ifa > b > 0, which is larger: the arithmetic mean between a 
and b or the geometric mean between a and b? 


100. Is there a geometric mean between —5 and 5? 
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CHAPTER 14 


Pascal’s triangle gives the coefficients of the terms 
of the expansion of (a + b)’. 


EXAM PLES 


Pascal’s triangle: 


1 Row 0 

1 1 Row | 

1 Ds 1 Row 2 

1 3 3 1 Row 3 

1 4 6 4 1 Row 4 

1 5 10 10 5 1 Row 5 


(62 =F yy =1x° + 5x4y dp 10x77 se 10x°y° ar 5xy" oF ly 


The symbol n! (x factorial) is the product of 


consecutively decreasing natural numbers from 7 to 1. 


i = ae = = BD) > oan FA Il 


Evaluate each expression: 


A432 = 24 3e20= 3-2-2 1— 12 


The binomial theorem is usually the best way to 
expand a binomial. 


n n n! all 
+ by" =a" 4 
(a+ b)"=a te is b 
n!} 
Mia = 2) 


a’ yr + 1. + 2b" 


1 
6! 6-54 
gee = {= 
51 ri 6 W=1 and O!=1 
1 
Use the binomial theorem to expand (p + q)*, where n = 4. 
4! 4! 4! 
Lot 4 : Bi : DOR, : 
CD et eo ey 


=p + 4p'q + 6p'¢ + 4pq? + q* 


To find a specific term of an expansion: 
The (r + 1)st term of the expansion of (a + 5)” is 


n!} 


ri\(n — he 


Remember that 7 is always | less than the number of 
the term that you are finding. 


REVIEW EXERCISES 


Find the third term of the expansion of (a + b)°. 


In the third term of (a 4 by , n= Sandr = 2. 


5! 
IG)! 


a4 = a°b? = 10a°b? 


1 
5-4-34 
2-1-3 


= 


1. Complete Pascal’s triangle. List the row that gives the coefficients for 2. Consider the expansion of (a + b)!?. 


the expansion of (a + 5)°. 


1 ) 1 
1 8) 
4 6 4 1 
1 2) 10 5 
1 6 IS 20 6 


a. How many terms does the expansion have? 
b. For each term, what is the sum of the exponents on a and b? 
c. What is the first term? What is the last term? 


d. How do the exponents on a and b change from term to term? 


Evaluate each expression. 


5! 6! 
iemectit — —$ 
3. 4! - 3! 4. > GS 


12! 8! 
.——— : ! {Se 
; 3 es)! 7! 


Dg tog" 
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Use the binomial theorem to find each expansion. Find the specified term in each expansion. 
9. (x + y)? 13. (x + y)*; third term 
10. (x — y)’ 14. (x — y)°; fourth term 


15. (3x — 4y)*; second term 
11. (4x — yy? 16. (uv? — v*)°; fifth term 
y 


4 
12, (S+ <) 
Oe 


2 s and Serie 
DEFINITIONS AND CONCEPTS EXAMPLES 


A sequence is a list of numbers written in a specific 
order. 


Finite sequence: 1, 4, 7, 10, 13 
Infinite sequence: 2, 6, 10, 14, 18,... 


To specifically describe all the terms of a sequence, 
we can write a formula for a,, called the general 
term of the sequence. 


Find the first four terms of the sequence described by a, = 5n + 1. 


We substitute 1, 2, 3, and 4, for n in the formula: 


a, = 511) +1=6 a = 52) +1=11 


a; = 5(3) + 1 = 16 a4 = 5(4) + 1 
The first four terms are 6, 11, 16, and 21. 


ll 


OM 


A sequence where each term is found by adding the 
same number to the previous term is called an 
arithmetic sequence. 


Find the 12th term of the arithmetic sequence —4, —1, 2, 5, 8,.... 


First, we find the common difference d. It is the difference between any two 
successive terms: d = a) — a, I S\(=4) 3) 


An arithmetic sequence has the form . : 
Then we substitute into the formula for the mth term: 
4,4, + d, a ap Del, med 5 Gh oF = Web 6 60 
an = a, + (n — 1)d 
where q, is the first term and d is the common ayy = —4 + (12 — 1)3_ Inthis sequence, n = 12, a, = —4,andd = 3. 


difference. 


= —4+ (11)3 
The nth term of an arithmetic sequence is given by = Ag 5g 
a, = thy ae (Ga — Wye 

= 29 


The common difference d of an arithmetic sequence 
is the difference between any two consecutive terms: 
d = An41 — Ay. 


The 12th term of the sequence is 29. 


If numbers are inserted between two given numbers Find three arithmetic means between —6 and 14. 
aand 6 to form an arithmetic sequence, the inserted 


PUR RCTS EG Athi Glin means beuvecn oandi eb. Since there will be five terms, n = 5. We also know that a; = —6 anda; = 14. 


We will substitute these values in the formula for the nth term and solve for d. 
a5=a,+(n — 1d 
14=-6+6-l)d 


14 = -6 + 4d 
20 = 4d 
= Gi 


Since the common difference is 5, we successively add 5 to the terms to get the 
sequence —6, —1, 4, 9, 14. Thus, the three arithmetic means are —1, 4, and 9. 
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DEFINITIONS AND CONCEPTS EXAMPLES 


When the commas between the terms of a sequence Find the sum of the first 12 terms of the arithmetic sequence —4, —1, 2,5, 8,.... 
are replaced with + signs, we call the sum a series. : : 
2 oe Here a, = —4 and n = 12. On the previous page, we found that for this sequence 
The sum of the first » terms of an arithmetic a, = 29. We substitute these values into the formula for S,, and simplify. 
sequence is given b 
s = n(ay ar a,) 
+ RN TS radial 
5, = Mar + an) 2 
2 12(-4 + 29) 
a rae 
_ 300 
D 
= 1500) 
The sum of the first 12 terms is 150. 
Summation notation involves the Greek letter k=1 k=2 k=3 k=4 
sigma Z. It designates the sum of terms called a ll J I, lL 
5 4 
ae > Gk - 2) = BA) - 2] + BQ) - 2] + BR) - 21 + BH - 2] 
n=1 
=1+4+7+10 
= 22 


REVIEW EXERCISES 


17. Find the first four terms of the sequence defined by Find each sum. 
a, = 2n — 4. § 
2 
18. Find the first five terms of the sequence defined by g 2 28. = 7k 


k=2 
= el is 
gap i? 10 


19. Find the 50th term of the sequence defined by : oo) 20: ee: 
an = 100 — 5. 


a 


. What is the sum of the first 200 natural numbers? 


. SEATING The illustration shows the first 2 of a total of 30 rows 
of seats in an amphitheater. The number of seats in each row forms 
an arithmetic sequence. Find the total number of seats. 


20. Find the eighth term of an arithmetic sequence whose first term 
is 7 and whose common difference is 5. 

21. Write the first five terms of the arithmetic sequence whose ninth term 
is 242 and whose seventh term is 212. 

22. The first three terms of an arithmetic sequence are 6, —6, and — 18. 
Find the 101st term. 


23. Find the common difference of an arithmetic sequence if its 1st 
term is —515 and the 23rd term is — 625. 


24. Find two arithmetic means between 8 and 25. 


25. Find the sum of the first ten terms of the sequence 9, 6.5, 
4 

26. Find the sum of the first 28 terms of an arithmetic sequence if the 
second term is 6 and the sixth term is 22. 


Hy eee 
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EXAM PLES 


Each term of a geometric sequence is found by mul- 
tiplying the previous term by the same number. 


A geometric sequence has the form: 
2) 3 n 
City Chi Ci» CNP 5 506% CHIP” “5 60 


where q, is the first term and r is the common ratio. 


The mth term of a geometric sequence is given by 
a= Ul 
Ge = thir. 


The common ratio r of a geometric sequence is the 
quotient obtained when any term is divided by the 
previous term: 

An+1 


meas 
an 


Find the 8th term of the geometric sequence 8, 4,2,... . 


First, we find the common ratio r. It is the quotient obtained when any term is 
divided by the previous term: 

ay _ 4 _ 1 

(hy & 2 


Then we substitute into the formula for the nth term: 
Gh, = rege" 


il 8-1 
co (3) 


Substitute: n = 8, a, = 8,andr= 


ll 
oo 
CaaS 
Nie 
Se 
~ 


8 1\7_ 4 
= 128 Evaluate: (3) = te: 
mes Simplify the fraction: Remove a common factor of & 
16 in the numerator and denominator. 


If numbers are inserted between a and b to form a 
geometric sequence, the inserted numbers are 
geometric means between a and b. 


Find two geometric means between 6 and 162. 


Since there will be four terms, n = 4. We also know that a, = 6 and a, = 162. 
We will substitute these values in the formula for the nth term and solve for r. 


Cy = 
16267 
Wi =F Divide both sides by 6. 
3=r Take the cube root of both sides. 


Since the common ratio is 3, we successively multiply the terms by 3 to get the 
sequence 6, 18, 54, 162. Thus, the two geometric means are 18 and 54. 


The sum of the first n terms of a geometric 
sequence is given by: 


a — ar 


#1 


Sn 


| = 7 


Find the sum of the first five terms of the geometric sequence 2, 6, 18, ... . 
Here a, = 2, r = 3, andn = 5. We substitute these values into the formula for S,, 
and simplify. 
— ay a,(r)" 
jl Fp 

2 — (2) 
5, = 22) 

= 3 


2 = OA) 
Bee) Evaluate: (3)° = 243. 


= 242 


The sum of the first five terms is 242. 


1252 


CHAPTER 14 Miscellaneous Topics 


If we form the sum of the terms of an infinite 
geometric sequence, we get a series called an infinite 
geometric series. The sum of an infinite geometric 
series is given by: 


16 


Find the sum of the infinite geometric series: 12 + 8 + 3 +°°° 


ee 


Here a, = 12 and r = 75 = 3. (Note that r < 1) We substitute these values into 
the formula for the sum of an infinite series. 


12 12 


a 
S=— where |r| < 1 
=; 


REVIEW EXERCISES 


33. Find the sixth term of a geometric sequence with a first term of ‘ 
and a common ratio of 2. 

34. Write the first five terms of the geometric sequence whose fourth 
term is 3 and whose fifth term is S 

35. Find the first term of a geometric sequence if it has a common ratio 
of —3 and the ninth term is 243. 


36. Find two geometric means between — 6 and 384. 


37. Find the sum of the first seven terms of the sequence 162, 54, 
Geers: 


38. Find the sum of the first eight terms of the sequence: 


1. Fill in the blanks. 
a. The array of numbers that gives the coefficients of the terms 


of a binomial expansion is called triangle. 


b. In the expansion a® — 3a°b + 3ab* — b’, the signs 
between + and —. 


c. Each term of an sequence is found by adding the 
same number to the previous term. 


d. The sum of the terms of an arithmetic sequence is called an 
arithmetic 


e. Each term of a sequence is found by multiplying 
the previous term by the same number. 


2. Find the first 4 terms of the sequence defined by: 
a, = —6n + 8 
3. Find the first 5 terms of the sequence defined by: 
_ ly 


n n° 


10! 
4. Evaluate: 610 — 6)! 


5. Expand: (a — 5)°. 


6. Find the third term in the expansion of (x? af Dy, 


7. Find the tenth term of an arithmetic sequence whose first 
3 terms are 3, 10, and 17. 


The sum is 36. 


CHAPTER 14 
Test 


. FEEDING BIRDS _ Tom has 50 pounds of birdseed stored in his 
garage. Each month, he uses 25% of what is left in the bag to 
feed the birds in his yard. How much birdseed will be left in 
12 months? 


. Find the sum of the infinite geometric series: 
AS) sp 20) <p IMG sp 2° 


. Change the decimal 0.05 to a common fraction. 
. WHAM-O TOYS _ Tests have found that 1998 Superballs rebound 
= of the distance from which they are dropped. If a Superball is 


dropped from a height of 10 feet, and if it could bounce forever, 
what total distance would it travel? 


8. Find the sum of the first 12 terms of the sequence: 
=2), 358 aco 
9. Find two arithmetic means between 2 and 98. 
10. Find the common difference of an arithmetic sequence if the 
second term is 3 and the 17th term is 5. 


11. Find the sum of the first 27 terms of an arithmetic sequence if 
the 4th term is —11 and the 20th term is —75. 


12. PLUMBING Plastic pipe is stacked so 
that the bottom row has 25 pipes, the next 
row has 24 pipes, the next row has 
23 pipes, and so on until there is 1 pipe 
at the top of the stack. If a worker 
removes the top 15 rows of pipe, 
how many pieces of pipe will be 
left in the stack? 


13. FALLING OBJECTS _ If an object is in free fall, the sequence 
16, 48, 80, ... represents the distance in feet that object falls 
during the 1st second, during the 2nd second, during the 
3rd second, and so on. How far will the object fall during the 
first 10 seconds? 
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3 20. DEPRECIATION A yacht that cost $1,500,000 when new 
14. Evaluate: > (2k — 3) depreciates at a rate of 8% per year. How much will the yacht 


i ? 
15. Find the seventh term of the geometric sequence whose first De ee ets 


il il 21. PENDULUMS On its first swing to the 
3 terms are =Os —3, and —1. : 5; 
right, a pendulum swings through an arc 
16. Find the sum of the first 6 terms of the sequence: of 60 inches. Each successive swing, the q 
ih il 

9°30 pendulum travels ae as far as on the ae 
17. Find the first term of a geometric sequence if the common ratio previous swing. Determine the total 60 in 

is 2 and the fourth term is -€. distance the pendulum will travel by the 


: : time it comes to rest. 
18. Find two geometric means between 3 and 648. 


19. Find the sum of infinite geometric series: 9 +3 + 1+-°° 22. Change the decimal 0.7 to a common fraction. 


OUP PROJECT 


THE LANGUAGE Overview: This activity will help you review for the final exam. 
OF ALGEBRA Instructions: Form groups of two students. Match each instruction in column | with the most 
appropriate item in column II. Each letter in column II is used only once. 
Column | Column II 
—— |. Useithe FOIL method. a. 2,300,000,000 
—— 2. Apply a rule for exponents to simplify. b. e° 
___ 3. Add the rational expressions. c. fx) = x° + Land g(x) = 5 — 3x 
____ 4. Rationalize the denominator. d. —2x(3x* — 4x + 8) 
__5. Factor completely. oe ae ae 
——_ 6. Evaluate the expression fora = —landb = —6. fe ae y 
a : es terms. Pe = 
i. (Ge ar Byes = 10) = © 
——— 9. Combine like terms. Meee eee 
__— 10. Remove parentheses. or 8x 
__—_ 11. Solve the system by graphing. jo VA 
—— 12. Find f(g(x)). Ke, Wha ae Lbs 
___ 13. Solve using the quadratic formula. |. eee 
V6 - V3 


____ 14. _ Identify the base and the exponent. ae eeeda 


m 

—— 15. Write without a radical symbol. ie (Ce Betis ©, = 3) 
4 

) 


—— _ 16. Write the equation of the line having the given slope and y-intercept. , x One 
____ 17. Solve the inequality. 4x*y 

—_—_ 18. Complete the square to make a perfect-square trinomial. a l6xy 

__—_ 19. Find the slope of the line passing through the given points. q. A(x) = 10° 
—— 20. Use a property of logarithms to simplify. r. log,8 = 3 


2 
—_— 21. Set each factor equal to zero and solve for x. oar and passes through (0, 2) 
—— 22. State the solution of the compound inequality using interval notation. ORGS Soe 
___ 23. Find the inverse function, h” '(x). . 3y° — 243° 


iE 

u 

24. Write using scientific notation. vi aor 7= 0 and —1<—1 
; ae : , w. x — 3x -4=0 

—__— 25. Write the logarithmic statement in exponential form. a ree’, 

y: 

Zz 


. —27a? — 3b° 
~x + 4x 


—_— 26. Find the sum of the first 6 terms of the sequence. 
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CUMULATIVE REVIEW | 
Chapters 1-14 


1. Give the elements of the set {—3, 77, 5.6, V2, 0, —23, e, 7i} 
that belong to each of the following sets. [Section 1.3] 


a. Whole numbers 
b. Rational numbers 
c. Irrational numbers 
d. Real numbers 


2. Solve: 6[x — (2 — x)] = —4(8x + 3) [Section 2.2] 


3. Solve A = 5h(b, + bp) for by. [Section 2.4] 


4. MARTIAL ARTS _ Find the measure of each angle of the 
triangle shown in the illustration. [Section 2.5] 


B_ This angle is 5° 
s more than 5 
times ZC. 


This angle is 5° 
larger than ZB. 


5. FINANCIAL PLANNING Anna has some money to invest. 
Her financial planner tells her that if she can come up with 
$3,000 more, she will qualify for an 11% annual interest rate. 
Otherwise, she will have to invest the money at 7.5% annual 
interest. The financial planner urges her to invest the larger 
amount, because the 11% investment would yield twice as much 
annual income as the 7.5% investment. How much does she 
originally have on hand to invest? [Section 2.6] 

6. BOATING Use the following graph to determine the average 
rate of change in the sound level of the engine of a boat in 
relation to the number of revolutions per minute (rpm) of the 
engine. [Section 3.4] 


Sound vs RPM 


oo 
So 


re) 
Oo 


lon 
Oo 


Sound level (decibels) 


wn 
Oo 


1,600 2,000 2,400 2,800 
RPM 


7. Decide whether the graphs of the equations are parallel or 
perpendicular. [Section 3.5] 


3 
a. 3x Tes 5 


b. y=3x+4, x= —-3y +4 

8. SALVAGE VALUES A truck was purchased for $28,000. Its 
salvage value at the end of 6 years is expected to be $7,600. 
Find the straight-line depreciation equation. [Section 3.6] 


Find an equation of the line with the given properties. Write the 
equation in slope—intercept form. 


9. m = —2, passing through (0, 5) [Section 2.4] 


10. Passing through (8, —5) and (—5, 4) [Section 2.4] 


11. Explain why the graph does not represent 
a function. [Section 3.8] 


12. If f(x) = 3x° — 2x? + 1, find f(—1) and f(a). [Section 3.8] 


PEE i) 


1 
[Section 4.3] 
4x + 5y=7 


13. Use substitution to solve: { 


Aa see = ff =) 


14. Use addition to solve: 10 4. _ 17 [Section 4.3] 


Te — OY = ji 


15. MIXING COFFEE How many pounds of regular coffee 
(selling for $4 per pound) and how many pounds of Brazilian 
coffee (selling for $11.50 per pound) must be combined to get 
40 pounds of a mixture worth $6 per pound? [Section 4.4] 


352 = PSS © 


16. Graph the solution set: { [Section 4.5] 
P< Se ap 2 


Simplify each expression. Write answers using positive exponents. 


5.2\-4 
18. (25) 
6x°y 


[Section 5.2] 


9h; (x? Pyp7y3x7 29 
[Section 5.2] 


19. Write 173,000,000,000,000 and 0.000000046 in scientific 
notation. [Section 5.3] 


20. Write each number in scientific notation and perform the 
indicated operations. Give the answer in scientific notation and 
in standard notation. [Section 5.3] 


(0.00024)(96,000,000) 
(640,000,000)(0.025) 


9 5 1 5 
21. Simplify the polynomial: 7h Tha 3 rt 5 i S| 6 rt 
[Section 5.5] 


22. Find the sum when (3x7 + 4x — 7) is added to the sum of 
(—2x? — Tx + 1) and (—4x? + 8x — 1). [Section 5.5] 


Perform the indicated operations and simplify, if possible. 

23. (—2x°y? + 6xy + Sy’) — (—4x7y3 — Txy + 2’) 
[Section 5.5] 

24. (x — 3y)(x? + 3xy + 9y) [Section 5.6] 

25. (2m> — 7)(3m> — 1) [Section 5.6] 

26. (9ab” — 4)? [Section 5.7] 


Factor the expression completely. 

27. 3x7y = 4x°y? — 6x*y + 8xy" [Section 6.1] 
28. b> — 4b* — 3b + 12 [Section 6.1] 

29. 12y° + 23y + 10 [Section 6.3] 

30. 256x*y* — 2° [Section 6.4] 

31. 271° + u> [Section 6.4] 

32. ab? — 20a°b* + 64b7 [Section 6.6] 


33. Solve: 3x7 + 5x — 2 = 0 [Section 6.7] 
34, Solve: (x + 7)? = —2(x + 7) — 1 [Section 6.7] 


35. Solve: x° + 8x* = 9x [Section 6.7] 

36. PAINTING When it is spread out, a rectangular-shaped 
painting tarp covers an area of 84 square feet. Its length is 1 
foot longer than five times its width. Find its width and length. 
[Section 6.8] 

37. GEOMETRY The longer leg of a right triangle is 2 units 
longer than the shorter leg. If the hypotenuse is 4 units longer 


than the shorter leg, find the lengths of the sides of the triangle. 


[Section 6.8] 

6x? + 13x + 6 
38. Simplify. —.—_—_— [Section 7.1 
Ree 6x? + 5x — 6 ! ] 


Perform the indicated operations and simplify, if possible. 


3 3 2 
- + 
39. = _ irs Z 5 fal z [Section 7.2] 
i eee ie 0 aa Z| 
2 Il 2x 
40. + 


T Section 7.3 
F=Bl ss = Bil t J 


2 3 (ie 
W=2° gtd ge= 


il 
7 [Section 7.4] 
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2 apes 
a 
42. i i [Section 7.5] 
— + aes 
a 
1 Ghar 2 
43. Solve: = 5 [Section 7.6] 
GaP oS shar @® ar ab Tei te id 
44. Sol : ee ae for R. [Section 7.6 
. Vi = T T TEGAN, . 
olve har eee 0 [Section 7.6] 


45. PRINTING PAYCHECKS It takes a printer 6 hours to print 
the payroll checks for all of the employees of a large company. 
A faster printer can print the paychecks in 4 hours. How long 
will it take the two printers working together to print all of the 
paychecks? [Section 7.7] 

46. CAPTURE-RELEASE METHOD To estimate the ground 
squirrel population on his acreage, a farmer trapped, tagged, 
and then released two dozen squirrels. Two weeks later, the 
farmer trapped 31 squirrels and noted that 8 were tagged. Use 
this information to estimate the number of ground squirrels on 
his acreage. [Section 7.8] 


47. Solve: 3(x — 4) + 6 = —2(x + 4) + 5x [Section 8.1] 


48. WORK SCHEDULES A student works two part-time jobs. 
She earns $12 an hour for working at the college book store 
and $22.50 an hour working graveyard shift at an airport. To 
save time for study, she limits her work to 25 hours a week. If 
she enjoys the work at the bookstore more, how many hours 
can she work at the bookstore and still earn at least $450 a 
week? [Section 8.1] 


Give the solution in interval notation and graph the solution set. 


Zu), Sone: alone = I< 10 we 6 = De = I 
[Section 8.2] 


50. Solve: |5 — 3x| — 14 = 0 [Section 8.3] 


51. Use a substitution to factor: 14(x — 1)* — 17(x — 1) — 6 
[Section 8.4] 


AX 
52. Solve for A: =e + 1 = 2d + 3A [Section 8.5] 


53. Factor: x7 + 10x + 25 — 16z* [Section 8.5] 
54. Does x = |y| define a function? [Section 6.8] 


55. Use the graph of function / to find each of the following. 
[Section 8.8] 


a. h(—3) ; 

b. h(4) E 

c. The value(s) of x for which ; h 
A(x) = 1 

d. The value(s) of x for which =) | ali 


A(x) = 0 
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56. Find the domain of the function f(x) = 5. [Section 8.8] 

57. LIGHT The intensity of a light source is inversely 
proportional to the square of the distance from the source. If 
the intensity is 18 lumens at a distance of 4 feet, what is the 
intensity when the distance is 12 feet? [Section 8.9] 

58. Graph: f(x) = \/x + 2. Give the domain and range of the 
function. [Section 9.1] 


—3/2 
59. Evaluate: (3) [Section 9.2] 


60. Simplify: V112a°b° [Section 9.3] 


Simplify each expression. All variables represent positive numbers. 


61. V98 + V8 — V32 [Section 9.3] 

62. 12W/648x* + 3W/81x7 [Section 9.3] 
63. (2V7 + 1)(V7 — 1) [Section 9.4] 
64. 3(V5x — V3)" [Section 9.4] 


Rationalize each denominator. 
3 


W4 3t—1 
65. —— [Section 9.4] 66. ———— [Section 9.4] 
Wb V3t+ 1 


Solve each equation. 


67. 2x = V 16x — 12 [Section 9.5] 
68. W/12m + 4 = 4 [Section 9.5] 
69. Vx+3-— V3 = Vx [Section 9.5] 


70. CHANGING DIAPERS _ The following illustration shows 
how to put a diaper on a baby. If the diaper is a square with 
sides 16 inches long, what is the largest waist size that this 
diaper can wrap around, assuming an overlap of | inch to pin 
the diaper? [Section 9.6] 


71. Express V —25 in terms of i. [Section 9.7] 
72. Simplify: i*” [Section 9.7] 

Write each expression ina + bi form. 

735 (7 91) (— 2 87)) (Sectioni9:7] 


74 etaee Section 9 
"yee oronen BA 


75. Solve: 1? = 24 [Section 10.1] 
76. Solve m* + 10m — 7 = 0 by completing the square. 
[Section 10.1] 


Solve each equation. 

77. 4w? + 6w + 1 = 0 [Section 10.2] 

78. 3x” — 4x = —2 [Section 10.2] 

79, 2(2x + 1)? — 7(2x + 1) + 6 = 0 [Section 10.3] 
80. x* + 19x? + 18 = 0 [Section 10.3] 


81. TIRE WEAR Refer to the graph. [Section 10.4] 


a. What type of function does it appear would model the 
relationship between the inflation of a tire and the percent of 
service it gives? 

b. At what percent(s) of inflation will a tire offer only 90% of 
its possible service? 


Loss of service due 
to overinflation 


\ 


Loss of service due 
to underinflation 


82. Graph f(x) = —6x° — 12x — 8 using the vertex formula. Then 
determine the x- and y-intercepts of the graph. Finally, plot 
several points and complete the graph. [Section 10.4] 


83. Solve x” — 8x < —15. Write the solution set in interval 
notation and graph it. [Section 10.5] 


84. If f(x) =x° — 2 and g(x) = 2x + 1, find (f © g)(x). 
[Section 11.1] 
85. Find the inverse function of f(x) = 2x7 — 1. [Section 11.2] 


il x 
86. Graph f(x) = (3) and give the domain and range of the 
function. [Section 11.3] 


87. 


88. 


Graph f(x) = e* and its inverse on the same coordinate 
system. [Section 11.4] 


POPULATION GROWTH In 2007, the population of 
Mexico was about 109 million and the annual growth rate was 
1.153%. If the growth rate remained the same, what would the 
population of Mexico be 25 years later? [Section 11.4] 


Find x. 
89. log 1,000 = x [Section 11.5] 90. logs 64 = x [Section 11.5] 
91. log; x = —3 [Section 11.5] 92. log, 25 = 2 [Section 11.5] 
1 

93. Ine = x [Section 11.6] 94. In Pie x [Section 11.6] 

95. Find In 0, if possible. [Section 11.6] 

96. Use the properties of logarithms to simplify log, —s 
[Section 11.7] 

97. Write the expression +In x + Iny — Inz asa single 
logarithm. [Section 11.7] 

98. BACTERIA GROWTH The bacteria in a laboratory culture 


increased from an initial population of 200 to 600 in 4 hours. 
How long will it take the population to reach 8,000? 
[Section 11.8] 


Solve each equation. Round to four decimal places when 


necessary. 
99, 5% = —— [Section 11.8 
L 125 [Section 11.8] 
100. 2**? = 3° [Section 11.8] 
101. log x + log(x + 9) = 1 [Section 11.8] 
1 

102. log; x = log; (2) + 4 [Section 11.8] 
bar He = 1 = @ 

103. Solve: {a + c = 8 — 2b [Section 12.2] 
Moar bar C= © 

104. PUPPETS A toy company makes a total of 500 puppets in 


three sizes during a production run. The small puppets cost $5 
to make and sell for $8 each, the standard-size puppets cost 
$10 to make and sell for $16 each, and the super-size puppets 
cost $15 to make and sell for $25 each. The total cost to make 
the puppets is $4,750 and the revenue from their sale is 
$7,700. How many small, standard-size, and super-size 
puppets are made during a production run? [Section 12.3] 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 
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x+t+y=1 
Use matrices to solve the system: { a 
Sear By = =a) 
[Section 12.4] 
Keser i) ae 1 = 
Use Cramer’s rule to solve: { Ct) 
3x + 4y = 0 


[Section 12.5] 


Write the equation of the circle that has its center at (1, —3) 
and a radius of 2. Graph the equation. [Section 13.1] 


Complete the square to write the equation 

y + 4x — 6y = 1 in x = a(y — k)” + h form. Determine 
the vertex and the axis of symmetry of the graph. Then plot 
several points and complete the graph. [Section 13.1] 


Cae ae 
h: } 
ELUNE ee 16 


= 1 [Section 13.2] 


Write the equation in standard form and graph it: 
(x — 2)? — 9y? = 9 [Section 13.3] 


Use the binomial theorem to expand (3a — 5). 
[Section 14.1] 

Find the seventh term of the expansion of (2x — yy 
[Section 14.1] 

a 
10!(12 — 10)! 
Find the 20th term of an arithmetic sequence with a first term 
—11 and a common difference 6. [Section 14.2] 


Evaluate: [Section 14.1] 


Find the sum of the first 20 terms of an arithmetic sequence 
with a first term 6 and a common difference 3. 


[Section 14.2] 
5 


Evaluate: 5) (2k + 1) [Section 14.2] 
k=3 


Find the seventh term of a geometric sequence with a first 
term 4 and a common ratio 3. [Section 14.3] 
BOAT DEPRECIATION How much will a $9,000 boat be 
worth after 9 years if it depreciates 12% per year? 
[Section 14.3] 
Find the sum of the first ten terms of the sequence: 

1 i i : 

64° 32° 16° °° [Section 14.3] 
Find the sum of the infinite series: 9 + 3 +1+-°°: 
[Section 14.3] 
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APPENDIX T 


Roots and Powers 


a 
SOMIDNARWNHE 


Vee Ree ee REE 
SOMIDNBWNE 


NNNNW 
BWNOe 


NNNNN 
COONAN 


ww 
a) 


te WWW WW WW W 
OMI DMABRWLY 


a 
o 


BRR 
BRWNR 


BRHRHHK 
OMNINDN 


wn 
oO 


100 


121 
144 
169 
196 
225 
256 
289 
324 
361 
400 


441 
484 
529 
576 
625 
676 
729 
784 
841 
900 


961 
1,024 
1,089 
1,156 
1,225 
1,296 
1,369 
1,444 
1,521 
1,600 


1,681 
1,764 
1,849 
1,936 
2,025 
2,116 
2,209 
2,304 
2,401 
2,500 


1.000 
1.414 
1.732 
2.000 
2.236 
2.449 
2.646 
2.828 
3.000 
3.162 


3.317 
3.464 
3.606 
3.742 
3.873 
4.000 
4.123 
4.243 
4.359 
4.472 


4.583 
4.690 
4.796 
4.899 
5.000 
5.099 
5.196 
5.292 
5.385 
5.477 


5.568 
5.657 
5.745 
5.831 
5.916 
6.000 
6.083 
6.164 
6.245 
6.325 


6.403 
6.481 
6.557 
6.633 
6.708 
6.782 
6.856 
6.928 
7.000 
7.071 


1 

8 

27 
64 
125 
216 
343 
512 
729 
1,000 


1,331 
1,728 
2,197 
2,744 
3,375 
4,096 
4,913 
5,832 
6,859 
8,000 


9,261 
10,648 
12,167 
13,824 
15,625 
17,576 
19,683 
21,952 
24,389 
27,000 


29,791 
32,768 
35,937 
39,304 
42,875 
46,656 
50,653 
54,872 
59,319 
64,000 


68,921 
74,088 
79,507 
85,184 
91,125 
97,336 
103,823 
110,592 
117,649 
125,000 


1.000 
1.260 
1.442 
1.587 
1.710 
1.817 
1.913 
2.000 
2.080 
2.154 


2.224 
2.289 
2.351 
2.410 
2.466 
2.520 
2.571 
2.621 
2.668 
2.714 


2.759 
2.802 
2.844 
2.884 
2.924 
2.962 
3.000 
3.037 
3.072 
3.107 


3.141 
3.175 
3.208 
3.240 
3.271 
3.302 
3.332 
3.362 
3.391 
3.420 


3.448 
3.476 
3.503 
3.530 
3.557 
3.583 
3.609 
3.634 
3.659 
3.684 


51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


61 
62 
63 
64 
65 
66 
67 
68 
69 
70 


71 
72 
73 
74 
75 
76 
77 
78 
79 
80 


81 
82 
83 
84 
85 
86 
87 
88 
89 
90 


91 
92 
93 
94 
95 
96 
97 
98 
99 
100 


2,601 
2,704 
2,809 
2,916 
3,025 
3,136 
3,249 
3,364 
3,481 
3,600 


3,721 
3,844 
3,969 
4,096 
4,225 
4,356 
4,489 
4,624 
4,761 
4,900 


5,041 
5,184 
5,329 
5,476 
5,625 
5,776 
5,929 
6,084 
6,241 
6,400 


6,561 
6,724 
6,889 
7,056 
7,225 
7,396 
7,569 
7,744 
7,921 
8,100 


8,281 
8,464 
8,649 
8,836 
9,025 
9,216 
9,409 
9,604 
9,801 

10,000 


7141 
7.211 
7.280 
7.348 
7416 
7.483 
7.550 
7.616 
7.681 
7.746 


7.810 
7.874 
7.937 
8.000 
8.062 
8.124 
8.185 
8.246 
8.307 
8.367 


8.426 
8.485 
8.544 
8.602 
8.660 
8.718 
8.775 
8.832 
8.888 
8.944 


9.000 
9.055 
9.110 
9.165 
9.220 
9.274 
9.327 
9.381 
9.434 
9.487 


9.539 
9.592 
9.644 
9.695 
9.747 
9.798 
9.849 
9.899 
9.950 
10.000 


132,651 
140,608 
148,877 
157,464 
166,375 
175,616 
185,193 
195,112 
205,379 
216,000 


226,981 
238,328 
250,047 
262,144 
274,625 
287,496 
300,763 
314,432 
328,509 
343,000 


357,911 
373,248 
389,017 
405,224 
421,875 
438,976 
456,533 
474,552 
493,039 
512,000 


531,441 
551,368 
571,787 
592,704 
614,125 
636,056 
658,503 
681,472 
704,969 
729,000 


753,571 
778,688 
804,357 
830,584 
857,375 
884,736 
912,673 
941,192 
970,299 
1,000,000 


3.708 
3.733 
3.756 
3.780 
3.803 
3.826 
3.849 
3.871 
3.893 
3.915 


3.936 
3.958 
3.979 
4.000 
4.021 
4.041 
4.062 
4.082 
4.102 
4.121 


4.141 
4.160 
4.179 
4.198 
4.217 
4.236 
4.254 
4.273 
4.291 
4.309 


4.327 
4.344 
4.362 
4.380 
4.397 
4.414 
4.431 
4.448 
4.465 
4.481 


4.498 
4.514 
4.531 
4.547 
4.563 
4.579 
4.595 
4.610 
4.626 
4.642 


appenpix 2 
Synthetic Division 


The Language of Algebra 


Synthetic means devised to 

imitate something natural. You've 
probably heard of synthetic fuels or 
synthetic fibers. Synthetic division 
imitates the long division process. 


A-2 


@ Synthetic division 
® The remainder theorem 
© The factor theorem 


We have discussed how to divide polynomials by polynomials using a long division process. 
We will now discuss a shortcut method, called synthetic division, that we can use to divide a 
polynomial by a binomial of the form x — k. 


Synthetic Division. 


To see how synthetic division works, we consider (4x* — 5x” — 11x + 20) + (x — 2). On 
the left below is the long division, and on the right is the same division with the variables and 
their exponents removed. The various powers of x can be remembered without actually 
writing them, because the exponents of the terms in the divisor, dividend, and quotient were 
written in descending order. 


4x? + 3x — 5 4 3-5 

x — 2)4x* — 5x7 — 11x + 20 1=3)4—5=11 20 

4x° — 8x? 4-8 

3x? — 11x 3-11 
3x7 — 6x 3- 6 

—5x + 20 -5 20 

—5x + 10 -5 10 

10 (remainder) 10 (remainder) 


The numbers printed in color need not be written, because they are duplicates of the 
numbers above them. Thus, we can write the division in the form shown below on the left. We 
can shorten the process further by compressing the work vertically and eliminating the | (the 
coefficient of x in the divisor) as shown below on the right. 


4 3-5 4 3 -5 
1-2)4-5-11 20 —2)4 -5 —11 20 
_-8 -8 -6 10 
3 3 —-5 10 
_—6 
—5 
10 
10 


The Language of Algebra 
Synthetic division is used to divide 
a polynomial by a binomial of the 
form x — k. We call k the 
synthetic divisor. In this example, 
we are dividing by x — 2, sok is 2. 


Since we are dividing the 
polynomial by x — 5, the 
synthetic divisor is 5. 


Success Tip 
In his process, numbers below the 
line are multiplied by the synthetic 
divisor and that product is carried 
above the line to the next column. 
Numbers above the horizontal line 
are added. 
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If we write the 4 in the quotient on the bottom line, that line gives the coefficients of the quo- 
tient and the remainder. If we eliminate the top line, the division appears as follows: 


-2| 4 -5 -1l1 20 
-8 -6 10 
4 3 -5 10 


The bottom line was obtained by subtracting the middle line from the top line. If we replace 

the —2 in the divisor by 2, the division process will reverse the signs of every entry in the 

middle line, and then the bottom line can be obtained by addition. This gives the final form of 
the synthetic division. 

2/4. =6§. =f1 20 

8 6 —10 

4 3: §=5 10 


Lf J J | 


These are the coefficients of the dividend. 


These are the coefficients of the quotient and the remainder. 


10 
Ax? + 3x — 5+ 5 Read the result from the bottom row. 
— 
Thus, 
4x? — 5x? — 11x + 20 10 
see = 477 +3x-—54 
x—2 y= 
EXAM PLE 1 ] Use synthetic division to find (6x? + 5x — 2) + (x — 5). 
Solution We write the coefficients in the dividend and the 5 in the divisor in the follow- 
ing form: 
—s 2 | 6 5 —2<—This represents the dividend 6x* + 5x — 2. 


Then we follow these steps: 


5| 6 5 —2 Begin by bringing down the 6. 
| 
6 
5| 6 5 —2 Multiply 5 by 6 to get 30. 
30 
\ 
5| 6 5 -2 Add5 and 30 to get 35. 
30 
6 35 
5| 6 5 —2_ Multiply 35 by 5 to get 175. 
30 175 
6 35 
5| 6 5 -2 Add —2and 175 to get 173. 
30 eS 
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This represents division 
by x + 2. 


Notation 
Because the remainder is 
negative, we can also write the 
result as 
=the 


6x7 — 7x + 10 + —— 
¥ +2 


The numbers 6 and 35 represent the quotient 6x + 35, and 173 is the remainder. Thus, 


24+ 5x —2 1 
ee ee 
=D E= Dd 


a Self Check 1 j Divide 5x* — 4x + 2 by x — 3. 


| 
EXAMPLE 2 Use synthetic division to find =a 
= 


Solution We begin by writing 


3| 1 1 0 -1 Write O for the coefficient of x, the missing term. 


and complete the division as follows. 


3,1 @ Oo -1 3} 1 1 OQ -1 3,11 O fa 
\ 3 3 Ie 3 12 _36 
~a 
1 4 1 4 12 1 4°12" 35 
Multiply, then add. Multiply, then add. Multiply, then add. 
Thus, 
34524 
4a 
x=3 x= 3 


ta Self Check 2 j Use synthetic division to find ———es 


EXAMPLE 3 __ Use synthetic division to divide 5x? + 6x? + 2 — 4x byx 4 2. 


Solution — First, we write the dividend with the exponents in descending order. 
6x? + 5x7 — 4x + 2 


Then we write the divisor in x — k form: x — (—2). Thus, k = —2. Using synthetic divi- 
sion, we begin by writing 


—2| 6 5 —4 2, 


and complete the division. 


=2| 6 5 —4 2 


—-12 14 —20 
6 =] 10 -—18 The remainder is negative. 
Thus, 
i ie = 18 
7 * = 6x? — 7x + 10- 


x2 x+2 


Remainder 
Theorem 


Notation 
Naming the function with the 
letter P, instead of f, stresses that 
we are working with a polynomial 
function. 


Success Tip 
It is often easier to find P(k) by 
using synthetic division than by 
substituting & for x in P(x). This is 
especially true if & is a decimal. 
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a Self Check 3 dj Divide 2x — 4x7 + 3x? — 3 byx + 1. 


The Remainder Theorem. 


Synthetic division is important because of the remainder theorem. 


If a polynomial P(x) is divided by x — k, the remainder is P(A). 


It follows from the remainder theorem that we can evaluate polynomials using synthetic 
division. We illustrate this in the following example. 


EXAMPLE4 — Let P(x) = 2x° — 3x7 — 2x + 1. Find a. P(3) and b. the 


remainder when P(x) is divided by x — 3. 


Solution 
a. To find P(3) we evaluate the function for x = 3. 
P(3) = 2(3)° — 3(3)? — 23) + 1 Substitute 3 for x. 
= 2(27) — 39) -6+1 
=54—-27-6+1 
= 22 
Thus, P(3) = 22. 
b. We can use synthetic division to find the remainder when P(x) is divided by x — 3. 


3,2 -3 -2 1 Px) =2°-3? - 2x41 
6 9 21 
2 3 7 2 


Thus, the remainder is 22. 


The same results in parts a and b show that rather than substituting 3 for x in 
P(x) = 2x? — 3x* — 2x + 1, we can divide 2x* — 3x? — 2x + 1 by x — 3 to find P(3). 


a Self Check 4 ,| Let P(x) = 5x° — 3x7 +x+6.Find a. P(1) and b. use 
synthetic division to find the remainder when P(x) is divided 
byza = le 


The Factor Theorem. 


If two quantities are multiplied, each is called a factor of the product. Thus, x — 2 is a factor 
of 6x — 12, because 6(x — 2) = 6x — 12. A theorem, called the factor theorem, tells us how 
to find one factor of a polynomial if the remainder of a certain division is 0. 
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Factor Theorem 


The Language of Algebra 
The phrase if and only if in the 
factor theorem means: 


If P(2) = 0, then x — 2 
is a factor of P(x) 


and 


Ifx — 2 is a factor of 
P(x), then P(2) = 0. 


If P(x) is a polynomial in x, then 


P(k) =0 ifandonlyif x — kisa factor of P(x) 


If P(x) is a polynomial in x and if P(A) = 0, k is called a zero of the polynomial 
function. 


EXAMPLE5 Let P(x) = 3x° — 5x? + 3x — 10. Show that a. P(2) = 0 
and b. x — 2 isa factor of P(x). 


Solution 
a. We can use the remainder theorem to evaluate P(2) by dividing P(x) by x — 2. 
2/3 =-3 3 -10 A= ar =o 4 Sx— 10 
6 2 10 
3 1 5 0 
The remainder in this division is 0. By the remainder theorem, the remainder is P(2). 
Thus, P(2) = 0, and 2 is a zero of the polynomial. 


b. Because the remainder is 0, the numbers 3, 1, and 5 in the synthetic division in part a 
represent the quotient 3x” + x + 5. Thus, 


(x—2) + (Gx? +x+5) + 0 = 3x? — 5x7 + 3x — 10 

ee eee ee eee —— 

Divisor - quotient + remainder = the dividend, P(x) 
or 


(x — 2)(3x7 + x + 5) = 3x? — 5x7 + 3x — 10 


Thus, x — 2 isa factor of 3x° — 5x* + 3x — 10. 


a Self Check 5 j Let P(x) = x? — 4x7 + x + 6. Show that x + 1 is a factor of 


P(x) using synthetic division. 


The result in Example 5 is true, because the remainder, P(2), is 0. If the remainder had 
not been 0, then x — 2 would not have been a factor of P(x). 


ee | 1 Set 1+ 85 2x? + 4x4 19-45 


3. 3x7 — Ix $9 — = a 4.9 5. Since P(—1) = 0,x + 1 isa factor of P(x). 
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VOCABULARY 
Fill in the blanks. 
1. The method of dividing x* + 2x — 9 by x — 4 shown below is 
called division. 
4| 1 2 -9 
4 24 
1 6 15 
2. Synthetic division is used to divide a polynomial by a 
___siof the form x — k. 
3. In Exercise 1, the synthetic is 4. 
4. By the theorem, if a polynomial P(x) is divided by 
x — k, the remainder is P(A). 
5. The factor tells us how to find one factor of a 
polynomial if the remainder of a certain division is 0. 
6. If P(x) is a polynomial and if P(A) = 0, then k is called a 
of the polynomial. 
CONCEPTS 
7. a. What division is represented below? 
b. What is the answer? 
=2| 5 OL, =3 
—10 20 —42 
5 -10 21 —45 
Fill in the blanks. 
8. In the synthetic division process, numbers below the line are 
by the synthetic divisor and that product is carried 
above the line to the next column. Numbers above the 
horizontal line are 
9. Rather than substituting 8 for x in P(x) = 6x? — x* — 17x + 9, 
we can divide the polynomial by to 
find P(8). 
10. For P(x) = x° — 4x? + x + 6, suppose we know that P(3) = 0. 


Then is a factor of x° — 4x7 +x +6. 


NOTATION 


Complete each synthetic division. 


11. 


Divide 6x* + x” — 23x + 2 by x — 2. 
Bl 6 =33° 2 


13 3 


12. Divide 2x* — 4x* — 25x 4 


—_|2 -4 


15 by x + 3. 


15 


GUIDED PRACTICE 


Use synthetic division to perform each division. 


xvt+x-2 
13... _ —— 
x—-1 
x —Tx +12 
15. ———_—_—_ 
x—4 
x +84 6x 
x+4 


17. 


x? — 5x + 14 


19. 
x+2 


3x3 — 10x? + 5x — 6 


x +x—-6 


14, 
x=2 


x? — 15 — 2x 
x+3 


18. 


x? + 13x + 42 


20. 
: x+6 


2x3 — 9x7 + 10x — 3 


21. 22. 
x= 3 w= .3 
2x3 — = Ae = [ 2: 
a2 77 elie 
x= 2 x+2 
5x7 +44 6x? 4-—3x?7 +x 
25. ———___ 26. 
x+1 x—-4 
P+e+rt+2 m—n’—m-—1 
27. 28. 
t+ 1 m—1 
S 4 
-1 — 81 
29, = sq, — 
a-—l1 b:=3 
i 5x° + Ax* + 30x? + 2x7 + 20x + 3 
. 5 re 
3 6c + 14ct + 38c3 + 4c? + 25c — 36 
° c—4 
P—4P 426-1 3 4 3¢@? — 21a — 
33. 8 34, 9a 3a a-—7 
1 1 
cs at 
2 3 
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55: x? — 3° — 56x7 — 2x + 16 46 x? — 9x3 +x? — Tx — 20 


x= 8 x-9 


Use a calculator and synthetic division to perform each 
division. 


72x? — 2.1x + 0.5 
, x — 0.2 
2.707 +x —- 52 

© oe aml Oa 

9x? — 25 

x + 57 
0.5x7 + x 

x-23 


39. 
40. 


Let P(x) = 2x° — 4x” + 2x — 1. Evaluate P(x) by substituting the 
given value of x into the polynomial and simplifying. Then 
evaluate the polynomial by using the remainder theorem and 
synthetic division. 


41. P(1) 42. P(2) 
43. P(—2) 44, P(—1) 
45. P(3) 46. P(—4) 
47. P(0) 48. P(4) 


Let O(x) = x* — 3x° + 2x? + x — 3. Evaluate Q(x) by 
substituting the given value of x into the polynomial and 
simplifying. Then evaluate the polynomial by using the remainder 
theorem and synthetic division. 


49. O(-1) 50. O(1) 

51. O(2) 52. O(—2) 

53. O(3) 54. O(0) 

55. O(—3) 56. O(—4) 

Use the remainder theorem and synthetic division to find P(k). 
57. Px) =x — 4x7 +x -23k =2 

58. P(x) =x — 3x7 +x 4+ 1k =1 


59. P(x) =2e +x 4+2;k =3 
60. P(x) =x t+x°+1;k=-2 


61. P(x) = x4 - 20° + x? 
62. P(x) =x° + 3x4 — x? 


63. P(x) =3x° + k= 


64. P(x) = 5x’ — Txt +27 + 1p k =2 


Use the factor theorem and determine whether the first expression 
is a factor of P(x). 
65. x — 3; P(x) = x° — 3x* + Sx — 15 
66. x + 1; P(x) =x° + 2x? — 2x -3 
(Hint: Write x + 1 as x — (—1).) 
67. x + 2; P(x) =3x° — 7x +4 
(Hint: Write x + 2 as x — (—2).) 
68. x; P(x) = 7x? — 5x” — 8x 
(Hint: x = x — 0.) 


WRITING 


69. When dividing a polynomial by a binomial of the form x — k, 
synthetic division is considered to be faster than long division. 
Explain why. 

70. Let P(x) = x* — 6x? — 9x + 4. You now know two ways to find 
P(6). What are they? Which method do you prefer? 

71. Explain the factor theorem. 

72. What is a zero of a polynomial function? 


REVIEW 
Evaluate each expression for x = —3, y = —5, andz = 0. 
73. x°2(y° — z) 74. |p -2| 
x-y 2y+ 1 
—— 


DBD — 
2y-1l+x 


76 


CHALLENGE PROBLEMS 


Suppose that 
P(x) = x10 = 9 + PR OTH tHE 


77. Find the remainder when P(x) is divided by x — 1. 
78. Find the remainder when P(x) is divided by x + 1. 


APPENDIX 3 
Answers to Selected Exercises 


Study Set Section 1.1 (page 8) 


1. sum, difference, product, quotient 3. constant 5. equation 
7. horizontal 9. a. Equation ob. Algebraic Expression 
11. a. Algebraic Expression _b. Equation 


13. Addition, multiplication, division; t 


15. A 17. is, not, equal, to 
1207 19. 5-6,5(6) 21. 4x 
100+ 23. 2w 25.2 27. 2 
aaah 29. 300 31. 15-year-old 
P 607 machinery is worth $35,000. 
407 33. The product of 8 and 2 
207 equals 16. 
Lop yy 35. The difference of 11 and 
os 2 ae oe 9 equals 2. 
Hours Worked 37. The sum of x and 2 
equals 10. 


39. The quotient of 66 and 11 equals6. 41. p = 100 —d 


43.7d=h 45.s=3c 47.w=e+1,200 49. p=r— 600 
51. =m 53. 390,400,405 55. 1,300; 1,200; 1,100 
Beis 59: 2e 


61. 90, 75, 60, 45, 30, 15, 0 
90 


75 
60 
45 
30 
15 


Measure angle 2 (degrees) 


0 
0 15 30 45 60 75 90 
Measure angle | (degrees) 


Study Set Section 1.2 (page 22) 


1. multiplied 3. prime-factored 5. equivalent 


a:d atb 
dine & 


7. least orlowest 9%a.1 bea 5-9 


£2>* That bi Was] boi 
15.3+5+5  17,.2+2+7 19.3+3+3+3 21.3-3-13 


5 21 
7.% 29.5 31.4 


d 
3 

23, 2°2+5-11 25. 2°3-11-19 
4 


2 3 24 35 35 1 6 
33.5 35.5 37. 39.2 4 4. (45.8 
47.3 49. Lowestterms 51.5 53.55 55.$ 57.3 

5 22 41 3 7 
59.5, 61.4, 63.9; 65.55 67.24 694 71.4 


7 2. 5 19 19 
73.5, 75.325 77.2; 79.3 81.54, 83. 42 


3 1 14 8 3 9 
8570: 87.13; 69.5 81S 98.2 Oh 7 
3 9 1 Ts 3h 
99. 10 101. ly 103. 7 105. a. 32 In. b. 32 In. 
107. 5; 1b 109. 405 in. 115. 150, 180 


Study Set Section 1.3 (page 32) 
1. whole 
9. irrational 


3. integers 5. Negatives; positives 7. rational 


11. real =13. a. —$15 million 
15. a. —20 b.3 17. —14and —4 
21. is, approximately, equal,to 23. Greek 


5. 50s 
b. 7¢ in. or +7¢ in. 


19. square, root 
25. —4, —5 


Real 
Irrational v |v 
Rational |W |W} v |W] vo v 
Integer Viv| Vv 
Whole V\Vv 
Natural | 4 
29. True 31. False 33. True 35. True 37. > 39. > 
41..< 43. > 45.< 47. > 49. 0.625 51. 0.03 
53. 0.016 55. 0.42 
a: -B ig 15 0.333... V2 34.25 


5 4 3 2-1 0 1 2 3 4 =5 


59. 

5 4 3 2-1 0 1 2 3 4 °5 
61. 83 63. ; 65. 11 67.6.1 69 > 
71..6< 732.= = W< 79. > 


81. Natural, whole, integers: 9; rational: 9, iz, 35, 1.765; irrational: 


2a, 377, V 89; real: all 83. Arrow 1; | — 6| > |5| 
85. a. 2000; —$81 billion  b. 1990; —$40 billion 93. : 


95. 25 

Study Set Section 1.4 (page 41) 

1. sum 3. commutative, associative 5.a.6 b. —9.2 

7. a. Negative b. Positive 9. a.1+(—5) b. —80.5 + 15 
c. 20+4 d.3+2.1 11. Step 1: Commutative Property of 


Addition; Step 2: Associative Property of Addition 


A-9 
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B.axty=ytx batytz=x+(ytz) 15. -9 
17 7 

7, -17 19. -74 21. -10.3 23, -22 25. -Z 27. -3 

29.39 31.0 332.25 35.-4 37.4 39. 16 

41. -15 43. -21 45. -26 47. 0.67 49. 195 51. 215 

53. -—112 55. 13 57.154 59.9 61. —-5 63. 1 

65. —1.7 67.70 69. -6.6 71. -} 73. -14 75.0 

77. -22.1 79. 2,167 81.68 83. -43 85. -0.9 

87. 2,150m 89. Woods: —18, Kite: —6, Tolles: —5, Watson: —4 

91. 1,242.86 93. —$99,650,000 95. —1,3 

97. 79 feet above sea level 99. —$23.2 million 

103. True 105. —9and3 


Study Set Section 1.5 (page 49) 
5.a.-12 by «271 
9. No;7 + (—8) # 15 


1. Subtraction 3. range 
d.0 7a.8 b. —8 


Wa 1-(-7)=8 b.-(-2)=2 « -|-3| =-3 
d.2-6=-4 13.55 5.x 17-25 19. -% 
21.-3 23. -13 25.-10 27.11 29-6 31.1 
33.2 35.40 37.5 39-69 41. -88 43. 12 

45. -1.1 47. -3.5 49-231 51.-3 53. -% 

55. 7 57.22 59-25 61-11 63. -50 65. -7 
67.-1 69.256 71.0 73. -2.1 75.3% 77.3 

79. -47.5 81.149 83. -171 85. 4.63 87. —73 

89. 160°F 91.21 93. Orlando: —40,000; LaGuardia: 37,000 
95. 1,030 ft 97. a. iii b. —$116.1 billion 


99. —68, —78,-147  105.2-3-5 107. True 


Study Set Section 1.6 (page 59) 


1. product, quotient 3. associative 5. a. positive b. negative 


7. a, -3,3,-9 b.0,8,0 S%aag b1 «0 

d. Undefined 1. a. 8+5  b.(-2-6)9 «at dl 

13. a. NEG b. Not possible to tell c. POS d. NEG 

15. —4(-5)=20 17.-4 19-16 21. -60 23. —66 
25. -0.48 27.-; 29.7 31.54 33.9 35. —441 
37.2.4 39.35 41.0 43.66 45.720 47. -861 
49.-216 51.16 53.41 55. —-i;1 57.10 59.3 
61. -4 63.-17 65.-1 67.1 69.-9 71. —0.005 
73.0 75. Undefined 77.-5 79. 81. -4.7 

83. —520 85. 57 87. -11 89.1; 91. 30.24 93. -3 
95. 3, 97. 30.3 99.32 101. -67 103.6 105. $8,000 
107. —72° 109. a. ii =b. 361b 111. —51°F 

113. —$1,100, —$400, -$1,100 115. a. 5,-10 b. 2.5, -5 
c. 7.5,-15 d.10,-20 121. —5 123. 1.083 

Study Set Section 1.7 (page 71) 

1. base, exponent, power 3. exponent 5. order 

7. a. Subtraction b. Division c. Addition d. Power 


9. a. Parentheses, brackets, braces, absolute value symbols, fraction bar 
b. Innermost: parentheses; outermost: brackets 11. a. —5  b. 5 
13. 3,9,27,54,-73 15.8 17. 77127) 19. x° 21. rs? 
23. 49 25.216 27. 625 ! s 


29. 0.01 31. —Gq 33. 97 
35. 36,-36 37. 64,-64 39. -17 41.30 43. 43 


45.8 47. —34 49. -118 51. 86 53. -8 55. —44 
57.0 59. —148 61. 100 63. —32 65.53 67. —86 
69. -392 71.3 73. -19 75.5 77.0 79. -§ 

81. 13 83. —-8 85. —-31 87.11 89.1 91. —500 

93. —376 95.12 97.39 99. Undefined 101. —110 
103. —54 = 105. 7 107. 10 109. —1 

111. 2? square units, 37 square units, 47 square units 

113. About6 115. a. $11,875 b. $95 117. 81 in. 

123. —17, —5 

Study Set Section 1.8 (page 82) 

1. expressions 3. terms 5. coefficient 7. 7, 14,21, 7w 

9. (12 —h)in. 11. (x + 20) ounces 13. a. b— 15 

bp +15 15. 5,25,45 17. a. 8y b. 2cd ~~ c. Commutative 
19.a.4 b.3,11,-1,9 21. Term 23. Factor 25./+ 15 
27. 50x 29.7 31. P+ op 33. k° — 2,005 35. 2a — 1 
37, 10 39. 2p +90 41. 335 +h +300) 43. p — 680 
45.4d—15 47. 2(200+ 1 49 |a-—2| 51. 0.1d or pd 


53. Three-fourths ofr 55. 50 less than ¢ 

57. The product of x, y,andz 59. Twice m, increased by 5 

61. (x + 2)in. 63. (36—x)in. 65. 60h 67. bs 69. $8x 
71. 49x¢ 73. $2t = 75. $25(x + 2) 77.2 79.13 81. 20 
83. —12 85. —5_ 87. -! 89. 17 91. 36 93. 255 
95.8 97. —1,-2,-—28 99. 41,11,2 101. 150, —450 
103. 0,0,5 105. a. Let x = weight of the Element, 2x — 340 = 
weight of the Hummer b. 6,4001lb = 107. a. Let x = age of 
Apple; x + 80 = age of IBM; x — 9 = age of Dell 


b. IBM: 112; Dell: 23. 113. 60-115. & 

Study Set Section 1.9 (page 93) 

1. simplify 3. distributive 5. like 7. a. 4,9, 36 

b. Associative Property of Multiplication 9.a.+ b- «a — 
d.+ 11. a. 10x  b. Can’t be simplified c¢. —42x 

d. Can’t be simplified e. 18x f. 3x +5 13. a. 6(h — 4) 

b. —-(¢ +16) 15. 12f 17. 63m 19. —35q 21. 300¢ 

23. 11.2x 25. 60c 27. —96m 29. g 31. 5x 33. 6y 

35. 5x +15 37. -12x—27 39.9x+10 41. 0.4x — 1.6 
43. 36¢ — 42 45. —78c +18 47. 30+ 90 49. 4a — 1 

51. 24+ 16 53. 2w—-4 55. S56y + 32 

57. 50a — 75b +25 59. -x +7 61. 5.6y—7 63. 3x, —2x 
65. —3m*,—m> 67. 10x. 69.0 71. 2067 73. r = 75. 28y 
77. -s3 79. -3.6c 81. 0.4r 83. 21 85. —3x 

87. —6y-— 10 89. —2x +5 91. 9m? + 6m — 4 

93. 4x7 -— 3x +9 95. 72-15 97. 57-12 99. —4Ir + 130 
101. 8k —9 103. 120 +34 105. -10r 107. —20r 

109. 3a «6-111. 9-16 «113. —6x «115. c — 13 

117. a°—8 119. 12x 121. (4x + 8) ft 125. 2 


Chapter 1 Review (page 96) 
1. Lhr; 100 cars 2. 100 
5. The difference of 15 and 3 equals 12. 
6. The sum of 15 and 3 equals 18. 

7. The quotient of 15 and 3 equals 5. 
8 

b 


3. 7PM. 4. 12 A.M. (midnight) 


. The product of 15 and 3 equals 45. 
.2 10a. 8b b. Prt 


9. a. 4-9; 4(9) 
11. a. Equation 


b. Expression 12. 10, 15,25 
vary) b, 2+ 2+ 6 (Answers may vary) 


13. a. 2+ 12,3 - 8 (Answers may 
c. 1, 2,3, 4, 6, 8, 12, 24 


14, Equivalent 15.2-3° 163-7 17.5-7-11 
18. Prime 19.5 20.5 21.4% 22,°% 23.90 24. 210 


7 5 16 1 2 59 
Big Ug 2g 23, 2S Bg Be 


32. {5 33. 525 million 34. 57 in. 35. a. 0 

b. {...,-2,-1,0,12,...} 36. -206f 37a. < 
b> 38a74 bE 39.0004 40. 0.772 

si -4 2 0.333... ¢V2 ow 3.75 


5 4 3 2-10 412 3 4 =«5 
42. Natural: 8; whole: 0, 8; integers: 0, —12, 8; rational: 4, 99.99, 0, 
—12, 4h, 0.666... , 8; irrational: V2: real: all 
43. False 44. False 45. True 46. True 47. > 48 < 


49. -82 50.12 51. -7 52.0 53. -11 54. -123 


55. =, 56. 11 57. a. Commutative Property of Addition 


b. Associative Property of Addition 
Opposites (Inverse Property of Addition) 


c. Addition Property of 
d. Addition Property of 0 


(Identity Property of Addition) 58. 118°F 59a. —-10  b. 3 
60.a 7 b.-4 61.-19 62. -i2 63.5 64.5.7 
65. -10 66. —29 67. 65,233 ft; 65,233 + (—36,205) = 29,028 


68. 428 B.c.; (—428); —428 + 81 = -347 69. -—56 70. 1 


2 


71.12 72. -12 73. 636 74. -2 75. —js 76. 0 
77. High: 3, low: —4.5 78. a. Associative Property of 
Multiplication b. Commutative Property of Multiplication 


c. Multiplication Property of 1 (Identity Property of Multiplication) 


d. Inverse Property of Multiplication 79. —1 80. -17 81. 3 
82. —£ 83. Undefined 84. —4.5 85. 0, 18,0 86. —$360 
87.2. 8° b. 977? 88. a. 81 be - 32d. 50 
89.17 90. -36 91. -169 92.23 93. -420 94. —7 
95. 113 96. Undefined 97. a. (-9 =81 b. -9? = -81 
98. $20 99.a3 b.1 100. a. 16,-5,25 b. 4,1 
101A +25 102, 35-15 103. 54-6 

104. |2-—a°| 105. (n+4)in. 106. (b-—4)in. 107. 10d 
108. (x — 5) years 109. 30,10d 110. 0,19,-16 111. 40 
112. -36 113. —28w 114. 24x «115. 2.08f =: 116. r 

117. 5x +15 118 -2x-3+y 119. 3c - 6 

120. 12.6c + 29.4 121. 9 122. —7m 123. 4n 

124. —p—18 125. 0.1k* 126. 8a°— 1 = 127. w 

128. 4h — 15 129. (4x +4)ft 130.ax b. —x 

c« 4x +1 d4x-1 


Chapter 1 Test (page 105) 
1. a. equivalent 
e. undefined 


b. product c. reciprocal  d. like, terms 
2. a. $24 b. Shr 3. 3, 20,70 


4.2+2+3+3-5=27-37-5 5.2 63=15 722 8 6H 
9. $3.57 10. 0.83 
as 375-3 -1; 05 2 5 
- -4 -3 2 -1 O 1 2 3 4 #5 
12. a. True b. False oc. True’ d. True’ 13. A real number is 


any number that is either a rational or an irrational number. 


APPENDIX 3 Answers to Selected Exercises A-11 


MW4a> b< a< a> 
15. A gain of 0.6 of a rating point 


b. -6+(-4)=—10 19. a 14 
20. —30 21. —244 22.0 23. —i55 


26. 50 27. 14 28. a. Associative Property of Addition 

b. The Distributive Property — c. Commutative Property of 
Multiplication d. Inverse Property of Multiplication 

e. Identity Property of Addition 29. a. 9°  b. 3x*z?_ 30. 170 
31. -12 32. —100 33. —351 34.36 35. 4,17, —59 
36.2w-7 37.a.x-—2 Db. 25q¢ 38. 3;5 39. —20x 
40. 2244 41. -4a+4 42. —5.9d? 43. 14x + 3 

44. (18x + 6) ft 


16.-2 17.3 18a. -6 
b. 14(—9) = —126 
or 24.0 25. -3 


Study Set Section 2.1 (page 117) 
1. equation 3. solve 5. equivalent 7. a.x+6 _ Db. Neither 
c. No d. Yes S% acc bec ax by at 


d.h 13. 5,5, 50,50, 2, 45,50 15. a. Is possibly equal to 


b. Yes 17. No 19. No 21. No 23. No 25. Yes 
27. No 29. No 31. Yes 33. Yes 35. Yes 37. 71 
39.18 41. -09 43.3 45.$ 47.3 49. —3; 
51-23 53.45 55.0 57.21 59-264 61. 20 
63.15 65.-6 67.4 694 71.7 73.1 75. -6 
77.20 79.0.5 81. -18 83. -4 85.13 87.2.5 
go. -§ 91.55 93.4 95. -5 97. —200 99. 95 
101. 65° 103. $6,000,000 109.0 111. 45 — x 


Study Set Section 2.2 (page 127) 
1. equation 3. identity 
7. a. —2x — 8 = —24 


5. subtraction, multiplication 
b. —-20=3x-16 9%a. 12x b. 2x 


11.10 13. +7, +7,2,2, 14,4, 28,21,14 15.6 17.5 
19. -7 21.18 23.16 25.12 27.2 29.-3 31.5 
33. —0.25 35.2.9 37. -4 39. u 41. —-1 43. —6 
45. 0.04 47. -6 49. -11 51.7 53. -I1 55.1 
57.5 593 61.-20 63.6 65. 67.-% 

69. 71.5 73. 200 75. 1,000 77. 200 79. 3 

81. —1 83.1 85. 80 87. All real numbers 

89. No solution 91. Nosolution 93. All real numbers 

95. 7 97.30 99. —11 101. Nosolution 103. 1 

105. 3 107. —6 109. —5 115. Commutative Property of 
Multiplication 117. Associative Property of Addition 


Study Set Section 2.3 (page 135) 
51 


1. Percent 3. multiplication,is 5. 700° 9-51,51% 7. a. 2,449 
b. 2,449, what, 14,792 9.a.12=040-x b. 99=x- 200 

c x =0.66°3 11. a.035 b. 0.085 «1.5  d. 0.0275 

13. 312) «15. 26% 17.300 19. 46.2 21.25% 23. 1,464 
25. 0.48 0z 27. a. $925billion b. $600 billion 29. $10.45 
31. $24.20 33. 60%,40% 35.19% 37. No (66%) 

39. 120 41. a.59;25% b. 20g 43. 2000-2001, about 9% 
45.12% 47.3% 49. $75 51. $300 53. $95,000 

55. $25,600 61.2 =22 63. No 


A-12 APPENDIX 3 Answers to Selected Exercises 

Study Set Section 2.4 (page 147) 

1. formula 3. volume 5.a.d=r7rt ber=ctm 

«ce p=r-c d.J=Prt 7. 11,176,920 mi, 65,280 ft 

9. Ax, —Ax,B,B,B 11. $240 million 13. $931 15. 3.5% 

17. $6,000 19.2.5 mph 21. 4.5 hours 23. 185°C 

25. —454°F 27. 20in. 29. 1,885mm*> 31.c=r—m 

3.b=P-a-¢ 3.R=2 3nt=5 3. ree 

wh TT 

3V , = 25 C — By 

Mh=—3 4. f= 5 45. r= 555 42.4 = 55% 

49.m=7F Sl.c=3A-a-b 53.1=1- 18 

s.r =f 57.7 = 59, 9 =F 


61. M = 4.2B + 19.8 
65. y= —3x + 9 


_. S — 2ar 
63. h = S520r 


Tr 
67. y=4x+3 69. y=—ix-4 


71. b=* dorb = *4—td 23. c= 27 
75. 87, 89, 91 
aT: Quarter | Quarter 
Income Statement ending | ending 
(dollars amounts in millions) | Sep 04 | Sep 05 
Revenue 1,806.2 1,886.0 
Cost of goods sold 1,543.4 | 1,638.9 
Operating profit 262.8 247.1 
79. 14in. 81. 50in. 83. 25in.,2.5in. 85. 18.1 in? 
87. 2,463 ft? 89. 3,150cm? 91. 6in. 93. 8ft 95. 348 ft° 
97. 254in2 99, D = &— 325 —325R 195. 137.76 


2 
107. 15% 


Study Set Section 2.5 (page 158) 
1. consecutive 3. vertex, base 


> | —_____ ily 


x Distt She 
Length of Length of Length of 
shortest middle-sized longest 
section section section 
7. $0.03x 9. 180° Ilaxtl bx+2 13. 4 ft, 8 ft 
15. 102 mi, 108 mi, 114 mi, 120 mi_—'17.._ 7.3 ft, 10.7 ft 
19. 250 calories in ice cream, 600 caloriesinpie 21.7 23. 580 


25. 20 27. $50,000 29. $5,250 31. Ronaldo: 15, Mueller: 14 
33. Friends: 236; Leave It to Beaver: 234 35. Jan. 8, 10, 12 
37. Width: 27 ft, length: 78 ft 39. 21 in. by 30.25 in. 


41. 7ft,7 ft, 11 ft 43. 20° 45. 42.5°, 70°, 67.5° 
47, 22°,68° 53. -24 55. -3 57. 1 

Study Set Section 2.6 (page 169) 

1. investment, motion 3. 30,000-—x 5. r-— 150 


7. 35t + 45t = 80, 35¢, t, 452, 80 

9. a. 0.50(6) + 0.25x = 0.30(6 + x), 0.50(6), 0.25x, 6 + x, 

0.30(6 + x) _b. 0.06x + 0.03(10 — x) = 0.05(10), 0.06x, 10 — x, 
0.03(10 — x), 0.05(10) 11. 0.06,0.152 13.4 15. 6,000 

17. $15,000 at 4%; $10,000 at7% 19. Silver: $1,500; gold: $2,000 
21. $26,000 23. 822: $9,000; 721: $6,000 25. $4,900 


27. 


37. 
41. 
47. 
57. 
59. 
65. 


2hr 29. ¢hr=15min 31. hr 33. 4hr 


50 gal 39. 4%: 5 gal; 1%: 10 gal 
32 ounces of 8%; 32 ounces of 22% 
20 scoops 49. 15 51. $4.25 
40 pennies, 20 dimes, 60 nickels 
2-pointers: 50; 3-pointers:4 63. —50x + 125 
—3x+3 67. l6oy— 16 


35. 55 mph 


43. 6gal 45. 50 1b 
53. 17 55. 90 


Study Set Section 2.7 (page 183) 


1. inequality 3. interval 
c. negative 
d. > 
15. 


19. 


23. 
25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


5. a. same __b. positive 
7x>32 K8a5 be c«l[or] 
11. 5,5,12,4,4,3 13. a. Yes  b. No 


a. No b. Yes” 17. (—%, 5) ‘ } 
5 
i ee el 


B 1 
a7 £929, (=7,2] 


21. x < —1,(—%, -1) 


59. (—~, 3] j 


3/2 
61. (7, 10) ( ) 
7 10 
63. [—10, 0] f j 
-10 0 
65. [—6, 10] j 
-6 10 
67. [2, 3) f } 
2 3 
69. (—3, 6] r j 
-3 6 
71. (—5, —2) t 
-5 2 
73. 2. x) $e 
9/4 
75. (—%, —40] 1 
—40 
77. (—2, 1] ra j 
2 1 


79, (—~, 2] j 
81. (—%, —27) ) 


-27 
83. (-, Hl ee} 
1/8 
85. [—13, 2) . 
-13 
87. (6, ©) 6 
6 
89. [—32, 48] f ' 
-32 48 
a(-n-3) 
-11/4 
93. le c) $$$ fo 
3/8 


95. (—%, —1] j 
a 


6/7 

101. More than 27 mpg 
107. 40 or less 

b. 12Ib=w 141b 


99. 98% or better 
105. More than 5 ft 
111. a. 26 lb = w S 31 Ib 


« 18.5lb=Sw=205lb da. lllb=w=13lb~ 115. 1, —-3,6 
Chapter 2 Review (page 187) 

1. Yes 2. No 3. No 4. No 5. Yes 6. Yes 

7. equation 8. True 9.21 10.32 11. —20.6 

12. 107 13.24 14.2 15. -9 16-78 17. 0 

18. =" 19.2 20. -30.6 21.30 22. -19 23. 4 
24.1 25.3 264 27.6 2-2 29.5 30.1 


103. 19 ft or less 
109. 12.5 in. or less 


APPENDIX 3 Answers to Selected Exercises 


31. Identity; all real numbers 
33. a. Percent bz. discount 
35. 142.5 36. 12% 

37. Broadband: 139.3 million; dial-up: 45.3 million 
38. $26.74 39. No 40. $450 41. $150 
43. $176 44. $11,800 45. 8min 46. 4.5% 
47. 1,949°F 48. a. 168 in. ~~ b. 1,440 in? 
49. 76.5m 50. 144in 51. a. 50.27cm 
b. 201cm* 52.9.4 f° 53. 120 ft 


55.h= 4. 56.G=34-3BC+K 


2ar 

58. y=ix+4 59. 8ft 60. 200 
62. Labonte: 43; Petty: 45 

63. 24.875 in. X 29.875 in. (242 in. x 292 in.) 

64. 76.5°, 76.5° 65. $16,000 at 7%, $11,000 at 9% 


67. 13 hr=1hr40min 68. 12,4 69. 10 lb of each 


71. (—%, 1) ) 
72. (—%, 12] j 


c. commission 


61. $2,500,000 


12 
73. a m0) $$ 
5/4 
74, [3, 2) . 
3 
75. (—%, 40] " 
40 
76. (9, 2) ‘ 
9 
77. (6, 11) , ) 
6 11 
78. (3, 3| a 
-7/2 32 


79. 240g =w=2.53g 80. 48 inches or less 


Chapter 2 Test (page 194) 


1. a. solve ob. Percent c. circumference 


54. 381.70 in? 
57. 1=~f +d 


A-13 


32. Contradiction; no solution 
34. 192.4 


42. 1,567% 


c. 4,320 in? 


66. 20 


70. 2 gal 


d. inequality 


e. multiplication, equality 2. No 3.2 4.—-5 5. 22 


1 
6. —; 7. 1,336 


8. All real numbers (an identity) 9. 


7 


4 
10. —4 +11. No solution (a contradiction) 12.0 13. 12.16 
14. $76,000 15. 6% 16. $30 17. $295 18. —10°C 
19. 393in§ = 20.r=45" 21. 20in? 22. 22 min, 8 min 
23. $120,000 24. 380 mi,280 mi 25. Green: 16 lb; herbal: 4 lb 
26. 412,413 27. 2 hr 28. 10 liters 29. 68° 30. $5,250 
31. [—3, %) f , 
-3 
32. (—™, 6.4) 
6.4 

33. [-7, 4) i } 34. 180 words 

st 4 
Study Set Section 3.1 (page 204) 
1. ordered 3. axis, axis, origin 5. rectangular 
7. a. origin, left, up b. origin, right, down 9. a. I and II 


A-14 
b. IlandIII cc. IV 

13. Yes 15. Horizontal 
a7: _ 


19. (4, 3), (0, 4), (—S, 0), (-4, 


APPENDIX 3 Answers to Selected Exercises 


11. (3, 5) is an ordered pair, 3(5) = 3-5 


21. a. 60 beats/min  b. 10 min 

23. a. 5 min and 50 min after starting 
25. a.2hr b. —1,000ft 27. a. 
b. —500 ft 
(—4, 3), (0, 3), (4, 3); anchors: (—6, — 
31. (G, 2), (G,3),(G,4) 33. a. 8 
b. It represents the patient’s left side. 
37. y 


A 
40 


35 
30 


Distance traveled (mi) 
cos) 


5); 'G,-=3) 


b. 20 min 
It ascends (rises) 500 ft 


29. Rivets: (—6, 0), (—2, 0), (2, 0), (6, 0); welds: 


3);(6;'-3) 


35. (2, 4); 12 sq. units 
a. 20mi__—ibz. 6 gal 
c. 35 mi 


> Xx 
1234567 8 


Diesel fuel used (gal) 


39. y a. A 3-yr-old copier is worth 
8 $7,000. _b. $1,000 
a7 c. 6 yr 45, h = 240+ D 
5 6 47. -1 
Bo 5 
G 4 
g 3 
Z| 
= 
12345678 
Age of copier (years) 
Study Set Section 3.2 (page 217) 
1. two 3. table 5. linear 7. a2 b. Yes oc. No 
d. Infinitely many 9. solution, point 
11. a. —5, 0, 5 (Answers may vary) 
b. —10, 0, 10 (Answers may vary) 13. 6, —2, 2,6 
b.ay= 5x! +7 b. The exponent onxisnotl. 17. Yes 
19. No 21. Yes 23. Yes 25. No 27. No 29. 11 
31.4 33.13 35. -2 
37. 
°° Ee 
—~5 | -13 | (-5, -13) 
-1} -1](-1,-1 


41. 


61. 


y 43. y 


y 
A yE1L5h+4 
5 
x 
\ 


65. y 67. y 


A 
6 


BOB cle 
Sy—x= 20 


or 
y x44 
ae: 


ee 
-2 -1 123 4 5 6 


75. 125 hr h 


h=Sp 


Defrosting time (hrs) 


> P 
5 10 15 20 25 30 35 40 
Weight of turkey (Ibs) 


77. 30z A 


A|=+0.02n + (16 


a 


Amount of polish 
left in bottle (oz) 


1 1 1 1 ! 1 1 >in 


100 200 300 400 500 600 700 800 


Number of sprays 


APPENDIX 3 Answers to Selected Exercises A-15 


79. About $95 Pp 


Average cost of NFL ticket ($) 


t 
2 4 6 8 10121416 18 20 22 24 26 2830 
Years after 1990 
81. About 180 n 


300 
250 
200 
150 
100 

50 


n= —20p +|300 


Tickets sold 


> P 
12345 67 8 9 101112131415 


Price of ticket ($) 


91.5+4c 93. 904.8 ft 


Study Set Section 3.3 (page 229) 

1. x-intercept 3. horizontal, vertical 
7. a. y-intercept: (0, 40); $40,000 

b. x-intercept: (30,0); 30 years after purchase 
11. x-intercept: (4, 0), y-intercept: (0, 3) 

13. x-intercept: (—5, 0), y-intercept: (0, —4) 

15. y-intercept: (0, 2) 

17. x-intercept: (-24, 0); y-intercept: (0, 2) (Answers may vary) 
19. (3,0); (0,8) 21. (4,0); (0, -14) 23. (—2, 0); (0, —2) 


25. (3,0); 0, 9) 
27. ¥ 29. r 


5. a. O,y b. 0.x 


9. y=0;x=0 


0. 4) 
4x + Sy = 20 


31. 


A-16 APPENDIX 3 Answers to Selected Exercises 


59. y=2 > 


> X 
4324,| 1234 
=2- 
3 
lad 
61. x = 1.5 y 
iA 
LI B= 75 
2 or 
i w= 1/5 
432-1, | 1/2 3 Peal 
2 
3 
4 


63. 


4 3 2 1 
mt 


Ox + 3y= 107) 


47. 67. 


(7, B) 


1|(0,-0) 
> x 
= 1234567 


2x —|7y = 0 


51. y 71. 


Tx 43y 50 


77. y=-1 


po | 
43 21 Tosa |* 


y=+lior'—3y =3 


79. a. About —270°C 
81. y 
(0, 200) 


N 
So 
o 


Number of shrubs 
oO 
So 


b. 0 milliliters 


50x + 25y =|5,000 


x 
20 40 60 80 100 


Number of trees 


a. If only shrubs are purchased, he can buy 200. 


b. If only trees are purchased, he can buy 100. 87. i 89. 2x — 6 
Study Set Section 3.4 (page 242) 

1. slope, ratio 3. change 5. a. Line2 b. Line! c. Line4 
d. Line3 7. a. Linel b. Line] 9. same 11. a. 0 

b. Undefined cj d.2 13.40% 5.a-¢ b.S 

cl Wam= Zo b. sub, sub, over (divided by), two, one 
19.1 21.2 23.2 25.-2 27.0 29-4 31.4 
33.1 35. -3 37.3 39-5 41.2 43.0 

45. Undefined 47. -[ 49. -4.75 51.0 53.2 55. —2 
57.m=; 59%m=0 61.0 63.0 65. Undefined 

67. Undefined 69.0 71. Undefined 73. Parallel 

75. Perpendicular 77. Neither 79. Perpendicular 81. Parallel 
83. Neither 85.5 87. -; 89-1 91.5 93. -2 

95. 3535% 97. 4%, 8%, 12% 99. Front: 3; side: 2 

101. —875 galperhr 103. 380lbperyr 109. 40 lb licorice; 

20 Ib gumdrops 

Study Set Section 3.5 (page 254) 

1. slope-intercept 3. a. No b. No cc. Yes. d. No 
5.ay=2x+8 by=-5x-3 a y= z-1 
d.y=2x+4 7. —2x,5y,5,5,5,-2,3, -2,(0,3) 9. -2,-3 
11. 4,(0,2) 13. —5,(0,-8) 15. 4,(0,-9) 17. —1,(0, 11) 
19. —20,(0,1) 21. 4,(0,6) 23. 4,(0,-4) 25. —5, (0, 0) 
27. 2,(0,0) 29. 1,(0,0) 31. 0,(0,-2) 33. 0,(0, -2) 

35. —1,(0,8) 37. 4,(0,-1) 39. -2,(0,7) 41. -3,(0, 1) 
43, —2,(0,2) 45. 2,(0,-3) 47. 4,(0,-4) 49. 1, (0, —2) 


APPENDIX 3 Answers to Selected Exercises 


51. y = 5x — 3 


59. y = 5x —1 


65. y= —3x +2 


67. 3, (0, 3) 


79. Parallel 
87. Parallel 


b. $21,000 


81. Perpendicular 
89. Perpendicular 


93. F = 5t— 10 


61. y= —2x +3 


A-17 


69. —5 


83. Neither 
91. a. c = 2,000h + 5,000 


95. c = —20m + 500 


85. Perpendicular 


A-18 APPENDIX 3 Answers to Selected Exercises 


97. a. c = 5x + 20 Study Set Section 3.7 (page 275) 
band c. c 1. inequality 3. satisfies 5. half-planes 7. Yes 
A 9. dashed, solid 
is 11. The half-plane opposite that in which the test point lies 
13. a. Yes ob. No c. No d. Yes 15. a. Is less than 
80 b. Is greater than or equal to —_c. Is less than or equal to 
70 d. Is possibly greater than 17. =,< 19. Yes 21. No 
= 23. No 25. Yes 
S 60 27. 29. y 
S 50 c= 5x +20 4 / 
Bi f 
40 y>2x— 4, / 
; 1 
7 
30 =lef eral TA 3 at 
a T 
20 =| / 
a > xX Sane 
0 2 4 6 8 10 12 14 af 
Number of letters ‘ 
99. c = 0.89 + 16.63 103. 42 ft, 45 ft, 48 ft, 51 ft als 33, y 
4 
Study Set Section 3.6 (page 264) 3 
1. point—slope, sub, times, minus, one 3. a. point-slope : 
b. slope-intercept 5. a. (—2,—3) b. : ac yt3= F(x + 2) a he 
7. (67, 170), (79,220) 9. 5, —1, +, 2,3 
11. point-slope, slope—intercept 13. y — 1 = 3(x — 2) i yeqy 
1. ytl=S@+5) Wey=2x-1 19 y= 5x - 37 
1 4 35. 37. y 
21. y= —3x 23, y=5x-1 25. y= —3x + 4 “ yw 
1 = : 
Wy=—gx-f WyHwt+Ss BL y=—ixt 3a" =(7 ll 
2-1 aa se Sang 
33. y=5 35. y=axtz 37%x=-8 39 y= 5x al 
4lx=4 43. y=5 ge? 
ae 
45. 47. y CLT) [ae 4y so 12 
A -6 
2 7 
39. 41. y 
49. y L 
/ -6 
=, 
43. y 45. 
ef \, 
‘ yi +3x +2 
|’ 
S + >) 
| 4324, at 34 
53. y=Gx-2 55 y=12 57. y=—Sx+2 el 
J 4* — 4 y ¥ 3x y<-3x+ 2 \ 
59. y= 8x +4 61.x=-3 63. y= 7x 65. y= —4x -9 x 2 


67. y=5x—2 69. y= 71. x =-} 

73. h =3.9r+ 289 75. y= —2x + 4,y = —7x + 70,x = 10 
_ 3 OR. 221 

77. a. y= —40m + 920 b. 440 yd? 79. 1 = Gr+y 

81. a. y= —jhx + Bory = -0.3x+ 28.3 b. 16.3 gal 


87. 17 in. by 39 in. 


APPENDIX 3 Answers to Selected Exercises A-19 


75. (10, 10), (20, 10), (10, 20); Answers may vary 


Number of pies 


e ea 
3x + 4y < 120 


10 20 30 40 


Number of cakes 


77. (40, 30), (30, 40), (40, 20); Answers may vary 
_ A= P 
y 83. t = “>, 


A 85. 15x + 22 


50 


100x + 88y = 4,400 
40 ° 


Number of nylon jackets 


10 20 30 40 50 
Number of leather jackets 


Study Set Section 3.8 (page 288) 

1. relation 3. domain,range 5. value 

7. Domain Range 9. 33 11. of 13. 4, 5; (4, 5) 
15. Domain: {—6, —1, 6, 8}; 
range: {—10, —5, —1, 2} 

17. Domain: {—8, 0, 6}; range: {9, 50} 
19. Yes; domain: {10, 20, 30}; 
range: {20, 40, 60} 

21. No; (4, 2), (4, 4), (4, 6) 

23. Yes; domain: {1, 2, 3, 4, 5}; 
range: {7, 8, 15, 16, 23} 


att Ri 25. No; (—1, 0), (-1, 2) 
“AH 27. No: (3, 4), (3, —4) or 
Sere et x= Pp ARSE Le (4, 3), (4, -3) 

| md EEEESRESeas 29. Yes; domain: {—3, 1, 5, 6}; range: {—-8,0,4,9} 31. a. 3 
Fae CL beEt b. -9 «0 d. 199 33.4032 b. 18 ©. 2,000,000 
ie E d+ 35a7 b14 «0 dl 32a0 b. 990 
aoa = c. —24 d.210 324236 bO0O «9 44 

67. F Al. 1.166 

(A 43. fx) x | f@) 
3 Su 
aly +2.5>0 ao 
1 =I 1 

STS ieee all * 0} -2 
St x 
2 19.4 4 5 

anaa--5b----- | Fy poe 2 1} -5 
gfe a2.5 


71. No 73. i 


A-20 APPENDIX 3 Answers to Selected Exercises 


x | h(x) 15. About $190 new 
=—2 3 c 
-1 2 —~ 210 
TT = 180 
x es = 150 
1 0 120 


Cost of part 
Do 
os 


30 


2 4 6 8 101214 161820 


Number of children 


47. fx) 16. a. False ob. True 17. (—3, 0), (0, 2.5) 
it 18. (0, 25,000); the equipment was originally valued at $25,000. 
3 (10, 0); in 10 years, the sound equipment had no value. 
1 


19. x-intercept: (—2, 0); y-intercept: (0, 4) 


{x= ate Z 


51. Yes 53. No; (3, 4), (3, —1) (Answers may vary) 
55. No; (0, 2), (0, —4) (Answers may vary) 
57. No; (3, 0), (3, 1) (Answers may vary) 


59. f(x) = |x| 61. $900 63. 78.5 fi’, 1,256.6 f? 69. 80 Ib 
. a : . (13 be ao . 13 
Chapter 3 Review (page 293) 20. x-intercept: (2, 0); y-intercept: (0, —3) 
Me 2. (158, 21.5) 3. Quadrant III y 
A 


4. (0,0) 5. (1, 4); 36 square units 
6. a. 2,500; week 2 _—b. 1,000 
c. 1st week and Sth week 


7. Yes —— 
5x\—4y = 13. 
8. 21. y 22. y 
4 
-2| -6 | (-2,-6) ; 
xe 4ti]- 
—s| 3] (-8,3) 2 
1 
9. y=x°+1landy—x*=0 10. a. True b. False =Ece 123 4>|* 
mT 2 
=3 
Ly 
1 7 3 
23.4 24. -, 25. —-7 26. —5 
27. b. Negative y 
slope 
d. Undefined 
slope 
13. - 
c. 0 slope 
432-4 a. Positive 
Sy = 354+ ic slope 
i e 28. 3 29. 8.3% 30. a. —4.5 million people per yr 


b. 4.05 million people per yr 31. They are neither. 32. i 
33. m= 3; y-intercept: (0, -2) 34. m = —4; y-intercept: (0, 0) 


35. m= i y-intercept: (0,10) 36. m= -t; y-intercept: (0, —41) 
37. y=4x-1 38. y=3x—-3 


40. a. c = 300w + 75,000 
; b. 90,600 


(0, -5)-5 


41. Parallel 42. Perpendicular 


43. y= 3x +2 44, y = 5x -3 


45. y=Sx+5 46. y=-8 47. f = 35x + 450 
48. a. y = 1,200x + 19,800 b. $43,800 49. a. Yes 
b. Yes oc. Yes d.No 50. =,> 


55. a. True b. False c. False 


APPENDIX 3 Answers to Selected Exercises A-21 


uw 
a 


. (2, 4), (5, 3), (6, 2); Answers may vary 


y 


3x/+ Sy = 80 


rFPnynwkuna 


Number of 5-hr shifts 


> xX 


123 4 5 67 8 9 10 
Number of 3-hr shifts 


57. Domain: {—5, 0, 4, 7}; range: {—11, —3, 4, 9} 

58. Domain: {—6, 1, 2, 15}; range: {—8, —2, 9} 

59. Yes; domain: {1, 4, 8}; range: {0, 6, 9} 

60. Yes; domain: {2, 3, 5, 6}; range: {1, 4} 

61. Yes; domain: {3, 5, 7, 9}; range: {9, 25, 49, 81} 

62. No; (—1,2),(—1,4) | 63. domain, range 64. f(x) 65. —3 
66.0 67.21 68. -| 69. -5 70.37 71. —2 


72. —8 73. No; (1, 0.5), (1, 4), (Answers may vary) 74. Yes 
x_ | fo) 
0 1 
1 0 
Z| -=1 
= 0 
=2 | = 1 
=3 | =2 


76. 1,004.8 in? 


Chapter 3 Test (page 302) 

1. a. axis, axis b. solution c. linear d. slope e. function 
2.10 3.60 4. 1 day before and the 3rd day of the holiday 

5. 50 dogs were in the kennel when the holiday began. 
6. 


y 


e-4 
(-2;4)3)-e, 3) 


1 


4-3-2 -1 1234 
Gay 
° bs 


2 


2 e 
3 (B, 2) 


=4 


7. A(2, 4), B(—3, 3), C(—2, —3), D(4, -3) 8 a Il b. IV 
9. Yes 10. 


x |y | &y) 
2111/21 
—6|]3 | (-6,3) 


A-22 APPENDIX 3 Answers to Selected Exercises 


ll. a. False ob. True 12. y 


13. x-intercept: (3, 0); y-intercept: (0, —2) 
14. y 15.2 16-1 17.0 
18. 10% 19. Perpendicular 
20. Parallel 21. —15 ft per mi 
* 22. 25 ft per mi 


23. y 24. y 
A 
4 4 
3 3 
xj=4 : 
1 1 
i i (es 1 2 3 4 |* +4 -3 -2 -1 x 
2 
- 2AM Ci, +2) 
4 4 


1 
25. m = —7; (0, 4) 
28. a. v = —1,500x + 15,000 


30. y= LT +41 


26. y=7x+19 27. y= —-2x—5 
b. $3,000 29. Yes 


32. Domain: {—4, 0, 1, 5}; 

range: {—8, 3, 12} 

33. Yes; domain: {1, 2, 3, 4}; 

range: {1, 2, 3, 4} 

34. No; (—3, 9), (—3, —7); 

35. No; (2, 3.5), (2, —3.5); (Answers 
may vary) 36. Yes; domain: 

{5, 10, 15, 20, 25}; range: {12} 

37. -—13 38. 756 

39. C(45) = 28.50; it costs $28.50 to 
make 45 calls. 


Be fx) = |x| +1 


Cumulative Review Chapters 1-3 (page 305) 


1. 27-37 2.0004 3.a. True b. True c True 4. —15 
5. -—0.77 6-945 7.30 8.2 9.32 £10. 500—-—x 
11.3,-2 12.a.2x+8 b.—-2x+8 13. 4a + 10 

14. -63 15.467 16.0 17.4 18 —-160a 19. —3y 


20.7x-12 21.6 22.29 23.9 24-19 25.5 
26. 1 27. -* 28. No solution, contradiction 29. —99 
1 S — 2ar? Ds 39. 2 
30.—-, 31. 1,100 32.4= ee 33. 39 in., G in. 
34. 45° 
35. % acid | Liters | Amount of acid 
50% solution 0.50 x 0.50x 
25% solution 0.25 13 -x 0.25(13 — x) 
30% mixture 0.30 13 0.30(13) 
36. 7.5 hr 37. 80 lb candy corn, 120 lb gumdrops 


38. (—%, 48] j 


48 


39. (0, ») f 
0 


40. I and II 


48. y= -2x4+ 1 
50. Yes 


53. 78 54. No 


Study Set Section 4.1 (page 316) 

5. consistent, inconsistent 
b. 3, 3, (0, —2) 
17. No 


3. intersection 
b. True 9. a. —5,2 
solution; independent 13. Yes 15. Yes 

21. No 23.Yes 25. (3, 2) y 


1. system 
7. a. True 11. No 


19. No 


2x + 3y = 12, 


APPENDIX 3 Answers to Selected Exercises A-23 


29. (—2, 0) 


49. (—6, 1) 


31. Infinitely many solutions 


y y A 
infinitely| ,4 x} ‘ 
many H y= 1 . xX +/3y =|6 ; 
solutions |» 1 H-=x4+ 2y= 4 
> Xx 
+4 -3 -2 -1 123 4 


solution 7 


35. (4, —6) 37. (5, —2) 


57. 1 solution 59. Same line; infinitely many solutions 61. No 
solution 63. 1 solution 65. (1,3) 67. No solution 

69. 1994; about 4,100 71. a. Houston, New Orleans, St. Augustine 
b. St. Louis, Memphis, New Orleans c. New Orleans 73. a. The 
incumbent; 7% b. November2  c. The challenger; 3 


75. 10mi 83. [—3, ~) $$ 


Study Set Section 4.2 (page 327) 

1. substituting 3. y=—-3x S.x+3(x-4)=8 

bee e|* 7. Substitute 3 for a in the second equation. 9. a. No _ b. ii 
11. 3x, 4, —2, -2, -6,(—2, -6) 13. (2,4) —-'15. (3, 0) 

17. (-1,-1) 19. (-10,2) 21. (-3,-1) 23. (5, 3) 
infinitely many 25...(4,:—2) 27..(—4,.=9) 29..:3,2) 31. (=5, 5) 
tons 33. (3,-3) 35. (-4,3) 37. (-2,3) 39. (-4, -6) 
41. (3,-2) 43. (-5,-1) 45. (-6,4) 47. (4,4) 

49. (10,4) 51. 9,11) 53. (-4,-1) 55. (4,2) 

57. No solution 59. Infinitely many solutions 61. No solution 
63. Infinitely many solutions 65. (3,—2) 67. (1, 1) 

69. Nosolution 71. G, 2) 73. Infinitely many solutions 


4x —2y =8 


Bx|- Ry|=6 


no solution 


A-24 APPENDIX 3 Answers to Selected Exercises 


75. (-10,-24) 77. (5,2) 79. (-1,3) 81. Angle of 
approach: 40°; angle of departure: 37° 87. 3°-7 89. 5/6 
91. 21/40 


Study Set Section 4.3 (page 338) 

1. opposites 3. 7yand—7y 5.a.5a=—4 b. -4y=1 
7. a. —2 b. 3 9. a. Multiply both sides by 15. b. Multiply 
both sides by 10. 11. 2x, 1,1,(1,4) 13. (3,2) ~—-'15. (3, —2) 
17. (—2,-3) 19. (0,8) 21. (-3,4) 23. (0, -2) 

25. (-12,1) 27. (—5, 10) 29. (3,11) 31. (—8, —15) 

33. (-2,7) 35. (1,1) 37. (12,-9) 39. (1, -3) 
Al. (—4,-1) 43. (-4,5) 45. (-2,5) 47. (2, -1) 

49:16, =2) 51,0) 536 (6.8) 55. (4.5) 57 ELD 
59. (3,2) 61.(4,-x) 63. (2,44) 65. No solution 

67. No solution 69. Infinitely many solutions 71. Infinitely 


many solutions 73. (2,3) 75. 3, +) 77. G, 3) 

79. Infinitely many solutions 81. (2, 2) 83. (10, 9) 
85. (1,-1) 87. (4,-2) 89. 1991 95. y= —Bx-F 
97. —80 


Study Set Section 4.4 (page 351) 

1. complementary, supplementary 3. x+y =20,y =2x—-1 
5.xty=180,y=x-25 7.5x+2y=10 Xxt+ex-Cc 
ll. a. (x +y)mL_~ b. 33% ~—*'13. 20°, 70° 15. 50°, 130° 

17. 22 ft,29 ft 19. President: $400,000; vice president: $208,100 
21. 65°, 115° =. 23. 96 ft, 70 ft 3925. 15m,10m 27. Printer: $2; 
copier: $15 29. $29.50 fora 10 X 14; $21.00 for an 8 X 10 

31. Elvis: 29¢; Lucy: 34¢ 33. 85,63 35. Nursing: $2,000; 
business: $3,000 37. International fund: $18,500; offshore bank: 
$21,500 39. 4% account: $11,000; biotech: $11,000 41. 25 mph, 
Smph 43. 180mph,20mph 45. 8 gal 6% salt water, 24 gal 2% 
salt water 47. 4% solution: 48 oz; 12% solution: 800z 49. 52 Ib 


$8.75, 48 Ib $3.75 51. = = 6; pints of mushrooms; 2 = 135 pints 


of olives 55. (—%, 4) } 
4 
57. (-1,2] ( j 
-l 2 


Study Set Section 4.5 (page 362) 
1. inequalities 3. intersection 5. a.3x—y=5 _ b. Dashed 
7. Slope: 4 = ‘, y-intercept: (0, -3) 9. a. No b. Above 


ll. a. Yes ob. No c. No 13.a ii b iii civ di 
15. y 17. 


-2 -1 
-l 


Lage Se 


|) ee x 


Laas 
Gk. 


6 1Ox + 1Sy>/30 
10x + Sy <'60 


z 
PN mtx 


6 8 


2 4 
$10 CDs 


49. 2 desk chairs and 4 side chairs; | desk chair and 5 side chairs 


<900 


{ss 100y 
y>x 


Side chairs 


Chapter 4 Review (page 366) 
1. Yes 2. No 
3. (4,3) 

y 


57. 
59. 
61. 
63. 


APPENDIX 3 Answers to Selected Exercises A-25 


5. Infinitely many solutions 6. No solution 


4331, ee ee 
oteb + la 19 

infinitely _, xray -2=0 

many ale 
solutions no solution 


7. Nosolution 8. (1978, 5,600,000); In 1978, the same number of 
males as females were enrolled in college, about 5.6 million of each. 
9. (5,0) 10. (3,3) 11.(-4,2) 12.,-2) 13. Infinitely 
many solutions 14. (12,10) 15. a. Nosolution b. Two 
parallel lines __c. Inconsistent system 16. one 

7 ae 7 48. one 19. (3,-5) 20. (3, 4) 

" (Sx — 3y = -6 , — eee 

21. (-1,7) 22. (0,9) 23. Infinitely many solutions 
24. (1,-1) 25. (—5,2) 26. Nosolution 27. Elimination; no 
variables have a coefficient of lor —1. 28. Substitution; equation 1 
is solved for x. 29. Las Vegas; 2,000 ft; Baltimore: 100 ft 
30. Base: 21 ft; extension: 14 ft 31. 65°,25° 32. 10,800 yd? 
33. a. 0.02x, 0.09y, 0.08(100) —_b. S(s + w), 7(s — w) 

c. O.11x,0.06y d. 4x, 8y,10(5) 34. 12 Ib worms, 18 Ib bears 
35. 3mph 36. $16.40,$10.20 37. $750 

38. 133 gal 40%, 6; gal 70% 

39. y 40. 


41. 10x + 20y = 40, 10x + 20y = 60; (3, 1): 3 shirts and 1 pair of 
pants; (1, 2): 1 shirt and 2 pairs of pants (Answers may vary) 
42. a. Yes _b. No 


FPNwWRUID 
| | 


Pairs of pants 


1234567 
Number of T-shirts 


Chapter 4 Test (page 372) 

1. Yes 2. No 3. a. solution ob. consistent c. inconsistent 
d. independent e. dependent 4. Since the lines have different 
slopes, they will intersect at one point. The system has 1 solution. 


A-26 APPENDIX 3 Answers to Selected Exercises 


6. No solution 


y 


no solutidn 


7. (30, 3,000); if 30 items are sold, the salesperson gets paid the same 
by both plans, $3,000. 8. Planl 9. (—2,-3) 10. Infinitely 
many solutions 11. (2,4) 12. (—3,3) 13. No solution 

14. (-1,-1) 15. (5,14) 16. (0,0) =17. 8 mi, 14 mi 

18. 3 adult tickets; 4 child tickets 19. $6,000,$4,000 20. 165 
mph, 15 mph 21. Larger: 70°, smaller: 20°. 22. 5%: 4 pints; 
20%: 8 pints 23. $1.50 sunscreen: 3 oz; $0.80 sunscreen: 7 oz 


25. (1, 2), (2, 2), (3, 1) (Answers may vary) 


y 26. No 
5 
24 
é 3 
2 
1 
1234567 
Shirts 


Study Set Section 5.1 (page 386) 


1. exponential 3. a. 3x+3x-3x-3x — b. (—5y) 
5. a. Subtract b. Add  c. Multiply d. Multiply 7. a. 2x? 
b. x* 9. a. Doesn’t simplify b. x 11. x°,'8 13. Base 4, 


exponent3 15. Base x,exponent5 17. Base —3x, exponent 2 
19. Base y, exponent6 21. Base m, exponent 12 
25. (49' 27. —4¢5 
31. (x—y? 33. 57 35. a® 37. B® 39. (y — 2)’ 
Ala b® 43. cd° 45. a'° mi 47. x fr 49. 8° 
53. (3.7py 55. (k—2)'* 57. d® 59. x*y* 61. 4 
63.a 65.¢t’ 67.s° 69.3% 71. (-4.3)°* 73. °° 
75. yy 77x 79. p81. t'8 83. 4 85. 36a" 


87. 625)" 89. —8r°s? 91. 10,20 93. ab* 95. 135° 


97. 216k> 99. 92-101. & Sat 
- 10 


m* 
103. g7 105. F450 
20 
107, 23% = 109. rs WNT. ys 103. 157115"? 


117. —216a°b® 119. ab?! 121. n°? 123. 367 


2-2 ee! 1 
125. a. 25x* ft b. 9a°a ft 127. 3192 131. ¢ 


23. Base y + 9, exponent 4 


51. x? 


1 
~ 243 


133. d 


Study Set Section 5.2 (page 396) 


1, negative 3. Expression | Base | Exponent ‘|. 
4? 4 -2 2) 9 

6x > x —5 1] 3 

oO} 1 

1 

1 


7.a.3 b.6 9. reciprocal,2 11. y8,-40,40 13. 1 
15.1 172 1915 21.1 23.3 25.5 27% 29.5 
1 1 1 1 8 15: 3: 
a 38s) 8 “iy: Se eG 
1 1 20 3 Lb? 
45. aT 47. 64 49. 125 5l. r 53. 8s 55. 16 57. @ 


1 
0 m* 6 7 
59. d 61.36 63.8 65. —% 67. 81 69. y 71. b 


1 1 1 1 365% 325 ead 
73. 3 75.47 77. = 79. Gs 8.1. a 83. 0 85. G 
9 3 1 9a 64s? x y4 
87. sg 89. y 91.76 «93. 57 95. gia 97 i 99. <0 
8b3 2 125 ho 1 
101. G03. 7° 105. Ge sd107. - Sy 109. Fes. 5s 
(od 9 32x! 10 4t? 1 
113. 727115. ig 117. “yi 119. ¢ 121. —s 123. 
el Item Measurement (meter) 
Thickness of a dime 10-3 
Height of a bathroom sink 10° 
Length of a pencil eraser 10°? 
Thickness of soap bubble film 10° 
Length of a cell phone 10°! 
Thickness of a piece of paper 10-4 
129. -3 Bl. y=jx-5 
Study Set Section 5.3 (page 404) 
1. scientific, standard 3. right, left 5. a. positive b. negative 


7.a.7.7 bo 50 «8 
103° 


9. a. (5.1 X 1.5)(10° X 10°”) 


b. ss X igo 11. 1,10, integer 13. 230 15. 812,000 

17. 0.00115 19. 0.000976 21. 6,001,000 23. 2.718 

25. 0.06789 27. 0.00002 29. 2.3.x 10* 31. 1.7 x 10° 
33.62X107 35.5.1X10°° 37. 5.0 X 10° 

39.3.0 10’ 41.9.09x 108 43. 3.45 x 10°? 

45.9.0 10° 47. 1.1.x 10! 49. 1.718 x 10'8 

51. 1.23 x10 '* 53. 7.3.x 10° 55. 2.018 x 10!” 

57.7.3 X10 > 59. 3.602 10°'? 61. 7.14 X 10°; 714,000 


63. 4.032 x 10°: 0.004032 65. 4.0 x 10 *; 0.0004 

67. 3.0 X 10%; 30,000 69. 4.3 X 10 7; 0.0043 

71. 3.08 X 1077; 0.0308 73. 2.0 X 10°; 200,000 

75. 7.5 X 10 '';0.000000000075 77. 9.038030748 x 10'° 

79. 1.734152992 x 10°? 81. 2.57 X 103 mi _—_83.._: 197,000,000 
mi7; 109,000,000,000,000,000 mi*; 14,600,000 mi? 

85.4.5 X10 '°oz 87. g,x,uvi,mr 89. 1.7X 10 8g 

91. 3.09936 x 10'° ft 93. 2.56 X 10"! dollars 

95. 1.0 X 10°, 1.0 X 10°, 1.0 x 10!7, 1.0 x 10°, 1.0 x 1018 

101.5 103. c = 30t + 45 


Study Set Section 5.4 (page 413) 
1. polynomial 


3. one, descending, two, ascending 


5. monomial, 


binomial, trinomial 7. evaluate 9. a. Yes b. No’ c. No 
d. Yes e. Yes f. Yes 11. | Ferm | Coefficient Degree 
8x? 8 2 
x 1 1 
-7 =7 0 
Degree of the polynomial 2 
Term | Coefficient | Degree 15. a. Sx? + 3x? +x — 9 
13. Bab? 8 = b. x* — 2xy + 
17. Binomial 19. Trinomial 
~27ab 727 2 21. Monomial 23. Binomial 
Degree of the polynomial 9 25. Trinomial 


27. None ofthese 29. Noneofthese 31. Trinomial 33. 4th 
35. 2nd 37. Ist 39. 4th 41. 12th 43. Oth 45. 18th 
47. 3rd 49.a.3 b. 13 5Sla-6 b.-8 53. a7 

b. 34 55. a. -11.6 b. —40.2 57. a.28 b.4 59a, 2 
b. 0 61.72 63.19 65. —35 67. —257 

69. 


73. 


77. 


81. 91 83. 63 ft 


85. About 42 million 


APPENDIX 3 Answers to Selected Exercises A-27 
87. A 
20 
18 
16 
2 
3 12 
2 10 
#8 
A 6 
ae 
2 
11 1 2 
2 7) 
Time (sec) 
93. [—3, ~) f 95. x'8 97. 
3 
Study Set Section 5.5 (page 423) 
1. polynomials 3. Like 5. combine 7. a. 5x7 b. 14m? 
c. Jab d. 6cd + 4c7d 9. a. —5x7 + 8x — 23 
b. Sy? — 39° +7 9 11. 4x*, 2x, 1, 10x7,4 13. 12 15. — 4812 
17. 20x? — 19x 19. 10e*—4r 21. x? +x 23, Gx? - bx 
25. 13x 27. 2st 29. Ge? —Fed +d? 31. —ab 
33. —4x°y + x°yp +5 35. —4c? — 12cd 37. Ix + 4 
2 2 3 19 <2 1 
39. Sd? + 14d 41. Sq? — 4g -5) 48. YP + 5g) +3 
45. 0.7p —0.9q 47. 7x? + xy + 2y? 49. (3x? + 6x — 2) yd 


51. (7x7 + 5x +6)mi 53. 5x? txt 11 55. -3a° + 7a +7 
57. l0z+z2—-2 59. —x*y? + 4x*p + 5x + 6 
61. 2a +a—-3 63. 13a7 +a 65. —5h* + 5h? + 30 

Tse — 2257 69. -0.14/? + 0.25f + 2.09 


67. 345 _ 205 

71. b +4ab-2 73.27 +6x+2 75. —x° + 6x? +x4+ 14 
77. 0.6x° + 1.2x7 + 13x — 0.3 79. 7x°y? — 2x*y — 2x + 15 

81. 48° —5s+7 83.39 —6*4+1.2 85. —3x7 + 5x —7 
87. 4307+ 6-5 89.3x+1 91. -1.307 + 0.74 + 0.6 
93. 3x7 - 9x10 95. Ox? +x-5 97.974 +H/? -2 

99. 9c? —6c — 14 101. —3s*t — 8st + 14 = 103. 4.843 + 8.8/7 
105. a. (x7 — 8x + 12) ft b. (x7 + 2x — 8) ft 

107. (2a7 + 6a + 5)in. 109. a. (224 + 20) ft 
117. 180° 119. 


b. 108 ft 


Study Set Section 5.6 (page 434) 


1. monomials 3. first, outer, inner, last 5. a. each, each 


b. any, third 7. a. 6x? +x—12  b. 5x* + 8ax? + 30° 

9. 8,n°,72n? 11. 2x, 5,5, 4x, 15x, 11x 13. 5m? 15. 12x? 

17. 6c° 19. —24b® 21. 8x°y? 23. —2a'! = -25. 3x? + 12x 
27. —4¢° + 281 29. 9x* — 18x3 + 54x? 31. —6x° + 2x4 — 2x7 


33. 0.12p? — 1.8p’ 35. 38 + 574 
37. —12x42 — 4x723 — 4x3z° + 4x°z 39. 6x'4 — 72x19 
Al. (7h? + 3h)in? = 43. (4w* — 2w) ft? 45. y+ By + 5 


A-28 APPENDIX 3 Answers to Selected Exercises 
47.0 +t-—12 49. m? —3m—54 51. 4y° + 23y — 35 81. x7 -x+1 83. Y + 2v+54+ 8, 85. y+ 12+—45 
53. 12x* — 28 + 15 55. 7.6y° — S.8y + 1 87. 305 — 2% gg, 22 4 Ov +1 91. t- 2, 93. a’ af | 
57. 18m>— 10m +8 59. 4-77 +12 61. a? + 2ab +B rs ; a : 
a ee ae ee 5, etl tei Meg 99. 3m— 8 
67. 4 + 1177+ 18f+9 69.x°-8 101. (x — 6) in. 103, (2x7 x +3)in. 109 y=—-x-} 
71. 2x? + 7x? — 16x — 35-73. —3x7 + 25x7y — S6xy? + 16° 111. —80 
75. — 5+ 2rP -—Tr—-15 77. x -—3x+4+2 
79, 12x° + 17x* — 6x —8 81. 8x° — 12x* — By Chapter 5 Review (page 456) 
83. —3a° + 3ab”— 85. 18a° — 12a° 87. x° — 6x7 + Sx + 12 1. a. Basen, exponent 12  b. Base 2x, exponent6 c. Baser, 
89. 30x7 — 17x +2 91. 6x4 + 8x3 — 14x? 93. —18x328 exponent4 d. Base y — 7,exponent3 2. a.m b. —3x4 
95. 6a' + 5a8 + 5a> + 10a +4 = 97. 947 + 15st — 6s? 99. 2a!” a (x+8P% d. (4pq)° 3.72 4. mn? 5. v7! 6. 81x4 
101. a + 40/* + Bay 103. 16.4p°q° — a8 + ae ; 7.6? 8 —b'2 9, 256s" 10, 441x472 11. (-9)3 
105. x" + 1x" + 26x" — 28% — 24 107. 16a" — 2ar — yer 12.02 13. 1s 14. x 15. (m — 25)? 16. 125yz* 
109. (6x7 +x — l)em? 111. (0.785x? — 0.785) in? ‘i i Ge — 
113. (2x? — 4x? — 6x)in? =: 121. a. |b. Undefined ae US; - um ie me i se a aly 4 é casa 
123. (0,2) 23.3 24. F999 © 25. -95 «26. gs -27. 8x” 28. 
29.6 30.04 31.-% 3272 33.26 34. 1° 
Study Set Section 5.7 (page 443) - P40 : a 
: 35. we? 36. Go S37. 7.2 X 108 38. 9.37 X 10 
1. products 3. a. square, Twice, first b. second, square ‘ 
5.x,4,4,8 7. 5,5,25 9%x7+2e+1 Wr +4r4+4 39.942 10° 40.1.3 10% 41. 1.8 x 10% 
13. m° — 12m +36 15. f? — 16f + 64 42. 8.53 X 10° 43. 126,000 44. 0.00000003919 45. 2.68 
17. 16x? + 40x + 25 19. 49m? — 28m +4 21. 1 — 6y + 9y° 46. 57.6 47. 3.0 X 10 *;0.0003 48. 1.6 x 10°; 160,000,000 
23. 7 + 18y +081 25. a*+ 20h? + b* 27. r4 — 27s? + 54 49. 6,570,000,000; 6.57 X 10° 50. 1.0 x 10° = 100,000 
29,2 +3s+% aat+tat+ 2h 33, x2-9 Sl.a.4 0b. 3x 3,—1,1,10 di 10 52. a. 7th, 
, 5 5 < monomial b. 3rd, monomial cc. 2nd, binomial = d. 5th, 
35. d°— 49 37. 4p — 49-39. On — 141. 16 trinomial e. 6th, binomial  f. 4th, none ofthese 53. 3, —13 
43. 36b°—5 45. 0.16 — 81m* 47. 25 — 362” 54. 8 in. 
49. x° + 12x? + 48x + 64 51. 0? — 18n* + 108n — 216 55. y 56. y 
53. 8g¢° — 36¢° + 54g — 27 55. a + 3a°h + Bab? + be sf 
57. 8m> + 12m?n + 6mn? + n° ~~ 59. n* — 8n* + 24n? — 32n + 16 4 
61. —x7 + 20x -—8 63. 3° +12f-9 65. 2x° +xyp- 3” ; 
67. 24a> — 10a + 65 69. —80d* + 40d” — Sd +f iL 
71. 4d° — 4dg® 73. (2x? — 2) yd? 75. (9x? + 6x + 1) FP > = = is fee 
77. 4v° — 32° + 64 «79, 12x? + 36x7 + 27x81. 16f? — 0.16 a 
83. 7+ + 207r?s + 100s* 85. 6x —2 87. 4a* — 12ab + 9b° 3 
89. n° — 36 91. 36m + 36 © 93. 25m” — 12m + 32 
95. 86 +122 +6e+1 97. x27-4x+4 99. 13x? - 8x45 57. 13y> 58. —4a°b + ab +6 59. Gx? - Fry + 
101. 36 — 24d* + 4d® 103. 64x” + 48x + 9 60. 6.7¢° + 8.1c8 — 2.1c% 61. 25r° + Or? + Sr 
105. (x7 + 12x + 36)in.2 107. whR® — thr? 113. 3° +7 62. 3.7a° + 6.la— 17.6 63. 4r°s — 7r?s? — Trs? — 254 
15.2 117. 3 64. 3m*—m> 65. —2 + 22 + 52-17 66. (x? +x + 3)in. 
2 3 2 3 
1. monomial 3. binomial 5. Divide, multiply, subtract, bring 73. On? — 1503 + 6n? 74, x2y3 — x3? 75. 6x% + 12x5 
down 7. quotient, dividend 9. 7x7, x3, 7x7, 5, 2,7, 22. 4x3, 3 76. a°b* — ab? + @b® — Tab?) 77. x7 + Sx + 6 
V1. 5x4 + 0x8 + 2x7 +0x-—1 13.2% 15. 5m? 17. te 78. 2x7 -x-—1 79. 6t7-—6 80. 6n® — 13n° + 5n* 
9-27 a 23.2 3.4% a7. -33 29.243 81. Sa + dab + ab? aad — 6.6 83. 18/7 + 3r-3 
31.9-S 33, 5-141 35. 205-87 37.442 i meee Rai oo : 
5 1 P ; . . 5 86. 56x" + 15x° — 21x" —3x +2 87. 8 +1 
39. —2w — ya 41. 3 — 6s" + 4s 43. co + 300 — 2c — | 88. a. (6x + 10) in. b. (2x? + 11x — 6) in? 
45. 3x°y—2x-% 47. Sy-24+5 49x46 SI x-2 c. (6x? + 33x” —18x)in? 89. « —6a+9 
53.3a-2 55. b+3 ar ae ee 90. nul 6m oe Se 91. x° — 49 Fits ae el } 
4 e 2 93. 4° + 4y+1 94. 4-1 95. 36r4 + 120775 + 100s 
5a- 12+ 75 Gxt lt ayy (63. 2x3 + TG 96. —64a? + 48ac — 9c? 97. 80r*s — 805° 
65. 2e—-1 67. 2e+1 6%x+3 71x —- 2+] 98. 36b° — 96h? + 64b 99.77 —37+ 2 100. x7 + Sx 4+ 8 
73.a-5 7.x+1 77.2x-3 79. 9b+7 


101. 5x7 + 19x + 3 


102. 24c* — 10c + 37 


103. (x7 — 4) in? 


104. (50x? — 8)in.® 105. 2n? 106. —75 ‘107. £ -2 
108. 30° +2-5 109.x-5 110. 2x +1 
W1. 5x-6+545 112. 5y-3 113. 3x7-2-4 
2 7 2 
114, 3x° + 2x + 1 + 4 


115. (vy + 3)3y + 2) =3y° + lly +6 116, (2x? + 3x — 4) in. 


Chapter 5 Test (page 464) 


1. a. base, exponent b. monomial, binomial, trinomial c. degree 
d. special 2. 2x°y4 3. 84, px 5.3.5 6. = 
As B+? 997! 1025 1.27 12. -6ab° 
13. 1,000y'* in? = 14. 6.25 x 10'8 ~—-15. 0.000093 
16. 9.2 x 10°; 9,200 17. Trinomial [Fee Coethcient | Degree 
x 1 4 
8x? 8 2 
=12 =12 0 
Degree of the polynomial 4 


18. Sthdegree 19. 


y x|-2|}-1]}o}1]2 
ry 
y| 6] 3/2/3]6 


KH Mo RADY 


20. 0 ft; the rock hits the canyon floor 18 seconds after being dropped. 
21. hx? + jx-2 22. -40°b + ab + 5 

23. 19.4h°> — 11.107 —0.6 24. 6b8c — 2be — 12 

25. —3y° + 18° — 17y + 35-26. (10a? + 8a — 20) in. 

27. 10x°y'! 28. —72b8 ~— 29. 3y* — 6° + 97" 

30. 3x7— 11x— 20 31. 12/7 - 8-3 


32. 2x? — 7x2 + 14x -— 12 33. 1 — 100c? 

34. 49b° — 4253+ + 977 35. 2.2a*° + 4.4a” — 33a 
36. 2x7 + 2xy 37.5-2 381-2 

39. 3x7 +2x+1+5%, 40. @—5)fi 

41. Yes; (5m + 1)(m — 6) = 5m* — 29m — 6 


42. No; (a + by)’ = a* + 2ab + Bb’ 


Cumulative Review Chapters 1-5 (page 466) 


1.62-3-5 Btaatb=bt+a_ wb. yz=xz) 3. -37 
4.28 5.18 6.0 7. -2 8.15 9. $2.079 billion 
10. 1.2f* 11.30 12. $6,250 13. Mutual fund: $25,000; 
bonds: $20,000 ‘14. } 
-11/4 
15. 16. 7 
A 
7 
3 
1 
-5 4 3 -2 -1 jaa * 
xeE12 ie 
3 
4 


17. 


20. 
24. 


31. 


37. 
39. 


APPENDIX 3 Answers to Selected Exercises A-29 


-4 18. m = 3,(0, —2);y = 3x —2 19. Perpendicular 
y=-4x+2 21. No 22. 26 23. No 
(4, 1) y 25. (—4,3) 26. (—2,4) 


27. Adult: $61; child: $51 


i) 
is) 


29. 9x*y8 30. v 


y=2x-1 

2776 641 !? 1 7 1 aie 
ab'c 32. “OF 33. Toy 34. a 35. 35 36. qo 
6.15 xX 10° 38. 1.3 x 10° 


40. 1.5in. 41. 7c? + 7c 
42. —6x* — 17x — 68x + 11 
43. 6t7 + 7st — 35° 

44, 12x? + 36x? + 27x 


45. 2x+1 46. 4-2 
Study Set Section 6.1 (page 478) 
1. factor 3. grouping 5.a.3 b7,h « 3,y,¥ 
7. a. 2x + 4 (Answers may vary) b. x° + x* + x (Answers may 
vary) 9. 2x,x +3 la4 b.No ¢.2;h~ 13. 8 
15. 5°.2,6-6 17.2 19.6 21.7 23.8 25. m 
27.5 29.4c 31.9a 33. 8a 35. 3m'n = 372 xX +7 
39. pp—t 41. 3(x+2) 43. 63x +4) 45. 922m — 1) 
47. (d—7) 49. 53c +5) 51. 8a(3 — 2a) 
53. 7(2x7 -x-1) 55. P(t? +¢4+2) 57. adb+c-—d) 
59. 3xy°(Txy + 1) 61. -(at+b) 63. —(2x — 5) 
65. —(3r — 25+ 3) 67. —(x? +x-— 16) 69 —(—5+x)or 
—(x— 5) 71. —(—9 + 4a)or —(4a-— 9) 73. —3x(x + 2) 
75. —4a°(b — 3a) = 77. —12x°(2x? + 4x — 3) 
79, —2ab"(2a> — 7a + 5) 81. (x + 2) + 3) 
83. (p-— g\m—5) 85. (x+y\(2+a)_ 87. (s — u(r + 8w) 
89. (7m — 2)(m> +2) 91. (5x — 1x7 +2) = 93. (6+ ca + I) 


95. 


(r+ 4s)s— 1) 97. (Qx -—3)a+b) 99. (m — n\(p — q) 


101. a(x — 2)(x2 +5) 103. 6(x? + 2)(x — 1) 

105. (14 +r)? +5) 107. Lla*(2a— 3) = 109. (a + b\(x — 1) 
111. 3°(5r7 — 6r — 10) 113. 3p + g)\(3m — n) 

115. —20pt?p + 44) 117. Bx — y\(2x — 5) 

119. 22(x — 2)(x? + 16) 121. 6uww*?(2w — 9v) 

123. (x + DG? + 1) 125. (? +5) fee +4) ft 131. 12% 


A-30 APPENDIX 3 Answers to Selected Exercises 


Study Set Section 6.2 (page 491) 

1. factors 3. leading 5. a. descending b. common 7. 3,5 
9. a. No b. Yes_ 11. a. They are both positive or both negative. 
b. One will be positive, the other negative. 13. +3, —2 

15. (x +2)x+1) 17. (2 +42 +3) 19. (m — 3)(m — 2) 
21. (t-— 7)t-— 4) 23. (7 — 3)r— 6) 25. (a — 45)(a — 1) 

27. (x + 8)(x — 3) 29. (¢-— 3)(¢+ 16) 31. (a — 8)(a + 2) 

33. (b—- 12)(b+ 3) 35. —&~+5)\a+2) 37. —(t + 6)(t — 5) 
39. -—(r + 9\(r— 6) 41. —(m — 7)(m — 11) 

43. (a+ 3b\at+b) 45. (x—Ty\(x+y) 47. (r + 2s\(r — 5) 
49. (a — 3b)\(a— 2b) 51. 2x + 3) +2) 53. 6(a — 4)(a - 1) 
55. 5(a — 3)a— 2) 57. —2(z — 4)(z — 25) 

59. —n°(n — 30)(n + 2) 61. 4x7(x + 2)(x + 2) = 4x°(x + 297 
63. (x — 4x —- 20) 65. (y+ 9)vt+ 1) 67. (r — 2)(r + 8) 

69. (r + 3x)\(r +x) 71. Prime 73. Prime 75. (x + 3)(5 + y) 
77. 2n(13n — 4) 79. (a—5)at+1) 81. —( — 22)(x + 1) 
83. 4(y — 1)(x +7) 85. 12b°(2b? — 4b + 3) 

87. (x + 2y)\(x + 2y) = (x + 2p? 89. (a — 6b)\(a + 25) 

91. Prime 93. (x + 2)(t+ 7) 95. s°(s + 13)(s — 2) 

97. 15(s° +5) 99. (v— 14) + 1) 101. 2x — 2)(x — 4) 

103. (x + 9)in,xin,(@@+3)in. 5 113. Sy 


Study Set Section 6.3 (page 502) 

1. leading 3. 5y,y,1,3 5. 10x and x, 5x and 2x 

7. a. descending, GCF, coefficient —b. 387 —(2d? — 19d + 8) 
9. negative 11. different 13. —13; —6, —8; —3, —7 

15. a. 12,20,-9 b. —108 17. 34,2,4¢+ 3 

19. (2x + 1)x%+1) 21. Bat+ 1\(at+3) 23. (5x + 2) + 1) 
25. (7x + 11)(x +1) 27. (2x — 3)(2x — 1) 
29. (4x — 1)(2x — 5) 31. (St — 7)(3t — 1) 
35. (3x + 7)x — 3) 37. (5m + 3)(m — 2) 
41. ily-4@+ 1) 43. Gr + 2s)(2r — s) 
45. (2x + 3y)(2x + y) 47. (8m + 3n)(m + I1n) 

49. (5x + 3y)(3x — 2y) 51. 2(3x + 2)(x — 5) 

53. a(2a — 5)(4a — 3) 55. (2u + 3v)(u — 2v) 

57. 49y — 4) — 2) 59. 10(137r — 11) + 1) 

61. —y(y + 12)y +1) 63. —3x2(2x + 1) — 3) 

65. 2mn(4m + 3n)\(2m +n) 67. (2t — 5)(3t + 4) 

69. (3p — g)\S5p + q) 71. (2t — 1)(2t — 7) 

73. (4y + DQv- 1) 75. (18x — 5)\(x +2) 77. Prime 

79. Prime 81. 37°(5r — 2)2r +5) 83. (3p — g\2p + q) 

85. —(4y — 3)3y — 4) 87. (m+ 7m — 4) 89. 3a°(2a + 5) 
91. (x — 2)(x* +5) 93. (Sy — 3) — 1) 95. —2(x + 2)(x + 3) 
97. 3x°y"(4xy — 6y + 5) 99. (a — 5b\(a — 2b) 

101. w4(9u + 1)(u — 8) 103. (2x + 11) in., (2x — 1) in. 

109. —-49 111.1 113. 49 


33. (6v — 1(y — 2) 
39. (Ty — Iv + 8) 


Study Set Section 6.4 (page 510) 

1. perfect 3.a.5x b3 oc 5x,3 S.axy b — 

c +,x,y 7. 1,4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 
225, 256, 289, 324,361,400 9.2 11. +,—- 13. Yes 

15. No 17. No 19. Yes 21. (x +3)? 23. (b+ 17° 

25. (c-— 6) 27. By—4)y 29. (2x +3) 31. (6m + Sn) 
33. (9x —4y)° 35. (7¢ — 28) 37. 3(u — 3)? 39. x (6x + 1)? 
41. 2a°Ba + 7b)? 43. —(10f—- 1)? 45. (x + 2)(x — 2) 

47. (x + 4)x-4) 49. (6+ y)(6—y) 51. (¢ + 5)(t— 5) 

53. Prime 55. Prime 57. (5¢+ 8)(5t — 8) 


59. (Sy + 1I)Oy — 1) 61. (Bx? + y)(3x? — y) 

63. (4c + 7d*\(4c — Td?) 65. 8(x + 2y)(x — 2y) 

67. 73a + 1I)Ba— 1) 69. x(x + 12)(x — 12) 

71. 6x(x + yx —y) 73. (9 +593 +513 -8) 

75. (b> + 16)\(b + 4b — 4) 77. 16(t7 + s?)(t + s\(t — 5) 
79. 25(m? + 1m + 1)(m — 1) 81. (a? + 12b)(a? — 125) 
83. 3xy + 5) 85. (tf -— 10)” 87. (z + 8\(z — 8) 

89. 3(m? + n°)(m + nlm —n) 91. (5m + 7) 

93. (x + 7)\(x-— 6) 95. (x + 3)(x— 3) 97. 8a°b(3a — 2) 
99. —2(r — 10)(r — 4) 101. (x + 3)(x2 +4) ~=—-:103. (26 — 5) 
105. (p+ gy 107. 0.5g( + HY —h) 113.%+ 2-3 
115. 3a + 2 


Study Set Section 6.5 (page 515) 


1. sum.,cubes 3.a.F,L b. -,F*,L? 5. 6n,5 7. 1,8, 27, 
64, 125, 216, 343, 512,729, 1,000 9. No 11. 2a 13.b6+3 
15. a. x° + 8 (Answers may vary.) _b. (x + 8) 


17. (vy + 5)Q" — Sy + 25) 19. (a + 4)(a* — 4a + 16) 

21. (n + 8)(n? — 8n + 64) 23. (2 + (4 — 2 + 27) 

25. (a + 10b)(a? — 10ab + 1007) 

27. (5c + 3d\(25c* — 15cd + 9d?) 29. (a — 3)(a* + 3a + 9) 

31. (m — 7)(m? + 7m +49) 33. (6 — v)(36 + 6v + Vv’) 

35. (2s — (48° + 2st + #7) 37. (10a — w)(100a* + 10aw + w”) 
39. (4x — 3y\(16x? + 12xy + 9°) 41. Qe + IQ? — x + DY 

43. 3(d + 3)\(d> — 3d +9) 45. x(x — 6)(x? + 6x + 36) 

47. 8x(2m — n)(4m? + 2mn +n?) 49. (x + 4)° 
51. (37 + 4s)\3r — 4s) 53. ~@- DY +s) 
55. 4(p + 2q)(p? — 2pq + 4q7) 57. 2ct?(4c + 31)(2c + 2) 

59. 36(e” + Ife + I(e- 1) 61. 7a°b*(5a — 2b + 2ab) 

63. (6r + 5s)” 65. (1,000 — x*) in; (10 — x)(100 + 10x + x*) 
69. Repeating 71. {...,—3,—-2,—-1,0,1,2,3,...} 73.0 


Study Set Section 6.6 (page 521) 

1. product 3. Factoroutthe GCF 5. Perfect-square trinomial 
7. Sum oftwo cubes 9. Trinomial factoring 11. Is there a 
common factor? 13. 14m,m 15. 2(b + 6)(b — 2) 

17. 4p°@2pq' +1) 19. 2(2y + 1I)(Oy + 1) 

21. 8(x7 + 1)xt+ 1-1) 23. (c+ 21)(c- 7) 25. Prime 
27. —2x?(x — 4)(x7 + 4x + 16) 29. (c + d?\(a’ + dD) 

31. —(3xy — 1) 933. —S5m(2m + 5)? 35. (2c + dl(c — 3d) 
37. (p — 2°(p° + 2p + 4) 39. (x — ala + ba — D) 

41. (ab + 12)ab — 12) 43. (x + 5)(2x? + 1) 

45. (vw? — 14v + 8) 47. (x + 2)(x — 2)(x + 3)(x — 3) 

49. 2x(2ax + b)(2ax — b) 51. 2(3x — 4)(x — 1) 

53. y(2x + 1)? 55. 4m°*(m + 5)(m* — 5m + 25) 

57. (x + 2)(x — 2)(x7 +2) 59. Prime 

61. 2a°(2a — 3)(4a° + 6a +9) 63. 27(x — yp — 2) 

65. (x — Ay ts) 67. x°(Tx + 1)(Sx — 1) 


69. 5(x — 211 + 2y) 71. (Ip +29) 73. 4(4? + 9) 
75. (n + 3)(n — 3)(m* + 3) 
81. 3 
“2, 
~<—_1_4—1let 4 1 4 1, 


83. 5 


Study Set Section 6.7 (page 528) 

1. quadratic 3. zero-factor,0,0 5. a. Yes ob. No c. Yes 
d. No 7. -t 9. a. Add 6 to both sides. __b. Distribute the 
multiplication by x and subtract 3 from both sides. 11. 0,x + 7, —7 


13. p,p — 3,0,3,-2  15.3,2 17.-7,7 19. 0,3 

21. 0,-2 23. 0,6,-8 25. 1, -2,3 

27. 12,1 29. -3,7 31. 8,1 33. -3,-5 35. -9,9 
37. -5,5 39. -3,5 41. -3,7 43.0,7 45. 0,16 
47.0,3 49.0,-$ 51. -2,5 53. -3,1 55. 3,1 

57. -3,4 59-3 61.3 63.3.4 65. —3,-2 

67. 0,-1,-2 69. 0,9,-3 71.0,3 73. 0,-1,2 

75. -3,5 77.8 79.3,-6 81. 2,10 83. 0,-5,4 

85. -10,10 87. —3,5 89. 2,7,1 91.0,2 93. —$,-3 


1 2 1 
95. 0,-1,-} 97. 3,-5 


109. 15 min = ¢ < 30 min 


ll ll 


1 
9. ->,5 101. 5,1 


Study Set Section 6.8 (page 536) 

1. consecutive 3. hypotenuse, legs 5. ii. 7. 20 = b(b + 5) 
9. a. Arighttriangle b. xft;(x+ 1) ft oc. 9ft 

11. —16,1,0,0,3,—-1 13. Width: 3 ft; length: 6 ft 
10in. 17. 3ftby9ft 19. Base: 6 cm; height: 5 cm 
21. Foot: 4 ft; luff: 12 feet 23. Kahne: 9; Riggs: 10 25. 12 


15. 8in., 


27. (11,13) 29. 1l0yd 31. 8ft 33. 5m,12m,13m 
35. Ssec 37. 4sec 39. 1sec 41.8 47. 2567 -—20b+4 
49. st + 8574+ 16 51. 81x* — 36 


Chapter 6 Review (page 540) 

1.5°7 2.2°-3 3.7 4. 18a 5. 3(x + 3y) 

6. 5a(x2 +3) 7. Ts'(s? +2) 8. mra(b — c) 

9, 12x(2x* + 5x —4) 10. ye(xt + yz — 1) 

11. —Sab(b -— 2a +3) 12. (@-2)4—-x) 13. -(a +7) 

14. -(477 -3t+1) 15. (c+ d(2+a) 16. (y + 6)(3x — 5) 
17. (a + 1)Qa2- 1) 18. 4m(n + 3)(m — 2) 19. 1 


20: Factors of 6 | Sum of the factors of 6 21. (x + 6)(@ — 4) 
1(6) = 22. (x — 20)(x + 2) 
23. (x — 5)(x — 9) 
40) : 24. Prime 
==) =I 25. —(v — 8) — 7) 
3) = 26. (vy + 9\(y + 1) 


27. (c + Sd)(c — 2d) 
28. (m — 2n)(m—n) 29. Multiply 30. There are no two 
integers whose product is 11 and whose sum is 7. 

31. 5sar(a + 10)a—-—1) 32. —4x(x + 3y)(x — 2y) 

33. (2x + 1l)x— 3) 34. (Jy + 5)(Sy — 2) 


35. —(3x + 5)\(x—6) 36. 3p(6p + 1)(p — 2) 


APPENDIX 3 Answers to Selected Exercises A-31 


37. (4b — c)(b— 4c) 38. Prime 
40. The signs of the second terms must be negative. 
42. By -—4) 43. -(¢-1) 44, (Sa + 2b)" 
45. (x + 3)(x—3) 46. (7t + L1y(7t — 11y) 
47. (xy + 20)(xy — 20) 48. 8a(t + 2)(t — 2) 
49. (c? + 16\(c + 4)(c — 4) 50. Prime 

51. (b+ 1b? —b +1) 52. (x — 6)(x* + 6x + 36) 

53. (p + Sq\(p> — Spq + 259°) 

54. 2x°(2x — 3y)(4x* + Oxy + Oy) 55. 2y°(By — 5\(y + 4) 
56. (t+ uwy(sr+v) 57. (7? + 4G + 2)G — 2) 

58. —3(7 + 2)? — 27+ 4) 59. (x + 1)(20 + m)(20 — m) 


39. (4x + 1) in., (3x — 1) in. 
Al. (x + 5)° 


60. 3w°'(2w — 3)? 61. 2(¢° +5) «62. Prime 63. _z(x + 8)” 
64. 6c7d(3cd — 2c — 4) 65. 0,6 66.4,-1 67. 0,-2 

68. -3,3 69-5, 70.3.4 71.-7 72. 6,-4 

73. 1, 74. 0,-1,2 75. 15m 76. Streep: 14, Hepburn: 12 
77. 5m = 78. 10 sec 


Chapter 6 Test (page 547) 

1. a. greatest, common, factor 
d. difference e. binomials 
b. 15x° 3. A(x +4) 4 (9 +: Ng — 9) 

5. 5ab(6ab> — 4a7b + 1) 6. Prime 7. (x + 1)(2x + 3) 

8 (x +3)(x+1) 9 -—@—11)\(e +2) 10. x°*(x — 30)(x — 2) 
V1. (a— b\9 +x) 12. Qa—3\at4) 13. 23x + Sy) 

14. (x + 2)(x? — 2x + 4) 15. 5m°(4m? — 3) 

16. 3(a — 3a + 3a+9) 17. (4x? + 9)(2x + 3)(2x — 3) 

18. (a+ 5a? +1) 19. (5x — 4) in. 

20. (x — 9)(x + 6) = x° + 6x — 9x — 54 = x? — 3x — 54 

21. -3,2 22. -5,5  23.0,f 24-3 25. 3,5 
26.9,-2 27.0,-1,-6 28. 6ftby9ft 29. 5 sec 

30. Base: 6 in.; height: ll in. 31. 12,13 32. 10 

33. A quadratic equation is an equation that can be written in the form 
ax? + bx + c = 0;x? — 2x + 1 = 0. (Answers may vary.) 

34. At least one of them is 0. 


b. product cc. Pythagorean 
2. a. 45 = 37-5;30= 2-3-5 


Study Set Section 7.1 (page 560) 
1. rational 3. undefined 5. 4 =i 70a, b.=-1 «1 
d. Does not simplify 9. x,1,x+1,x+3 11.4 13.0 


15. Undefined 17. —y «SYS. Undefined 21. : 23. 0 


25.2 27.None 29.5 31. -6,6 33. -2,1 35.2 
a ee a a 

49. Does not simplify 51. = ~ 7 =53. Tm ¥ n) or an ce aa 

55.7 57.5%, 59. -1 «61. -5 63. 5 

Oe a 
Shop EH 19,4 a1 MEM op ED gg, 
85. Does not simplify 87. a 89. (2x +3) 91.9 

93. = 95. 855 97. 2, 1.6, and 1.2 milligrams per liter 


103. a. (a+b) tc=at(bto) b. ab = ba 


Study Set Section 7.2 (page 569) 
1. reciprocal 
b. AC,BD,D,C 5. —> 4 


3(y + 2) 3y + 6 15 20 
a or ~ * 3n 


3. a. numerators, denominators, reciprocal 
y 3y 
7.1 9 ft WW. i 


13. 21. =2 


xy 19. 3 


A-32 APPENDIX 3 Answers to Selected Exercises 


23.2 2.x+1 27. -@-2)or-x+2 29, SF 
(m — 2)(m — 3) 3(a + 3)° , 
31. "2m +2) 33; ~ oa 35. 35 37. 3x + 3 , 
36a — 60 3 3a x? 9p 
39. 10y—16 41, 284= Bot 45.4 472 49,2 
51, 457) 53, X52 55. -(m + S)or—m—5 57.1 +7 
Ax — 7) dc — Td) 1 1 
59, =D gy, Mee 63.3 65.1 67. 95 ay 
69. wt! 71. 450 ft 73. 3 gal 75: 5 mi per min 
77. 1,800mpermin 79.°5* 81. pp 83. 25h — 15 


53 1p + 2) ip + 14 x-2 

85. n-—1 87. 332 89. apt Ol aa 91. o=3 
2x — 3y ae 2 
93. Sax + 3y) 95. 10 ft 97. 4,380,000 99. 8 yd 


101. 5 mipermin 103. } mi* 109. w = 6 in.,/ = 10in. 


Study Set Section 7.3 (page 579) 


1. denominator 3. build 5. numerators, denominator, 


A+B,D,A—B,D 7.5 9. a. Twice  b. Once 
Wex-1-,4,6 32.4 15.282 WF 19. sb 
N.°,° @eseg DO Gh 2 eG 
a. eee 8G Uae om AG 
4.205 945 470 Age Shey (58. Ge 
55. 30a 57. 3a’ 59. c(c +2) ~~ 61. (3x + 13x — 1) 


63. 12(b + 2) 65. 8k +2) 67. (x + Ix — 1) 


69. (x + 1) + 5) — 5) 71. (Qn + 5)(n + 4) 73. i 
27b 3x? + 3x 


75. = 77. pp 79 G@eip 81. > 83. eos 
85. Tne a Ry © «87. 5G ; is gy «89. = 7 MG +a 
Bn 2a 3-2 B92. 101. 22 
109. a. 2=Prt b.A=5bh c. P=21+2w 

Study Set Section 7.4 (page 588) 

1. unlike 3.a.2:2:5-x-x b. (x — 2)(x + 6) 

5. (x + 6x +3) 72 9 3x,5, 15x, 15x,35 11. SE 
a a) ce 
Bc Boma Bae ee. Sey 
33. G, a ye: = zy «35. ee 37. ne a 
9. 4a 8 es 

45. =D Ce ea RT 

51. Greet nea 53. - Bee re a2) 55. a : 1 

7. 53ngep 389 S a SP 8 SS 
65. 3 or 243 67, og L¢4 n. 3 
ists 3s Genges 77, 227" 9.5 Psy 
gi. 22 t g3, t2 gs, HBTS gz 242 

39, oa PE bk Ba tS 
b.t+5 95. F2cm 101. 8: (0,2) 103. 0 


Study Set Section 7.5 (page 597) 


1. complex, complex 3. simplify, division, reciprocal 


5. a. r= yes b. ts — 63 00 7+ 9. ; 11. xs 123. 


nw 10 x3 5x eb 5 
5.9 «17. 3 19-7 «21. 3 23.5 «25. 5 
3y + 12 2— Sy 24 — & sis b — Sab 
27. 4)? — 6y 29. 6 31. 12 33. 2+ 2s 35. 3ab — Ta 
5 133% l+x 3-x 32h — 1 
37.40 39. sya, A 43 4S OG FG 
d-3 x = 12 m + n2 6d + 12 
47.457 49.252 5Sla-7 53.%7% 55.45 
8 y 1 1 x 
37. 4c + 5c? 59. x — 2y 61. x+2 63. xX +3 65. CH= 2 
q+p 2c r-1 
67.2m—1 69. ss 71. 18% 73. sO. aq 
b+9 t+2 xy 10x 7 
77s. 79.73 81.575 83 3 85. & 
RR, 25 
87. RB 7 R, 93.1 95. 76-7 
Study Set Section 7.6 (page 606) 
1. rational 3. multiply 5. a. Yes b. No 7. a. 3,0 
b. 3,0 «3,0 KX ay bwt+2)\~-2) Ilha. 3 
b. 3(x + 6) 13. 2a, 2a, 2a, 2a, 2a,4,7,4,3 15. 1 17. 0 
19.2 21. -$ 23. - 25. -48 27. 2,4 29. -5,2 
31. —4,-5 33. 3, -3 35. 1 37. No solution; 5 is extraneous 


39. No solution; —2 isextraneous 41.7 43.1 45. —1,6 

47. 0,3. 49. Nosolution; 2 is extraneous 51. —3 53. j 

55.P=mt Si.d=% 59, 4=%etO Gy, ,=2—*8 
5 WD Syz . st 

63.a=5-4 65. x = Tg 67.7 = 2G 

69. L? = 6dF — 3d” 71.6 + =73. 1 «75. —40 (77. No 


solution; —1 is extraneous 79. —4,3 81.3 83. 4 
85.0 87.1,2 897 9a 43 b, -3 

x2 — 4x +2 HB 
93. a GaGa — 3) b. 4 95. R= 3 -F 
103. 20 


Study Set Section 7.7 (page 616) 
1. motion, investment, work 3. iii 5. # of the job per minute 
d E KX 1 
b P=, 9. aeilg 11. 65 days 13.4 15. 2 


7at=— 
17.5 19.2,2 21.8 23. Garin: 16 mph, Armstrong: 26 mph 


F 
392 
25. Ist: 14 ft per sec, 2nd: 5 ft persec 27. Canada goose: 30 mph, 


great blue heron: 20 mph 29. et a = a 45 mph 


31. 26 days 
scheduled to take place in 6 hours. It takes 7.2 hr (7 hr 12 min) to fill 
the pool. 35. 8hr 37. 20min 39. 13 hr = 1.8 hr 


41. Credit union: 4%, bonds:6% 43. 7%and8% 47. (1, 3) 
49. Yes 51. 0 


33. No, after the pipes are opened, the swimming is 


Study Set Section 7.8 (page 628) 


1. ratio, rate 3. extremes,means 5. unit 7. equal, ad, bc 


9. 25,2,1,000,x 11. 2.19,1 13. x, 288,18,18 15. as, to 
4 3 5: 1 1 25 
17. 15 19. 4 21. 4 23. Oi] 25. 2 27. 22 29. Yes 
31. No 33.4 35.14 37.0 39. = 41. -2 43. —27 


45.2,-2 47.6,-1 49. -1,16 51. -3,-1 53. 15 


55.8 57.-;,2 592 61-4 63. -10,10 65. —4,3 


67.2 69. a. 3,3:2 -b. 3,2:3 71. $62.50 73. 20 
75. 84 77. 568, 13,14 79. 510 81. Notexactly, but close 


83. 140 85. 522in; 43.5 ft 87. 10ft 89. 45 min for $25 


91. 150 for $12.99 93. 6-pack for $1.50 95. 24 12-o0z bottles 
97. 39 ft 99. 463 ft 105. 90% 107. 480 


Chapter 7 Review (page 632) 


3 1 5 x 
4-4. 20-5 Big: 4:55 Sigua Soa 2 7.1 
8. -,1 3 oa 10. Does not simplify 11. = 1 7 12. 4 


13. x is not acommon factor of the numerator and the denominator; x 


is aterm ofthe numerator. 14. 150mg 15. = 16. 96 


7.72) we, 1.2% 20.-x-2 2a Yes 

b. No c. Yes d. Yes = 22. £ mi permin 23. sy 24. 1 
25. 272 26.-+4 27. 9x 28. 8x> 29. m(m — 8) 

30. (Sx + 1)(Sx— 1) 31. (a+ 5)(a—5) 32. (20+ T(t + 5)? 
3a. a4, 8. US Ga 
37.457 ag et oa to 

Qo Sr” Be ee 

SS. coat WO GSS 47. Yes 

48. @ ae 7 1 units, + a = Square units 49. e 

so. +2 51. 4 a ee i 


55. 3 56. Nosolution; 5 is extraneous 57.3 58. 2,4 
59.0 60.—-4,3 61.7, =; E 62. y= —= 63. 3 


-E 2% 


64. 5mph 65. 5 of the job perhr 66. 52 days 67. 5% 

68. 40 mph 69. No 70. Yes 71. 3 72.0 73.7 
74.4,-3 75.255 76. 20ft 77. 5ft6in. 78. 250 for $98 
79.c=kt 80. f= i 81. $2,000 82. 600 83. 1.25 amps 
84. Inverse variation 

Chapter 7 Test (page 640) 

1. a. rational ob. similar c. proportion d. build — e. factors 


2. 10 words 3. 0 
minute 


4. —3,2 5. 3,360,000 or 3,360K bits per 


6. 5 is not acommon factor of the numerator, and therefore 


cannot be removed. 5 is aterm of the numerator. 7. se 8. —7 


9.525 101 1. 3c%d? 12. (n+ In + 5)(n — 5) 
Sy? x +1 x 1 4n — 5mn 
67 Wee WS Ne, 1:3. 1 
Ox tet I 2a +7 e-4c+9 1 
19. x(x + 1) 20. a-1l 21. c7-4 22. (t + 3)(t + 2) 
23. = 4 wey 25. 11 26. No solution, 6 is extraneous 
27.1 281,2 29.3 30.B=—% 31. Yes 32. 1,785 
33. 171 ft 34. 80sheets for $3.89 35. 34 br 36. 4mph 


37. 2 38. We multiply both sides of the equation by the LCD of the 
rational expressions appearing in the equation. The resulting equation is 


easier to solve. 39. 100lb 40. x or 26% 


Cumulative Review Chapters 1-7 (page 642) 
1. a. False ob. False oc. True d. True 2.< 3. 36 
4.77 5.6c+62 6-5 7.3 8. About 26% 


9. B=4-£-" 10. 104°F 11. 240° 12. 12 Ib of the 
$6.40 tea and 8 lb of the $4tea = 13. 500 mph 


APPENDIX 3 Answers to Selected Exercises A-33 


14. [-1, ~) ' _. 1 
-l 


16. -1 
20. 


17. 0.008 mm/m 18.5 19. y= 3x +2 
21. 0 22. domain, range 


24. (5,2) 25. (1,-1) 26. Red: 
8, blue: 15 27. x7 28. x? 
ys 3 


J 32a° ab 
29. 8 30. BS 31. pe 


32. 3b> -33.29X 10° 34.3 


36. 4 = @R? — ar’ 
37. 6x7 +x—5 

13 ree: 1 
38. —3zt — qt —p 
40. 6° — y — 35 
mx AL. —12x42 + 4x72? 


39. 6x4y° 


3 
res 42. 9a? — 24a + 16 
43. 2x +3 44.2.7 +2x-1 
45. k°t(k — 3) 
46. (b+ c)Qa+3) 47. (uw — 9) 
48. —(r—2)(r+ 1) 49. Prime 50. (2x — 9)(3x + 7) 


51. 2(a + 10b)(a — 106) 52. (b + 5)\(b? — 5b +25) 53. 0, -4 
54. 4,4 55. 16in., 10in. 56.5,-5 57.—%5 58, —% 

1 =3 x? 
8.2m=5 O-—= 6.eaa, ep 82 Gen 
63.5. 64.2 65. 142hr 66. 34.8 ft 67. 28 in. 

68. 3 = 0.75 
Study Set Section 8.1 (page 656) 
1. equation 3. linear 5. identity 7. inequality 9. a. same 


b. same 11. a. No b. Yes 13. a iii bi cii 15. 3 
17.4 19. -2 21.1 23. -2 25.24 27.18 29. —5 
31. No solution, @; contradiction 33. All real numbers, R; identity 
35. All real numbers, R; identity 37. No solution, @; contradiction 
39. w=FS4 4 B=3 43. W=T- ma 

47. l= 2 M4 op =*%—q 49, d=1-4 


n n- 1 


53. (—~, 2] 


2 


45.x=zo+p 


51. (2, ©) f 
2 


A-34 APPENDIX 3 Answers to Selected Exercises 


55. (—%, 20] ~ 4 57. (0, 2 
20 0 


59. [—2, ©) f 61. [-3. =) f 
4 =l 50 
63. (—%,3) eg 65. (- 7] ng 
3 fi 


67. (— 0, 00); TR —egembaeae 
-1 0 1 


69. Nosolution;@ 71.2 73. —-11 75. —3 


77. —} 79. Allreal numbers, R identity 81. 2 83. 75 


9 
87.1.7 39% 


1 ( =e) gets or oa 


85. No solution, @; contradiction 


—2 -1 

-8/5 6 
95. (—%, 0); RR qembnllye «497. (— %, 1.5] 

i ia 2 
99. [—36, ) ' 101. (6, ~) ( 103. 20 

—36 6 
105. 310 mi =—s-:107. 20 ftby 45 ft 109. 8hr 111. 10hr 
113.11 17. a 
Study Set Section 8.2 (page 668) 
1. intersection, union 3. double 5. a. both — b. one, both 
7. a. intersection b. union 9. a. No b. Yes 


11. a. [-2,1)  b. [2,2] « @ 13. union, intersection 
15. All real numbers qmelelulp (17. {4, 6} 
-1 0 1 


19. ,2} 21. {-3, -1,0, 1, 2, 4, 6, 8, 10} 


{-3,1 
23. {—3, 0,1, 2,3,4,5,6,8} 25. (—2, 5] ‘ " 
ae 5 
27231 ‘ " 


29. (—~, —6] 
31. No solution; @ 


33. [1, 4] ' " 35. (0.8, 1.1) ¢ , 


1 4 0.8 1.1 
37. (== 2] UG, ) a 
2 6 
ee re 
-1 2 
ae) a —— 7 
2. 7 
43. ( . ———- 45. ( ; ee 
af. (= 10, —9) . , 
-10 -9 
49. (—2, 5) a an re ST. (— 0, 00) —gedaelaels = 
e : — © 1 
53. [2, ©) f 55. No solution; @ 


57. [—4, 6) ' , 55; (2,2) — 


-4 6 
61. (—~, 4.8) U (6.5, ©) 


6 (A get, Th 


73. a. 128,192 b. 32 <s < 48,[32,48] 75. a. (67,77) 
b. (62,82) 77. a. 2001 b. 2001, 2002, 2003, 2004 
c. 2003, 2004 ~—d. 2002, 2003, 2004 


79. a. | | b. ; 87. $29,100 


Study Set Section 8.3 (page 682) 

1. absolute value 3. isolate 5. compound 7. compound 

9. a. -—2,2 bs —1:99,—1,0, 1,.1.99 e¢. =3,—2.01,2.01,3 
ll. a. 8-8 box-—3,-(@-3) 13. a. x= 80rx=—8 
box=—-80rx=>=8 cc -8Sx=8 d.5x-1L=x+30r 


Sx-1=-(x+3) Wraii biti ci 17. 23,-23 
19.3,-} 21. 13,-3 23. 4,-6 25. 50, —50 
27. 3.1,—6.7 29. Nosolution;@ 31. No solution; @ 
33. 25,-19 35.7,-4 37.2,-5 39. %,-16 41. -10 
43.-8 45.2 47.-+ 49.-4,% 51, -2,78 
53.0,-2 55. 11,4 57. (4,4) f ) 
4 4 

59. [-21,3] __¢ j 

21 3 
61. [-24,0] ___¢ j 

24 0 
63. (—§,4) 65. No solution; Z 

8/3 4 


67. No solution; @ 69. (—%, —3) U (3, %) ——_$— 
3 3 
71. (—™, —12) U (36, — 


-12 36 
1 3 
Be, =4 0 Ie a) ———_ 
-1/5 3/5 
1 Gece) 77. 0, —6 79. (—3, 1) 
0 
81. (—», — #8) U (4, ») 
-16/3 4 
83. [—10, 14] Se: 85. 40, —20 
-10 14 
87. (-%, 00) ———EeE 89. —3; -} 
0 


ae [3 Al =<~——e—> _- 93. No solution; @ 95. Bm _2 


373 1? 
213 


elt 


97. (—~%, —2) U (5, ~) a a one 99. No solution; © 
—2 5 


101. 70° = t= 86° = 103. a. Jc — 0.6°| = 0.5° bz [0.1°, 1.19] 
105. 26.45%, 24.76% 111. 50°, 130° 

Study Set Section 8.4 (page 694) 

1. factored 3. greatestcommon factor 5. grouping 


7. leading, coefficient,2 9. 6xy* 11. 9, 6, —9, —6 
13. —1 + (—12) = —13, —2(—6) = 12, -2 + (-6) = —8, 


—3 + (-4)=-7 15. 5c*d*) 17. 3m,3.— 19. 2x(x — 3) 221. 
5x°y(3 — 2y) 23. 32(92? + 4z + 1) 
25. 69(4s7 — 2st + #7) 27. —8(a +2) 29. —3x(2x + y) 31. 


—6ab(3a — 2b) 33. —4a°c8(2a” — Ja + 5c) 35. Prime 37. 
Prime 39. (x+y)\(u+v) 41. (a-—b+c)(5—- ft) 

43. (x + yat b) 45. (xt+y)\%- 1) 47. (t- 3)? — 7) 
49. (a+ b)(a— 4) 51. 6(x — 1)(x? + 2) 

a. 2Cr + Ue ly Shag ey Stones 2 
9.0 = PS Elen = ages 63. — 3x - 2) 

65. (x + 6)(x — 5) 67. 3(x + Ty)(x — 3y) 

69. 6(a — 4b)(a — b) 71. n(n — 308)(n + 20) 

73. —3(x — 3y)\(x — 2y) 75. (Sx + 3)(x + 2) 

77. (Ja + 5Xat+1) 79. (ly — 1) + 3) 

81. (4x — 1)(2x — 5) 83. (By — 2)(2y — 3) 

85. (5b — 2)(3b + 2) 87. 5(3x? — 4)(2x? + 1) 

89. 8(2x° — 3)? 91. 4A(8h* — 1)(2h? + 1) 

93. —(3a° + 2b*\(a2 +b?) «95. (a +b + 4)(at+ b- 6) 
97. (xtat+1)? 99% (m+n+t pi3 +x) 

101. —70°v'(9uv? — 4v4 + 3u) 103. x°(b? — 7)(b? — 5) 
105. (1 — m)(1 —n) 107. —(x + 3y)(x — Ty) 

109. (a2 + b\(x— 1) 11. (y+ 1)? 113. Prime 

115. Gr —-2)\r+5) 117. G* + 3) - 4) 

119. 2n(y? — 10)G7 — 3) 121. (7g — Tr + 2)(2q — 2r - 3) 
123, (hy + $h,) 125. x +3 129. $4,900 


Study Set Section 8.5 (page 703) 

1. squares 3. a. 1,4, 9, 16, 25, 36, 49, 64, 81, 100 
64, 125, 216, 343, 512, 729, 1,000 5.a.F—L 
b. F7—- FL+L? ¢« F?+FL+L? 7. a. x? — 4; answers 
b. (x — 4)?; answers may vary c. x + 4; answers 
may vary d. xt 8; answers may vary e. (x + 8); answers 
may vary 9. (x + 4)(x— 4) 11. 3y + 8)By — 8) 

13. (12 + e\(12 —c) 15. (10m + 1)(10m — 1) 

17. (9a + 7b)(9a — 7b) 19. Prime 

21. (3r? + 11s)(3r? — 11s) 23. (4¢ + 5w*)(4t — Sw’) 

25. (10rs? + ¢7)(10rs? — #7) 27. (6x*y + 72°)(6x7y — 72°) 
29. (x? + °)(x + ye — y) 31. (4a? + 9b*)(2a + 3b)(2a — 3d) 
33. (x +yt+z(xty-—z) 

35. (Fr -stP)r—s— Pr - 254+ Pr —- 2s - 27) 

37. 2(x + 12)(x — 12) 39. 3x(x + 9)(x — 9) 

41. 5Sa(b> + 1b + 1)(b- 1) 43. 46(4 + b*)(2 + b\2 — b) 
45. (c+ d\(c—d+1) 47. (a— bat b+ 2) 

49. (x + 6+ y)\xt+6-y) 51. (~-— 14 32x - 1-32) 
53. (a + 5)(a* — 5a + 25) 55. (27. + s)(4r7 — 2rs + 5°) 

57. (4° — 3v)(16t* + 1247v + 9v’) 

59. (x — 6y)(x? + 6xy* + 36y*) 

61. (a — b + 3)(a? — 2ab + b* — 3a + 3b + 9) 


b. 1, 8, 27, 


may vary 


APPENDIX 3 Answers to Selected Exercises A-35 


63. (4 -— a — b)(16 + 4a + 4b + a? + 2ab + b*) 

65. (x + 1x? —x + Ix - Dar +xt 1) 

67. (x7 + W4 - xy + YO? — WO + Py +) 

69. 5(x + 5)(x7 — 5x + 25) 9 71. 4x7(x — 4)(x? + 4x + 16) 

73. (4a — 5b*)(16a* + 20ab* + 25b*) 

75. 2b°(12 + b’)(12 — b*)) 77. (xn + v(x — y + 8) 

29: PE —ayt R= xy FP) 

81. (12at + 13b*)(12at — 13b*) 83. Prime 

85. (9c°d? + 4t°)(3cd + 21)(3cd — 21) 

87. 2u°(4v — (6 + 4tvt 2?) 89. (vy + 2x — A(y — 2x + A) 
91. (x + 10 + 3z)(x + 10 — 32) 

93. (c — d + 6)(c? — 2cd + d? — 6c + 6d + 36) 

95. (5 + »7)(§ - 9’) 

97. (m + 2)(m — 2m + 4)(m — 2)(m? + 2m + 4) 

99. (a + b)(x + 3)(x* — 3x + 9) 
101. (x? — y42°y(x® + x3y425 + iz!) 
103. far = ro\(r17 + ryro + 1°) 


109. 45 minutes for $25 


Study Set Section 8.6 (page 716) 
1. rational 3. opposites 5. common, denominator 
7. numerators, denominators, reciprocal 9. factor, greatest 


: Sx? 35x 1 
11. a. Twice b. Once 13. a. 1 b. 52495; 
3 4y 5x 3x — 5 x +2 
ese Weg Wessy 2leaap 232-227 
_pt24q 8 pip — 4) xt 
25. ar 27.5, 29. 1D 31. 5 33. 1 
at (x + 1)?(x + 2) 3m x-4 
35. at+3 37. 2c+x 39. 2n? 41. x+5 
ctl n+2 a+l 
B. ssa see * 2a — 1) 49. —2 
3-—a 3 1 17 16y?_+ 3 
51.757 «6053.30 «55. py O57.) 59 G5, SCOT. TR 
3a — 10b ye + Spt 14 8x — 2 
63. 4a?b? 65. 2y° 67. (x + 2)(x — 4) 
Tx + 29 2x2 + x 
69. (x + 5)(x + 7) 71. (6 3)Ge + 2) = 2) 
=x? + 11g tb 8 6 — 3d m— 5 
73. (3x + 2)(x + 1)(x — 3) 75. 5d(d — 1) 77. (m + 3)(m + 5) 
79.2% 31. 83.254 a5. y-x 37.-4 B94 
91.4 93-5 95.1,2 97.4,-1 99, -4 
t— 3 x-9 freee 
101. @+ DG +) 103. 3 105. 26 107. G@— Dot Iz 
y+ xp + x? 3n = 5 —5 
109.x-5 11, > *4RS 113. 54. 115, == 3 
x+y 1 x 
W770, «109. L121. 2, -S) 123. ~—Gsd2j SG 
3 3 30 
127. ki(ky + 2),k2 +6 129 a 35,525 &b. oF Sra 3 hr 
135. 13,25 
Study Set Section 8.7 (page 732) 
1. two 3. table 5. y-intercept, x-intercept 7. vertical, 
horizontal 9. horizontal, vertical 11. Parallel, perpendicular 
13. y=mxt+b_ 15. a. (—3,0);(0,4)  b. False 17. sub 1 
19. 21. 


A-36 APPENDIX 3 Answers to Selected Exercises 


23. 


27. 
31. 
34 = 4) - Tl 
3 ae a z|* 
3 1 
(-33,0)|_, 
3 
4 
35. y 37. y 
6 ASS Ed 
5 3 ye=2 
oe 
: x= B 1 
: aaa a 
1 —t 
Satta 443 @* m 
=f -3 
—2. 4 
6 8 5 1 
39. 7 41. ica 43. 3 45. —-1 47. =3 49. Undefined 
Sl. y= —4x +16 53. y=—Yx-f 55. y = Sx — 25 
57. y=3x+ 17 59. Parallel 61. Perpendicular 63. Neither 
65. Perpendicular 67. y=4x 69. y=4x-—3 71. y= 3x 
2B. y=-zxt+P 75. (3,4) 77. (9,12) 79. (3, -8) 
81. (—3,3) 83.4 =4% 85. a. Anincrease of 65.5 million 
units/yr —_b. A decrease of 47 million units/yr 
87. v = —2,298x + 19,984 89. a. B= iw — 195 b. 905 
95.-5 97.5 99 w= "> 
Study Set Section 8.8 (page 752) 
1. function 3. squaring, parabola 5. absolute, value 
7. a. {-5,0,1,9} b. {-1,2,4} Xa y 
A 
Sh 4 
Z Le 
mil 
1 
$44.17 34 a 


b. D: the set of nonnegative real numbers; R: the set of real numbers 


greater than or equal to 2 
(4, 2), (4, 4), (4,6) 17. Yes 
21. Yes 23. Yes 
31. No; (1, 1), 1, -1) 

39.7, -1 41. 4,4 
49. 3w — 5,3w — 2 
55. 1 57. D: {-2,4, 6}; R: { 


43. 


numbers; R: the set of real numbers 
numbers except 4; R: the set of all real numbers except 0 


11. of 


25. No; (1, 1), (1, —1) 
33. 22,2 


51. w+ 9,w* + 2w + 10 


13. 2,7,2,7 15. No; 

19. No; (—1, 0), (-1, 2) 

27. Yes 29. Yes 
37. 6,20 —t 
47, —2, 2 

53. 0 

35 30h 59. D: the set of real 

61. D: the set of all real 

63. D: the 


35. 3, 11 


1 
2,2 45. 5,1 


set of real numbers; R: the set of nonnegative real numbers 


65. y 


5 4-3 -2 -1 


FO)E REI, 


69. Not a function; (0, 2), (0, —2) 


75. Afunction 77. a. —4 

b. 4 c« -1,1,5 d.2,4 

81. D: the set of real numbers; 
R: the set of real numbers 
greater than or equal to 2 


¥ 

A 

7 

6 

5 

4 

3 

fa) = a +2 
4334) 133 ae) 


85. D: the set of real numbers; 
R: the set of nonnegative real 
numbers 


89. D: the set of real numbers; 
R: the set of all real numbers 
greater than or equal to —2 


y 


73. A function 
79. a. 2 


71. A function 
b.0 «2 d.-i 
83. D: the set of real numbers; 

R: the set of real numbers 


87. D: the set of real numbers; 
R: the set of nonnegative real 
numbers 

y 

A 

5 

i 

3 

2 

1 

> x 

-6 -5 +4 -3 -2 -l 1 2 
fee, 


91. D: the set of real numbers; 
R: the set of real numbers 


93. D: the set of real numbers; R: the set of real numbers greater than 
or equal to —3 


95. D: the set of real numbers; R: the set of all real numbers greater 


than or equal to 1 y gx=hl+1 
A 


97. 


101. y 


103. 5 


105. y 107. 


APPENDIX 3 Answers to Selected Exercises A-37 


109. 


111. 


121. Between 20°C and25°C =: 123. a. C(f) = 95f + 12,000 
b. $197,250 129. (0, —6) 


Study Set Section 8.9 (page 761) 
1. direct, increases 3. number _ 5. directly, inversely 7. Inverse 
9. Direct 11. a. No  b. Yes c. No d. Yes 13. ¢= ks 


3.v=4 Wd=ht 19. M="F 


the cube ofr. 23. d varies inversely as the fourth power of W. 
25. L varies jointly asmandn. 27. R varies directly as L and 
inversely asd*. 29. 117.6newtons 31. 432 mi_—‘33. 854 
35. P= 105f 37. 26,4375 gal 39.45 w 41. 4.4 in. 
43. 546 Kelvin 47. 3.5 X 10°* 49. 25,000 


21. A varies directly as 


Chapter 8 Review (page 765) 


1-2 2-9 3.8 43 5.88 6.12 7. Allreal 


numbers, R; identity 8. No solution, @; contradiction 9. —8 
10.0 WwaH=G 12, x= 8% Poy = & y 


TT ab 


Le) eee ey ee 
4 
a (ae 
15. (—, 20) ay 16. (— 2, 00), TR gemma 
FA = 1 


17. 5 ftfromoneend 18. Length:9m,width:5m 19. {—3, 3} 
20. {—6, —5, —3,0,3,6,8} 21. Yes 22. No 


23. ¢ 1 24. f 1 


a 6 1 2 
25. [—10, —4) f ) 26.(—%, = 1) ge 
-10 4 -il 


27. No solution, @ 28. [0, 0] ——-—4—1_ ~ 
-1 0 1 


29. (—4, 2) t ) 30. [1,9] ' " 
1 9 


-1/3 2 


31. Yes 32. No 33. (-», —5) U(4, a 
= 0 a4 


A-38 APPENDIX 3 Answers to Selected Exercises 


34, (—%, &) —e 


35. 17 S 4x S 25, 4.25 ft = x S 6.25 ft, [4.25, 6.25] 
36. a iijiv b. ijiti 37. 2,-2 38. 3, -3 39. =, - 
40. No solution, @ 41.3 42. 


45. [—3, 3] f 1 
46..(=5, <2) , ) 


47. [-3. | f 1 48. No solution, @ 


L 
8 8 


49. (2, -1) U1, ) gy -_ 
50. (—2%, —4] U a= —— an 


(<= uae 
4/3 4 
52. (— ©, ©), R (itl 53. Since |0.04x — 8.8 is 
0 


always greater than or equal to 0 for any real number x, this absolute 
value inequality has no solution. 54. Since | + x is always 
greater than or equal to 0 for any real number x, this absolute value 
inequality is true for all real numbers. 55. a. 8,2  b. [6, 10] 
56.3,-3 57. (z—5)\(z— 6) 58. (x? + 4x? + y) 

59. (4a — 1)(a— 1) 60. 9x7 y'2?(Bxz + 9x7y° — 102°) 

61. (55 — 2)(36+ 2) 62. —(~ + 7) - 4) 

63. 3(5x + p(x — 4y) 64. (wt — 10)(w* + 9) 

65. (ry—at1)(r—1) 66. (7a° + 6b7)> 67. Prime 

68. 2a°(a + 3)a—1) 6% (st+¢—- 1? 7m=,, 
71. (2 + 4)\(z- 4) 72. (xy + 82°) — 82°) 73. Prime 
74. (c+ a+ bic -—a-—b) 

75. 2c(4a? + 9b’)(2a + 3b)(2a — 3b) 

76. (kK + 14+ 3mj(k+1— 3m) 77. (m+ n)\(m—-—n-— 1) 


78. (t+ 4)(t? — 4+ 16) 79. (2a — 5b*)(4a” + 10ab? + 25b°) 


31x cd 
80. Fir, +r)", — ro) 81. Dy 82. —2 83. 7 
2a —- 1 a+b 3x(x — 1) 1 
84. a 2 85. (m + p)(m — 3) 86. (x — 3)(x + 1) 87. c-—d 
2 40x + 7y*z 12y + 20 l4y + 58 
88. —7— 389. “Te 90. 15y(x — 2) 91. (y + 3) + 7) 
5x? + 11x 2be> 3 x= 2 
92. @+bDa+d 93. 94. 2p + 2) 95.573 «296. — 1 
97.5 98 —-2,3 99. —-1,-2 100. 3 101. 0 
102. No solution; 3 is extraneous 
103. 104. y 
A 
4 
3 
2- 
x=42 1 
pat Pap as ae hel hee 
es 
—4 


105. 106. 


107. 5 108. Slope of /; = 2; slope ofl, = -§ 109. 1 


110. —-> 111.0 112. Undefined 113. Perpendicular 
114. Parallel 115. y= 3x+29 116 y= - By + 3 
W7.y=3x-5 8 y=-Fx-7 

119. v = —1,720x + 8,700 120. (3,8) 121. a. function 

b. function, variable, dependent 122. a. Yes  b. No; 
(-1,8),(-1,9) « Yes 123. Yes 124. No; (1,1), (1, —1) 
125. -7 126.18 127.8 128 3¢+2 129.3 130. ¢ 
131. D: the set of real numbers, R: the set of real numbers 

132. D: the set of all real numbers except 2, R: the set of all real numbers 
except0Q 133. Function 134. Nota function; (0, 2), (0, 3) 
135. 136.a.-4 b.3 «0 

137. a. 6,up___b. 6, left 


138. y 


139, y 140. y 


e@) + 42)? +1 


141. D: the set of real numbers; R: the set of real numbers 
142. D: the set of real numbers; R: the set of all real numbers greater 


than orequaltol 143. $5,460 144. 1.25amps 145. 4 
146. 126.72 1b 147. Inverse variation 148. 0.2 


Chapter 8 Test (page 781) 


1. a. solve b. inequality c. binomials d. reciprocal 
e. function, variable, dependent 2. Yes 3. = 4. -1 
180n — 360 


5. No solution, @; contradiction 6. a= a 


7. 4cmby9cm 8. Morethan78 9. (—™%, — 5] —}—_> 
-5 


1 9/4 


3 8 
1B. OY C18, ) ga 

5 2 
a 15. 8,-11 16. 4,-4 


43 8/3 
17. 3abc(4a°b — abe + 2c*) 18. 4° + 4)(y + 2)(y — 2) 

19. (b + 5)(b? — 5b + 25) 20. 3(w + 2)(2u — 1) 

21. (a — yx + y) 22. (5m* — 6n)? 23. Prime 

24. (x + 3+ y(x+3—-y) 

25. (4a — 5b°)(16a> + 20ab* + 25b*) 

26. (x-yt 5\(e-y—2) 27-3 28, %t¥ a9 @tw 


4y 
13 2 6a — 17 ue 
30. x+1 31. t-—4 32. (a + 1)(a — 2)(a — 3) 33. 2vw2 
3k? + 4k +4 _ 3 _ 1 2 
34. 352 = Of — 9 35. Sm 5x — 2 36. m= —4,(0, -3) 


37, -UL 38. a. vy = —600x + 4,000 _b. (0, 4,000); it gives the 


value of the copier when new: $4,000. 
39. (5, 0), (0, —2) 40. y 


41. Yes 42. No 43. —1 44. —20 
45. 46. D: the set of real numbers; R: the 


y 
iA set of all real numbers greater than or 
3 equalto—5 47. —-2 48. 2 
2 6 : 
49. = 50. 25 decibel 
yeast aH 5 0 ecibels 


Cumulative Review Chapters 1-8 (page 784) 
1. a. True b. False oc. True 2. —-14 3. —2p — 62 
4.-2 5.17lb 64in. 7. 3.5hr 8 80 
9, (—x, -3] j 10. No 
3/4 


11. 12. 


APPENDIX 3 Answers to Selected Exercises 


13. y 


15. $80 billion per yr 16. a. 3 
18. 28 19. Yes 20. (—1, 5) y 


21. (3,-1) 22. (—1,2) 23. 6%: $3,000; 12%: $3,000 
a'>p5 


24. y 2.x | 26, "ae 27, 
28. jo (29. 4.8 x 10'8m 
30. 4.3 x 10° 


31.20 +a-—3 
32. 0.12p° — 1.8p7 
33. —6t7 + 13st — 657 


34. 16b” — 64b + 64 


Ba + 2y=|6 35. 367-4 36. 2x — 1 


37. 3xy(4x — 2y + 3y°) 38. (x + y)(2x — 3) 

39. (x + 5)(x+2) 40. (3a + 4)2a—5) 41. Prime 

42. (5a — 7b) 43. (a + 2b)(a* — 2ab + 46°) 

44. 2x(x? + 4)(x + 2x — 2) 45. -1,-2 46. 0,2 

.3,-5 48.-5,5 49. 5em 50, 245 
(p — 3)(p + 2) 3 1 Tx + 29 

. 3(p + 3) 52. 5x 53. 3a 54, (x + 5)(x + 7) 

55.38" 56. 22* 57.1 58 22 hr 59. 6,480 


60.20 61. (-%, 2) U(7,-) uy 


67. (x + y+ 4)(x + y + 3) 
68. [(a — by + PVa- b+ cla-—b-c) 
69. (a+ b(a-—b+1) 70. (a+2+b\at+2- 5) 


w= 5 3x 
71. -at+5 72. wl 73. ee 


75. D: {—6, 0, 1, 5}; R: {-12,0,4,8} 76. —-6 77. The 


74. Perpendicular 


A-39 


set of 


all real numbers except 2 78. D: the set of real numbers; R: the set 
of all real numbers greater than or equalto-—2 79.9 80. 1 day 


Study Set Section 9.1 (page 800) 
1. square, cube 3. index, radicand 5. oddjeven 7. a 
9.two,5 11x 13.3,up ba3 b0 6 


A-40 APPENDIX 3 Answers to Selected Exercises 


d. D: [2, ©); R:[0,%) 17. Ve = |x| 19. f~) = Vx—5 
21.10 23. —-8 25. § 27. 0.5 29. Nota real number 
31. 11 33. 3.4641 35. 26.0624 37. 2|x| 39. 9" 

41. 6|s°| 43. 12m* 45. Jy — 1] 47. a +3 


49.a.2 b.551.a.2 b. —3 


53. 0, —1, -2, —3, —4;D:[0, ©); 55. D:[—4, ~); R: [0, «) 


R: (—~, 0] 
; y 
A 
5 fx)= Vx +4 
4 5 ior * 


57. 1 
2. 

61. 3 . —10p*q 

69. —5, —4, —3, —2, -1; 71. D: (—%, %); R: (—%, %) 


Ts AEN 


73.3 75. —3 77. Notarealnumber 79. -} 81. 2a 
83. 3|aq| 85. 87. (m+ 4 89. 4° = 91. — 754 
93. 5 95. —5m” 97. 2|ab| 99. x + 2:10. Notareal 
number 103. |n+6| 105. 7.0in. 107. 1,138.5 mm 
109. About 58.6 beats/min 111. 13.4 ft 113. 3.5% 119. 1 
121. 3(m?_+ 2m — 1) 
(m + 1m — 1) 
Study Set Section 9.2 (page 814) 
1. rational (or fractional) 3. index, radicand 
5, 2545, (W—27), 16-94, (V1), -(&)'? 
7. (125)! -(9/100)-"2 16-4 923 43/2 
Bei a a a CCA Og 
5 -4 3 2-1 0412 3 4 5 6 7 
9. Wx V1. an 13. 100a*, 1007 15.5 «17.319. 2 
21. -6 «23. -2 25.427. 2x? 29. |x| 31. 
33. Notareal number 35. —3n> 37. 2|x| 39. Not areal number 
41. |xt+1| 43.216 45.8 47.4 49, -32 51. 125x° 
53. 4x4? 55. 27°77 57. —X 59, (Babc)!/® 


61. (2 — b)'8 63. Wox7y 
1 1 16 


65. V2s7-P 67.5 69.5 


277° 


Nese Wig Teg TH 72 31.25 
83.977 85. 4 87. m® 89. a4? 91.3 938. a 
SB. yt 927-149 99. V5 101. Wl 103. Vp 
105. Wxy 107. Ve 109. V7m_~—s*11. 2.47_—*113._ 1.02 

3 1 
15. 5y 117. -S 119. p12. ge 1238, - 1 


131. 736 ft/sec 
139. 24 hr 


125. 243.127. V5b 129. — aoa 
133. 1.96 units 135. 145.8 in. or 12.1 ft 


Study Set Section 9.3 (page 826) 

1. like 3. factor, perfect 5. Wawb, product, roots 

Ta V4-5 be V4V5 og V4°5= V4V5) OL VS, 
W/5 (Answers may vary);no _b. “/5, V6 (Answers may vary); no 
11. 80, 87,4k 13.5V2 15.35) 17. 2W/4 19. 2W3 
21. 5aV3— 23. 4V/2b-—25. 8ab?V2ab 27. 10V/3xy 

29. -3x°W2 31. 2x yW2 33. 11235. 4a 7a 

37. 23a? 39. 3x4yWisy 4, MEE gg, 
47.283 a9 2 51, M5310 55. 7x57. 22 

59. 3aV/a 61. 8V7 63. 5SW/4 65. 32s. 42. 
69. -V/4 71. -10 73. 13W2 75. 7/5 — 3V3 

77. 10V2x 79. WI 81. 33V/2t + V3 83. -11V2 
85. 12Wa 87.4W4 89. mW? 91. 5° V2 

93. YS 95. ary? 97. 2mW13n 99. = 101. 27-W/21 
103. 3V/3x 105. 87 V5 f?: 56.2 ft? 107. 53 amps; 8.7 amps 
115, =22 


109. (26/5 + 103) in; 75.5 in. : 


i apt 4-5 


Study Set Section 9.4 (page 838) 


1. FOIL 3. irrational 5. perfect 7. a. 6V6  »b. 48 

c. Can’t be simplified d. -6V6 9. V'6,48,16,4 11. 3V5 
13.6V2 15.18 17.23 19. 48ab? 21. 5aWa 

23. —20rW10s 25. x(x +3) 9-27. 125 — 15 

29. 8V3+2V14 31. —8xV/10 + 6V/15x 33. 8 +23 
35. -1-2V2_ 37. 3x — 2y 

39. 12V/2 + 8W/5 — 18 - 6V/20) 41. W252? + 3W15z + 2W/9 
43.7 45.12 47.18 49. —16x2 51. 18 —12V2r+4 
Ce ee ee, ec ec 5 Ye 


63. V3 65. 2g, MX gg, VE gy, ME zg, M2aht* 


: J ve 3 b 
23-V2p 1V6b Wn eae e452 
75. 10p? 77. 12h 79. 4 81. 9 83. - 
¥ 2 4 ame 7 
85. Mie: 87. sere 39. 25V/aa8 5 2 : ag 
93. {Va — ) or V2 Z -g5, 2= avid 97. es 4 
x x. 
99. x= 2Vay + y 101. V2e+1 103, 22 
x-y 0 V2z 0 ae 
105. —“~—*— 107. 144+ V2. 109. 2,000. 
Viel Vx — Vy) 07. xV14 + V2x 0! ,000x . 
111. 9p? + V5 +5 113, V2" 415, nn 117, YS 
119. ae 121. — 129. 
TO 


Study Set Section 9.5 (page 851) 

1. radical 3. extraneous 5. ”," 7. a. Square both sides. 

b. Subtract 3 from both sides. cc. Add V2x + 9 to both sides. 
9.x-—6Vx+9 11. 6,7,7,3x +3,33,11,Yes 13.4 15.5 
17.6 19.198 21.7, 7% 23. 14,6 25. 3,72 


27.0,77 29. a no solution 31. A,nosolution 33. 4 


35.2,-1 37. 1,-3 3910 41.85 43. -7 45. 12 
47.0 49.3 51.3 53.9 55.1 574 59.0 
61. 73, no solution 63.1,9 65.h=3 67.1= 55 


= 3. Dir > 3D) _ La = 
6. 4=Prt+1p 7. %=c(1-75) 73.16 75. -1,1 
77. 2,4 79.-16 81.4 83.3,5 85. —3 87. 6,no 
solution 89.1 91. 4,3 93. 8,nosolution 95. 1 
97. 178 ft 99. About 488 watts 101. 10lb 103. $5 
113. 2.5 foot-candles 115. 0.41511 in. 
Study Set Section 9.6 (page 862) 
1. hypotenuse 3. Pythagorean 5. a°,b°,c* 7. V2 9. V3 
V1. (x. — x1), (v2 — > 13. 6,52,4,2,7.21 15. 10 ft 


17. 17ft 19. 40ft 21. 24cm 23. x=2,h =2V2~2.83 
25.3.2V2R~ 453 ft 27. x= 2¥2 ~212,y=32 ~212 
29. 5V2in. 31. x =5V3 ~ 8.66,h = 10 

33. 75/3 cm ~ 129.90 om, 150cm 35. x= —~ = 23.09, 
h= ue =~ 46.19 37. =e mm ~ 31.75 mm, 

LloVv3 


39. x = 50, y = 50V3 ~ 86.60 


5 mm ~ 63.51 mm 


Al. 0.75 ft, 0.75V/3 ft ~ 1.30f 43.5 45.13 47. 10 


49. 34 51.2V5 53. 3V10 55. a. 118.73 m 
b. 133.14m 57. 7V3em__ 59. (5V2,0), (0,52), (-5V2, 0), 


(0, -5V2); (7.07, 0), (0, 7.07), (-7.07, 0), (0, -7.07) 


61. 103 mm ~ 17.32 mm 63. 10V/I8I ft ~ 134.54 ft 
65. About 0.13 ft 67. a. 21.21 units b. 8.25 units 
c. 13.00 units 69. Yes 75.7 77.9 


Study Set Section 9.7 (page 877) 
3. real,imaginary 5.a. V—-1 »b. —1 
7. real,imaginary 9. 1 + 87,1 + 8 


1. imaginary, power 
ce. -i d.1- e. four 
TI. 


Complex | numbers 


numbers 


Trrational 


numbers 


Imaginary 


Rational 


numbers 


numbers 


13. 9,67,2,11 15. a. True b. False oc. False’ d. False 

17.31 19. ViioriV7 21. 2V6i or 216 

23. —6V2ior-6iV2 25. 45i 27.31 29. a. 5 + OF 

b.0+7i) 3la1l+5i b.—-3+2iV2 33. a. 76 —-31V6 

b. -7+iV19 35.a.-6-3i b3+iV6 37. 8-2i 

39.15+2) 41.3-5i 43.1+3i 45. -6 47. -2V6 

49.6—27i 51.35—-28; 53.6+147 55. —25 — 25% 

57.7+i 59.12+5i 61.13-i 63.3+4i% 65. 40 
45 9. TT 44, 14 55 

67. 65 69. 76 ~ 26! rae 65 + 65! 73. 7 17! 

75. -B+Ri mi+Bi 79.0-i 81.44 0i 

83. -2+0i 85.0-3i 87.0+5i 891 91. -i 

93.1 95.-1 97.4-1li 99.14-8i% 101. -2- 61 


APPENDIX 3 Answers to Selected Exercises A-41 
103. —4— i 105. 18+ 12% 107. 0+ Zi 
109. 8+ V2i or 8+ iV2 111. -2+7i 113. —48 — 643 
115. 4- “5; yay. -1 +i 123. 20mph 
Chapter 9 Review (page 880) 
ee 32, =A 3; B 4. Notareal number 5. 10a° 
6. 5|x| 7. x* 8 |x +2] 9. -3 10. -6 11. 4x°y 
12.2 1320 14-20-15. 4e*|y| We x +117. -4 
18. Notareal number 19. Notarealnumber 20. 0 21. 13 ft 
22. 24 cm 


23. D: [0, 2%); R: [0, ) 


y 


24. D: (—%, ©); R: (—™, ») 


F@)=HNa 


25. D: [—2, ©); R: [0, ~) 26. D: (—%, ~); R: (—%, ») 


y y 
A 
4 
- aT ARS AaB i 
—_—_—_—e—————oOoeeeeeoo 
fads eed aa 


27. Vi 28. W sxy 29.5 30. —6 31. Nota real number 
32.1 33.2 34-2 35.5 36. 3cd ‘ 


37.27 38. 4 
39. -16,807 40.10 41.2 42. 3 


3,6 
3,125 43. 125x°y 
44. gp 45.594 46.07 47 48.377 49. w — 1 
52. Wc 


50.v+ iy 51. Va 53. 183 mi 54. Two true 
statements result: 32 = 32. 55. AVS 56. 3W/2 57. 210 
58. 20/3 59. 2x°V2x 60. Wr 61. —37? Wik 

62. —2xy Waxy 63. 64. MEE gs, 2x 66. 3x? 
67.32 68. 11V5 69.0 70. —8aW/2a 71. 29x72 
72. 13xW2 73. 9W2P — 8W6P 74. 120° Wx + 5x Wx 

76. (6V2+2V10) in, 14.8in. 77.7 78 6V10 79. 32 
80.6V10 81.3x 82x+1 83. -2Wr 84.3 

85. 42¢ + 9rV21t 86. 27 W277 87. 3b + 6Vb +3 
88. Wop? — Wop — 2W/4_— 89. Le 90, Vise gy, Vou? 


Sxy ue 
4 
92, 2793. 2(V72 + 1) or 2V2 +2 


12V/xz — 16x — 22 


z= 16x 
98. 16,9 


95 a—b 96. + = WVon2V 
a+ Vab . 2a 


13 9 
99. > 100. 


94. 


97. 22 161; 2, =4 


105. Z,nosolution 106. 6, 7% 


= — Wb 
=Fsp 110. 7 = 45 


102. 7 


103. 1 104. —3,1 


107. 5,4 108.2 109. P 


A-42 APPENDIX 3 Answers to Selected Exercises 


113. 7V’2 m ~ 9.90 m 
115. Shorter leg: 6 cm, longer leg: 


111. 17f = 112. 88 yd 
15V2 

114, °3 yd ~ 10.61 yd 

6V3cm ~ 10.39cm 116. 40V3 ft ~ 69.28 ft, 


20V3 ft ~ 34.64 ft 117. x =5V2~7.07,¥ =5 


118, x = 25/3 = 43.30,¥=25 119.13 120. 2V2 

121. 5i 122. 372123. -7V6— 124. 3 

125. Real, Imaginary 126. a. True b. True c. False 

d. False 127.a.3-—6i b.0-—19% 128. a. —1 + 7i 
b.0+i 129.8-—2i 130.3-—5i 131. 3 + 6i 

132. 22+ 291 133. -3V3+0i 134. -81+0: 135.4+i 
136. 0- j,i 137.-1 138. i 


Chapter 9 Test (page 889) 
1. a. radical _b. imaginary 
e. rationalize —f. complex 
numbers, then Wab = Va. 
Jt = ae #0). 
3. D: [1, %); R: [0, %) 

y 

ry 


. foe ne-d 


c. extraneous d. isosceles 


2. a. If Wa and Wb are real 
b. If Waand Wb are real 


numbers, then 


4. 46ft/sec 5S. a -l1 b2 a1 = d. D:(—~,%); 
R:(—%,%) 6. No real number raised to the fourth power is — 16. 
272 8-9 X85 10.3" 11.24% 12, al”? 
13. |x| 14 |y—5| 15. —4xy? 16. asd +8 
18. 6xy?V1Sxy 19. 2x W320. 2/221. 2° Vy 
22. 140/523. 52° W/3z 24. —6xVy — 2x? 25. 3 - 76 


26. Waa + 180/2a+81 27. 2¥10 og Var 41 
29, 18" 39 31, 2 


oF is 32. 10 
34. 3,>3 35. 2,3 36. 108, no solution 
4? 8V3 


ME 39. x = “37 cm ~ 4.62 cm, 


cm ~9.24cm 40. x= (i226 in. ~ 8.67 in., 


= (12.26)V2 in 43. 31/5 


1 _ 1 
“VA4V5 - 3) V10-3V2 
33. A, no solution 
37. -2 38 G= 
h= ies 


y .~8.67in. 41. 25 
44.-1 45. -44+ 1li 46.4-7i 


; V2. ft 
48. —46 — 78 49. 0 — a? 50. 2 + 7! 


42. 28 in. 
47. 75 + 45i 


Study Set Section 10.1 (page 905) 
5. Ve,-Ve 7. a. 36 


9. a. Subtract 7 from both sides __b. Divide both sides by 4 
11. a. False b. True 13. plusorminus 15. 0, —2 


17.5,-5 19 -2,-4 21.2, 23.49 25. +6 

27. +5V2 29, +443 31, -8,-2 33. 0,-8 

35. -5+ V3 37.242V2 39.447 41. +23 

43.3 4i7V5 45.1427 47. x7 + 24x + 144 =(¢ + 12) 


b. 25 


1. quadratic 3. square 


2, 


49. a?-7Tat+ ®%=(a—2) 51.2,-4 53. 2,6 55. 1,-6 
7a see a 

65. 22 V8 67-14; 69, -44iV2 7.2,-4 
73,2 aoe 75. -44 V10 77. 2iV3. 79. 1 +32 
a1. 22M g3, V5 5, <2 g7, be MI 

go, = 2V6 91, 3,9 93, 1+ VU; 95. 4.4 sec 


97. 3,959 mi 99. 1.70 in. 
109. 2ab°/5_ 111. 3 


101. 0.92in. 103. 2.9 fi, 6.9 ft 


Study Set Section 10.2 (page 916) 


1. quadratic 3. a.x°+2x+5=0  b. 3x7 +2x-1=0 


5. a. True b. True 7. 2,-4 9. a. 2; aoe ea 
b =_p_ 13 2413 11. a. The fraction 

2 a bar wasn’t drawn 
<7, under both parts of 


the numerator. 


b. A + sign wasn’t written between —b and the radical. 13. 1,2 
15. A repeated solution of -6 17. 3, 1 19. 5, =| 

21. i 3.19, -2.19 23. as —0.28, —0.72 

25.9 = V8. ois tee 97 1 2 2V5 9 94, 2094 

a9, 1+ 37; 314+; 33.14; 35, 143 

37. a. 5x7 — 9x +2=0 bz 16t7 + 244-9 =0 

39. a. 3x7+2x-1=0 b.2m?-3m-2=0 41. 5,-2 
43.2432; 451,347.32 M7 gg 5+ V7 
iy Se a oy 
so, = VS goo; 63.341V5 65, 25 V7 
67. = 69. 1.22,—-0.55 71. 8.98, —3.98 73. 40 ft 
75. 0.7,2.4,2.5 77. 97 ftby 117 ft 79. 0.5 mi by 2.5 mi 

81. 25sides 83. $4.80 or $5.20 85. 4,000 87. Late 1976 
91. nv? 93. (3b)'/4 95. Wr 97. W730 

Study Set Section 10.3 (page 927) 

1. discriminant 3. conjugates 5. rational 7. a. x be Ve 


axl? d. : 9. 4ac, 5, 6, 24, rational 
11. One repeated rational-number solution 
number solutions (complex conjugates) 
number solutions 17. Two different rational-numbers solutions 
19. Two different irrational-number solutions 21. Two different 


ext 


13. Two imaginary- 
15. Two different irrational- 


rational-numbers solutions 23. —1,1,—4,4 25. 2, —2, 3i, —3i 
27. 25,64 29.1 31. -1,27 33. —64,8 35. 0,2 

14 i 4 2 5+ V65 1+ V105 
37.4.5 39-35 41.-4,2 43, 255 45. => 
47.3 49. -3,1 51. -i,i,-37V2,31V2 53. 4 + i 
55,2257 57, 16,4 59, +1V2, 432 
61. Repeated solutions of 1 and —1 63. 2, —2, iV7, -iV7 
65. a, 1 67. A repeated solution of -3 69.3 + V7 
71. 49,225 73.1+i 75. Nosolution 77. 1,—-1, V5,-W5 


27 
-l, =a 


9.x =3 


5 
79. -3,3 81. 
87. 32.4 ft 


83. 10.3 min 
93. y= ox 


85. 20 ft/sec 


Study Set Section 10.4 (page 941) 
. quadratic, parabola 


_ 


3. axis of symmetry 


5. a. (1,0), (3,0) b. (0,-3) « (2,1) de x=2 
e. Domain: (—™, ~); range: (—~, 1] 
7. y 9.a,2 b.9,18 11,.—3,5 
13. h = —-1; f(x) = 2k -(-D)P +6 


2(x) = Ax? + 3 
fa) =4° 


> xX 


2 | 4 
s(x) = 4x? -2 


21. j 


I s(x) = 3(x - 37 


4 ft Ni an | 


“flxe) = 3x? 
g(x) = 3x + 2)° 


APPENDIX 3 Answers to Selected Exercises 


23. (1,2);x = l; upward 25. (—3, —4);x = —3; downward 
27. (7.5, 8.5); x = 7.5; downward 


311.3,2) 33. (2, 0) 


A-43 


29. (0, —4); x = 0; upward 


2 2 4 6 


ABIHKH BEF 2 
35. (—3, 4) 


(3,4) 


fs) =-2(n +3)? +4 
37. (-1, —3) y 


fo, 442 
(41,/-3) {G0 F 5 + 1) 3 
39. (—2, 1); x = —2; upward 
43. f(s) = 4+ 1 -4; 

(-1, -4),x = -1 


41. (3, —6); x = 3; downward 


& 
+ 
ot 
st) 


So) 


(-1,-4) 


45. f(x) = 40 + 3 + 1; 
(-3, l),x = -3 


G3) 
6 | 4/2 


fay = 4e $3 FI 


Answers to Selected Exercises 


49. f(x) = —4(x — 2) + 6; 


(2, 6),x =2 
; 
A 
- 
Lie ®) 
4 
2 2 4 6 my % 


je(eoly.2 fix) =A - 2) +6 
fo) =(«+4) <= 
51. /@)= 26 + 2y = 2; 
(=2,.=2),% = =2 


53. f(x) = - + 4" - 1; 
(-4, -l),x = —4 


Lae del ye th 


> xX 


6 


55. (-1,-6) 57. (3,43) 59. (—5, 0), (7, 0); (0, -35) 
61. (0, 0), (2, 0); (0, 0) 


63. (—2, 0); (—2, 0); (0, 4) 65. (1, 0); C1, 0); (0, -—1) 


(0,4) 


-6 


tal} 


feat +2r=1 
69. (2, —2); (1, 0), (3, 0); (0, 6) 


67. (1, —1); (0, 0), (2, 0); (0, 0) 
y 
(0;-6) 


(1,0) SAA 


2 2 


“LT YG;=2) 
fix) = 2x? — 8x +6 


71. (—1, —2); no x-intercept; 73. G. 0); (0, 9) 


y f(x) =4x7- 12x +9 


F@)= 6x2 — 12x -8 


75. (0.25, 0.88) 77. (0.50, 7.25) 79. 2,—-3 81. —1.85, 3.25 
83. ! 85. 15 min, $160 

87. 3.75 sec, 225 ft 

89. 75 ft by 75 ft, 5,625 fi? 

91. 1968, 1.5 million; the U.S. 
involvement in the war in Vietnam 


was at its peak 
93. 200,$7,000 101. 


103. 155 — 6V'15b + 9 


V6 
10 


axis of symmetry 


Study Set Section 10.5 (page 955) 

1. quadratic 3. two 5. (—~%, —-1),(—1, 4), (4, %) 
7. a. Yes b. No cc. Yes. d. No 

9. a. (—3,2) b. (—~,—-1] U[l,~) 11. a. Solid 


b. Yes 13. x°-6x-7=0 = 15. (1,4) f " 
1 4 
17. (—~, 3) U (5, ~) <—} $e 
3 5 
19. (—~, —6] U [7, ~) ——E 
-6 7 


21, [-4,3] f " 


4 3 
23. (-», 0) U (4, %) 4 ) _ 
0 12 
25. (—, -3| UO,%) 4 _ 
573 0 


27. (—~, —3) U (1, 4) ) + 


i 1 
29. (-5. 31 U Bs »°) 
-1/2 1/3 1/2 


31. (0,2) U (8, ») —_— 
0 2 8 


33. [-¥ -4) UGB, ») 


35. y 37. 


y <x q+ [1 
39. y 41. y 
A A 
7 4 
6 4 
y=|[k 44] if 
Ny 43 
S 7 
x 4 2 
S 7 
NX. 7 1 
4 
fp ee ial 
y<|x+4] 7 


43. 3) 45. (—~, —3) U (2, ~) 


(-1, 
47. (—4, -2] U(-1,2] . — — a 


49. (—%, —3] U [3, ~) —_—}—_${— 


-3 3 
51, (©, ©) gee 
0 
53. (—2, 1) U 3, ~) <—<$—$—}j$— 
—2 1 3 
2) a a oe 
5 5 
57. (-3, 3) ¢ } 59. No solutions 
-1/3 3/2 
61. (1,4) U (33, ) 
=| 4 23/2 


63. (—2,100, —900) U (900, 2,100) 69.x=ky 71. t= ky 


Chapter 10 Review (page 957) 


1 -5,-4 2-3,-2 3.42V7 4.4,-8 5. +57 
_ INS Va 1 1\2 

6. +5 Rr= _ 8. x27 -xth=(x-4) 

Gap 1g 222 “gy, 82 ap, Gao 


13. Because 7 is an odd number and not divisible by 2, the 
computations involved in completing the square on x* + 7x involve 
fractions. The computations involved in completing the square on 


x? + 6xdonot. 14. 2 is nota factor of the numerator—it is a term. 


Only common factors of the numerator and denominator can be 
removed. 15. a. (2 + 2x) ft  b. (6 + 2x) ft 


16. 6 seconds before midnight 17. 5, —-7 1852 VI 


19.0,10 20, B2 VIG 97, 3+ V5; 27 2+ 2; 
23, 32V29 94, 323V13 95. $74 or $26 


26. Sides: 1.25 in. wide; top/bottom: 2.5 in. wide 

27. 0.7 sec, 1.8sec 28. 33 in., 56 in. 

29. Two different irrational-number solutions 

30. Two imaginary-number solutions that are complex conjugates 
31. One repeated solution, a rational number 32. Two different 


APPENDIX 3 Answers to Selected Exercises A-45 


rational-number solutions 33. 1,144 34. 8, —27 


35. i,-i,%°,-4 5 36. 1,-2 37.44% 38. Repeated 
solutions of —land1 39. A repeated solution of -2 40. > 
41. About 81 min 42. 30mph 43. 30.8 million 44. h, k,x 


45. 


2 


46. 


(—2, -7),x = —2 


4 $5 3 

4 

Ss 

=€) 

fl) =-2(x—1)2+4 G2i=pT 


f@)=4e+2P%-7 
49. (1, —6) 
50. (—}, -3);x = —4; (2, 0), (1, 0); 0, -2) 


51. 1921; 6,469,326 52. ~2,4 


53. (—~%, —7) U (5, %) a 
-7 2 


A-46 APPENDIX 3 Answers to Selected Exercises 


57. |-4,3] 58. (-%, 0) U (1, ~) 


60. ) : 


30. ‘i 31. —2,3 32. [—2, 3] 


dye 


y2-hl 


x 


Cumulative Review Chapters 1-10 (page 967) 
1.-3 2.6L 3. x-intercept: (S, 0); y-intercept: (0, —2) 


Chapter 10 Test (page 964) 
4. Supply: a decrease of 15,000 nurses per year; demand: an increase of 


1. a. quadratic b. completed, square c. vertex d.._ rational 


2 
e. nonlinear 2. +3V7~7.94 3. -7+5V2 4. +2i 55,000 nurses per year 5. y= 3x +2 6 y= —3x—2 
121 uy 35 -1+ V2 7. (1, -2) 8. (3, 8) 
5x2 + xt Ba (x+ 2) 6. 5,75 7.3 


8B1+V5 9.243) 10.-5,-3 11. 1,4 
12. -1,5 13. 2,-2,1V3,-iV3 14. -3, 5 


15.24 V10 16-8 -y. I.c= 
18. a. Two different imaginary-number solutions that are complex 
conjugates _b. One repeated solution, a rational number 

19. 4.5 ft by 1,502 ft 20. About46min 21. 20in. 22. iti 

23. (1, -2),x =1 9. y 10. gaigr 

11. 1.44 x 10'°; 14,400,000,000 

12. a =si= 2/7 

13. —11¢? + 0.84? — 1.4¢ 

14. 8a —b 15. 6uvw?(2w — 3v) 
16. (x — y\(x — 4) 

17. 2a°(3a + 2)(5a — 4) 

18. (78° — 6n*)? 

19. (x7 + 4y*)(x + 2v)(x — 2y) 


sy, 2) 
2 


fix} =|=34=|b7 42 


de (= 56 = HHI, Oe = 1 20. (2x? + Sy)(4x* — 10x7y + 25) 21. 2,-3 22. 0, 2, -5 
B27, Meee BO 2 eas 
27. xy _ 2 + a 28. Sa* —3a-—4 29. 5; 3 is extraneous 
30. R= ks _ 31. 18sec 32. 21 tons 


RoR3 + RiRk3s + RiR2 


33. (—=,—9) «5 a 


10/9 1 9/4 


35. (=, 10) U5, ) gg 
-i0 15 


36. (x + 5+ y\(1+5-— 4) 37. a. Domain: [0, 24] 

b. 1.5. c. At noon, the low tide mark was —2.5m._ d. 0, 2,9, 17 
38. The set of all real numbers except 20 39. $9,000 

40. D: [2, ~); R: [0, 2) 


¥ 


123 45 6 7 


26. 211 ft 27. (—~, -2) UU (4,%) oy = 
=) 4 x fay + Vat 2 


28. (—3, 2] ‘ 4 29. 11,160 gal 
=3 2 


41. 


45. 
48. 
53. 
58. 


62. 


65. 
67. 


69. 


70. 


—3x 42. 4¢V3t 43. fg 4g, 7/1? 
-12W2+10W3 46, -18V6 47, 24342 
SVP 49,.2,7 50.1 51.3V2in, 52. 2V3 in. 
10 54. -i S55. -S+17 563+5i 57.34 4i 
O-Fi 59 +2V7 60.194iV5 61. 


3+ V3 
2 
yt Gi 63. 10fiby18f 64. 50 mand 120m 


—8,27 66. Repeated solutions of —1 and 1 
(—2, 4), x = —2; (—4, 0), (0, 0); (0, 0) 
y 


(—4, -2] U(-1, 2] < 


a. -3 b. No solution 


Study Set Section 11.1 (page 980) 


1. sum, f(x) + g(x), difference, f(x) — g(x) 3. domain 
5. identity 7. a. 9(3)  »b. g(3) 
9. 


11. 
15. 


19. 


21. 
23. 
25. 


27. 
29. 
31. 
35. 


39. 


2(x), (3x — 1), 9x, 2x 
(g — f)(x) = x, (—%, %) 


13. (f + g)(x) = 7x, (—™, ©) 

17. (f + g)(x) = 12x7, (—%, %) 
(g/fyla) = F, (—%, 0) U (0, ©) 
(f + g)(x) = 3x — 2, (—%, ») 


(g — f\@) = —x - 4,(-@, «) 

(f + g(x) = 2x” — Sx — 3, (—~, ») 

(e/ fa) = $54, (-~, -3) u (-}.) 
(f — g(x) = —2x° + 3x — 3,(—~, ©) 
(f/g)Q0) = S554. (—%,%) 33. (fF — g(x) = 3, (-%, &) 
(/A@) =2=4,(-#, -DU(-1,DUCG,%) 37.7 


240 AL -1 43. -} 45. (fo gx) = 2-1 


APPENDIX 3 Answers to Selected Exercises A-47 


AT. (go f)(2x) = 16x? + 8x 49.58 51. 110 53. 2 
55. (g° f(x) = 9x7 - 9x +2 57.16 59. 3 


61. (g° f)(8x) = 64x" 65.2.0 b6 «3 d. -2 

el f. -3 672a7 b8 « 12 dO 69 3x+1 
71. —2x —5 73. a. 1,003; in 1993, the average combined score on 
the SAT was 1,003. _b. 3; in 1996, the average difference in the math 


and verbal scores was3. c. 1028 d. 11 
75. C(t) = 2 (2,668 — 2001) 77. a. About $75 
b. C(m) = 3% = 0.15m 83. +, 


Study Set Section 11.2 (page 993) 
1. one-to-one 3. inverses 
9.1 11l.a.No b. No 13. —4,0,8 
17. inverse, inverse 19. Yes 21. No 
27. One-to-one 29. Not one-to-one 


5. one-to-one 7. range, domain 


15. y,2y,3,y,f | 
23. No 25. No 
31. Not one-to-one 
4 


35. f (x) =*5- 37. f '@) = 5x -4 
4. f'@=24+3 43. f '@=4 
47. f'@ =x 49. f 'o) = Wx - 10 


33. One-to-one 
39. f ‘(x) =S5x +4 


45. f (a= Wx -8 


51. fay = WS 53. fay = Ve 


59. f \(x) = 4x 


61. f '@ =2- 


69. a. Yes;no _b. No. Twice during this period, the person’s anxiety 
level was at the maximum threshold value. 77. 3 — 87 
79. 18 —i 81. —28 — 967 


A-48 APPENDIX 3 Answers to Selected Exercises 


Study Set Section 11.3 (page 1007) 47. ana 49. $22,080.40 
1. Exponential 3. (0,%) 5. Yes 7. Increasing 9. a. 7 51. $32.03 
i : - - 53. $2,273,996.13 
b.jg «25 aii bi aii dii 13,.5>0,b41 > 55. About 422 mm 
15.8 17. 7%3 193%7 ade = 200 57. 8.7 gm 
23. E 59. 2,295 
E 67. 40 
g 69. 120° 
a 100 


50 100 150 
Depth (ft) 

27. : 

Study Set Section 11.4 (page 1018) 

1. The natural exponential function 3. (0,%) 5. Yes 

7. Increasing 9. continuous 11. 2.72 

13. 2 eon 


— |__| —1— __,. 


0 1 2 3 4 
15. 2.7182818...;e 17. 1,000, '°,°?, 2,459.6 19. 24,765.16 
21. 3,811,325.37 23. 11,542.14 25. 542.85 

27. y 29. 


31. 


31. 33. 


35. 


4-3-2 -1 


35. About 72 yr 37. $13,375.68 39. $7,518.28 from annual 


39. Increasing 41. Decreasing : . : 
fi compounding, $7,647.95 from continuous compounding 
| | 41. $6,849.16 


43. a. About 1500, about 1825 —_b. About 6.5 billion 


c. Exponential 45. c(t) 

ry 
700,000 
600,000 
500,000 
400,000 
300,000 
200,000 
100,000 


c(t) = 5(1.03)' 


Number of infected computers 


100 200 300 400 
Number of minutes since 
first infected e-mail opened 


43. 300 


250+ e 


200 + # 


150 - ° 


Population (millions) 


100+ 


SOF ° 


& 2. cae RARE RESEaaSESSaSs A 
1800 1850 1900 1950 2000 
Year 


45. 133 million, 140 million, 165 million, 194 million, 206 million 


237 million, 269 million 47. 5,995,915; 6,565,316 49. 14 
51.51 53. 12hr 55. 49 meters persecond 61. 4x°V/ 15x 
63. 10yV3y 
Study Set Section 11.5 (page 1032) 
1. Logarithmic 3. (—%,%) 5. Yes 7. Increasing 9. x, b” 
11. inverse 13. 2,—2 15. 1, none, none 
17. a. —0.30, 0, 0.30, 0.60, 0.78, 0.90, 1 
b. y 19a. 10 bx 
4_ 
10 21. 3° = 81 
0.9 23. 10' = 10 
0.8 32 1 
0.7 A@set 5.4 ° = & 
ap 2, 8 a5 
04 29. logs 64 = 2 
0.3 7 
0.2 31. logy7g = —2 
0.1 33. logy/.32 = —5 
ee ee jt 1 yl x 
Toi tL h 2345678910 35. log.z=y 37.9 
ee 39.64 41.3 43.4 
45. 47.10 49. 3 
51.5 53. 1,000 55.4 57.1 59. i 61.3 63. 2 
65.6 67. —-1 69.5 71. 5 73. 0.5119 75. —2.3307 
77. 6,043.6597 79. 0.1726 81. 0.3162 83. 0.0195 
85. Increasing 87. Decreasing 
» y 
4 4 
3 i : 3 
; fx) = 083 /x ; fay=togiax 
Pay 23 4 5 riaal pray 23 4 aaa 
ei 
ead 4 


° 


APPENDIX 3 Answers to Selected Exercises A-49 
89. ; 91. 

A 

7 

: J) =33 + Togs x 

4 

: 3 

1 

2 I 345 6 2 


4 -a| fe) = log 4/9 (x =|2) 


boku ad 


ya 
4 f-@) Hogs x 


¢ 
7 
i712 343 6 Ts 
fl 
Va 


103. 2,500 micrometers 
115. 0; -3 does not check 


101. 4.4 
113. 10 


97. 29 db 
105. 77.8% 


99. 49.5 db 
107. 10.8 yr 


Study Set Section 11.6 (page 1040) 


1. natural,e 3. a. —0.69, 0, 0.69, 1.39, 1.79, 2.08, 2.30 


b. y 5. (0, %),(—%,%) 7. 2,2 
ast 9. g(x) =2+Inx T14n 
2.25 + 13. LOG, LN 
2607 15.5 17.6 19. -1 
175+ - ' 
1.50 flap = Ia x Neg Wee 25. -9 
Ee 27. 3.5596 29. —5.3709 
0.75 + 31. 0.5423 33. Undefined 
eran 35. 4.0645 37. 69.4079 
: 39. 0.0245 41. 2.7210 
2345678910 
~0.50 
~0.75 


43. | 45. | 47. About 5} yr 


49. About 87 yr 51. 9.2yr 53. About3.5hr 61. y = 5x 
6. y=—-3xt¢ 65. x=2 

Study Set Section 11.7 (page 1053) 

1. product 3. power 5.0 7.M,N 9. - Il. x 
13. # 15. log,b 17. rs,t,r,s 190 21.7 23. 10 


25.2 27.1 29.7 31.2+10g,5 33. log25 + logy 
35. 2+ logp + logq 37. log5 + logx + logy + logz 
39.2-—log9 41. logsx—2 43. log7 + loge — log2 
45. 1+ logx—logy 47. 1+ Inx + Iny — Inz 

49. -—1—loggm 51. 7Iny 53. Slog 5 55. —3 loge 


57. log, 100 59. logx + logy + 2 logz 
63. 3 logx + 2 logy 


61. 1 + F logs x — logoy 
67. F logax = 5 logay > f logaz 


73. log; +4) 


65. 5 (log, x + log, y) 


69. Inx + FInz 71. logs x°(x + 1) 


x 
i ae 
Zz 


77. In =In 79. 1.4472 81. —1.1972 


75. log, a 


x 
y 


A-50 APPENDIX 3 Answers to Selected Exercises 


83. 1.1972 85. 1.8063 87. 1.7712 89. —1.0000 
91. 1.8928 93. 2.3219 99. About 4.8 
7 


14 : ‘ 
101. 6.3 X 10° gram-ions per liter 109. —¢ 111. (1, -}) 


Study Set Section 11.8 (page 1065) 

1. exponential 3. a. equal.x=y b. equalx=y 5. —2 
7. logarithm 9.x 11. Itisasolution. 13. Yes 

15. a. 1.2920 b. 2.2619 17. a Ap27-/" ob. Pye 

19. log, log 2,2.8074 21.4 23. -; =-0.75 25. 3,-1 
27. A repeated solution of2 29. 1.1610 31. 1.2702 

33. 1.7095 35. —8.2144 37. 0.5186 39. —13.2662 

41. 5,000 43.12 45. —93 47. 0.08 49. —7 51. 3 
53. 50 55. 3 =1.25 57.0.5 59.15.75 61.2 

63. e ~ 2.7183 65. 1.0878 67.10 69.10 71. 4 

73. 0.2325 75. 10,-10 77.10 79.9 

81. A repeated solutionof4 83. 1,7 85. 0.7324 87. 6 
89.1.8 91.2.1 93.20 95.8 97.5.1 yr 99. 42.7 days 
101. About 4,200 yr 103. 5.6yr 105. 5.4 yr 

107. Because In2 ~0.7 109. 25.3 yr 111. 2.828 times larger 


113. i In 0.75 ~ —0.0959 = 119. V 137 in. 


Chapter 11 Review (page 1068) 
1. (f + g)(x) = 3x + 1,(-%, ~) 
2. (f — gi(x) =x — 1,(—%, ®) 
3. (f+ g)(x) = 2x? + 2x, (—~, ») 
4. (f/g)x) = 25, (-%, -1)U(-1,%) 5.3 6.5 

7. (fo gx) =4° + 4x43 8 (go f(x) = 2x7 +5 
9.2.0 b-8 «0 d—-1 10. C(m) =22 

11. No 12. Yes 13. Yes 14. No 15. Yes 16. No 
17. —6,-1,7,20 18. 


19. f'@) =243 wfl@a=tt1 afpl@=Ve-2 
22. f ‘(x)= 6x +1 
23. f'@)=e+1 25 gee 

26. 22V7 


Y fl@=xr+1 
Ra 


27. D: (—~, ©); R: (0, ©) 


28. D: (—%, ~); R: (0, %) 


29. D: (—%, 2%); R: (—2, ©) 


y 
Ion=@) -2 


31. The x-axis (vy = 0) 
32. An exponential function 
33. $2,189,703.45 


700 F 34. About $2,015 


600 
500 
400 
300 
200 


Tons of coal (millions) 


100 


‘So, “fy, 9, 195 " 


Year 
35. D:(—™, ©); R: (1, ©) 36. D: (—™, ©); R: (0, ©) 


y 
A 


37. $2,324,767.37 38. 8,838,365 39. 13.9%, 11.67%, 9.80% 
40. The exponent on the base e is negative. 

41. D: (0, ©); R:(—~%, ©) 42. Since there is no real number such 
that 10’ = 0, log 0 is undefined. 43. 4° = 64 


44. log,5=—1 45.2 46. —-2 47.0 48. Undefined 


1 1 1 
49.5 50.3 51.32 52, 53.4 54.10 55.5 


APPENDIX 3 Answers to Selected Exercises A-51 


56. + 57. 0.6542 58. 26.9153 59. ‘ i. a= 


A fow= a" 
4 va 


12. f \()=Wr+15 14. a. Yes b. Yes 

c. 80; when the temperature of the tire tread is 260°, the vehicle is 
traveling 80 mph 

15. D: (—~%, ©); R: (1, ~) 16. D: (—~, ~); R: (0, ~) 


2 | fe) = logy x 


62. y 63. About 53 64. About 4.4 
65.1 66.2 67.—-5 68.5 

69. Undefined 70. Undefined 7 
71.0 72. -7 73. 6.1137 3 2 
74. —0.1625 75. 10.3398 : 
(boy 76. 0.0002 17. & g = 0.046875 g 18. $1,060.90 

20. About 1,829,237,435 
21.67°=24 
22. a. D: (0, ©); R: (—%, ~) 
b. f (x)= 10 23.2 24, -2 
25. Undefined 26. -6 27. 5 


28.0 29.2 30.16 31. 35 
32. e 


Fx) =|(3 + log x 


(1,3) 


ss x ~=—*77. They have different bases: 
log x = log; x and 
Inx = log. x. 
73. f '(x=e& 
79. 


34. 


81. About 60 yr 82. About 72 in. (6 ft) 83.0 84 1 85. 3 
86.4 87.3 + log;x 88.2—logx 89. 4 logs 27 
90. log, 10 + log,a +1 91. 2 log,x + 3 log, y — log,z 


92. 5 (In x —Iny-—2I1nz) 93. log. 94. log, 45 2 
95. 2.6609 96. 3.0000 97. 1.7604 , 35. 6.4 36. About46 37. 0.0871 38. 0.5646 


98. About 7.9 X 10~* gram-ions/liter 99. —4 100. —3, —1 
101. 1.7712 102. 2.7095 103. 1.9459 104. —8.0472 
105. 104 «106.9 107. 25,4 108. A repeated solution of 4 
109. 4,3 110.2 117.6 = 112. 31 

113. 0.76787 # —0.27300 114. About 3,300 yr 

115. About 91 days 116. 2,5 


39. 2log,a + 1+3log,c 40. n2¥4** 41, 0.6826 
42.4 43.1 44.10 45.5 46. About 20 min 


Study Set Section 12.1 (page 1097) 

1. system 3. infinitely 5. a. True ob. False’ c. True 

d. True 7. a. 3; —4 (Answers may vary) _b. 2; —3 (Answers 
may vary) 9% 3x — 7,5,4, 12,3,2,3 11. Yes 13. No 


Chapter 11 Test (page 1079) 1. N ie 
. oO « Yes 


1. a. composite b. natural c. continuous d. inverse 
e. logarithmic 2. a. f composed withg  b. g of fof eight 


3. (f + g(x) = 4x° — 2x + 11, (—%, %) 
: x2 — 
4. (g/fy(x) = == P56"? (-~, -9) U(-9,%) 5. 76 
6. 32x? — 128 + 131 7a. -16 b 17 8 a0 b3 
ec 1 d.-2 e-5S 9. Yes 10. No 


A-52 APPENDIX 3 Answers to Selected Exercises 


19. (4, 2) 21. (-1,3) 


23. No solution, @; inconsistent system 
y 


A 
3x=3y =/4 


25. Infinitely many solutions, {(x, y) |x = 3 — 2y} or 
{(x, y) |x + 2y = 3}; dependent equations 


27. (—3, —3) 


29. (—2, -1) 
Y 3y=S5xe 47 


31. (—0.37, —2.69) 33. (—7.64, 7.04) 35. (2,6) 37. (5,3) 
39. (-2,4) 41. (-4,-2) 43. (9,2) 45. (—4, 0) 
47. (0,—6) 49. (12,4) 51. No solution, @; inconsistent 


system 53. Infinitely many solutions, {(x, y)|3x — y = 5}; 
dependent equations 


55. (+, -1) 57. (1, —2) 


59. No solution, @; inconsistent 


system 


65. Infinitely many solutions, 
{(@, y) |x + 3y = 6}; 
y dependent equations 


67. (1,2) 69. (3,4) 71. (4,-7) 73. Infinitely many 
solutions, {(x, y)|x + y = 12}; dependent equations 75. (—2, —3) 
77. (5,3) 79. (10,42) 81. (-6, 16) 83. (2, -3) 
85. (9,-1) 87. (2,3) 89. (—4,1) 91. (2,000, 50) 
93. a. y b. $140 ec. Supply 
600 increases, and demand 
decreases. 
g 500 95. (250, 2,500); if 
2 400 the company makes 
3 250 widgets, the cost 
© 300 Demand to make them and the 
2 200 ssa revenue obtained from 
5 their sale will be 
sa equal: $2,500. 
ip L — L ly x 97. Adults: 150, 
100 120 140 160 180 200° Ghitdren: 420 
Price per camera ($) 99. 15 sec: $475, 
30 sec: $800 
101. 65°, 25° ~—- 103. $3,000 at 10%, $5,000 at 12% 


105. Snowmobile: 1.5 hr, ski: 4.5 hr 107. 85 racing bikes, 120 


mountain bikes 109. 103 111. 148 g of the 0.2%, 37 g 
ofthe 0.7% 7. P,=F2 19. r= $=4 


Study Set Section 12.2 (page 1111) 
1. system, standard 3. triples 5. dependent 7. a. No solution 
b. Nosolution 9. x + y+ 4z = 3, 7x — 2y + 82 = 15, 


3x + 2y—z=4 11. Yes 13. No 15. (1, 1, 2) 

17. (-1,3,0) 19. (3,-1,3) 21. (—3,0,5) 23. (7, —6, 3) 
25. (3,2,-1) 27. (40,—20,5) 29. (2,2, -1) 

31. (9,0,-4) 33. (10,—-5,5) 35. No solution, ©; inconsistent 


system 37. Infinitely many solutions; dependent equations 
39. (8,4,5) 41. (12,-9,4) 43. (3,2, 1) 45. No solution, 


; inconsistent system 49. No solution, @; 


inconsistent system 51. (2,4,8) 53. Infinitely many solutions; 
dependent equations 55. (2.5,3,3.5) 57. (2, 6,9) 

59. a. Infinitely many solutions, all lying on the line running down the 
binding _b. 3 parallel planes (shelves); no solution __c. Each pair of 
planes (cards) intersect; no solution _d. 3 planes (faces of die) 


intersect ata corner; 1 solution 61. 100, 81,78 
67. y 69. 
A 
4 
3 
1 
> x 
4 3-2-1 123 4 
7 fi) = Ix 
=3 
4 


Study Set Section 12.3 (page 1119) 

x+yt+z= 50 

5x + 6y+7z=295 5. -3 =4a+2b+c 
2x + 3y + 4z = 145 

7. 30 large, 50 medium, 100 small 9. Food A: 2, Food B: 3, 

Food C: 1 11. 120 coats, 200 shirts, 150 slacks 13. Young: 85, 
Montana: 55, Gannon: 16 ~—-15. Nitrogen: 78%, oxygen: 21%, other 
gasses: 1% 17. ZA = 40°, ZB = 60°, ZC = 80° 

19. X-Files: 201, Will & Grace: 194, Seinfeld: 180 

21. 6 lb rose petals, 3 Ib lavender, 1 Ib buckwheat hulls 

23. Nickels: 20, dimes: 40, quarters:4 25. y = 5x? = 2% = 1 
27.x° + -2x-2y-2=0 31. Yes 33. Yes 

35. No;(1,2),(1, —2) 37. No; (4, 2), (4, —2) 


1. satisfy 3. 


Study Set Section 12.4 (page 1131) 
1. matrix 
b. 3 x 4 


11. a. Interchange rows | and 2 


3. rows, columns, by 
9. a. x,y, ¥, 6, —4 


5. augmented 7. a. 2 X 3 
b. x, z, 2z, z, 4,0, —20 


b. Multiply row 1 by 4 


. 1 2!) 6 
c. Add row 3 to6timesrow2 13. E -1 aa 
15. {* a ay i 5 19. F = ‘| 
y=4 =3 1: -6 1 —4: 4 
3 6 -910 3 6 —910 
21.) -2 2 -215 23.;/ -2 -1 7:1 25. (1, 1) 
i 5 =0'% =F 2. 2s 
27. (2, -3) 29. (3,2,1) 31. (4,5,4) 33. No solution, @; 


inconsistent system 35. {(x, y)|x + y = 3}, infinitely many 
solutions; dependent equations 37. (—2,—-1,1) 39. (—1,-1) 
41. (0,—3) 43. No solution, ©; inconsistent system 
45. {(x,y)|4x — y = 2}, infinitely many solutions; dependent 

47. (4,1,-2) 49. (0,1,3) 51. (-4,8,5) 
53. 262,144 55. 22°,68° 57. 40°, 65°, 75° 59. 76°, 104° 
65. m = ommeal (xX. #X,) 67. y— yy = mx — x) 


x — 2X 


equations 


Study Set Section 12.5 (page 1142) 


1. determinant, diagonal 3. minor 5. ad,bc 7. The third 
1. 2 0 

column 9/3 1 -I 11. (-—2,-1,1) 13. 6,30 
8 4 -1 


APPENDIX 3 Answers to Selected Exercises A-53 
15.4 17. -10 19. -170 21.6 23.35 25.0 27.4 
29.26 31. -37 33.5 35. —-79 37.1 39. (4,2) 
41. (-5,-8) 43. (5,3) 45. (11,3) 47. No solution, @; 
inconsistent system 49. {(x,y)|5x + 6y = 12}, infinitely many 
solutions; dependent equations 51. (1,1,2) 53. (—2, 0,2) 
55. (3,-2,1) 57. (2,-1) 59. (-4, -1, -4) 
61. No solution, @; inconsistent system 63. No solution, ©; 

65. (—2,3,1) 67. (—3, 3) 
69. Dependent equation; infinitely many solutions 71. —46,811 
73. —60,527,941 75. 50°,80° 83. No 85. The graph of 
function g is 2 units below the graph of function f. 87. y-intercept 
89. x;y 


inconsistent system 


Chapter 12 Review (page 1146) 

1. a. (1, 3), (2, 1), (4, —3) (Answers may vary) 

b. (0, —4), (2, —2), (4, 0) (Answers may vary) c. (3, —1) 

2. The point of intersection is (2001, 50%). In 2001, the percent of time 
spent viewing broadcast networks and cable networks was the same, 
50%. 3. Yes 4. No 


5. (3,5) 6. (—2, 3) 


2a—3y +13 =10 


meri 
7. Infinitely many solutions, 8. No solution, @; 
{(x, y)|3x + 2y = 12}; inconsistent system 
dependent equations y 


6K Oy =3 


9.2 10.-1 11. (-1,3) 12. (-3,-D 


13. (3, 4) 
14. Infinitely many solutions, {(x, y) |x = —2 — 3y}; dependent 


equations 15. (—3,1) 16. No solution, @; inconsistent system 
17. (9,4) 18. (4, 5) 
computations are easier. 20. (—1, 0.7) (answers may vary); (- i, 2) 
21. 9,2 22. Austin—Houston: 162 mi; Austin—San Antonio: 83 mi 
23. 8mph,2 mph 24. 500 oz of 6%; 250 oz of 18% 25. $4,000 
at 6%, $6,000 at 12% 26. Teaspoon: 5 mL; tablespoon: 15 mL 


19. Using the elimination method, the 


27. No 28. Yes; infinitely many solutions 29. (2, 0, —3) 

30. (2,-1,;3) 31. (-1,1,3) 32. (—-5,-14,-—4) 

33. (6, -2,2) 34. (1,4,1) 35. No solution, ©; inconsistent 
system 36. Infinitely many solutions; dependent equations 


37. Small: 50; medium: 60; large: 40 
38. 2 cups mix A, | cup mix B, | cup mix C 
39. $5,000 at 5%, $7,000 at 6%, and $10,000 at 7% 


A-54 APPENDIX 3 Answers to Selected Exercises 


40.a=-1,b=2,c=0 41. 5 a 
ae : £1 = 
42.) 1 -3 -l: 4 43. a. H 
6 12:-6 
6 sa ed | 
F 2 | ! —6 ‘| 
b c 
1. 3) =2 1 31-2 
1 1 0:-1 2 -1 1; 3 
dia, ||2 sb 2S). IS S wis 
3 -1 -2: 7 3 -1 -2' 7 
0. -=3 1: 5 
c. | 1 1 0 cmt 45. (1, =3) 46..(5,-—3, =—2) 
3 -1 -2/ 7 
47. Infinitely many solutions, {(x, y)|—2x + y = —4}; dependent 
equations 48. No solution,@; inconsistent system 49. 18 
50.38 51. -3 52.28 53. (2,1) 54. No solution, ; 
inconsistent system 55. (1,—2,3) 56. (—3, 2,2) 
Chapter 12 Test (page 1154) 
1. a. system ob. rows,columns  c. triples d. plane e. matrix 
2. (2, 1) y 3. Itisasolution. 4. The 


point of intersection is (6/06, 
44%). That means that Governor 
Schwarzenegger’s job approval 
and disapproval ratings were the 
same in June of 2006; 
approximately 44%. 

5. a. Inconsistent system; no 
solution, @ b. Dependent 
6.3 7. (7,0) 8 (2, -3) 
9. {(x, y)|2x + 3y = —3}, infinitely many solutions; dependent 


equations; infinitely many solutions 


equations 10. (4,2) 11. 55,70 12. 15 gal of 40%, 5 gal 
of 80% 13. 8 X 10:$8.75;5 * 7:$5.25 14. No 
15. (3,2,-1) 16. (—6,2,5) 17. Children: 60, General 
1 7-3 
Admission: 30 iors: 10 18. ' 19. (2,2 
ission: 30, Seniors 8 F 79} | (2, 2) 
20. No solution, @, inconsistent system 21. —2 22. 4 
23, (=3,3) 24 =1 
Chapters 1-12 Cumulative Review (page 1156) 
1. a. True b. True co. True 2.36 3.12 4. _3 
5. r= 754 6. 8.9% 
7. (—%, —2) —! ‘ 
2 
8. 9. ‘ 


10. A decrease of 750,000 viewers per year 


12. Perpendicular 
13. (—2, 3) 


Al y=}r-1 


14. (-—3, -1) 

15. (—1, 2) 

16. 32 lb of Sweet-n-sour; 
16 lb Bit-O-Honey 

17. 550 mph, 50 mph 


10. 
20, 5 
. 2,600,000 to 1 
73 X 10°4 
. 6x? + 8x? + 3x — 72 
. 6a 25. 66° + 5b —-4 


. 6x7 — Tx7y + y? 
. Ax? + 20xy + 25)? 
. 8im* - 1 


3 1 
29. 2a - 36+ 4 


30. 2x +1 31. 6a(a — 2a°b + 6b) 32. (xn + p\(2 + a) 
33, (St+ 4)(5t- 4) 34. (b+ 5) — 5b +25) 35. 0,-8 
36.3,-5 37.5in, 380,2 39.°2*3 go, -1 

w= 3 1 x? + 4x + 1 x? + 5x 9m? 
“72-5 425 44, 732 45, 
46. 77S 47.1 48. 27; days 49. 875 days 50. 39 
51. [-10, 14] 52. (—&, 2) U (7, ©) 

~«~_-—}_- 

-10 14 2 7 


53. (x + 2+ yx +2 —y) 
55. —8 
56. D: (—™, ~); R: (—%, %) 


> xX 
123 45 


A fOEIGE DI 


73. 1+ 5i 
77, -2,-6 78. 
80.2 +i 


74. 16 — 2i 
1+ V33 


83. 16 


54. 


a7 
60. 


62. 
64. 


66. 
68. 
70. 
75.6-17i 76.1 -i 
w?; -0.59, 0.84 
81. 8,-27 82. 


(6 + 1)(b — 1)(6 + 4)(b — 4) 


Yes 58.1.2 59. 2|x| 
ig 61. 10a°b" 
2xyWx? 63. 9V6 
5/2 6xV2x 
4AxV xy 65. care 
3m Wa 
aa 67.9 = 
z= 2Vaty 69. 1,9 
212in. 71. 7i 72. 31V6 


79. 0 + 4i 


84. f (x)= —Fx+2 


85. D: (—™, ~); R: (0, ~) 86. D: (0, ~); R: (—™, ~) 


y 
4 
3 
A fo =iInx 
1 
x 
2 2345 6] 
-1 
2 
3 
4 


87. 2.7 88. About 8.3 billion 89.5 90.64 91. —2 
92.1 93. 3Iny + SInx —Inz 94. log 95. —8.2144 
96.10 97. (2,-1,1) 98. 2D: 40°, ZE: 60°, ZF: 80° 

99. (2,-3) 100. (5, 3) 


Study Set Section 13.1 (page 1173) 

1. conic sections 3. circle, radius 

Sai -hy+Q-hPar bw t+yar 
70a. (2,-l;r=4 b (e-2P4+(y+1P = 16 
9a y=ax—-hP tk bx=ay—khP +h 

11. a. Circle b. Parabola cc. Parabola_ d. Circle 


13. 6, —2,3 
15. (0,0),r =3 17. (0, —3),r=1 
y 
A 
4h 3? WP =-9 
4 a* 
4 
19. (—3,1),r=4 21. (0,0),r = V6 ~2.4 
y 
A 
> X > xX 


-3 


3 
(e434 (+1) +16 xt +yi=6 


232. +y=1 25. (x- 6 +(y — 8) = 25 
27. (x +2P +(-6P = 144 2.x + =H 
31. (x-3) +(p+ 2) =2 33.27 + =8 
35. (x - 1? + (y+ 2" =4; 37. («+22 + (+1 =9; 


(1,.-—2);.7 = 2 (-2, -1),r = 3 
y 
A 
6 yP|* 
cif 
(+12)24. G+ DP $9 


APPENDIX 3 Answers to Selected Exercises A-55 


39. y= 2x — 17 +3; 
vertex: (1, 3) 


41. y=—-(e +1 +4; 
vertex: (— 1, 4) 


y y 
ys sit l)P 4 4! 


4 
>) dd, 3) 
ily =2@ =|)? 43 


1 tT 2 4 5 7 
HEED 


ae ee CaS) 


47.x=(y- 1° + 4; vertex: (4, 1) 


y 
A 
4 
3 
2 
(4,1) 
~ > XxX 
{123 4 S808 
i xt(ytipha 
3 
=4 
Y 


49, x = —3(y — 3)° + 2; vertex: (2, 3) 
51, 53. 
57. ) 


55. 


59. x=(y- 37-5; 
vertex: (—5, 3) 


61. (2,0);r = 5 


A-56 APPENDIX 3 Answers to Selected Exercises 


63. (x — 3 +(v + 4" =7; 
3, -4);r= V7 =~ 2.6 


65. y=4(x —2/ +1; 
vertex: (2, 1) 


y y 
A 
1 
-l 123 45 6 7 =H 8 
-I 7 
2 6 
3 5. 
aad 4 
=. 3 
—6. 2 
“ ' Gh 
a 
. 2 2 3 2 41 123 4 5 
(x- 3)°+ (y+ 4) —a -1 y=4k 42) 4 1 


Y 
69. Vertex: (1, 0) 


67. (1,3);r = V15 ~ 3.9 


y 


(x- 1)? + (y-3)7 = 15 
71. (2,4);7r = 6 


x=-y'4+1 


(f=2) + =4) = 36 


73. Vertex: (0, 0) 75. Vertex: (3, 1) 


x 

A 

4 

3 
“Tors 3.1) 

—> x 

Bb i T2345 

4 

2 

3 

4. 


x=-6(y-1)°+3 


77. (¢+1P + =9;(-1,0); 79. x =5(y + 2)? - 2; 
r=3 vertex: (—2, —2) 


(x41) +y’=9 


81. Vertex: (—5, 5) 83. No 
y 85. a. 8 mi 
A b. 9mi 87. 5ft 89. 2AU 
(+515) 7 1 
; 95.5,—-3 97. 3,—-] 
4 
1 
> Xx 

ot he 4s AB 4, 
4 
4. 
=§ 


y=4AG@ + 5)? +5 


Study Set Section 13.2 (page 1184) 


1. ellipse 3. foci, focus 7: 5 + _ =] 


9. x-intercepts: (a, 0), (—a, 0); y-intercepts: (0, b), (0, —b) 
11. a. (—2,1);a=2,b=5  b. Vertical 

+ 2P | w= IP _ @-1P , ot5P _ 
cz Fz 13. 16 Sd 
15. Ah 8 4=6,a=10,5=12 17. y 


5. major 


29. y 


A 
I 


(41)-2)2 1 | 1 2 3 


(x+1)?4 4G]4 2)7 = 4 

or 
Qr +47 —6}+ 2)? 
oe 


(x +2) , 9-2 7 
64 100 
31. y 


16(x — 2)? + 4(y + 4° 2568 


or 6 
(@w-2P Oar Lys 
16 on | |” 4 
3 + 4 ale 
e-(2,|-4) 


APPENDIX 3 Answers to Selected Exercises 


43. x + yy = 25 


47. y= -3(x + 4 +5 


7475} 


A-57 


53. fg thal 55. 5V3 ft ~8.7 Ft 

va de ; 2,9 ptr 
57. 127 sq. units ~ 37.7 sq. units 63. 12+ G65. ee 
Study Set Section 13.3 (page 1194) 
1. hyperbola 3. vertices 5. diagonals 7. x ih = I 


(x — hp OG — kP 


9,4 el Wa (-1,-2)0=3,5=1 
Yt+2?  @+1P _ (@t12 (-5P_ 

b 25-25 =1 13.454-4)-1 
15.h=5,k 


17. 


21. 


Iz al 
cl Ee Fy | 
& = ne 


35. y 


39. 


4 


(x+y 


es 2 
Fig ean eee 


@ +3 _@- IP _ 
Meg ge 


> X 


(Co) aa 6 lead Pha 
t 4 


49. 


> 


53. 


a 4 


2 


y=-(x-3)? +5 
57. ‘ 


1 


51. 


» tL), 


APPENDIX 3 Answers to Selected Exercises 


59. (x + 2)’ + ( — 3)° = 36 67. (10, 2); PV/10m 69. 80 fi by 100 ft or 50 ft by 160 ft 


J 71. $2,500 at9% 75. 2,000 77. 7 


Chapter 13 Review (page 1205) 
1. ‘ 2. 


> 
8 4 6 8 
a 


cH 2) +Hy4 8) 436 


61. 3units 63. 10\V/3miles 69. 64 71.3 73.3 75. 10 


Study Set Section 13.4 (page 1201) 


1. system 3. intersection 5. secant 7. a. two b. four 3. (x + 2y +(y- 1y =9 
c. four d. four 9. (—3, 2), (3, 2), (—3, —2), (3, —2) 
ll. a -4 b. -2~~ 13. 2x, 5,5, 1,1, -1, -2 

15. (0, 3), (—3, 0) 17. (—4, 0), (4, 0) 


@+ 2)? HO -|D?=9 


4. (x -9P + (vy -9P = Vor —- 9% + - 9P = 81 
5. (—6, 0); 7r = 2V6 6. center, radius 
7. (0, 0) 8. (—2, -1) 


25. (1,2),(2.) 28 (6.70, 1 “9 (8 9), 
29. (V5, 5), (—V5, 5) 31. (2, 4), (2, —4), (—2, 4), (—2, —4) 
33. (3, 0),(—3,0) 35. (V3, 0), (— V3, 0) 

97, (=2, 9,29), 3), 3) 

39. (1, 0), (5, 0) 


11. (2, —2), (8, —3) 


12. When x = 22, y = 0: -73;(22 - 11)? +5 =0 
13. y 14. r 


A A 
41, (2,1), (—2,.1), (2, -1),(—-2,-1) 43. (0, —4), (-3, 5), G, 5) TTT ; 
45. (6,2), (—6, -2), (— 42, 0), (42, 0) aise 
47. (—V/15, 5), (15, 5), (2, -6), (2, -6) PaaeanEn ‘ 
49. (0,3),(—33, -3) 51. (0,0), (2,4) 53. No solution, @ : 2 rT * 
55. (3, 5) NILE - 
V10 a5) (0 ae) | . 3V6 V10 aus 


57. ( 4»? a 4? 4 4 ).( 4»? (x-2)7 (y- 1) 
59. (3, +),(4,3) 61. (-1,3),(1,3) 63. (3,3) 65. 4,8 Zt 1 


\o 


A-59 


A-60 APPENDIX 3 Answers to Selected Exercises 


16.) +%=1 Wa Circle 29. (2,2), (—1, —4) 30.a2 b4 «4 di4 
: 31. (0, 1), (0, —1) 
b. Ellipse cc. Parabola ne teen 
4 x2 y 7 Y= 5x 
d. Ellipse 18. 55 +5 = 1 33. (0, —4), (—3, 5), (3, 5) 
19. ellipse, focus 34. (V2, 0), (-V2,0 
35:0, 2),-5)-4) 
36. (4, 2), (4, —2), (—4, 2), (—4, —2) 
37. (2, 3), (2, —3), (—2, 3), (—2, —3) 


38. (2V2, V2), (-2V2, -V2), (1,4), (1, -4) 
39. Nosolution,@ 40. (—2, 1) 


Chapter 13 Test (page 1210) 
1. a. conic  b. center, radius c. hyperbola d. nonlinear 
e. ellipse 2. (0,0);7r = 10 


+9" = 100 
3. (-2,3),r=3V2 4. 4-4% + 0-37 =9 
5. A 6. y 
G- iP _ Gti" _, A A 
4 S 
4 
23. y AOD 
ie ci > x 
N A 6 2 
RK A 
nS 8 A > XxX 
Ror ot “2 z id 
euseceaae G+ Dt HO-|DPS9 i 
ors | » a xe (yt1)?42 
{ Ak | x 
io-8 B¥2 Tee 
peer 7 8. y 
a =4 9 
a sf. A 
a 6 ae 4 
y= 2" _@+1P _; wet 
25 a, 
24. y 25. 4units 26. a. Ellipse 4) 2 2 | an 
wh b. Hyperbola ce. Parabola + 2 
d. Circle 27. Yes 
: 28. (0, 3), (0, —3) 2 
4 
9 y 10 
| k 
4 0) > 
@=|2)r | ye lly 
L a 1 
2 a5 ae raid 
ZA tt 
ee a 
“TT bp Ft ii 
«-12 , Oo +27 _ . 
Ws Sg ag = Ll 12. 2.5 in. 


14. (—1, 1); length: 4 units, width: 4 units = 15. ¥ = a =1 


16. a. Ellipse b. Hyperbola  c. Circle  d. Parabola 


17. (—4, —3), (3, 4) 18. (2, 6), (—2, —2) 


Lh}? = 25 


19. (1, V2), (1, -V2), (-1, V2), (-1, -V2) 


20. (-1, 3),(3,-3) 21. (-1,0) 22. No solution; @ 


Study Set Section 14.1 (page 1222) 


1. binomial 3. binomial 5. factorial, decreasing 7. one 
9°79 A111  13.n,1 151 17.9,3 19. 2,4 
21. °,3,y,2,7,% 23. n,1 25. a + 3a°b + 30h +b 


27. m> — S5m*p + 10m*p? — 10m*p? + Smp* — p> 29. 6 
31. 120 33. 30-35. 144 37. 40,320 = 39. 2,352 41. 79 


43.72 45.5 47.10 49. is 51. 21 53. 39,916,800 


55. 2.432902008 x 10'S = 57. m* + 4m3n + 6m?n? + 4mn? + 14 

59. & — Sc4d + 10c°d? — 10c7d? + 5cd* — d? 

61. a’ — 9a8b + 36a’b* — 84a°b? + 126a°b* — 126a*b? + 
84a°b° — 36a°b’ + 9ab® — b° 

63. s° + 6st + 15s4#? + 20572? + 1557¢* + 6st + £9 

65. 8x + 12x*y + Oxy +" 

67. 321° — 240r* + 720r7 — 1,080r7 + 810f — 243 

69. 625m* — 1,000m3n + 600m7n — 160mn* + 16n* 


3 xy xy 


mle 


y x4 2x3y x2y2 xy yt 


- 
NM. wt et ats 73. 3] 27 6 6 + 16 

75. c\° — 5c8d? + 10c%d* — 10c*d® + 5e*d® — d'° 77. 28x°* 
79. 15r°s* 81. 78x!9 83. —12x3y 85. 810xy* 87. —Le8d 
89. —70,000t* 91. 6a'°b*? 97. logx*y'/? or logx?Vy 99. Iny 


Study Set Section 14.2 (page 1232) 
1. sequence 3. arithmetic 
9. a. a, =a, + (n— l)d 


5. mean 7. 1,7, 13 
b. S,= "25 41. nth 


13. sigma 15. summation,runs 17. 3,7, 11, 15, 19; 159 
19. —2, —5, —8, —11, —14; —89 

; 123 1 
21. -1, —4, -9, -16, -25;-400 23. 0,5,3,3,5 
25. -3,5.-37> 4-27. -7,8,-9,10 29. 3,5, 7,9, 11521 
31. —5, —8, -11, -14,-17; -47 33. 7, 19, 31, 43, 53; 355 


35. —7;,—9,-—11;.— 13,19; =35. 37. 88 39.59 


41. 5,11,17,23,29 43. —4,-11, -18,-25,-32 45. 5,8 
47. 12,14,16,18 49. 2,25, 51.3 53. 2,555 

55. 2,920 57.3+6+9+12 59.4+9+16 61. 60 
63.91 65.31 67.12 69.70 71.57 73.12 75. 354 
77. -118, 111, -104, -97,-90 79. 34, 31, 28, 25, 22, 19 

81. 1,398 83. 1,275 85. -179 87. -23 89. —3 

91. 2,500 93. $60, $110, $160, $210, $260, $310; $6,060 

95. 11,325 97. 78 103. 1 + log,x — logy 


105. 3 logx + 2 logy 


APPENDIX 3 Answers to Selected Exercises A-61 


Study Set Section 14.3 (page 1245) 
1. geometric 3. mean 5. 16,4, 1 
9. a. Yes b. No c. No d. Yes 


15. 3,6, 12,24,48:;768 17. —5,—1, 
19. 1,458 21, —2!25 


7. a, = ar"! 

11. r,ayr* 13. n 
ies lL. 1 
5? 25° 125% 15,625 


23. 2, 6, 18, 54, 162 


25. 3, 6, 12, 24, 48 eS 6, 18,54 29. —20, —100, —500, —2,500 
31. -16,16 33. -10V/2,10V/2 35. 728 = 37. :122 

39. 255 41. 381 43. 16 45. 81 «47. —S4 49. Nosum 
51.8 53.-22 55.5 57.5 59.4 61.22 63.3 

65. —64, 32, —-16,8,—4 67. No geometric mean exists. 

69. 3,584 71. —64,-32,-16,-8 73.4 75.4 77. 93 
79. $1,469.74 81. About $539,731 


83. (3)"" ~ 0.0005 square unit 85. 30m 


93. [-1,6] 95. (—», —3) U (4, ~) 


87. 5,000 


Chapter 14 Review (page 1248) 

Ve 4,.3,-1,-1,.10; 153 1,5, 10,.10,°5, 1 

c. al?,b’ — d. a: decrease; b: increase 
5.15 6.220 7.1 8 8 

9.x? + Sxty + 10x3y? + 10x77 + Sxyt + VP? 

10. x” — 9x8p + 36x7y? — 84x°y? + 126x°y* — 126x4y? + 847° — 
V1. 64x37 — 48x°y + 12xy? - 7% 


2.a. 13 b. 12 
3. 144 4. 20 


36x°y’ + 9xy8 — y? 
4 


ed , cd* , 2cd° , d* 


ce 2.2. a3: 
26+ e+e t+ arte  «(13. Oxy 14. —20x"y 
15. —108x7y 16. Su°v'*—s-17. —2, 0, 2,4 

1iio1i1_1 
18. -5,4,-],5,-¢ 19.75 20. 42 
21. 122, 137, 152,167,182 22. —1,194 23. —5 
24. 2,3 25. -9 26. 1,568 27. 28. 378 
29. 14 30. 360 = 31. 20,100 32. 1,170 33. 4 
3 1 2,186 

34. 24,12,6,3,3 35.57 36. 24,-96 37. 2188 
38. —*° 39. About 1.6lb 40. 125 41. 5) 42. 190 ft 
Chapter 14 Test (page 1252) 
1. a. Pascal’s ob. alternate c. arithmetic dz. series 


e. geometric 2. 2,-4,-10,-16 3. -1,5, 395 @ — Ts 


4.210 5. a° — 6a°b + 15a*h? — 20a°b* + 15a7b* — 6ab> + b° 
6. 24x47. 66 ~=—8. 306-9. 34,66 ~—*'70. 5 11. —1,377 
12.205 13. 1,600ft 14.3 15. —81 364 


16. 57 = «17. 6 
18. 18,108 19. = 20. About $651,583 21. 2,000 in. 
7d. 
22. 5 


Group Project (page 1253) 

lg 2o 381i 41 5u By Ap Bx X2m 
10d dbef 2e 3.w 14b %5.j 1s Ie 
18 z #%19.n 20.k 21,h 22,v 23. q 24. a 

25.1 26. t 


Cumulative Review Chapters 1-14 (page 1254) 
a0 b. -$,5.6,0,-23 «7, V2,¢ 
d. —2, 7, 5.6, V2,0,-23,e 2.0 


3. b, = AT oro, = b, 4, 85°, 80°, 15° 


5. $8,250 


A-62 APPENDIX 3 Answers to Selected Exercises 


6. 7p decibels/tpm 7. a. Parallel 
8 y = —3,400x + 28,000 9. y= —-2x4+5 

10. y= —ix + a 11. It doesn’t pass the vertical line test. The 
graph passes through (0, 2) and (0, —2). 12. —4; 3a° — 2a* + 1 
13(= 7,7) 
16. 


b. Perpendicular 


14. (3, 3) 15. Regular: 29 lb; Brazillian: 103 lb 


ZA" 24 


19. 1.73 X 10'*;4.6 x 107-8 20. 1.44 x 1077; 0.00144 

22. —3x° + 5x —7 23. 2x*y? + 13xy + 3)" 
25. 6m'° — 23m> +7 26. 81a°h* — 72ab* + 16 
27. xy(3x — 4y\(x — 2) 28. (b — 4)(b* — 3) 

29. By + 2)(4y +5) 30. (16x7y* + Z*\(4xy + 2)(4xy — 2°) 


31. Bt + w(9t? — 3tu +) 32. D(a + 4)(a — 4)(a + 2)(a — 2) 
1 


Tg? _ 3 
21. qit grt 


24, x7 — 279° 


33. —2,3 34.A repeated solution of —8 35. 0,1, —9 
36. Length: 21 ft; width: 4 ft 37. 6,8,10 38. 35539, —4 
1 4a — 1 7 
40. Gt 3D 41. @+ D@-d 42. y—x 43. 5 
= Ri RRs 2 = 
44. R= BR FRR, FRR, 45. 25 hr = 2.4 hr 46. 93 
47. No solution, @; contradiction 48. 10 hr 
19 
49, (—~, —2) } 50. [-3 2 
—2 3 19/3 
_ 4d -2 
51. (7x — 7¢ + 2)(2x — 2-3) 52, a = P22 


53. (x +5+42\(x+5—4z) 54. No;(2,2),(2,-2) 55.4.4 
b. 3 ¢. 0,2 d.1 56. Allreal numbers except —5 and 5 
57. 2lumens 58. D: [0, ~); R: [2, %) y 


59. 43 60. 4ab’>V7ab 61. 5/262. 81xW/3x 


6.13- V7 64. 15x-6Visx +9 65. AP 

66. V31—1 67. 1,3. 68.5 69.0 70. About 215 in. 
71.5i 72-1 73. -5 +171 «74. 3 — i 75. 42V6 
76. -544V2 77, 355 7g, 2 4X2; 79,1 1 


80. —i, i, —3iV2, 3iV/2 81. a. A quadratic function 
b. At about 85% and 120% of the suggested inflation 


82. (—1, —2); (0, —8); no x-intercepts 


Ax) =-6x? - 12x-8 


83. [3,5])__piouj . 84. 4x? + 4x — 1 
3 5 


85. f(a) = Veet 


86. D: (—~, ©); R: (0, ©) 


88. About 145 million 


1 
89.3 90.2 91.55 92. 5 


93.1 94. —-1 95. Undefined 


96,2—Slogsx 97, nV 
98. About 13.4hr 99. —} 
yexX si 
“el pigysinx 100. 3.4190 
Pat = 101. 1, —10 does not check 
102. 9 
103. (3,2,1) 104. Small: 150; standard-size: 250; super-size: 100 
105. (2,-3) 106. (—2, 3) 


107. (x -— 1° +(+3y =4 3° + 2: (2, 3) 


108. x = —i(y — 
; ; 


109. ‘ 


(x +1) 
4 16 


= az 
Fe ee age) 


110. y 
F 
3-2) + 2 
2/9 1 
-2 aI 


111. 81at — 108a°b + 54a7b? — 12ab> + bt 
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APPENDIX 3 Answers to Selected Exercises A-63 


Appendix II (page A-7) 
1. synthetic 3. divisor 5. theorem 


7. a. (5x8 +x—3)+ (42) b. 5x? 10x + 21 - Sy 


9. 6x8 — x? — 17x +9,x—8 11. 2,1,12,26,6,8 13.x+2 


.x-3 Wxt2 9.x-74+—8 a1. 3x279-x+2 
AD 


23, 2x7 +4x+3 25.67 -xt14+—35 2° +1445 


31. —5x4+ 11x? -—3x7-7x-1 33. 8 +2 


35. x9 + 7x7-2 37. 7.2x — 0.66 + 28, 


39, 9x? — 513x + 29,241 + LOT gq, 1 43, -37 
45.23 47.-1 49.2 51.-1 53.18 55.174 
57.-8 59.59 61.44 63.35 65. yes 67. no 
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INDEX 


Absolute value 
equations, 672-682 
functions, 285, 745 
inequalities, 672-682 
of real numbers, 31-32 
Addition 
associative property of, 38-39 
commutative property of, 38-39 
of complex numbers, 870 
of fractions, 17-20 
inverse property of, 40 
method, 1200-1201 
of numbers with different sign, 
36-38 
of numbers with same sign, 
35-36 
of polynomials, 417-420 
properties of, 38-40 
property of 0, 40 
of radical expressions, 823-825 
of radicals, 824 
of rational expressions, 711-713 
of rational expressions with 
opposite denominator, 
587-588 
of rational expressions with same 
denominator, 572-575 
of rational expressions with 
unlike denominator, 582—587 
Addition property 
of equality, 109-111, 330 
of inequality, 176 
of opposites, 40 
Additive inverses, 40 
Algebra 
basic vocabulary of, 4-5 
language of, 2-8 
notation of, 4-5 
Algebraic expressions, 5, 74-81 
evaluating, 80-81 
word phrases as, 75—78 
Altitude, 858 
Amounts, 130 
Angles 
base, 157 
complementary, 343 
supplementary, 343 
vertex, 157 
Answers, simplifying, 20-21 
Applications 
functions and, 287-288 
inequality, 182-183 
involving geometric sequences, 
1243-1245 
involving sequences, 1230 
linear inequalities and, 274-275, 
361-362 
logarithmic functions in, 
1030-1032 
logarithmic properties and, 
1052-1053 
natural logarithmic functions in, 
1039-1040 
quadratic equations, 903-904 
of slope, 238-239 


solving, using linear equations, 
215-217, 654-656 
solving, using linear inequalities, 
654-656 

solving, using subtraction, 48 
Applied percent, 130-132 
Area, 142 
Arithmetic mean, 69-70, 1228 
Array of signs, 1136 
Ascending powers, 407 
Associative property 

of addition, 38-39 

of multiplication, 54 
Asymptotes, 1188 
Averages, 69-70 
Axis 

horizontal, 3 

major, 1178 

minor, 1178 

of symmetry, 931 

vertical, 3 


Bar graphs, 3 
Base, 63, 130 
identifying, 376-378 
Base angles, 157 
Base-e exponential functions, 
1012-1017 
decay and, 1016-1017 
growth and, 1016-1017 
Base-e logarithmic functions, 
1035-1040 
defining, 1035 
Binomial theorem, 1214-1222 
expanding binomials with, 
1218-1220 
Binomials, 407 
expanding, 440, 1215-1222 
higher powers of, 440-441 
multiplication of, 429-431 
raising, to powers, 1215 
squaring, 437-439 
Boundary lines, 270 
origin and, 272-274 
Bounded intervals, 662 
Braces, 25 
Brackets, 175 
Briggs, Henry, 1026 
Building fractions, 14 


Cartesian coordinate systems, 198 
Celsius, Anders, 141 
Center, 1164 

of ellipses, 1176 

of hyperbolas, 1187 

writing equations given, 1166 
Central rectangle, 1188 
Change in x, 235 
Change in y, 235 
Change-of-base formulas, 

1050-1051 

Circle graphs, 131 
Circles, 1162-1172 

center of, 1164 

definition of, 1164 


equations of, 1166 
equations of, in standard form, 
1164-1168 
general form of equations of, 
1166-1168 
problems involving, 1168-1169 
radius of, 1164 
Closed circles, 175 
Closed intervals, 662, 663 
Coefficients 
implied, 74 
of terms, 74-75 
Combined variation, 760-761 
Commission, 133-134 
Common denominators, 18 
Common difference, 1226-1228 
Common logarithms, 1026 
Common ratio, 1235-1237 
Commutative property 
of addition, 38-39 
of multiplication, 54 
Complementary angles, 343 
Completing squares, 894-905, 
934-936 
method, 921 
solving quadratic equations with, 
898-903 
Complex conjugates, 872 
Complex fractions, 591-597 
simplifying, 713-715 
simplifying, using division, 
591-594 
simplifying, using LCD, 594-597 
Complex numbers, 867-876 
addition of, 870 
division of, 872-875 
multiplication of, 871-872 
subtraction of, 870 
writing, 869 
Components, 279 
Composite functions, 975-976 
Composite numbers, 11 
Composition of functions, 972-980, 
989-990 
Compound equations, 673 
Compound inequalities, 180-182 
solving, 660-668 
Compound interest, 1004 
Conditional equations, 649 
Conic sections, 1162—1164 
Conjugates, complex, 872 
Consecutive integers, 155-156, 
533-534 
even, 155 
odd, 155 
Consistent systems, 1086 
Constant of proportionality, 756 
Constant terms, 74, 407 
Constants, 5, 407 
Contradictions, 125-127, 649-650 
Converting temperatures, 141 
Coordinate planes, 199 
Coordinate systems 
Cartesian, 198 
rectangular, 198-204 


Cramer’s rule, 1137-1141 

Critical numbers, 946 

Cross products, 622 

Cube(s) 
difference of, 700-703 
factoring difference of, 512-515 
factoring sum of, 512-515 
perfect, 795 
perfect-integer, 513 
sum of, 700-703 

Cube roots, 795-796 
function, 796-797 

Cubing function, 744 

Curve-fitting problems, 1117-1119 


Data, tables of, 7-8 
Decay 
base-e exponential functions and, 
1016-1017 
exponential functions and, 
1002-1008, 1012-1013 
radioactive, 1063 
Decibels, 1030 
Decimals 
equations of, 123-125 
percent and, 129 
repeating, 27 
terminating, 27 
Decrease, 132—133 
Decreasing functions, 1001 
Denominators, 12 
addition of rational expressions 
with opposite, 587-588 
addition of rational expressions 
with same, 572-575 
addition of rational expressions 
with unlike, 582-587 
least common, 575-577 
rationalizing, 833-836 
rationalizing, with two terms, 
836-837 
subtraction of rational expressions 
with opposite, 587-588 
subtraction of rational 
expressions with same, 
572-575 
subtraction of rational 
expressions with unlike, 
582-587 
Dependent equations, 311-314, 
325-326, 336-337, 
1087-1091, 1094-1096, 
1109-1111 
matrices in identification of, 
1129-1130 
Descartes, René, 198 
Descending powers, 407 
Determinants, 1134-1141 
Difference 
common, 1226-1228 
multiplying sums and, 439-440 
of two cubes, 512-515 
of two squares, 700-703 
Difference of two squares, 504-509 
factoring, 507-509 
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1-2 INDEX 


Direct translation, 130 

Direct variation, 632-635, 756-758 
Discarding, 531 

Discount, 133-134 

Discriminant, 919-920 

Distance formula, 140, 860-862 


Equation(s), 109, 336-337, 646. See 
also Dependent equations; 
Linear equations; Quadratic 
equations 

absolute value, 672-682 
of circles in general form, 


quotient rule for, 380 

rational, 804-812 

rules for, 376-386, 392-396 

for simplifying expressions, 
810-811 

zero, 389-396 


Focus, 1163 

of ellipses, 1176 

of hyperbolas, 1187 
FOIL method, 430 
Form of 1, 12 
Formulas, 138-147 


Distributive property, 86-90 1166-1168 Exponential equations, 1055-1064 from business, 138-140 
Division, 51-59 of circles in standard form, as logarithmic equations, change-of-base, 1050-1051 
of complex numbers, 872-875 1164-1168 1023-1025 containing radicals, 850 


of exponential expressions, 
380-383 

of fractions, 13-14 

involving 0, 58 

of polynomials, 446-452 

of polynomials by monomials, 
447-448 

of polynomials by polynomials, 
448-452 

properties of, 58-59 

radical expression, 829-839 

of rational expressions, 565-567, 
708-710 

of real numbers, 56—57 

of signed numbers, 56-58 

simplifying complex fractions 
using, 591-594 

symbols for, 5 

undefined, 58 


Division property 


of equality, 115-116 
of inequality, 177 


Domains, 279, 736 


of functions, 280-281, 739-740, 
742-743 


compound, 673 

conditional, 649 

containing radicals, 843 

of decimals, 123-125 

defined by polynomials, 410-413 

of ellipses centered at origin, 
1177 

equivalent, 110, 647, 911-912 

exponential, 1023-1025, 
1055-1064 

of fractions, 123—125 

of horizontal lines, 261, 724 

identifying, 5—7 

independent, 313 

of inverse of functions, 987-989 

left side of, 109 

of lines, 249-250, 727-728 

logarithmic, 1023-1025, 
1055-1064 

nonlinear systems of, 1197-1201 

in one variable, 209 

ordered pair solutions, 209-211 

of parabolas, 1169 

in quadratic form, 920-925 

radical, 842-850 


solving, 1055-1059 
Exponential expressions, 63—65, 
376-386 
dividing, 380-383 
evaluating, 63 
multiplying, 378-379 
raising, 381-383 
Exponential functions, 996-1008 
base-e, 1012-1017 
decay and, 1002-1008, 
1012-1013 
defining, 998 
graphing, 998-1002 
growth and, 1002-1008, 
1012-1013 
natural, 1013-1014 
properties of, 1000 
Exponential growth, 1064 
Exponential notation, 63 
Expressions 
algebraic, 5, 74-81 
equivalent, 577-579 
evaluating, with grouping 
symbols, 67—70 
exponential, 63-65, 377 


distance, 860-862 

for exponential growth/decay, 
1012-1013 

from geometry, 142-144 

quadratic, 907-917, 921 

radioactive decay, 1063 

from science, 140-141 

solving, 646-656 

solving, for specified variables, 
605-606, 650-652, 688-689 

for specified variables, 142-147 

for vertex of parabolas, 937 

Fraction(s), 11-22 

addition of, 17—20 

bar, 12 

building, 14, 577 

complex, 591-597, 713-715 

equations of, 123-125 

equivalent, 14-15 

fundamental property of, 17 

linear equations with, 324-325 

multiplication of, 13-14 

negative, 26 

simplest form of, 15 

simplifying, 15—17 


Double-sign notation, 895 
Doubling time, 1039 
Dry mixture problems, 166-167 


rational, 600-606, 609-616, 
705-716 

right side of, 109 

solving systems of two, 


exponents for simplifying, 
810-811 

identifying, 5—7 

logarithmic, 1025—1027, 


special forms of, 12—13 

subtraction of, 17—20 
Functions, 279-288, 736-752 

absolute value, 285, 745 


Elements, 25, 1123 1125-1127 1049-1050 application problems, 287—288 
Elimination, 1094-1096, 1104 standard form of hyperbolas, natural logarithmic, 1036-1037 base-e, 1012-1017, 1035-1040 
method, 1093-1094 1188 radical, 788-800, 811-812, composite, 975-976 


solving systems of nonlinear 
equations by, 1200-1201 

solving systems with, 330-331 

using twice, 335-336 

of variables, using multiplication, 
332-334 


Ellipses, 1162, 1176-1183 


center of, 1176 

defining, 1176 

equations of, centered at origin, 
1177 

foci of, 1176 

graphing, 1180-1182 

graphing, centered at origin, 
1177-1179 

horizontal, 1180 

intercepts of, 1178 

problems involving, 1182-1183 

standard form of equations of, 
1177, 1180 

vertical, 1180 


Embedded, 68 
Entries, 1123 
Equality 


addition property of, 109-111, 
330 

division property of, 115-116 

exponential property of, 
1057-1058 

multiplication property of, 
112-115 

properties of, 109-116, 119-121, 
646-649 

subtraction property of, 111-112 


standard form of parabola, 1170 
substitution, 321, 322-324 
third-degree, 527-528 

in two variables, 209 

of vertical lines, 261, 724 


Equilateral triangles, 858-860 
Equivalent equations, 110, 647 


quadratic formula computations 
and, 911-912 


Equivalent expressions, building 


rational expressions into, 
577-579 


Equivalent fractions, 14-15 
Equivalent inequalities, 176, 652 
Evaluating 


algebraic expressions, 80-81 
exponential expressions, 63 


Evaluation 


of functions using graphs, 
977-978 

of logarithmic expressions, 
1025-1027 


of natural logarithmic expressions, 


1036-1037 


Expanding by minors, 1135 
Exponent(s), 62—70 


identifying, 376-378 
irrational, 997-998 
natural number, 377 
negative, 389-396 
positive, 392-394 

power rule for, 382 
product rule for, 378 
property of equality, 1056 


817-825, 873 
rational, 552-559, 705—716 
simplifying, 121-123, 394-396, 
804-810, 997-998 
square roots of, containing 
variables, 791-792 
Extrapolation, 202 
Extremes, 621 


Factorial notation, 1217-1218 
Factorial property, 1218 
Factoring, 685-695, 697-703 
difference of two cubes, 512-515 
difference of two squares, 
507-509, 697-700 
GCF, 473-474, 685-687 
by grouping, 475-478, 687-688 
method, 921 
polynomials, 470, 476 
quadratic equations, 522-528 
steps for, 517-518 
strategies, 517-520 
sum of two cubes, 512-515 
third-degree equations, 527-528 
trinomials, 488-490, 498-501, 
689-694 
Factorization, prime, 11, 19, 
820-821 
Factors, 11—12 
prime, 11—12 
unit conversion, 567-569 
Fahrenheit, Daniel Gabriel, 141 
Finite sequences, 1224 
First terms, 1226-1228 


composition of, 972-980 

cubing, 744 

decreasing, 1001 

division of, 972-974 

domains, 280-281, 739-740, 
742-743 

evaluating, with graphs, 
977-978 

exponential, 996-1008 

graphing, 284-285, 746-747 

graphing, using reflections, 
747-7151 

graphing, using translations, 
747-7151 

graphs of inverse, 990-992 

identifying, 736-738 

identity, 978-979 

increasing, 1001 

inverse, 984-992 

linear, 285, 740-741 

logarithmic, 1021-1032 

multiplication of, 972-974 

natural exponential, 1013-1014 

natural logarithmic, 1037—1038, 
1039-1040 

nonlinear, 743-747 

notation, 281, 738-739 

one-to-one, 984-987 

operations on, 972-974 

quadratic, 929-941 

radical, 788-800 

ranges, 280-281, 739-740, 
742-743 

square root, 792-794 


subtraction of, 972-974 
values, 742-743 


Fundamental property of fractions, 


17 


GCF. See Greatest common 


factor 


General form, equations of circles 


in, 1166-1168 


General terms, 1224-1225 
Geometric figures, 531-533 
Geometric means, 1237-1239 
Geometric sequences 


application problems involving, 
1243-1245 

infinite, 1240-1243 

sums of terms in, 1239-1240 

terms of, 1235-1237 


Geometry, 142-144, 343-345 


radicals and, 854-862 


Graphical models, ellipses centered 


at origin, 1177-1179 


Graphing 


cube root functions, 796-797 

ellipses, 1180-1182 

equations defined by 
polynomials, 410-413 

evaluating functions with, 
977-978 

exponential functions, 
998-1002 

functions, 284-285, 746-747 

functions using reflections, 
747-7151 

functions using translations, 
747-751 

horizontal lines, 225—227 

hyperbolas, 1191-1192 

hyperbolas centered at origin, 
1187-1190 

of inverse functions, 990-992 

linear equations, 208-217 

linear equations by finding 
intercepts, 222-225 

linear equations, using intercept 
method, 721-725 

linear equations, using point 
plotting, 721-725 

linear equations using 
slope—intercept form, 250-252 

linear equations with calculators, 
228-229 

linear functions, 740—741 

linear inequalities, 268-275 

logarithmic functions, 
1028-1030 

method, 1086, 1089 

natural exponential functions, 
1014-1015 

natural logarithmic functions, 
1037-1038 

nonlinear functions, 743—747 

nonlinear inequalities, 952-954 

on number line, 29-31 

paired data, 201-202 

points, 199-201 

quadratic functions, 929-941 

solution sets, 174-175 

solving nonlinear systems by, 
1197-1198 

square root function, 792-794 

systems, 308-316 

systems of linear inequalities, 
356-361 

vertical lines, 225-227 


Graphs, 2-4 
bar, 3 
circle, 131 
line, 3, 203-204 
Greatest common factor (GCF), 
470-478 
factoring out, 473-474, 685-687 
factoring trinomials and, 
486-487, 498 
finding, 472 
of lists of terms, 471-472 
Grouping 
factoring by, 475-478, 687-688 
factoring trinomials by, 488-490, 
498-501, 693-694 
Grouping symbols, evaluating 
expressions containing, 67-70 
Growth 
base-e exponential functions and, 
1016-1017 
exponential, 1064 
exponential functions and, 
1002-1008, 1012-1013 


Half-life, 1063 
Half-open intervals, 663 
Half-planes, 269 
Hidden operations, 78—79 
Horizontal, 3 
Horizontal axis, 3 
Horizontal ellipses, 1180 
Horizontal lines, 225-227 
equations of, 261, 724 
slope of, 237-238 
tests, 986-987 
Horizontal translations, 748 
Hyperbolas, 1162, 1186-1194 
center of, 1187 
defining, 1186-1187 
foci of, 1187 
graphing, 1191-1192 
graphing, centered at origin, 
1187-1190 
problems involving, 1193-1194 
standard form of equations of, 
1188 
vertices of, 1187 
Hypotenuse, 534 


Identities, 125-127, 649-650 
Identity element, multiplicative, 14, 
55 
Identity function, 978-979 
Identity property of multiplication, 
55 
Imaginary numbers, 790, 867 
Imaginary part, 869 
Inconsistent systems, 311-314, 
325-326, 336-337, 
1087-1091, 1094-1096, 
1109-1111 
matrices in identification of, 
1129-1130 
Increase, 132—133 
Increasing functions, 1001 
Increment values, 724 
Independent equations, 313 
Index, 795, 797 
of summation, 1231 
Inequalities, 173-183, 652 
absolute value, 672-682 
addition property of, 176 
applications, 182-183 
compound, 180-182, 660-668 
division property of, 177 


equivalent, 176, 652 
linear, 176-180, 646-656 
linear, with one variable, 174 
multiplication property of, 177 
nonlinear, 945-954 
quadratic, 945-954 
rational, 948-952 
solutions to, 173-174 
solving, graphically, 951-952 
subtraction property of, 176 
Inequality symbol, 29, 173, 652 
Infinite sequences, 1224 
geometric, 1240-1243 
Infinity symbols 
negative, 175 
positive, 175 
Input, 281, 737 
Integers 
consecutive, 155-156, 533-534 
defining sets of, 25-26 
Intercept method, 721—725 
Intercepts, 220-229 
of ellipses, 1178 
graphing linear equations by 
finding, 222-225 
identifying, 221 
information from, 227-228 
x, 221 
y, 221 
Interest, 346-351 
compound, 1004 
Interpolation, 202 
Intersections, 660-661 
Interval(s), 174 
bounded, 662 
closed, 662, 663 
half-open, 663 
notation, 174-175, 652 
open, 663 
Inverse functions, 984-992 
composition of, 989-990 
equations of, 987-989 
graphs of, 990-992 
Inverse variation, 635—638, 758-759 
Investment problems, 162—163, 
615-616 
Irrational exponents, 997-998 
Irrational numbers, sets of, 28 
Isosceles triangles, 157, 856-857 


Joint variation, 759-760 
Key numbers, 488, 499 


LCD. See Least common 
denominator 
Lead coefficients, 407, 485 
factoring trinomials with, 497 
Least common denominator (LCD), 
18-19, 711 
finding, 575-577, 712 
finding, using prime factorization, 


simplifying complex fractions 
using, 594-597 
Like terms, 90-91 
combining, 91—93, 416-417 
Line(s) 
boundary, 270 
equations of, 249-250, 258-264, 
727-128 
finding slope of, given two points, 
234-236 
horizontal, 225-227, 237-238, 
261, 724, 986-987 
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parallel, 240-241, 252-253, 
728-729 

perpendicular, 240-241, 
252-253, 728-729 

slope of, 725-727 

vertical, 225-227, 237-238, 261, 
724 


Line graphs, 3 


reading, 203-204 


Line segments, midpoints of, 


731-732 


Linear equations 


applied problems, 215-217 

with fractions, 324-325 

graphing, 208-217 

graphing, by finding intercepts, 
222-225 

graphing, by plotting points, 
211-215 

graphing, using intercept method, 
721-725 

graphing, using point plotting, 
721-725 

graphing, using slope—intercept 
form, 250—252 

graphing, with calculators, 
228-229 

model data, 262—263, 729-731 

in one variable, 119, 647 

in slope—intercept form, 248-249 

solving, 125, 646-656 

solving application problems 
with, 654-656 

standard form of, 720 

systems of, 310-311, 1085-1087, 
1103-1111 

in two variables, 212, 720-732 


Linear functions, 285 


graphing, 740-741 


Linear inequalities 


application problems and, 
274-275, 361-362 

double, 664-665 

graphing, 268-275 

with one variable, 174 

solutions to, 176-180 

solving, 646-656 

solving application problems 
with, 654-656 

systems of, 356-362 

in two variables, 269-272 


Liquid mixture problems, 165 
Lists of terms, 471-472 
Logarithm(s) 


common, 1026 

defining, 1021-1022 

logarithmic expressions as single, 
1049-1050 

Napierian, 1035 

natural, 1035 

power rule for, 1047-1048 

product rule for, 1044-1045 

properties of, 1043-1053 

property of equality, 1057-1058 

quotient rule for, 1045—1047 


Logarithmic equations, 1023-1025, 


1055-1064 
solving, 1060-1062 


Logarithmic expressions 


evaluating, 1025-1027 
natural, 1036-1037 
as single logarithms, 1049-1050 


Logarithmic functions, 1021-1032 


in applications, 1030-1032 
base-e, 1035-1040 
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Logarithmic functions (continued) 
exponential equations as, 
1023-1025 
graphing, 1028-1030 
natural, 1037-1040 
properties of, 1029 
LORAN, 1164 


Major axis, 1178 
Markup, 138 
Matrices, 1122—1130 
augmented, 1123-1124 
defining, 1122 
identifying dependent equations 
with, 1129-1130 
identifying inconsistent systems 
with, 1129-1130 
order of, 1123-1124 
row operations on, 1124-1125 
in solving systems of three 
equations, 1127-1129 
in solving systems of two 
equations, 1125-1127 
square, 1134 
Maximum values, 939-940 
Mean, 69-70, 621 
arithmetic, 1228 
geometric, 1237-1239 
Measurement, units of, 567-569 
Members, 25 
Midpoints, 731-732 
Minimum values, 939-940 
Minor axis, 1178 
Minors, 1135 
Mixed numbers, 21—22 
Mixture problems, 346-351 
Model data, 253-254 
linear equations and, 262-263 
Models, 2 
verbal, 4, 6 
Monomials, 407 
division by, 446 
division of polynomials by, 
447-448 
multiplying, 427 
multiplying polynomials by, 
428-429 
Multiplication, 51-59 
associative property of, 54 
of binomials, 429-431 
commutative property of, 54 
of complex numbers, 871-872 
eliminating variables using, 
332-334 
of exponential expressions, 
378-379 
of fractions, 13-14 
of functions, 972-974 
inverse property of, 55 
of monomials, 428 
of negative numbers, 55 
by negative one, 587 
of numbers with like signs, 52 
of numbers with unlike signs, 52 
of polynomials, 427-433, 
441-443 
of polynomials by monomials, 
428-429 
properties of, 58-59 
property of 0, 55 
property of 1, 14, 55 
radical expression, 829-839 
of rational expressions, 562-565, 
708-710 
of signed numbers, 52—53 


of sum and difference of two 
terms, 439-440 

symbols for, 4-5 
Multiplication property 

of equality, 112-115 

of inequality, 177 
Multiplicative identity element, 14 
Multiplicative inverses, 55 


Napier, John, 1026, 1035 
Napierian logarithms, 1035 
Natural exponential functions, 
1013-1014 
graphing, 1014-1015 
Natural logarithmic expressions, 
evaluating, 1036-1037 
Natural logarithmic functions, 
1037-1038 
in applications, 1039-1040 
Natural logarithms, 1035 
Natural numbers, 11—12, 25 
even, 805 
exponents, 385 
odd, 805 
Negative exponents, 389-396 
positive exponents and, 392-394 
reciprocals and, 393 
rule, 390-392 
Negative fractions, 26 
Negative infinity symbol, 175 
Negative numbers, 26 
entering, in calculators, 37 
even and odd powers of, 64 
multiplication of, 55 
square roots, 867-868 
Negative rational exponents, 
809-810 
Negative sign, 26 
Negative square roots, 789 
Nested, 68 
Nonlinear functions, 743—747 
Nonlinear inequalities, 945-954 
graphing, in two variables, 
952-954 
Nonlinear systems, 1197-1201 
solution sets of, 1197 
solving, by elimination, 
1200-1201 
solving, by substitution, 
1198-1200 
Notation 
cube root, 795 
double-sign, 895 
factorial, 1217-1218 
interval, 174-175, 652 
set-builder, 27, 174, 652 
square root, 789 
summation, 1230-1231 
nth roots, 797-800 
Number line, 25 
graphing numbers of, 29-31 
Number problems, 609-610 
Numbers 
complex, 867-876 
composite, 11 
critical, 946 
imaginary, 790, 867 
irrational, 28 
key, 488, 499 
mixed, 21—22 
natural, 11-12, 25, 805 
negative, 26, 55, 64-65 
positive, 26 
prime, 11 
real, 25-32, 51-59 


in scientific notation, 401-402 
signed, 26, 56-58 
as solutions, 109-110 
whole, 25 
Number-value problems, 167—168, 
345-346 
Numerators, 12, 838 


One-to-one functions, 984-986 
horizontal line test of, 986-987 
Open intervals, 663 
Operations 
on functions, 972-974 
involving powers, 876 
Opposites, 25—26, 40 
denominators, 587-588 
of opposites, 45 
quotient of, 558-559, 707 
in rational expressions, 558-559 
of sums, 90 
Order of operations, 65—67 
calculators and, 69 
with polynomials, 441-443 
Ordered pairs, 199, 1085 
plotting, 199-201 
as solutions, 209, 268-269, 
309-310 
solutions of equations, 209-211 
Ordered triples, 1103-1104 
Orders, 797 
Origin, 199 
boundary and, 272-274 
Origins 
of ellipses, 1177-1179 
graphing hyperbolas centered at, 
1187-1190 
Output, 281, 737 


Paired data, graphing, 201-202 
Parabola, 743, 931, 1162-1172 
definition of, 1169 
equations of, 1169 
formula for vertex of, 937 
standard form of equations of, 
1170 
Paraboloids, 1163 
Parallel lines, 240-241, 252-253, 
728-729 
Parentheses, 4, 38, 174 
Partial sums, 1240 
Parts 
imaginary, 869 
real, 869 
Pascal’s triangle, 1215-1217 
Pendulums, 794 
Percent, 129-134 
applied, 130-132 
decimals and, 129 
of decrease, 132-133 
direct translation and, 130 
of increase, 132-133 
Perfect cubes, 795 
Perfect square trinomials, 504-509 
factoring, 505—S07 
recognizing, 504—505 
Perfect squares, 790 
Perfect-integer cubes, 513 
Perfect-square trinomials, 898 
Perimeter, 142 
Perpendicular lines, 240-241, 
252-253, 728-729 
Pie charts, 131 
Pitch, 239 
Planes, 1104 
Point plotting, 721—725 


Points 
coordinates of, 199-201 
finding slope given, 234-236 
graphing, 199-201 
graphing linear equations by 
plotting, 211-215 
Point—slope form, 258-264 
Polynomials, 406-410 
addition of, 417-420 
degrees of, 407 
division of, 446-452 
division of, by monomials, 
447-448 
division of, by polynomials, 
448-452 
evaluation of, 408-410 
factoring, 470, 476 
graphing equations defined by, 
410-413 
multiplying, 427-433, 441-443 
multiplying, by monomials, 
428-429 
in one variable, 407 
order of operations with, 441-443 
simplifying, 416-417 
subtraction of, 420 
in two variables, 407 
vocabulary for, 406-408 
Population growth, 1063-1064 
Positive exponents, 392-394 
Positive infinity symbol, 175 
Positive numbers, 26 
Positive sign, 26 
Positive square roots, 789 
Power rule, for exponents, 382 
Powers 
of 10, 400 
ascending, 407 
of binomials, 440-441 
descending, 407 
operations involving, 876 
of products, 383-385 
of quotients, 383-385 
of radical expressions, 832-833 
raising binomials to, 1215 
of roots, 832 
rules, 1047-1048 
Prime factorization, 11, 820-821 
finding LCD using, 19 
Prime factors, 11-12 
Prime numbers, 11 
Prime trinomials, 487 
Principal square root, 789 
Problem solving, 152-158, 162-168 
curve-fitting, 1117-1119 
dry mixture, 166-167 
investment, 162—163 
liquid mixture, 165 
number-value problems, 
167-168, 345-346 
steps, 152-155 
uniform motion, 162-163 
using rational equations, 609-616 
using systems, 341-351 
Problems 
application, 903-904, 1230, 
1243-1245 
involving ellipses, 1182-1183 
involving hyperbolas, 1193-1194 
population growth, 1063-1064 
radioactive decay, 1063 
Product(s) 
powers of, 383-385 
rules, 378, 817-820, 829, 
1044-1045 


simplifying, 85-86 
special, 437-443 
Profit, 138 
Property(ies) 

addition, of 0, 40 

addition, of equality, 109-111, 
330 

addition, of inequality, 176 

addition, of opposites, 40 

associative, of addition, 38-39 

associative, of multiplication, 54 

commutative, of addition, 38-39 

commutative, of multiplication, 
54 

distributive, 86—90 

of division, 58-59 

division, of equality, 115-116 

division, of inequality, 177 

of equality, 109-116, 119-121, 
646-649 

exponent, of equality, 1056 

of exponential functions, 1000 

factorial, 1218 

fundamental, of fractions, 17 

identity, of multiplication, 55 

inverse, of multiplication, 55 


logarithm, of equality, 1057-1058 


of logarithmic functions, 1029 

of logarithms, 1043—1053 

of multiplication, 54-56 

multiplication, of 0, 55 

multiplication, of 1, 14, 55 

multiplication, of equality, 
112-115 

multiplication, of inequality, 177 


of multiplication over addition, 87 


subtraction, of equality, 111-112 

subtraction, of inequality, 176 

zero-factor, 523-527 
Proportions, 620-627 

fundamental property of, 622 

solving, 621-624 

solving problems with, 624-626 


solving similar triangle problems 


with, 626-627 
Pythagoras, 534 
Pythagorean theorem, 855—856 
quadratic equation and, 534-535 


Quadrants, 199 

Quadratic equations 
applications of, 531 
checking solutions of, 902 
completing squares to solve, 

898-903 

defining, 522-523 
factoring, 522-528 
general, 908 
model, 535-536 


for solving application problems, 


903-904 

solving, graphically, 940-941 

solving problems involving, 
925-926 

solving problems with 
consecutive integers using, 
533-534 


solving problems with geometric 


figures using, 531-532 


solving, using quadratic formula, 


908-911 

solving, using zero-factor 
property, 523-527 

square root property for solving, 
895-898 


standard form, 522 

strategies for solving, 921 
Quadratic form, 919-927 

solving equations in, 920-925 
Quadratic formula, 907-917, 921 

deriving, 908 

equivalent equations and, 

911-912 


for solving application problems, 


912-917 
Quadratic functions 
defining, 930 
graphs of, 929-941 
in standard form, 930, 933 
Quadratic inequalities, 945-954 
solving, 945-948 
Quantity, 87 
Quotient rule 
for exponents, 380 
for logarithms, 1045-1047 
for radicals, 822 
for simplifying rational 
expressions, 821-823 
Quotients 
of opposites, 558-559, 707 
powers of, 383-385 


Radical(s), 789 
addition of, 824 
conversion from, 808-809 
equations containing, 843 
formulas containing, 850 
geometric applications of, 
854-862 
product rule for, 818, 829 
quotient rule for, 822 
radical equations with one, 
842-847 
radical equations with two, 
847-849 
simplifying, 811 
subtraction of, 824 
Radical equations 
with one radical, 842-847 
solving, 842-850 
with two radicals, 847-849 
Radical expressions, 788-800, 873 
addition of, 823-825 
combining, 817-825 
division of, 829-839 
multiplication of, 829-839 
powers of, 832-833 


prime factorization and, 820-821 
product rule for simplification of, 


817-820 
simplified form of, 818 
simplifying, 811-812, 817-825 
subtraction of, 823-825 
Radical functions, 788-800, 792 
Radical symbols, 789 
Radicand, 789 
Radioactive decay 
formula, 1063 
problems, 1063 
Radius, 1164 
writing equations given, 1166 
Raised dots, 4 
Ranges, 736 
of functions, 280-281, 739-740, 
742-743 
Rate(s) 
of commission, 134 
of discounts, 133 
in simplest form, 620-621 
tax, 131 


uniform, 57 
of work, 612 
Rate of change, 232-241 
calculating, 239-240 
Rational equations, 705—716 
investment problems, 615-616 
number problems and, 609-610 
problem solving using, 609-616 
shared-work problems, 612-614 
solving, 600-606, 715-716 
uniform motion problems and, 
610-612 
Rational exponents, 804—812 
conversion to, 808-809 
negative, 809-810 
Rational expressions, 552-559, 
705-716 
addition of, 711-713 
addition of, with opposite 
denominator, 587-588 
addition of, with same 
denominator, 572-575 
addition of, with unlike 
denominator, 582—587 
building, into equivalent 
expressions, 577-579 
complex, 591 
dividing, 565-567, 708-710 
evaluating, 553 
fundamental property of, 
554-555 
multiplying, 562-565, 708-710 
simplifying, 554-557, 706-707 
simplifying, with opposite 
factors, 558-559 
subtraction of, 711-713 
subtraction of, with opposite 
denominator, 587-588 
subtraction of, with same 
denominator, 572-575 
subtraction of, with unlike 
denominator, 582—587 
undefined, 553-554 
Rational inequalities, 948-952 
Rational numbers, sets of, 26—27 
Rationalizing denominators, 833-836 
with two terms, 836-837 
Rationalizing numerators, 838 
Ratios 
common, 1235-1237 
in simplest form, 620-621 
Real numbers, 25—32 
absolute value of, 31-32 
classifying, 28-29 
division of, 51-59 
multiplication of, 51-59 
subtraction of, 44-48 
Real part, 869 
Reciprocals, 13-14, 55 
negative, 240 
negative exponents and, 393 
Rectangles, central, 1188 
Rectangular coordinate system, 
198-204 
Reflections, 747-751 
Rejecting, 531 
Relations, 279-288, 736 
Repeating decimals, 27 
Retail price, 138 
Revenue, 138 
Richter scale, 1031 
Rise, 233 
Row echelon form, 1124 
Row operations, 1124-1125 
Run, 233 
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Scale, 625 
Scatter diagram, 263 
Science, 140-141 
Scientific notation, 399-404 
computations in, 402-404 
entering, in calculators, 403 
numbers in, 401-402 
Secants, 1197 
Sequences, 1224-1231 
application problems involving, 
1230 
arithmetic, 1224-1231 
finding, given general terms, 
1224-1225 
finite, 1224 
geometric, 1235—1245 
infinite, 1224 
sums of terms in, 1229-1230 
terms of, 1226-1228 
Series, 1224-1231 
Set-builder notation, 27, 174, 652 
Sets, 25 
of integers, 25—26 
intersection of, 660-661 
of irrational numbers, 28 
of rational numbers, 26-27 
union of, 660-661 
Shared-work problems, 612-614 
strategies for, 614 
Signed numbers, 26 
division of, 56-58 
multiplication of, 52-53 
Signs 
negative, 26 
positive, 26 
Signs, array of, 1136 
Similar triangles, 620-627 
property of, 626 
using proportions to solve, 
626-627 
Simplest form 
of fractions, 15 
rates in, 620-621 
ratios in, 620-621 
Simplifying 
answers, 20-21 
complex fractions, 713—715 
exponents for, expressions, 
810-811 
expressions, 121—123, 394-396, 
804-810, 997-998 
fractions, 15—17 
products, 85-86 
radical expressions, 811-812, 
817-825 
radicals, 811 
rational expressions, 554-557, 
706-707 
rational expressions with opposite 
factors, 558-559 
Slope, 232-241 
applications of, 238-239 
finding, 233-234 
finding, given two points, 234-236 
of horizontal lines, 237—238 
of lines, 725-727 
triangle, 233, 726 
of vertical lines, 237-238 
Slope—intercept form, 247—254 
graphing linear equations using, 
250-252 
linear equations in, 248-249 
model data, 253-254 
Solution sets, 524, 646, 652 
graphing, 174-175 
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Solutions 
to inequalities, 173-174 
to linear equations, 125 
to linear inequalities, 176-180 
numbers as, 109-110 
ordered pairs as, 209-211, 
268-269, 309-310 
to rational equations, 600-606 
sets, 1197 
tables of, 210, 211 
in two variables, 209 
Special products, 437-443 
rules, 438 
Square(s) 
of binomials, 437-439 
completing, 894-905, 921, 
934-936 
difference of two, 504-509, 
697-700 
perfect, 790 
of square roots, 843 
sum of two, 508 
sums of, 508 
Square matrix, 1134 
Square root function, graphing, 
792-7194 
Square root property, 894-905 
for solving quadratic equations, 
895-898 
Square roots 
of expressions containing 
variables, 791-792 
finding, 788-791 
method, 921 
negative, 789 
of negative numbers, 867-868 
notation, 789 
positive, 789 
principal, 789 
squares of, 843 
Standard form, 212, 522 
equations of circles in, 
1164-1168 
of equations of ellipses, 1180 
of equations of parabolas, 1170 
of quadratic functions, 930, 933 
Standard notation, 399-401 
Standard window, 228 
Subscript notation, 234 
Substitution, 7, 325-326, 
1091-1096 
equations, 321, 322-324 
factoring trinomials with, 
692-693 
method, 1198-1200 
solving systems with, 320-321 
Subtraction 
on calculators, 46 
of complex numbers, 870 
definition of, 44-47 
of fractions, 17—20 
of functions, 972-974 


of polynomials, 420-422 
of radical expressions, 823-825 
of radicals, 824 
of rational expressions, 711—713 
of rational expressions with 
opposite denominator, 
587-588 
of rational expressions with same 
denominator, 572-575 
of rational expressions with 
unlike denominator, 582-587 
of real numbers, 44-48 
solving application problems 
using, 48 
Subtraction property 
of equality, 111-112 
of inequality, 176 
Summation notation, 1230-1231 
Sums 
multiplying, and difference, 
439-440 
opposites, 90 
of two cubes, 512-515 
of two squares, 508, 700-703 
Supplementary angles, 343 
Symbols 
for division, 5 
grouping, 67-70 
inequality, 29, 173, 652 
infinity, 175 
for multiplication, 4—5 
radical, 789 
Symmetry, 931 
Systems 
calculators and, 315 
consistent, 1086 
efficient methods of solving, 
337-338 
elimination and, 330-331 
graphing, 308-316 
inconsistent, 311-314, 
1087-1091, 1094-1096, 
1109-1111, 1129-1130 
of linear equations, 310-311, 
1085-1087, 1134-1141 
of linear equations in three 
variables, 1103-1111 
of linear inequalities, 356-362 
nonlinear, of equations, 
1197-1201 
problem solving using, 341-351 
solving, by graphing, 1197-1198 
solving, by substitution, 
1198-1200 
substitution and, 320-321 


Tables, 2-4 
of data, 7-8 
of solutions, 210, 211 
of values, 210 
Tangents, 1197 
Tax rates, 131 


Temperatures, converting, 141 
Terminating decimals, 27 
Terms, 621 
coefficients of, 74-75 
constant, 74, 407 
first, 1226-1228, 1235-1237 
general, 1224-1225 
of geometric sequences, 
1235-1237 
identifying, 74-75 
like, 90-93, 416-417 
of sequences, 1226-1228 
specific, 1220-1222 
sums of, 1229-1230, 1239-1241 
unlike, 90 
Theorem 
binomial, 1214-1222 
defined, 534 
Pythagorean, 534-535, 855-856 
Third-degree equations, factoring, 
527-528 
Translations, 747-751 
horizontal, 748 
Trial-and-check method, 494—497, 
691 
Triangles 
equilateral, 858-860 
isosceles, 157, 856-857 
Pascal’s, 1215-1217 
similar, 620-627 
slope, 233, 726 
Trinomials, 407 
factoring, 481-490, 493-501, 
689-694 
factoring by trial-and-check 
method, 494-497 
factoring out GCF and, 486-487, 
498 
factoring with grouping method, 
488, 498-501, 693-694 
factoring, with leading 
coefficients, 497 
perfect-square, 504-509, 898 
prime, 487 


ndefined division, 58 

niform motion problems, 163-164, 
346-351, 610-612 

niform rate, 57 

nions, 660-661 

nit conversion factors, 567-569 

nit prices, 625 

nknowns, 109 

nlike terms, 90 
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Values 
increment, 724 
maximum, 939-940 
minimum, 939-940 
Variable(s), 5, 109 
assigning to three unknowns, 
1115-1117 


assigning to unknowns, 341-342 
eliminating, 332-334 
equations in one, 209 
equations in two, 209 
expressions containing, 791-792 
graphing nonlinear inequalities in 
two, 952-954 
linear equations in one, 119 
linear equations in two, 212, 
720-732 
linear inequalities with one, 174 
linear inequalities with two, 
269-272 
missing, 1106-1109 
polynomials in one, 407 
polynomials in two, 407 
solutions in two, 209 
solving for specified, 144-147 
specified, 605-606, 650-652, 
688-689 
systems of linear equations in 
three, 1103-1111 
Variation, 632-638, 756-760 
combined, 760-761 
constant of, 632, 635, 756 
direct, 632-635, 756-758 
inverse, 635-638, 758-759 
joint, 759-760 
problems, 758 
strategies for solving, 634 
Venn diagrams, 661 
Verbal model, 4, 6 
Vertex, 936, 1178 
formula for, 937 
of hyperbolas, 1187 
Vertex angle, 157 
Vertical, 3 
Vertical axis, 3 
Vertical ellipses, 1180 
Vertical lines, 225-227 
equations of, 261, 724 
slope of, 237-238 
test, 285-287, 741 
Viewing window, 228 
Volume, 143 


Word phrases, 75—78 


x-axis, 199 
x-coordinate, 199 
x-intercept, 221 


y-axis, 199 
y-coordinate, 199 
y-intercept, 221 
Young’s rule, 605 


Zero exponents, 389-396 
rule, 389-390 
Zero-factor property, 523-527 


